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Abstract—Developing trustworthy models for industrial pro-
cesses is challenging due to changing operating conditions and
limited data. In this work, we present an innovative and effective
framework for establishing trustworthy process models from
limited data. Our approach introduces the uniform manifold
approximation and projection (UMAP) algorithm to uncover
the essential low-dimensional structure in real industrial data,
which allows high-quality virtual sample generation (VSG) that
captures the underlying process dynamics. Furthermore, we
propose a new algorithm for stable learning that uses sample
reweighting to effectively mitigate spurious correlations that can
undermine the stability and reliability of the model. Two case
studies, the Tennessee Eastman process (TEP) and a commercial
fluid catalytic cracking (FCC) unit, demonstrate the effectiveness
of the proposed framework. In the Tennessee Eastman bench-
mark, the proposed method reduces the average error by 12.5%
compared with VSG alone and by 47.8% compared with the
OLS baseline. In the FCC case study, it further achieves a
41.5% RMSE reduction compared with the strongest competing
UMAP-augmented model. Furthermore, the proposed framework
maintains robust performance under changing operating condi-
tions. Our framework enables the development of trustworthy
industrial process models from limited data, which offers a
powerful method to improve operational safety and efficiency
in real-world applications.

Index Terms—Process modeling, stable learning, trustworthy
model, uniform manifold approximation and projection (UMAP),
virtual sample generation (VSG).

I. INTRODUCTION

DVANCED machine-learning algorithms have become
dominant tools in industrial processes. However, many
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Fig. 1. Performance discrepancy of IID and Non-IID data distributions.
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of these methods exhibit poor stability, especially when faced
with changing operating conditions and limited data. As indus-
trial processes become increasingly complex and sensitive to
risks, the design of trustworthy models is crucial to ensure
safe and efficient operation.

The primary motivation for this work is the urgent need
to improve the stability and reliability of industrial process
models in the face of these challenges [1], [2], [3], [4].
In this work, we use the term “stability” to refer specifi-
cally to a model’s ability to maintain robust and consistent
predictive performance when confronted with changing or
unknown operating conditions. One major factor contributing
to the stability issue is the discrepancy between the data
distributions used for training and testing of the models.
As shown in Fig. 1, when the test data distribution differs
from the training data distribution, the model’s performance
may become very poor. This is common in actual indus-
trial processes, where working conditions change frequently,
and unknown working conditions may exist. The industrial
production environment is also often subject to various dis-
turbances and uncertainties. As a result, industrial process
models often fail to achieve reliable predictions and face
the risk of performance degradation when exposed to these
changing conditions.

To address this challenge, stable learning has been proposed
to guarantee prediction consistency [5]. Unlike traditional
machine-learning methods that often operate under the
assumption of independent and identically distributed (IID)
data, stable learning does not rely on this assumption. Fur-
thermore, stable learning distinguishes itself from transfer
learning, as shown in Fig. 2. The goal of stable learning is
to optimize overall performance by maximizing the average
accuracy across all distributions while minimizing the variance
of accuracy. On the contrary, transfer learning focuses on
adapting a model trained on one distribution to perform well
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Fig. 2. Comparison of stable learning and transfer learning.

on a different distribution [6]. This fundamental difference
makes stable learning particularly suitable for industrial pro-
cesses where data from multiple operating conditions are
available during training, but future operating conditions may
differ from all previously seen conditions.

Recent advances have demonstrated the importance of
model stability and reliability in industrial applications. One
major focus is robust fault management, where contributions
include Fravolini et al. [7] data-driven methods for robust
sensor fault detection, Zhou et al. [8] system-specific fault
detection and isolation methods, and Chen and Huang’s devel-
opment of fault-tolerant soft sensors for dynamic systems [4].
Another significant theme addresses core model stability and
interpretability directly; for example, Lou et al. [9] enhanced
monitoring reliability using orthonormal subspace analysis,
Zhang et al. [10] introduced a causality-inspired stable long
short-term memory framework for soft sensors facing distribu-
tion shifts, and Gao et al. [11] proposed identifying invariant
features through latent causal representation.

In parallel with these developments, researchers have
explored various algorithmic approaches to stable learning.
Several efficient frameworks have emerged, including methods
to find invariant features by minimizing the covariance matrix
[12] and approaches using binary probabilistic classifiers [13].
StableNet [14] extends linear stable learning frameworks to
nonlinear frameworks using random Fourier features.

However, the performance of these stable learning methods
is generally affected by the sample size, typically performing
well with big data but failing when data are limited. This
limitation is particularly acute in industrial settings. While
various methodologies have been proposed to address this
“small sample problem” [15], [16], [17], each has inherent
limitations. Transfer learning approaches [6] struggle when
source and target processes differ significantly. Data aug-
mentation techniques using generative adversarial networks
(GANS) [16] or variational autoencoders (VAEs) [18] may fail
to capture complex process dynamics. Incremental learning
methods [19] require careful handling of concept drift, while
semi-supervised strategies [20] assume consistent distributions
between labeled and unlabeled samples. Consequently, there
is an urgent need for innovative approaches that can support
stable learning under limited sample conditions.

