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Primal and Dual (n, k)—problem

Suppose X1, Xz, ..., X, are topological spaces with o-algebras By, B, ...,

B, respectively.

Let P"X;1X~~~XX;k’ Pr; be the projection operator from X = X; x .-+ x X, to

the coordinate k—dimensional subspace Xj, x --- x X, .
Ik:{(il,ig,...,ik) | 1<ini<ih << n}.

For any multi-index | = (i1, ...ix) € Zy there is given a measure 1 on the

space Xj; X ... x X.

Py ={p| Prip = py forany I € I}

Also, assume ¢ : X — R U {400} is a cost function.
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Primal and Dual (n, k)—problem

Primal (n, k)—problem is a problem of minimization of the functional

P(r) :/Xc(xl,...,x,,) dm

over m € Py.

Definition

Dual (n, k)—problem is a problem of maximization of the functional

DAY = X [ Al %) du

1€Zy

over (integrable) functions {f; } such that >, fi(xi,...,x;) < c(x1,...,Xn).

V.

Alexander Zimin (HSE) (n, k)—Monge-Kantorovich problem 3/ 36



Duality

Theorem (Duality)

Suppose X; are compact metric spaces, ¢ > 0 is a continuous cost function.
Then the following equality holds:

min /[u] = sup Z/ﬁ(x,-l,x,-z,...x,-k) duy.
HEP, fiel(w) jez,

Here one takes supremum over functions f; such that
Z f/(XI'pXI'z? °oo 7Xik) < C(Xl) 000 7Xn)
I

for all (x1,...,xn) € X.
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Proof of duality

Duality theorem is proved in [G, Z, Kolesnikov, 2018] using the technique
from [Villani, 2003|. The proof uses the following theorem:

Theorem (Fenchel-Rockafellar duality)

Let E be a normed vector space and E* be the corresponding topologically
dual space. Consider convex functionals ®, V on E with values in RU{+o0}.
Let ®* , W* be their Legendre transforms. Assume that there exists a point
z € E satisfying ®(z) < 400, W(z) < 400 and ® is continuous at z. Then

inf(® + V) = max(—d*(—z") — V*(z"))
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Prove of duality

Assume E is a space of continuous functions on X. By the Riesz-Markov-

Kakutani representation theorem E* is the space of finite signed measures
on X.

o(u) {0 fuz—c oy {Z,ezkff, dy ifu=3,f,

400 else. 400 else.

inf(P(u) + V(u)) = — sup Z/f, duy

> hi<e |
After Legendre transformation one obtains:

if m> if
() = [cdm, ifm>0, W () = 0, if me Py,
+00, else. +00, else.

Therefore max(—®*(—z*) — W*(z*)) = —minzep, [ ¢ d.
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The following plan

@ Under which assumptions there exists at least one measure with given
projections?
@ Under which assumptions there exist dual solutions?

@ |s dual solution bounded? Is it continuous?
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Existence of a uniting measure

Definition

Uniting measures — measures in P,,.

Unlike classical Monge-Kantorovich problem the set of measures with needed
projections can be empty.

Proposition (Weak sufficient condition)

The set P, is non-empty (there exist uniting measures) if 1 = uj, x
Wi, I = (i, ..., ix) € Zx for some probability measures p1, . .. jt, on respec-
tive spaces Xi, ..., Xp.

v

Proposition (Weak necessary condition)

Suppose P,, is non-empty; then for any I, J € I there holds

Pring pr = Pring 1y
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Existence of a uniting measure

Weak necessary condition is not sufficient. Suppose X = Y = Z = {0,1}.
Define measureson X X Y, X x Zand Y x Z

X X3 X3
(0,1) (1,1) (0,1) (1,1) (0,1) (1,1)
0,0° 00 x (0,0° 1.0) x, 0.0° 1.0) x,
Hoxy Hxz Hyz

There is no uniting measure for py, fx; and g, but there exists uniting
signed measure.
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Notation for (3,2)—problem

