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Abstract

Parameteidentificationin a 2-nodenetwork with sig-
moidalactivationfunctionsis consideredGiventhenonlin-
earity in theweights,standardestimationalgorithmsbased
on linear parametrizatiorareinadequateools for studying
globalparametecornvergence.In this paperwe provide an
alternatve approacHor studyingparameteidentificationin
the presencef sigmoidalparametrization.Conditionsun-
derwhich a simplebackpropagatioralgorithmcanleadto
globalcornvergenceareconsidered.

1 Intr oduction

Neuralnetworks have occupiedthe attentionof theen-
gineeringcommunity since their introductionlessthan a
decadeago. Both analyticallyandin practice,it hasbeen
proventhatneuralnetwork architecturehave the powerful
ability to approximatea wide classof nonlinearfunctions
andthus canbe usefultoolsin mary engineeringapplica-
tions[1, 2, 3]. Theuseof neuralnetworksin identification
and control of engineeringsystemshasbeenintenselyde-
bated. Significantprogresshasbeenmaderegardingthe
statemenbf the problem, possibleways in which neural
networks can be usedfor identification and control, and
demonstrateéh seminalnumericaland experimentalstud-
ies[4, 5, 6]. Severalstability resultshave beenderivedin
theliteratureconcerningheuseof identificationandcontrol
(for example,[7 8]). However, mostof themarelocalin na-
tureand/orincludefairly restrictve conditionsunderwhich
the stability is valid. It shouldbe notedthatdespitethe lo-
cal stability nature theactualdemonstratiorin applications
andnumericalsimulationsreportsjust the contrary:Neural
networksindeedsene aspowerful numericakcomputational
unitsthatare capableof very goodapproximationf non-
linearmapsandprovide complex functionalitiesof estima-
tion, control,andoptimizationover a largeregion of opera-
tion. In this paperwe take afirst, modesisteptowardsclos-
ing thisglaringgapof explainingthetruescopeof operation
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of a neuralnetwork whenusedfor nonlinearcontrol. The
main idea behind our approachis to directly addressand
exploit thedistinguishingfeatureof nonlinearregressiorin
neuralnetworksandderive the underlyingcorvergenceand
stability properties.

In our corvergenceanalysis,we make explicit useof
the nonlinearsigmoidalactivation function and exploit its
propertiesfor establishingglobal corvergenceof gradient-
basedmethodsin neuralnetwork training. We focuson a
simple2-nodeneuralnetwork modelto derive the underly-
ing properties.

2 Main result

The systemof interestis:

2

y=Y_ g(6:,ult) (1)

i=1

wherew is a scalarfunction of time, §; andd, arescalar
parametersvith unknavnvaluesandg(6, v) is asigmoidal
functiongivenby:

1— efuﬁ

g9(0,u) = Tteul

(2)
We make thefollowing assumptionsegardingthe sys-

temin (1).

(Al) u >0Vt

(A2) 6; >0fori=1,2.

Our goalis to designan estimatorthat estimate®; andé,
asf; andé,, respectiely, suchthatif

A = (01702); B:(62;€1)7 L:{A7B}
r o= {(51,52)|§1 > 0,0, > o}
= (1,05)

)

thenfor all § € = the corvergenceof gtoLis guaranteed.



Thefollowing estimatoris proposedor suchatask:

2

7 o= g(u(t),:) (3)
=1
- —g%&f“) i=1,2 (@)

where
§(81,65,u) = g(B1,u) + g(B2,u) — g(61,u) — g(62,u) (5)

In what follows, we assumethat v is a time-varying
switchingsequencewhichis definedasfollows:

Definition 2.1 A time varying function u(t) is called a
switching sequencéunctionbetweeny; andus if

() w1 # u2,

(i) for anyt, sud that u(t,) = u1, there existsa ty,
ty > t, sudthatu(ty) = us and

(i) for anyt; sut that u(t;) = us, ther existsa t,,
tm > t; SUd thatu(tm) = uj.

(iv) for eadt,ts sudthatu(ty) = uq, u(tz) = uq there
existsa p sud thatfor all ¢, 0 < ¢ < p, the sets
B; = {t | |t—ti| < ¢ ut) = ui},z’ = 1,2 are
nonempty

It canbe easilyverified that the sigmoidalfunctionin
(2) hasthefollowing properties

(P1) g(0,u) =0, lim g(f,u) =1,
f—o0

P2) (')g(;é u)

>0Vl € R,
0%9(6, u)
06?

