8.592J-HST.452J: Statistical Physics in Biology
Assignment # 4 Due: 10/24/25

Forced polymers

Advances in single-molecule techniques, such as optical and magnetic tweezers, make it
possible to directly manipulate and measure the mechanical response of individual biopoly-
mers like DNA and RNA. These experiments reveal rich behaviors: entropic elasticity at
small forces, structural transitions at intermediate forces, and complete denaturation or
overstretching at high forces. The problems below develop theoretical models that describe
these phenomena, starting from the ideal polymer under tension, and progressing to force-
induced denaturation of DNA and RNA, overstretching transitions, and the worm-like chain

elasticity that characterizes double-stranded DNA.
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1. Pulling polymers: Using optical tweezers, it is now possible to pull on the two ends of a
single molecule. (Actually the tweezers pull on latex balls that are attached to the ends of
the polymer; a complication that we shall ignore.) In the presence of the force F pulling on
the ends of the polymer, there is an additional energy term

§E =—F-R,
where R = 7y — 7 is the end—to-end distance (between the first and N*" monomers) of the

chain.

(a) For an ideal polymer, the number of configurations with an end-to—end distance of Ris
given by the usual Gaussian formula
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By integrating the Boltzmann weight over all R, calculate the (Gibbs) partition func-
tion Z(N, F,T) at a temperature 7. Using this result, obtain the mean extension Rp =
kpTOln Z/OF along the direction of the force F.

(b) For other cases in which 5 does not have a simple form (such as for self-avoiding
polymers), it is still possible to obtain the linear response of the polymer to small force. To
this end, expand the Boltzmann weight exp (ﬁ . ﬁ/ kBT> to second order in F , and hence

show that .

~ 3ksT
where (R?), is the mean end-to—end squared distance of the polymer in the absence of the
force.

Rp (R*), F+ O(F?),

(c) Dimensional analysis suggests that quite generally the extension—force curve for polymers

should have the form
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The left hand side is a dimensionless extension; on the right hand side a dimensionless
combination involving the force appears as the argument of an unknown function ®. At
large forces F', the polymer becomes stretched such that Ry oc N. For self-avoiding polymers

(R?), ~ aN" with v ~ 0.59. Use these facts to deduce a non-linear behavior Ry oc F* for

the extension at large force, and give the value of the exponent \.
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2. Denaturing DNA by force: Obtain the phase diagram of DNA pulled by a force F , by
generalizing the Poland—Scheraga model as follows:

(a) By integrating over the position vectors, show that the (Gibbs) partition function of
DNA of length N can be decomposed into products of contributions from double-stranded
rods and single stranded bubbles, as

Z(N,F)= Y R(t)B(z)R(fs)--+,  with & +Ll+0+--=N.

£y1,02,03,

(b) Treat the double stranded segments as rigid rods of fixed length af. By integrating over
all orientations in three dimensions show that
sinh(SFal)

_
R({) = w" x BFal

where w = e7%¢, and ¢ is the energy gain of forming the double strand.

(c) Treat the double stranded loop as two random walks of length ¢ connected at the two
end points. Integrating over all separations of the two end points show that

272,27\ 1°
B(¢) = Ei”% [g2exp (5 12@ )] :

(d) Examine the problem in a (grand canonical) ensemble with variable DNA lengths NV,
additionally weighted by a factor of z"V. Give the expressions for the (Laplace) transformed
B(z) and R(z) in this ensemble in terms of the (Bose) sums f;f(z) = Y2, z¢/¢™.

(e) Show that the strands become fully separated at a critical point satisfying R=B"'=
(SC3/2)_1, where (30 = f:;h(l) ~ 2.612.

