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a  b  s  t  r  a  c  t

This paper  provides  a comprehensive  overview  of  research  related  to computational  complexity  of  struc-
tured singular  value  (a.k.a.  �)  problems.  A survey  of computational  complexity  results  in  �  problems  is
followed by  a concise  introduction  to computational  complexity  theory  that  is  useful  to  characterize  the
eywords:
athematical systems theory

obust control
omputational complexity

inherent  difficulty  of solving  an  optimization.  Results  on  the  study  for NP-hardness  of �-approximation
of  �  problems  are  discussed  and  conservatism  of  convex  � upper-bounds  including  ones  obtained
from  absolute  stability  theory  is  studied.  NP-hardness  of � computation  and  conservatism  of  convex
upper-bounds  open  new  research  trends. In  particular,  we give  an  overview  of polynomial-time  model
reduction  methods  and probabilistic  randomized  algorithms  that have  been  active  research  topics  since

the  mid-1990s.

. Introduction

The structured singular value � has been used to study robust
tability and performance of dynamic systems with real paramet-
ic and dynamic uncertainties. Pioneer works by Doyle (1982) and
afonov (1982) led persistent research interest in computations of
obust stability margin and achievable robust performance indices.
n robust stability and performance analysis based on structured
ingular value theory, all possible variations in the plant behavior
re considered within a specific structure and the deterministic
orst-case scenario determines the values of � and robustness
argin1 that is the inverse of �. In this framework for comput-

ng the robustness margin of multivariable systems, the value of
 quantifies the bounds of uncertainties that are simultaneously
xpanded until the system first becomes unstable for some uncer-
ainty from the set.

Historically, Horowitz (1963) proposes a graphical approach
hat maps the bounded parameteric uncertainty domain into
yquist-plot domain for robust stability analysis of a single-input

ingle-output (SISO) feedback system in the presence of uncertain
ains, phases, and parameters subject to perturbations within pre-

cribed bounds. Zames (1966a, 1966b) uses functional methods for
obust and absolute stability analyses of input–output problems
here two elements of the system representation are feedback

∗ Corresponding author. Tel.: +1 617 253 3112; fax: +1 617 258 0546.
E-mail addresses: kwangki@mit.edu (K.-K.K. Kim), braatz@mit.edu (R.D. Braatz).

1 Robustness margin refers to robust stability or performance of a system.
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interconnected. He finds conditions on each element in a so-called
conic relation stability theorem that ensure the overall loop will
remain stable when they are feedback interconnected. Safonov and
Athans (1977) and Safonov (1980) extend Zames’ conic relation sta-
bility theorem to multi-input multi-output (MIMO) systems and
characterize sets of feedback laws in terms of sets of possible plant
dynamics. Both of Zames’ and Safonov’s approaches are based on
the concept of topological separation. They show that the feed-
back interconnection of two  element H1 and H2 is robustly stable
if and only if the graph of H1 and the inverse graph of H2 are topo-
logically separated for any variations of H1 and/or H2 within the
prescribed bounds. The main goal in this concept of robust stability
is to find a separator or a set of separators that characterizes the
input–output relation (i.e., graph) of either of the system elements
H1 or H2. Similar approaches have been investigated and further
developed by many researchers including Goh and Safonov (1995)
(IQC separator), Rantzer and Megretski (1994) and Megretski and
Rantzer (1997) (IQC theory), Scherer (1997, 2001) (Full-block S-
procedure), and Iwasaki and Hara (1998) (Quadratic separator), to
name a few. While they usually consider more general classes of
uncertainties such as time-varying nonlinear functions, topological
separation based robust stability analysis can be used to compute
the upper-bounds on �-calculations.

In addition to topological approaches to robustness analysis,
an algebraic approach is found by Kharitonov (1978) and Bialas

and Garloff (1985). They propose a stability criterion for uncertain
polynomials in which the coefficients are independently vary-
ing in certain bounded intervals. This approach, however, is not
applicable to general robust stability analysis, since most cases

dx.doi.org/10.1016/j.compchemeng.2013.09.018
http://www.sciencedirect.com/science/journal/00981354
http://www.elsevier.com/locate/compchemeng
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f robustness problems have the coefficients of the characteris-
ic polynomial that are interdependent. The robustness problems
ased on Lyapunov’s method of stability have a substantial history,
ut they are beyond the scope of this paper and we, instead, refer
he readers to research monographs in nonlinear system theory
Khalil, 2002; Vidyasagar, 1993).

