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In freeze drying, thermal radiation has a significant effect on the drying process of vials located near the corner 
and edge of the trays, resulting in non-uniformity of the products. Understanding and being able to predict 
the impact of thermal radiation are therefore critical to accurate determination of the drying process endpoint 
given the variation in heat transfer of each vial. This article presents a new mechanistic model that describes 
complex thermal radiation during primary drying in conventional, microwave-assisted, and hybrid freeze drying. 
Modeling of thermal radiation employs the diffuse gray surface model and radiation network approach, which 
systematically and accurately incorporates simultaneous radiation exchange between every surface including 
the chamber wall and vials, allowing the framework to be seamlessly applied for analyzing various freeze-dryer 
designs. Model validation with data from the literature shows accurate prediction of the drying times for all 
vials, including inner, edge, and corner vials. The validated model is demonstrated for thermal radiation analysis 
and parametric studies to guide the design and optimization of freeze dryers.
1. Introduction

Freeze drying, also known as lyophilization, is a key process used in 
the formulation of biotherapeutics. The process comprises three stages: 
freezing, primary drying, and secondary drying. During the freezing 
stage, the liquid solvent (typically water) is frozen at low temperature 
[1,2]. The free water transforms into ice crystals, while the bound wa-

ter remains in a non-crystalline state bound to the product molecules 
[1]. In primary drying, the frozen product and solvent are subjected to 
low pressure and temperature, causing the ice crystals to undergo sub-

limation [3]. The subsequent stage, secondary drying, involves further 
heating of the product to higher temperature to remove most of the re-

maining bound water through desorption [4]. In comparison to other 
drying techniques, freeze drying is performed at lower temperatures, 
making it particularly suitable for preserving the quality and structure 
of heat-sensitive materials, such as biopharmaceutical products [5]. Re-

cently, freeze drying has been shown to provide long-term stability for 
mRNA vaccines, which enables these vaccines to be delivered in coun-

tries that lack a cold supply chain [6,7].

* Corresponding author at: Department of Chemical Engineering, Massachusetts Institute of Technology, Cambridge, MA 02139, United States of America.

Conventional freeze drying (CFD) provides heat to the frozen prod-

uct by means of a heating shelf positioned beneath the drying chamber 
or vial, that is, mainly by heat conduction [1,3]. Microwave-assisted 
freeze drying (MFD) employs microwave irradiation to heat the prod-

uct to reduce the drying time, and hybrid freeze drying (HFD) combines 
the heating techniques of both CFD and MFD [8–11]. Primary drying, 
known for its lengthy duration, potential hazards, and high costs, has 
become the primary focus for optimization efforts [3,4]. Mechanistic 
models have been developed for these purposes, e.g., see examples and 
discussions by Refs. [2–4,11–21].

Besides heat conduction and microwave irradiation, another mode 
of heat transfer in primary drying is thermal radiation, which is due to 
the difference in temperature of the chamber wall and vials [22]. Ther-

mal radiation usually has a significant impact on the outermost vials, 
whereas its effect is negligible for inner vials as these vials are shielded 
from the outer vials [1,4]. The additional heat from thermal radiation 
generally accelerates the drying process of the outer vials, leading to 
variation in the drying times [23]. In general, understanding and being 
able to predict the impact of thermal radiation are critical to accurate 
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Fig. 1. Schematic diagram of the freeze-drying process. The figure is adapted from [21].
determination of the product temperature and drying process endpoint 
for each vial, especially those located near the corner and edge of the 
trays. This insight can also be vital for the optimization of freeze-dryer 
design. Although extensive experimental investigations have explored 
the effects of thermal radiation in freeze drying [2,4,23–26], the litera-

ture on mechanistic modeling for analyzing such effects is more limited. 
Published models for thermal radiation during primary drying assume 
radiation exchange exists between each vial and the chamber wall inde-

pendently, and so approximate the radiative heat transfer with a simple 
function of the fourth power of the absolute temperature [2,4,23,25,27]

or in the form of Newton’s law of cooling with the effective heat transfer 
coefficient [15,17,18,22]. In practice, thermal radiation exchange exists 
not only between the vial and chamber wall but also between multiple 
vials, where all of these processes occur simultaneously. Freeze dry-

ing of pharmaceutical and biopharmaceutical products usually entails 
a large number of vials [2,4,10], which strengthens the effect of radia-

tion exchange between vials. To our knowledge, an accurate model of 
this complicated phenomenon is not available in the literature.

This article presents a novel mechanistic model that accounts for 
complex thermal radiation exchange in primary drying for all types of 
freeze drying, including CFD, MFD, and HFD. Our framework relies on 
the diffuse gray surface model and radiation network approach, which 
systematically and accurately incorporates simultaneous radiation ex-

change between every surface including the chamber wall and vials. 
The model is validated with simulation and experimental studies from 
the literature. Applications of the model are demonstrated for analysis 
and parametric studies of thermal radiation in a freeze dryer.

This article is organized as follows. Section 2 describes the mecha-

nistic model for simulating primary drying without thermal radiation. 
Section 3 derives the diffuse gray surface model and radiation net-

work approach for modeling of thermal radiation. Section 4 validates 
the model with data from the literature. Finally, Section 5 employs the 
model for in-depth analysis of thermal radiation in primary drying.

2. Mechanistic model for freeze drying

The mechanistic model used in this work is based primarily on the 
simplified model discussed in [21] with slight modifications; we refer 
to the aforementioned work for detailed derivation, solution methods, 
and simulations. This section firstly discusses some important findings 
in the literature and then summarizes the model to be used as a basis 
for extension to thermal radiation modeling in the next section.

The key phenomenon in primary drying is sublimation, and there 
are many modeling strategies proposed for this process in the litera-

ture. Sublimation is a simultaneous heat and mass transfer process [28], 
2

and so mass and heat transfer are modeled together in some literature 
[4,8,12,27]. However, it has been observed in both simulations and 
experiments that, in primary drying, the product temperature increases 
significantly at the beginning and then becomes approximately constant 
after reaching some certain threshold [4,8,15]. As a result, instead of 
modeling simultaneous heat and mass transfer, many models, including 
ours, approximate that sublimation is controlled by heat transfer only; 
i.e., the sublimation rate is directly controlled by the amount of heat in-

put [11,15,29,30], and the model prediction is proven to be sufficiently 
accurate. This simplification reduces the number of equations and pa-

rameters, simplifying calculation and real-time implementation of the 
model. In addition, the fact that microwave irradiation can reduce the 
drying time by about 80% [8,9] suggests that the process is primarily 
controlled by heat transfer.

Our model is formulated in the rectangular coordinate system with 
one spatial dimension (𝑥) and time (𝑡), which consists of two parts 
denoted as the (1) heating stage and (2) sublimation stage (Fig. 1). 
The heating stage assumes no phase change in the system, and so the 
supplied heat increases the temperature of the frozen region. The subli-

mation stage describes the evolution of the sublimating interface, with 
the supplied heat assumed to be used for sublimation only. The heating 
stage exists at 0 ≤ 𝑡 < 𝑡𝑚, whereas the sublimation stage exists at 𝑡 ≥ 𝑡𝑚, 
where 𝑡𝑚 is the time when sublimation starts. This two-stage model cor-

responds to the observation discussed in the previous paragraph, with 
the temperature threshold denoted by 𝑇𝑚, the sublimation (i.e., equi-

librium) temperature represented by the solid-vapor line in the phase 
diagram.

During the heating stage, the energy balance for the frozen region is

𝜌𝐶𝑃

𝜕𝑇

𝜕𝑡
= 𝑘

𝜕2𝑇

𝜕𝑥2
+𝐻𝑣1, 0 < 𝑥 < 𝐿, 0 < 𝑡 < 𝑡𝑚, (1)

where 𝑇 (𝑥, 𝑡) is the temperature, 𝐻𝑣1 is the microwave irradiation that 
affects the frozen material during the heating stage, 𝜌 is the density, 𝑘
is the thermal conductivity, 𝐶𝑃 is the heat capacity, and 𝐿 is the height 
of the frozen material.

