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Abstract
Modern computer architectures, particularly multicore sys-
tems, include shared hardware resources such as caches and
interconnects that introduce timing-interference channels.
Unmanaged access to such resources can adversely affect
the execution time of other tasks, and lead to unpredictable
execution times and associated analysis pessimism that can
entirely negate the benefits of a multicore processor. To mit-
igate such effects, accesses to shared hardware resources
should be managed, for example, by a real-time locking pro-
tocol. However, accesses to some hardware resources can be
managed with more relaxed sharing constraints than mutual
exclusion while still mitigating timing-interference channels.
This paper presents two new classes of sharing constraints,
preemptive mutual exclusion, and half-protected sharing,
which are motivated by the sharing constraints of buses and
caches, respectively. Synchronization algorithms are pre-
sented for both sharing constraints, where applicable, on
both uni- and multi-processor systems. A fundamentally new
analysis technique called idleness analysis is presented to
account for the effects of blocking in globally scheduled mul-
tiprocessor systems. Experimental results suggest that these
relaxed synchronization requirements and improved analy-
sis techniques can improve schedulability by up to 250%.
Furthermore, idleness analysis can be applied to existing
locking protocols to improve schedulability in many cases.

1 Introduction
Through much of the history of real-time systems, processors
could be modeled as a single schedulable entity. However, as
hardware platforms have become increasingly complex with
multicore-processor (MCP) architectures that include numer-
ous shared hardware resources, this simple abstraction of a
processor is no longer sufficient—it does not model lower-
level hardware interactions. Interactions through shared hard-
ware can cause timing interference that is unpredictable or
difficult to tightly analyze. In safety-critical domains, such
interference can lead to analysis pessimism so great that it
negates any benefits of the more complex architectures. No-
tably, the current best practice in safety-critical domains such
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as avionics is to turn off all but one core in a MCP. To address
this issue, the U.S. Federal Aviation Administration (FAA)
recently released a position paper (CAST-32) [10] on MCPs
that identifies sources of shared-hardware interference, and
suggests that the effects of such interference are identified,
analyzed, and certifiably mitigated.

Several approaches have been presented for mitigating
the effects of such interference, including static partitioning
of resources (e.g., caches) [9, 16, 24], time-division multiple
access (e.g., buses) [18, 19], and locking protocols (e.g., I/O
devices) [11, 21]. The efficacy of any of these approaches is
ultimately measured in the resource utilization they enable.
In the context of hard-real-time systems, higher resource
utilization should enable greater schedulability, i.e., task
systems should have a better chance of provably satisfying
all timing constraints.

In this paper, we argue that shared hardware resources
such as caches and buses can be modeled as shared resources
that can be managed using a synchronization algorithm with
more relaxed sharing constraints than those previously men-
tioned, which can in turn lead to improved resource utiliza-
tion and schedulability. Sharing constraints formalize the
requirements of how resources can be safely shared. For ex-
ample, memory objects require that accesses are serialized;
once a critical section begins, it requires exclusive access to
that memory objective until it completes, at which point the
next critical section may commence. This is an example of a
non-preemptive mutual exclusion sharing constraint, and is
realized by ordinary mutex locking protocols. Reader/writer
sharing is an example well-studied relaxed sharing constraint
that can lead to improved performance and schedulability.

A locking protocol causes priority inversion blocking (pi-
blocking) when a lower-priority task executes while a higher-
priority task waits. Such blocking is detrimental to schedula-
bility analysis. In contrast to memory objects, some hardware
resources inherently have weaker sharing constraints, which
can in turn reduce the adverse effects of blocking and yield
better resource utilization. For example, we define the pre-
emptive mutual exclusion sharing constraint, for resources
for which accesses can be paused and later resumed, i.e., pre-
empted. We call such resources preemptive resources. Some
buses can be modeled as preemptive resources. Time divi-
sion multiple access (TDMA) is an example technique for
managing a resource with a preemptive sharing constraint.

Further relaxed sharing constraints can be formalized for



other classes of resources, such as caches. Timing analysis
tools such as AbsInt’s aiT Timing Analyzer for ARM [12]
can effectively classify cache blocks as either useful if they
will be reused, or evicting if they will not be [1, 14]. This
motivates a fundamentally new sharing constraint, which we
call half-protected sharing. In the context of the caches, a
useful cache block should be protected during execution to
prevent it from being evicted, while evicting cache blocks
should be unprotected, and can be preempted at any time
without consequence. Half-protected sharing has parallels
with reader/writer sharing, but is a weaker sharing constraint.
Contributions. In this work, we formalize two new shar-
ing constraints: preemptive mutual exclusion (Sec. 3), and
half-protected sharing (Sec. 4). We explore upon what plat-
forms such constraints are useful. We present algorithms
to realize these sharing constraints on preemptively sched-
uled uniprocessor and globally scheduled multiprocessor
platforms, where applicable.

We also present relevant schedulability analysis for the
aforementioned multiprocessor algorithms. This analysis is
based on a fundamentally new analysis framework called
idleness analysis for incorporating the effects of blocking
into global schedulability tests. Idleness analysis bounds the
maximum amount of idleness induced by synchronization,
and is incorporated into a schedulability test by treating such
idleness as demand. Idleness analysis is used in place of
blocking analysis, which can be more pessimistic.

We conducted schedulability studies (Sec. 5) to demon-
strate the schedulability benefits associated with our theo-
retical contributions. These studies show up to a 250% im-
provement in schedulability over previous real-time locking
protocols that were proven optimal under common analysis
assumption. Furthermore, our analysis framework can be
applied to analyze those same protocols and in some cases
yield improved schedulability.
Related work. Synchronization algorithms for non-
preemptive mutual exclusion in real-time systems have been
extensively studied, so we focus our discussion of such work
to that which is most relevant. On uniprocessor systems, the
priority ceiling protocol (PCP) [17] and stack resource pol-
icy (SRP) [2] support lock nesting and bound blocking to one
outermost critical section. These algorithms have been ex-
tended to multiprocessors, in the MPCP [17] and MSRP [13],
respectively. More recently, a number of multiprocessor
protocols have been presented, including the FMLP [5],
FMLP+ [6], and the OMLP [8], and have been proven op-
timal under different analysis assumptions described later.
Ward and Anderson [20] presented the real-time nested lock-
ing protocol (RNLP), which is configurable to be optimal
under most platform configurations, and different analysis
assumptions while supporting nested locking. In this work,
we develop protocols and analysis for resources with weaker
sharing constraints. Note that the aforementioned protocols
could be safely used to control resources with weaker shar-
ing constraints at the expense of decreased schedulability, as

shown in Sec. 5.
A number of novel approaches have been presented to

more explicitly control access to hardware resources to miti-
gate the adverse affects of shared-hardware-based interfer-
ence. For example, locking protocols have been used to arbi-
trate access to GPUs [11], as well as shared caches [21].
Others have studied partitioning-based approaches to re-
duce or eliminate sharing of hardware resources such as
caches [9, 16] or memory banks [24]. Arbitration policies
such as time division multiple access (TDMA) have also been
used to predictably control memory bus accesses [18, 19].
TDMA exploits the preemptive sharing constraint of the bus
to enable more fair and predictable behavior. Other work
considers asynchronously scheduling both processing and
shared hardware resources, such as scratchpad memory [22],
or DRAM [23]. In contrast, this paper presents algorithms
and analysis for synchronously scheduling both CPU and
hardware resources, i.e., a task accessing a hardware resource
must also be scheduled on the processor. The implementa-
tion of the presented algorithms, and application to managing
specific hardware resources is a significant implementation
effort that is outside the scope of this paper, and deferred to
future work.

