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In this paper, distribution of score of global sequence alignment is numerically examined. Mutant of certain protein 

was generated by permutation, insertion and deletion. While its wings deviate from the form of Tracy-Widom distribution 

at finite protein length, the score distribution converges to properly scaled and translated Tracy-Widom distribution as 

the length of protein increases. The extent of scaling and translation from Tracy-Widom distribution are proportional to 

the 1st and 1/3rd power of protein length, respectively. Insertion and deletion only lower score by translating score 

distribution, linearly to the fraction of insertion/deletion, and have no effect on the form of score population. 

 

Sequence alignment is one of the most powerful tool in 

bioinformatics  [1,2]. Appreciating rapidly increasing 

computation power as well as the growth of DNA and protein 

databases, one can infer the function of new DNA or protein, 

identify mutated site, find common ancestor of sequences 

and so on, by obtaining quantitative measures of homology: 

alignment score. There are numerous tools and algorithms to 

perform sequence alignment (basic local alignment search 

tool (BLAST) [3] and Needdleman-Wunsch (NW) global 

sequence alignment [4], for instance), and the common 

strategy among those techniques is to find optimal score of 

given sequences which depends on suitably chosen scoring 

parameters. 

Tracy-Widom (TW) distribution, on the other hand, was 

introduced by Tracy and Widom [5,6] and defined as the 

distribution of maximal eigenvalue of Guassian unitary 

matrix a , whose  cumulative distribution function F2(x) is 

expressed as: 

 𝐹2(𝑥) = exp [−∫ (𝑧 − 𝑥)𝑞2(𝑧)𝑑𝑧
∞

𝑥

] (1) 

where q2(z) is the solution of the special case, 𝛼 = 0, of the 

Painlevé II equation: 

 𝑞′′(𝑧) = 2𝑞3(𝑧) + 𝑧𝑞(𝑧) + 𝛼 (2) 

with boundary condition q(z)~Ai(z) as z→∞ where Ai(z) is 

the Airy function. Later it was shown that it is also the 

distribution of the length of longest increasing subsequence 

of randomly permuted integer [7], which is rather different 

type of problem from the random matrix problem. Through 

the recent studies, TW distribution has appeared in diverse 

problems phenomena including phase transition [8,9], 

stochastic growth [10] and transport [11,12], multivariate 

analysis [13–15], and population structure [16]. It has been 

argued that the TW distribution is possibly a universal 

                                                           
a There are other types of TW distribution which is distinguished 

by Dyson index β=1,2 or 4, and we will consider the TW of β=2 in 

this paper. 
b The score of LCS is the global alignment score under a special 

scoring parameters: matching score=1, mistaching score=2×gap 

penalty [22]. 

distribution for certain types of situation as Gaussian 

distribution is common for independent observables 

guaranteed by the central limit theorem [13,17–19]. 

There has been studies about appearance of the TW law 

in sequence alignment problems. Majumdar et al. and 

Priezzhev et al. showed that score of longest common 

subsequence (LCS), which is closely related to global 

sequence alignmentb, has TW distribution  [20,21]. Sardiu et 

al. observed that score of global sequence alignment also 

fluctuates with the TW law [22]. More recently, there were 

observation of TW distribution in local sequence 

alignment [23]. 

In this paper, the score distribution of global sequence 

alignment will be numerically investigated. It will be shown 

that TW distribution is compatible with the score between 

the mutant sequence, generated by random permutation, and 

original sequence. The effect of insertion and deletion will 

be also examined. 

NW global sequence alignment is used to calculate the 

score of two sequences. The calculation is performed using 

built-in function (nwalign) of MATLAB R2016a with 

BLOSUM62 as substitution matrix, 11 as gap open cost and 

1 as gap extension cost which are the default scoring 

parameters of protein BLAST [24] (BLOSUM62 has been 

used as one of the standard substitution matrix for protein 

sequence alignment [25]).  

In Fig. 1, it is observed that the distribution of score 

converges to a form of scaled and translated TW distribution 

(i.e., score S converges to -a+bχ where χ is TW distribution; 

a and b were found using least squares method) as number 

of trial N, as expected [22]. It is not relevant to score 

distribution whether the sample is natural protein or 

randomly generated protein c , as the score distribution of 

hemoglobin subunit β (HBB) and that of random protein of 

c The sequence is: 

WVNBFNEMZZDZZLWDIBWZPAYBPTTHPDSAERNYSEB

AIHTWCLIPSTEPPDNLZGMCTQKSVZMDDQYQWQBGCQF

LGYMMBETTHMRRKWBNMLAGDWEKDFQPSTIRQBDYK

ZRINZAWWVRHQWIBCQDNVMMDYFGKHRQ. It is not 

natural protein since protein BLAST [24] gave no result. 
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the same length is identical (Fig. 1b). It is not surprising 

because mutant protein was generated as random 

permutation of the sample protein, and thus relative 

difference of mutant and sample protein is random although 

the sample protein is natural one. Despite of overall 

similarity of score distribution to TW law, there are non-

negligible gaps at the wings of score distribution as shown in 

Fig. 1b. It is observed to be independent of N, suggesting this 

gap is not due to the lack of trials or computational error (See  

also Fig. 2b). It appears to be dependent on the length of 

sample protein (See below). 