The bottom surface of the frozen region is heated by the bottom 
shelf, following Newton’s law of cooling

−𝑘
𝜕𝑇

𝜕𝑥
(𝐿, 𝑡) = ℎ(𝑇 (𝐿, 𝑡) − 𝑇𝑏(𝑡)), 0 < 𝑡 < 𝑡𝑚, (2)

where ℎ is the heat transfer coefficient at the bottom and 𝑇𝑏(𝑡) is the 
bottom shelf temperature. The heat transfer coefficient can be estimated 
from either correlations or experimental data. This heat transfer coef-

ficient is usually treated as an effective heat transfer coefficient that 
accounts for three heat transfer mechanisms between the heating shelf 
and the bottom surface of the vial: (1) heat conduction at the point of 

contact, (2) convection from the gas phase, and (3) thermal radiation 
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[3,4,14,31]. The shelf temperature is assumed to increase linearly as a 
function of time,

𝑇𝑏(𝑡) = 𝑟𝑡+ 𝑇𝑏0, (3)

where 𝑇𝑏0 is the initial shelf temperature and 𝑟 is the temperature 
ramp-up rate. After reaching the maximum temperature 𝑇𝑏,max, the 
shelf temperature is kept constant at that value. This linear tempera-

ture ramp-up strategy is relatively common in the literature, including 
all the case studies presented in this work [4,8,9].

Past simulation and experimental studies have reported [4,11,14]

that heat transfer is much weaker at the top surface than the bottom 
surface, in which case the boundary condition can be approximated as

𝑘
𝜕𝑇

𝜕𝑥
(0, 𝑡) = 0, 0 < 𝑡 < 𝑡𝑚. (4)

If heat transfer at the top surface is significant; i.e., there is any addi-

tional heat source at the top, Newton’s law of cooling can be applied 
with a similar strategy described for the top surface.

The initial temperature of the frozen region is assumed to be spa-

tially uniform at 𝑇0,

𝑇 (𝑥,0) = 𝑇0, 0 ≤ 𝑥 ≤𝐿. (5)

The model assumes that sublimation does not begin until a sublimation 
temperature is reached at the top surface of the frozen material. There-

fore, we define the criterion for switching from the heating stage to the 
sublimation stage as

𝑇 (0, 𝑡𝑚) = 𝑇𝑚, (6)

where 𝑇𝑚 is the sublimation temperature.

For the sublimation stage, the evolution of the sublimating interface 
(moving interface) is governed by the energy balance

𝑑𝑠

𝑑𝑡
=

𝐻𝑏(𝑡) +𝐻𝑣2𝐿

(𝜌− 𝜌𝑑 )Δ𝐻sub

, 𝑡 > 𝑡𝑚, (7)

where 𝑠(𝑡) is the interface position, 𝐻𝑏(𝑡) is the heat transfer from 
the bottom shelf, 𝐻𝑣2 is the microwave irradiation for the sublima-

tion stage, 𝜌𝑑 is the density of the dried region, and Δ𝐻sub is the latent 
heat of sublimation. For the bottom shelf,

𝐻𝑏(𝑡) = ℎ(𝑇𝑏(𝑡) − 𝑇 ). (8)

During phase change, the temperature of the product is approximately 
uniform and constant at the sublimation point 𝑇𝑚 as the supplied heat 
is used only for sublimation [11], which is

𝑇 = 𝑇𝑚, 𝑡 > 𝑡𝑚. (9)

With the presence of microwave irradiation, experimental data in past 
publications show that the product temperature slightly increases dur-

ing sublimation [8,9], which could be because some of the microwave 
irradiation, in addition to going into sublimation, can interact and heat 
the frozen material. Hence, the temperature of the frozen material is 
modeled by

𝑇 (𝑡) = 𝑇𝑚 +
𝐻𝑣3
𝜌𝐶𝑃

(𝑡− 𝑡𝑚), 𝑡 > 𝑡𝑚, (10)

where 𝐻𝑣3 is the microwave irradiation heating the product during sub-

limation. Without microwave irradiation (CFD), 𝐻𝑣3 = 0, and thus (10)

reduces to (9). The initial interface position is

𝑠(𝑡𝑚) = 0. (11)

To correlate the microwave irradiation with the actual power of the 
microwave, the power density 𝑄𝑣 is defined as

𝑄

3

𝑄𝑣 =
𝑉

, (12)
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where 𝑄 is the output power of the microwave and 𝑉 is the volume 
of the product. As a result, the values of 𝐻𝑣1, 𝐻𝑣2, and 𝐻𝑣3 can be 
estimated by

𝐻𝑣1 = 𝑝1𝑄𝑣, (13)

𝐻𝑣2 = 𝑝2𝑄𝑣, (14)

𝐻𝑣3 = 𝑝3𝑄𝑣, (15)

where 𝑝1, 𝑝2 and 𝑝3 are the portions of the microwave power absorbed 
by the product. This set of parameters can be estimated from experi-

mental data. This model is applicable to all modes of freeze drying. For 
CFD, 𝑄 = 0, and hence 𝐻𝑣𝑖 = 0, for 𝑖 = 1, 2, 3. For MFD, ℎ = 0, resulting 
in no heat transfer from the shelf.

3. Modeling of thermal radiation

The technique for thermal radiation analysis used in this work is 
based on the diffuse gray surface model and radiation network ap-

proach, which is a well-known and reliable approach for modeling 
radiation exchange between multiple surfaces [28,32]. In this work, 
the technique is implemented to the mechanistic model presented in 
Section 2; however, it is important to note that the technique itself can 
be similarly applied to other different mechanistic models for primary 
drying in the literature.

3.1. Derivation of the diffuse gray surface model

The derivation of the diffuse gray surface model in this section is 
adapted from [28]. First consider the simplest case where a single vial 
is surrounded by the chamber wall without the presence of other vials 
(Fig. 2a); under this condition, the effect of thermal radiation is largest. 
The result from this derivation can be extended to analyze thermal ra-

diation exchange between multiple surfaces in the later sections.

The vial surface and chamber wall in Fig. 2a are labeled as surface 
1 and surface 2, respectively. At the surface of interest, all the radiation 
leaving that surface is defined as the radiosity, 𝐽 (W/m2), whereas all 
the radiation arriving at that surface is defined as the irradiation, 𝐺
(W/m2). Hence, the net radiative heat flux leaving surface 1 is

𝑞1 = 𝐽1 −𝐺1. (16)

All the radiation leaving surface 1 comprises the emitted and reflective 
components, which is given by

𝐽1 = 𝜀1𝜎𝑇
4
1 + (1 − 𝜀1)𝐺1, (17)

where 𝑇1 is the temperature of surface 1, 𝜀1 is the emissivity of surface 
1, and 𝜎 is the Stefan-Boltzmann constant. Rearranging (16) and (17)

gives

𝑞1 =
𝜀1

1 − 𝜀1
(𝜎𝑇 4

1 − 𝐽1). (18)

Hence, the net thermal radiation leaving surface 1 is

𝑄1 =
𝜀1𝐴1
1 − 𝜀1

(𝜎𝑇 4
1 − 𝐽1), (19)

where 𝐴1 is the area of surface 1. The vial can be assumed to be a 
cylinder, and so 𝐴1 can be calculated from the vial diameter 𝑑 and 
product height 𝐿. The exact same analysis for surface 2, denoted by the 
subscript 2, results in

𝑄2 =
𝜀2𝐴2
1 − 𝜀2

(𝜎𝑇 4
2 − 𝐽2). (20)

