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Abstract

Parameteridentificationin a 2-nodenetwork with sig-
moidalactivationfunctionsis considered.Giventhenonlin-
earity in theweights,standardestimationalgorithmsbased
on linearparametrizationareinadequatetools for studying
globalparameterconvergence.In this paper, we providean
alternativeapproachfor studyingparameteridentificationin
the presenceof sigmoidalparametrization.Conditionsun-
derwhich a simplebackpropagationalgorithmcanleadto
globalconvergenceareconsidered.

1 Intr oduction

Neuralnetworkshaveoccupiedtheattentionof theen-
gineeringcommunity since their introduction less than a
decadeago. Both analyticallyand in practice,it hasbeen
proventhatneuralnetwork architectureshave thepowerful
ability to approximatea wide classof nonlinearfunctions
andthuscanbe useful tools in many engineeringapplica-
tions [1, 2, 3]. Theuseof neuralnetworks in identification
andcontrol of engineeringsystemshasbeenintenselyde-
bated. Significantprogresshasbeenmaderegardingthe
statementof the problem,possibleways in which neural
networks can be usedfor identification and control, and
demonstratedin seminalnumericalandexperimentalstud-
ies [4, 5, 6]. Several stability resultshave beenderived in
theliteratureconcerningtheuseof identificationandcontrol
(for example,[7, 8]). However, mostof themarelocal in na-
tureand/orincludefairly restrictiveconditionsunderwhich
thestability is valid. It shouldbenotedthatdespitethe lo-
calstabilitynature,theactualdemonstrationin applications
andnumericalsimulationsreportsjust thecontrary:Neural
networksindeedserveaspowerful numericalcomputational
units thatarecapableof very goodapproximationsof non-
linearmapsandprovide complex functionalitiesof estima-
tion, control,andoptimizationovera largeregionof opera-
tion. In thispaper, wetakeafirst, modeststeptowardsclos-
ing thisglaringgapof explainingthetruescopeof operation�

Thiswork wassupportedby agrantfrom thetheFordSRLUniversity
ResearchProgram.

of a neuralnetwork whenusedfor nonlinearcontrol. The
main idea behindour approachis to directly addressand
exploit thedistinguishingfeatureof nonlinearregressionin
neuralnetworksandderivetheunderlyingconvergenceand
stability properties.

In our convergenceanalysis,we make explicit useof
the nonlinearsigmoidalactivation function andexploit its
propertiesfor establishingglobal convergenceof gradient-
basedmethodsin neuralnetwork training. We focuson a
simple2-nodeneuralnetwork modelto derive theunderly-
ing properties.

2 Main result

Thesystemof interestis:

��� �� � �
	���
��
� ��� 
������ (1)

where � is a scalarfunction of time, � 	 and � � arescalar
parameterswith unknownvalues,and ��
�� ��� � is asigmoidal
functiongivenby:

��
�� ��� � �����������! �#"$� ���! &% (2)

We make thefollowing assumptionsregardingthesys-
temin (1).

(A1) �('*),+ �
(A2) �

� '-) for . � � �0/ .
Our goal is to designanestimatorthatestimates� 	 and � �as 1� 	 and 1� � , respectively, suchthatif2 � 
�� 	 � � � � �43 � 
5� � � � 	 � �76 �98 2 �03;:< � = 
 1� 	 � 1� � �?> 1� 	 '*)@� 1� � 'A)CB1� � 
 1� 	 � 1� � �
thenfor all 1�ED < theconvergenceof 1� to 6 is guaranteed.



Thefollowing estimatoris proposedfor sucha task:
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whereF� 
 1� 	 � 1� � ��� � � ��
 1� 	 ��� � " ��
 1� � ��� � � ��
�� 	 ��� � � ��
5� � ��� � (5)

In what follows, we assumethat � is a time-varying
switchingsequence,which is definedasfollows:

Definition 2.1 A time varying function � 
5��� is called a
switching sequencefunctionbetween� 	 and � � if

(i) � 	KJ� � � ,
(ii) for any ��L such that � 
���LM� � � 	 , there exists a ��N ,��N ' ��L such that � 
5��N�� � � � and

(iii) for any �PO such that � 
��PO5� � � � , there exists a �RQ ,� Q ' � O such that � 
5� Q � � � 	 .
(iv) for each � 	 ,� � such that � 
5� 	 � � � 	 , � 
5� � � � � � there

exists a S such that for all T , )VU TXWYS , the sets3 � �Z8 �(>,> � � �
�
> W[T �@� 
5��� � � � : , . � � �\/ are

nonempty.