2 Background
We consider a sporadic task system Γ composed of n tasks
Γ = {τ1, . . . , τn}, on m globally scheduled identical pro-
cessors. Each task τi is composed of a potentially infinite
sequence of jobs τi,1, τi,2, . . ., which are repeatedly released.
Each task τi = (ei, di, pi) is specified by a worst-case execu-
tion requirement ei, minimum inter-arrival time (i.e., period),
and a relative deadline di. We assume constrained deadlines,
i.e., di ≤ pi. Jobs are prioritized by the earliest-deadline first
(EDF) scheduling policy. τi,j is released at time ri,j , and
must execute for at most ei, before its deadline at ri,j + di.
We denote the time τi,j completes, or finishes its execution,
as fi,j . τi,j+1 is released at or after ri,j + pi. The proces-
sor utilization of τi is uPi = ei/pi, and the total processor
utilization is UP =

∑n
i=1 u

P
i . Also, let e∑ be the largest

m− 1 execution times, and eall =
∑
τi∈Γ ei.

The n tasks share nr non-processor shared resources,
`1, . . . , `nr

. In subsequent sections, we consider different
sharing constraints for these resources. A job safely access-
ing a resource given the assumed sharing constraints is said
to be in a critical section. We assume that jobs occupy a
processor while executing critical sections. For simplicity,
critical sections are assumed to be non-nested, i.e., only one
resource may be accessed at a time. In Sec. 4, we briefly
discuss how our analysis could be extended to nested re-
quests. A job is composed of alternating critical sections and
non-critical sections in which only a processor is used. A job
of τi that requires access to `q must issue a resource request
to a locking protocol before it can execute its critical section.
A request may be blocked, or forced to wait, by the locking
protocol to ensure that the sharing constraint is not violated.



0 5 10

⌧1
⌧2
⌧3

CPU 0

CPU 1 S-oblivious Pi-Blocking

S-aware Pi-Blocking
Critical Section

Figure 1: Illustration adapted from [8] of the difference between
s-oblivious and s-aware analysis. Note that a job that is s-oblivious
pi-blocked is also s-aware pi-blocked.

The total length of all critical sections for `q by a job of task
τi is given by Li,q. We make no other assumptions about
the frequency or duration of critical sections within each job.
Critical-section execution time is incorporated in ei. A task
τi’s per-resource utilization of `q is defined as u`qi = Li,q/pi,
and total resource utilization is given by uRi =

∑nr

q=1 u
`q
i .

The total resource utilization of all tasks is UR =
∑
τi∈Γ u

R
i .

Also, let L∑ denote the sum of the m−1 largest
∑nr

q=1 Li,q ,
and Lall =

∑
τi∈Γ

∑nr

q=1 Li,q .

Def. 1. Job τl,j is pending at time t if rl,j ≤ t ≤ fl,j .
Def. 2. Job τl,j is ready at time t if it is pending, and it is
not blocked waiting for a shared resource.

Def. 3. Job τl,j is CPU-preempted at time t if it is ready, but
it does not execute at t.

The relaxed sharing constraints we consider sometimes
allow a job executing a critical section to be preempted
with respect to the resource it is accessing, thereby allowing
a higher-priority task to access the shared resource. Such
a preemption is both a CPU preemption, as the job must
suspend execution, as well as a resource preemption.

Blocking analysis. Brandenburg and Anderson [8] formal-
ized two classes of techniques to incorporate the effects of
priority-inversion blocking (pi-blocking) into schedulabil-
ity analysis: suspension-oblivious (s-oblivious) analysis, in
which suspensions due to pi-blocking is modeled as compu-
tation, and suspension-aware (s-aware) analysis, in which
such suspensions due to pi-blocking are incorporated di-
rectly into schedulability analysis. These two techniques rely
upon different definitions of pi-blocking, which are visually
compared in Fig. 1.

Def. 4. Under s-aware schedulability analysis, a job τi in-
curs s-aware pi-blocking at time t if τi is pending but not
scheduled and fewer than m higher-priority jobs are ready.

Def. 5. Under s-oblivious schedulability analysis, a job τi
incurs s-oblivious pi-blocking at time t if τi is pending but
not scheduled and fewer than m higher-priority jobs are
pending.

Pi-blocking can occur in one of two scenarios. First, a job
that has issued a request and is blocked waiting to acquire
a resource, is said to experience request blocking. Second,
many locking protocols employ a progress mechanism such
as priority inheritance or priority boosting, to ensure that a
resource-holding job is scheduled. This gives rise to progress-
mechanism-related pi-blocking, as a lower-priority job can
execute while a higher-priority job is forced to wait, even if
it has not issued a resource request. This second source of
blocking can introduce a great deal of analysis pessimism, as
it affects all tasks, regardless of whether they access shared
resources or not.

3 Preemptive Resources
Locking protocols are often used to arbitrate access to non-
processor shared resources such as memory objects. Such
protocols guarantee that each critical section executes en-
tirely with exclusive access to the locked resource before any
other access is allowed. We call such a sharing constraint
non-preemptive mutual exclusion. In this section, we con-
sider a weaker sharing constraint called preemptive mutual
exclusion, which is applicable to preemptive resources.

3.1 Problem description

A preemptive resource is one for which at most one task
can access the resource at any time t, but accesses to that
resource may be preempted, or paused and later resumed.
Preemptive resources differ from non-preemptive ones in
that non-preemptive mutex resources require that no other
job accesses the resource between the start and end of each
critical section. Preemptive resources are motivated by bus
scheduling, in which multiple tasks may need to transmit
data on a bus such as the memory bus, PCIe bus, or a network
link. Such transmissions can be “paused” to allow higher-
priority transmissions to access the bus. We note that there
may be systems-level considerations associated with pausing
a transmission, just as there are systems-level considerations
associated with scheduling real-time tasks on any physical
processor. In this work we build a formal foundation for
preemptive non-processor resources, and defer systems-level
considerations to future work.