Next, consider the heat exchange between both surfaces. The radiant 
energy that leaves surface 1 and is intercepted by surface 2 is 𝐽1𝐴1𝐹1−2, 
whereas the radiant energy that leaves surface 2 and is intercepted by 

surface 1 is 𝐽2𝐴2𝐹21, where 𝐹1−2 and 𝐹2−1 are the view factors (aka 
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Fig. 2. Three simple geometries where the view factors can be calculated analytically, including (a) a single vial, (b) two vials, and (c) three vials. The heating shelf 
and other equipment are omitted for clarity.
shape factors). Therefore, the net radiative heat exchange from surface 
1 to surface 2 is

𝑄rad = 𝐽1𝐴1𝐹1−2 − 𝐽2𝐴2𝐹2−1. (21)

Application of the reciprocal rule gives that

𝐴1𝐹1−2 =𝐴2𝐹2−1, (22)

which can be used to write (21) as

𝑄rad =𝐴1𝐹1−2(𝐽1 − 𝐽2). (23)

Energy conservation requires that

𝑄1 =𝑄rad = −𝑄2. (24)

Combining (18), (20), (23), and (24), the final expression for 𝑄rad is

𝑄rad =
𝜎(𝑇 4

1 − 𝑇 4
2 )

1 − 𝜀1 1 1 − 𝜀2
. (25)
4

𝜀1𝐴1
+

𝐴1𝐹1−2
+

𝜀2𝐴2
In (25), the denominator can be viewed as a resistance to the thermal 
radiation. For convenience, define that resistance as

𝑅rad =
1 − 𝜀1
𝜀1𝐴1

+ 1
𝐴1𝐹1−2

+
1 − 𝜀2
𝜀2𝐴2

. (26)

For different geometry/configuration, the expression of 𝑅rad is varied. 
As suggested by Refs. [28,32], it is useful to view this 𝑅rad for the 
single-vial case using an electrical network analogy as shown in Fig. 3. 
The term (1 − 𝜀)∕𝜀𝐴 is usually defined as a surface resistance, whereas 
1∕𝐴1𝐹1−2 is a space resistance. The surface resistance is dependent on 
the properties of that surface, and so this term is not influenced by 
other surfaces. On the other hand, the space resistance depends on the 
properties of the pair of surfaces, i.e., the view factor. Hence, when 
there are more than two surfaces, thermal radiation exchange between 
multiple surfaces is related to this space resistance. With this analogy, 
extension to radiation exchange between multiple surfaces can be done 
simply by adding more resistances into the network, which is shown in 

Section 3.3.
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Fig. 3. Equivalent electrical network for thermal radiation exchange between 
two surfaces.

For the single-vial case (two surfaces), (25) can be simplified further. 
Originally, 𝑇1 is the temperature of the vial surface. Nevertheless, as the 
model is simulated in one spatial direction, 𝑇1 becomes the temperature 
of the frozen material, which is 𝑇 (𝑥, 𝑡). The wall temperature is assumed 
to be constant at 𝑇2. Given the geometry shown in Fig. 2a, the radiant 
energy leaving surface 1 is all intercepted by surface 2; thus, the view 
factor 𝐹1−2 is 1. As a result, (25) becomes

𝑄rad(𝑥, 𝑡) =
𝜎((𝑇 (𝑥, 𝑡))4 − 𝑇 4

2 )
1 − 𝜀1
𝜀1𝐴1

+ 1
𝐴1

+
1 − 𝜀2
𝜀2𝐴2

, (27)

which has the resistance

𝑅rad =
1 − 𝜀1
𝜀1𝐴1

+ 1
𝐴1

+
1 − 𝜀2
𝜀2𝐴2

. (28)

With the net thermal radiation established, the energy conservation 
equation for the frozen region becomes

𝜌𝐶𝑝

𝜕𝑇

𝜕𝑡
= 𝑘

𝜕2𝑇

𝜕𝑥2
+𝐻𝑣 −

𝑄rad(𝑥, 𝑡)
𝑉

, 0 < 𝑥 < 𝐿, 0 < 𝑡 < 𝑡𝑚. (29)

For the sublimation stage, the energy balance at the moving interface is

𝑑𝑠

𝑑𝑡
=

𝐻𝑏(𝑡) +𝐻𝑣𝐿− 𝑄rad(𝑡)𝐿
𝑉

(𝜌− 𝜌𝑑 )Δ𝐻sub

, 𝑡 > 𝑡𝑚. (30)

Other equations including the boundary and initial conditions remain 
the same.

Although the above implementation is based on the mechanistic 
model presented in Section 2, the diffuse gray surface model can be 
similarly applied to any other models for freeze drying.

3.2. View factor calculation

The view factor 𝐹𝑖−𝑗 , defined as the fraction of the radiant energy 
leaving surface 𝑖 that is received by surface 𝑗, is an important param-

eter that governs the significance of thermal radiation in the system. 
Hence, obtaining an accurate value of the view factor between surfaces 
is crucial. In the single-vial case (Section 3.1), calculating the view fac-

tor is simple as there are only two surfaces, i.e., 𝐹1−2 = 1. For multiple 
vials, view factors can be calculated by using the analytical expressions 
[23], numerical integration [33], the Monte Carlo method [34], and 
estimation from experimental data [2].

In this work, we describe two techniques for determining view fac-

tors that can be implemented easily for the freeze-drying process. The 
first technique employs analytical expressions, which results in the ex-

act value of the view factor. This method is straightforward but possi-

ble for simple systems where analytical expressions are available. The 
second approach relies on the Monte Carlo method, which is more com-

plicated and computationally expensive than the analytical expression 
approach, but can be applied to any complicated geometry.

3.2.1. Analytical solutions

Analytical solutions are available only for some simple geometries. 
View factors calculated from the analytical solutions are exact, and thus 
can be used to validate results obtained from more complex techniques 
such as the Monte Carlo method. Here we consider two simple cases 
5

where the analytical solutions are obtained from Ref. [28].
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The first case consists of two vials in the chamber as shown in 
(Fig. 2b), where 𝑐 is the distance between vials, the left vial is denoted 
as 1𝑙, and the right vial is denoted as 1𝑟. Due to symmetry, thermal radi-

ation from the chamber wall should affect both vials equally, and hence 
both vials have the same temperature at all times. As a result, both vials 
are identical, and the view factor can be calculated analytically by

𝐹1𝑙−2 = 𝐹1𝑟−2 = 1 − 1
𝜋

(√
𝑌 2 − 1 + sin−1

( 1
𝑌

)
− 𝑌

)
, (31)

where 𝑌 = 1 + 𝑐∕𝑑.

Another case follows the geometry in Fig. 2c, where there are three 
vials: the left vial is denoted as 1𝑙, the right vial is denoted as 1𝑟, and 
the middle vial is labeled as 1𝑚. In this case, 𝐹1𝑙−2 and 𝐹1𝑟−2 can also 
be calculated using (31). For 1𝑚, since it is surrounded by two identical 
vials,

𝐹1𝑚−2 = 1 − 2
𝜋

(√
𝑌 2 − 1 + sin−1

( 1
𝑌

)
− 𝑌

)
. (32)

The view factors obtained from the analytical solutions for the two-

vial problem (three surfaces) and three-vial problem (four surfaces) 
presented here are only used for validating the Monte Carlo method 
(Section 4.1). In all other case studies, the Monte Carlo method is 
used.

3.2.2. Monte Carlo simulation

The main advantage of the Monte Carlo method is that it provides 
a systematic framework for calculating the view factor for any complex 
geometry. The drawback is that, when the number of surfaces is signifi-

cantly high, the Monte Carlo method can be computationally intensive. 
Nevertheless, the view factor is not required to be calculated online or 
in real-time when the freeze dryer is being operated; the view factor 
can be computed when the vial disposition is known during the design 
stage.