An interestingpropertyof symmetryof the estimator
canbederived by examining(4). We notethateq. (4) can
berewrittenas

(P3) 6 <0,v8 € R.

~ s~ ~ 26*“‘3\" .
0; (017027u) = —Yu ~ 2 i=1,2 (6)
(14 eubi)
Defining
E={(:,6)6, =0}, (7)

it canbeeasilyseerthatthetrajectorieof (6) aresymmetric
with respecto E in w. Symmetryfollows if for any value
of u thefollowing holds:

é\1 (51,4/9\2;71) =
9\2 (51,32,10 =

é\z (é\z,é\l,u) (8)
,0\1 (§27 51 ) U’) (9)

Fromegq.(5) we alsohave thatgj(@l,ﬁz,u) = g@,@l,u).
This impliesthategs.(8) and(9) hold. Thus,the systemis

symmetricwith respecto thesetE, andthereforewe focus
all of our discussionshatfollow on H in 7, where

H:ﬂ&@ﬂ@<@} (10)

The mainresultthatwe shall establishin this paperis
thatall trajectorieghatbegin in 7\ E corvergeto L. ' To
establishthis globalresult,the following setdefinitionsare
required:

M) = {@.8) 5000 =0} @D
My = M(uy) My = M (uz)
Sp = {Mu)|w <u<u}
S = m\Sp
Sh = Sp(\H, Sh=5p\Sh
Sg_ = {(é\l,é\z) | (9\1,52) € SD7§2 > 02}
Sg_i_ = {(51,52) | (§1,§2) € SD7§2 < 02}

We shall shav thatall trajectoriesthat begin in 7\ E con-
vergeto Sp, andthatthe trajectoriesn Sp corvergeto L.
Noting that M definesthe boundarief the setSp, prop-
ertiesof M arecrucialin establishinghe mainresult. This
is carriedoutin Lemma2.2. Propertienf Sp andSg are
statedin Lemmas2.3 and?2.5. Finally, an aspecif differ-
ential geometrythat is neededn the main resultis stated
in LemmaZ2.6. Due to spaceconsiderationsthe detailed
proofsof lemmasandsublemmasreomittedhere.

We first begin with somepropertiesof the estimatorin
H. To derive thesethefollowing quantitiesareuseful.

~

Bud) = 2 (12)
0,
B = Bund), b= BluB), v= 5 (13)
2 2
e®) = > glwm) =Y g0;u)  (14)
=1 =1
N J2 N ]2
es() = D 9(6;,u2) = g(6;,us) (15)

.
I
-

=1

Lemma 2.1 For theestimatorin egs.(3)-(4), thefollowing
propertiesholdV 6 € H:

(A) B>0,v<1, (B)%<0,

C)0<e; < % < ¢ fori = 1,2, andfor bounded
1

61, w; and

op op
D — | < 0, — | > 0
( ) 602 61,u=const 601 62, u=const

1 Trajectoriesthatbegin in E, however, stayin E. Sincetheseare of
measureero,theresultis "almostglobal”.



We now proceedto derive propertiesof M. In partic-
ular, we shall shav that M; and M, intersectonly at two
points, A and B. Thisis provedby establishinghe shape
of M; in ther planefor ary givenu. The propertiesof M,
and M, arestatedbelor in Lemmas2.2(a)and(b).

Lemma2.2 (a) M; and M, are representedby two
monotonicallydecreasingcorvex curvesin 7.

(b) My (Mo = L.

We now introducea metric d; which we shall useto
derive the corvergencepropertiesof the estimator This is
definedasfollows. Forary P € H,

ag (§P7 ui)

di(P) = €;(P)?, v;(P) = —ei(P) 50

L i=1,2

(16)
Thus, the functionsd; andd, aretwo non-neative func-
tions,which arezeroon M; and M, respectiely, andpos-
itive everywhereelse. Therefore they canbe thoughtof as
ameasuref distanceof a pointto the curves My, and M5,
respectiely. The functionsv; andwvs representelocities
thatare associatedvith eachpointin =. As thetrajectory
movesin , at eachpoint P, it will have a velocity speci-
fied eitherby vy (P) or v2(P), dependingon the particular
valueof theinputu atthetime thetrajectoryis at point P.
Propertieof e; andd; arepresentedn the following lem-
mas. Sincetheir propertiesvary dependinguponwhether
they arein Sp, Sg, or in the neighborhoof A4, they are
classifiedinto threedistinctLemmas2.3-2.5.