Preemptive resources on uniprocessors. On a uniproces-
sor platform, optimally synchronizing access to preemptive
resources is trivial—the currently executing task implicitly
has exclusive access to all preemptive resources. If a task ex-
ecuting a preemptive critical section is processor preempted,
it is implicitly preempted from all preemptive resources.
Therefore, preemptive resources on uniprocessors can be
supported with zero pi-blocking (s-oblivious or s-aware), as
they are trivially supported by existing uniprocessor schedul-
ing algorithms.

Preemptive resources on multiprocessors. In contrast to
the uniprocessor case, preemptive resources must be explic-
itly synchronized on multiprocessor platforms. If tasks exe-
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Figure 2: Comparison of non-preemptive and preemptive schedul-
ing of a shared resource. Induced idleness (Def. 8) occurs when a
processor is idle and there are at least m pending jobs.

cuting concurrently on different processors both need access
to the same preemptive resource, only one can execute at
a time; the other task(s) must wait. We demonstrate this
behavior in the following example.

Ex. 1. Consider three EDF-scheduled tasks on two proces-
sors and one EDF-prioritized preemptive resource, `p, as
shown in Fig. 2a. At time t = 1, τ3 is released, and at time
t = 2, it acquires `p. At time t = 2, τ2 is released. At time
t = 3, τ2 acquires `p, thereby preempting τ3 from both the
processor as well as `p. Also at time t = 3, τ1 is released.
At time t = 4, τ1 preempts τ2 w.r.t. `p. Note that during the
interval [4, 5), `p induces idleness on CPU 1, as there are
two suspended tasks waiting to access `p. At time t = 5,
τ1 completes its preemptive critical section, and τ2 resumes
its access of `p. At time t = 6, τ2 completes its preemptive
critical section, but τ3 does not resume its preemptive critical
section until time t = 8, when τ1 completes, relinquishing
CPU 0 to τ3.

Access to preemptive resources can be arbitrated by a non-
preemptive mutex locking protocol, as the sharing constraint
of a preemptive resource is weaker than a non-preemptive
mutex. However, preemptive sharing can reduce blocking,
and therefore improve schedulability. This is demonstrated in
Fig. 2b, where the same task set shown in Fig. 2a is scheduled
using a non-preemptive locking protocol,1 and τ1 misses a
deadline on account of excessive blocking.

1This schedule would result from using either the FMLP+ [6] or the
global OMLP [8], which are optimal under s-aware and s-oblivious analysis,
respectively.

3.2 Schedulability analysis.

We next provide schedulability analysis for scheduling with
EDF-prioritized preemptive resources. This analysis is based
on a novel technique called idleness analysis for account-
ing for the effects of blocking in schedulability analysis. In
contrast to either s-oblivious or s-aware blocking analysis
described in Sec. 2, in this work, we take a different approach
entirely—we apply idleness analysis in place of blocking
analysis. Instead of determining the worst-case per-request
pi-blocking, we instead determine the maximum amount of
induced idleness that can occur in an interval on account
of synchronization. We then analytically treat idleness as
demand, similar to s-oblivious analysis.

Our analysis builds upon the previous G-EDF schedula-
bility analysis of Baruah [3] and Liu and Anderson’s [15]
extension to self-suspending tasks. Due to space constraints,
proofs easily derived from those works are omitted. We begin
with several definitions.

Def. 6. A processor is busy if it is executing a job, and idle
if it is not. A time instant t is said to be busy if all processors
are busy, and idle if at least one processor is idle.

Def. 7. An idle instant t is truly idle if there are at most
m− 1 pending tasks, and effectively busy if there are m or
more pending tasks.

Def. 8. Idleness that occurs in an effectively busy instant
is said to be induced by blocking. We call such idleness
induced idleness.

In Ex. 1, the system is busy at time t = 7, as both pro-
cessors are in use, and idle at time t = 4.5 and t = 10. At
time t = 4.5, all three tasks are pending, but there is idle-
ness induced by blocking, so t = 4.5 is effectively busy. By
comparison, at time t = 10, τ3 is the only ready job, and
therefore t = 10 is truly idle.

Next, we derive sufficient conditions that ensure that each
task cannot miss any deadlines. Suppose that τl,j is the first
job of τl to miss a deadline, td = dl,j . Let ta = rl,j denote
the arrival time of τl,j . τl,j necessarily misses its deadline if
it executes for strictly less than el time units over the interval
[ta, td). Job τl,j may be prevented from executing if it is
preempted or blocked by higher-priority work. Therefore,
we disregard all jobs with deadlines later than td, as they do
not affect the scheduling of τl,j . (Note that with alternative
critical-section prioritizations, discarding lower-priority jobs
is not safe, as will be considered in Sec. 4.) Consequently,
any blocking of τl,j is induced idleness.

Def. 9. Let to denote the last truly idle time instant before
ta. Let [to, td) be the analysis interval, and let Al = ta − to.

Over the interval [to, ta), τl,j is not pending, and therefore
cannot execute. By construction, the entire interval [to, ta)
is effectively busy.

Def. 10. Let Θ denote a collection of (possibly non-
contiguous) intervals contained within [ta, td), in which τl,j
does not execute, such that the total length of Θ is dl − el.
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Figure 3: Depiction of the overall proof framework.

By Def. 10, the total length of the intervals in [to, ta)∪Θ is
Al+dl−el. At any time instant t ∈ [to, ta)∪Θ, all processors
are effectively busy, i.e., either executing work, or idle on
account of blocking. Let W (τi) denote the higher-priority
work contributed by τi to the interval [to, ta) ∪Θ. Similarly,
let Iq(τl) denote the total amount of idleness induced in
[to, ta) ∪Θ by resource `q. When quantifying idleness, we
sum across all processors, i.e., if idleness is induced on two
processors during [0, 1], this is two units of idleness, not
one. At any time instant t ∈ [to, ta) ∪Θ, the m processors
can either be busy executing demand or idle on account of
induced idleness. Thus, in order for τl,j to miss a deadline,
it is necessary that the total amount of work and induced
idleness in the interval [to, ta) ∪Θ satisfies

nr∑
q=1

Iq(τl) +
∑
τi∈Γ

W (τi) > m(Al + dl − el). (1)

To ensure that no task will ever miss a deadline, Condi-
tion (1) must not hold for any τl or value of Al. The general
proof framework codified by Condition (1) is depicted in
Fig. 3. We next derive a corresponding schedulability test.
Specifically, we review previous work that considers the
work from higher-priority jobs, W (τi) in Sec. 3.3, and then
present new analysis for induced idleness Iq(τl) in Sec. 3.4.

3.3 Demand

This subsection is largely a review of previous results, and
therefore proofs are omitted. Similar to previous work (e.g.,
[3]), there are two types of tasks to consider, those with
carry-in work, i.e., demand that had been released before to,
and those without carry-in work. First, we review the classic
demand-bound function [4].