In this work, the Monte Carlo simulation is implemented in MAT-

LAB, which can be summarized in three steps. First, the geometry and 
vial disposition in the chamber are defined, which is done by using a 
set of coordinates in a 2D plane. Second, a number of rays are shot ran-

domly from the surface of interest to represent thermal radiation using

rand. Alternatively, these rays can be uniformly placed, but random 
shooting usually gives a better convergence given the same number of 
iterations. Finally, the view factor 𝐹1−2 can be obtained by calculating 
the ratio of the number of rays intercepted by surface 2 to the number 
of rays shot from surface 1. Interception is indicated by intersection be-

tween curves, which is computed using the algorithm in Ref. [35]. This 
algorithm is based on a 2D plane, meaning that the cylinder (vial) is as-

sumed to have infinite length. The error of this approximation on the 
view factor is tiny provided that (1) the distance between vials (𝑐) is 
small and (2) the vial height is large compared to the radius of the vial 
[36]. The former is generally true for freeze drying of multiple vials, 
while the latter is common for typical vials.

3.3. Thermal radiation exchange between multiple surfaces

In practice, there are many vials in a freeze dryer, especially in phar-

maceutical and biopharmaceutical manufacturing [2,4,10], and so the 
framework introduced in Section 3.1 needs to be modified. Previous 
studies modeled thermal radiation in freeze drying by assuming that 
radiation exchange exists between each vial and the chamber wall in-

dependently (two surfaces) [2,4,23,25]. In reality, thermal radiation 
exchange exists not only between the vial and chamber wall but also 
between multiple vials, where all of these processes occur simultane-

ously. To our knowledge, there is no literature discussing a systematic 
way of modeling this complicated behavior in the context of freeze dry-

ing. In this article, we adapt the radiation network approach discussed 
in Refs. [28,32] to describe radiation exchange between multiple sur-
faces. The section firstly discusses a complete network representation 
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Fig. 4. Network representation for radiation exchange between the four surfaces for the three-vial case in Fig. 2c. The surface resistances are highlighted in blue, 
while the space resistances are shown in red. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
technique and then proposes some simplified techniques specifically for 
freeze drying.

3.3.1. Radiation network approach

The radiation network is briefly introduced in Fig. 3 for the two-

surface case. Before discussing the technique for multiple surfaces, it is 
important to note two critical relations for radiation exchange between 
𝑘 surfaces:

𝑘∑
𝑗=1

𝐹𝑖−𝑗 = 1, (33)

𝐴𝑖𝐹𝑖−𝑗 =𝐴𝑗𝐹𝑗−𝑖. (34)

These two equations describe the relations between view factors and 
surface area, which are valid for all pairs of surfaces in the network.

To demonstrate the radiation network technique, consider the three-

vial case (Fig. 2c). In this case, there are four surfaces, where radiation 
exchange exists between (1) surfaces 1𝑙 and 2, (2) surfaces 1𝑚 and 2, (3) 
surfaces 1𝑟 and 2, (4) surfaces 1𝑙 and 1𝑚, and (5) surfaces 1𝑟 and 1𝑚. 
The network representation of the four surfaces is illustrated in Fig. 4.

Each pair of two surfaces is connected via the space resistance. The 
key idea of the network representation technique is to ensure the radi-

ant energy balance holds for all surfaces in the system. For example, by 
considering node 𝐽2, the radiant energy balance can be described by

𝜎𝑇 4
2 − 𝐽2

(1 − 𝜀2)∕𝜀2𝐴2
=

𝐽2 − 𝐽1𝑙
1∕𝐴1𝑙𝐹1𝑙−2

+
𝐽2 − 𝐽1𝑚

1∕𝐴1𝑚𝐹1𝑚−2
+

𝐽2 − 𝐽1𝑟
1∕𝐴1𝑟𝐹1𝑟−2

, (35)

which uses the convention that heat transfers from surface 2 to the other 
surfaces. The same analysis can be performed for the other three nodes, 
namely 𝐽1𝑙 , 𝐽1𝑚, and 𝐽1𝑟. In primary drying, the properties and tem-

perature of each surface are known (e.g., from the initial conditions), 
so the only unknowns are 𝐽1𝑙 , 𝐽1𝑚, 𝐽1𝑟, and 𝐽2. Here we have a linear 
system of four equations resulting from the energy balance equations 
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and four unknowns, and hence the system can be solved efficiently and 
straightforwardly, e.g., using mldivide (backslash) in MATLAB. For 𝑘
surfaces, the energy balance equation can be written as

𝐽𝑖 = 𝜀𝑖𝜎𝑇
4
𝑖
+ (1 − 𝜀𝑖)

𝑘∑
𝑗=1

𝐽𝑖𝐹𝑖−𝑗 , for 𝑖 = 1,2, ..., 𝑘, (36)

which results in a linear system of 𝑘 equations and 𝑘 unknowns. When 
𝐽𝑖 is calculated, the net radiant energy from each surface 𝑖 can be ob-

tained by

𝑄rad,𝑖 =
𝜀𝑖𝐴𝑖

1 − 𝜀𝑖
(𝜎𝑇 4

𝑖
− 𝐽𝑖), (37)

where 𝑄rad,𝑖 replaces 𝑄rad in the freeze-drying model given by (29) and 
(30).

To incorporate this framework into the dynamic modeling of pri-

mary drying, the first step is to initialize the mechanistic model (29)

and (30) for all vials, i.e., one model for one vial. Then, solve the radi-

ation network to calculate 𝑄rad,𝑖 for every vial simultaneously. Finally, 
the equation is numerically integrated to the next time step. The calcu-

lation procedure is summarized in Fig. 5a.

This radiation network approach has several benefits. Firstly, radi-

ation exchanges between every surface are captured accurately. Sec-

ondly, the approach ensures the conservation of radiant energy in the 
system. Lastly, the approach can be systematically applied to model 
any complicated freeze-dryer design and vial disposition regardless of 
the number of surfaces. The only drawback is that the network repre-

sentation could be highly complex when the number of vials is high, 
which is quite common in industrial freeze dryers. The number of par-

tial differential equations (PDEs) and complexity of the linear system 
of equations are dependent on the number of vials, thereby intensive 
computation. Although that does not prohibit the use of this radiation 
network approach, some approximation/simplification, which results in 

much faster computation, is discussed in the next section.
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Fig. 5. Flowcharts summarizing the calculation procedures for dynamic modeling of primary drying with the (a) radiation network and (b) simplified approaches.
3.3.2. Simplified approach

There are different ways to simplify the radiation network approach 
for primary drying in freeze drying. The simplest technique for freeze 
drying assumes that the interaction between vials is negligible and all 
vials are independent, and so thermal radiation exists only between 
each vial and the chamber wall, i.e., two surfaces at a time. This tech-

nique is common in literature due to its simplicity. In such cases, the 
net radiant energy exchange between each vial, denoted as 𝑖, and the 
chamber wall, denoted as 2, is approximated by

𝑄rad,𝑖 =
𝜎(𝑇 4

𝑖
− 𝑇 4

2 )
1 − 𝜀𝑖

𝜀𝑖𝐴𝑖

+ 1
𝐴𝑖𝐹𝑖−2

+
1 − 𝜀2
𝜀2𝐴2

, (38)

where 𝑄rad,𝑖 replaces 𝑄rad in the freeze-drying model given by (29) and 
(30).

The calculation procedure for the simplified technique is given in 
Fig. 5b. The simplification decouples the radiation network; i.e., all 
vials are independent, and so there is no linear system of equations 
to be solved. Also, the simplified approach can be selectively applied 
to the vial of interest, whereas the radiation network approach requires 
simultaneous modeling of all vials as they are coupled in the network. 
This simplification can significantly lower the computational cost.

The simplified approach is a good approximation for primary drying 
in freeze drying for two reasons. First, the temperature of the product is 
nearly constant at the sublimation temperature most of the times. Sec-

ond, the material and size of all vials are the same. Therefore, these vials 
are approximately identical, which justifies that radiation exchange be-

tween the vials should be relatively small compared to that between the 
vials and chamber wall. Although this technique results in a much sim-

pler calculation and faster simulation, significant errors could occur in 
some cases, which is discussed further in Section 4.2.