Virtual sample generation (VSG) [16], [21], [22] has
emerged as a potential solution to address the small sample
problem. Of the VSG techniques, dimensionality reduction
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stands out for its ability to distill complex distributions into
more manageable forms, which makes it particularly suitable
for generating virtual samples. Uniform manifold approxima-
tion and projection (UMAP), a state-of-the-art dimensionality
reduction method, is known for its efficacy in extracting
features from high-dimensional data [22].

UMAP was originally developed as a visualization tool.
Its applicability to chemical and refining processes has been
explored in other studies; for example, Webb and Romagnoli
[23] show how UMAP could be used for real-time process
monitoring. They focused on using UMAP to visualize high-
dimensional data streams and detect anomalies in operational
conditions. While their work showed the promise of UMAP in
industrial analytics, it primarily addressed process monitoring
and visualization.

On the contrary, the focus of our article is on using UMAP
to tackle a different challenge: VSG under small-data scenar-
ios. Rather than limiting UMAP to exploratory data analysis
or anomaly detection, we integrate it into a broader framework
for constructing trustworthy soft sensors using stable learning.
To effectively recreate physically meaningful virtual samples
from their low-dimensional counterparts, regression models
are used in combination with UMAP to achieve precise
data representation and analysis. Our work on addressing the
“small sample problem” differs from existing approaches by
combining VSG with stable learning to address both data
scarcity and distribution-shift challenges. The contributions of
this article are as follows.

1) Developing a framework that integrates UMAP dimen-
sionality reduction with regression models to generate
high-quality virtual samples, which allows accurate
reconstruction of high-dimensional process data from
limited samples.

2) Introducing a new algorithm for stable learning that
effectively identifies invariant process features and
mitigates spurious correlations, thereby significantly
enhancing model stability under changing operating
conditions.

3) Validating the methodology using comprehensive case
studies on both the Tennessee Eastman benchmark and
real-world refinery processes. The proposed approach
showed substantial improvements in prediction accuracy
and robustness compared to existing methods.

II. STABLE LEARNING
A. Background

In industrial processes, model performance can fluctuate
significantly when operating conditions vary, especially under
limited data and non-IDD distributions. Stable learning can
be defined as follows: given the target y and the input X, the
objective is to find a robust model that can achieve consistent
predictions on different distributions. The theoretical motiva-
tion of stable learning is closely related to the identification
of invariant predictive features, which may approximate the
Markov blanket of the target variable under ideal conditions.
The Markov blanket is a minimal set of variables that can
shield the target variable from the rest of the variables. In other
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words, the Markov blanket of a variable is the set of nodes
consisting of its parents, its children, and any other parents
of its children. Here, we define the variables in the Markov
blanket as causal variables.

However, it is important to note that stable learning methods
do not guarantee exact recovery of the true Markov blanket,
particularly under finite sample sizes, imperfect reweight-
ing, and potential model misspecification [5]. Instead, stable
learning aims to identify an invariant predictive feature set,
features whose relationship with the target remains stable
across different distributions. This set may closely approximate
the Markov blanket or form a practical superset that maintains
predictive stability.

Assume that s represents the causal variables of the
dependent variable y, B, denotes the regression coefficients
associated with the causal variables, g(s) represents the non-
linear part of the function, and € is noise that is independent of
the process variables, then we have the following relationship:

(D

In actual industrial processes, although a large number of
observational variables are collected, the causal relationships
between the variables are often unknown. Therefore, regres-
sion models tend to introduce noncausal parts as inputs to the
model

y= sTﬁs+g(s)+6.

y=s"B;+V B, +g(s)+e 2)

where v denotes a collection of noncausal features that do
not have a direct causal relationship with the target variable y
but may still exhibit correlations. These features, if included
indiscriminately in traditional regression, can introduce spuri-
ous correlations that undermine model stability. In industrial
processes, v might represent noise factors or variables that
become coupled with y only under certain operating condi-
tions, rather than through fundamental causal mechanisms. 3,
represents the regression coefficients of the noncausal part,
which ideally should be zero. By minimizing the sum of the
squared residuals as the loss function, we obtain the following
parameter estimates:

Bo=po+ (VIV) (Vi) + (VIV) (VIS) (B -B)  ©)
Be=Bs+(STS) " (STg) + (STS) " (STV) (B.-B). (4

The estimated values of B, and 8, are denoted by [A?s and Bv,
respectively. The sample matrices of s and v are represented
by S and V, respectively. Equations (3) and (4) indicate that
strong correlations between causal variables S and noncausal
variables V negatively impact accurate identification of model
parameters. These terms can significantly deviate from zero if
there is a strong correlation between S and V. As a result, the
estimated coefficients 3, and f3, can be biased, which leads
to incorrect and unstable model predictions. When the data
distribution changes, these biases can cause significant drops
in model predictive performance, which results in unstable
predictive models.