Lemma2.3 Let (ég(u),ﬁg) € M(u)(H. Fori = 1,2,
let 9\?1 = 69(us). If uy < us, then

() (@) if €Sk, then®®, < 6, < &, and (b) if
8 € Sit, thend?, > 6, > 62,

(i) VO € S, e1(8) e2(8) <0,
(i) V8 € Sg(H,e1(d)ex(d) >0,

Lemma2.4 If 8 € Sg, thenthefollowing holds

5.@0) <o,

17)
Lemma?2.5 Let N5j(A) bethed neighborhoodf point A
definedas Ns(A) = {Q | d(Q,A) < 6}, withd(Q, A) be-
ing a Euclideandistancemetric (see [9]) betweentwo
points@ and A. For all P ¢ Ns(A)|J Ns(B), there ex-
iSte; > €1 > 0 sudhthat
dl(P) < €1 — d](P) > €2; Z,] € {1,2}, and: 75 _]

(18)

The following lemmais usefulin describingthe prop-
ertiesof the systemtrajectoriesn Sp.

Lemma 2.6 Let K; and K, betwo curvesin the O&n co-
ordinatesystendescribedby 1, = 1 (€) andne = ¥2(§),
respectivelyLet K = K [ K. If

(i) thefunctionsy, andy, aretwicedifferentiable with
boundedderivativesy , ¥y, ands, 44; and

(i) ¥1(6) > 5() for all £ suthates (§) = 12(8),

then (A) K is a set consistingof at most one point
Q(g,¥1(g)), and (B)VE > ¢, ¢1(£) > ¢2(€) andV ¢ < g,
P1(8) < 2(8).

We now establishthe main resultthat L is a globally
attractve equilibriumpointfor almostall pointsin .

Theorem2.1 If u(t) is a switching sequencéunction be-
tweenu; andus, underassumptiongAl)-(A2), the solu-
tionsd;(t) of (3)-(4) satisfythefollowing:

~ ~

(i) if 8(0) € E, thend(t) € E ¥t > 0.

~ ~

(i) if (0) € 7\ E, thend(t) cornvergesto L ast — oo.

Proof:

The proof of (i) is immediatesinceVé € E, we have

3g(§hu) _ ag(gg,u)
00, 06

~ ~

Hence§(0) € E impliesthaté(t) € E for all t > 0.
(i) To prove (ii), we proceedn thefollowing threesteps.

that , and it follows that §1=672.

Stepl: Trajectoriesstartingin 7\ E eithercorvergeto L as
t — oo or enterSp (seefigurel) in afinite timeT.

Step2: Sp isinvariant.
Step3: Trajectorieghatstartin Sp corvergeto L.

For easeof exposition, Figure 1 shavs the natureof M,
Mo, Sp, andSg in  for § € R2.

Proofof Stepl: We prove Stepl by shawving thatall trajec-
toriesthatstartin Sg enterthesetSp\ {Ns(A) U Ns(B)}
in afinite time. Sinced is arbitrary this implies that Step
1 holds. Supposehatthetrajectoriesalwaysremainin Sg.
Sinced; andd, aredecreasinglongthe systemtrajecto-
ries, thereexistsatime instantt; suchthatd, (§(t1)) < €1,
andhencefrom Lemma2.5,d2(§(t2)) > ea. If trajectories
alwaysremainin Sg, d is decreasingandhencethereex-
istsaty > t; suchthatdz(g(tg)) < €. But, thisimplies
thatd; (8(2)) > e». Thisis acontradictionsincein Sg, d;
is decreasingswell.

Proofof Step2: Let

~ ~

(Z) (to) e€eSp and (Zl) (tg) € Sg at ty > tg.
(19)
FromLemma2.3(ii) and(iii), we have that

er (5(7:0))@2 (§(t0)) < 0
el (67(1:2))@2 (é(tz)) > 0.



Thisimpliesthate; musthave changedignovertheinterval
[to, t2] for somei € 1, 2. Hence,

~

ei(0(t1)) = 0

andéA?(t) € Sg fort € [t1,t2]. Let (20) betruefor i = 1.
From(16),(19),and(20) it followsthatthereexistsae > 0
suchthat

for some t; € [to, t2], (20)

~ ~

(1) di(0(t1)) =0 (i4) di(0(t2)) >e. (21)

which in turn implies that d; increasesn Sg. This con-
tradictsLemma2.4. Henceno ¢, > to exists suchthat
0(t2) € Sg, proving Step2.

