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The Poisson Boltzmann Equation is studied in the context of dissociated ions from a 
charged plate. While many solutions exist for a wide variety of ion configurations, all 
assume a uniform membrane charge distribution. Here we explore the effect of a more 
realistic charge distribution on a membrane.  The Poisson solution is developed for 
comparison, and the Poisson Boltzmann equation is solved perturbatively to explore the 
effects of non-uniform charge distributions when ions dissociate from a plate. The ion 
density and electric field strength is studied as a function of the distance from the plate at 
both low and high temperatures. 

 

 

I. INTRODUCTION 
 

The study of charged surfaces in electrolytes has 
applications in a wide variety of physical systems. 
Biological systems which operate in fluids with 
electrolytes have mutual electrostatic interactions that 
are dependent on the details of the ion dispersion [1]. 
Biological membranes submersed in neutral fluids 
can experience ion dissociation, and the screening 
due to the dissociated ions can affect the electrostatic 
interaction the membrane experiences with nearby 
charged objects. Furthermore, the understanding of 
electrostatic interactions in the presence of 
electrolytes is critical to modeling battery 
performance [2], as the modeling of the electrolyte is 
important for understanding the energetic preference 
and rates of electrochemical reactions. The 
phospholipid bilayer is one of the most common 
examples of a charged biological membrane present 
in cells, and its function depends on its electrical 
interaction with water. Colloidal systems are also 
examples of charged particles immersed in a fluid 
and study has been devoted to understanding the size 
effects and colloidal distribution due to electric 
interactions [3,4]. 
 In modeling the charge distribution and screened 
electric field due to the presence of ions in the fluid 

surrounding the charged membranes, the Poisson 
Boltzmann equation (PBE) has been utilized as a 
mean field approach.  In a self consistent manner, the 
density of counterions in a fluid are given by a 
Maxwell Boltzmann distribution, dependent on the 
temperature and the mean field electrostatic potential. 
While it has received a great deal of attention, its 
nonlinear behavior has limited the availability of 
analytical solutions and solutions to simple 
computational models. The Debye Huckel 
approximation [5] has been utilized as a perturbative 
approach to account for the ions, but its application is 
limited, as it cannot account for strongly charged 
membranes and assumes that ions are highly screened 
due to the presence of opposite charges surrounding 
them. In the case of dissociation of a charged 
membrane in a fluid, the surrounding charge 
distribution is neutral and so this assumption of 
strong screening will no longer be valid, and a full 
solution of the PBE will be required. There has been 
success in applying the PBE to both the single plate 
problem [6] as well as the case of two charged plates 
in solution [4,7–10]. There has also been progress in 
improving numerical schemes to dealing with the 
nonlinear nature of the PBE [11]. 
 In this work, we focus on the specific problem of 
ion dissociation from a single charged membrane 



modeled as a two dimensional sheet. There is only 
one type of ion present in the surrounding fluid of the 
charged membrane, and it is of opposite charge 
compared to the plate charge. While the solution for a 
constant charge distribution for the membrane has 
been known for a long time and first solved for a 
neutral ionic fluid, and is one of the simpler models 
to solve exactly within the PBE [6], little work has 
been done in expanding upon this simplification of a 
uniform charge distribution. While DNA in fluid is 
charged, assuming a background uniform charge is 
an approximation compared to the actual distribution, 
which will have higher charge density at locations of 
charge and lower density in between charges due to 
their discrete nature. Taking into account the actual 
size effects of discrete charges can allow for a more 
sophisticated analysis at the electrostatic potential 
surrounding a charged membrane. In Section II, we 
begin with the Poisson equation for a charged plate to 
provide some intuition for the effect of size effects of 
the charge distribution on the plate. In Section III, we 
solve the Poisson Boltzmann equation with 
perturbative analysis, taking into account the charge 
distribution with size effects, and in Section IV, we 
provide a discussion of the results and compare the 
results of the PBE to the simple Poisson equation 
predictions as well as look into the effect of 
temperature as a method of tuning the effect of the 
dissociated ions. 
 