It canbe easilyverified that the sigmoidalfunction in
(2) hasthefollowing properties

(P1) ��
 )]��� � � ) , ^`_ba 0cKd ��
5� ��� � � � ,
(P2) H ��
�� ��� �H � 'A)e+ �fDhg i ,

(P3) � H
� ��
�� ��� �H � � W ) , + �jDhg i .

An interestingpropertyof symmetryof the estimator
canbederivedby examining(4). We notethateq. (4) can
berewrittenas

%1�
�

 1� 	 � 1� � ��� � � �GF� � / ���C� 1  Rk


 �e"$� �C� 1  �k � �&� . � � �0/ (6)

Defining l �m= 
 1� 	 � 1� � �G> 1� 	 � 1� � Bn� (7)

it canbeeasilyseenthatthetrajectoriesof (6)aresymmetric
with respectto

l
in < . Symmetryfollows if for any value

of � thefollowing holds:

%1� 	 
 1� 	 � 1� � ��� � � %1� � 
 1� � � 1� 	 ��� � (8)%1� � 
 1� 	 � 1� � ��� � � %1� 	 
 1� � � 1� 	 ��� � (9)

Fromeq.(5) we alsohave that F� 
 1� 	 � 1� � ��� � � F� 
 1� � � 1� 	 ��� � .This implies thateqs.(8) and(9) hold. Thus,thesystemis

symmetricwith respectto theset

l
, andthereforewefocus

all of our discussionsthatfollow on o in < , whereo � = 
 1� 	 � 1� � ��> 1� 	 U 1� � B % (10)

The main resultthatwe shall establishin this paperis
thatall trajectoriesthatbegin in <qp l convergeto 6 .

	
To

establishthis globalresult,the following setdefinitionsare
required:r


 � � � = 
 1� 	 � 1� � ��> F� 
 1� 	 � 1� � ��� � � ) B (11)r 	 � r

 � 	 �

r � � r 
 � � �s�t � 8 r 
 � ��> � 	 W � W � � :s�u � <qp s�ts4vt � s�t(w o � s Ot � s�t p s4vts v �t � = 
 1� 	 � 1� � ��>x
 1� 	 � 1� � �yD s&t � 1� � ' � � Bs v?zt � = 
 1� 	 � 1� � ��>x
 1� 	 � 1� � �yD s t � 1� � U � � B
We shall show that all trajectoriesthat begin in <qp l con-
vergeto

s t
, andthat the trajectoriesin

s t
convergeto 6 .

Noting that

r
definestheboundariesof the set

s t
, prop-

ertiesof

r
arecrucial in establishingthemainresult.This

is carriedout in Lemma2.2. Propertiesof
s t

and
s u

are
statedin Lemmas2.3 and2.5. Finally, an aspectof differ-
ential geometrythat is neededin the main result is stated
in Lemma2.6. Due to spaceconsiderations,the detailed
proofsof lemmasandsublemmasareomittedhere.

We first begin with somepropertiesof theestimatorino . To derive these,thefollowing quantitiesareuseful.

{ 
 �q� 1�|� � %1� �%1� 	 (12)

{ 	 � { 
 � 	 � 1��� � { � � { 
 � � � 1�|� �~} � { 	{ � (13)

� 	 
 1�|� � ��� �q	]��
 1� � ��� 	 � �
��� �q	]��
�� � ��� 	 � (14)

� � 
 1�|� � ��� �q	]��
 1� � ��� � � �
��� �q	]��
�� � ��� � � (15)

Lemma 2.1 For theestimatorin eqs.(3)-(4), thefollowing
propertieshold + 1�;D o :

(A)
{ '*) , }IU � , (B) H {H � UA) ,

(C) )(U�� 	 � U H�� �H 1� 	 UA� �
�

for . � � �0/ , and for bounded1� 	 , � ; and

(D) H {H 1� � > 1  ��0� � ���P������� U*) , H
{
H 1� 	 > 1  ���� � ���P������� '-) .�

Trajectoriesthat begin in � , however, stayin � . Sincetheseareof
measurezero,theresultis ”almostglobal”.



We now proceedto derive propertiesof

r
. In partic-

ular, we shall show that

r 	 and

r � intersectonly at two
points,

2
and 3 . This is provedby establishingthe shape

of

r �
in the < planefor any given � . Thepropertiesof

r 	
and

r � arestatedbelow in Lemmas2.2(a)and(b).

