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We examine a system composed of two populations of interacting Brownian particles, each in
thermal contact with a heat reservoir fixed at a different temperature. Building on prior work, we
demonstrate that under spherically symmetric boundary conditions, pressure in this system is a
state variable with the same value as in previously demonstrated for rectangular boundaries. These
analytical results are further supported by numerical simulations demonstrating the independence
of the pressure from the specific conditions of the boundary.
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INTRODUCTION

The past decade has seen a dramatic growth of in-
terest in a class of systems grouped under the label of
active matter. Broadly speaking, these can be defined
as non-equilibrium systems driven by the injection of
energy at the microscopic scale. Interest in this field
has been heavily driven by biophysical necessity, as such
systems occur through out the entire range of biologi-
cally relevant length scales, ranging from the dynamics
of actin-myosin networks, to the collective behavior of
tissue and bacterial biofilms, to macroscopic phenomena
such as bird flocking. As is often the case for highly non-
equilibrium physics, there are very few examples of an-
alytically tractable models describing active matter, and
the great majority of work currently done in this field
relies on numerical methods instead. [4] [1]

In a recent paper by Grosberg and Joanny, a new
model system was proposed as a possible stand in for
more complex systems. [1] Their model is simple, con-
sisting of Brownian particles, the dynamics of which are
governed by a standard Langevin equation

ζiẋi = −∂iU + (2Tiζi)
1/2ξi(t) (1)

where ζi is a drag term, and U =
∑

i 6=j uij(~rij) is the
interaction potential between the particles. The key nov-
elty of this model is that temperature Ti is not the same
for each particle - rather, the population is split into two
subgroups A and B, for which TA > TB . This tempera-
ture difference causes energy to be dissipated via interac-
tion between individual particles within the two popula-
tions. Thus, as in more standard active matter systems,
our dynamics here are driven by individual scale energy
transduction. As this model is fairly amenable to analyt-
ical approaches, it is hoped that it can be a useful testing
ground for broadly applicable ideas regarding active mat-
ter.

An ongoing source of discussion in the active matter
community is the degree to which concepts from equilib-
rium statistical mechanics and thermodynamics can be

validly applied to these sorts of problems. In particular,
it is in many cases unclear when traditional quantities
such as temperature and pressure can be used as well
defined state variables for various active matter systems.
Defined in a purely mechanical sense, pressure can be
treated as the force exerted on a containing boundary di-
vided by the boundary area, eg p = F/A. In the case of
pressure, it was demonstrated by Solon et al. [2] that a
wide class of active matter systems do not have pressures
which can be defined strictly in terms of bulk properties
- unlike their equilibrium counterparts the pressure in
these systems are inextricably dependent on boundary
interactions. Now, it was shown that the two tempera-
ture model does in fact exhibit a well defined bulk pres-
sure in the case where the system is allowed to exhibit
force against a single rectangular wall. Specifically, it was
found that

p = TAcA + TBcB

+
1

2
TABAc

2
A +

1

2
TBBBc

2
B + T̄BABcAcB

where cA and cB are the concentrations of particles
attached to reservoirs TA and TB , respectively, and Bij =∫

(1 − e−uij(~r)/Tij ) is the virial coefficient defined based
on particles from populations i, j ∈ {A,B} (note that
TAB = T̄ = (ζBTA + ζATB) /(ζA + ζB)). In this paper,
we extend this derivation by calculating the bulk pressure
of this system within a spherical boundary. Following on
the same approaches as used in the original case, we find
the pressure by looking at the interaction of the system
with a boundary potential, and show that in the steep
boundary limit we recover the original pressure found
above. Further, we back these results up by numerically
demonstrating that the systems pressure is independent
of the strength of the bounding potential.

