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Recent findings that the humans DNA folds in the nucleus as a fractal globule suggests that
it would be of a great value to find a simple way to model this kind of structures. We model a
polymeric structure by considering a set of Hamilton Walks (HWs) generated using Monte Carlo
algorithm on cubic lattices of sizes N = 20×20×20 and N = 10×10×10. By analysing knottedness
of the obtained configurations, we study the connection between topology of the polymer chain and
its spatial organization for three sets of HWs: all the generated statistically independent HWs,
the most and least knotted 10% of them. By considering root mean square end-to-end separations
of subchains and probabilities of finding a loop of a certain size we conclude that the statistical
properties of unknotted HWs do not resemble ones of the fractal globules.

PACS numbers:

INTRODUCTION

DNA is a long polymer present in every single cell’s
nucleus inside a human body. A natural question one
may ask is how it is possible to squeeze two metres long
polymer inside an object with a typical linear size of ap-
proximately 6×10−6 m? Furthermore, another questions
arises – how does this dense packaging preserve the ability
to easily fold and unfold any genomic locus? These ques-
tions have been answered recently. It has been suggested
that the human genome achieves the folding by organiz-
ing itself into so-called a ”fractal globule” [1], where the
long strands of DNA form a very dense structure with-
out knots. This structure is not only spatially favorable,
but also it allows to access any gene without a need to
untie any knots. The idea of the humans genome as a
fractal globule has replaced a previous suggestion that
humans DNA folds as an ”equilibrium globule”, a very
compact, but a massively knotted and tangled structure.
Recently, an analysis of statistical properties of the frac-
tal globule and its comparison to the equilibrium globule
has been presented in Ref.[2] where the authors used the
traditional Monte Carlo simulations of a freely jointed
polymer chain modeled as spherical impenetrable beads
with a fixed diameter[1]. These simulations are very de-
manding in terms of both time and computational power
and an easier way to model fractal globules is desirable.

Self-avoiding random walks are frequently used to
model various polymeric systems[3]. When in solvent,
polymer is stretched and can be well-described by a self-
avoiding walk with end-to-end separation growing as a
power-law in the number of monomers. On the other
hand, we are interested in a closely-packed structure,
i.e. when the polymer tries to occupy the least possi-
ble amount of space. This fact has motivated scientists to
use spatially confined self-avoiding random walks, Hamil-
ton Walks (HWs), as a model of folded proteins. While
analytically treatable in 2D, HWs have not been solved
exactly in 3D. Alternatively, HWs in 3D can be treated
numerically (e.g. see Ref.[4–6]) which can yield useful

information about their properties.

In this paper we study the connection between the
topological state (i.e. knotted or unknotted) of HWs
and their statistical properties. The knots in the walk
are identified after joining the ends by means of a pre-
defined procedure. Our goal is to check if the unknot-
ted HWs have statistical properties similar to the frac-
tal globules, whereas the knotted ones are similar to the
knotted equilibrium globules. First, we generate 103 and
104 statistically independent HWs on two cubic lattices
of sizes N = 20 × 20 × 20 and N = 10 × 10 × 10 re-
spectively using a Monte Carlo algorithm. Secondly, we
sort the configurations by their degree knottedness mea-
sured by means of the Alexander polynomial[7] for the
corresponding HWs. Finally, we consider the root mean
square end-to-end distance of the segments of the HW
as well as looping probability and compare these statisti-
cal properties for different topologies. Our findings sug-
gest that unknotted HWs are not representative of fractal
globules as their above-mentioned statistical properties
are hardly distinguishable from the knotted ones.

