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Many fundamental processes in biology, like DNA replication and protein synthesis, are surprisingly precise despite thermal noise being significant at the relevant scales. Part of this is due to
nonequilibrium processes, like kinetic proofreading, that can amplify a small difference in binding
affinity. Recent work has studied multi-step generalizations of proofreading through the lens of
a quantity called “discriminatory index”. We note this is closely related to the sensitivity of the
steady state density of a Markov chain to perturbations of rates, a perspective that emphasizes
the generality of the underlying ideas, making especially clear the close analogy between kinetic
proofreading and the nonequilibrium sensitivity of biological sensors.

I.

INTRODUCTION

Many biological recognition processes are far more accurate than permitted at equilibrium. A classic example
is translation, where the difference between the binding
of the right or wrong tRNA to a codon can be a single hydrogen bond, and a typical error rate of the process is 10−4 errors per codon. At equilibrium, achieving
this specificity would require a free energy difference of
∼ 9kB T which is considerably in excess of what is typical
for a hydrogen bond.
It is easy to imagine a nonequilibrium scheme to improve on this error rate—one could use a chemical potential difference to selectively drive the “right” reaction.
But on reflection this is completely unsatisfactory, as it
merely shifts the challenge of discrimination to whatever
is selectively coupling e.g. ATP hydrolysis to a reaction
involving only the “right” tRNA.
What we need instead is a process that amplifies a
small difference in binding affinity, while treating both
substrates completely symmetrically. This is what kinetic proofreading [1, 2] does.
The organization of this paper is as follows. First, we
describe the original kinetic proofreading scheme, and
generalizations involving multiple proofreading steps.
Then we set out some basic facts about Markov chains,
and explain how they constrain the discriminatory ability of general proofreading schemes. Finally, in the discussion, we will describe the close link between kinetic
proofreading and nonequilibrium sensing—made especially clear by the perspective we take here—and touch
on what is known from experiments about error correction in real biological systems.

A.

relative probability of finding the enzyme bound to one
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substrate rather than the other is b = [EW
.
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where ∆ > 0 is the free energy difference between the
two enzyme-substrate complexes EW and ER (in units
of kB T ).
Consider the following chemical reaction network, the
“butterfly graph” [3], in which two transitions are driven
close to irreversibility at rate q. Note the symmetry of
this network, broken only by the appearance of the equilibrium error fraction b on the right hand side.
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At steady state, we have
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which tends to b2 , a significant improvement over the
equilibrium error rate, if we send c to zero and then q to
zero. But note that the order in which limits are taken
here matters—if we take them in the other order we get
b—no improvement over equilibrium. This reveals subtlety in this limiting procedure, which is discussed further
in [3].
There is however a simple intuition underlying this
scheme. If we imagine only ER? and EW ? can release
product, and that the on-rate c is small, the substrate R
or W has two “chances” to dissociate before the enzyme
is “finished” acting, at rates suppressed by a factor of b
in the case of R [1, 4].

Hopfield’s kinetic proofreading
B.

Hopfield [1] (and independently Ninio [2]) proposed the
following scheme that can improve an error rate b to b2 .
Consider an enzyme E with two very similar substrates—
a “right” one R and a “wrong” one W . Suppose the concentrations of both are similar and both are very large
compared to that of E. At equilibrium (e.g. in the absence of any ATP consumption), one can show that the

Generalizations

Can one do better than b2 with the network above in
a different asymptotic limit of rates? Recent work [5]
introduced the discriminatory index ν (there is a sign
difference due to choice of convention):
ν=

∂ log(η)
∂∆

2
A scheme that is able to improve error fraction to bm
must have ν = m. Hopfield’s scheme in the limit we
described above has ν = 2. In general ν will depend on ∆
and what limit of the other parameters we are considering
[5], but cannot exceed 2 for this network.
To achieve better discrimination, we can introduce further activated intermediates (e.g. ER ? ?) that can also
dissociate to E [5]. This introduces further more transition rates that depend on ∆. We will see this is key,
and that in general networks ν is bounded in terms of
the number of edges involving ∆.

II.