Lemma 1. The maximum cumulative execution require-
ment by jobs of a sporadic task τi that both arrive in, and
have deadlines within any interval of length t is given by the
demand-bound function

DBF (τi , t) = max

(
0 ,

(⌊
t − di
pi

⌋
+ 1

)
ei

)
(2)

We denote the workload contributed by τi over the inter-
val [to, ta) ∪Θ assuming no carry-in job as Wnc(τi). Using
the demand-bound function, we can derive the following
bound on the work contributed by τi over [to, ta) ∪Θ.

Lemma 2.

Wnc(τi) =

{
min(DBF (τi ,Al + dl),Al + dl − el) i 6= l
min(DBF (τi ,Al + dl)− el ,Al) i = l

(3)
For tasks with carry-in jobs, the demand-bound function

is modified, to account for carry-in demand.

DBF ′(τi , t) =

⌊
t

pi

⌋
ei + min(ei , t mod pi) (4)

Using (4), we can derive the workloadWc(τi) contributed
to the interval [to, ta) ∪Θ by a carry-in task τi.

Lemma 3.

Wc(τi) =

{
min(DBF ′(τi ,Al + dl),Al + dl − el) i 6= l
min(DBF ′(τi ,Al + dl)− el ,Al) i = l

(5)
Next, we determine the maximal total demand∑
τi∈ΓW (τi, t) by considering which tasks have carry-in

work and which do not. In previous analysis of independent
task system [3], to is chosen to be the last idle instant before
ta, and therefore at most m− 1 tasks can have carry-in work.
Similarly, by our assumption that to is truly idle, then at most
m − 1 tasks can have carry-in work. Note that this choice
of to limits carry-in work to O(m), as compared to the best
known global s-aware schedulability test [15], which has
O(n) carry-in work.

Let Wd(τi) = Wc(τi)−Wnc(τi) be the amount of carry-
in work τi could contribute. Then the total demand con-
tributed by all higher-priority tasks τi is given by∑
τi∈Γ

W (τi) =
∑
τi∈Γ

Wnc(τi) +
∑

the (m−1) largest

Wd(τi). (6)

This concludes our review of prior demand-based analysis.
Next, we consider the idleness induced within [to, ta) ∪Θ,
which is the novel aspect of our analytical contributions.

3.4 Idleness
At any time instant t ∈ [to, ta) ∪Θ in which a processor is
not busy executing higher-priority work, idleness must be
induced. Here we bound the amount of such idleness.

Traditionally, pi-blocking, which can cause idleness, is
accounted for by computing the maximum duration of pi-
blocking for each request, and incorporating that into a com-
patible schedulability test. Such approaches suffer from anal-
ysis pessimism in both the blocking analysis, as well as
the associated schedulability test. In this work, we take a
more holistic analysis approach, and incorporate the critical-



section behavior into the schedulability analysis itself. We
do so by effectively inverting the analysis logic—instead of
analyzing the worst-case blocking a request may experience,
we instead analyze the worst-case idleness that the same re-
quest can induce. To do so, we first consider the demand for
shared resources within the analysis interval, using similar
analysis techniques as presented for processor demand.

Lemma 4. The maximum cumulative critical-section execu-
tion requirement by jobs of a sporadic task τi for resource `q
that both arrive in and have deadlines within any interval of
length t is given by the critical-section-bound function

CSBF q(τi , t) = max

(
0 ,

(⌊
t − di
pi

⌋
+ 1

)
Li,q

)
. (7)

Proof. We consider only jobs that are released and have dead-
lines within an interval of length t. The total demand can
be bounded by the scenario in which some job τi,k has a
deadline at the end of the interval, and jobs are released peri-
odically. There can be at most b t−dipi

c jobs released before
τi,k that also have deadlines within the interval. Each job can
execute at most Li,q within all of its critical sections for `q.
The lemma follows.

At the beginning of the analysis interval, carry-in jobs
may also carry in critical sections that must be executed dur-
ing the analysis interval. We must account for those critical
sections as well, and again, we can apply similar reasoning
as in the ordinary demand arguments. For the carry-in case,
at most Li,q units of critical-section workload carry-in to the
analysis interval.

Lemma 5.

CSBF ′q(τi , t) =

⌊
t

pi

⌋
Li,q + min(Li,q , t mod pi) (8)

Using Lemmas 4 and 5, we can quantify demand for
each resource within the analysis interval. Next, we bound
idleness induced by such critical sections.

Lemma 6. The maximum total amount of induced idleness
w.r.t. τl within [to, ta) ∪Θ by requests for resource `q is

Iq(τl) = (m−1)

∑
τi∈Γ

CSBF q(τi ,Al + dl) +
∑

the (m−1)
largest

δi


(9)

where δi = CSBF ′q(τi ,Al + dl)− CSBF q(τi ,Al + dl)

Proof. There can be at most m − 1 carry-in jobs, each of
which contributes at most δi to the demand for resource `q in
[to, ta)∪Θ. All tasks contribute at most CSBF q(τi ,Al +dl)
non-carry-in demand for `q. For each time unit of critical-
section demand within [to, ta)∪Θ, at mostm−1 processors
can have idleness induced on account of blocking for `q .

From the preceding discussions and lemmas, we have the

following Theorem.

Theorem 1. A task system Γ is G-EDF schedulable on m
processors sharing nr preemptive resources if for all tasks
τl ∈ Γ and for all Al ≥ 0,

nr∑
q=1

Iq(τl) +
∑
τi∈Γ

W (τi) ≤ m(Al + dl − el). (10)

3.5 Run-time complexity

Similar to previous tests, (10) can be evaluated in time poly-
nomial in n for each combination of τl andAl. The following
theorem, which is proven in the appendix using a similar
proof strategy as prior work [3, 15], demonstrates that only
a pseudo-polynomial number of values of Al need to be
evaluated to determine if (10) holds for all Al.

Theorem 2. If (UP +(m−1)UR) < m and (10) is violated
for any Al, then it is violated for some Al satisfying the
following condition:

Al ≤
ξ

m− (UP + (m− 1)UR)
(11)

where ξ =
∑
τi∈Γ(dl − di)((m − 1)uRi + UP ) + (m −

1)(L∑ + Lall) + e∑ + eall −m(dl − el).

