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Uncertainties are ubiquitous in 
mathematical models of complex 
systems and can be represented as 

certain classes of perturbations and dis-
turbances. Comprehensive uncertainty 
analysis of static and dynamical system 
models is important, especially when 
these models are used in the optimal 
control of processes, which can operate 
close to safety and performance con-
straints. The model-based computation 
of optimal control policies is of increas-
ing interest due to industrial desire for 
improving productivity [1]. However, 
uncertainties in the observed data, mod-
el parameters, and implemented inputs, 
if not taken into account, may result in 
failure to realize the benefits of using op-
timal control [2], [3]. These observations 
motivate the development of techniques 
to quantify the influence of parameter 
uncertainties on the process states and 
outputs [4]–[7].

This column provides a tutorial 
introduction to a computationally effi-
cient method for propagating parame-
ter uncertainty to the states and outputs 
of static or dynamical systems, moti-
vated by the original work of Norbert 
Wiener [8]. The approach considers the 
analysis of stochastic system responses 
and uses polynomial chaos expansion 
(PCE) as a functional approximation of 
the mathematical model. The approach 
is suitable for studying uncertainty 
quantification and propagation in both 
open- and closed-loop systems.

Uncertainty Quantification
Uncertainty quantification is the charac-
terization of the effects of uncertainties 
on simulation or theoretical models of 
actual systems. Sources of uncertainty 
include parametric model perturba-
tions, lack of physical fidelity of mod-
els, and uncertain circumstances in 
system operation. The principal objec-
tives of uncertainty quantification and 
propagation include [9]

»» Model checking: In model-based 
analysis and control, models 
must be validated or invalidated 
by assessing their consistency 
with  measurements/observa-
tions  of  the  actual  system.  
Physical  measurements  are 
inherently corrupted by uncer-
taint ies  (e.g.,  measurement 
noise, sensor bias), and under-
s t a n d i n g   t h e   s o u r c e s   o f  
uncertainties  and  modeling 
imperfections are indispensable 
to the application of a robust 
control and estimation scheme.

»» Variance analysis: The simplest 
way of quantifying uncertainty 
propagation is to compute the 
variance of the system response 
around its mean value (or expec-
tation). This variance analysis 
can provide important informa-
tion for robust design and opti-
mization and can be used to 
characterize the robustness of 
the prediction, characterize the 
reachability and controllability 
of the system, and compute con-
fidence levels of associated pre-
dictions.

»» Risk analysis: Apart from vari-
ance  analysis,  determining 
probabilities that certain system 
characteristics exceed critical 
values or safety thresholds has 
significant importance in risk 
and reliability assessment.

»» Uncertainty management: In the 
presence of multiple sources of 
uncertainty, efficient robust con-
trol and estimation requires analy-
ses of their relative impacts on 
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certain system performance and 
behavior. Isolating and reducing 
dominant sources of uncertainty 
are key steps for robust estimation. 

Much research effort has been 
devoted to developing optimal and scal-
able uncertainty quantification meth-
ods, including polynomial chaos, sto-
chastic response surfaces, and dynamic 
sampling  methods  (for  example, 
Markov chain Monte Carlo simulation).

For probabilistic uncertainty quan-
tification in dynamical uncertain sys-
tems, this column focuses on poly-
nomial chaos and its generalizations 
with intrusive projection methods, 
called Galerkin projections, to identify 
associated surrogate models, which are 
computationally efficient approxima-
tions of the original system. These 
methods can be considered as special 
types of spectral methods to construct 
finite-dimensional approximations in 
infinite-dimensional probability mea-
sure spaces. Surrogate models are con-
structed based on generalized polyno-
mial chaos and are used for analyzing 
uncertainty propagation and for devel-
oping control design methods for sys-
tems with probabilistic uncertainties.

An Introduction to PCEs
Roughly speaking, a PCE has the form 
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where y  is some random model out-
put, the iz  are the basis functions, 

Np  is the number of terms 
in the expansion, and the 
ai  are coefficients in the 
expansion. The rest of this 
section presents PCEs and 
related constructs in more 
formal mathematics so that 
all terms are defined and 
used precisely, but readers 
unfamiliar with the con-
cepts such as v -algebras 
should be able to follow the 
development without hav-
ing to become an expert in 
all of the underlying math-
ematics. In fact, PCEs are so 

closely related to numerical methods 
for function approximation that they 
are regularly applied by practitioners 
who only have a mathematical back-
ground typical of a first-year engi-
neering graduate student. A discus-
sion of some characteristics of PCEs is 
followed by a summary of methods for 
determining the coefficients in these 
expansions and then by a numerical 
example. The section ends with a dis-
cussion of a universal approximation 
property and another example.