Lemma 2.2 (a)

r 	 and

r � are representedby two
monotonicallydecreasingconvex curvesin < .

(b)

r 	�� r � � 6 .

We now introducea metric � � which we shall useto
derive the convergencepropertiesof the estimator. This is
definedasfollows. For any � D o ,

� � 
 � � � �
�

 � � � ���

�

 � � � �G�

�

 � � H ��
 1�M� ���

�
�H 1� � . � � �0/

(16)
Thus, the functions � 	 and � � are two non-negative func-
tions,which arezeroon

r 	 and

r � respectively, andpos-
itive everywhereelse.Therefore,they canbethoughtof as
a measureof distanceof a point to thecurves

r 	 , and

r � ,
respectively. The functions � 	 and � � representvelocities
that areassociatedwith eachpoint in < . As the trajectory
movesin < , at eachpoint � , it will have a velocity speci-
fied eitherby � 	 
 � � or � � 
 � � , dependingon theparticular
valueof the input � at thetime thetrajectoryis at point � .
Propertiesof � � and � � arepresentedin the following lem-
mas. Sincetheir propertiesvary dependinguponwhether
they arein

s t
,
s u

, or in the neighborhoodof
2

, they are
classifiedinto threedistinctLemmas2.3–2.5.

Lemma 2.3 Let �M1���	 
 � � � 1����M� D
r

 � � � o . For . � � �0/ ,

let 1���	
� � 1���	 
 �

�
� . If � 	 U�� � , then

(i) (a) if 1��D s v �t , then 1� �	0	 U 1� 	 U 1� � 	 � , and (b) if1�;D s v�zt , then 1���	�	 ' 1� 	 ' 1���	 � ,
(ii) + 1�jD s vt , � 	 
 1��� � � 
 1��� U-) ,
(iii) + 1�jD s u � o , � 	 
 1�|� � � 
 1��� '*) ,

Lemma 2.4 If 1�;D s u , thenthefollowingholds�� � �
�

 1��
������ U*)]� . � � �\/ (17)

Lemma 2.5 Let �K� 
 2 � be the � neighborhoodof point
2

definedas �K� 
 2 � �98!� > � 
 � � 2 � U � : , with � 
 � � 2 � be-
ing a Euclideandistancemetric (see [9]) betweentwo
points � and

2
. For all � JD �K� 
 2 �]  �K� 
 3 � , there ex-

ist T � ' T 	 '-) such that� � 
 � � U T 	�¡ � � 
 � � ' T ��¢ . �¤£ D 8 � �0/x:�� and . J� £ %(18)

Thefollowing lemmais usefulin describingtheprop-
ertiesof thesystemtrajectoriesin

s�t
.

Lemma 2.6 Let ¥ 	 and ¥ � be two curvesin the ¦¨§M© co-
ordinatesystemdescribedby © 	 �«ª 	 
 § � and © � �«ª � 
 § � ,respectively. Let ¥ � ¥ 	�� ¥ � . If

(i) thefunctionsª 	 and ª � are twicedifferentiable, with
boundedderivativesªy¬	 , ª#¬ ¬	 , and ªy¬� , ª#¬ ¬� ; and

(ii) ª#¬	 
 § � ' ªy¬� 
 § � for all § such that ª 	 
 § � �­ª � 
 § � ,
then (A) ¥ is a set consisting of at most one point� 
5® � ª 	 
5®���� , and (B) + § ' ® , ª 	 
 § � ' ª � 
 § � and + § U ® ,ª 	 
 § � U ª � 
 § � .

We now establishthe main result that 6 is a globally
attractiveequilibriumpoint for almostall pointsin < .

Theorem 2.1 If � 
5��� is a switching sequencefunctionbe-
tween � 	 and � � , underassumptions(A1)-(A2), the solu-
tions 1�

�

5��� of (3)-(4) satisfythefollowing:

(i) if 1��
 ) �yD
l

, then 1��
����eD
l + �7¯ ) .

(ii) if 1��
 ) �yD <qp
l

, then 1�]
���� convergesto 6 as � ¡Z° .

Proof:

The proof of 
 . � is immediatesince + 1�±D
l

, we have

that H ��
 1� 	 ��� �H 1� 	 �²H ��
 1� � ��� �H 1� � , and it follows that %1� 	 � %1� � .
Hence,1�]
 ) �yD

l
impliesthat 1�C
����yD

l
for all �#¯ ) .