Fig. 2 shows score distributions of proteins of various 

lengths L for N=106. The extent of both translation and 

scaling from TW distribution increases as sample size 

increases (Fig. 2a). It has been argued that score fluctuation 

is given by S=-v(2L)+(2L)1/3χ for global sequence 

alignment [22], and similar relationship also occurs for the 

case of LCS: S=α(c)L+β(c)L1/3χ where α(c) and β(c) are 

some functions of a constant c [20]. The trend of translation 

and scaling in the results here agrees with the   arguments (Fig. 

2c). While linear dependence of translation on L is not very 

clear, the scaling apparently follows the proposed power. 

More interestingly, the form of distribution converges to 

TW distribution as L increases. Gaps between the wings of 

score and TW distribution becomes narrower as L increases 

(Fig. 2b). This result strongly suggests that TW distribution 

is only the limit of the score distribution when L→∞. Indeed, 

Ref. [21] showed that the score has TW distribution only at 

thermodynamic limit in the case of LCS. 

The effect of insertion and deletion to the score 

fluctuation is further investigated (Fig. 3). The number of 

random insertion and deletion Nins,del applied to each 

permuted protein is given by Poisson distribution, assuming 

such events are rare. As mean fraction of insertion and 

deletion (𝑁ins,del 𝐿⁄ ) increases, the score tends to decrease up 

to 30% (Fig. 3a). Mean score decreases relatively fast while 

increase of standard deviation is so slow that it only changes 

less than 1% at the introduction of 30% of insertion and 

deletion (Fig. 3c).  The deviation of score population from 

TW distribution does not change as insertion and deletion are 

introduced (Fig. 3b). These results suggest that the insertion 

and deletion decrease overall score, with negligible increase 

of fluctuation width, without changing the form of 

distribution, which can be argued as follows. The emergence 

of characteristic TW distribution of score is originated from 

highly special form of interactions between each site in 

sequence: permutation. Once some parts of permuted 

sequence are decided, they forbid re-occurrence of 

themselves at the remaining sites, thereby restrict possible 

configuration of permuted sequence. However, insertion and 

deletion are relatively independent events (in this simulation 

they are assumed to be totally independent). Therefore, 

insertion and deletion only lower the overall score by 

reducing the degree of matching between two sequences 

while they don’t contribute to form characteristic TW 

distribution. 

As a conclusion, the distribution of score of NW global 

sequence alignment of a protein and its mutant (generated by 

permutation, insertion and deletion) is numerically 

investigated. The distribution of score converges to the form 

of TW distribution at thermodynamic limit. The score 

distribution is translated and scaled from TW distribution 
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FIG. 1. Normalized population of score of the HBB and 

randomly permuted protein. (a) Linear plot for N=102, 103, and 106. 

Dashed line represents probability density function (PDF) of TW 

distribution, optimally scaled and translated to fit to the score 

distribution of the case N=106. (b) Log-y plot for N=104, 105, 106 

with HBB and N=106 with randomly generated protein. Populations 

of score are optimally scaled and translated to fit to TW distribution. 

Dashed line represents PDF of TW distribution. 
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FIG. 2. (a, b) Normalized population of score of proteins of 

different lengths L for N=106. (a) Linear plot for L=50 (random 

protein), 99 (myoglobin; MB), 147 (HBB), 269 (aquaporin-1; 

AQP1), and 500 (random protein). Dashed lines represent PDF of 

TW distributions, optimally scaled and translated to fit to the each 

score population. (b) Log-y plot of (a). Populations of score are 

optimally scaled and translated to fit to TW distribution. Dashed 

line represents PDF of TW distribution. (c) The extent of translation 

a and scaling b of score population with respect to protein length L. 

Dashed lines represent trendlines of a(L) and b(L), respectively. 

Formulas of trendlines are shown near each trendline. 
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FIG. 3. (a, b) Normalized population of score of mutant protein 

generated by random permutation and 0%, 1%, 5%, 10%, and 30% 

of mean fraction of random insertion and deletion for N=106. (a) 

Linear plot. Dashed lines represent PDF of TW distributions, 

optimally scaled and translated to fit to each score population. (b) 

Population of score are optimally scaled and translated to fit to TW 

distribution. Dashed line represents PDF of TW distribution. (c) 

Fraction of change in mean and standard deviation of score S by 

insertion and deletion of increasing mean fraction. 
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with linear and 1/3rd power dependence on the length of 

protein, respectively. Deviation of score fluctuation from the 

form of TW distribution at the wings, which is not a merely 

numerical error, depends on the length of protein and it is not 

affected by the introduction of insertion and deletion 

presumably due to the independence of such events. The 

insertion and deletion lower the score and introduce 

insignificant increase of the width of score fluctuation. 
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