3.3.3. Hybrid approach and parameter estimation

The radiation network and simplified approaches described above 
do not require any parameter estimation or fitting for the radiation com-

ponent. Instead, all relevant parameters can be calculated analytically 
or numerically. Nevertheless, our framework also provides flexibility 
for parameter estimation from data. In such cases, we rely on the for-

mulation of the simplified approach by assuming that thermal radiation 
exchange exists independently between each vial and the chamber wall. 
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However, instead of using (38), the radiative heat flux is expressed by
𝑄rad,𝑖 =
𝜎(𝑇 4

𝑖
− 𝑇 4

2 )
𝑅rad

, (39)

where 𝑅rad is the resistance to thermal radiation estimated from data, 
e.g., drying time. Also, in the case of unknown wall temperature, its 
value 𝑇2 can be estimated from data. When 𝑅rad is obtained, the mod-

eling procedure is identical to that of the simplified approach. Data for 
parameter estimation could be experimental data or data obtained from 
the radiation network approach.

This hybrid approach relies on a combination of data and first-

principles modeling. It can provide a highly accurate result when cal-

ibrated by data, but is specific to the system that the data have been 
collected from. By having its computational cost the same as the simpli-

fied approach, the hybrid model can be computed much faster than for 
the radiation network approach. Another advantage is that the hybrid 
model does not require the calculation of view factors because those 
parameters are included in 𝑅rad, which is estimated from data.

3.4. Summary of model implementation and limitation

The original model presented in Section 2 can be solved analytically 
or numerically; we refer to the detailed procedure in Ref. [21]. For ther-

mal radiation analysis, the view factor should be calculated first using 
the Monte Carlo method described in Section 3.2.2. For the radiation 
network approach, the model integrated with the radiation network 
should be solved numerically, which follows the calculation procedure 
shown in Fig. 5a. For the simplified approach, the calculation procedure 
follows Fig. 5b. In general, we recommend parameter estimation for the 
heat transfer coefficient (ℎ), microwave power distribution (𝑝1, 𝑝2, 𝑝3) 
for MFD/HFD, and sublimation temperature (𝑇𝑚) as these parameters 
can vary greatly among systems. Parameter estimation for the radiation 
part is not necessary but possible as with the hybrid model explained in 
Section 3.3.3.

The main advantage of our model is that it is not limited to the 
number of surfaces or geometry. Therefore, this modeling strategy can 
be systematically applied to analyze complicated freeze-dryer design 
regardless of the number of vials or geometry. The radiation network 
approach relies on three assumptions [28]: (1) all surfaces are opaque 
and gray, (2) the emission and reflection from all surfaces are diffuse, 
and (3) the radiosity of each surface is uniform. The first two assump-

tions are valid in most engineering applications. The third assumption 
is not exactly true for some systems; for example, the radiosity near the 

vertex of the chamber wall does not have to be equal to the radiosity at 
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Table 1

Default parameters for simulations.

Parameter Value Unit Reference/Note

𝜌 917 kg/m3 [4]

𝜌𝑑 63 kg/m3 [4]

𝑘 2.30 W/m-K [4]

𝐶𝑃 1,967.8 J/kg-K [4]

Δ𝐻sub 2.84 × 106 J/kg [4]

𝑄 85 W [9]

𝑝1 3.73 × 10−4 – Estimated from [11]

𝑝2 8.62 × 10−3 – Estimated from [11]

𝑝3 2.5 × 10−5 – Estimated from [9]

ℎ 65 W/m2 K [15]

𝑇0 236.85 K [9]

𝑇𝑏0 236.85 K [9]

𝑇𝑏,max 281.85 K [11]

𝑇𝑚 256.15 K [9]

𝑇2 293.15 K [25]

𝑟 1 K/min [11]

𝐿 4.2 cm [11]

𝑑 1 cm –

𝑐 0.5 cm –

𝐴1 1.3×10−3 m2 Product of diameter 1 cm, height 4.2 cm

𝐴2 0.54 m2 Cubic of side 30 cm

𝑉 3.3 × 10−6 m3 Product of diameter 1 cm, height 4.2 cm

𝜀1 0.8 – Glass, [28]

𝜀2 0.3a – Stainless steel, [23,28]

𝜎 5.67 × 10−8 W/m2 K4 –

a Various values of the emissivity have been reported in the literature [23].

the center due to asymmetry. Nevertheless, this error can be reduced by 
dividing a surface into smaller surfaces of acceptably uniform radiosity, 
where the number of smaller surfaces depends on the level of accuracy 
needed [28]. Since the general framework of the radiation network is 
not limited by the number of surfaces, adding more surfaces to the sys-

tem is not an issue.

Since the mechanistic model in Section 2 considers sublimation as 
a heat transfer-controlled process, the product temperature is approx-

imately constant during the sublimation stage for CFD. Hence, the 
computed effect of thermal radiation on the product temperatures is 
negligible for the sublimation stage. The proposed framework for mod-

eling thermal radiation is not limited to any specific mechanistic model, 
however, and can be applied to situations where mass transfer is impor-

tant.

Along with this article, we provide the MATLAB implementation of 
our model (see Data availability), which includes the original mechanis-

tic model, the radiation network model for thermal radiation analysis, 
and the Monte Carlo simulation for view factor calculation. Users can 
freely set the inputs to simulate their systems of interest. Examples of 
model implementation are shown in Section 5.

4. Simulation and model validation

The mechanistic model and several modeling strategies discussed in 
Sections 2 and 3 are validated using simulation studies and experimen-

tal data from the literature. The default parameters are listed in Table 1; 
parameter values different from those reported in the table are stated 
explicitly in that specific section.

4.1. Validation of the Monte Carlo method

In this work, the Monte Carlo method is employed for view fac-

tor calculation as it can flexibly handle different geometry and vial 
disposition. Before applying the Monte Carlo method, however, it is im-

portant to ensure that the algorithm provides an accurate prediction of 
the view factor. This section compares view factors calculated from the 
Monte Carlo simulation with the analytical solutions for some simple 
vial layouts, namely, for two and three vials (Fig. 2bc) with the default 
8

parameters in Table 1.
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Table 2

Comparison between the view factors obtained from the analytical solutions 
and Monte Carlo method. The diameter of each vial (𝑑) is 1 cm. The distance 
between vials (𝑐) is 0.5 cm. The chamber is assumed to be a cube of side 30 
cm.

Case View factor Analytical solution Monte Carlo method Error (%)

2 vials 𝐹1−2 0.8893 0.8883 0.11

3 vials 𝐹1𝑙−2 0.8893 0.8897 0.04

𝐹1𝑚−2 0.7786 0.7769 0.22

𝐹1𝑟−2 0.8893 0.8884 0.10

Table 2 shows that the Monte Carlo method can provide highly accu-

rate prediction of the view factors for the layouts considered in Fig. 2bc. 
The error of calculation is on the order of 0.1%, which is practically neg-

ligible. As such, this method is promising for use in the calculation of 
view factors in our freeze-drying system.

4.2. Comparison of modeling strategies

Different techniques for modeling radiation exchange between mul-

tiple surfaces are discussed in Section 3.3. Here we compare the ra-

diation network approach with the simplified approach to justify its 
approximation. The former considers radiation exchange between all 
surfaces simultaneously and accurately, while the latter assumes that 
thermal radiation exists only between each vial and the chamber wall 
independently.

Consider a rectangular array of 10 × 10 vials with the default pa-

rameters in Table 1. Using the radiation network approach, the drying 
times of all vials can be obtained as shown in Fig. 6a. Due to the lo-

cations, the four corner vials have the highest view factor as they are 
exposed to the chamber wall more than any other vials. The corner vials 
dry the fastest, at about 9.6 hours, as the influence from thermal radia-

tion is largest. The second group of vials that is dried is the edge vials, 
with drying time of about 11.5 hours. The effect of thermal radiation 
is largest for the outermost vials and becomes significantly weaker for 
inner vials. The error of using the simplified method is about 5%–7% 
for the outermost vials (Fig. 6b). This error is equivalent to about 0.7 
hours of drying time, indicating that the radiation exchange between 
vials can be significant.

