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Abstract

We demonstrate that stochastic birth and death of binding between tran-

scription factors(TFs) in the transcription initiaction complex(the complex) can

reveal the mechanism of larger burst size and more noisy transcription event

than a prokaryotic cell in a eukaryotic cell.

1 Introduction

Recent experiments with single-molescule imaging techniques have shown that a cell

has the notion of bursts in transcription, in which the production of mRNA occurs in

a pulsatalie rather than continuous manner [1]. This noisy event in prokaryotes have

been successfully modelled as a single-step reaction between ’On’ and ’Off ’ states

[2]. However, it remains elusive the model that explains much more noisy and bursty

transcription event in eukaryotes [3]. Unlike prokaryotic cells, eukaryotic cells need

the formation of the complex composed of multiple TFs to initiate transcription [4].

known. In this short paper, I develop the model of transcription by multiple TFs

with multiple states based on the number of interactions in the complex and extend

it to obtain the dynamics of transcription in a eukaryotic cell. From the model, the

molecular memory of transctription in a eukaryotic cell and increased noise has been

revealed.



2 The Model

We begin with constructing a Markov chain which describes all the possible state

transitions in a complex composed of m TFs (Figure 1). We define the state based

on the number of binding interactions between TFs in the complex. In Figure 1, a

vertex marked with the number i represents the state si(i ∈ [0,N]) where there are i

interactions between TFs. As N means the maximum number of binding interactions

between m TFs, it is easy to express it as

N =

(
m

2

)
(1)

Assuming that the birth or death of each binding occurs in a single step and

all interactions between TFs are identical, we can say each state is only affected by

nearby states. Therefore, by introducing a tridiagonal transition matrix W, one can

obtains
∂

∂t
P(s, t) = WP(s, t) (2)

where P(s, t) corresponds to the probability vector of (si). Next, we define a set of

the states si called superstate Sn = {si|i ∈ [n,N]} for effectively expressing ’On’ state

of the complex, where transcription is active. I shall assume that at least m binding

interactions in the complex are needed to maintain the function of transcription be-

cause each TF has at least 1 binding to the other in this case (i.e., it is guaranteed

for all TFs to locate near the complex). Therefore, we can describe the dynamics of

noisy transcription by looking at the distribution of time spending in the superstate

Sm after coming into it since the longer it stays in the active state, the more tran-

scription events occur. To calculate this, we define the probability density function

of waiting time in Sn as Zn(t). To begin with, since SN is identical to sN, ZN(t) is the

Poisson process. For simplicity, take the Laplace transform which leads to

Z̃N(s) =
WN,N−1

s+WN,N−1

(3)

Using the fact that the only entry to Sn is sn, one can set a recursive relationship

between Zn(t) and Zn+1(t).

Z̃n(s) =
Wn,n−1

s+Wn,n−1 +Wn,n+1

1

1− Wn,n+1

Wn,n−1+Wn,n+1
Z̃n+1(s)

(4)

Note that Wn,n+1

Wn,n−1+Wn,n+1
is the probability of moving from sn to sn+1 or equivalently

to Sn+1 and Wn,n−1

Wn,n−1+Wn,n+1
is that of escaping from sn. Solving equation (4) with (2)
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Figure 1: A Markov chain description for the complex of TFs

and inverse transformation will give us the distribution of waiting time in Sm. To

fully describe process, the next step remained is to develop the transition matrix W.

Let’s first look at the birth and death of an individual bond as follows.

α =
1

τ
exp(

Eb

kbT
), β =

1

τ
(5)

where α is the rate of birth, β is that of death, τ is the average lifetime of the

bond, and Eb is the binding energy. Then, considering the birth and death of each

bond is independent, W becomes

Wn,n+1 = (N − n)α, Wn,n−1 = nβ, otherwise Wi,j = 0 (6)

3 Numerical Results

For getting numerical data from our model, we should specify m, the number of TFs

needed to make a complex. According to the recent prediction and observation, we

set m=4 leading to N=6. The caculation has been done with varying Eb from 0kBT

to 3.5kBT.

3.1 Molecular Memory

The Poisson process has a straight line of the probability density function (pdf)

in log scale. It is often referred to a memoryless process because the shape of pdf is

independent of when we begin to measure waiting time. However, as seen in Figure 2a,

our model suggests the existence of molecular memory in the process. Furthermore,

it shows that the discrepancy from the Poisson process become larger as the binding

energy goes up. In other words, this result shows that the transition rate from the

superstate is not a constant but time-dependent variable.
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Figure 2: (a):upper left-log ofprobability density function, (b):upper right-mean and

variance of waiting time, (c):bottom left-comarision of noise between the model and

the Poisson process, (d):bottom right-mean of waiting time vs. noise.

3.2 Noise

As easily expected, the mean of waiting time increases as an exponential function

of binding energy (Figure 2b). This also indicates the average size of mRNA burst

increases in the same manner. To investigate the noise of waiting time, we define the

noise as follows:

noise =
σt

< t >
(7)

Figure 2c clearly shows that the noise in our model is predicted higher than that

of the Poisson process. However, the detailed number is inconsistent to the previous

observations. This could be due to our unrealistic assumption that all interactions

between TFs are identical but general scheme of higher noise in eukaryotes is pre-

dicted. Finally, we observe the tradeoff between accuracy of transcription and the

size of mRNA burst in Figure 2d.
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4 Conclusion

We have developed the model of transcription by multiple TFs with stochastic birth

and death of interactions between TFs in the complex. Our model points out in-

teresting features of transcription in eukaryotes. First, we have predicted that the

transciption by multiple TFs have molecular memory so that it doesn’t follow the

Poisson process. Second, we have shown that strong coupling between TFs makes

the production of mRNA efficient by increasing waiting time of ’On’ state, but in-

creases the noise in transcription at the same time. Finally, the difference of binding

energies between TFs should be taken into account for more accurate prediction.
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