Suppose X, Y, Z are some measurable spaces; assume iy, fixz, [y, are
finite measures on X x Y, Y x Z, X x Z. For the existence of a measure p

on X x Y x Z with projections [iy,, fixz, [ty the following equalities must
hold:

Prxﬂxy = Prxixz = pix,
PrY,Uny = PrYﬂyz = My,
Przixz = PrZNyz = Mz-

Also let vy, vy, v, be arbitrary finite measures on X, Y, Z.
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Existence of a uniting measure in (3,2)

We recall the existence of the uniting measure in case (i, = fix X [iy, fixz =
Hx X fbz, flyz = by X 7. For example, there fits the measure i, X 1, X 1.
The following theorem gives a generalization of this construction:

Theorem (Density condition)

Suppose X, Y, Z are spaces equipped with finite measures vy, v, v,. Sup-
pose that [ixy, [ixz, [ty> are absolutely continuous with respect to vy X vy, Uy X
Vz,Vy X U, respectively. Assume pyy, Pxz, Py. are the respective densities. If
for A < % there holds

L < Puys Pxzs Pyz < A,

then there exists a uniting measure for [ixy, [ix; and fiy,.
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Existence of a uniting measure in (3,2)

It's sufficient to prove the density condition theorem only for A\ = % Without
loss of generality vy, vy, v, are probability measures.

M = p1 (X X Y) = pse(X X Z) = (Y x 2),

Assume py, py, p, are the densities of fiy, 1y, 11, with respect to vy, vy, v;.
There holds 1 < px, py, p-, M < A.

For example, if M = A, the following equalities hold: p, = AV Xvy), pixz =
Mk X vz), by = Mvy x v;). The measure = A(vx X vy X 1) has
projections iy, fixz and fi,,. The same argument works for M = 1.
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Existence of a uniting measure in (3,2)

The following signed measure is uniting
4
W= bx X By X pz—
_%(Vxxﬂy X iz + fix X Vy X iz + fix X fly X Vz) +
+2(pixy X Vz + fixz X Vy + fyz X Ux) —
- %(Mxy X fiz + fxz X fly + Hyz X fix)

since

4 2
PrXYM:MﬂxX,uy_zl/xXMy_zﬂxxyy_MMxxﬂy‘i‘

2
+ 2/’ny + 2NxVy + 2quy — Hxy — M,U/X X fy = Hxy-
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Existence of a uniting measure in (3,2)

Check the non-negativity of this measure. To this end, check

2
Ve aibic — M(albl + a1+ bia) +2(a2 + b + @2)—

1
- M(3132 + biby + c1c2) >0

for 1 < a1, by, c1, a2, b, 0, M < % This expression is greater than ¢(M) >
0 for all a1, by, c1, a2, b2, 2, and M € (1,3).

Proposition

In the assumptions of the density condition there exists a uniting measure
o absolutely continuous with respect to vy x vy, X v; the density of this
measure is bounded and separated from zero.
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Existence of a uniting measure

For A < 2 there exists a (not necessary absolutely continuous) uniting mea-

sure .

For A > 2 this theorem fails.
Most of the results can be generalized to (n, k)—problem.

Suppose {p | | € Iy} satisfy the weak necessary conditions. Then there
exists a signed measure . such that

Prip = py, I € .

There exists an analogue of density condition in (n, k)—problem for some
An.k-
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(3,2)—function

A function F : X X Y x Z — R is called a (3,2)—function if there exist
functions £y, fiz, f,> such that

F(va’ Z) = fX}/(va) —+ fXZ(Xﬂz) —+ fyZ(Y7Z)

for any (x,y,z) e X x Y x Z.

Proposition

F is a (3,2)—function iff for any xo,x1 € X, yo,y1 € Y, 20,21 € Z there
holds

F(x0, Y0, 20) + F(x1,y1, 20) + F(x1, y0,21) + F(x0, 1, 21) =
= F(x1,y1,21) + F(x1, y0, 20) + F(x0, ¥1, 20) + F(x0, Y0, 21)

v
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(3,2)—function

For any (3,2)—function F the sum of the values in the red points equals the
sum of the values in the blue points.
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—function

One can construct f,y, fiz, f,, using (3,2)—function F.