Apart from reviewing historical development of robust anal-
sis in control theory, the principal purpose of this paper is to
rovide a comprehensive overview of research related to compu-
ational complexity of �-calculation problems and some of their
escendants. As the structured singular value provides a way  to
easure the exact robustness of many classes of structured uncer-

ain systems, there have been numerous research efforts to develop
fficient algorithms for computing �. Several researchers inde-
endently show that the exact �-calculations for systems with
eal (Braatz, Young, Doyle, & Morari, 1994; Coxson & DeMarco,
994; Nemirovskii, 1993; Poljak & Rohn, 1993), mixed (Braatz
t al., 1994), and complex (Toker & Özbay, 1998) uncertainties are
P-hard problems. After the exact �-calculations are proven to
e NP-hard, it is shown that arbitrarily close approximations to
he exact � are also NP-hard problems for systems with real (Fu,
997) and mixed (Braatz & Russell, 1999) uncertainties. Conser-
atism of some � upper bounds is investigated by many researchers
Megretski, 1993a, 1993b; Megretski & Treil, 1993; Rump, 2001;
reil, 2000). Probabilistic randomized algorithms (Khargonekar &
ikku, 1996; Stengel & Ray, 1991; Tempo, Calafiore, & Dabbene,
005; Vidyasagar, 1997, 1998; Vidyasagar & Blondel, 2001) to
ompute robustness margin are alternative approaches in which
ncertainties are considered as random variables and robustness is
valuated in the probabilistic sense. The volume ratio of the set of
estabilizing uncertainties to the whole compact uncertainty set is
nalytically or approximately computed with respect to a specific
robability measure. In particular, sampling-based approximation
pproaches provide certain levels of accuracy and confidence in
he obtained answers to robust stability and performance, which
epend on the number of scenarios simulated. Polynomial-time
imension reduction methods (Beck, Doyle, & Glover, 1996; Russell

 Braatz, 1998; Russell, Power, & Braatz, 1997) are also used to
educe the computational burden of calculating � for large-scale
ystems.

In addition to robustness margin computation problems, there
ave been also many research efforts to study computational com-
lexity of problems related to systems and control theory. Blondel
nd Tsitsiklis (2000) provide a complete survey of computational
omplexity results in system and control up to 2000. In particular,
any important control problems can be formulated as bilinear

atrix inequalities (BMIs) (see VanAntwerp & Braatz, 2000, for a
eview of such problems) and the problem of checking solvability
f a BMI  is NP-hard (Toker & Ozbay, 1995). DK-iteration for con-
roller design using an upper-bound of � is equivalent to finding a
ocal solution for a BMI  problem via alternatively freezing decision
ariables at each iteration step.

This paper is organized as follows. We  first provide, in Section 2,
 concise, but complete introduction to computational complex-
ty theory that is able to characterize the inherent difficulty of
hecking solvability or calculating a solution for a problem under

��(M)  �

{
0 

(min
�∈�
{�(�) : det(I − M�
tudy. Several NP-complete and NP-hard problems that are used
o study computational complexity of �-calculation are presented.
ection 3 overviews results on computational complexity of exact
-calculation problems and shows the theoretical developments
Fig. 1. Feedback interconnected system.

of research on computational complexity of different classes of
�-calculations and the connections of existing results. Section 4
presents results on the study of computational complexity of
approximate �-calculation problems. A correct definition for �-
approximation problems is given and several available results on
NP-hardness of �-approximation of � problems are presented.
Section 5 studies the conservatism of robust stability margin com-
putation using � upper-bound which is a convex problem. Some
results showing that approximate upper-bounds can be arbitrarily
conservative are presented. Followed by NP-hardness of � compu-
tation and conservatism of convex upper-bounds that all consider
deterministic worst-cases, alternative approaches to assess robust-
ness of a system are investigated. In Section 6, polynomial-time
model reduction methods and probabilistic randomized algorithms
to compute robustness margins are reviewed, among many alterna-
tive approaches of � computation. Section 7 concludes this paper.
For easy reference, the results are displayed in the form of theorems,
while most of the presented results are extracted from existing
works.