Characteristics of PCEs
Polynomial chaos is a type of spectral 
method with useful properties that 
can be exploited for the automatic 
computations of surrogate model gen-
eration and parameter determination.

Orthogonality
Consider a measure space ( , , )MX n  
where X  is a nonempty set equipped 
with a v -algebra M  and a measure 
n . A set of orthogonal polynomials 
{ ( )}snz  for x M!  is defined by their 
orthonormality relation 
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A short hand notation for this rela-
tion is ,n m nmG Hz z d=  where nmd  is the 
Kronecker delta function. Each family 
of orthogonal polynomials has a cor-
responding integration rule and mea-
sure. Table 1 shows several common 

orthogonal polynomials and their 
measures.

Recurrence Relation
It is well known that any set of orthog-
onal polynomials ( )snz" , on the real 
line satisfies a three-term recurrence 
formula, 
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for , ,n 0 1= … Along with ( ) ,x 01z =-  
this formula holds consistently and 0z  
is always a constant. This recurrence 
formula up to p  polynomials can be 
also represented by a matrix equation 
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The recurrence formula (2) or (3) 
can be used to produce a set of orthog-
onal polynomials.

Parameterization

Random Variables
For a state-space parameterized sys-
tem model, the parameterization 
of the probability space ( , , )FX Q  is 
straightforward. Consider the con-
catenated system parameter vector  

:i X" Rn3H i  that is a random vari-
able defined on the events X , where 
the set H  is assumed to be known and 
the true system parameter vector *i  
that is a realization of a random vari-
able i  is supposed to be in the set. 
Further, the statistics of the random 
variable i  are presumed known, that 
is, the joint probability distribution of 
i  is given. For a given probability dis-
tribution of i , the first step of the poly-
nomial chaos analysis is to transform 
the parameters to a set of indepen-
dent random variables that are nor-
malized. Such transformed random 

Table 1 Supports and measures of common 
or thogonal  polynomials.  The  or thogonal 
polynomials for different distribution types can 
be mixed; see [10] and [11, App. A.3] for details.

Polynomial Support Measure ( )xn

Legendre ( , )1 1- 1

Laguerre ( , )0 3 x e xa -

Hermite ( , )3 3- e x2-

Chebyshev ( , )1 1- ( )x1 /2 1 2- -

Jacobi ( , )1 1- ( ) ( )x x1 1- +a b
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variables are called standard random 
variables [12]. The objective is to find 
a diffeomorphism :T N"H  such that 

( )Ti g=  for !g N  and the resulting  
state/output variables of a stochastic 
model x  have equivalent representa-
tions ( , ; ( )) ( , ; ( ))x z t x z ti ~ g ~= .

Gaussian Parameters 
Suppose that the system parameter 
vector i  is Gaussian: Normal( , ) .b C+i  
Then  an  af f i ne  t ransformat ion 

( ) :T A bg g= +  of the standard ran-
dom variable Normal( , ),I0+g  where 
A Rn n! #i i  satisfies ,AA CT =  yields 
a reparameterization of i  in terms of 
the standard random variable g .

Non-Gaussian Parameters 
Reference [13] suggested a simple 
transformation of an absolute con-
tinuous random variable !i X"Rni   
into the uniform distribution on the 
ni -dimensional  hypercube  [ , ] .0 1 ni  
Furthermore, in some cases the uncer-
tainty in a system input i  is specified 
by an empirical cumulative distribution 
function. Let ( , , )n1 gi i i= i  be a ran-
dom vector with cumulative distribution 
function ( , , )F n1 gi ii

i . Define a transfor-
mation :T H" [ , ]0 1 ni  by
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Then, Uniform( , )0 1i +g  for all i  and 
{ }ig  are independent.

Transformation of Random Variables 
Some transformations from common 
univariate distributions to the stan-
dard normal random variables were 
presented by [14] and extended by [12]. 
Table 2 shows a list of transformations 
for some probability distributions com-
monly used in systems analysis.

