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We construct a simple algorithm for generating Hamiltonian cycles on two-dimensional square
lattices. Because of topological properties of the interior bounded by a Hamiltonian cycle, the
problem of enumerating Hamiltonian cycles reduces to coloring simply-connected regions of square
grids, subject to simple, locally-implemented rules. This allows the construction of a recursive
algorithm which generates all possible Hamiltonian cycles, layer-by-layer in the grid. We check this
algorithm by enumerating the number of Hamiltonian cycles in n × n square lattices for small n,
and speculate on the speed of this algorithm in finding Hamiltonian cycles for general grid graphs,
which is known to be an NP-complete problem.

1. INTRODUCTION

Under certain solvent conditions, biopolymers such as
proteins fold into compact, globular states [1]. Protein
folding is determined by the underlying amino acid se-
quence, and the dynamics associated with protein fold-
ing are responsible for the existence and realization of
native, functional protein states. There are many inter-
esting conceptual questions associated with protein fold-
ing, such as Levinthal’s paradox [2], which observes the
short timescale associated with spontaneous protein fold-
ing, in light of the typically astronomical number of pos-
sible conformations. There are also important practical
consequences, as, for example, certain diseases, such as
Alzheimer’s disease and Parkinson’s disease, are believed
to result from the accumulation of mis-folded amyloid
proteins [3].

In a compact state, polymers are well-approximated
by non-intersecting monomer chains confined to a mini-
mal bounding volume. A discretized model of this regime
is given by Hamiltonian walks on simple lattices: these
are paths through the lattice which visit every vertex
once (representing the maximal compactness of the poly-
mer), and only once (representing the non-intersecting
property of the chain, which is a consequence of the ex-
pected short-range repulsion of the monomers). These
walks should qualitatively resemble the possible configu-
rations of true globular proteins, and so can be applied
to studies of the dynamics associated with problems in-
cluding polymer melting [4] and protein folding [5].

We will consider the problems of finding and enumer-
ating the number of Hamiltonian cycles on 2D square lat-
tices, and develop a simple algorithm which may be used
to address both of these problems. Hamiltonian cycles
are Hamiltonian walks which begin and end on the same
vertex, forming a closed loop. As well as the implications
for understanding better the properties of polymer fold-
ing, the problem is of significant interest in the field of
graph theory. It is known that the problem of showing the
existence of Hamiltonian cycles on general grid graphs,
which are square lattices with an arbitrary number of
vertices removed, is NP-complete [6]. In section two, we
will map the problem of finding Hamiltonian cycles on

square lattices to one of coloring simply-connected areas
on square grids, subject to certain local constraints [7].
In section three, we will construct a recursive algorithm
to generate Hamiltonian cycles layer-by-layer without re-
jections. In section four, we will reproduce certain known
results and speculate on the application of the algorithm
to less trivial classes of grid graphs.

2. FORMALISM

Consider an n× n square lattice with a Hamiltonian
cycle. By Jordan’s curve lemma, the cycle splits the
grid into a simply connected interior and an exterior.
The problem of finding Hamiltonian cycles on square
lattices is then reducible to the ways of coloring a
simply connected area of cells on an n− 1× n− 1 grid,
the perimeter of which is then the Hamiltonian cycle,
subject to certain constraints.

For instance, in figure 1 are the possibilities for 4× 4
lattices (3× 3 grids), where the exterior region is
colored black.

Figure 1: 4× 4 Hamiltonian cycles or simply connected area
seven regions in a 3× 3 grid.

This case is trivial, and so the reformulation is
unnecessary, but it helps to elucidate the constraints,
which will generalise to the n× n case. We can then see
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how to construct Hamiltonian cycles recursively, in
polynomial time. The constraints are as follows:

1) Any connected region of exterior cells must be
connected to the boundary, and at one location only.
(An isolated section of exterior would mean the interior
was not simply connected. If an exterior region were
connected to the boundary at more than one location, it
would cut through the interior.)

2) Corner cells of the grid must be in the interior, and
the following 2× 2 subgrids are not allowed:

Figure 2: Disallowed 2× 2 subgrids.

(These subgrids are equivalent to vertices visited more
than once or not at all. Similarly, the corner cells of the
grid must be in the interior, as otherwise the corner
vertices would remain unvisited.)

One immediate observation is that the area of the
interior of the grid is the same for all cycles on a given
grid. This follows immediately from the Euler
characteristic, as the perimeter is the same for each
cycle (as we visit each vertex once and only once), and
the interior is simply connected, with vertices at unit
perimeter, splitting the interior into unit cells.

Any Hamiltonian cycle, expressed in terms of the
interior area, adheres to these rules, and any coloring
adhering to these rules has a boundary which is a
Hamiltonian cycle. Now, we need to see that by
applying these rules locally, layer by layer in an n× n
grid, that we may generate any possible Hamiltonian
cycle, and only Hamiltonian cycles, in polynomial time.

3. ALGORITHM

The algorithm is straight-forward, and we begin by
considering the 5× 5 grid example. Beginning with the
outer layer, the corner cells must be white. The second
rule now reduces to the remaining black cells having at
least one white cell between them. At corners, we
cannot have two adjacent black cells, or two adjacent
white cells which are both adjacent to black cells, as we
would either have to have a disallowed 2× 2 subgrid or
an exterior region connected to the boundary at two
locations). Some allowed possibilities are shown in
figure 3.

Figure 3: Four example configurations for the outer layer of
the 5× 5 grid problem.

