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Psychrophilic enzymes have much higher catalytic activity than close mesophilic homologues, but
their native conformations are less stable against unfolding. An explicitly non-equilibrium mecha-
nism may reduce this stability still further in vivo than the measured reduction at equilibrium. This
mechanism is illustrated first using a simplified four-state model. Then a more general relationship
between stability and reaction rate is derived based on a Jarzynski-style fluctuation theorem, which
highlights the strong dependence of the stability of the native state on extremely rare fluctuations
in the reaction rate.

Recent thermodynamic characterizations of ex-
tremophilic enzymes reveal a trade-off between stability
and activity [3]. Psychrophilic enzymes have remarkably
high catalytic activity at the low temperatures where
they are found, but their native states are also less stable
than those of mesophilic homologues.

Studies of this effect so far have mainly focused on
determining the differences in conformational free en-
ergy landscapes between the homologues that might con-
tribute to this effect (cf. [2]). In general there will also
be another, dynamic, contribution, due to the fact that
the substrate-bound state of the enzyme does not have
the same thermodynamic stability as the free state. In
such a case, changes in the relative steady-state popula-
tions of the substrate-bound and free sub-states of the
native-configuration enzyme will modify the overall ra-
tio between the probabilities of the native state and the
unfolded state.

It is straightforward to derive the dependence of this
modification on the transition rates of a Markov model of
the system, but recent results in non-equilibrium statis-
tical mechanics suggest that an analysis in terms of the
statistics of entropy production may be more physically
enlightening [6]. After presenting the results of the stan-
dard kinetic calculation, we will show explicitly how to
write the steady-state probabilities in terms of averages
of exponentials of entropy production, in the spirit of [4].
We will conclude by discussing the physical insight one
might hope to gain from this, and the difficulties involved
in obtaining it.

We will begin by carefully setting up the key pieces
of our model, so that the derivation of the entropy-based
formula for the steady state probabilities can be as trans-
parent as possible.

SETUP

Consider a single enzyme in a solution, whose dynam-
ics are described by a Markov-state model with N states.
The system has constant energy E and is isolated from
the rest of the world, but the container of solution is
large enough to act as a heat and chemical bath with

constant temperature and chemical potentials over the
time scales of interest. Each of the N states will be com-
posed of many sub-states, both because of the necessary
coarse-graining over internal conformational states of the
enzyme and because each conformational state is com-
patible with many different microstates of the water and
solute molecules. In the limit where the stochasticisty
of the dynamics comes mainly from thermal fluctuations
in the bath and not from quantum fluctuations, we can
treat the enzyme, water molecules and atoms of the so-
lute molecules as classical objects, measuring the num-
ber of states by computing classical phase space volumes
and dividing by Nj ! for each set of j identical particles.
We will assume that for all the phase-space points corre-
sponding to a coarse-grained state i the enzyme has the
same internal energy εi (and thus the solution has energy
E− εi), and that the relaxation time for the sub-states is
sufficiently faster than the relaxation time of the coarse-
grained states that the distribution over the sub-states
can safely be assumed to always be uniform. Thus by
measuring the phase space volume Ωi within state i, we
can obtain the entropy Si = kB ln Ωi.

The enzyme catalyzes a reaction in which various so-
lute molecules Xl are converted into one another. The
total numbers Nl of solute molecules of kind l in the
solution is assumed to be large enough that their con-
centrations [Xl] can be regarded as fixed over the time
scales of interest, even when they are far from equilib-
rium. When one or more substrate molecules are bound
to the enzyme, they will be treated as part of the enzyme,
with their internal energy included in the state energy εi.