Remark 1 
A transformation of random input 
variables can result in a high-order 
or nonpolynomial spectral repre-
sentation. For example, consider a 
standard uniform random variable 

( , )0 1Uniform+i  and transform i  
to the standard normal random vari-
able ( , )0 1Normal+g  using Table  2. 
Then  the  first-order  polynomial 

( ) :p a a1 0 1i i= +   b e come s   a   non-
polynomial  function  of  : ( )p1g g =

erf ( ) .a a 2 2 10 1
1 g+ --

Random Processes 
It is common that the stochastic inputs 
of a system are random processes. The 
Karhunen-Loeve (KL) expansion has 
proved to be useful for representing the 
stochastic input quantities in stochastic 
system models (for example, see [15], 
and [16]) and is compatible with spec-
tral methods of system identification 
and analysis using polynomial chaos. 
The KL expansion gives a natural way 
to parameterize the random process 
inputs that can be exploited to construct 
basis functions in the spectral analysis.

An essential idea behind the KL 
expansion is to represent a stochastic 
process by a spectral decomposition 
of its covariance function. Consider 
a spatially and temporally varying 
random field ( , , )z ta ~  over a spatial 
domain Z  and time domain T  with 
mean ( , )z tar  and covariance func-
tion ( , )C 1 2h ha  where : ( , )z th = . The 
KL expansion of the random process 

( , )a h ~  is given by 

	 ( , ) ( ) ( ) ( ),i i i
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a h ~ a h m z h a ~= +
3

=

r / � (5)

where iz  are the orthogonal eigen-
functions corresponding to the eigen-
values im  of the integral operator TCa  
defined as 

	 ( ) : ( , ) ( ) ( )T C s s d sC
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z h h z n=
#
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with a properly chosen measure 
:Z T#n " .R  The random vari-

ables { ( )}ia ~  defined over the event 
!~ X  are jointly uncorrelated and 

have zero mean, that is, [ ] 0E ia =  and 
[ ] .E i j ija a d=  Using the orthogonality 

of { },iz  the ( )ia ~  can be computed by 
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for each .i N!  Truncating the series 
(5) after a finite number of terms 
results in an approximate representa-
tion of the KL expansion 
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Table 2 Transformation between the standard normal random variable g  and 
several common univariate distributions .i

Distribution Type of !i H Transformation: :T N " H
Transformation: 

:T 1 H- " N

Uniform ,a b^ h ( ) erf /a b a 2
1

2
1 2g+ - + ^` hj erf

( )
b a

b a
2

21 i
-

- +- c m

Normal ( , )n v n vg+
v
i n-

Lognormal ( , )n v ( )exp n vg+ ln
v
i n-

Gamma ,a b^ h ab a a9
1 1 9

1 3

g + -c m a ab a9 9
1 13 i + -c m

Exponential ( )m erf( / )log1
2
1

2
1 2

m
g- +` j erf ( ( ) )exp2 2 11 mi- --

Weibull a^ h ,y /a1  where y  is  
Exponential(1)

ai

Extreme value ( ),log y-  where y  is 
Exponential(1)

( )exp i-
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in which the eigenfunctions ( )iz h  and 
eigenvalues im  can be computed by 
principal component analysis (PCA), 
where N 1+  is the number of basis 
functions and the sequence of eigen-
values { }im  is chosen to be nonincreas-
ing. It is known that the truncated KL 
expansion is the finite spectral rep-
resentation with the minimal mean-
square error over any finite number of 
basis functions. The probability space 
is decoupled from the deterministic 
spatial and temporal spaces in the KL 
expansion for the random field ( , ),a h ~  
which is important for approaches to 
analysis and synthesis problems of 
stochastic system models and experi-
ments using polynomial chaos.

Determination of Coefficients
Once an appropriate (optimal in the 
convergence rate) set of basis func-
tions has been selected, the next step 
in the stochastic spectral method 
is to determine a set of coefficients 

: { }a ai=  that minimize the distance 
between the true function ( )y x  and 
its approximator ( ) ( ) .y x a xii

N
i0

p
z=

=
t /  

To simplify the presentation, a sca-
lar output y R!  is presented, with 
the extension to higher dimensions 
being straightforward. First, the dis-
tance between two functions must 
be defined, for use in the projection 
of the true solution onto the space of 
spectral expansions.