Notation. Define the set of matrices of block-diagonal pertur-
bations given by

� �
{

diag(ır
1Ir1 , . . .,  ır

kIrk
, ıc

k+1Irk+1 , . . .,  ıc
mIrm , �rm+1 , . . ., �rmC

) :

ır
i ∈ R, ıc

i ∈ C, �i ∈ Cri×ri ,
∑

ri = �
}

(1)

and B� is the set of unity norm-bounded perturbations from �.
For a given matrix M ∈ Cm×m, the structured singular value

(Doyle, 1982; Fan, Tits, & Doyle, 1991) is defined as

if there exists no � ∈ � such that det(I − M�) = 0

})−1 otherwise (2)

in which more general classes of structured uncertainties can be
handled without introducing any further conservatism. Without
loss of generality we have taken M and each subblock of � to be
square. In this context, ��(M) defines a measure of the smallest
structured �� ∈ � that destabilizes of the feedback interconnected
system depicted in Fig. 1 and the norm of this destabilizing uncer-
tainty �� is quantified as (��(M))−1.

The set of real numbers is R; the set of complex numbers is C,
and the set of rationale is Q.  AT and A* refer to the transpose and
the conjugate transpose of A, respectively. The Euclidean 2-norm
of vector x is defined by ‖x‖2 =

√
xTx and the vector ∞-norm of

n
x is defined by ‖x‖∞ = max
i
|xi|. For a vector x ∈ C , |x| = [|x1|, . . .,

|xn|]T denotes the vector of absolute values of its entries. The max-
imum singular value of matrix A is represented by �(A), and I is
the identity matrix of compatible dimension. An 0 will be used
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o represent either a zero vector or a matrix of zeros. For a set of
ectors ai ∈ Cri , diag(a1, . . .,  an) ∈ Cr×r with r =

∑n
i=1ri is a diag-

nal matrix whose entries are the elements of the vectors ai in
rder and a1:n = [aT

1, . . .,  aT
n]

T ∈ Cr is the stacked column vector.
or a set of square matrices Ai ∈ Cri×ri , blkdiag(A1, . . .,  An) ∈ Cr×r

ith r =
∑n

i=1ri is a block diagonal matrix whose entries of the
atrices Ai in order. For a matrix A ∈ Cn×r , dim(A) is the number

f independent column vectors of A and Ker(A) is the null space of
 that is spanned by orthogonal matrices to A. For a set of matri-
es Ai ∈ Cri×n, i = 1, . . . , �, col(Ai, . . .,  A�) ∈ Cr×n with r =∑�

i=1ri is
he stacked matrices in vertical. For a set of matrices Ai ∈ Cn×ri ,

 = 1, . . . , �, row(Ai, . . .,  A�) ∈ Cn×r with r =∑�
i=1ri is the stacked

atrices side by side. For a symmetric or Hermitian matrix X, X � 0
enotes that the matrix X is positive definite, X � 0 denotes that X

s positive semidefinite, and X ≺ 0 and X 
 0 denote negative defi-
ite and semidefinite matrices, respectively. For a matrix Y ∈ Rn×m,

 > 0, Y ≥ 0, Y < 0, and Y ≤ 0 are used to denote positive, nonnegative,
egative, and nonpositive matrices, respectively.

. Background on computational complexity theory

.1. Introduction to computational complexity theory

In this section, we provide a compact introduction of computa-
ional complexity theory. Computational complexity theory allows

 characterization of the inherent difficulty of checking solvability
r calculating a solution for a problem under study.

Problems (or equivalent versions of the same problem) are gen-
rally characterized as being in one of two classes: P and NP-hard.
he class P refers to problems in which the exact time needed to
olve the problem can always be bounded by a single function
hich is polynomial in the amount of data needed to define the
roblem. Such problems are said to be solvable in polynomial time.
lthough the exact consequences of a problem being NP-hard is
till a fundamental open question in the theory of computational
omplexity, it is generally accepted that a problem being NP-hard
eans that it cannot be computed in polynomial time in the worst

ase. It is important to understand that being NP-hard is a prop-
rty of the problem itself, not of any particular algorithm. It is
lso important to understand that having a problem be NP-hard
oes not imply that practical algorithms are not possible. Prac-
ical algorithms for NP-hard problems exist and typically involve
pproximation, heuristics, branch-and-bound, or local search.