The phase space volume Ωi of a coarse-grained enzyme
conformation i is thus a function of the energy Es = E−εi
in the solution and of the number of molecules Nl in the
solution, so we have:

Si = Si(Es, Nl). (1)

An arbitrary transition from state i to state j will there-
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fore be accompanied by a change of entropy

∆Sij = (Sj − Si)Es,Nl −
(
∂Si
∂Es

)
Nl

∆εij (2)

+

(
∂Si
∂Nl

)
Nm6=l,Es

(∆Nl)ij

where a summation over l is understood in every term
where l appears twice. The combination of discrete and
continuous variables we have here would generate some
ambiguity if ∂Si/∂Es and ∂Si/∂Nl depended on i, be-
cause we would have to decide whether to take derivatives
of Si or Sj . But our assumptions about the large amount
of water and solute guarantee that these derivatives take
on constant, i-independent values

∂Si
∂Es

≡ 1

T

∂Si
∂Nl

≡ µl
T

(3)

where these relations define T and µl. The entropy
change thus becomes

∆Sij =
1

T
(∆Fij + µl(∆Nl)ij) (4)

where ∆Fij = ∆εij − T (Sj − Si) with Es and Nl held
fixed.

The state of an ensemble of these enzymes at time
t is described by a probability distribution pi(t) over
all the configurational states i = 1, 2, . . . N of the en-
zyme/solution system. The time-evolution of this distri-
bution is governed by the Master equation

dpi(t)

dt
=

N∑
j=1

Wijpj(t) (5)

where Wij is the matrix of instantaneous transition rates
from states j to state i for j 6= i, and Wii ≡ −

∑
j 6=iWji

is minus the total instantaneous rate for transitions away
from i.

We will be considering the case where the concentra-
tions [Xl] are far from equilibrium, and detailed balance
is violated. Nevertheless, we can still write a general rela-
tion between the forward and reverse rates Wji and Wij

by invoking the time-reversibility of the microscopic dy-
namics (cf. [5, p.548-553] for a more detailed treatment
without any assumptions of classicality, in the special
case of no particle exchange). Although our system is
stochastic, if we consider the aforementioned limit where
thermal fluctuations dominate and quantum fluctuations
are unimportant, then on short time scales there will be
a deterministic Hamiltonian evolution from each phase
space point. We can therefore compute the phase space
volume Ω(i→ j) of microstates of state i that determin-
istically evolve into microstates within state j in time dt,
and divide this by the total phase space volume of state
i to find the transition probability

Wjidt =
Ω(i→ j)

Ωi
(6)

Since the evolution is Hamiltonian over this time scale,
the time-symmetry of the equations of motion combined
with Liouville’s theorem guarantees a one-to-one corre-
spondence between trajectories from i to j and trajecto-
ries from j to i (as long as the coarse-grained states i and
j are themselves time-symmetric, so that a reversal of all
the momenta does not generate a distinct state):

Ω(i→ j) = Ω(j → i). (7)

Thus we can conclude that

Wij

Wji
=

Ω(j → i)Ω(i)

Ω(j)Ω(i→ j)

=
Ω(i)

Ω(j)
= e−∆Sij/kB (8)

FOUR-STATE MODEL

Before presenting our fluctuation-theorem analysis, we
will compute the steady-state probabilities directly in a
simplified model where N = 4. In three of these states,
the enzyme is in its native ‘well-folded’ conformation
(f): free enzyme ready to receive reactant (f0), enzyme
bound to reactant (fA), and enzyme bound to product
(fB). The fourth state is the ‘unfolded’ state (u). We
allow reactions among all three folded states, and be-
tween f and u, but not between u and the substrate-
bound states. This is an extreme version of the mech-
anism we are investigating, where the substrate-bound
enzyme states fold and unfold at a rate negligibly small
compared to that of the free state. Of course the oppo-
site case is possible as well, where the substrate-bound
states fold and unfold faster than the free state. The psy-
chrophilic and mesophilic enzymes tested in [2], however,
have been found to be much more stable against unfold-
ing when bound to an analogue of the transition state of
their substrate. It seems more likely, therefore, that they
are also more stable rather than less stable when bound
to the initial and final substrate states.

f0

k
0 3
[B

]

fB
k2

fA

u

k 01 [A
]

FIG. 1. Four-state model of enzyme reaction with unfolding.