Discussion. Since idleness analysis is a radically different
approach to accounting for the effects of blocking in schedu-
lability, it is useful to compare and contrast it to previous
methods to better understand its merits. Under traditional
blocking analysis, either s-oblivious or s-aware, blocking is
quantified horizontally, or over time w.r.t. the blocked task.
For example, under the global OMLP [8] a request can be s-
oblivious pi-blocked by 2m−1 other requests. This blocking
is incorporated into the task as additional time it must wait
for the request to be satisfied. In contrast, in idleness analy-
sis the effects of blocking are quantified vertically, or with
respect to processors. A request may delay higher-priority
work, but if it does not induce idleness, that blocking is ana-
lytically irrelevant—the processors are busy executing other
higher-priority demand. If a critical section is executing, it is
occupying one processor, and in the worst case idleness is in-
duced on all of the remainingm−1 processors. By analyzing
the impacts of critical sections vertically instead of horizon-
tally, we have essentially reduced the analytical impact of
each critical section from 2m− 1 (OMLP) or n (FMLP) to
m− 1 via idleness analysis and relaxed sharing constraints.
(In practice, constant factors make this comparison more
difficult, but this high-level comparison gives insight into the
differences.)

Under s-aware schedulability analysis, blocking does not
contribute any demand to the analysis interval. However, the
main source of pessimism in prior G-EDF s-aware schedu-
lability analysis [15] is in bounding carry-in work. Any sus-
pending (resource-requesting) task may contribute carry-



in work, instead of only m − 1 as is possible using either
s-oblivious or idleness analysis. In fact, Brandenburg [6]
showed that in some cases treating s-aware blocking bounds
as demand and using s-oblivious schedulability analysis
yielded far greater schedulability than s-aware schedulability
tests, likely due to the issue of carry-in work. Idleness analy-
sis allows for the analysis interval to be extended to a point
where by definition only m − 1 jobs carry-in work, which
can significantly reduce carry-in workload.

Under idleness analysis, the utilization loss due to a criti-
cal section is inflated by a factor of m. This is similar to a
bus-arbitration policy such as TDMA that fairly shares band-
width among cores. However, in practice many commercial
off-the-shelf (COTS) memory controllers do not implement
a fair arbitration policy, and therefore modeling bus accesses
as preemptive critical sections can be used to achieve similar
theoretical results on a less predictable hardware platform.
Furthermore, in practice, lower-priority jobs could execute
during induced idleness thereby improving response times,
or idled processor could lead to power savings.

4 Half-Protected Resources
In this section, we consider a weaker sharing constraint
called half-protected, which is motivated by managing
caches. During program execution, a job may access many
cache blocks, only some of which are reused. Blocks that can
be shown to be reused are called useful cache blocks (UCBs),
and the remaining accessed blocks are called evicting cache
blocks (ECBs). By managing cache accesses, we want to
ensure that UCBs are protected, or not evicted before they
are reused. However, regions of code in which evicting cache
blocks may be accessed may be unprotected, and only pre-
vented from interfering (co-scheduling or preempting) with
a protected section. Importantly, unprotected sections can be
interrupted at any time with no negative consequences, since
they do not reuse cache blocks.

In the remainder of this section, we formalize the half-
protected sharing constraint, and present algorithms for both
uniprocessors and multiprocessors.

Problem description. There are two classes of requests for
half-protected resources: protected requests, which require
non-preemptive mutual exclusion, and unprotected requests,
which have no sharing constraints. Therefore, a protected
request can interrupt an unprotected request at any time,
but the converse is not true. On a multiprocessor, multiple
unprotected sections can execute concurrently, but only one
protected request can execute at a given time, and it must
execute non-preemptively w.r.t. the resource.

To better understand the half-protected sharing constraint,
we compare it to reader/writer sharing. Under reader/writer
sharing, there are also two classes of requests: reads, which
can execute concurrently or processor-preempt one another,
and writes, which have the same sharing constraint as pro-
tected sections. However, both reads and writes are non-
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Figure 4: Example schedule depicting half-protected sharing.

preemptive w.r.t. the resource. Therefore, a write request
cannot be satisfied until all incomplete reads have completed
their critical sections. In half-protected sharing, protected
requests are identical to writes, while unprotected requests
are a weaker version of reads. Unprotected requests are ef-
fectively preemptive read requests.

Ex. 2. Consider the example in Fig. 4 in which three tasks
are scheduled on two processors sharing a half-protected
resource. At time t = 1, both τ2 and τ3 are released and begin
executing. At time t = 2, τ3 begins an unprotected section,
and is processor-preempted by the release of τ1 at time t = 3.
At time t = 4, τ1 also begins an unprotected section. Note
that τ3, while preempted is still in an unprotected section at
t = 4. With protected sections or non-preemptive sharing,
two critical sections cannot be satisfied concurrently. At
time t = 5, τ2 begins a protected section, which resource-
preempts τ1 and τ3. This induces idleness during the interval
[5, 6). At time t = 6, τ1 resumes its unprotected section. The
remainder of the example follows G-EDF scheduling.

Scheduling upon uniprocessors. Half-protected resources
can be supported with extensions to the Priority Ceiling Pro-
tocol (PCP) [17] or the Stack Resource Policy (SRP) [2].
Interestingly, unlike preemptive resources discussed previ-
ously, half-protected resources pose a new synchronization
problem on uniprocessor platforms.

In a priority-ceiling-based synchronization protocol, the
current priority ceiling Π̂(t) at time t is equal to the highest
ceiling associated with any active critical section. For the
simple case of non-preemptive mutual exclusion, the ceiling
of each resource is defined to be the highest-priority task
that accesses that resource. If a task does not have a priority
higher than the current priority ceiling Π̂(t), then it is forced
to block unless it is executing the critical section responsible
for setting the current priority ceiling. Priority inheritance is
used to ensure resource-holder progress if a higher-priority
task is blocked waiting for a lower-priority one.

To realize any benefits of a more relaxed sharing con-
straint in a priority-ceiling-based protocol, the rules for
setting the current priority ceiling need to be relaxed to
lower the ceiling and reduce blocking. For example, for
reader/writer sharing, the ceiling of a reader/writer resource
`r during a read critical section is set to the highest priority



task that may read `r, while during a write critical section, the
ceiling of `r is set to the highest priority task that may read
or write `r [17]. By reducing the ceiling for read requests,
some higher-priority read requests can processor-preempt
tasks executing read critical sections, instead of blocking.

The resource ceiling Πh of a half-protected resource `h
depends upon whether it is currently in a protected or un-
protected section, similar to reader/writer sharing. The pro-
tected ceiling or the ceiling during a protected section, is
set to the priority of the highest-priority task that accesses
`h. This ceiling value ensures that a protected section runs
non-preemptively w.r.t. `h. The unprotected ceiling or the
ceiling during an unprotected section, is set to the lowest
priority in the system. This low ceiling ensures that any task
can processor- or resource-preempt a job in an unprotected
section, therefore preventing any task from blocking on an
unprotected section. However, an unprotected section may
still block on a protected section. Notably, similar to other
priority-ceiling-based protocols, protected and unprotected
sections can be nested using this approach.