Nonintrusive Projection:  
Least-Squares Methods

Standard Least Squares
Least-squares analysis is a simple 
and popular method in parameter 
estimation for determining system 
(model) parameters. Consider a set of 
data points, { }xi i

N
1

s
=  and { } ,yi i

N
1

s
=r  where 

( ),y y xi i=r  and construct the input 
matrix R ( )N N 1s p!U # +  whose elements 
are defined as ( ) .xij j izU =  Then solve 
the least-squares problem 

	 ,min a y
a

2
RN 1p

U -
! +

r � (9)

where : [ , , ]a a a T
N0 pg=  is the con-

catenation of the coefficients and 

: [ , , ]y y y T
N1 sg=r  is the concatenation 

of the measurements corresponding 
to the set of input data { } .xi i

N
1

s
=  The 

unique optimal solution is obtained as 
( ) ,a yT T1U U U=* - r  provided TU U  is 

invertible. When least-squares analysis 
is applied to the construction of coef-
ficients in PCEs, the data points { }xi i

N
1

s
=  

are selected so that TU U  is invertible.

Regularized Least Squares 
When the measurements or observa-
tions are corrupted by noise or dis-
turbances, regularization methods 
are applied to prevent overparam-
eterization [17]. Regularization can 
be implemented by solving any of 
the optimization problems in Table 3, 
where the matrix of reproducing 
kernels K RN Ns s! #  has the elements 

: ( ) ( ) .K x x Kij ss

N
i s j ji0

p
z z= =

=
/  The p 2=  

case is called Tikhonov regularization, 
which has analytical solutions for 
each optimization problem. The cases 

,p 1 3=  can be solved using linear 
programming.

NonIntrusive Interpolation: 
The Principle of Collocation
Instead of regression methods based 
on least squares, collocation methods 
rely on the interpolation of properly 
chosen input–output data points. The 
approximation is exact at the chosen 
Ns  collocation points { }xi i

N
1

s
= , that is, an 

approximation yt  is required to satisfy 
( ) ( )y x y xi i=t  for each , ,i N1 sf= , and 

the resulting approximate solution is 
a linear combination of the interpola-
tion polynomials with the coefficients 
{ ( )}y xi i

N
1

s
= , that is, ( ) ( ) ( )y x y x I x

i

N
i i1

s
=

=
t /  

where ( )I xi j ijd=  for , , , .i j N1 sf=  
Since a set of nodes (or collocation 

points) is defined in a random space, 
this collocation method is known as the 
probabilistic polynomial collocation method 
(PPCM). There are several techniques 
to determine an interpolation polyno-
mial { ( )} ,I si i

N
1

s
=  and interested readers 

are referred to [9] and [16] for detailed 
discussion of numerical computations.

Nonintrusive Spectral 
Decomposition
Unlike the aforementioned meth-
ods, spectral decomposition does not 
exploit any input–output data but 
computes the projected coefficients 
of random model output ( )y x  on a 
finite-dimensional subspace spanned 
by the set of basis functions, that is, 

{ } ( ) .Span L Xi i
N

0 2
p
1z =  Suppose that 

the output is a second-order random 
variable, that is, ,y <

L2
3  then the 

approximation of y  in the subspace 
{ }Span i i

N
0

p
z =  is represented as
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where the projection coefficients ai  
are given by 
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and the inner product is defined as 
the integration ( ) ( ) ( )y x x d xi

X
z n =#  

( ) ( ) ( ) .y x x x dxi
X

z t#  Table 4 lists dif-
ferent computation schemes that 
have been proposed to numerically 
estimate the inner products.

Intrusive Galerkin Projection
Consider a general stochastic differen-
tial equation (SDE) of the form 

Table 3 Direct and indirect regularization methods with the  p-norm regularization 
term. The value of q  is two for 2p =  and is typically one for .p q!  For the indirect 
regularization approach, the optimal coefficient vector is a bTU=* * .