Suppose F is a (3,2)—function, (xo, o, 20) is an arbitrary point of X x Y x Z.

1 1 1

ﬁ(y(Xay) = F(X,y,ZO) - EF(X7y0720) - EF(XanaZO) + gF(XanOaZO)a
1 1 1

fXZ(sz) = F(X7y07z) - EF(X7y07ZO) - EF(X()vyOaz) + gF(Xo,yo,Zo),
1 1 1

6/2(}/72) — F(X07y7 Z) - §F(X0a)’072) - §F(X07y7 ZO) + gF(X()v_yO:ZO)'

Then F(x,y,z) = fy(x,y) + fz(x, 2) + 2 (y, 2).

Definition
The functions f.y, fi,, f,, from the proposition above are called frame func-
tions of (3,2)—function F at the point (xo, yo, 20).

v
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(3,2)—function

Suppose F = f, + frz + f,; and fry € LY(pixy), frz € L2(iixz), fyz € L1(payz)-
Then F € LY(u) for any uniting measure .

But it's not true, that if F is a (3,2)—function and F € L*(u) for a uniting
measure (1, then there exist fy, € L (i1xy), fxz € LY (pixz), fyz € L1(pyz) such
that F = fxy + f;<z + f;/z-

4

Definition
Measures p and v are called uniformly equivalent if L(y) = L1(v) <

du = r dv for some bounded and separated from zero density function r.

A measure 1 on the space X X Y x Z is called almost product if there exist

measures vy, vy, v, such that 4 is uniformly equivalent to vy X v, X ;.

It's easy to prove that it's sufficient to take Prx i, Pryp, Przj as vy, vy, v;.
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(3,2)—function

Denote by F a (3,2)—function on the space X X Y x Z, u is a finite
uniting measure on X X Y x Z; suppose that p is almost product. Suppose
F € LY(p); then for almost all (xo, yo,20) € X x Y x Z the frame functions
fxys fxz, fyz are integrable with respect to fixy, fixz, [Lyz-

Corollary

Assume i and v are measures on the space X x Y X Z such that there holds
Prxyp = Prxyv, Prxzp = Prxzv, Pryzp = Pryzv.

Suppose i is almost product; F € L*(u) is a (3,2)—function. Then F &

L*(v) and
/F du:/l—_ dv

Alexander Zimin (HSE) (n, k)—Monge-Kantorovich problem 20 / 36




Existence of a solution of the dual (3,2)—problem

Definition (Dual (3,2)—problem)

Suppose iy, fixz; [byz are the measures on X x Y, X x Z, Y X Z; cis a cost
function on X x Y x Z. Dual (3,2)—problem is a problem of maximization

/fxy d/lxy‘{'/fxz dﬂxz"‘/f;/z d,Ufyz

over (integrable) functions £, f.,, f,; such that f,(x,y) + fiz(x,2z) +
f;/z(y,Z) S C(X,y,Z).

v

Definition (Dual (3,2)—problem)

Suppose (1 is a measure on X x Y x Z with the projections fiyy, fixz, fyz; C iS
a cost function. Dual (3,2)—problem is a problem of maximization [ F du
over (integrable) (3,2)—functions F such that F < c.

This definitions are equivalent if y is almost product.
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Existence of a solution of the dual (3,2)—problem

Theorem

Assume 1 is a probability measure on X x Y X Z and c is a cost function
such that c(x,y,z) < ¢ (x,y) + cz(x,2) + ¢,2(y, z) for some (integrable)
Cxy > Cxz, Cyz < +00. Suppose pu is almost product. Assume that c is greater
than some (3,2)—function. Then there exist integrable with respect to jiyy,
Uxz and py, functions —oo < £y, fiz, f,, < 400 such that Fy = f, + f, +
fz < ¢, and supp<. [ F dp= [ Fo dp.

o

The same conditions for (n, 1)—problem were used in [Kellerer 1984] \
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Existence of a solution of the dual (3,2)—problem

Without loss of generality we can assume that ¢ < 0.