(f) For s = 1, plot the phase diagram of the model in the coordinates (w/g?) and (3Fa).
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3. (Optional) Denaturing RNA by force: By pulling on the ends of RNA, the hydrogen
bonds can be broken to yield a stretched polymer. Let us model the partially denatured state
as a sequence of linear segments with no hydrogen bonds and ‘blobs’ which are hydrogen
bonded (opposite to the case of DNA). Assume that the force carrying backbone of the
molecule is made up of the linear segments, and that the RNA blobs carry no force (similar



to the loop in problem 2). After integrating over the position vectors, the (Gibbs) partition
function of an RNA of length IV can be written as

Z(N,F)= Y P(L)R(L)P(ls)---,  with  li+Ll+Ll3+---=N.
£1,82,03,

The contributions of linear and blob segments are respectively

A

F2a%¢
) ) and R(E) = ffm )

¢
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where f and g are constant entropic factors.

(a) Exploit the mathematical similarity to the Poland—Scheraga model to evaluate the grand
partition function of the model.

(b) Identify the force F, at which denaturation starts.

(c) Sketch the fraction of denatured sites as a function of force, clearly indicating the nature

of the singularity at F..
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4. OQver-stretching DNA: In standard (B—from) DNA the basepairs stack in spiral fashion at
separation of 3.4A. As indicated in the following figure [from S. B. Smith, Y. Cui, C. Busta-
mante, Science 271, 795 (1996), and http://alice.berkeley.edu/ "~ steve/DNAstr.html], pulling
on DNA with optical tweezers causes it to greatly stretch at forces of around 65+5pN.

80 1 i
I 60 2 ;\
Z g Overstretching
- " transition
40 +
2 g
=
b 2
20 | s-4—— B form contour
; length
&
0 _‘If'(u I 1 1

10 15 20 25 30
DNA extension (um)

(a) One interpretation is that this represents a transition to a new structure of over-stretched
DNA, in which the separation of bases has increased to 5.8A. As a very simple model of this
putative state consider DNA as a one dimensional chain in which each unit can either be in
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the regular form of size 3.4A, or in the stretched form of size 5.8A. Assume that a free energy
difference U per basepair is required to change the regular B—form to the stretched form.
For this part of the problem ignore the three dimensional orientations of each segment, and
assume that the state of each element is independent of its neighbors. Calculate the length
L(F,T) for this model when pulled by a force F' at a temperature 7.

(b) Compare the result from part (a) to the experimental figure, and thus estimate the
parameter U from the data in the above model from experiments. Is the width of the
transition region in F' consistent with the assumptions of the model.

(¢) Now consider a more realistic model in which neighboring elements tend to be in the

same state. Would this lead to a sharpening or widening of the transition region in F'?
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5. (Optional) Force—extension curve for stretched DNA: Configurations of a worm-like
chain (WLC) in two dimensions can be characterized by variations of the angle 6(s) of the
tangent at (monomer) position s along the curve. In the presence of a large force ﬁ, variation
of the angle (measured with respect to ﬁ) are small, and the energy cost can be approximated

as
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(a) Rewrite the WLC Hamiltonian as a sum over harmonic modes of the DNA “string” 6.

(b) Equipartition dictates that each quadratic mode will have an average energy of kpT'.
Write the expression for (|6,]?), and hence calculate (6%(s)).

(c) Calculate the extension X of the DNA as a function of force F. Invert the relation and
plot the function F'(X). Use kg1 and persistence length &, in your answer.

(d) Use the high-force worm-like chain (WLC) asymptotic

kgT 1

P = 15g, (1-x/L)*

to estimate the fractional extension X /L of double-stranded DNA under a force F' = 10 pN.
Take kT ~ 4.1 pN - nm at room temperature and &, = 50 nm. (If you want an absolute

length, use the contour length from the overstretching example L = 16.4 um.)
kokoskoskok

6. (Optional) Pulling RNA: The server at http://bioserv.mps.ohio-state.edu/rna/ gives
force extension curves for RNA based on secondary structure calculations. Use this server to
examine force extension curves for: (a) a uniform sequence; (b) an alternating sequence of G
and C; (c) an alternating sequence of A and U; and (d) an actual RNA sequence. (Choose
sequences of roughly the same length.) Comment on the general characteristics of these



curves. Does any of them resemble the theoretical result from the problem on ‘denaturing
RNA by force’?
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Further reading: Bustamante, C., Smith, S.B., Liphardt, J., & Smith, D. (2000). Annual
Review of Biochemistry 69, 705-754.