To address this problem, modern algorithms for stable
learning use sample reweighting techniques to adjust the data
distribution and decorrelate the input variables. By reweighting
the samples, the method seeks to reduce the influence of

Fig. 3. Graphical representation of the algorithm for stable learning.

noncausal variables and better reflect the causal relationship
between the input variables and the target variable. This
approach can be expressed as

) n l - r 5
min ; wi (yi — x{ B) (5)

where W = [wi, wa,...,w,]T is the vector of sample weights,
x; is the ith row of matrix X, which represents the observed
values of the ith sample and 8 is the vector of regression
coefficients. 8 encompasses both the causal (5;) and noncausal
(8y) parts of the regression coefficients. By optimizing the
weights W, this method can, to some extent, weaken or elim-
inate the correlation between causal and noncausal variables.
This drives the regression coefficients of the noncausal part
B, to approach zero, which improves the stability of model
prediction.

Although various robust or weighted regression methods
exist, they typically do not explicitly address the risk of
spurious correlations between causal and noncausal variables.
While these strategies can improve the tolerance to heavy-
tailed distributions, they do not enforce explicit decorrelation
between the features, and thus may still fail when noncausal
variables are strongly correlated with the target.

On the contrary, our approach combines a decorrelation
constraint to limit the effect of noncausal variables. Another
key difference is the integration of VSG (using UMAP) into
the stable learning framework. By synthesizing additional
samples representative of the underlying manifold, we ensure
that the reweighting strategy has sufficient data coverage to
estimate the true causal relationship.

B. Sample Reweighting in Stable Learning

The framework of a typical algorithm for stable learning
is shown in Fig. 3. The idea of stable learning is to make all
inputs decorrelated by sample reweighting. To learn the sample
weights w, we build on the sample reweighted decorrelation
operator (SRDO) to ensure statistical independence between
the features [13], and propose a new natural gradient boosting
(NGBoost)-based scheme to learn these weights.

Previous stable learning approaches typically employed
traditional classification methods such as logistic regression
and decision trees for weight learning [12], [13]. While these
methods can identify basic decorrelation patterns, they have
limitations when applied to industrial process data charac-
terized by limited samples, non-Gaussian distributions, and
complex nonlinear relationships. We propose to use NGBoost
[24] for sample weight learning. NGBoost offers unique
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Fig. 4. Graphical representation of the SRDO.

advantages that make it particularly suitable for our stable
learning framework. Unlike traditional gradient boosting meth-
ods, such as extreme gradient boosting (XGBoost), which
focus solely on point predictions, NGBoost provides prob-
abilistic predictions by modeling the complete conditional
distribution of the target variable.

Fig. 4 is an example of SRDO with NGBoost. First, we use
matrix X to generate a column-decorrelated X by performing
random resampling columnwise, where i, j, k, r, s,t,u, v, w are
drawn from 1,2,...,n at random. Random resampling can
break down the joint distribution D of X into p indepen-
dent marginal distributions D of X. Since X has completely
independent columns, which means that we can transfer the
original X to the decorrelated X by SRDO.

In particular, we designate the samples in X as positive
samples (Z = 1) because they are completely decorrelated,
while the samples in X are set as negative samples (Z = 0)
since they represent the original data. We then fit a binary
probabilistic classifier to learn the classification and obtain
the weights, which represent the degree of decorrelation. The
decorrelated weight can be given as follows:

_ W _pZ=11x)
po(@  pZ=0]x)

w(x) (6)
where p(Z = 1|x) is the estimated probability that the sample
x is drawn from D and p(Z = O|x) is the estimated probability
of sample x being drawn from D.

C. Theoretical Explanation of Stable Learning

A key theoretical premise of stable learning is that the
true causal features remain invariant under different environ-
ments, whereas noncausal features tend to vary. Stable learning
essentially seeks to discover invariant features that remain
predictive across different environments or distributions. By
learning a reweighting function on the training data, stable
learning highlights the key process relationships, which ensure
predictive accuracy even when the test distribution diverges
from the training distribution. Under suitable assumptions, sta-
ble learning can provide theoretical guarantees for regression
and classification tasks with commonly used loss functions,
such as mean-squared loss and binary cross-entropy loss
[5]. The optimization objective can be expressed as finding
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model parameters 6 that minimize the expected loss across all
potential test distributions

mgin Ep,, [L(Y, fo(X))] )

where L(-) is the loss function, fy(-) is the model’s prediction
function, and P, denotes the unknown test distribution.
Unlike classical robust regression, which typically accounts for
outliers within a single distribution, stable learning addresses
broader challenges arising from distribution shifts across mul-
tiple environments. While the theoretical foundation of stable
learning is motivated by the concept of Markov blankets, in
practice, stable learning identifies a set of invariant predic-
tive features S that may approximate or form a superset of
the true Markov blanket. Under ideal conditions, including
infinite samples, perfect weight learning, and correct model
specification, the identified feature set S satisfies

E[YIS]=E[YX]. ®)

Equation (8) formalizes the key property that the selected
features S contain all necessary information for prediction,
which makes additional variables redundant. The theoretical
guarantees of stable learning rely on two critical assumptions.
First, there must exist a subset of features that maintains
stable relationships with the target variable across different
distributions. Second, the training data must provide adequate
coverage of the feature space to learn meaningful weights.