MONTE CARLO ALGORITHM FOR
GENERATING HAMILTON WALKS

HW is a self-avoiding walk on a cubic lattice that vis-
its every lattice site once. We exploit an interaction-free
model, i.e. we study flexible homopolymers where each
conformation has the same probability. We generate 3D
HWs using Monte Carlo algorithm, which is believed to
be ergodic and allows efficient and unbiased sampling of
HW on a cubic lattice[4, 5]. To illustrate how the al-
gorithm works we consider, for simplicity, a 2D polymer
(red color) on a N = 3 × 3 square lattice depicted in
Fig.1. We consider free (non-periodic) boundary condi-
tions. First, we randomly choose one of the ends of the
polymer (we denote the chosen end with a star). This
end is adjacent to one occupied and three empty links
(in d dimension it will be one occupied and 2d− 1 empty
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FIG. 1: Move between two Hamiltonian Walks (HWs) on a
3 × 3 square lattice in 2D. The algorithm is easily extendible
to 3D.

ones). Then we choose one of the three empty links with
uniform probability and extend the walk by adding the
chosen link (the new chosen link is marked by the blue
color). There is exactly one occupied bond whose re-
moval yields a new HW (the link that should be removed
is depicted by a blue cross in the figure). To obtain a
new statistically independent HW we need to repeat this
process N times. The code for generation of HWs based
on this algorithm has been created in Python1. Two
sets of HWs with size N = 20× 20× 20 (103 HWs) and
N = 10× 10× 10 (104 HWs) have been created.

STATISTICAL PROPERTIES OF HAMILTON
WALKS

After generating two sets of statistically independent
3D HWs, we sort them according to their knottedness.
In order to define the degree of knottedness, we use a
knot invariant called Alexander polynomial – a polyno-
mial with integer coefficients unique for each knot type.
We exploit an algorithm provided by Prof. Mirny’s lab to
compute the value of the Alexander polynomial for each
HW we generated. Using this value, we rank configura-
tions according to their degree of knottedness.

First, we are interested in the root mean square end-
to-end distances of the segments of Hamiltonian walks
which are defined as follows,

R(L) =
√
〈R2(L)〉 =

1

S(N − L)

S∑
j=1

N−L∑
i=1

[rj(i + L)− rj(i)]
2
,

(1)

1 The author additionally benefited a lot from analogous code writ-
ten in C by Prof. Alkan Kabakcioglu as C programs run much
quicker than their Python counterparts.

FIG. 2: Root mean square end-to-end distance R(L) of the
segments of HWs as a function of the segments’ length L for
the lattice sizes N = 20 × 20 × 20 and N = 10 × 10 × 10.

where S is the number of statistically independent HWs
of a given size, N is the length of a walk, L is the segment
length, and rj(i) is the vector position of i-th visited site
in the j-th walk.

For 3D equilibrium globules and L <∼ N2/3, one ex-
pects Flory theorem[8] to hold and the mean square sep-
arations to scale as L1/2 as the short segments behave as
a random walker. On the other hand, when the segments
of equilibrium globule get larger, the finite size of the cu-
bic lattice puts an upper limit on the possible values of
R(L) and we expect its value to saturate. In contrast,
the fractal globule is spatially filling and its volume grows
linearly with the length so that R(L) ∝ L1/3. It has been
conjectured that the self-similar structure of the fractal
globule resembles a statistical fractal with a fractal di-
mension of 3[9]. Hence, the scaling R(L) ∝ L1/3 applies
to long segments, too, i.e. no saturation with the growth
of L is observed[1, 2].

Figure 1 shows the functional dependence of root mean
square end-to-end distance R(L) on the segment length
L for HWs generated on two different lattice sizes (N =
10 × 10 × 10 and N = 20 × 20 × 20). The black curves
correspond to averages of all the HWs of a specific size,
the green/red curves correspond to the least/most knot-
ted 10% of them. As we see, there is no tangible dif-
ference between the curves for the knotted and unknot-
ted configurations. For small segments, the root mean
square separation scales as N1/2 as expected, whereas
for large segments we see that R(L) indeed saturates
for L >∼ N2/3. The curves are in agreement with those
found in Ref.[6] for HWs and in Refs.[1, 2] for equilib-
rium globules. Thus, the unknotted configurations do
not resemble fractal globules which have functional de-
pendence R(L) ∝ L1/3 with no saturation plateau. The
corresponding plot for fractal globules can be found in
Refs.[1, 2].