Proofof Step3: We now shaw that trajectoriesstarting at
ary point P € Sp cornvergeto L. Sincethe systembe-
havior is symmetricwith respecto E, we examineonly the
trajectorieghatstartin S%, andshaw thatthey corvergeto
A.

FromLemmaz2.4,it followsthatif u(t) is keptconstant
eitheratu; oratus for all t > T, thenthetrajectorieswill
cornvergeto apointeitherin My, orin M, respectiely. We
definethe solutionof Eq. (6) for u = uy, aninitial value

8o(t) € Sh, andfor all 7 > ¢ asf(r, 8 (t),u1) andlimit
points Ny (t) andN»(t) as
Nit) = lim 8 (ribo(t)ui), i=1,2 (22)

and denote their individual componentsas N;(t) =
[011(t) 021(t)]T, N2(t) = [012(75) 022(t)]T. Let the sets
Ci(t) and Cy(t) representhe sequenceof pointsin S%
alongwhich the trajectoryconvergesto Ny (t) and N»(t),
respectiely, for u = u; andu = wus. Thatis,

Citt) = {P|Pesh, lim 8(r,Pu) = N9},
i=1,2. (23)

It is worth notlngthateo( ) monotonicallyapproachingd
in S~ is equivalentto 611( ) |ncreasingand521(t) decreas-
ing montonicallywith v = wu, aswell as§1z(t) increasing
andda; (t) decreasingnonotonicallywith u = u,. Weshow
thattrajectorlestarungm s{g— approachd by showing that
612 mcreaseandam decreasefori = 1,2 ast - oo. Ina
similar mannerit canbeshavn thatall trajectoriesstarting
in S,’},* approachA. Dueto the symmetryof the problem,
it thenwould follow thatall trajectoriesstartingin S, ap-
proachB.

Corvergenceof trajectoriesto 4 in S% is established
by consideringthe two mutually exclusive andcollectively
exhaustve cases:(a) § € S~ and(b) § € SkF. Us-
ing the definitionsof S%~ and S&", it follows that S}, =
SE-USEF UM UM, andSy NSk = 6, andthat A
is alimit pointfor both S%~ and S+

Case(a)?e Sf{: In this casejt canbeshavn thatfs;
and§22 aredecreasindunctionsof time. Let 5(t0) € Sf')_.

Then,it follows that Ny (tg) € M, andN»(ty) € M,, and
that@(t, 67(t0), u) movesalongCt (to) if u(t) = uy Vit > to,

andalongCs(tg) if u(t) = us Vit > to. Fromthedefini-

tion of g in (12), it follows that the slopeof the tangents
to the curves Cy (to) and Ca(to) at ary 9 aregivenby 8,

and g2, respectiely. Since andﬁz arebounded,t fol-

lows thatthereexist functionsyy () ands (6 ) whichcan
representhe curvesC; (to) andC, (to) in Sp,respectiely,

wheretheslopesy| (01) andy, (01) aregivenby 8, andgs,

respectiely. Sinceu; < us, Lemma2.1(B) impliesthat

=y (6y) (24)

Thatis, 1, andy), satisfytheconditionsof Lemma2.6,and
hence(A) and (B) of Lemma2.6 hold. Supposethat at

time instantto, 6(te) = Po(q,p) € S™=. From the defi-
nition of a switching sequencethereexists a time interval
T, = [tg,t1] C Q2. Thus,on theinterval T, the trajec-
tory movesalong Cs(to). Sinced € S, from Lemma
2.3i-a), we have that6; < 8,. FromLemma2.1(C)
we havethates(.) is monotonicallyincreasingwith 671, and
thuswe have thatez(é\) < 0. Therefore,for all t € T5,

by (1) = —ea() 200 12)

FromLemma2.6(B) we have that

4 (81) < ¥} (81) V8, suchthat v, (8))

> 0. Hence,onT5, 01 > q.