TWO TEMPERATURE MODEL

Our derivation of the spherical pressure follows very
closely with the approach used in the original paper.
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Starting with the system outlined above, we include a
boundary potential of the form

ui =

{
0 r ≤ R
fi(r −R) r > R

(2)

where fi = const is the magnitude of the associated
force. The corresponding mechanical pressure can be de-
fined as

p =
fA
R2

∫ ∞
R

r2cA(r)dr +
fB
R2

∫ ∞
R

r2cB(r)dr (3)

It was demonstrated in the original paper that the con-
centrations of the two particle populations evolve accord-
ing to

∂tci(~r) =
1

ζi
∇ · [ci∇(µi + ui)] (4)

where µi is a non-equilibrium chemical potential given
as

µA = TA ln(cA) + TABAcA + T̄BABcB (5)

µB = TB ln(cB) + TBBBcB + T̄BABcA (6)

Taking the stead state condition as µi+ui = const, and
normalizing appropriately, we can derive the following
result for the concentration profiles.

cA =
NA

V
e
−uA

TA

[
1 + cABA + cBBAB

T̄

TA

]
(7)

cB =
NB

V
e
−uB

TB

[
1 + cBBB + cABAB

T̄

TB

]
(8)

Note that we have assumed the virial terms are small
enough to justify expanding linearly in terms of the virial
coefficients. Making the assumption that the potential is
steep, we can take as an approximate solution ci = Ni

V .
Solving the above equations iteratively, with this as a
starting point, we can improve our result to the first order
of the virial coefficients:

cA(~r) =
NA

V
e
−uA

TA[
1 +

NA

V
BA(1− e−

uA
TA ) +

Nb

V
BAB

T̄

TA
(1− e−

uB
TB )

]
(9)

and

cB(~r) =
NB

V
e
−uB

TB[
1 +

NB

V
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uB
TB ) +
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V
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]
(10)

FIG. 1: Pressure was calculated over a parameter space where
FA, FB ∈ [50, 500]. As shown, the variation over the space
was minimal, with the standard deviation of the calculated
pressure accross the region ≈ 0.01� 〈p〉.

Thus far our derivation has followed in the exact same
manner as the original rectangular case. Taking this re-
sult, we simply need to integrate spherically to find the
relevant pressure. As the full solution is long and un-
wieldy, we report below the result expanded to the first
order in fiR

Ti
, as we are mainly concerned with the limit

where R� Ti

fi
, which is to say in the limit where poten-

tial is very steep.
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Note that as we approach the perfectly rigid case where
the potential approaches infinity at R, the terms which
are linear in fiR

T vanish and the pressure reduces to the
form calculated in the original paper.

NUMERICAL RESULTS

In order to verify the independence of the pressure from
the boundary forces, we ran set a set of numerical sim-
ulation featuring 200 particles (evenly split between the
two temperatures TA = 2 and TB = 1) surrounded by a
potential of the form in equations 2 with R = 2. Said
particles were initially uniformly distributed and allowed
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to evolve according to equation 1. The ensemble pressure
was calculated as

p =
fA
R2
〈NA,r>R〉+

fB
R2
〈NB,r>R〉

where Ni,r>R are the number of particles of species
i outside the radius R. A wide region of the parame-
ter space (fA, fB) was explored, as shown in figure 1 .
Further, the mean value of the pressure across this pa-
rameter space, 〈p〉 = 0.96, closely matched the predicted
value of p = 0.95. Thus, simulations strongly supports
the analytical results found above.

CONCLUSION

Taking the initial result for pressure published in [1],
we successfully extended them to the case of a spheri-
cally symmetric container, hopefully improving the argu-
ment that the two thermostat system has a well-defined,
boundary independent pressure. This result seems con-
sistent with that reported in [3], which predicted the exis-
tence of a well-defined bulk pressure for spherically sym-
metric active Brownian particles with torque-free inter-
actions - it is plausible, though currently uninvestigated,
that the above result for pressure for the two temperature
system would break down if the boundary were allowed
to exhibit torque on the particles. Either way, the fact
the remains that the two temperature system really is
quite nicely dealt with using analytical methods relative

to more complex/realistic systems, so as its creators sug-
gest it has some decent potential as a useful toy model
for investigating active matter statistical mechanics.

As a final addendum, it is important to note here that
the original paper employed a second mechanical defini-
tion of pressure, the Irving-Kirkwood formula, which is
dependent strictly on inter particle interactions, and not
boundary conditions:

p = pideal −
N

6V
〈
∑
−6=j

~rij · ∇u( ~rij)〉 (11)

As such, it is easy to see that this metric is indepen-
dent of whether we choose a spherical or rectangular
container for our system.
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