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This document reviews the method of inferring macromolecular structure from sequence covari-
ation, which infers three-dimensional contacts between residues based on the assumption that cor-
relations between residues may provide information about the spatial proximity of residues. This
method thus casts the problem of structure prediction as one of “inverse statistical mechanics,” in
which correlations between residues are defined as parameters of a maximum entropy model of a
multiple sequence alignment.

I. INTRODUCTION

The prediction of the three-dimensional structures of
proteins is a fundamental open problem in molecular bi-
ology, with vast implications in both basic and pharmaco-
logical research on myriad diseases. As a result, a host of
different strategies for predicting protein structures have
been proposed, many of which rely on some kind of pre-
liminary structural information regarding a homologous
protein (homology mapping).

A more recent strategy leverages amino acid coevolu-
tion in protein families to infer 3D contacts. The reason-
ing is as follows: the maintenance of energetically favor-
able interactions between residues, as well as overall pro-
tein function, may require spatially proximal residues to
coevolve across a protein family. One might hypothesize,
for instance, that the alteration or loss of a critical residue
in the binding pocket of an enzyme may affect the evolu-
tionary trajectory of other residues in the binding pocket,
thus giving rise to a distinct pattern of coevolution. This
further implies that correlations between residues may
provide information about 3D contacts within a pro-
tein [4, 5], as well as contacts that may arise through
oligomerization, protein-protein interactions, and other
protein-substrate interactions. This provides an insight
into a possible strategy for inferring structure from se-
quence: given an amino acid sequence, compile its evo-
lutionary family (from a public repository, such as Pfam
[7]), compute a multiple sequence alignment, and use cor-
related pairs of residues to, in a principled manner, infer
3D contacts.

This last step is particularly challenging, in that simply
measuring correlations between residues is insufficient to
accurately infer 3D contacts: “indirect” or “transitive”
correlations between noninteracting residues, say i and j,
may arise as a result of “direct” correlations (i.e., corre-
lations that indeed constitute 3D contacts) between each
of i and j with a third residue k. In fact, it has been
demonstrated that “local” measures of covariation, such
as mutual information (MI):

MI(i, j) =
∑
σ,τ∈Σ

p(i = σ, j = τ) log

(
p(i = σ, j = τ)

p(i = σ) p(j = τ)

)
,

where Σ is the set of possible symbols in an alignment
(i.e., the 20 proteinogenic amino acids and the gap sym-
bol), fails the distinguish between direct and transitive
correlations [4]. MI is a local measure of covariation
in the sense that its value for a pair of sites depends
only on the two sites and not on the rest of the align-
ment. On the other hand, disentangling direct and tran-
sitive correlations requires a global probabilistic model of
the alignment; this is precisely what the method of evo-
lutionary couplings, otherwise known as direct coupling
analysis, entails. In short, the method of evolutionary
couplings develops a global probabilistic model, based
on the principle of maximum entropy, of a multiple se-
quence alignment built from a protein family that suc-
cessfully disentangles direct and transitive correlations.
These pairs of directly correlated residues, termed “evo-
lutionary couplings” (Fig. 1) have often been found to
correspond to 3D contacts, and are capable of identifying
residue-residue interactions crucial to the overall protein
function, and—more broadly—can lead to the design of
accurate all-atom models of proteins.

II. EVOLUTIONARY COUPLINGS

The method of evolutionary couplings seeks to de-
velop a global probabilistic model p(σ) for any sequence
σ = (σ1, . . . , σL), where L is the length of the alignment.
We also require that the marginal distributions p(σi) and
p(σi, σj) generate the empirical frequencies f(σi) and
f(σi, σj):

p(σi) =
∑

σk∈Σ|k 6=i

p(σ) = f(σi)

p(σi, σj) =
∑

σk∈Σ|k 6=i,j

p(σ) = f(σi, σj).

(We could also, in principle, constrain marginals over K
sites for K > 2; this, however, leads to an enormous
blowup in the number of parameters to be inferred.) The
principle of maximum entropy implies that the joint dis-
tribution with the greatest entropy, given the above con-
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straints, is a Boltzmann distribution of the form

p(σ) =
1

Z
exp

 L∑
i=1

hi(σi) +

L−1∑
i=1

L∑
j=i+1

Jij(σi, σj)

,
where Z is the partition function, hi is a single-site bias
for site i, and Jij is a “coupling” term between residues
i and j. It is immediately clear that this expression is
analogous to one for the probability of a configuration in
a spin system: more specifically, this expression is analo-
gous to a 21-state Potts model, in which the sum in the
exponent is a Hamiltonian comprised of spin-spin inter-
action energies Jij and single-spin energies hi due to an
external magnetic field.

The “inverse statistical mechanics” problem of infer-
ring Jij from a given multiple sequence alignment may
be solved using any one of a number of approximate
schemes; here, we describe one such scheme, based on the
Plefka expansion for disordered Ising spin glasses [2, 4, 5].
First, note that

Z =
∑
σ

exp

∑
i

hi(σi) +

L−1∑
i=1

L∑
j=i+1

Jij(σi, σj)

.
Introducing a small perturbative parameter α and taking
the Legendre transform of the free energy − logZ(α), we
get the Gibbs potential

Γ(α) = logZ(α)−
L∑
i=1

∑
σi∈Σ

hi(σi)Pi(σi).