Pa(81(t)) < $1(81(2))

Let u switch from us to u; att = ¢y, andlet 67(t1) =
P;(q3,p3). Fromthe propertyof the switching sequence,
thereexistsat, > ¢, suchthatTs = [t1,t2] C Q4. Pro-
ceedingasabove, we notethat from Lemma2. 3<i-a) and
Lemma2.1(c) we havethate; (8) > 0 ¥8 € S%. Hence,

Vt € Ty (25)

é\l <q3 VteTs. (26)

Let 43 (51) denotethe curve C (t;) which representshe
trajectoryofe( ) fort € Ts. Deflneacurvew4(01) as

$a(81) = ¥1(81) — (W1 (as) — ¥2(a3)) (27)

From the definition of g3 and3(.) andeq.(27),we have
that

Ya(B1(11)) = ¥2(as) = Ya(gs)- (28)
Also, from (25) and(28), it follows that
¥3(gs) < ¥1(gs)- (29)
Since
¥s3(g3) = Plgs,¥3(gs),ur)
PYi(a) = Blas,¥1(gs), ur) (30)
it follows from Lemma2.1(D) and(29) that
P1(g3) < ¥5(gs)- (31)



Differentiating (27) with respectto 6;, we obtain that
Py(61) = 1 (61). Eq. (31)impliesthat

Yi(gs) < P3(gs)- (32)

Egs.(32) and(28) imply thatLemma2.6 holds. Therefore,
usingLemma2.6and(26) it follows that

¥3(0:(8)) < pa(B1(t)) Vi€ Ty (33)

andhence
Y3(B1(t) < ¢ (B1(t)) V€ Ts. (34)

SinceN; (1) is thelimit pointof Cy(¢1), and N1 (to) is
alimit pointof C (o) it followsthatthatfh; (t1) < a1 (to).
This relationholdsfor arbitraryt, t;, andts, andhenceit
follows that 8y, is a decreasindunction of timeon 7. A
similar analysiscanbe carriedout to concludethatfs, is a
decreasindunctionof time on 7.

Case(b):@e Sf;r: Similar stepsandargumentsaaspre-
sentedn case(a) canbe usedto concludethatin this case
621 (t) andfs»(t) areincreasingunctionsof time.

It is interestingto note that, becausehe setS%, is in-

variantand boundedﬁn and@u remainboundedin both
caseqa) and(b). Since

6, = rr}jn P(é\l,é\g) VP e Sg;
02

6, = max P(6A?1,52) VP € Sg—’_
02

it thenfollowsthatwhenu is aswitchingsequencehesys-
temwill corvergeto the point A startingfrom anywherein
thesetS%,.

In summary for ary startingpointin Sg, the system
corvergesin finite time to Sp. Startingfrom ary pointin
Sp, the systemcorvergesasymptoticallyto eitherpoint A
or B. Thus,thetheoremis established. |

Theorem2.1 shavs thatin 7\ E, all trajectoriesof (4)
convergeto L. Thiswasestablishedy makinguseof the
propertiesof M (u) which enabledn turn to show thatall
trajectoriescorvergeto Sp andthattrajectoriesn Sp con-
vergeto L.

At first glance the problemsolvedhereappearsiecep-
tively simple. Parametercorvergencein a nonlinearlypa-
rameterizedsystem(1) hasbeenestablishedor very low
dimensionalityi.ef € IR?. It might then be questioned
asto why suchelaborateliscussionsindnumeroudemmas
andsublemmasvereneededo provethis seeminglysimple
result. We submitthatthesediscussionandpropertiesvere
essentiafor proving themainresult.

The complexity mainly begins with the nonlinearde-
pendencef g in §. Thefirstimplicationof g is symmetry;
both A and B arestableequilibriumpointsof the systemin
(8), and E representa separatrix As a result,a simpleap-
proachthatconsistof a quadratigoositive definitefunction

H_ = = = = = k- = = = P e e
= ¥ T v v v ¥ ¥ v & & ’s
= = ¥ T T v v v v v P
= = A+ = = = = » o E 7 4
= & v v v v v P A
= s A\ = v e s 4 4 44
= = = + v s 4 A4 4 A4 4
o & £ XS < v w4 44 44 u
-~~~ e & 4 A4 4 A4 4 4 A4
e 0 N s o 4 s 4
e P e > 4 4 4 4 4
o o~
v~ P A I Az AJ
L VAV A S A A A A A A '
VAR A B S N A S A A R A

D
-

Figure 1: Phaseplot for atwo-parametesystemwith sigmoidal
parameterizationsingtwo differentvaluesof w.

V' and shawing that its derivative is sign-definiteis ruled
out. The nonlineardependencef g on # alsoimplies the
existenceof manifoldswith which are associatedegions
with certaininvariantproperties Whathasbeencarriedout
above is preciselythe characterizatiorof thesemanifolds,
givenby E, M;, and M,, andinvariantregions given by
Sp.
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