Theorem (Komlosh)

Let (X, A,u) be a finite measure space. Suppose {f,} C L'(u) and
sup, ||fall(1(u) < 00. Then there exists a subsequence {g,} C {fn} and
a function g € L*(u1) such that for any subsequence {h,} C {gn} arith-
metic means of the first n partial sums (hy + --- + h,)/n tend to g almost
everywhere.

v

By this theorem, there exists a sequence of (3,2)—functions {F,} C L1(u)

and F € [Y(u) such that F, < c, limp—oo [ Fn dp = sup,:Sch du and
F, tend to F almost everywhere.
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Existence of a solution of the dual (3,2)—problem

All the functions F,, are bounded from above. Therefore, it follows from
reverse Fatou's lemma, that [ F dp > lim, o [ Fp dp = supp<. [ F dp.

Definition

A point (x,y,z) € X X Y x Z is called regular if lim,_, 1 Fn(x,y,z) =
F(x,y,z) # oo.

For F and (xo, yo,20) € X x Y x Z we define £, ., f,, as follows:

F(X yaZO) 1F(X yOaZO) 1F(X0aya20)+ %F(X()vyOazO)
fo(x,¥) = qif (x, ¥, 20), (X, y0, 20), (X0, ¥, 20), (X0, Y0, 20) are regular,
—o0 otherwise.

fyz, fxz are constructed in the same way.
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Existence of a solution of the dual (3,2)—problem

Lemma

For almost all points (xo, yo, 2z0) € X x Y x Z the functions f.y, fy,, f,, from
the previous slide are so that

o fu, fz, f,. are integrable with respect to fiyy, [ixz, [lyz,
° &y‘i‘fxz‘i‘fyzg F,

o f + fiz + f,, = F almost everywhere.

This lemma is proved by Fubini's theorem.
Then the functions £, f.., f,, are the solution of the dual problem. Q.E.D.

The same technique works for (n, k).
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Nonexistence of a dual solution

Aim: construct a measure p and a bounded cost function ¢ such that
there exists no «maximal» (3,2)—function for the related dual problem. So,
measure 1 will not be almost product.

Suppose X = Y = Z = N are discrete measurable spaces. Assume
pn = 2. Denote by A, the set {(n+ 1,n,n),(n,n+ 1,n),(n,n,n+
1),(n,n+1,n+1),(n+1,nn+1),(n+1,n+1,n)} for any n € N. Denote

by i the following measure on X x Y x Z:

pn if (X,y,z)EA,,,
M(Xa Y, Z) = .
0 otherwise.

Denote by iy, fixz, tby- the projections of p. Suppose

c(x,y,z) =

1 if(x,y,z) €e{(n+1,nn),(n,n+1,n),(n,n,n+1)}
0 otherwise.

is a cost function.
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Nonexistence of a dual solution

Support of p is the set of col-
ored points. The cost func-
tion equals 1 on the blue
points and 0 elsewhere.
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Nonexistence of a dual solution
There exists a unique uniting measure [i for iy, lixz, [byz. l

Let v be a measure with projections iy, ftxz, tty-. Then v is supported on
{(x,y,z) | max(|x — y|, |x — z|, |y — z|) < 1}. Assume a, = v(n, n,n). It's

easy to prove that

n
y(n—l—l,n,n):z/(n,n—l—l,n):V(n,n,n—i—l):pn—Zan
i=1

n
Z/(n,n+1,n+1):u(n—l—l,n,n—l—l):V(n+1,n+1,n):pn+Zan
i=1

pn tend to 0. Therefore, if a, > 0 for some k, then there exists n € N such

that
v(n+1,n,n) <O0.
28 / 36
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Nonexistence of a dual solution

In particular p is the primal solution of the related (3,2)—problem. Suppose
F is the dual problem solution. It follows from the complementary slackness
conditions that:

F(n+1,n,n)=F(n,n+1,n)=F(n,n,n+1)=1,
F(n,n+1,n+1)=F(n+1,nn+1)=F(n+1,n+1,n)=0.