(ii) To prove 
 .�. � , we proceedin thefollowing threesteps.

Step1: Trajectoriesstartingin <qp l eitherconverge to 6 as� ¡Z° or enter
s t

(seefigure1) in afinite time ³ .

Step2:
s�t

is invariant.

Step3: Trajectoriesthatstartin
s�t

convergeto 6 .

For easeof exposition,Figure1 shows the natureof

r 	 ,r � , s t , and
s u

in < for 1��Dhg i � .
Proofof Step1: We proveStep1 by showing thatall trajec-
toriesthatstartin

s u
entertheset

s t p 8 �f� 
 2 �   �K� 
 3 � :in a finite time. Since � is arbitrary, this implies that Step
1 holds.Supposethatthetrajectoriesalwaysremainin

s u
.

Since � 	 and � � aredecreasingalongthe systemtrajecto-
ries,thereexistsa time instant� 	 suchthat � 	 
 1�]
5� 	 ��� U T 	 ,andhencefrom Lemma2.5, � � 
 1��
�� � ��� ' T � . If trajectories
alwaysremainin

s�u
, � � is decreasing,andhence,thereex-

ists a � � ' � 	 suchthat � � 
 1�]
5� � ��� U T 	 . But, this implies
that � 	 
 1��
5� � ��� ' T � . This is acontradiction,sincein

s u
, � 	

is decreasingaswell.

Proofof Step2: Let


 . � 1�]
�� � �yD s�t and 
 .�. � 1��
5� � �eD s�u at � � ' � � %(19)
FromLemma2.3
 .�. � and 
 .�.�. � , we have that

� 	 �M1��
�� � � � � � �!1�C
�� � � � U )
� 	 � 1��
�� � � � � � � 1�C
�� � � � ' ) %



Thisimpliesthat � � musthavechangedsignovertheinterval´ � � � � ��µ for some. D � �0/ . Hence,

� � 
 1�]
�� 	 ��� � ) for some � 	 D ´ � � � � �¶µ � (20)

and 1�]
����fD s u for �nD ´ � 	 � � ��µ . Let (20) be true for . � � .
From(16),(19),and(20) it follows thatthereexistsa T '­)
suchthat


 . � � 	 
 1��
5� 	 ��� � ) 
 .�. � � 	 
 1��
5� � ��� ' T % (21)

which in turn implies that � 	 increasesin
s u

. This con-
tradictsLemma2.4. Henceno � � ' � � exists such that1�]
�� � �yD s u , proving Step2.

Proofof Step3: We now show that trajectoriesstartingat
any point � D s�t

converge to 6 . Sincethe systembe-
havior is symmetricwith respectto

l
, weexamineonly the

trajectoriesthatstartin
s vt

, andshow thatthey convergeto2
.

FromLemma2.4,it followsthatif � 
���� is keptconstant
eitherat � 	 or at � � for all �·¯ ³ , thenthetrajectorieswill
convergeto apointeitherin

r 	 , or in

r � , respectively. We
definethe solutionof Eq. (6) for � � � 	 , an initial value1� � 
����¸D s vt , andfor all ¹ ¯º� as 1�]
 ¹ � 1� � 
5��� ��� 	 � andlimit
points � 	 
5��� and � � 
5��� as

� � 
���� � ^b_ba» cnd 1� � ¹ ¢ 1� � 
5��� ¢ �
� � � . � � �\/ (22)

and denote their individual componentsas � 	 
5��� �´ 1� 	0	 
5��� 1� � 	 
5��� µ½¼ , � � 
���� � ´ 1� 	 � 
���� 1� �0� 
5��� µ½¼ . Let the sets¾ 	 
���� and
¾ � 
5��� representthe sequenceof points in

s vt
alongwhich the trajectoryconvergesto � 	 
���� and � � 
5��� ,respectively, for � � � 	 and � � � � . Thatis,¾ � 
5��� � = � > � D s4vt � ^b_ba» cnd 1�]
 ¹ � � ���

�
� � �

�

���� BK�. � � �0/ % (23)

It is worth noting that 1� � 
���� monotonicallyapproaching
2

in
s v �t is equivalentto 1� 	�	 
���� increasingand 1� � 	 
���� decreas-

ing montonicallywith � � � 	 , aswell as 1� 	 � 
���� increasing
and 1� ��� 
���� decreasingmonotonicallywith � � � � . Weshow
thattrajectoriesstartingin

s v �t approach
2

by showing that1� 	
�

increasesand 1� �
�

decreasesfor . � � �0/ as � ¡¿° . In a
similar manner, it canbeshown thatall trajectoriesstarting
in
s v�zt

approach
2

. Due to thesymmetryof the problem,
it thenwould follow thatall trajectoriesstartingin

s Ot ap-
proach3 .