Classification Optimization Problem Analytical Solution for 2p =

Direct min N a y a1
a s i
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	 ( , , ; ) ( , , ),L z t y g z ti i= � (12)

where z Z!  and t T!  are the spatial 
and temporal variables, Rn! 1i H i  is 
the concatenation of the random vari-
ables, the function :g Z T# #H"R  is 
a forcing term, and :y Z T# "R  is a 
solution of the equation, which also 
defines a random field over the spatial 
and temporal spaces Z T#  due to the 
random variable vector .i  Suppose 
there exists a bijective transformation 
(not necessarily a diffeomorphism)  

:T H"N such that ; Tg i ~ i ~=^ ^^h hh 
for all !i H  and !~ X  and the trans-
formed random variable g  is a stan-
dard (optimal in the sense of conver-
gence rate) random variable for the set 
of polynomial basis functions .iz" ,

For application of the spectral 
method based on PCEs, assume that 
the solution of the SDE (12) has the 
form 

	 : ( , ) ( ( ; )),y y y z tN
i

i

N

i
0

p

p

. z g i ~=
=

/ � (13)

which is an approximation of the true 
solution y  with N 1p+  basis functions 
from the set { } .iz  Obtaining the approx-
imated solution yNp  requires determin-
ing the spatial- and temporal-varying 
deterministic coefficients ( , ) .y z ti  To do 
this, substitute the approximation yNp  
in for y  in the SDE (12) to give 

	
, , ; ( , ) ( ( ; )) ( , , ),L z t y z t g z ti

i

N

i
0

p

i z g i ~ i=
=

e o/
� (14)

which is then solved for the spatial- 
and temporal-dependent coefficients 

( , )y z ti  by intrusive or nonintrusive 
projections onto the probability space 

of the random variable 
i  or .g  In particular, a 
Galerkin projection for 
(14) can be conducted 
such that the approxi-
mation error is orthog-
onal to the functional 
space that is spanned 
by the finite-dimen-
sional bases { },iz  

, , ; ( , ) ( ( ; )) ,

( ( ; )) ( , , ), ( ( ; )) ,

L z t y z t

g z t

i
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i

k k

0
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i z g i ~

z g i ~ i z g i ~=

=

e o/

�

(15)

for each , , .k N1 pf=  The resulting 
deterministic equations are the govern-
ing equations for the coefficients ( , ) .y z ti

Now consider an elementary exam-
ple that uses the intrusive Galerkin 
projection method to construct a PCE. 

Example 1 
Consider the system with input 
described by 

	 ( ) ( ) ( ), ( ) ,dt
d x t kx t u h t x x0m 0+ = =

� (16)

where /k1  is the time constant, um  is 
the magnitude of the Heaviside step 
input ( ),h t  and x0  is the initial con-
dition for the solution .x  The unique 
analytical solution is 

	 ( ) .x t x
k

u e
k

u1 1
m

kt
m0= - +-c m � (17)

Suppose that the parameters , ,x k0  
and um  are random variables and 
there exist bijective transforma-
tions si  such that ( )si i ii g=  such that 

Uniform( , )1 1i +g -  for each , ,i 1 2 3=  
and : ,x1 0i =  : ,k2i =  and : .um3i =  In 
particular, consider  ( ),x x 10 0 1tg= +r   

( ),k k 10 2tg= +r  : , : ,x k1 0 2i i= =  and 
( )u u 1m m0 3tg= +r  where , ,x k0 0r r  and 

,um0r  are the nominal values of the sys-
tem parameters and .0 5t =  denotes 
50% uncertainty in the system param-
eters. Consider an approximation 
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0
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=
/  to the solution 

( ) .x t  Substituting ( )x tNp  for ( )x t  in 
(16) yields 
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where the initial condition is rewrit-
ten as ( ) ( ) .x s0 1 1g=  Then apply the 
Galerkin projection to determine the 
coefficients { ( )},x ti

( ), Eq.( ) ( ), ( ) ( )

( ), ( ) ( )
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d x t

s x t

s h t
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where the initial condition is ( )x 0 =
( ), ( ) .sj 1 1z g g

The resulting deterministic ordi-
nary differential equation (ODE) for 
the coefficients { ( )}x ti  becomes 

	 ( ) ( ) ( ), ( ) ,EX t AX t Bh t X C0+ = =o �(19)
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The matrix diag ( ), ( )E i iG Hz g z g= ^ h 
is diagonal and invertible, and each 
element of the above matrices are 
polynomial such that the inner prod-
ucts that correspond to multivariate 
integrals can be computed exactly by 
using Gaussian quadrature.

Universal Approximation Property
The PCE proposed by Wiener [8] 
employs Hermite polynomials in 
terms of Gaussian random variables. 
This expansion can approximate any 
functional in L2  and converges in the 
L2  sense (see [18, Thrm. 1]). That is, the 
Hermite PCE has a universal approxi-
mation property for expanding second-
order random processes in terms of 
orthogonal polynomials. Second-order 
random processes are processes with 
finite variance, which includes most 
physical processes [19]. These notions 
are written more formally below.