However, in practice, these assumptions may not hold, par-
ticularly in industrial settings where the available data is often
limited, and the underlying data distribution is complex. The
performance of stable learning can be significantly influenced
by the quality and quantity of available data, as well as the
effectiveness of the sample reweighting scheme.

To address these limitations and bridge the gap between
theory and practice, we propose the use of VSG techniques. By
generating additional samples that follow the underlying data
distribution, we can effectively augment the available dataset
and improve the performance of stable learning, even in the
presence of limited data.

In this work, we focus on the UMAP algorithm as a
powerful tool for VSG. In Sections III and 1V, we will delve
into the details of the UMAP algorithm and its application
in VSG. We will also discuss how the generated virtual
samples can be seamlessly integrated into the stable learning
framework to enhance its performance and applicability in
industrial settings.

III. VIRTUAL SAMPLE GENERATION

A critical limitation of stable learning algorithms is their
requirement for substantial training data to accurately esti-
mate sample weights for decorrelation. As demonstrated in
Section II, the SRDO must distinguish between correlated and
decorrelated feature distributions. This creates a fundamental
paradox: stable learning is most needed in small-sample sce-
narios, yet performs poorly precisely in these settings.

To address this challenge, we propose a novel framework
that integrates dimensionality reduction with regression-based
reconstruction for high-quality VSG. Our key innovation lies
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Uniform Manifold Approximation and
Projection (UMAP)

2.1 Define a cross entropy
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high and low dimension
topological representation

2.2 Find a low dimensional
represrentation which similar
points attract each other and
dissimilar points push away

from each other

Graph projection
to low-dimension

Fig. 5. Main flowchart of UMAP algorithm.

not in applying UMAP as a standalone tool, but in develop-
ing a systematic pipeline that first uses UMAP to uncover
the intrinsic low-dimensional manifold structure of industrial
process data. Within this manifold space, we generate virtual
samples through informed interpolation. These samples are
then accurately reconstructed to high dimensions, ensuring the
preservation of both local geometric relationships and global
process dynamics.

A. Overview of the UMAP Algorithm

The VSG task can be defined as follows: given the original
data with input X and label y, the task is to generate virtual
sample input X and label § according to the distribution of the
original data.

UMAP seeks to learn a low-dimensional representation of
high-dimensional data while preserving its intrinsic structure.
Fig. 5 shows the flowchart of the UMAP algorithm. The
algorithm consists of two steps: constructing a weighted
k-neighbor graph in a high-dimensional space and optimizing
a low-dimensional layout to obtain a faithful representation.

1) Step 1: Graph Construction: In the first step, UMAP
constructs a weighted k-nearest neighbor graph H in the high-
dimensional space. Given an input dataset X with a distance
metric d and a hyperparameter k, the algorithm identifies the
k nearest neighbors set {x;,, ..., x; } for each data point x;. The
parameter k is chosen to balance the preservation of local and
global data structures. For each data point x;, the distance to
its nearest neighbor is defined as p;

pi =min {d (x;,x;)|1<j<k}. 9)

This distance p; varies for each point to ensure that local
connectivity within the manifold is maintained. Next, to map
distances from high-dimensional space to low-dimensional

1. Graph Construction

[ 1.1 Approximating a manifold on
Lwhich the data is assumed to lie

1.2 Constructing a fuzzy set
representation (weighted k-neighbour
graph) of the approximated manifold

Graph construction

space, UMAP introduces a normalization factor o-;. This factor
is determined so that

— max (O, d (x,-, Xi,-) - p[)

k

E exp

- gi
J=1

The weighted k-nearest neighbor graph is represented by a
matrix H = (V, E,w), where V denotes the set of vertices, E
represents the set of directed edges between each data point
x; and its k nearest neighbors, and w is the weight function
defined as

) =log, (k).  (10)

(1)

w (Xi, Xi/) = exXp

— max (O, d (x,-, x,-l.) - pi) ) .

g

To ensure symmetry, since the directed edges’ probabilities
between x; and x;; might not be equal, we define wy,(i, j) as the
probability that at least one of the two directed edges exists

wi Gy J) = w (x0, x3,) +w (x5, %) = w (30, %) w (%), x5,) -
(12)

The resulting UMAP graph H is therefore an undirected
weighted graph, with the adjacency matrix elements given by
wp(i, j). This graph construction step sets the stage for the
subsequent dimensionality reduction process.

2) Step 2: Graph Projection: In the second step, UMAP
projects the graph H from high dimensions to a graph L in
low dimensions. The goal is to find low-dimensional positions
l; for each data point x; such that the low-dimensional graph
L closely approximates the high-dimensional graph H. UMAP
models the probability of an edge existing between two points
in the low-dimensional space using

b
wi G, j) = (1 +ali —1j||2) (13)
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where a and b are UMAP hyperparameters. UMAP optimizes
the low-dimensional layout by minimizing the cross-entropy
between the high-dimensional and low-dimensional edge prob-

abilities
. wy (i, )
C= wi (i, j) 1o (—)
Z; S\ win
1 —wi (G, j))
L—wi(i,)))
Overall, UMAP constructs a high-dimensional graph rep-
resentation of the data and optimizes a low-dimensional
graph to be as structurally similar as possible. By mapping
high-dimensional data to low dimensions, UMAP effectively
extracts rich information.