Convergenceof trajectoriesto
2

in
s vt

is established
by consideringthe two mutuallyexclusive andcollectively
exhaustive cases: (a) 1�ÀD s v �t and (b) 1�ºD s v�zt

. Us-
ing the definitionsof

s v �t and
s v�zt

, it follows that
s vt �s v �t   s v�zt  

r 	  
r � and

s v �t � s v�zt �ÂÁ , andthat
2

is a limit point for both
s v�Ãt

and
s v�Ät

.

Case(a) 1��D s v �t : In thiscase,it canbeshown that 1� � 	
and 1� �0� aredecreasingfunctionsof time. Let 1�]
5� � �eD s v �t .

Then,it follows that � 	 
5� � �ÅD
r 	 and � � 
5� � �ÆD

r � , and
that 1�]
�� � 1��
�� � � ��� � movesalong

¾ 	 
5� � � if � 
���� � � 	 + �y¯-� � ,andalong
¾ � 
�� � � if � 
5��� � � � + �K¯~� � . Fromthe defini-

tion of
{

in (12), it follows that the slopeof the tangents
to the curves

¾ 	 
5� � � and
¾ � 
5� � � at any 1� aregiven by

{ 	
and

{ � , respectively. Since
{ 	 and

{ � arebounded,it fol-
lowsthatthereexist functionsª 	 
 1� 	 � and ª � 
 1� 	 � whichcan
representthecurves

¾ 	 
5� � � and
¾ � 
5� � � in

s�t
,respectively,

wheretheslopesª#¬	 
 1� 	 � and ª#¬� 
 1� 	 � aregivenby
{ 	 and

{ � ,
respectively. Since� 	 U-� � , Lemma2.1
 3 � impliesthatª ¬� 
 1� 	 � U ª ¬	 
 1� 	 � + 1� 	 suchthat ª 	 
 1� 	 � �Çª � 
 1� 	 � (24)

Thatis, ª 	 and ª � satisfytheconditionsof Lemma2.6,and
hence 
 2 � and 
 3 � of Lemma2.6 hold. Supposethat at
time instant � � , 1��
�� � � � � � 
5® �ÉÈ �ÊD s v �t . From the defi-
nition of a switchingsequence,thereexists a time interval³ � � ´ � � � � 	 µ�ËYÌ � . Thus, on the interval ³ � the trajec-
tory movesalong

¾ � 
�� � � . Since 1�ÍD s v �t , from Lemma
2.3-
 . - Î � , we have that 1� 	 U 1���	 � . From Lemma2.1
 ¾ �we have that � � 
 % � is monotonicallyincreasingwith 1� 	 , and
thus we have that � � 
 1��� UY) . Therefore,for all �ED ³ � ,%1� 	 
���� � �G� � 
 1�|� H ��
 1� 	 ��� � �H 1� 	 'A) . Hence,on ³ � , 1� 	 ' ® .
FromLemma2.6
 3 � wehave thatª � 
 1� 	 
5����� U ª 	 
 1� 	 
������ + �#D ³ � % (25)

Let � switch from � � to � 	 at � � � 	 , and let 1�]
5� 	 � ��
Ï 
5® Ï �5È Ï � . From the propertyof the switchingsequence,
thereexists a � � ' � 	 suchthat ³�Ï � ´ � 	 � � ��µ¨ËÐÌ 	 . Pro-
ceedingasabove, we notethat from Lemma2.3-
 . - Î � and
Lemma2.1
 � � wehave that � 	 
 1��� '*)�+ 1��D s v �t . Hence,

1� 	 U ® Ï + �7D ³�Ï % (26)

Let ª Ï 
 1� 	 � denotethe curve
¾ 	 
5� 	 � which representsthe

trajectoryof 1�C
���� for �yD ³�Ï . Definea curve ª
Ñ 
 1� 	 � asªÒÑ 
 1� 	 � �­ª 	 
 1� 	 � � 
 ª 	 
É® Ï � � ª � 
5® Ï ��� (27)

