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Off-lattice, molecular dynamics simulations are used to study the thermodynamics and kinetics
of protein folding over a range of temperatures. Proteins are modelled according to a minimally
frustrated, Go-like model, specifically designed to reproduce the backbone structures of three small
proteins. Some qualitative features of folding kinetics and thermodynamics are reproduced for at
least two of the proteins when compared to earlier results for on-lattice simulations. These include
(1) the existence of optimal folding and freezing temperatures Tf and Tc and (2) the link between
foldability and the width of the energy gap between native and non-native, low energy states.
Unsurprisingly, since the bulk of conformational energies are demonstrated not to obey the Gaussian
distribution posited by Random Energy Models, the functional form of the temperature dependence
is not described by these models. Because of the short timescale of simulations, Arrhenius kinetics
at low T are also not reproduced. Finally, for the small sample investigated here, prevalence of local
over non-local secondary structure—e.g. α helices over β sheets— is linked to greater foldability
and stability.

INTRODUCTION

The problem of how and why proteins fold into
their native conformations has attracted the attention
of physicists for decades, and is commonly (and perhaps
repetitively) stated in terms of the Levinthal paradox:
given that the number of possible configurations of a
protein grows exponentially with its size, how is it that
proteins are consistently able to quickly and stably at-
tain their native structure? Undoubtedly, in the past
twenty years, theoretical approaches informed by the sta-
tistical physics of disordered systems have made enor-
mous strides in resolving this paradox, describing both
the thermodynamics and kinetics [1–9] of the protein’s
collapse to its native state.

Although providing valuable insights, the most sim-
ple and effective of these models — the Random En-
ergy Model (REM) of Derrida [1, 10] and the “designed”
REM, which posits the existence of a ‘stability gap’ be-
tween the energy of the native state and the bulk of
configurational energies [8, 9, 11]– are based on drastic
assumptions about the distributions of energies of con-
figurations and their statistical independence. These as-
sumptions might be suited for describing thermodynamic
stability in the thermodynamic limit (i.e. protein size
N → ∞) but have been show to be inadequate for de-
scribing folding kinetics [3–5]. With few exceptions [12],
many of the predictions of these models have been tested
using lattice simulations of model proteins [3, 11, 13].
The crudeness of these simulations is both a great advan-
tage and a great flaw: while computationally manageable
and analytically tractable (for example, allowing for the
enumeration of all allowable states and their correspond-
ing energies), these model proteins are topologically dis-
similar from any existing protein. Perhaps even more
importantly, the discretized search of lattice configura-
tions that underlies the folding of these model proteins

bears little resemblance to the molecular dynamics of a
fluctuating polymer.

A more realistic way to simulate the process of pro-
tein folding is evidently through all-atom molecular dy-
namics simulations of actual peptide chains. However,
the enumeration of interaction energies between every
molecule in even a short peptide, between every molecule
and the solvent, etc., is both computationally expensive
and extremely different to achieve with any accuracy (es-
pecially because many of these interactions have not been
fully characterized). In this paper, I attempt a compro-
mise between these two extremes — the extremely crude
but computationally effective, and the extremely sophis-
ticated but computationally impractical— by introduc-
ing an off-lattice, Go-type model that explicitly mimics
the structure of three small proteins: albumin binding
domain (from protein PAB; PDB ID: 1prb), α-spectrin
SH3 domain (SH3; PDB ID: 1shg) and chymotrypsin in-
hibitor 2 (CI2; PDB ID: 1coa). A low-friction, Langevin-
based molecular dynamics simulation can then imitate
realistic folding kinetics for model proteins that exhibit
secondary and tertiary structures found in nature. Prop-
erties of this model will then take into account the role
of the native topology of the protein structure — i.e. the
relative importance of local vs. non-local contacts (e.g.
α helices vs. β sheets)— in folding stability and kinet-
ics, while qualitatively testing the predictions of simple
models on protein foldability and stability as a function
of temperature.