+ (1 —wx (i, j)) log ( (14)

B. Generation of Virtual Samples Based on Regression

Although UMAP effectively reduces the dimensionality of
data and reveals its intrinsic low-dimensional structure, the
mapping between the low-dimensional and high-dimensional
spaces is not straightforward. The distances in the low-
dimensional space do not directly reflect the distances in
the high-dimensional space because of the warping effect
of UMAP. To accurately generate high-dimensional virtual
samples from their low-dimensional representations, we use
regression models.

First, we project the high-dimensional data onto a low-
dimensional space using UMAP. The dimensionality of this
space is treated as a hyperparameter that is optimized based on
the specific dataset characteristics. This low-dimensional space
captures the essential structure of the original data. Next, we
establish two types of regression models: input regression and
output regression. For input regression, we create models using
the low-dimensional UMAP co-ordinates (/) as inputs and the
high-dimensional original data (X) as outputs. These models
allow us to predict high-dimensional data points (X) from new
low-dimensional points (/) generated using k-nearest neighbors
(KNN5s) interpolation. For output regression, we build a model
that uses the original high-dimensional data (X) as the input
and the target variable (y) as the output. This model allows
us to predict the target variable (§) for newly generated high-
dimensional virtual samples (f(). In this work, we use random
forest regression for both input and output regression due to
its robustness and the ability to capture complex relationships
[25]. Using this two-step regression process, we ensure that
the virtual samples are representative of the original data
distribution and maintain the intricate relationships present in
the high-dimensional space.

C. Theoretical Explanation of Virtual Samples

The effectiveness of VSG in improving model performance
can be understood through the lens of the “No Free Lunch”
theorem and the concept of prior knowledge incorporation.
The “No Free Lunch” theorem states that, in the absence of
any prior knowledge about the problem at hand, no single
model or algorithm can consistently outperform others across
all possible datasets [26]. VSG is a way to incorporate prior
knowledge into the learning process. By generating virtual
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samples that adhere to the underlying data distribution, we
essentially inject domain-specific information into the model.
This prior knowledge acts as a regularizer that constrains the
model’s hypothesis space and guides it toward more plausible
and generalizable solutions.

Mathematically, the incorporation of prior knowledge
through VSG can be formulated as a regularization term in
the model’s objective function. Let L(X,y;6) denote the loss
function of a model with parameters 6§ on a dataset X with
corresponding labels y. The regularized objective function with
virtual samples can be expressed as

meinL(X,y; 0 + AR (X,5,6) (15)
where X and ¥ represent the virtual samples and their cor-
responding labels, R(X,7;60) is the regularization term that
captures the prior knowledge encoded by the virtual samples,
and A is a hyperparameter that controls the strength of the
regularization.

By minimizing this regularized objective function, the
model learns to fit the original data while simultaneously
conforming to the prior knowledge embedded in the virtual
samples. This regularization effect helps the model to gener-
alize better to unseen data.

IV. TRUSTWORTHY MODELING WITH SMALL SAMPLES

The challenge of building trustworthy models from limited
data arises due to the inherent difficulty in decorrelating all
variables with a finite sample size. As established in Section II,
stable learning relies on sample reweighting to achieve sta-
tistical independence among input features, thereby isolating
causal variables from spurious correlations. The framework
for trustworthy modeling with small samples is shown in
Fig. 6 and Algorithm 1. The framework consists of three
integrated phases that systematically address both data scarcity
and distribution-shift challenges.

In Phase 1, the UMAP algorithm projects the original
high-dimensional data onto a low-dimensional manifold while
preserving the intrinsic geometric structure. Virtual samples
are then generated through KNN interpolation in this low-
dimensional space, followed by reconstruction to the original
feature space using trained regression models. This approach
ensures that the generated samples faithfully represent the
underlying data distribution rather than introducing artificial
patterns. The quality of virtual samples is validated by comput-
ing the Kullback-Leibler divergence between the distributions
of original and virtual samples.

Phase 2 uses the proposed NGBoost-based SRDO to learn
appropriate weights for the augmented dataset. By constructing
a binary classification problem, the NGBoost classifier learns
to estimate the degree of correlation present in each sample.
The resulting weights better represent the causal relation-
ships. This probabilistic approach to weight learning offers
advantages over traditional methods by providing calibrated
uncertainty estimates and robust convergence behavior.