 

II. POISSON EQUATION 
FOR CHARGED PLATE 

 
Consider a single, negatively charged plate, 

sitting at y = 0, with a charge density of 
! = ! ! 0 +!1( ) , where ! 0  describes the constant 
charge density, and !1  includes the effect of an 
additional oscillatory charge distribution. This is a 
continuous analog of what actually happens with 
finite discrete charges that separate along a 2D 
surface. We utilize the following continuous charge 
distribution, given by the form 
!1 x, z( ) =!" 0 cos 2# x / !x( )cos 2! z / !z( ) , where !  
is a fraction that characterizes the relative strength of 
this additional charge compared to the net uniform 

charge. First we demonstrate the results from the 
Poisson equation as a base to compare against once 
the ions are implemented into the problem as well. 
The electrostatic potential can be split as ! = !0 +!1 , 
where the corresponding equations in SI units are:  
 

d 2

dy2
!0 y( ) = ! 0

"
# y( )

!2!1 x, y, z( ) =
!1 x, z( )

!
" y( )

   (1) 

 
for a fluid with dielectric constant ! . The boundary 
conditions given by:  
 

!0 y = 0( ) = 0 d!0
dy y=0!

y=0+

=
" 0

#

!1 x, y"±#, z( ) = 0 $!1
$y y=0!

y=0+

=
"1
#

   (2) 

 
As the system will demonstrate even symmetry about 
y = 0, we need only solve for y > 0 to construct the 
full solution. The solution for the constant charge 
density is straightforward, while the case with the 
oscillatory potential can be solved utilizing Fourier 
transforms in x and z. Solving Laplace’s equation and 
applying the given boundary conditions yields the 
solution to Poisson’s equation for the electrostatic 
potential:  
 

!̂ = ŷ !! cos x̂( )cos ẑ( )exp ! ŷ( )     (3) 
 
where we have non-dimensionalized the terms for 
simplicity as !̂ = ! 4"#( ) / !" 0( )  for the potential, 
ŷ = 2! y / "  , x̂ = 2! x / "x , and ẑ = 2! z / "z  for the 
positions, where the effective charge period is given 
by !!1 = !x

!2 +!z
!2 . We note that there is 

exponential decay from the surface for the 
contribution arising from the oscillatory charge 
distribution. 
 



 
III. POISSON BOLTZMANN EQUATION  

FOR CHARGED PLATE 
 

When considering the full Poisson Boltzmann 
equation, the equation for the electrostatic potential 
with counterions of charge q is:  
 

!2! =
" 0 +"1 x, z( )

!
" y( )" qn

!
exp ""q!( )   (4) 

 
In this case the Poisson Boltzmann equation cannot 
be solved exactly for an arbitrary charge distribution 
beyond the constant case. We employ a perturbative 
expansion, assuming !1 << !0 . This can be justified 
in two ways: first, from the Poisson equation 
solution, we see that the potential due to the 
oscillatory charge distribution decays quickly relative 
to the strength of the potential from the constant 
charge distribution, and this approximation will be 
reasonable when we are not too close to the plate. 
Furthermore, we can also take ! <<1  for the 
oscillatory term in the charge distribution to look at 
the weak limit past the constant charge distribution. 
In this case, the differential equations become:  
 

d 2

dy2
!0 y( ) = ! 0

"
# y( )! qn

!
exp !"q#0( )

"2!1 x, y, z( ) = !1
"
# y( )+ !q

2n
"

exp !!q#0( )!1

  (5) 

 
with the boundary conditions given by:  
 

!0 y( ) = 0 d!0
dy y=0!

y=0+

=
" 0

#

!1 x, y"±#, z( ) = 0 $!1
$y y=0!

y=0+

=
"1
#

   (6) 

 
The solution for the constant charge potential !0  now 
acts as a background field for the potential !1 . The 
solution for the case of the potential corresponding to 
the constant charge density can be solved with the 

transformation W = exp !q!0 / 2( ) , where W y( )  will 
be a linear function of y. Solving the differential 
equation and applying the boundary conditions 
yields:  

!0 y( ) = " 0

2#
y0 ln 1+

y
y0

!