Table 4 Numerical integration methods.

Computations of Integrals Examples

Simulation-based 
approaches

Monte Carlo method  
Improved sampling strategies

Deterministic 
approaches

Quadratic formulas
Tensor product
Sparse grid cubatures
Adaptive sparse grids
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Theorem 1 (Cameron-Martin  
Theorem [18])
For any functional f  in a Hilbert mea-
sure space ( , , ),X M n  there exists a set 
of polynomials { }iz  and constants { }ai  
such that 

	 ( ) ( ) ( ) ,lim f x f x d x 0
N

N
2

X
n- =

"3
t` j# � (20)

where ( ): ( )f x a xN i ii

N

0 z=
=

t /  and ai  is 
obtained from the Galerkin projection 

: ( , / ) .a fi i i
2z z=

The proof of this theorem is not 
trivial (see [18] for details). The rate of 
convergence depends on the smooth-
ness of the function f  and the type 
of orthogonal polynomial basis func-
tions { }iz  used for approximation (for 
example, [16] and [20]). Roughly speak-
ing, the approximation error f fN-t  
is ( )O N p-  where p  denotes the differ-
entiability of the function :f X$Y  
and ( )O e  is the big O  notation such 
that ( )O 0"e  as .0"e  For an analytic 
function ,f  the convergence rate is 
exponential, that is, ( )f f O eN

N- = a-t  
for some constant .0>a

Consider a simple example to 
illustrate the ability of a low-order 
PCE to describe the probability dis-
tribution function for a dynamical 
system with nonlinear dependence 
on the parameters. This example 
also demonstrates the mixing of 
basis functions for model param-
eters with different probability 
distributions.

Example 2 
Consider the first-order process 
described by 

	 ,dt
dx ke x/( )E RT=- - � (21)

where the initial condition is 
( ) , Normal( , . )x k0 1 1 0 1+=  and T +

Uniform( , )300 400  are uncertain 
parameters.

This particular problem was 
selected as a case study because an 
analytical expression for the prob-
ability distribution function for x  
can be derived for comparison with 
the probability distribution function 

computed from a low-order PCE. The 
analytical expression is 

	 ( ) .expx t ke t/( )E RT= - -^ h � (22)

Taking the logarithm of the analytical 
expression for ( )x t  gives 

	 ( ) .ln x t ke t/( )E RT=- - � (23)

Based on the statistical assumptions 
on ,k  for any fixed value for ,T

	 ( )ln x t � (24)

has a Guassian normal distribution 
with mean 

	 { }E k te te/( ) /( )E RT E RT- =-- - � (25)

and standard deviation 

	 . ,te te0 1/( ) /( )E RT E RTv =- - � (26)

so ( )x t  is described by a lognormal 
distribution with mean 

{ ( )}

.

E

exp

x t

te te2
1 0 1/( ) /( )E RT E RT 2

= - +- -^` h j �

� (27)
and variance

. ( { ( )}) .Eexp te x t0 1 1/( )E RT 2 2--^^^ h h h �(28)

To construct the PCE, the model 
parameters are 

	 . ,k 1 0 1 1i= + � (29)

	 ( ) ( ) ,T 2
1 400 300 2

1 400 300 2i= + + -

� (30)

where Normal( , )0 11 +i  and 2 +i

Uniform( , ) .1 1-  The PCE is 
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with up to second-order expansion in 
1i  and up to fourth order for the over-

all expansion, that is, 
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where the ( )x ti  are the PCE coefficients. 
Table 5 compares the analytically 

Table 5 Means and variances of the probability distribution function for ( )x 2  with 
E R/ 300=  for various values of T  computed from exact analytical expressions 
(27) and (28) from the PCE (32).