When these resource-ceiling definitions are applied in the
context of the SRP, there is an additional benefit: system
calls are not necessary to enter or exit unprotected sections,
thereby reducing overheads. In the SRP, all blocking is in-
curred before a job begins, and therefore all resources can
be accessed immediately without blocking. System calls are
required for protected sections, as the current priority ceiling
may be increased to prevent higher-priority jobs from begin-
ning execution when resources they may need are currently
locked. However, unprotected sections will never increase
the current priority ceiling, and therefore do not need to
issue system calls. In fact, in the SRP no run-time knowl-
edge of unprotected sections is necessary. Such knowledge
is only necessary to set the protected-ceiling values offline.
In contrast, in the PCP, entering and exiting unprotected sec-
tions must be handled at runtime to ensure that unprotected
sections block on protected ones.

Scheduling upon multiprocessors. On a multiprocessor
platform, half-protected resources pose new issues. Pro-
tected sections must execute non-preemptively w.r.t. the
half-protected resource, as well as non-concurrently with
any other protected or unprotected sections. In contrast, un-
protected sections can execute concurrently, and be arbitrar-
ily resource preempted. In fact, one protected request can
resource-preempt multiple unprotected sections.

We consider the following half-protected synchronization
policy. Protected requests are statically prioritized over un-
protected ones, i.e., a protected request will always preempt
an unprotected request. Unprotected requests execute when-
ever they are not preempted. Protected requests are assumed
to be prioritized against one another by non-preemptive EDF.
Additionally, we assume that priority inheritance is used to
ensure the progress of protected requests, i.e., a protected
request inherits the priority of the highest-priority protected
or unprotected request that it blocks. Given this synchroniza-

tion policy, we next extend our idleness analysis and derive
an associated schedulability test.
Unprotected sections. Idleness analysis, as compared to
blocking analysis, shifts the analysis burden from blocked
requests to satisfied requests. This analysis technique is par-
ticularly well suited to unprotected sections.

Lemma 7. Unprotected sections do not induce idleness.
Proof. A satisfied request induces idleness if it blocks another
request leaving a processor idle. Unprotected requests can
be satisfied concurrently, and therefore do not block one
another. By assumption, unprotected requests are statically
prioritized lower than protected requests, and do not block
protected requests. Therefore, unprotected requests do not
block other requests and thus do not induce idleness.

Given this result, we safely ignore unprotected requests
in idleness analysis. Therefore, to avoid notational clutter,
for the rest of this section, we assume that Li,q is the total
length of τi’s `q protected sections. Notably, these results
also apply to non-preemptive resources also.
Carry-up sections. In idleness analysis for preemptive re-
sources (Sec. 3.4), all critical sections and jobs with dead-
lines later than the analyzed job τl,j were ignored as they
could not delay the execution of τl,j . When considering
non-preemptive resources, this is no longer true. A lower-
priority job than τl,j may issue a request while τl,j is blocked
or scheduled on another core that may subsequently non-
preemptively block other higher-priority requests and induce
idleness. We define a carry-up request to be a request that
can execute in the analysis interval but that has a deadline
after the analysis interval. In comparison to carry-in critical
sections, which are issued by higher-priority jobs that were
released before the analysis interval, a carry-up critical sec-
tion can be released at any point (even before to) but has a
lower priority than the analyzed job τl,j . This behavior is
depicted in Ex. 2 and Fig. 4. Observe that when analyzing τ1,
τ2 has a deadline after d1. However, τ2 still induces idleness
during time [5, 6). In this case, the protected section of τ2 is
a carry-up section.

Carry-up critical sections must be accounted for in idle-
ness analysis for protected sections to account for the addi-
tional sources of induced idleness. Importantly, such analysis
requires more carefully considering jobs with deadlines af-
ter the end of the analysis interval, td. We therefore clarify
several previous assumptions and definitions in this context.

Recall from Def. 9, that to is defined to be the last truly
idle time instant before ta, the release of τl,j . However, we
had previously discarded all jobs with deadlines after td.
We use the same definition here, i.e., to is the last truly idle
time instant before ta w.r.t. to jobs that have deadlines at or
before td. Thus, at time to, there are at most m− 1 pending
jobs with deadlines at or before td, which are the carry-in
jobs. Note that there could be additional jobs released before
to but with deadlines after td that can contribute carry-up
critical sections. Such critical sections are considered carry-



up critical sections, rather than carry-in.

Lemma 8. Let [t0, t1) be an interval of length t, and τi be a
task without a carry-in job. The maximum cumulative exe-
cution requirement of protected sections of a half-protected
resource `q by jobs of a sporadic task τi that are pending
at any time during [t0, t1) is given by the protected-section
bound function

PSBF q(τi , t) =

⌈
t

pi

⌉
Li,q . (12)

Proof. There are two classes of tasks without carry-in work,
those with all job releases after t0 (Case 1), and those re-
leased before t0, and with deadlines after t1 (Case 2). Those
with releases before t0 and deadlines before t1, by definition
have a carry-in job.
Case 1. The maximum execution time of protected sections
generated by jobs of τi released after t0 is bounded by the
case in which the first job of τi is released at t0, and jobs are
released periodically thereafter. There are at most

⌈
t
pi

⌉
such

jobs that could be released before t1, each of which executes
protected sections for at most Li,q time.
Case 2. If a job of τi is released strictly before t0, and has
a deadline strictly after t1, then t < di ≤ pi. Thus, there
can be only one job of τi that is pending during [t0, t1), and
it executes protected sections for at most Li,q =

⌈
t
pi

⌉
Li,q.

Note that PSBF q(τi , t) has many commonalities with
the well-studied request-bound function, which bounds the
execution requirement of jobs that can be released within
an interval of length t. Similarly, we consider the protected
sections of all jobs that can be released in an interval of length
t, as even jobs with priority lower than τl,j can contribute
carry-up sections, which can induce idleness.

Lemma 9. Let [t0, t1) be an interval of length t, and τi be a
task with a carry-in job. The maximum cumulative execution
requirement of protected sections of a half-protected resource
`q by jobs of a sporadic task τi that are pending at any
time during [t0, t1) is given by the protected-section bound
function

PSBF ′q(τi , t) =

⌈
t + di
pi

⌉
Li,q . (13)

Proof. By Lemma 5.1 of [7], there are at most d t+Ri

pi
e distinct

jobs of a task τi that can execute in any interval of length
t, where Ri ≤ di is the response time of τi. Thus,

⌈
t+di
pi

⌉
total jobs may execute within [t0, t1), and each may execute
protected sections for at most Li,q .

Any non-protected sections (i.e., unprotected or non-
critical) of jobs with deadlines after td that execute within
the analysis interval execute either concurrently with τl,j
or during blocking of higher-priority jobs. Therefore, such
demand does not delay τl,j and need not be analyzed further.

We next bound the total induced idleness, similarly to Lem. 6,
using the results from the previous two lemmas.