MODEL

The model used is loosely based on that of Go et. al.
[14], and more closely on the later work of Takada et al
and Clementi et al [15, 16]. The polymer is modelled
as a string of residues {ri}, represented by beads cen-
tered at their α-Carbon positions. The proteins studied,
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FIG. 1. The proteins studied in this work. The left-hand side
shows the native secondary structures, and the location of
each atom and (polymeric) bond. The right-hand side shows
the α-C backbone that was actually simulated. The proteins
are (A) 1shg, α−spectrin SH3, (B) 1prb, albumin binding
domain, (C) 1coa, chymotrypsin inhibitor 2.

along with the simplified topology, are shown in Figure
1. Molecular interactions between residues are described
by the following potential:
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The meaning of terms (a), (b), (c), and (d) will be
explained shortly. For the variables: ri,j is the distance
between residues i and j; ri,j;0 is the native distance
between residues i and j; σ is a typical Van der Waals
radius; θ is the bond angle formed between the three
residues i, i+ 1, i+ 2; and θ0, r0 are the equilibrium bond
angles and distances, respectively. Finally, ∆i,j is the

TABLE I. Parameters used in the simulation study. Distances
(d, σ, r0) are given in Å, angles (θ0) in radians, time (δt) in
picoseconds, mass (mi) in amu, the friction coefficient (γ) in
collisions/picosecond, and energies (ε) in kBT at 300 K. All
variables are defined in the text.

d σ r0 θ0 εbonds εangles εatt εrep γ mi δt

8 6 3.7 π 400 1.5 5 0.3 0.001 100 0.01

contact matrix of the protein’s native state, defined as:

∆i,j =

{
1 ri,j;0 ≤ d
0 otherwise

where d is some arbitrary cut-off distance. Values used
for all of these parameters are given in Table 1. In gen-
eral, the results of the simulations were qualitatively in-
sensitive to the specific energy parameters, and largely
played a role in setting the scale of the temperature de-
pendence of the folding dynamics.

Eq. (1) is a typical interaction potential used in molec-
ular dynamics simulations [17, 18]. Term (a) is a har-
monic bond potential giving the contribution of bonds
between subsequent residues; (b) gives contributions be-
tween bond angles of three subsequent residue beads,
and is largely set by the persistence length of the chain.
Terms (c) and (d) encode non-local interactions between
monomers, approximated by a Lennard-Jones potential.
Particles that are not in contact in the native state are
described by term (d) and are given a shallow maximum
well-depth of εrep at a Van der Waals radius σ. Particles
in contact are described by term (c), and are given a much
deeper well-depth of εatt set at their native separations.
Whereas the small interaction term between monomers
not in contact enforces the globular state of the unfolded
polymer, the interactions of the contact term stabilize the
native state. Note that many molecular dynamics simu-
lations also include a dihedral angle term. In fact, it has
been found that dihedral angle transitions are important
in the early stages of protein folding (e.g. in the initial
collapse to the folding nucleus) [12]. Although the term
has been omitted in this simple model, it would likely be
worthwhile to include in future endeavors.

This model resembles the Go model of [14] in that it
only includes (non-trivial) interactions that are present
in the native state, and sets each such interaction at the
same energy. Thus, in these models the native state of
the protein is artificially biased toward the minimum en-
ergy, and the energy landscape is funnelled toward this
minimum. Although the neglect of non-native interac-
tions might be construed as unphysical, this model is
frequently justified by the experimental and conceptual
observation that energy landscapes of fast-folding pro-
teins are well described by such funnels [2, 19], for a
review see [20]. Finally, it has been shown by Pande
et al that the Go representation is exact for a system
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with independent random interactions [6], implying that
thermodynamic features of this model should be well-
described by the designed REM.

Simulations were performed in OpenMM using a stan-
dard algorithm that numerically integrates the Langevin
equation [17],

mir̈i = fi − γmiṙi + ηi

where the force on residue i, fi = −∇iV({rj}), mi

is the mass of particle i, η is an uncorrelated ther-
mal noise term such that each Cartesian component has
〈ηi(t)ηj(t′)〉 = 2miγkBTδijδ(t−t′). Values of these terms
are given in Table 1.

RESULTS

For each temperature and protein, 100 folding simula-
tions, starting from a random seed globule, were run for
7.5 × 105 timesteps (corresponding to a maximum fold-
ing time of 7.5 ns). It was observed that after this time,
the model proteins had either folded or were stuck in
some local energy minimum, and were only able to tun-
nel through the free energy barrier to the native state at
an extremely slow rate which was not computationally
feasible to measure.

Furthermore, because residue positions are not fixed in
space (as in the cubic lattice case) but allowed to fluc-
tuate around their equilibrium values, care needs to be
taken in defining a criterion for when the protein has
folded. After each block of 3000 timesteps, an updated
contact map ∆′i,j was computed, where

∆′i,j =

{
1 ri,j;0 ≤ fd
0 otherwise.

with f = 1.5, allowing for fluctuations around the mini-
mum well-depth. It has been shown that the exact value
of f does not change results qualitatively for Go-type
models [15]. Proteins were considered folded when no
more than a single contact that is present in the na-
tive state was absent in the modified contact matrix of
the simulated state (

∑
i,j Θ(∆i,j − ∆′i,j) ≤ 1 for the

Heaviside function Θ ) or when the set of missing con-
tacts between two subsequent measurements was disjoint
(
∑

i,j(Θ(∆i,j−∆′i,j(t)))(Θ(∆i,j−∆′i,j(t+3000δt))) = 0)
[21].