"
#

$

%
&

y0 =
4#

$q" 0

n = " 0

2qy0

    (7) 

 
This can now be inserted into the equation for the 
potential corresponding to the oscillatory charge 
distribution, yielding:  
 

!2!1 =
"1
#
$ y( )+ 2!1

y0 + y( )
2    (8) 

 
By utilizing the Fourier transform, the equation 
simplifies for the y > 0 region to be:  
 

!2 !!1 kx, y,kz( )
!2y

= !!1 k
2 +

2
y0 + y( )2

"

#
$
$

%

&
'
'
   (9) 

 
where k = kx

2 + kz
2 . By utilizing a transformation of 

the form !!1 = y0 + y f y( ) , with the position 
transformation of u ! k y0 + y( ) , the equation for f  
simplifies to:  
 

u2 d
2 f
du2

+u df
du

! f u2 + 3
2
"

#
$
%

&
'
2(

)
*
*

+

,
-
-
= 0    (10) 

 
This equation can be recognized to be that of 
modified Bessel functions of order 3/2, whose 
solutions are linear combinations of I 3

2
 and K 3

2
, 

where the former grows with the distance from the 
plate while the latter decays. From the boundary 
conditions, only K 3

2
 will be utilized in the solution, 



and it has a simple form in terms of elementary 
functions that can be derived from its integral form:  
 

K 3
2
x( ) = e!xcosh t( ) cosh 3

2 t( )dt
0

"

#

=
!
2x
exp !x( ) 1+ 1

x
$

%
&

'

(
)

   (11) 

 
Imposing the boundary conditions of Eq. (6), the 
electrostatic potential in non-dimensional form is 
derived to be:  

!̂1 = !" cos x̂( )cos ẑ( )exp ! ŷ( )
1+ 1

ŷ0 + ŷ

1+1+ ŷ0
ŷ0
2

   (12) 

 
Combining the results of Eq. (7) and Eq. (12) yields 
the net potential:   
 

!̂ = ŷ0 ln 1+
ŷ
ŷ0

!

"
#

$

%
&+

'" cos x̂( )cos ẑ( )exp ' ŷ( )
1+ 1

ŷ0 + ŷ

1+1+ ŷ0
ŷ0
2

  (13) 

 
and the counterion charge density to be:  
 

n̂ = ŷ0
ŷ0 + ŷ( )

2 +

ŷ0
ŷ0 + ŷ( )

2 2! cos x̂( )cos ẑ( )exp ! ŷ( ) 1ŷ0

1+ 1
ŷ0 + ŷ

1+1+ ŷ0
ŷ0
2

 

(14) 
 

where the non-dimensional density is defined as 
n̂ = n q!( ) / !" 0( ) . As the length scale dependence on 
temperature is y0 !T , at high temperatures, this 
recovers the solution of Poisson’s equation for the 
electrostatic potential, verified easily by a limit. We 

can also calculate the non-dimensional electric field 
strength in the y direction (normal to the plane) to 
obtain:  
 

Êy =
1

1+
ŷ
ŷ0

+

! cos x̂( )cos ẑ( )exp ! ŷ( )
1+
1+ ŷ0 + ŷ

ŷ0 + ŷ( )
2

1+1+ ŷ0
ŷ0
2

  (15) 

 
The electric field is normalized such that unity 
represents the electric field strength from the Poisson 
equation for a constant charge density plate. 
 
 

IV. DISCUSSION 
 

Taking for simplicity the value of ! = 0.5 , and 
looking at the distances above the plate from x = 0 
and z = 0, Fig. 1 shows the effect of temperature on 
the number density at x = z = 0. At large 
temperatures, the system shows that the counterions 
have dissociated far from the plate, and the 
counterion density is very low near the plate. At 
medium temperatures, and even lower temperatures, 
the counterion density grows near the plate.  
Furthermore, the difference between the case of just a 
constant charge density for the plate (given by dashed 
lines) and the case with the added oscillatory charge 
distribution can be seen more strongly at low 
temperatures when the ion density will be different in 
order to neutralize the different charge 
configurations. 