From this model, we can now compute the steady state
probabilities for finding the enzyme in each of the four
states. One way of doing this is to first demand that the
probability currents on each leg of the triangle be equal
in steady state, so that no net probability flows into or
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FIG. 2. Stability and activity versus reactant concentration
for reaction depicted in Fig. 1. [B] is held fixed, and all
rates are measured in units where k01 = 1/[B]. We have set
k3 � k2 to represent a reaction with a single rate-limiting
step. The reactant molecules are assumed to have internal
energy ∆εi = 10kBT greater than the product molecules, and
to bind to the protein with binding energy ∆εb = 1kBT .

out of the two bottom nodes of the triangle. This will
fix the relative probabilities of the three folded states.
The probability current into the unfolded state must be
zero, because there is nowhere for the probability to flow
out; this fixes the relative probabilities of the states u
and f0. Thus if a change in kinetic parameters decreases
the probability of fA and fB relative to f0, it will also
decrease the overall probability of f relative to u.

Figure 2 shows how the relative probabilities depend
on the ratio of concentrations of species A and B in the
solution. We see that as the concentration of A is in-
creased, the probability of f relative to u increases, as
more probability is concentrated in the substrate-bound

states. This is plotted for two different values of k2 ≈ kcat
(we have set k3 � k2, so k2 is the limiting rate), the faster
one representing a ‘psychrophilic’ enzyme that processes
substrates at a higher rate than a ‘mesophilic’ homologue
operating at the same low temperature. The free energies
of all four states are the same for the two curves - only
the absolute rate of the reaction step is changed. The ra-
tio of rates was chosen based on the measured kcat ratio
between psychrophilic and mesophilic α-amylase homo-
logues in [2]. Also plotted for comparison is the standard
saturation curve for the reaction rate. We see that at the
concentration where the reaction rate is half its maximum
value, the effective free energy gap kBT ln(pssf/p

ssu) for
the mesophile has already increased by ∼ kBT = 0.6
kcal/mol. The difference between the effective free en-
ergy gaps for the two homologues at that concentration
is ∼ kBT/2 = 0.3 kcal/mol. These are significant mod-
ifications for a biological situation, where typical energy
scales are on the order of kBT . Our extreme modeling as-
sumption of no unfolding from the substrate-bound state
has exaggerated the effect, however, and so it is possible
that it is negligible after all for a real enzyme.

TRAJECTORY AVERAGES

We now show how to write steady-state probabilities
in terms of the fluctuations in the reaction rate for a
single enzyme, in a way that is applicable to an arbitrarily
complicated Markov model of the enzymatic reaction. A
very similar result is derived in [1] under more general
conditions, and applied to a simplified enzyme reaction
in [4]. The derivation given here uses more restrictive
assumptions, but is intended to be easier to follow and
more immediately applicable to the physics at hand.

We start by discretizing trajectories of duration t into
M small chunks dt = t/M , giving

〈e−∆S/kB 〉i→j,t =

∑
{αk}(δjαM +WjαMdt)e

−∆SjαM (δαMαM−1
+WαMαM−1

dt)e−∆SαMαM−1 . . . (δα1i +Wα1idt)e
−∆Sα1i

p(i→ j)

=
1

p(i→ j)

∑
{αk}

(δαM j +WαM jdt)(δαM−1αM +WαM−1αMdt) . . . (δiα1 +Wiα1dt) (9)

This equation multiplies all the transition probabilities
Wαi+1αidt together for each trajectory, together with the
exponential of −∆Sαiαi+1 for each transition, then sums
over all trajectories. For transitions from a state i to the
same state, the probabilities are given by

1−
∑
j 6=i

Wjidt = 1 +Wiidt.

In the second line we used (8), to eliminate the exponen-
tial terms and switch the order of the indices. We have
normalized by dividing by the total probability p(i→ j)
for a transition from i to j. We can put this in matrix
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form as

〈e−∆S/kB 〉i→j,t =
〈i|(1 +Wdt)t/dt|j〉

p(i→ j)
(10)

=
〈i| exp(Wt)|j〉
p(i→ j)

(11)

where |i〉 and 〈j| are abstract column and row vectors
representing states i and j, respectively (normalized so
〈i|j〉 = δij), and we have taken the limit as λdt � 1
for the eigenvalue λ of W with smallest nonzero absolute
value.