From the definition of ® Ï and ª Ï 
 % � andeq.(27),we have
that ªÒÑ 
 1� 	 
�� 	 ��� �­ª � 
5® Ï � �­ª Ï 
É® Ï � % (28)

Also, from (25)and(28), it follows thatª Ï 
5® Ï � U ª 	 
5® Ï � % (29)

Since ª ¬Ï 
5® Ï � � { 
É® Ï � ª Ï 
É® Ï � ��� 	 �ª ¬	 
5® Ï � � { 
É® Ï � ª 	 
É® Ï � ��� 	 � (30)

it follows from Lemma2.1
5ÓÔ� and(29) thatª ¬	 
5® Ï � U ª ¬Ï 
5® Ï � % (31)



Differentiating (27) with respect to 1� 	 , we obtain thatª#¬Ñ 
 1� 	 � �Çªy¬	 
 1� 	 � . Eq. (31) impliesthatª ¬Ñ 
5® Ï � U ª ¬Ï 
5® Ï � % (32)

Eqs.(32) and(28) imply thatLemma2.6holds.Therefore,
usingLemma2.6and(26) it follows thatª Ï 
 1� 	 
������ U ª Ñ 
 1� 	 
5����� + �7D ³ Ï (33)

andhence ª Ï 
 1� 	 
������ U ª 	 
 1� 	 
5����� + �#D ³ Ï % (34)

Since� 	 
5� 	 � is thelimit pointof
¾ 	 
5� 	 � , and � 	 
�� � � is

alimit pointof
¾ 	 
�� � � it followsthatthat 1� � 	 
5� 	 � U 1� � 	 
�� � � .This relationholdsfor arbitrary � � , � 	 , and � � , andhenceit

follows that 1� � 	 is a decreasingfunction of time on ³ � . A
similar analysiscanbecarriedout to concludethat 1� ��� is a
decreasingfunctionof timeon ³ Ï .

Case(b): 1�jD s v�zt : Similar stepsandargumentsaspre-
sentedin case(a) canbeusedto concludethat in this case1� � 	 
���� and 1� ��� 
���� areincreasingfunctionsof time.

It is interestingto notethat, becausethe set
s vt

is in-
variantandbounded,1� 	0	 and 1� 	 � remainboundedin both
cases(a) and(b). Since

� � � a�_bÕ1  R� � 
 1� 	 � 1� � � + � D s v �t
� � � a;ÖM×1  �� � 
 1� 	 � 1� � � + � D s v�zt

it thenfollowsthatwhen � is aswitchingsequence,thesys-
temwill convergeto thepoint

2
startingfrom anywherein

theset
s vt

.

In summary, for any startingpoint in
s u

, the system
convergesin finite time to

s t
. Startingfrom any point ins�t

, the systemconvergesasymptoticallyto eitherpoint
2

or 3 . Thus,thetheoremis established.

Theorem2.1 shows that in <qp l , all trajectoriesof (4)
convergeto 6 . This wasestablishedby makinguseof the
propertiesof

r

 � � which enabledin turn to show that all

trajectoriesconvergeto
s t

andthattrajectoriesin
s t

con-
vergeto 6 .

At first glance,theproblemsolvedhereappearsdecep-
tively simple. Parameterconvergencein a nonlinearlypa-
rameterizedsystem(1) hasbeenestablishedfor very low
dimensionality, i.e.�9Dmg i � . It might then be questioned
asto why suchelaboratediscussionsandnumerouslemmas
andsublemmaswereneededto provethisseeminglysimple
result.Wesubmitthatthesediscussionsandpropertieswere
essentialfor proving themainresult.

The complexity mainly begins with the nonlinearde-
pendenceof � in � . Thefirst implicationof � is symmetry;
both

2
and 3 arestableequilibriumpointsof thesystemin

(8), and

l
representsa separatrix.As a result,a simpleap-

proachthatconsistsof aquadraticpositivedefinitefunction

 A

 B

 S
D

 S
D
h+

 S
D
h−

 S
E

 S
E

 M
1

 θ
1

 θ
2

 M
2

Figure 1: Phaseplot for a two-parametersystemwith sigmoidal
parameterizationusingtwo differentvaluesof Ø .

Ù
and showing that its derivative is sign-definiteis ruled

out. The nonlineardependenceof � on � alsoimplies the
existenceof manifoldswith which are associatedregions
with certaininvariantproperties.Whathasbeencarriedout
above is preciselythe characterizationof thesemanifolds,
given by

l
,

r 	 , and

r � , and invariant regionsgiven bys&t
.
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