Temperature (K) Analytical Mean PCE Mean Analytical Variance PCE Variance

300 0.480440 0.480599 0.0012529 0.0012658

320 0.458340 0.458127 0.0012926 0.0012949

340 0.438589 0.438542 0.0013221 0.0013209

360 0.420875 0.420903 0.0013433 0.0013430

380 0.404929 0.404907 0.0013579 0.0013561

400 0.390522 0.390531 0.0013673 0.0013548

This column provided an introduction to  

PCEs and their incorporation into systems 

analysis and control design. 
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computed means and variances with 
the means and variances determined 
from a PCE in x  and T  generated 
using the least-squares method at time 
t 2=  and / .E R 300=  The PCE mixed 
Hermite polynomials up to second 
order for the Gaussian normal param-
eter 1i  and Legendre polynomials up 
to fourth order for the uniformly 
distributed .2i

In all cases, the means and 
variances computed from the 
PCE are within three to four sig-
nificant figures of the analytical 
values, which indicates that the 
low-order PCE is able to accu-
rately describe the mean and 
variance for the full range of .T  
A more compelling compari-
son is in terms of how well the 
PCE is able to describe the tails 
of the probability distribution 
function of ,x  which is shown in 
Figure 1 for an extreme value for 

.T  The tails are very accurately 
described by the PCE. The tails 
have a similar degree of accuracy 
for the other values of .T

A Brief Overview of 
PCEs in Engineering 
Applications
The PCE was originally intro-
duced by Norbert Wiener in 
1938 [8] for turbulence modeling 
and started to gain widespread 
popularity only in the last 15 
years. Since a research mono-
graph [15] implemented PCEs 
in terms of Hermite polynomi-
als for linear elastic problems,  
PCEs have become broadly used 
in a wide variety of fields includ-
ing in stochastic differential 
equations [19], [21], fluid dynam-
ics [22]–[25], aircraft operations 
[26], environmental applications 
[27], sensors [28], braking sys-
tems [29]–[31], and robust design 
problems [32]–[35]. Sensitivity 
analysis [36] aiming at quantify-
ing dominant sources of uncer-
tainty has been studied with 
regard to the application of PCEs 
[7], [37].

Multiple explanations could be sug-
gested for why a method published in 
1938 took more than a half century to 
become popular. One explanation is 
that fast computers were not widely 
available for many decades after 1938. 
Even as faster computers become avail-
able, it took research communities more 

years to develop simulation models that 
described the underlying phenomena 
with enough completeness and fidelity 
for it to make sense to quantify uncer-
tainties in the model predictions. For 
PCEs to be implemented, the computers 
had to be fast enough to run multiple 
simulations in series or have enough 

microprocessors to run multiple 
simulations in parallel. It is inter-
esting to note that the rise in the 
use of cluster computing systems 
coincides with the rise in the 
number of papers published on 
PCEs (of course, correlation does 
not imply causation).

Summary of PCEs in  
Systems and Control
Control engineers have only 
started to look into incorporating 
PCEs in robustness analysis and 
controller synthesis since 2003 
[38]. One of the main motivations 
has been to exploit the fact the 
PCE enables the definition of an 
uncertain model as a deterministic 
model with an extended number of 
variables. PCE has been applied for 
uncertainty analysis in electrical 
measurement [39], electric circuit 
models [40], chemical processes 
[38], [41], [42], biotechnological pro-
cesses [43], batteries [44], [45], robot 
manipulators  [46],  helicopters 
[47], and mechanical systems [48] 
and for stability analysis [49]–[51], 
parameter estimation [52], optimal 
trajectory computation [53], robust 
optimal linear quadratic regulator 
(LQR) design [51], [54], robust H2  
control [55], [56], stochastic optimal 
control [57], [58], filtering [59], and 
observer design [60]. PCE has also 
been used for the design of sto-
chastic model predictive control-
lers [11], [61]–[64].

Below is a more detailed 
summary of the use of PCEs in 
systems and control theory and 
applications.

Stability Analysis
In [50] and [51], stability tests 
are presented for linear and 
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Figure 1 Probability distribution function for x  at t 2=  
computed analytically (red line) and from a histogram 
constructed from 105  Monte Carlo samples of the PCE 
for standard normally distributed i  at .T 300=
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polynomial stochastic systems that 
contain random variables. The tests 
use PCEs with the Galerkin projec-
tion method to obtain deterministic 
dynamical system equations for the 
associated coefficients, and the con-
vergence of the coefficients was used 
to define notions of stochastic stabil-
ity for which Lyapunov methods are 
applied. In [49], PCEs are applied to 
estimate short-term statistics and the 
stability of a solution trajectory in the 
presence of random parameters and 
initial conditions with known prob-
ability distributions.