In Phase 3, the learned weights are incorporated into a
weighted least squares regression framework to obtain the final
stable model. By combining the expanded sample coverage
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Algorithm 1 Trustworthy Modeling With VSG and Stable
Learning

Require: Training dataset D = {(X;,y;)}\_,, number of virtual
samples N,, UMAP dimension d, number of neighbors k
Ensure: Stable predictive model f* with parameters S
1: // Phase 1: UMAP-Based Virtual Sample Generation
2: Construct k-nearest neighbor graph H in original input

space
3: for each data point x; do
4: Compute local connectivity p; and normalization factor
gi
5: Calculate edge weights: w(x;, Xi;) =
—max(0,d(x;,x; . )—pi)
xp (~20)
6: end for
7. Symmetrize: wy(i, j) = wix;, x;,) + wlxj, x;,) — w(xi, x;;) -
w(xj, Xj,)

8: Optimize low-dimensional embedding L = {[;}{, € R"xd
by minimizing cross-entropy

9: Train input regression model fx : RY — R” using (L, X)

10: Train output regression model f, : R” — R using (X, y)

11: for j=1to N, do

12: Generate [ ; via KNN interpolation in low-dimensional
space

13: Reconstruct: Xj = fx(fj), $;i= fy(f(j)

14: end for

15: Form augmented dataset: Dy, = D U {(X j,y_,)}jﬁl

16: // Phase 2: NGBoost-Based Sample Reweighting

17: Generate decorrelated reference X via column-wise ran-
dom permutation of X“¢

18: Construct binary dataset: positive samples (X,Z = 1),
negative samples (X“¢,Z = 0)

19: Train NGBoost classifier g to predict P(Z = 1|x)

20: fori=1ton+ N, do

21: Compute decorrelation weight: w; =

22: end for

23: Normalize weights: W « W/ (Zl w;) -(n+ N,)

24: [/ Phase 3: Weighted Stable Regression

25: Solve: B* = argming Y ™ wi (v — (X*)T B)>?

26: Construct stable model: f*(x) = x”8*

27: return: Stable model f* with parameters 5*

P(Z=1|X]"*)
P(Z=01X{"*)

from virtual sample generation with the decorrelation capa-
bility of stable learning, the UMAP-SL framework achieves
robust predictive performance. This integrated approach
bridges the gap between the theoretical requirements of stable
learning and the practical constraints of industrial applications
where data collection is limited.

V. CASE STUDIES

In this section, we present two case studies to demonstrate
the effectiveness of the proposed methodology. The experi-
mental settings deliberately employ limited training data to
reflect realistic industrial scenarios where our method provides
the greatest value.

The first case study demonstrates the performance of sta-
ble learning using the Tennessee Eastman process (TEP).

The second case study applies the methodology to the fluid
catalytic cracking (FCC) process from a commercial refin-
ery. To address concerns about generalizability, we conduct
comprehensive ablation studies examining the effect of vir-
tual sample size and compare performance across multiple
regression methods. The consistency of these findings across
two industrial processes underscores the practical utility and
generalizability of our framework.

A. Tennessee Eastman Process

The TEP is a widely recognized benchmark for process
control and monitoring [27]. The process simulates a realistic
chemical plant with five major unit operations: a reactor,
condenser, compressor, separator, and stripper. The benchmark
includes one normal operating condition and 21 predefined
fault conditions that simulate various process disturbances
such as step changes, random variations, and slow drifts in
process parameters. In this case study, we simulate a scenario
with restricted data availability and fluctuating operating con-
ditions. We selected 33 variables as input variables. The target
variable for prediction is the concentration of component C
in the purge gas. We limited the training data size to 300
samples. This constraint allows us to test the effectiveness of
the proposed method under data scarcity. The KL divergence
threshold is established at 0.5.

To comprehensively evaluate the stability and generalization
performance of the proposed method across different operating
conditions, we introduce four aggregated metrics: average
error (AE), standard error (SE) of root-mean-squared error,
average R*> (AR?), and SE of R? (SR?). Let M denote the
total number of test scenarios (including normal and various
fault conditions). Let RMSE,, and R,% represent the root-mean-
square error and the coefficient of determination calculated for
the kth test scenario, respectively. The metrics are defined as
follows:

M

M
1 2 1 2
AE = o k§_1 RMSE; AR'= - k§_1 R}

_ 1 M a2
SE = \/—M(M_l)zkl (RMS E,—AE)

1 M
e Jm 2 (R AR

1) Comparison of Virtual Sample Generation Methods:
We evaluated the quality of virtual samples generated by
different dimensionality reduction techniques. UMAP was
compared with t-distributed stochastic neighbor embedding
(t-SNE) [28] and VAE [18], as these methods also seek to
reduce dimensionality.

To ensure fair comparison, we used a consistent strategy
for selecting latent dimensionality and key hyperparameters.
For UMAP, we evaluated different numbers of components
(2-10) using the validation dataset. For t-SNE, we tuned
the perplexity parameter using a grid search over the range
of 5-50. The VAE architecture was optimized by testing
various encoder/decoder configurations with different layer

(16)
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Original dataset

Fig. 6. Framework of trustworthy modeling with small samples.

Fig. 7. Low-dimension representation of original data (red dots) and virtual
generated data (blue dots).