FACTS ABOUT MARKOV CHAINS

One interpretation of the butterfly graph is that describes possible transitions of a single enzyme, occurring
stochastically with rates specified as edge labels. In other
words, as a continuous-time Markov chain—a stochastic
processes with finite state space whose future evolution
depends on the past only through the present. In a more
general case, at time t, the system is found in the ith of
its N states with probability pi (t), and
ṗ = M p

(1)

where M is some matrix whose column sums are zero at
all times, so that probability is conserved. Off-diagonal
entries represent transition rates so they must be nonnegative1 .
The error rate η in proofreading is the ratio of two
components of p after a long time. In the rest of this section we give some simple corollaries of well-known results
about Markov chains that will be useful in our discussion.

A.

Steady state density

Consider the graph G associated to a Markov chain
with rate matrix M that has a vertex for each state and
an edge for each possible transition. If there is a path
in G from any state to any other, the master equation
(1) has a unique steady state pss , given explicitly by the
matrix tree theorem (MTT) [7–9] in terms of the directed
spanning trees of G
pss,x ∝

X

Y

A useful corollary is given by [10]—the quantity
log (pss,i /pss,j ) is bounded above and below by the maximum and minimum, over all (non-self-intersecting) paths
j → 1 → · · · → m → i in G of the quantity


M1j . . . Mim
∆Senv = log
Mmi . . . Mj1
which can be identified under many circumstances with
the change in entropy of the environment when the system follows the path j → · · · → i [10, 11]. At equilibrium,
this quantity equals β∆E along any path between two
states of energy difference ∆E, but out of equilibrium it
can be path-dependent.
The log (pss,i /pss,j ) is exactly the sort of quantity we
wish to extremize in kinetic proofreading, and one might
imagine that proofreading works by supplying a path between EW ? and ER? with a very large value of ∆Senv ,
such as:
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But, just like the idea mentioned in the introduction of
selectively driving E → ER, making this path the dominant one requires an asymmetry that cannot be achieved
without first solving the discrimination issue.
B.

Response of the density to perturbations

If we change some transition rates Mij , how does the
steady state distribution pss respond?
The most intuitive thing we can say is that if a rate
i → j is increased, the steady state probability of being
in state i must decrease, and that of being in j should increase.2 Less obvious perhaps is the fact that the steady
state probability of any state is monotonic in each rate
constant.3
These results hold for arbitrarily large changes of rate
constants. What will be most relevant for what follows,
however, is the following bound on the logarithmic sensitivity of the steady state density to changes in transition
rates,
∂ log(pss,k )
≤ 1.
∂ log(Mij )

Mji

(2)

spanning trees tree edges i → j
directed to x
2

1

Alternatively, we can view (1) as the rate equation of a
monomolecular chemical reaction network with mass action kinetics [6], where p is to be interpreted as a vector of concentrations. Although it has a very different origin, arising in a large
N limit from a different stochastic process, the equation is the
same.
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The former result follows immediately from MTT since rates of
transitions from i do not appear in the numerator of pi . The
argument for the latter seems more involved, an asymmetry I
would like to understand better.
By MTT we have (for some positive a, b, c, and d independent
of k):
a + bk
dpss
bc − ad
pss,i =
,
=
.
c + dk
dk
(c + dk)2

3
This result is a consequence of the multilinearity (linear
in each rate constant separately) of the numerator and
denominator of the expressions given by MTT for pss,k
(see Appendix for proof).
Eq. (2) is stated for discrete time Markov chains and
proved using a different approach in [12]. I believe that
version implies the continuous time result given here.
III.

DISCRIMINATION AND SENSITIVITY

where the triangle inequality has been used twice
(once for the sum and on |log(pss,i /pss,j )| =
|log(pss,i ) − log(pss,j )|), and the bound Eq. (2) has been
used once. This inequality is not tight—Hopfield’s network has n = 2 but ν ≤ 2. Tighter bounds are given in
[5]. But indeed we have not used all the usual constraints
to get this result, for example that the binding energy ∆
only appear in dissociation rates, as is commonly supposed. We also note that the inequality (3) above does
not preclude ν < 1 (or indeed for ν to be negative), and
indeed such “anti-proofreading” [5] is possible.

Consider the network:
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IV.

q

A.

ES?
In steady state, how sensitive is the ratio [E]/[ES?]
to changes in the rates, for example, s and y? At first,
this does not seem so related to the challenge addressed
by kinetic proofreading—how to minimize error in a discrimination task—after all where even is the “right” and
“wrong” substrate in this description? But in fact we
will see these questions are extremely close.
First, we note that the error fraction from the example
in the introduction can be written [3, 5]:
η=

[EW ?] [E]
[E] [ER?]