State and Parameter Estimation 
PCE-based state estimation has been 
proposed in which the Luenberger 
observer gain is computed for the 
expanded state-space equations for 
the coefficients of PCEs [60]. PCEs have 
also been used in an ensemble Kalman 
filter design [59], where the solution of 
stochastic differential system equa-
tions are efficiently computed from 
the PCE approximation with a large 
number of samples with reduced com-
putational costs and guaranteed accu-
racy of prediction of the statistics of 
a solution trajectory. PCEs have been 
used in extended Kalman filter design 
[65]. In [52], PCEs are incorporated into 
the Bayesian parameter estimation 
method for which an optimal param-
eter estimator solves a minimization 
of regularized prediction errors that 
are computed by using PCEs. PCEs 
have also been incorporated into max-
imum-likelihood recursive parameter 
estimation algorithms [44], [45], [66].

Optimal Control
Robust optimization [67] and stochas-
tic programming [68] are approaches 
for dealing with the presence of uncer-
tainty in system models or optimiza-
tion data. PCE methods have been used 
for computing optimal control trajec-
tories [43], [53], [57]. PCEs have been 
integrated into LQR design [50], [54] 
and H2 -optimal control design [55], 
[56] so that probabilistic robustness 
can be directly weighted in the optimal 
control objective. Gradient methods for 

optimization are used to find sequen-
tial improvements of solutions, for 
which the approximate evaluations of 
an optimality criterion are performed 
by using PCEs. PCE approaches have 
been explored for the stochastic perfor-
mance analysis and programming for-
mulations of stochastic robust optimal 
control problems [58]. PCEs with the 
Galerkin projection method can pro-
vide efficient approximate evaluation 
methods for the evaluation of chance 
constraints without sampling [61]. 
Several convexification methods are 
presented for solving stochastic model 
predictive control problems of linear 
parametric uncertain system models 
in the presence of probabilistic sys-
tem parameters and additive stochas-
tic disturbance and noise. PCEs have 
been incorporated, with the collocation 
method of coefficient determination, 
into stochastic model predictive con-
trol in the presence of input and state 
constraints [62].

Why Did It Take So Long 
for PCEs to Appear in the 
Control Literature?
Although uncertainty quantification 
was of great interest to the control 
engineering community in the 1980s, 
polynomial chaos was ignored by our 
community until relatively recently. 
Even today, few control engineer-
ing papers have used PCEs. Probably 
one of the main reasons that PCEs 
were ignored for more than a quarter 
century by the control community is 
the community’s early emphasis on 
systems with worst-case rather than 
probabilistic uncertainties [69]–[72]. 
Ironically, one of the people most 
responsible for directing the early 
focus of the control community on 
worst-case uncertainties was George 
Zames, whose Ph.D. thesis was 

coadvised by Norbert Wiener. Both 
researchers considered uncertainties 
to be important but considered two 
completely different types of uncer-
tainties, which required different the-
oretical approaches.

By the mid-1990s, the field of 
robust control of systems with worst-
case uncertainties had become quite 
mature, at least for linear systems, and 
some members of the robust control 
community began to look into robust 
control for systems with probabilistic 
uncertainties. Early publications were 
primarily focused on Monte Carlo 
sampling [73]–[78] rather than PCEs, 
probably because sampling methods 
had become popular in other commu-
nities around the same time [76]. The 
high popularity of PCEs in other com-
munities in the last decade no doubt 
contributed to more recent interest in 
this alternative to sampling methods.

Concluding Remarks
This column provided an introduc-
tion to PCEs and their incorporation 
into systems analysis and control 
design. The use of PCEs is a relatively 
new research topic in the control lit-
erature, whereas applications of PCEs 
for computational fluid dynamics and 
risk and reliability analysis have been 
highly popular. The approach is based 
on the approximate representation of 
the full process model using the PCE, 
which is used to provide a quantita-
tive estimation of the effect of proba-
bilistic parameter uncertainties on the 
states and output variables of a static 
or dynamical uncertain system. The 
computational cost of the robustness 
analysis method based on PCE can be 
significantly lower than Monte Carlo 
methods applied to the full nonlinear 
model. PCEs can provide a very good 
approximation of the shape and tails 

Uncertainty quantification is the characterization 

of the effects of uncertainties on simulation or 

theoretical models of actual systems.
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of the output and states distributions 
and provide a promising approach 
for uncertainty propagation in robust 
control and design.
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