TABLE I
PERFORMANCE COMPARISON OF DIMENSIONALITY REDUCTION METH-
oDS

Method ~ Samples AE SE AR? SR?
500 2.1089 1.1644 0.4949 0.0470

UMAP 2000 1.9697 1.0263 0.5324  0.0448
5000 1.5886 0.7662 0.5595  0.0441
500 1.7300 0.7533 0.2151 0.0361

t-SNE 2000 2.8844  1.4834 04299 0.0449
5000 29614 1.7385 05173  0.0445
500 22643  1.0022 0.2973  0.0360

VAE 2000 2.4021 1.3373  0.5162  0.0544
5000 27690 1.5034 0.4019 0.0453

sizes and depths. Default settings were used for less critical
hyperparameters.

Fig. 7 shows the UMAP-based virtual sample generation
in 3-D space. The original 300 training samples are projected
from the high-dimensional input space to a 3-D representation
using UMAP. Virtual samples are then generated via KNN
interpolation in this low-dimensional space. The left panel
shows the original data distribution, while the right panel
shows the augmented dataset with virtual samples. The virtual
samples closely follow the manifold structure of the original
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Fig. 8. Virtual sample generation method comparison for fault case 1 with
2000 virtual samples.

TABLE II
ABLATION STUDY: PERFORMANCE COMPARISON OF DIFFERENT METH-
oDS
Method Samples AE SE AR? SR?
Baseline / 2.6607 1.5288 0.4541 0.0494
SL / 35203 2.0276  0.3504  0.0412
500 2.1089  1.1644  0.4949 0.0470
UMAP 2000 1.9697 1.0263 0.5324  0.0448
5000 1.5886  0.7662  0.5595 0.0441
500 2.8931 19125 0.3857 0.0359
UMAP-SL 2000 5.1160 29153  0.2697  0.0396
5000 1.3900 0.6513  0.5669  0.0453

data, which indicates that UMAP effectively preserves the
intrinsic geometric relationships during dimensionality reduc-
tion.

Table I summarizes the performance comparison for dif-
ferent virtual sample sizes (N, = 500,2000,5000). Bold
values indicate the best performance. The results reveal that
the optimal dimensionality reduction method depends on the
number of virtual samples generated. With only 500 virtual
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TABLE III
PERFORMANCE COMPARISON OF DIFFERENT REGRESSION METHODS AND VIRTUAL SAMPLE GENERATION METHODS

Method Original Data UMAP t-SNE VAE
R? RMSE R? RMSE R? RMSE R? RMSE

Lasso 0.661 1274 0.698 1184 0.671 1241 0.682 1209

Least Squares 0.791 1007 0.836 854 0.813 985 0.817 981

Elastic Net 0.804 985 0.855 799 0.831 896 0.841 872

Huber 0.810 945 0.845 813 0.816 936 0.783 1081

LSTM(3-layer) | 0.826 858 0.861 785 0.825 854 0.856 809

LightGBM 0.839 847 0.902 718 0.886 750 0.893 740

SVR 0.847 832 0.894 736 0.889 768 0.891 739

PLS 0.849 836 0.892 739 0.887 771 0.894 734

Decision tree 0.851 819 0917 687 0.904 700 0.901 696

XGBoost 0.860 801 0.925 670 0.912 688 0.919 682

SL 0.955 494 0.983 392 0.971 425 0.962 451
samples, t-SNE achieves the lowest AE of 1.7300, while — Real Value VSG Only (UMAP)
UMAP obtains the highest AR? of 0.4949. As the number 30 , Baseline (OLS) SL+VSG (UMAP)

of virtual samples increases to 2000 and 5000, UMAP con-
sistently outperforms both t-SNE and VAE across all metrics.
With 5000 virtual samples, UMAP achieves the lowest AE
of 1.5886, the lowest SE of 0.7662, and the highest AR?
of 0.5595. On the contrary, t-SNE yields an AE of 2.9614,
and VAE yields an AE of 2.7690 with the same sample size.
These results demonstrate that UMAP better preserves the
intrinsic manifold structure of the process data, particularly
when sufficient virtual samples are generated to adequately
represent the underlying distribution.

Fig. 8 shows a direct comparison of model predictions for
fault case 1 using 2000 virtual samples. The UMAP-based
model tracks the true values most accurately, particularly in
regions with rapid value changes. The t-SNE and VAE-based
models show larger deviations from the true values, especially
during transient periods.

2) Ablation Study: We performed a comprehensive abla-
tion study to validate the contributions of each component
in our proposed framework. Four scenarios were designed
to isolate the effects of stable learning and virtual sample
generation. The baseline scenario uses ordinary least squares
regression without any enhancement. The SL scenario applies
stable learning directly on the original small dataset of 300
samples. The UMAP scenario employs UMAP-based virtual
sample generation without incorporating stable learning. The
proposed UMAP-SL scenario combines both stable learning
and UMAP-based virtual sample generation.

Table II shows the performance metrics for all scenarios.
The baseline method yields an AE of 2.6607 and an AR? of
0.4541. Applying SL actually degrades performance, increas-
ing the AE to 3.5203 and decreasing the AR? to 0.3504. This
confirms that stable learning struggles to estimate accurate
decorrelation weights when sample sizes are insufficient. The
limited training data prevents the algorithm from learning
meaningful sample weights for effective decorrelation.