Relation to nonequilibrium sensing

There is a close analogy between kinetic proofreading
and the “sensing” capabilities of biological circuits, for
example the chemotaxis system in E. coli [13]. In both
cases, one desires that a small change in a transition rate
(due to a change in binding affinity or a different attractant concentration outside the cell, respectively) to have
a large effect, and one can do better out of equilibrium.
The authors of [13] study a four state model for a receptor that can be either active (A) or inactive (I) and
either have a ligand L bound or not.
r
A
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The binding energy difference affects only the second of
these factors (which one is matter of convention). This
implies that the discriminatory index is
∂ log([E]/[ER?])
∂ log(η)
=
ν=
∂∆
∂∆
Furthermore, the ratio [E]/[ER?] only depends on quantities to the “right” of E in the “butterfly graph” [3]. So
it is sufficient to consider the triangle network given at
the beginning of this section when computing ν.
A.

A weak bound relevant to proofreading

Now imagine we have a completely general network
(not necessarily the triangle above) and suppose the binding energy difference ∆ appears in n different rates, in
the exponent. The quantity ν of a proofreading scheme
based on such a network is then of the form (for some i
and j)
n

ν=

∂ log(pss,i /pss,j ) X ∂Mm(k)n(k) ∂ log(pss,i /pss,j )
=
∂∆
∂∆
∂Mm(k)n(k)
k=1

which implies
|ν| ≤

n
X
∂ log(pss,i /pss,j )
≤ 2n
∂ log(Mm(k)n(k) )

k=1

(3)

DISCUSSION
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Imagine that when the receptor is active, it promotes
a useful response to the ligand (tumbling in E. coli ). A
figure of merit is then
R0 =

∂ log((pA + pAL )/(pE + pEL ))
∂ log([L])

(which bounds above the sensitivity called R in [13]).
The ligand concentration [L] appears (multiplicatively)
in the rates r and s, so R0 is a quantity very much like
ν for kinetic proofreading. The same arguments we gave
earlier (this time also using the convexity of log) give a
bound |R0 | ≤ 8 (there are two rates containing [L], and
a ratio of two sums of two probabilities). Once again, we
note this is a very loose bound.
B.

Experimental evidence for proofreading

Early evidence for kinetic proofreading came from a
process upstream from translation—the charging of tRNAs with amino acids. The observation was that much
more ATP was consumed when the incorrect amino acid
was supplied compared to the correct one [14]. This is
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consistent with proofreading because the wrong substrate
is likely to fall off many times before it is incorporated,
and each “attempt” involves ATP hydrolysis.
More recently, it has been possible using FRET, which
can be used to detect specific bimolecular interactions,
to uncover mechanistic details of translation providing
strong support for kinetic proofreading [15]. The same
technology has been used to quantify the role of dissipation (measuring the formation of a complex involving
a kinase) in the adaptation accuracy of chemotaxis in
E. coli (how precisely the tumble rate returns to its original value after exposure to attractant) [16]. Much like
the sensitivity we discussed above (a different figure of
merit for the same sensing system), high adaptation accuracy depends on the system being out of equilibrium.
Another consideration relevant in real systems is speed.
If the enzyme is to complete its functional role, for example a polymerase that must move on to the next nucleotide, it must eventually release product. We can
model this with irreversible “catalytic” transitions from
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* Note that I originally created the figure of the butterfly graph on page 1 for a problem in Systems Biology
(8.591) when I was the TA, so it appeared on a problem
set for that class.

Appendix A: Proof of Eq. (2)

Claim 1. Let M be the rate matrix of a continuous-time Markov chain whose associated graph is strongly connected,
and p(M ) the unique element of ker M whose entries sum to 1, viewed as a function of the entries of M . Then for
any i, j (i 6= j), and k:
pk
∂pk
≤
.
∂Mij
Mij
Proof. We apply the matrix tree theorem. Let vi be the sum of spanning tree monomials of M associated with state
i, so e.g. pi = Pvivj . We have,
j
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For any Mij and n, vn can be written as the sum of something linear in Mij and something independent of Mij , so
∂vn
vn
we have ∂M
≤M
. So (using the fact that for x, y > 0, |x − y| ≤ max(x, y)),
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as desired.
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