Expanding Γ about α = 0 up to first order, we get

Γ(α) = Γ(0) +
∂Γ(α)

∂α

∣∣∣∣
α=0

+O(α2),

from which it can be shown that the couplings Jij may
be obtained by inverting the covariance matrix Cij =
fij(σi, σj)− fi(σi)fj(σj) [4, 5].

Other methods for inferring the coupling terms include
directly maximizing the likelihood function correspond-
ing to p(σ) via gradient descent, in a manner more com-
monplace in the machine learning literature [8]. Fur-
thermore, additional molecular modeling is necessary to
convert the coupling terms into predicted 3D contacts;
possible procedures are explained in [4, 8].

III. DIVERSITY AND STRUCTURE

If, in principle, it is possible to predict a protein’s ter-
tiary contacts, especially those relevant to the protein’s
function, from multiple sequence alignments, it is natural
to ask how the sequence diversity relates to the accuracy
of predicted contacts. One can imagine, for instance,
that all of the sequences are very similar (low diversity),
then every pair of sites would be highly correlated, the

FIG. 1. The top 290 evolutionary couplings for a family of
10030 bacterial beta-lactamases (Pfam ID: PF13354), com-
puted at evfold.org.

evolutionary couplings would not be meaningful, and the
structure prediction would suffer. On the other hand,
if all of the sequences are highly dissimilar in the sense
that all 20 amino acids seem to occur at each site uni-
formly at random (high diversity, at least in the sense
of Shannon entropy), then every pair of sites would be
close to uncorrelated, and so the evolutionary couplings
would again not be meaningful and the structure predic-
tion would suffer. This implies that there may be a finite,
optimal level of sequence diversity at which the predicted
protein structure is most accurate.

In this rudimentary analysis, we take two measures of
diversity, mean site-wise normalized richness R and mean
site-wise normalized Shannon entropy S, to quantify the
diversity of a multiple sequence alignment. Namely, we
define the mean normalized richness Ri and mean nor-
malized Shannon entropy Si for a site i as

Ri =
1

21

∑
σi∈Σ

f(σi)

and

Si =
1

21

∑
σi∈Σ

p(σi) log p(σi),

and R = 〈Ri〉 and S = 〈Si〉. We note that richness and
Shannon entropy are the two simplest examples of the
diversity indices introduced in [1, 3], and this analysis
may be generalized to other measures of diversity.

Fig. 2 shows the relationship between sequence diver-
sity, as formulated via R and S, and the structure pre-
diction accuracy, here quantified as the mean root-mean-
square deviation (RMSD) between α-carbons in the pre-
dicted structure and those in a crystal structure, for 15

evfold.org
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FIG. 2. Distribution of root-mean-square deviations
(RMSDs) between the α-carbons of the predicted structure
and a reference crystal structure for 15 distinct protein fam-
ilies tested in [4] as functions of richness R and Shannon en-
tropy S.

distinct protein families [4]. (Note that high prediction
accuracy implies low RMSD.) We note that, as of current
writing, the relationship between diversity and predicted
structure accuracy is unclear: in the case of richness,
it seems like there exists a negative correlation between
richness and prediction accuracy, somewhat contrary to
expectations. In the case of entropy, it seems that the
consideration of other protein families must be used to
find a possible correlation between entropy and predic-
tion accuracy. It is at least clear that sequence covari-
ation is nonrandom, as expected: all the families seem
to limit their richness and entropy to a range between
0.35 and 0.70, which is somewhat striking in light of the
presumed variability in selective pressures to which these

proteins are subjected.

IV. DISCUSSION

Here, we have introduced a method for inferring 3D
contacts from the evolutionary record of a protein, with-
out the aid of information directly concerning the pro-
tein’s structure. This method, based on the insight that
spatially proximal residues may exhibit correlations, uses
a multiple sequence alignment to learn the parameters of
a global probabilistic model analogous to a 21-state Potts
model with single-spin and spin-spin interaction energies.
We have also provided the beginnings of an analysis of
the relationship between sequence diversity and struc-
ture prediction accuracy across 15 protein families, find-
ing that richness and Shannon entropy may not correlate
well with prediction accuracy.

The analysis presented in this document, being quite
rudimentary, opens the door to further work regarding
the link between diversity, structure, and function. A
more thorough investigation into the relationship be-
tween sequence diversity and the evolutionary couplings
may involve the generation of artificial protein families
with arbitrary levels of diversity by simulating protein
evolution. However, this would require a site-dependent
model of protein evolution that also accounts for epistatic
interactions, and moreover it would be impossible to val-
idate conclusions about the structures of these simulated
proteins.

In another interesting avenue of research, one could
combine phylogenetics and evolutionary couplings by
computing residue correlations for chronologically nested
subsets of the alignment, and thereby identifying
the emergence of correlated residues over evolutionary
timescales. This would allow us to trace an evolutionary
history of residues with possible functional importance.
Furthermore, one could ask if there is a lower or upper
bound on the amount of diversity in a family of proteins,
and how the interplay of various selective pressures may
allow a family to remain within a given range in the level
of diversity.

Finally, recent work has demonstrated the success of
evolutionary couplings in predicting the tertiary struc-
tures of RNA molecules [8] and the effects of mutations
on protein function [6]. The tertiary structures of RNA
molecules may, in particular, elucidate hitherto unknown
mechanisms in the regulatory mechanisms that underlie
their function. One could also imagine applying varia-
tions of this model to investigate the coevolution of other
features of macromolecules, such as the DNA binding
sites of transcription factors.
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