It follows from the property of (3,2)—function that F(n+1,n+1,n+1)—
F(n,n,n) = —3. Since F(1,1,1) <0, we obtain F(n,n,n) <3 — 3n.
If F = fy + fz + f,; then there folds

+o0o
/’ny‘ dﬂxy+/|fxz| dﬂxz+/|fyz| dpy, > Z(3n—3)pn = 400
n=1
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Boundedness of a dual solution

In the classical Monge-Kantorovich problem if the cost function is bounded
then there exists a bounded dual solution.

Assume X =Y = Z =N, puy, juy, pz are probability measures on X, Y, Z.
Suppose iy = fix X [ly, fxz = [ix X bz, fyz = [y X [1z; C IS a cost function
such that 0 < ¢ < 1. Denote by F a dual solution of (3,2)—problem with
projections fixy, pixz, fyz and the cost function c. Then —12 < F almost
everywhere.

In the (3,2)—problem for compact metric spaces X, Y, Z, bounded ¢ and
almost product . primal solution is bounded.
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Boundedness of a dual solution

Assume 1 = pux X 1, X 1> and opt is the primal solution.
Complementary slackness:

opt(x,y,z) =0 uwwm F(x,y,z) = c(x,y, z).

For arbitrary probability measure v there holds [ F dv < 1. If the support
of v is a subset of the support of opt then [ F dv = [ ¢ dv > 0.

v

Lemma

For every zy such that p,(zy) > 0 there holds

/ Flxy, 20) d“XXMyZ—l-i-/ F dpu.
— XXYXZ
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Boundedness of a dual solution

Consider signed po:

MO(Xay7Z) =

S Y ——

- M-
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Boundedness of a dual solution

Consider signed po:

MO(Xay7Z) =

= qu(lzo)opt(x,% )02 (2)

A e E--

5 e
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Boundedness of a dual solution

Easy to check that

Prxxypo = pix X ply,
Prx s zpo = pix X 0z,
Pry«zio = Hy X 520’

So projections of pg coincide with those of fi, X 1y, X d.
Then

/F(X’Y’ZO) dﬂxxﬂy—/F(X,y,Z)du020—1+/F dp.
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Boundedness of a dual solution

Let u(xo, Y0,20) > 0. Then there exist x1, y1, z1 such that
Opt(Xb}/O»ZO) > 07 Opt(X07y1>ZO) > Oa Opt(x()vyOle) > 0.
Consider
H1 = Ox; X Oyg X Oz + Oxg X Oyy X g5 + Oxg X 0y X 07—
= (Oyo X 0z + Oyy X 0z0) X pix — (0xg X Oz + Oxg X 0z5) X pry—
— (Oxp X Oyy + 0xy X Oyg) X iz + (Oxp + 0y ) X pty X piz+
+(5y0+5y1) X ><Nz"’((sZo"i_(le) X fix X by — 2fx X fy X fiz

Projections of 111 coincide with those of 0, X d,, X . That means

F(X07y0720):/l‘: du 2—12+4/[: d.

There exists a bounded dual solution. l
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Discontinuous dual solution

Theorem

Assume X = Y = Z = [0,1]; iy, fixz; fiy- are Lebesgue measures on [0, 1]2.
Suppose ¢ = max(0, x+y+3z—3) is a cost function. Then any dual solution
of the related dual problem equals

0 if z< 2,
x+y+3z-3 ifz>%

F(X7y?z):{

almost everywhere. In particular, there is no continuous solution for this
problem.

V.
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Discontinuous dual solution

Figure: An optimal measure for the cost function max(0,x + y + 3z — 3)
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