The radiation network approach captures all radiation exchanges be-

tween multiple vials and the chamber wall, and thus provides physically 
reasonable and accurate results. Nevertheless, the radiation network ap-

proach is much more computationally expensive than the simplified 
approach, in particular when the number of vials is high. For 100 vials, 
the simulation time of the radiation network approach is on the order 
of several minutes, whereas for the simplified approach is on the order 
of seconds. As such, the simplified approach can be useful in applica-

tions where speed is crucial, e.g., real-time/online simulation, but the 
error of simplification should be quantified properly on a case-by-case 
basis, with respect to the radiation network approach. In Section 5.4, 
we demonstrate the use of the hybrid approach, which combines the 
simplified technique and the radiation network representation for fast 
simulation with high accuracy.

4.3. Model validation with simulation and experimental data

The mechanistic model is validated using various simulation and ex-

perimental data, ranging from cases for internal vials (i.e., no radiation) 
to edge and corner vials with thermal radiation. The parameters specific 
to each case study are given in Table 3, with other parameters following 
the default values in Table 1.

4.3.1. Conventional freeze drying

For CFD, simulation results are compared with two sets of experi-
mental data from the literature, in which the temperature was reported 
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Fig. 6. Comparison between the drying times predicted by the (a) radiation network and (b) simplified approaches for an array of 10 × 10 vials. The drying time is 

17.7 hours if thermal radiation is omitted.

for inner vials surrounded by outer vials, so that the effects of thermal 
radiation are minimal.1

The first data set, denoted as Case 1, is obtained from Ref. [8]. 
Our model is able to simulate the product temperature at the bottom 
and predict the drying time accurately compared with the experimen-

tal data (Fig. 7). The temperature is nearly constant during sublimation, 
indicating a heat transfer-controlled process. The only difference is at 
the transition between the heating and sublimation stages, where the 
experimental data show a smoother transition.

Another set of data, denoted as Case 2, is obtained from Ref. [4], 
where the interface position profiles are available. In this case, two 
experiments were conducted at different shelf temperatures: 258.15 and 
268.15 K.

Our model is able to predict the drying time, product temperature, 
and interface position in both cases reasonably well (Figs. 8 and 9). The 
only significant difference is that the measured bottom temperatures 
slightly increase over time, which implies some contribution of mass 
transfer. However, ignoring mass transfer does not significantly impact 
the ability of our model to identify the end point of primary drying. 
At the end of primary drying, the measured temperature appears to 
increase more abruptly, indicating the start of secondary drying.

4.3.2. Microwave-assisted freeze drying

Experimental data for MFD are relatively limited. Here we use two 
sets of data from Refs. [8] and [9], denoted as Cases 3 and 4, respec-

tively. The temperature was reported for inner vials surrounded by 
shielding vials, so that the effects of thermal radiation are minimal.

The model can be used to estimate the evolution of the product 
temperature in MFD accurately (Fig. 10). Correspondingly, the drying 
time can be predicted. An important observation is that the microwave 
power distribution, i.e., 𝑝1, 𝑝2, 𝑝3, varies significantly among different 
experiments. This is because microwave absorption is influenced by 
several factors in a complicated manner, e.g., solute concentration and 
microwave frequency [10], and so these microwave-related parameters 
are usually estimated from data [11].

For Cases 1 to 4, we demonstrate that our model can be used to sim-

ulate the product temperature and interface position during primary 
drying for both CFD and MFD (HFD is just a combination of both) with-

out thermal radiation, i.e., for inner vials. Model validation in the next 
section focuses on edge/corner vials, where thermal radiation is signif-

icant.
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1 The outer vials act as a thermal radiation shield.
Fig. 7. Comparison between the model prediction and experimental data for 
the product temperature at the bottom surface, Case 1.

4.3.3. Effects of thermal radiation

Model validation in Sections 4.3.1 and 4.3.2 considers data for inner 
vials, where the effect of thermal radiation is negligible, to validate our 
base model in Section 2. This section focuses on the validation of the 
thermal radiation model (Section 3).

The first set of data for thermal radiation, denoted Case 5, is ob-

tained from the simulation results of Ref. [4], where CFD was consid-

ered. The wall temperature 𝑇2 and view factor 𝐹1−2 were not reported. 
Thus, we estimate 𝑇2 from data and calculate 𝐹1−2 using the Monte 
Carlo approach. In Ref. [4], radiation exchange was calculated between 
the vial and chamber wall only, so we use the simplified approach here 
for a fair comparison.

From Table 4, the predicted drying time is lower than the reference 
data by about 0.3 hours (4%) for our default wall temperature of 293.15 
K. This error can be reduced by estimating the wall temperature from 
data. The estimated wall temperature of 288.80 K lies in a typical range 
found in the literature [2,23,25]. An important observation here is that 
wall temperature plays an important role in thermal radiation. Hence, 
this parameter should be accurately measured or estimated from data 
rather than relying on some default value from the literature. This wall 

temperature effect is discussed in more detail in Section 5.2.
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Fig. 8. Comparison between our model prediction and (a) the experimental data for the product temperature at the bottom surface and (b) the prediction of the 
model of Ref. [4] for the interface position, Case 2 with the shelf temperature of 258.15 K. The drying time of ∼12 hours predicted by our model is somewhat larger 
than the experimental and model drying times reported by Ref. [4].

Fig. 9. Comparison between our model prediction and (a) the experimental data for the product temperature at the bottom surface and (b) the prediction of the 
model of Ref. [4] for the interface position, Case 2 with the shelf temperature of 268.15 K. The drying time predicted by our model is somewhat larger than the 
experimental drying time, and somewhat smaller than the model drying time reported by Ref. [4].
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Fig. 10. Comparison between the model prediction and experimental data for the product temperature at the bottom surface, (a) Case 3 and (b) Case 4.
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Table 3

Specific parameters for simulations in each case study.

Case study Parameter Value Unit Reference/Note

Case 1 ℎ 19 W/m2 K Estimated from data

𝑇0 226.15 K [8]

𝑇𝑏0 226.15 K [8]

𝑇𝑏,max 253.15 K [8]

𝑇𝑚 241.15 K [8]

𝑟 0.0889 K/min [8]

𝐿 0.51 cm Calculated from 𝑉 and 𝑑

𝑑 2.4 cm 10R vial, [8]

𝑉 2.3 mL [8]

Case 2 𝜌𝑑 252 kg/m3 [4]

ℎ 23.7 W/m2 K Estimated from data

𝑇0 228.15 K [4]

𝑇𝑏0 228.15 K [4]

𝑇𝑏,max 258.15, 268.15 K [4]

𝑇𝑚 243.15 K Estimated from data

𝑟 0.25 K/min [4]

𝐿 0.715 cm [4]

Case 3 𝑄 25 W [8]

𝑝1 8.0 × 10−4 – Estimated from data

𝑝2 1.0 × 10−2 – Estimated from data

𝑝3 1.4 × 10−4 – Estimated from data

𝑇0 226.15 K [8]

𝑇𝑚 238.15 K [8]

𝐿 0.51 cm Calculated from 𝑉 and 𝑑

𝑑 2.4 cm 10R vial, [8]

𝑉 2.3 mL [8]

Case 4 𝑄 85 W [9]

𝑝1 3.0 × 10−4 – Estimated from data

𝑝2 5.9 × 10−3 – Estimated from data

𝑝3 2.5 × 10−5 – Estimated from data

𝑇0 236.85 K [9]

𝑇𝑚 254.15 K [9]

𝐿 0.51 cm Calculated from 𝑉 and 𝑑

𝑑 2.4 cm 10R vial, [9]

𝑉 2.3 mL [9]

Case 5 𝜌𝑑 252 kg/m3 [4]

