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Abstract

The cellular cytoskeleton, a network of filaments and motor proteins inside the cell membrane serves many
functions including maintaining cellular shape, enabling cellular motility, as well as initiating muscle contraction. In
this paper, we discuss the ability of the motor protein myosin to deform an actin gel. We discuss how myosin’s special
force spectrum leads to mean squared displacements resembling diffusive Brownian motion, but due to the presence of
the actin gel, actually constitute super-diffusive motion. We also investigate a simplified model of equilibrium tension
in actin strands due to myosin, and model it as a two state system. We discuss a novel calculation of the average
elastic energy and average elastic energy fluctuations as a function of myosin concentration. This leads naturally
to the question of how the non-equilibrium fluctuations of the gel couple to a test filament intercalated within the
network, a question that remains to be explored.

I. Introduction

The cellular cytoskeleton consists of three main
types of filaments (actin, intermediate filaments,
microtubules) which provide support, as well as

several different types of motor proteins (myosin,
dynein, kynesin) which remodel cell shape, engage
in active transport, and enable cellular motility [1].

As shown below in Table 1, the different types of
filaments have very different properties, with persis-
tence lengths varying through two orders of magni-
tude (actin to microtubules). Indeed, microtubules
are so tough that without cellular activity causing
them to bend appropriately, their presence would
render the whole cell rigid, since most cells are on
the order of 10 - 50 µm [2]. The great variation in
persistence lengths of these filaments suggests that
each one supports different functions, and indeed
this turns out to be true, as can be seen in Table 2.

Table 1

Cytoskeletal Filaments

Filament Persistence Length

Actin 17µm
Intermediate Filaments Variable
Microtubules 3000µm

Table 2

Cytoskeletal Filaments

Filament Function

Actin Cellular motility
Intermediate Filaments Mechanical Stability
Microtubules Intracellular Transport

Each motor protein is associated with a specific
filament as shown in Table 3.

Table 3

Cytoskeletal Filaments

Filament Associated Motor Protein

Actin Myosin
Intermediate Filaments -
Microtubules Dynein and Kinesin

II. Experimental Motivation

As mentioned above, the cytoskeleton serves many
functions, and when doing biological experiments,
in certain cases with such a complicated system, it
becomes difficult to elucidate which variables and
time scales are important to the question being asked.
For example, if the question of interest has to do with
cellular motility or muscle contraction, it becomes
easier to analyze an acto-myosin in vitro system con-
sisting only of filamentous actin (F-actin), myosin,
an ATP regeneration system, cross-linkers, as well
as physiological salt concentrations [3]. The salt con-
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centration is especially important, because at high
concentrations, the myosin becomes non-processive,
but at lower concentrations (50 mMol KCl), individ-
ual myosin motors assemble into processive bipo-
lar filaments consisting of hundreds of individual
molecules initiating stress propagation throughout
the network.

F-Actin

Myosin 

Figure 1: The force generated by myosin deforms the surround-
ing actin network.

III. The Special Nature of Myosin

While kynesin and dynein are involved in active
transport throughout the eukaryotic cell, myosin’s
main function is deformation of the actin mesh in
which it is contained. After a processive filament is
generated, myosin functions as a force dipole and
contracts two actin strands together for a characteris-
tic time τon and then relaxes for another characteristic
time τo f f [4]. In effect, a graph of force versus time
looks like a time series of square pulses as seen in
Figure 2. Each filament generates forces that are on
the order of 5 pN.

Figure 2: Force generation by a processive myosin filament re-
sembles a series of square pulses.

Let us call the force F(t). Taking the Fourier
transform of a square pulse,

F(ω) ∝
1
ω

(1)

Assuming we have a probe molecule inside this net-
work (such as a fluorescent bead),

r2(ω) = F(ω)2/α(ω)2 (2)

where α(ω) is the particle’s response function to a
force, and r(ω) is the Fourier transform of the parti-
cle’s (radial) trajectory. Assuming that the network
in question is mostly elastic i.e. its shear modulus
does not depend strongly on frequency, and using
the force obtained above in Equation 1, we obtain

r(ω)2 ≈ 1
ω2 ⇒ r(t)2 ∝ t (3)

This implies that in an actin gel, we should see a
mean squared displacement reminiscent of a Brow-
nian particle in a viscous solution. However, in
general, for any gel, mean squared displacement
should scale sub-diffusively. We see that one special
property of myosin, due to its force spectrum, is that
significantly increases the rate of molecular transport
throughout the whole network. The method through
which it accomplishes this is unlike the mechanism
of kynesin and dynein, which drag molecules along
microtubules spanning the cell’s interior.

IV. Equilibrium Normal Modes Due to

Tension

The Hamiltonian describing the energy of a worm-
like chain is

κ

2

∫ L

0

(
dθ

ds

)2
ds+

∫ L

0
~F ·~tds =

κ

2

∫ L

0

(
dθ

ds

)2
ds+

∫ L

0
F cos θ

(4)
Where s is a parameterization of the arc length, κ is
the filament stiffness, and L is the filament length.
We can employ Fourier analysis, breaking up the
angle into a sum of normal modes,

θ =
∞

∑
n=0

an cos
nπs

L
(5)

and remembering that in the small angle limit,

cos θ ≈ 1− θ2/2 (6)

Integrating away, all cosine terms, we eventually
obtain

H =
∞

∑
n=0

a2
n(κq2 + F)L (7)
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From this, we may obtain the mode variances [5]〈
a2

n

〉
=

kBT
2L(κq2 + F)

(8)

This equation gives us a good way to determine the
force acting on the filament (in equilibrium!). It tells
us that a graph of the normal mode variances will

stay constant until q∗ =
√

F
κ .