Now, we consider the next layer for the upper-right
configuration of figure 3 as an example. First of all, the
upper-left cell must be filled, as otherwise we would
have the fourth type of disallowed subgrid. This also
means the cell directly below must also be filled, else we
would have the second type of disallowed subgrid. The
top center element must be unfilled, else we would have
a disallowed subgrid or an exterior region connected at
two points, and the same is true of the lower left cell,
and the lower center cell. Our options, then, are to fill
the lower, center and upper right cell. If we don’t fill
the upper right cell, we can, and in fact must fill the
lower right and the center right cells, else we will have
disallowed subgrids. If we do fill the upper right cell, we
cannot fill the center right cell, else we will have a
disallowed subgrid or an exterior region connected to
the boundary at two points. Thus, there are 2
possibilities, as shown in figure 4. (Note that it was not
necesssary to consider the third layer, the center cell, in
our restrictions, and that in general we can solve the
problem layer by layer like this.)

Figure 4: The two allowed configurations of the second layer,
given the configuration of the first layer.
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Clearly, the third layer (the center cell) cannot be filled,
else we would connect two external regions or have a
disallowed subgraph. So, we have generated the two
possible configurations for the given first layer - the
perimeter of these configurations are the Hamiltonian
cycles.

In figure 5, we show a sample calculation of a 9× 9 grid,
where there will be many more possible configurations
for the inner layers, but where our rules will still
generate a Hamiltonian cycle for any legal choice of the
discrete options. One manifestation of the rules to keep
in mind when considering these larger lattices is that
any exterior region which is not connected to the
boundary must be propagated to the next layer, and at
least one exterior region which is connected to the
boundary must be propagated to the next layer, in order
for the non-connected regions to attach to at some layer.

Figure 5: Example 9× 9 grid Hamiltonian cycle calculation.

In this example, we have tried to show a representative
range of the possible choices of the legal options
available, and we see that the rules constrain us in a
local way such that the correct global structure is
maintained. The number of allowed configurations at
each layer becomes smaller at each step. In particular,
at the fourth layer, the choice is unique.

One might think that it may become unavoidable that
exterior regions connected to the boundary inevitably
intersect at a given layer and so put non-local
constraints on the solutions and spoil the recursive
technique, but this doesn’t happen, as it is only ever
necessary to propagate one exterior region connected to
the boundary into the next layer (to connect to any

isolated exterior regions at a given layer), and the only
instance in which it is impossible to propagate an
exterior region forward is in the ”3× 3” layer with four
external regions connected to the boundary, but in this
case, there are no remaining isolated external regions,
and so it is not necessary to propagate any forward.

In summary, at each layer, one only needs to propagate
forward all exterior regions which have not yet been
connected to the boundary, and, so long as there are
still disconnected exterior regions, at least one exterior
region which is connected to the boundary. Exterior
regions which have been connected to the boundary
may not coalesce, but at it is only ever necessary to
propagate at most one such region into the next layer,
this rule can always be implemented layer by layer. The
algorithm will generate all Hamiltonian cycles layer by
layer, with no reference to global information - any legal
choice of the discrete set of options at each layer will
generate a Hamiltonian cycle, and all Hamiltonian
cycles are generated in this way.

4. APPLICATIONS

To ensure that our reasoning is correct, we have
constructed a realization of the algorithm described in
section 3. By implementing the rules as local constraints
on the allowed filling of exterior regions at each layer,
our algorithm generates every legal configuration layer
by layer. Because there are O (n) options at each layer,
and O (n) layers, the algorithm generates a configuration
in time O

(
n2

)
. As a first check that our procedure is

correct, we reproduced the enumeration of Hamiltonian
cycles for 6× 6 and 8× 8 lattices in [1], recovering 1072
and 4638576 distinct Hamiltonian cycles, respectively. If
we were to optimize the algorithm for enumeration, we
would follow the procedures of [1], using a hash table
to record the distinct allowed configurations for square
lattices of various sides. However, at this stage, we
were content to verify that our algorithm functioned as
intended, to ensure that our reasoning of the previous
two sections was sound.

The algorithm developed here implements the
constraints required to generate Hamiltonian cycles
locally, layer-by-layer, and so, a given layer only
communicates with the configuration it encloses via the
configuration of the adjacent layer. The task of
determining whether a Hamiltonian cycle exists, then, is
reducible to determining if there exists a set of mutually
compatible adjacent layers, according to the criteria set
above. In the case of n× n square lattices for n odd,
this is in general not possible for the inner 2× 2 grid
and the surrounding 4× 4 grid, and so, no Hamiltonian
cycles exist for these lattices. For n even, we have
argued that it is always possible to propagate to a legal
adjacent layer, given a legal configuration in the
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enclosed region, and so the existence of a Hamiltonian
cycle can be determined in polynomial, O

(
n2

)
time.

For more general grid graphs, with vertices removed, it
seems feasible that, at least when such removals are
diffuse, determining existence should also be possible in
polynomial time, as long as there is sufficient freedom
to propagate between the layers which have a modified
vertex structure, as it is only these layers which are
likely to place further constraints on the allowed
configurations.

5. CONCLUSIONS

We have developed an efficient algorithm, which gen-
erates Hamiltonian cycles on 2-dimensional square lat-

tices for any configuration satisfying a set of locally-
implemented constraints. We have verified the validity
of the algorithm by reproducing certain enumeration re-
sults for small square lattices, and we have speculated
about the adaptation of the algorithm to more general
grid graphs. It would be interesting to attempt to ap-
ply the construction detailed above to more general grid
graphs, where, at least in some instances, it may be pos-
sible to explicitly construct Hamiltonian cycles again in
polynomial time, again by constructing a sequence of mu-
tually compatible adjacent layers, each of which may now
be subject to additional local constraints.
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