The UMAP scenario demonstrates the value of virtual
sample generation. With 5000 virtual samples, this approach
reduces the AE to 1.5886 and improves the AR? to 0.5595. The
performance improves progressively as the number of virtual
samples increases from 500 to 5000, indicating that larger

~ SL Only

Target Value
N N
(=2 [

N
i

22

400 600 800 1000

Fig. 9. Ablation study for fault case 5 with 5000 virtual samples.

augmented datasets provide better coverage of the feature
space.

The proposed UMAP-SL method achieves the best overall
performance when sufficient virtual samples are generated.
With 5000 virtual samples, UMAP-SL reaches the lowest AE
of 1.3900 and the highest AR? of 0.5669. The SE decreases to
0.6513, indicating more consistent predictions across different
operating conditions. However, an interesting observation is
that UMAP-SL with fewer virtual samples (500 or 2000)
performs worse than UMAP. This occurs because stable
learning requires sufficient samples to accurately estimate the
decorrelation weights.

Fig. 9 shows the prediction results for fault case 5 with
5000 virtual samples. The baseline and SL predictions show
significant deviations from the true values, particularly during
process transitions. The UMAP approach improves tracking
accuracy considerably. The UMAP-SL method achieves the
closest alignment with the true values throughout the entire
test period. This confirms that combining high-quality virtual
samples with stable learning effectively mitigates the small-
sample problem and ensures robust predictions under changing
operating conditions.

B. FCC Process

In the second case study, we present a comprehensive
analysis of the methods implemented for the FCC process CO,
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Fig. 10. Flowchart of FCC process.

online monitoring at the Parkland Burnaby Refinery in Canada
[29]. The FCC unit is a critical component that converts heavy
hydrocarbon fractions into lighter, more valuable products
such as gasoline. In the FCC process, shown in Fig. 10, the
catalyst activity changes over time due to coke deposition and
regeneration cycles, which leads to variations in the data dis-
tribution. These variations violate the IID assumption, which
poses challenges for traditional FCC CO, online monitoring.

We selected 1000 samples. Each sample contains 24 process
variables and the target variable CO, emission. We used
300 samples for training and 700 samples for testing. The
validation set, comprising 20% of the training data, was used
for hyperparameter optimization. To evaluate the performance
of the proposed algorithm for stable learning, we compared
it with several machine-learning methods. We selected a
comprehensive set of regression methods, including advanced
algorithms like LSTM, lightgbm, XGBoost, and support vector
regression (SVR), alongside traditional methods like lasso,
elastic net, Huber, and decision trees [3], [29], [30].

We also compared UMAP, t-SNE, and VAE under the
stable learning framework. After determining the key hyper-
parameters, we generated 5000 virtual samples using UMAP,
t-SNE, and VAE, and observed performance improvements
across all models. Table III summarizes the precision of
the prediction in terms of R?> and RMSE for each method.
Compared to traditional methods, our UMAP-SL approach
shows substantial improvements, with RMSE reductions of
66.9%, 54.1%, and 50.9%. Even when compared with complex
advanced ensemble methods like XGBoost, which achieved
the second-best performance, UMAP-SL still demonstrates
significant advantages with a 41.5% lower RMSE and 6.3%
higher R?.

To further show the performance of stable learning, we
compared its CO, prediction results with the XGBoost model.
Fig. 11 shows the CO, prediction using the XGBoost model
(top) and the prediction using the stable learning method
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Fig. 11. CO; prediction of XGBoost (top) and stable learning (bottom) with
changing catalyst activity.

(bottom). The green dots represent the true values, while the
blue dots show the predicted values. For the XGBoost model,
the model predictions deviate from the actual values, partic-
ularly in the second half of the data, where the predictions
are consistently higher than the true values. This discrepancy
suggests that the model does not fully capture the underlying
dynamics or changes in the process over time. The stable
learning model shows significantly better alignment with the
true values, which shows its robustness and accuracy despite
the changing catalyst activity.

VI. CONCLUSION

In this study, we addressed the challenge of building trust-
worthy models for industrial processes when only limited
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data is available, and the test data distribution is unknown.
To tackle this problem, we proposed a new methodology,
UMAP-SL, to combine virtual sample generation using the
UMAP algorithm with stable learning techniques. This model
addresses the assumption in stable learning that a large number
of samples are required to learn a stable model with UMAP-
based virtual sample generation. In addition, we introduced a
new NGBoost-based stable learning to learn sample weights
for trustworthy modeling of industrial data. We validated the
effectiveness of UMAP-SL in the TEP and an FCC unit. In
the Tennessee Eastman benchmark, UMAP-SL reduced the
average error by 12.5% compared with UMAP-based virtual
sample generation alone and by 47.8% compared with the
OLS baseline. In the FCC case study, UMAP-SL achieved
the lowest RMSE and reduced the error by 41.5% com-
pared with the UMAP-augmented regression baseline. These
results demonstrate the ability of the proposed framework
to improve prediction accuracy and robustness under small-
sample and distribution-shift conditions. Future research will
focus on improving the efficiency of virtual sample generation
and exploring applications of UMAP-SL in other industrial
processes.
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