ℎ 18.1 W/m2 K Estimated from data

𝑇0 230.75 K [4]

𝑇𝑏0 230.75 K [4]

𝑇𝑏,max 268.15 K [4]

𝑇𝑚 242.70 K [4]

𝑇2 277.33 K Estimated from data

𝑟 0.208 K/min [4]

𝐿 0.8 cm [4]

𝑑 1.425 cm [4]

𝑐 0 cm [4]

𝐴1 3.58 × 10−4 m2 Calculated from 𝐿 and 𝑑

𝑉 1.28 × 10−6 m3 Calculated from 𝐿 and 𝑑

Case 6 ℎ 24.8 W/m2 K Estimated from data

𝑇0 260 K Assumed to be equal to 𝑇𝑏0
𝑇𝑏0 260 K [25]

𝑇𝑏,max 310 K [25]

𝑇𝑚 263.15 K [25]

𝑇2 293.15 K [25]

𝐿 1.6 cm [25]

𝑑 1.4 cm [25]

𝑐 0 cm [25]

𝐴1 7.04 × 10−4 m2 Calculated from 𝐿 and 𝑑

𝑉 2.46 × 10−6 m3 Calculated from 𝐿 and 𝑑

Table 4

Comparison between the drying times predicted by our model and the reference 
data in Ref. [4] for Case 5.

Case Total drying time (hours) Note

Reference data Model prediction

No Radiation 11.1 11.1 –

With Radiation 7.7 7.4 Default 𝑇2 = 293.15 K

With Radiation 7.7 7.7 Estimated 𝑇 = 288.80 K

Another set of data is from the experiments of [25], where CFD was 
considered. In this experiment, most thermophysical properties were 
not reported, so the default values in Table 1 are used. The heat transfer 
coefficient is estimated using the data of the center vial (no radiation). 
The radiation network technique is applied without any parameter es-

timation for the radiation component to demonstrate the robustness of 
thermal radiation modeling.

The predicted drying times agree quite well with the experimental 
2
11
data, with the maximum error of about 3.5% (Table 5) for the cor-
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Table 5

Comparison between the drying times predicted 
by our model and the reference data in Ref. [25]

for Case 6.

Case Total drying time (hours)

Reference data Model prediction

Center vial 9.74 9.74

Edge vial 8.37 8.47

Corner vial 7.89 7.61

Table 6

Comparison of the total radiative heat transfer in dif-

ferent vials and freeze-drying methods.

Method Total radiative heat transfer in the vials (J)

Corner vials Edge vials Center vials

CFD 3,975 3,014 184

MFD 1,154 782 63

HFD 1,073 725 41

ner vial. This error is relatively small given that there is no parameter 
estimation for the thermal radiation part of the model, indicating the 
accuracy of the radiation network approach.2

5. Analysis and parametric studies

In Section 4, our mechanistic model is able to accurately capture 
the dynamic changes in temperature and interface position during pri-

mary drying. Furthermore, the implementation of a radiation network 
in our model effectively addresses the influence of thermal radiation 
on the drying time, ensuring a proper consideration of this important 
factor. Here we showcase the applications of our model via a compre-

hensive analysis and parametric study of thermal radiation in primary 
drying. Results presented in this section are obtained from the radiation 
network approach, i.e., no simplification or approximation.

Note that our analysis here focuses on thermal radiation from the 
chamber walls, which contributes to the majority of radiative heat 
transfer in the system due to its large surface area. Another source of 
thermal radiation can be the heating shelf, which affects all vials on the 
shelf irrespective of their locations. This effect is generally incorporated 
in (2), but can also be handled by the radiation network by considering 
the heating shelf as another object.

5.1. Different modes of freeze drying

The influence of thermal radiation on different freeze-drying modes 
varies, with previous literature primarily concentrating on CFD. To gain 
insights into this phenomenon, we apply our mechanistic model incor-

porating the radiation network to predict the drying times of an array 
of 10 × 10 vials for CFD, MFD, and HFD, with the default parameters 
in Table 1.

From Fig. 11, CFD has the largest variation in drying times, ranging 
between 9.5 hours to 17.2 hours, while the variation is smallest in HFD, 
which ranges from 2.5 hours to 3.2 hours. This result is understandable 
because microwave irradiation plays a role in enhancing the uniformity 
of heat transfer in the system, which is a benefit of using MFD and 
HFD beyond drying time reduction [37]. In all cases, the inner vials are 
slightly influenced by thermal radiation, agreeing with experimental 
observations in the literature [1,4].

In Table 6, the corner vials receive a largest amount of radiative en-

ergy, whereas the value is much smaller for the center vials. In CFD, the 

2 The error would be larger if the simplified approach was used because the 
simplified approach always underestimates the drying time as discussed in Sec-
12

tion 4.2.
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Table 7

Drying times of the corner and edge vials 
for six different vial layouts. All vials are 
arranged in a rectangular array.

Layout Total drying time (hours)

Corner vials Edge vials

1 vial 2.34 –

2 × 2 vials 2.48 –

5 × 5 vials 2.54 2.68

8 × 8 vials 2.56 2.73

10 × 10 vials 2.56 2.74

15 × 15 vials 2.59 2.76

total radiative energy is larger than those in MFD and HFD because the 
total drying time of CFD is much longer, and so there is more time for 
thermal radiation to occur. In MFD and HFD, the process is completed 
much faster due to the contribution of microwave irradiation, and so 
the contribution of thermal radiation is smaller. This analysis agrees 
with the physical interpretation of heat transfer and is consistent with 
the drying time results presented earlier.

5.2. Wall temperature

In the literature, the wall temperature is usually higher than that 
of the vial, and thus the radiant energy from the wall accelerates the 
drying process [25,26]. In practice, the wall temperature varies greatly 
among different systems because it depends on various factors, e.g., 
freezing steps, drying protocol, freeze-dryer design, and external en-

vironment, and thus the wall temperature needs to be measured or 
controlled [2,23,25,26]. Some past studies found that the wall temper-

ature was relatively constant during the drying step [2,4].

Wall temperature plays an important role in thermal radiation as 
shown in Section 4.3.3, and hence its effects are investigated here. The 
wall temperature is assumed to be constant throughout the drying pro-

cess to simplify our analysis, although the radiation network approach 
is not restricted to this assumption. The literature has reported sev-

eral wall temperature values; the maximum value to our knowledge is 
293.15 K reported by Ref. [25], which is the default value in Table 1. 
The wall temperature, 𝑇2, is varied from the sublimation temperature of 
256.15 K up to 293.15 K while keeping other parameters as in Table 1. 
HFD is considered.

An increase in the wall temperature leads to a notable reduction in 
the time required for drying (Fig. 12). If the wall temperature is equal to 
the sublimation temperature (the first data point on the left), the drying 
time is not significantly affected because the wall and vial temperatures 
are similar. At the highest wall temperature of 293.15 K, the drying 
time is decreased by about 0.61 hours for the corner vials and 0.43 
hours for the edge vials, which corresponds to about 19% and 14% 
reduction, respectively. Therefore, it is crucial to carefully monitor and 
control the wall temperature to accurately assess the effects of thermal 
radiation.

5.3. Vial disposition

The number of vials and its deposition vary greatly among different 
freeze-drying systems, which directly influences the impact of thermal 
radiation. The radiation network framework proposed in this work en-

ables the analysis of any complicated vial disposition and freeze-dryer 
design. For the analysis in this section, all parameters are based on the 
default values in Table 1 unless otherwise specified. HFD is considered.

Firstly, the six different vial layouts are investigated (Table 7). The 
drying time is longer as the number of vials increases, which is under-

standable because additional vials act as a radiation shield reducing the 
view factor between each vial and the chamber wall. The drying time 
exhibits minimal variation when the number of vials reaches some cer-
tain thresholds. This phenomenon arises from the fact that, once the 
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Fig. 11. Drying times of an array of 10 × 10 vials in (a) CFD, (b) MFD, and (c) HFD with thermal radiation. If thermal radiation is omitted, the drying times are 
17.7, 4.0, and 3.2 hours for CFD, MFD, and HFD, respectively.