Another statistical property of interest is the prob-
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FIG. 3: The probability p(L) to observe a loop of a size L mul-
tiplied by exp[1/L] for the lattice sizes N = 20 × 20 × 20 and
N = 10 × 10 × 10. In the inset a part of the graph is zoomed
in where the Flory theorem works best. Note, the probability
p(L) is properly normalized such that

∑
L=1 p(L) = 1.

ability of finding a loop of a certain size L. A loop
of size L represents a walk which starts at some point
and after L steps comes to a point neighbouring the
starting one. In case of the equilibrium globule, as we
have mentioned above, segments of length L <∼ N2/3

obey Gaussian statistics. Thus, the probability to find
a walk of length L with end-to-end separation R is just
p(L) ∝ L−3/2 exp

[
−R2/L

]
, which simplifies to p(L) ∝

L−3/2 exp [−1/L] for a loop as R = 1. For large values of
L >∼ N2/3 the crossover to plateau is expected. In con-
trast, p(L) scaling for fractal globules is difficult to obtain
analytically and it is known only from simulations that
p(L) ∝ L−1[1, 2].

Figure 2 illustrates the functional dependence of the
probability p(L) to find a loop of size L. Lattice sizes
N = 20×20×20 and N = 10×10×10 correspond to Fig.

2a and Fig. 2b accordingly. As one case see, for loops
of sizes L <∼ N2/3 both knotted and unknotted HWs
obey Flory prediction2. For L >∼ N2/3, we observe the
expected plateau (the noise in the plateau comes from a
small number of configurations over which the curves are
averaged). These results are in agreement with Ref.[1, 2]
and [6]. Again, we conclude that unknotted HWs do not
display statistical properties similar to fractal globules
and, in fact, do not differ from the equilibrium globules.

Our results suggest that the unknotted HWs cannot be
used to model fractal globules. One could think that the
reason is that the size of a sample (103 for N = 103 and
104 for N = 203) is not large enough and we do not get
enough unknotted structures. That is not the case, as for
example for N = 10×10×10 most configurations among
the least knotted 10% have a value of Alexander polyno-
mial equal to unity, which corresponds a fully unknotted
structure. Even if we consider 1% of the least knotted
ones, we do not observe the desired statistical proper-
ties. The reason why the hypothesis fails may be due to
the fact that not every unknotted structure has fractal
properties the fractal globule has. Therefore, it would
be useful to find a way to obtain a subset of fractal-like
HWs and analyze them.

CONCLUSIONS

In this paper we have modeled dense polymer struc-
tures using a Monte Carlo algorithm for generation of
HWs on a cubic lattice. We generated 103 and 104

statistically independent HWs for cubic lattices of sizes
N = 20× 20× 20 and N = 10× 10× 10 respectively. We
checked if the unknotted configurations would resemble
fractal globules and display the corresponding statisti-
cal properties. To test this hypothesis, we first sorted
the HWs by their degree of knottedness by closing HWs
into loops and computing Alexander polynomial for each
of them. Then, we studied the statistical properties of
three sets of HW configurations: the whole set of HWs,
the most and least knotted 10% of the generated set.
We computed root mean square end-to-end separations
of subchains and probability of finding a loop of a cer-
tain size for two different lattice sizes. We concluded that
the unknotted HWs display statistical properties almost
identical to the knotted ones and their properties coin-
cide with those of equilibrium globules. The fact that
the hypothesis failed suggests that only a small fraction
of unknotted HWs can characterize fractal globules, as
our sampling was based on knottedness, but not the frac-
tal properties of the HWs. Perhaps, if one finds a way

2 for N = 10× 10× 10 the exponent deviates from the Flory’s 3/2
which was also noticed in Ref.[6] and is due to small N .
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to separate fractal-like HWs from all the unknotted ones
then the chosen set could be used as a model of fractal
globules.
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