Lemma 10. The maximum total amount of induced idleness
w.r.t. τl within [to, ta) ∪Θ by protected requests for a half-
protected resource `q is given by

Ihq (τl) = (m−1)

∑
τi∈Γ

PSBF q(τi ,Al + dl) +
∑

the (m−1)
largest

δi


(14)

where δi = PSBF ′q(τi ,Al + dl)− PSBF q(τi ,Al + dl).

Carry-up sections contribute demand to the analysis in-
terval, as well as induce idleness. If a carry-up section is
executed during the analysis interval, priority inheritance en-
sures that it is scheduled if it would induce idleness. However,
because carry-up sections are contributed by lower-priority
jobs, that demand is not accounted for by the workload of
higher-priority jobs. We quantify the total carry-up demand
by computing the difference between the total length of all
protected requests, including carry-up work, and the total
duration of requests that are not carry-up, as computed previ-
ously in Lems. 4, and 5. We thus have the following lemma.

Lemma 11. The maximum cumulative protected-section
execution time of all carry-up requests w.r.t. τl for a half-
protected resource `q that run in [to, ta) ∪Θ is given by

Cq(τl) =
∑
τi∈Γ

(PSBF q(τi , t)− CSBF q(τi , t))+∑
the (m−1) largest

αi −
∑

the (m−1) largest

βi (15)

where t = Al + dl, αi = PSBF ′q(τi , t) − PSBF q(τi , t),
and βi = CSBF ′q(τi , t)− CSBF q(τi , t).

From these results and discussion, we have the following
schedulability test.

Theorem 3. A task system Γ is global EDF schedulable on
m processors sharing nr half-protected resources if for all
tasks τl ∈ Γ and for all Al ≥ 0,

nr∑
q=1

(Cq(τl)+I
h
q (τl))+

∑
τi∈Γ

W (τi) ≤ m(Al+dl−el). (16)

Again, we can bound the maximum number of testing
points required to check schedulability. The following theo-
rem can be proven through algebraic manipulation, similarly
to Thm. 2, and is shown in the appendix.

Theorem 4. If (UP +(m−1)UR) < m and (16) is violated
for any Al, then it is violated for some Al satisfying the



following condition:

Al <
φ

m− (UP + (m− 1)UR)
(17)

where φ = m(Lall +L∑) + (m− 1)dlU
R + e∑−m(dl−

el) +
∑
τi∈Γ(dl − di)uPi + eall.

Discussion. Perhaps surprisingly, how protected requests
are prioritized against one another does not affect schedula-
bility under our idleness-analysis framework, so long as a
progress mechanism such as priority inheritance ensures that
a carry-up request that induces idleness at time t is scheduled
at time t. This is due to how idleness analysis accounts for the
effects of blocking vertically rather than horizontally. Even
a random prioritization among protected requests could not
induce more than m−1 processors of idleness during the ex-
ecution of a critical section, though the worst-case blocking
bound would be quite pessimistic. Thus, the above idleness
analysis can be applied to existing non-preemptive locking
protocols such as the global OMLP [8], or the FMLP [5]
by treating all lock requests as protected requests. Further-
more, nested locking protocols could also be supported at
the expense of more verbose notation, provided the proto-
col supported transitive priority inheritance and prevented
deadlock. This would allow for multiple cache blocks to be
locked simultaneously.

5 Evaluation
We next present evaluations of our proposed algorithms and
analysis with respect to hard real-time schedulability, or
the fraction of randomly generated task systems that are
schedulable. We considered two alternative schemes for ran-
domly generating task systems, one motivated by a preemp-
tive bus or interconnect, and another similar to previous
studies on real-time locking protocols [6]. These two genera-
tion schemes provide insights into the schedulability gains
afforded by relaxed sharing constraints and idleness analysis.

Bus synchronization. We first consider a random task-
system generation process that varies both the total processor
utilization and the total resource utilization of one preemp-
tive resource. We considered schedulability onm ∈ {2, 4, 8}
processor systems. We generated task systems for each pro-
cessor utilization in {0.1, 0.2, . . . ,m}. The total resource
utilization of the generated tasks was in {0.1, 0.2, 0.3, 0.4}.
The per-task processor utilizations were chosen from one of
two exponential distributions with mean 0.1 (light) and 0.25
(medium), and restricted to [0, 1]. The period of each task
was uniformly chosen from [10 ms, 100 ms]. The resource
utilization of each task was uniformly random, and normal-
ized across all tasks to sum to the specific total resource
utilization. We assume one critical section per job. For each
combination of parameters, task systems were randomly gen-
erated until the schedulability ratio could be estimated with
95% confidence to within 0.05.

For each generated task system, we considered schedula-
bility under the global OMLP [8]; the FMLP+ [6] assuming
either Liu and Anderson’s s-aware analysis [15] (FMLP-
A), or by treating s-aware blocking bounds as s-oblivious
ones and applying Baruah’s [3] s-oblivious test (FMLP-O);
preemptive sharing with idleness analysis (P-I); and non-
preemptive sharing with idleness analysis (NP-I). Note that
NP-I follows from treating all lock requests as protected
requests. As a basis for comparison, we also plot schedula-
bility without any synchronization (NOLOCK), which upper
bounds all other considered cases. An example schedulability
graph from this study is shown in Fig. 5a.
Obs. 1. Preemptive sharing and idleness analysis can greatly
improve schedulability over non-preemptive sharing.

This observation is supported by Fig. 5a. In particular,
with preemptive sharing most task systems with utilizations
up to approximately 2.5 are schedulable, while most task
systems with utilization greater than 1.0 are unschedulable
by all considered non-preemptive approaches. This demon-
strates how more relaxed sharing constraints can be exploited
to improve schedulability.
Locking study As we discussed previously, idleness anal-
ysis can be used in place of blocking analysis to analyze
schedulability for many existing real-time locking protocols,
including the OMLP and the FMLP. We therefore considered
an alternative task-system generation scheme similar to previ-
ous studies to evaluate the difference between idleness analy-
sis and blocking analysis. In this study, tasks were generated
as described above with the following exceptions. Total re-
source utilization was not directly controlled, instead, critical-
section lengths were chosen uniformly among [1µs, 15µs]
(short), [1µs, 100µs] (moderate), or [5µs, 1280µs] (long).
Each task had a uniform probability pacc ∈ {0.1, 1.0} of ac-
cessing one shared resource. Example schedulability graphs
from this study can be seen in insets (b) and (c) of Fig. 5.
Obs. 2. Idleness analysis can improve schedulability over
both s-aware and s-oblivious blocking analysis for existing
real-time locking protocols.