Fig. 12. Effects of wall temperature on the drying times of the (a) corner vials and (b) edge vials in an array of 10 × 10 vials in HFD.
number of vials surpasses a certain point, the addition of more vials has 
a negligible effect on the view factor of the existing vial. This insight is 
useful as it limits the number of vials to be modeled at this threshold 
instead of modeling every vial added to the system, reducing computa-

tional time.

Another important aspect of vial disposition is the distance/gap be-

tween vial, 𝑐. Here we compare the case where 𝑐 = 0.5 cm (the default 
13

value as in Table 1) with the case where there is no gap between vials, 
i.e., 𝑐 = 0 cm. The result shows that reducing the gap between vials pro-

longs the drying (Fig. 13). When the vial gap is smaller, the vials are 
packed more closely. This results in a reduction in the view factor be-

tween the vials and chamber wall, and so reduces the effect of thermal 
radiation. Given that the drying time for the non-radiation case is 3.17 
hours, thermal radiation has a slight heating effect on the inner vials 
when 𝑐 = 5 cm (Fig. 13a) and has no effect on the inner vials for 𝑐 = 0

cm (Fig. 13b). This analysis suggests that empty vials could be used as 
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Fig. 13. Drying times of an array of 10 × 10 vials for (a) 𝑐 = 0.5 cm and (b) 𝑐 = 0 cm in HFD with thermal radiation. The drying time is 3.2 hours if thermal radiation 

is omitted.

a radiation shield, particularly if the vials are packed closely, agreeing 
with the literature [4,8,9,38]. If properly shielded, all the inner vials 
can be modeled without considering thermal radiation.

Lastly, our model can be applied to analyze different array struc-

tures. In freeze drying, two common arrangements for vial disposition 
are rectangular and hexagonal arrays [4,23,25,38]. By using 10 × 10 
vials with 𝑐 = 0 cm in CFD as an example, Fig. 14 shows that the hexag-

onal array has a larger variation in the drying times compared to the 
rectangular array, which is understandable considering a more symmet-

ric structure of the rectangular array. The hexagonal array, however, 
is the most optimal way for space management; i.e., given the same 
amount of space, more vials can be added to the hexagonal array as it 
represents the closest packed structure.

5.4. Training the hybrid model

As explained in Section 4.2, the simplified approach underestimates 
the drying time as it does not capture the radiation exchange between 
vials. However, the simplified technique has an advantage over the ra-

diation network approach for applications requiring fast computation 
or real-time simulation. Here we demonstrate the application of the hy-

brid approach introduced in Section 3.3.3 to train the simplified model 
14

with the radiation network model. The resulting hybrid model com-
bines the benefits of the radiation network and simplified approaches, 
leading to a fast and accurate simulation. In this case, we use the radia-

tion network simulation as training data. The exact same procedure can 
be used for cases where experimental data is used for training.

Hybrid model training involves solving the optimization

min
𝑅rad

(𝑡data − 𝑡hybrid)2 (40)

s.t.

Equations (29), (30), (39),

where 𝑡data is the ground truth and 𝑡hybrid is the drying time predicted 
by the hybrid approach. The optimization (40) is solved independently 
for each vial of interest, which could be only some vials or every vial in 
the chamber.

In this case, consider a rectangular array of 10 × 10 vials in CFD, 
with the default parameters in Table 1. The drying times predicted by 
the radiation network approach at 𝑇2 = 293.15 K are used as the only 
training data, which corresponds to Fig. 6a. The hybrid model is trained 
for all 100 vials, resulting in the values of 𝑅rad shown in Fig. 15a. The 
obtained values are logical; 𝑅rad is low for corner and edge vials, im-
plying that these vials are significantly affected by thermal radiation, 
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Fig. 14. Drying times of the (a) rectangular array of 10 × 10 vials and (b) hexagonal array of 10 × 10 vials in CFD with thermal radiation, 𝑐 = 0 cm. The drying 
time is 17.7 hours if thermal radiation is omitted.

Fig. 15. (a) Estimated 𝑅rad for a rectangular array of 10 × 10 vials. (b) Errors between the drying times predicted by the radiation network (ground truth) and 
hybrid approaches. Vial numbering goes from the left to the right and from the bottom row to the top row, respectively; i.e., vial number 1 corresponds to the vial 
15

at the bottom left corner, while vial number 100 corresponds to the vial at the top right corner.
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whereas 𝑅rad is high for inner vials as the effect of thermal radiation is 
insignificant there.

After 𝑅rad is obtained, the hybrid approach is tested with four test 
data, which are the drying times predicted by the radiation network 
approach at different wall temperatures as illustrated in Fig. 15b. The 
error is less 0.01 hours in all cases, which is not practically different. 
The hybrid approach is able to accurately predict the drying times for 
other wall temperatures given only one training set at 293.15 K, indicat-

ing the robustness of our model and training procedure. Logically, the 
accuracy of the hybrid approach can be improved with more training 
data.

5.5. Other applications

Many applications of the radiation network approach to freeze dry-

ing are demonstrated in this article. This section briefly discusses other 
freeze-dryer designs that could be analyzed using the radiation network 
approach.

As discussed before, the key benefit of this approach is that it can 
be systematically applied to model complicated freeze-dryer designs, 
irrespective of the number of objects and surfaces. For example, in batch 
freeze drying, it is common that vials are loaded using a stainless-steel 
tray or frame. The radiation network could be applied to analyze the 
effect of thermal radiation associated with this additional component. 
This stainless-steel frame becomes an additional object in the radiation 
network that partially shields the vials from the chamber walls. The 
view factors can be recalculated, and so the same strategy described in 
this work can be employed. For example, a simulation for the HFD case 
in Section 5.1 with the tray of height of 4.2 cm (same as the sample 
height) gives that the drying times of the corner and edge vials increase 
from 2.56 to 2.80 hours and from 2.74 to 2.92 hours, respectively. The 
presence of this additional object slightly reduces the effect of thermal 
radiation on the vials.

Other possible scenarios that are not covered in this work but can 
be analyzed via our proposed framework include analysis of radiation 
shields, asymmetric chamber walls, and continuous freeze dryers [39,

40]. In any case, the procedure is still the same: (1) define the geometry 
and surface, (2) calculate the view factors, and (3) apply the radiation 
network approach.

6. Conclusion

A new mechanistic model is proposed for primary drying in con-

ventional (CFD), microwave-assisted (MFD), and hybrid (HFD) freeze 
drying. The model incorporates the diffuse gray surface model with a 
radiation network that accurately accounts for thermal radiation ex-

change between the vials and chamber wall. This mechanistic approach 
is the first that offers a systematic framework for simulating thermal 
radiation between multiple surfaces in any complex freeze-dryer de-

signs. A simplification technique is also introduced, which trades off 
model accuracy with significantly faster computation. The hybrid ap-

proach allows for the combination of first-principles modeling and data 
to increase accuracy.

Our framework is extensively validated with analytical solutions, 
past simulation studies, and experimental data from the literature. The 
proposed model is able to accurately simulate the evolution of tempera-

ture and interface position during the primary drying phase. The model 
can effectively predict and assess the impacts of thermal radiation in 
freeze drying across different situations. The key strength of our model 
lies in its comprehensive consideration of thermal radiation exchange 
between the vials and chamber wall. Consequently, the model enables 
accurate prediction of drying times for all vials, including corner vials, 
edge vials, and inner vials. We demonstrate applications of the model 
for analyzing the impact of various parameters on thermal radiation in 
freeze drying, including the mode of operation (CFD, MFD, and HFD), 
16

wall temperature, and vial disposition. Our framework and analysis can 
International Journal of Heat and Mass Transfer 221 (2024) 125023

be used to facilitate the design and optimization of new and existing 
freeze dryers.
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