 



 
 
FIG. 1: Counterion density as a function of distance 
from plate. The density from the Poisson Boltzmann 
equation is plotted for high temperature ( ŷ0 =1000 ), 
medium temperature ( ŷ0 =1 ), and low temperature (
ŷ0 = 0.1 ). The case for just a constant charge density 
(dashed lines) is also shown for comparison to reveal 
the effect of the additional oscillatory charge 
distribution.  
 
 

In Fig. 2, we plot the electric field in the normal 
direction as a function of distance from the plate. We 
compare again the effect of temperature as well as 
compare to the case with just a constant charge 
density. The classical electric field without ions or 
oscillatory charge distribution is simply unity for the 
non-dimensional electric field. This is achieved at the 
high temperature limit, when ions have dissociated 
far from the plate. The result from the Poisson 
Boltzmann equation (solid red line) of Fig. 2 with the 
oscillatory charge distribution quickly limits to the 
case with just a constant charge distribution as the 
electrostatic potential exponentially decays for the 
contribution due to the oscillatory charge. 
At lower temperatures, the difference between the 
result with just a constant charge density and the full 
charge distribution is smaller as the higher density of 
counterions near the surface cause screening which 
minimizes the difference closer to the plate. At very 
low temperatures, the effect of the added oscillatory 
charge distribution is minimal away from the plate as 
the counterions have screened effectively the charge 
of the plate, and the electric field quickly decays. 

 
 

FIG. 2: Electric field strength plotted against the non-
dimensional distance from the plate. The electric 
field from the Poisson Boltzmann equation (solid 
lines) is plotted for high temperature ( ŷ0 =1000 ), 
medium temperature ( ŷ0 =1 ), and low temperature (
ŷ0 = 0.1 ). The case for just a constant charge density 
(dashed lines) is also shown for comparison. 
 
 
 
We can also obtain the asymptotic behavior of the 
charge density:  
 

n̂ ŷ!"( ) = ŷ0
ŷ2
+

2! cos x̂( )cos ẑ( )exp #ŷ( ) ŷ0
2

ŷ2
1

1+ ŷ0 + ŷ0
2

  (16) 

 
 
and electric field far from the plate 
 

Êy ŷ!"( ) = ŷ0
ŷ
+

! cos x̂( )cos ẑ( )exp #ŷ( ) ŷ0
2

1+ ŷ0 + ŷ0
2

   (17) 

 
We see from the analytical results for the asymptotic 
limit that the contribution from the oscillatory 
component to the plate charge yields an exponentially 
decaying contribution for the relative density of 
counterions compared to the density of a constant 
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charged plate. Similarly, the absolute electric field 
from the oscillatory component demonstrates 
exponential decay, as opposed to the inverse power 
law decay of the contribution from the constant 
charge density. 
 In summary, we have derived with a first order 
perturbative analysis the electrostatic potential, 
electric field, and counterion charge distributions for 
a charged plate. The size effects of discrete charges is 
modeled in a continuum fashion with an additional 
oscillator charge distribution in addition to the net 
uniform distribution, and the effect at high 
temperatures and low temperatures is analyzed in 
comparison to the results of just a uniformly charged 
plate. We found that for the counterion density, the 
difference is larger at lower temperatures where ions 
will be found closer to the plate and the difference in 
charge distributions shows a bigger difference. 
However for the electric field, the effect of the 
additional oscillatory charge distribution is more 

visible at higher temperatures as the screening due to 
the counterions is weaker since at higher 
temperatures the dissociation from the plate is 
stronger. These results provide an initial analysis at 
understanding the effect of the discrete nature of 
charges, especially for biological systems. Future 
work to extend this analysis should include the 
double plate problem, in order to better understand 
the effect of size effects of the charge distribution for 
double layer systems with an intervening fluid. 
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