This observation is supported by Fig. 5b, in which the
curve NP-I has greater schedulability than all of the existing
locking protocols. As discussed previously, idleness analysis
effectively reduces the effect of blocking to m − 1 from
2m− 1 or O(n) for the OMLP and FMLP+, respectively. In
comparison to s-aware schedulability analysis, by explicitly
analyzing induced idleness, we are able to bound carry-in
work to m− 1 tasks instead of O(n). Consequently, idleness
analysis can provide improved schedulability. This is signifi-
cant as the blocking bounds for the FMLP+ and the OMLP
have been proven asymptotically optimal under s-aware and
s-oblivious analysis assumptions, while idleness analysis
applies to a very general class of mutex locking protocols,
including random request prioritizations, which have very
large worst-case blocking bounds.
Obs. 3. Idleness analysis is incomparable with both s-aware
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(a) m = 4, UR = 0.1.
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(b) m = 2, pacc = 1.0.
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(c) m = 8, pacc = 0.1.

Figure 5: Three example schedulability graphs. (a) is drawn from the bus synchronization experiment, and (b) and (c) are from the locking
experiment. Task utilizations are light in all cases. Long critical sections are assumed in (b) and (c).

and s-oblivious blocking analysis.

This observation is supported by Fig. 5c, in which pacc =
0.1. In task systems in which the number of resource-using
tasks is small, or the number of processors is large, idleness
bounds are most pessimistic. In these cases, s-aware and
s-oblivious blocking analysis can yield better schedulabil-
ity. Idleness analysis is therefore incomparable to blocking
analysis.

Obs. 2 and 3 demonstrate that there may be interesting
tradeoffs to explore at the intersection of idleness analy-
sis and blocking analysis. For example, perhaps protocol-
specific knowledge could be used to tighten idleness bounds.

6 Conclusion
In this paper, we argued that some shared hardware resources
have weaker sharing constraints than non-preemptive mu-
tual exclusion. We have formalized two such weaker sharing
constraints, namely, preemptive mutual exclusive, which is
motivated by bus synchronization, and half-protected shar-
ing, which is motivated by cache management. We have
presented simple algorithms to realize these sharing con-
straints. To analyze the effects of blocking on schedulability
of these algorithms, as well as other synchronization algo-
rithms, we have developed a novel analysis technique called
idleness analysis. Idleness analysis is used in place of block-
ing analysis in demand-based multiprocessor schedulability
tests. Instead of analyzing the delays due to blocking, idle-
ness analysis quantifies the idleness induced in the analysis
interval, which can significantly reduce analysis pessimism.
Experimental results show up to 250% increase in schedula-
bility as a result of our new analysis techniques and relaxed
sharing constraints.

Future work. This work builds the foundation for a broad
range of future research, ranging from theoretical problems
to systems-level challenges. From a theoretical perspective,
we would like to derive finer-grained idleness bounds that ex-
ploit protocol-specific properties to reduce idleness bounds.
Also, we plan to explore alternative sharing constraints, such
as preemptive k-exclusion. From a systems-level perspective,
we would like to implement these algorithms, and apply them
to applications such as managing data transfers in GPUs, for
example in GPUSync [11], or for controlling cache evictions,

similarly to [21].
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Appendix

In this appendix, we give proofs for Thms. 2 and 4, which
imply that there are a pseudo-polynomial number of testing
points for the schedulability tests for both preemptive and
half-protected resources. As these proofs are similar, we
begin with common notation and observations.

For notational convenience, let T = Al+dl. Observe that
Wnc(τi) ≤ DBF (τi ,T ), and Wd(τi) ≤ ei. Also, a carry-in
job can carry in at most one job’s worth of critical sections,
so CSBF ′q(τi ,Al + dl)−CSBF q(τi ,Al + dl) ≤ Li,q , and
PSBF ′q(τi ,Al + dl)− PSBF q(τi ,Al + dl) ≤ Li,q .

Proof of Theorem 2. If Condition (10) is violated we have

nr∑
q=1

Iq +
∑
τi∈Γ

W (τi) > m(T − el)

⇒ Substituting

(m− 1)(L∑ +
∑
τi∈Γ

nr∑
q=1

CSBF q(τi ,T ))+

∑
τi∈Γ

DBF (τi ,T ) + e∑ > m(T − el)

⇒ By Equations (2) and (7)

(m− 1)(L∑ +
∑
τi∈Γ

nr∑
q=1

(bT − di
pi
c+ 1)Li,q+

∑
τi∈Γ

(bT − di
pi
c+ 1)ei + e∑ > m(T − el)

⇒ Removing the floor

(m− 1)(L∑ +
∑
τi∈Γ

nr∑
q=1

((T − di)u
`q
i + Li,q))+∑

τi∈Γ

((T − di)uPi + ei) + e∑ > m(T − el)

⇒ Rearranging

(m− 1)(L∑ + Lall) + e∑ + eall +
∑
τi∈Γ

((T − di)uPi )+

(m− 1)
∑
τi∈Γ

nr∑
q=1

(T − di)u
`q
i ) > m(T − el)

⇒ Substituting T and Rearranging∑
τi∈Γ

(dl − di)((m− 1)uRi + UP ) + (m− 1)(L∑ + Lall)+

e∑ + eall −m(dl − el) > Al(m− (UP + (m− 1)UR))

⇒ Dividing

Al <
ξ

m− (UP + (m− 1)UR)

provided m− (UP + (m− 1)UR) < m.
Proof of Theorem 4. A task can only contribute
carry-up critical sections from one job, thus
PSBF q(τi ,T ) − CSBF q(τi ,T ) ≤ Li,q , and
PSBF ′q(τi ,T ) − CSBF ′q(τi ,T ) ≤ Li,q . Therefore,∑nr

q=1 Cq ≤ Lall + L∑. If Condition (16) is unsatisfied, we
have

nr∑
q=1

(Cq + Ihq ) +
∑
τi∈Γ

W (τi) > m(T − el)

⇒ Substituting as described above.

Lall + L∑ + (m− 1)

nr∑
q=1

∑
τi∈Γ

(

⌈
T

pi

⌉
Li,q + L∑)+

∑
τi∈Γ

(

⌊
T − di
pi

⌋
+ 1)ei + e∑ > m(T − el)

⇒ Removing floors and ceilings

Lall + L∑ + (m− 1)

nr∑
q=1

∑
τi∈Γ

((
T

pi
+ 1)Li,q + L∑)+

∑
τi∈Γ

(
T − di
pi

+ 1)ei + e∑ > m(T − el)

⇒ Rearranging and substituting

m(Lall + L∑) + (m− 1)TUR + e∑ + eall+∑
τi∈Γ

(T − di)uPi > m(T − el)

⇒ Rearranging and substituting T

m(Lall + L∑) + (m− 1)dlU
R + e∑ −m(dl − el)+∑

τi∈Γ

(dl − di)uPi + eall > Al(m− (UP + (m− 1)UR))

⇒ Substituting

Al <
φ

m− (UP + (m− 1)UR)
,

provided m− (UP + (m− 1)UR) < m.