Temperature Dependence of Folding Kinetics

Figure 2 displays the temperature dependence of the
mean first passage time (MFPT) to the native state, con-
sidering only contributions from those proteins that man-
aged to fold within the allotted time. The contribution

FIG. 2. Log(mean first passage time) vs. inverse temperature
for all proteins simulated.

to the folding time from those proteins that relax to the
native state very slowly from a local minimum was not
studied; this would be interesting to investigate in future
work, but is unlikely to change the qualitative features
of the results.

Two of the proteins studied— 1prb and 1coa— exhibit
the non-monotonicity previous observed for both random
and designed heteropolymers [3, 4] with clear optimal
folding times of Tf ≈ 250K and ‘freezing’ temperatures
Tc ≈ 150K. That these two proteins, with highly dissim-
ilar structures and native energies, should exhbit these
similar thermodynamic properties is somewhat surpris-
ing. Most probably, this is related to the uniformity of
the Go potential, which, in setting each bond strength to
be identical, sets the temperature at which the protein
is likely to fall into energy ‘traps’ (the freezing tempera-
ture) and explore nearby structures most efficiently (the
optimal folding temperature).

It has generally been conjectured [2–4], and largely
supported by both simulation and experiment [3, 4, 22],
that folding kinetics of proteins are governed by the Ar-
rhenius equation, and feature a single, rate-limiting free
energy barrier, so that:

kτf = exp

(
F ‡ − Feq

T

)
with Feq the equilibrium free energy of the system, F ‡

the free energy of the transition state, k some folding rate
constant, and τf the mean folding time. Under the con-
straints of designed REM, the above assumption predicts
a quadratic dependence of log(τ(1/T )) for T � Tf and a
linear dependence for T � Tf [3]. In fact, neither depen-
dency is observed in the above simulations: for T � Tf ,
the protein either collapses to its native state extremely
quickly, or is trapped in a local minimum from which
it cannot escape in the simulated time. Simulations over
long times, although not computationally feasible, should
restore the predicted Arrhenius behavior. For the case
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T � Tf , deviation from the quadratic form evidently
holds because the distribution of conformational ener-
gies is non-Gaussian for the Go model, as evidenced in
Figure 3, but is clearly skewed in the direction of low E.

The protein 1shg appears to exhibit a qualitatively dif-
ferent behavior from the other two proteins, implying
that a simple phenomenological kinetic model may not
always characterize the folding process. It is worth not-
ing that the sharp dip in folding time around 350-400
K was measured over a more precise range of temper-
atures, with the points 375, 400, 425 sampled over 200
simulations. However bizarre, it is a ‘real’ feature of the
folding kinetics. Insight into this strange behavior might
be obtained by investigating the topological details of the
folding process for 1shg.

Temperature Dependence on Foldability

Next, I investigated the temperature dependence of the
foldability of the model proteins using, as vehicle, a ‘na-
tiveness’ parameter Q̄, defined as the average fraction of
native contacts formed in the last simulated timepoint,
normalized by the typical fraction of native contacts mea-
sured in the folded protein at the given temperature.
This normalization is necessary to account for thermal
fluctuations around the native state, particularly at high
temperatures. Figure 4 plots Q̄ as a function of temper-
ature. One great benefit of the Go model is the fact that
the ‘nativeness’ is directly proportional to the protein’s
internal energy, so Figure 4 may also be interpreted pro-
portionally to the energy of each protein at the final time-
point [23]. Interestingly, over long relaxation timescales,
the sigmoidal relationship reverts: proteins at the low
temperatures stably ‘freeze in’ to the native state (fixing
Q̄→ 1), whereas higher temperature proteins are capable
of exploring the surrounding energy landscape and thus
will attain smaller equilibrium values of Q̄ (in fact, we
already begin to see this reversal for high temperatures
in 1prb).