We can break the entropy change into contributions
from changes in conformation and changes in numbers of
solute molecules: T∆S = −∆F + µl∆Nl. The former
is path-independent, and so we can take it outside the
average to find

〈e−
µl∆Nl
kBT 〉i→j,t =

〈i| exp(Wt)|j〉
p(i→ j)

e−∆Fij/kBT (12)

To average over all trajectories of duration t that start
in i, regardless of ending state, we multiply by p(i → j)
and sum over j to get

e−Fi/kBT 〈e−
µl∆Nl
kBT 〉i,t =

∑
j

〈i| exp(Wt)|j〉e−Fj/kBT .

(13)

If we let the duration t of the trajectories become large
enough that |λt| � 1 for all nonzero eigenvalue λ of W ,
then since all the nonzero eigenvalues are negative, the
matrix exp(Wt) will transform any normalized probabil-
ity vector |j〉 into the steady-state probability distribu-
tion |pss〉 =

∑
j p

ss
j |j〉. Thus we obtain

pssi =
e−Fi/kBT

Z
〈e−

µl∆Nl
kBT 〉i,t (14)

where Z =
∑
i e
−Fi/kBT .

In the limit where the differences between the µl are
very small, and the system is close to equilibrium, we
can derive some helpful intuition from equation (14) by
taking the cumulant expansion and terminating at the
second cumulant. For the simple case of one reactant and
one product species with a chemical potential difference
∆µ� kBT , this gives

kBT ln pssi = −Fi−kBT lnZ −∆µ〈∆N〉i,t (15)

+
∆µ2

2kBT
〈∆N2〉ci,t +O

(
∆µ2

(kBT )2

)
where 〈∆N2〉ci,t is the variance in the total number of re-
actant molecules ∆N converted to products over the time
t. This equation tells us that the steady-state probabil-
ity of the native conformation will always be reduced in
faster enzymes, unless the standard deviation in the num-
ber of cycles increases by at least a factor of

√
2kBT/∆µ

more than the mean number of cycles. In this limit, then,
we see that increasing enzyme speed necessarily incurs a
cost either in the conformational stability or in the reac-
tion rate stability.

Most enzyme-catalyzed reactions in living cells are
highly irreversible, however, occupying the opposite limit
where ∆µ� kBT , and it becomes much more difficult to
obtain an intuitive interpretation of (14). Each individ-
ual reaction on a trajectory suppresses that trajectory’s
contribution to 〈e−µl∆Nl/kBT 〉i,t by a factor of e−10, so
in the large t limit the very rare trajectories with few or
negative net forward reaction cycles can have a signifi-
cant impact on the equilibrium probabilities.

In the four-state model presented above, termination
of the series after two cumulants results in a RHS for
equation (15) greater than kBT , which is impossible for
a properly normalized pss.

CONCLUSION

We have presented a simple model of steady-state en-
zyme dynamics in which faster enzymes in a nonequlib-
rium chemical environment are less stable than slower
enzymes with the same conformational free energy land-
scape in the same environment. This indicates that the
loss of stability in fast, psychrophilic enzymes measured
in an equilibrium solution compared to slower, mesophilic
enzymes is further enhanced when the enzymes are ac-
tively processing molecules in their native environment.
We showed how the relationship of stability to the re-
action rate could be presented in a more general way
by writing the steady state probabilities in terms of the
statistics of the reaction rate. In the case of a small chem-
ical gradient, this equation showed that the stability of
the native state becomes a simple function of the bal-
ance between the mean number of forward cycles of the
reaction in a long time t and the width of the distribu-
tion of the number of cycles. Real biochemical reactions
tend to be very far from this limit, with the steady state
probability values depending crucially on the probabili-
ties of extremely rare trajectories; this made it difficult to
understand qualitatively what the relationship between
chemical reaction rate statistics and stability should look
like in vivo. Further investigation is required to under-
stand the counterintuitively sensitive dependence of the
stability of the native enzyme conformation on extremely
rare fluctuations in the mean reaction rate.
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