Indeed, if a myosin motor grabs onto one actin
filament instead of two, since the force of contrac-
tion remains constant as a function of time (until the
myosin stops contracting), we will indeed see this
behavior. Once the myosin stops contracting, the
mode variances will revert back to〈

a2
n

〉
=

kBT
2Lκq2 (9)

with the familiar power law exponent of −2. This
model is rather limited in scope however, because it
assumes that when the myosin changes states (con-
traction to release) and enough time elapses for the
new equilibrium state to be reached. The relevant
time scales of interest are the mode relaxation times,
which depend upon the friction coefficient. In addi-
tion, the vast majority of myosins (due to probabilis-
tic arguments) bond to two different actin strands,
and thus, the arguments laid above do not hold.

V. Elastic Energy Fluctuations in an

Acto-Myosin Gel (Novel Calculation)

From Landau-Lifshitz [6], we know that the displace-
ment field generated by a force dipole in an elastic
medium is

~d =
1 + ν

8πE(1− ν)

(3− 4σ)~F +~n(~n · ~F)
r

(10)

Where ν is the Poisson ratio, ~F is the force gener-
ated by the dipole, r is the distance away from the
center of the dipole, E is the Young’s modulus of the
network, and ~n is the normal vector from the dipole
to the location of interest.

Thus, we can obtain the strain tensor through
the standard prescription from spherical coordinates
(see supplemental material for derivation)

uij ∝
F

Gr2 (11)

where G = E
2(1+ν)

From the strain tensor, we can obtain the stress
tensor σij (see supplemental information) and thus,
we can get an estimate of the total elastic energy
generated by a force dipole

En =
F2(17− 30ν + 4ν2)

96 ∗ πrcut(ν− 1)2 ∝
F2

Grcut
(12)

We know that σ ≈ 0.4 for an actin gel [7], so the nu-
merical prefactor is not negligible (i.e. not of order
1) and

En ≈ 1
20

F2

Grcut
(13)

Where rcut is a lower limit cutoff (presumably on
the order of the dipole size). We know that myosin
contracts and releases actin with a characteristic time
constant modeled by a telegraph process.

En =
1

20
F2

Grcut
T(t)2 (14)

where T(t) takes into account the stochastic na-
ture of the myosin motors. For future reference

[8]
〈

T(t)2〉 =
τ2

on+τonτo f f
(τon+τo f f )2 and δ(T(t)2) =

τonτo f f
(τon+τo f f )2

where τon represents the contraction time and τo f f
represents the relaxation time of myosin motor.

Thus, we can easily calculate the average elastic
energy and average elastic energy fluctuations per
unit volume, with motor concentration n through

〈E〉 = n
20

F2

Grcut

〈
T(t)2

〉
(15)

δE =
n
20

F2

Grcut
δ(T(t)2) (16)

If we have a filament probe lodged in our actin
mesh, it is the fluctuations in the elastic energy per
unit volume, due to the presence of myosin, that
make it contort into various non-equilibrium con-
formations. A question that we may ask now is
how these energy fluctuations should affect the non-
equilibrium normal mode fluctuations of a semi-
flexible test filament intercalated within the mesh
(a carbon nanotube, with persistence length 15 µm
would be perfect, because it is thin 1nm in diameter
and its persistence length is similar to that of actin.)

VI. Supplemental Material

Strain, a dimensionless tensor measuring network
deformation can be obtained from a displacement
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field having no φ dependence as

uij =

 urr urθ urφ

uθr uθθ uθφ

uφr uφθ uφφ



uij =


∂dr
∂r

1
2

(
∂dθ
∂r −

dθ
r + 1

r
∂dr
∂θ

)
0

1
2

(
∂dθ
∂r −

dθ
r + 1

r
∂dr
∂θ

)
1
r

∂dθ
∂θ + dr

r 0

0 0 dθ
r cot θ + dr

r


For the case laid out in the first section of the

article,

uij =
F(1 + ν)

8πEr2(ν− 1)

 4 cos θ (2ν− 1) sin θ 0
(2ν− 1) sin θ − cos θ 0

0 0 − cos θ


From this, we may obtain the stress tensor, σij

through

σij =
E

1 + ν

(
uij +

ν

1− 2ν
ullδij

)
(17)

Finally, we obtain the elastic energy of one force
dipole through

En =
∫

dVuijσij (18)

VII. Discussion

Myosin behaves differently than the other motor
proteins. Its contractions enable a non-local 1

r de-
caying displacement field to propagate throughout
the whole network. In addition, due entirely to the
force spectrum of the myosins, which resembles a
stochastic on-off behavior, we can "mimic" Brown-
ian motion inside of an actin gel, where spherical
particles should travel sub-diffusively. This is due
entirely to the time dependence of the force genera-
tion, and decouples from the form the elastic energy
fluctuations, due to the dipole nature of the myosin

stress generation. It remains to be seen exactly how
the energy fluctuations couple to the normal modes
of test filaments inside of this network. However,
understanding acto-myosin gels on a more quanti-
tative level would enable us to understand the cell
cytoskeleton at a more quantitative level, necessary
for understanding many phenomena, such as cellu-
lar motility and mitosis.
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