Finally, Figure 5 plots the average energy between the
folded and misfolded states. Because thermal fluctu-
ations around the well minima increase the measured
internal energy of folded proteins at higher tempera-
tures (since these fluctuations push the proteins away
from their optimal values), energies increase monoton-
ically with energy. However, the measured energy gap
between the native states and the ‘traps’ at low E re-
mains approximately constant, implying that misfolded
proteins typically fall into the same traps near the native
state, regardless of temperature. It is worth noting that
1prb— the best folder among the three proteins— main-
tains an energy gap that is on average larger than the
other proteins, both in absolute terms and as a fraction
of its native energy.

DISCUSSION AND FUTURE WORK

In this work, I have examined some of the kinetic and
thermodynamic folding properties of a simple off-lattice
Go model. Qualitatively, some similarities are revealed
between this model and more primitive lattice simula-
tions: the existence of optimal and freezing temperatures
Tf and Tc for at least two of the model proteins studied,
1coa and 1prb, and the apparent importance of the en-
ergy gap En − Ec in predicting structural stability and
foldability. Note that for a distribution of bulk configura-
tional energies that is not Gaussian, the typical measure
of foldability, F = |En − Eave|/Σ, (with Eave and Σ2

the mean and variance of bulk conformational energies,
respectively) is no longer an accurate predictor of ther-
modynamic stability. In fact, these measured values for
1prb, 1coa, 1shg (using the distributions in Figure 3) are
F ≈ 17, 18.8, and 18, respectively. These predict a much
higher stability than is actually observed, and imply that
1prb is the least stable of the proteins studied, when in
fact the opposite is true. Thus, it is evident that for
a random heteropolymer whose energies are not drawn
from a Gaussian distribution, the width of the energy
gap En − Ec is a far better predictor of thermodynamic
stability.

Furthermore, although Arrhenius kinetics were not ob-
served at low temperatures in this study, this absence is
most likely an artifact of the truncated simulation times.
Further work is necessary to investigate folding kinetics
in this regime. It is also interesting that many quali-
tative features, such as the temperature dependence of
folding times and Q̄ at short timescales, distributions of
first passage times, and the fraction of folded proteins as
a function of time closely resemble the findings of Guo
and Thirumalai [12] in an early off-lattice, three species
(hydrophilic, hydrophobic, neutral residues) model. This
is encouraging, as it seems to imply some model indepen-
dent, universal behavior for the folding dynamics of these
short peptide chains.

One finding that is particularly interesting is the ap-
parent role of secondary structure in affecting foldability.
It is logical that certain structures are more kinetically
accessible than others, and this is certainly the case for
the model proteins studied here. The α helices are easily
attainable from the protein’s globular state since they are
formed through local interactions, and thus seem have a
stabilizing and accelerating effect on the folding kinetics.
For the small sample investigated here, this finding does
not carry much statistical power, although it is certainly
worth more careful investigation.

Although this study provides a fruitful start, there is
much more work that could be done. Better optimization
of the folding algorithm, for one, would allow for a more
thorough investigation of the presence or absence of Ar-
rhenius kinetics at lower temperatures. Additionally, a
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FIG. 3. Distribution of energies for a sample of 1200 random globules for (A) 1shg, (B) 1prb and (C) 1coa, along with the
location of their native energies. Both (A) and (C) exhibit considerable skew toward low energies, whereas (B) is more sharply
peaked around the mean energy than a normal distribution. Thus, although qualitative features of the designed REM likely
hold, its quantitative predictions are inapplicable.

FIG. 4. Q̄ vs. inverse temperature for all proteins simulated.

better model and more simulation results are necessary
for a careful, quantitative analysis of the thermodynamic
properties of this system. It might also be interesting to
investigate the history dependence (i.e. the dependence
on starting configuration) of this simple model, which is
peppered with local minima near the native configura-
tion despite the ‘minimally frustrated’ energy landscape.
Finally, this model is ideally suited for studying the fold-
ability and stability of the native state in response to
perturbations to interactions between residues. These
proteins have a modest number of ∼ 200 native (non-
adjacent) contacts, yet still feature secondary structures
ubiquitous among natural proteins. Thus, it may be fea-
sible to perform a Metropolis Monte-Carlo type search
in the interaction space with the goal of uncovering the
minimum number of bonds required for a stable native
state. From there, one might study the minimum number

FIG. 5. Folded (circles, En) and misfolded (diamonds, Ec)
energies vs. inverse temperature for all proteins simulated.
Note that the energy gap En −Ec remains constant over the
range of temperatures . Relative to the native state, the gap is
larger for 1prb, which partially explains the greater foldability
of this protein over the range of temperatures studied.

of additional interactions required for stable folding to a
new structure. Clearly, there are many fruitful directions
for future study.
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