Determining whether a problem is polynomial-time or NP-hard
ells the large scale systems engineer what kind of computational
fficiency can be expected by any algorithm, and what kinds of
lgorithms to investigate for providing practical solutions to the
roblem.

.1.1. Optimization problems
Consider the optimization problem defined by

up
x∈X

c(x) (3)

here each instance is a pair (X, c) and X  is the set of feasible
olutions and c is a cost function c : X  → R. Assume that X  is non-
mpty and compact. From this assumption and Wierstrass theorem
Luenberger, 1969), the supremum is achieved by at least one x ∈ X
o that the supremum can be replaced by the maximum.

An optimization problem can be written in one of the following

ersions:

P1. The optimization version: find an optimal solution x� ∈ X  such
that c(x) ≤ c(x�) for all x ∈ X.
Fig. 2. Relations between complexity classes (Papadimitriou & Steiglitz, 1998,  Fig.
16.1).

P2. The evaluation version: compute the optimal value c� = c(x�) of
an optimal solution.
P3. The recognition version: given k, determine whether there is a
feasible solution x ∈ X  such that c(x) ≥ k.

The recognition version is important to study complexity of an
optimization problem, since it is the type of problem traditionally
studied by the theory of computation (Papadimitriou & Steiglitz,
1998, chap. 15). Unlike the first two versions, the recognition ver-
sion is a question, which is answered by true (1) or false (0). Namely,
difficulty of solving problems are ordered as P3 ≤ P2 ≤ P1.

2.1.2. The classes P and NP
The definition of the recognition version of optimization prob-

lems allows us to classify kinds of problems according to their
computational complexity. The class P denotes the class of recogni-
tion problems that can be solved by a polynomial-time algorithm,
i.e., given an instance, there is an efficient way  for telling whether
the answer is true or false. NP is a seemingly richer class of recogni-
tion problems and for a problem to be in NP, it is not required that
it can be answered in polynomial-time by an algorithm. It is only
required that for an yes instance of x, there exists a concise certifi-
cate for this x such that it can be checked in polynomial-time for
validity (Papadimitriou & Steiglitz, 1998, chap. 15.3). This condition
is referred to polynomial-time verifiability and this definition natu-
rally implies that P is a subset of NP, i.e., P ⊂ NP, and it is believed that
this relation is strict, i.e., P /= NP. The complement of NP is defined
as co-NP and a co-NP problem would be related to the optimiza-
tion problem to determine c(x*) < k for a given constant k. It can
be only answered when the optimal value c(x*) is evaluated. This
problem appears to be more difficult than verifying if the recog-
nition version is in NP. For this reason, researchers believe that
NP /= co-NP. Fig. 2 shows the relations between complexity classes
of recognition problems.

2.1.3. Polynomial-time reductions
It might be the case that solving an optimization problem

becomes easy once we assume that we have an efficient algorithm
for solving another problem.

Definition 2.1 (Papadimitriou & Steiglitz, 1998, Def. 15.2). Let R1
and R2 be recognition problems. Then we say that R1 reduces in
polynomial-time to R2 if there exists a polynomial-time algorithm
for R1 that uses an algorithm for R2 several times in a subroutine.

It was shown that if R1 reduces to R2 and there is also a polynomial-
time algorithm for R2 then there is a polynomial algorithm for R1.
We can also specify the concept of polynomial-time reduction.

Definition 2.2 (Papadimitriou & Steiglitz, 1998, Def. 15.3). A recog-
nition problem R1 is said to be polynomially transformed to another

recognition problem R2, if for a given instance x, one can construct
a new instance y for R2 within polynomial-time (in the size of x)
such that x yields a true instance of R1 if and only if y gives a true
instance of R2.
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.1.4. NP-complete and NP-hard problems
NP-complete problems are the hardest problems in NP. Exam-

les of problems that are NP-complete are the traveling salesman
roblem, the max-cut problem, and the indefinite quadratic pro-
ramming problem. It is commonly believed that NP-complete
roblems are harder than P problems, but there is no proof. Any
roblem that is at least as hard as an NP-complete problem is said
o be NP-hard. An NP-hard problem can refer to much broader
lasses of problems than recognition problems. In particular, if the
ecognition version of an optimization is NP-complete, then the
orresponding evaluation and optimization versions are NP-hard.

.2. Three well-known examples of NP-complete and NP-hard
roblems

In order to establish NP-hardness of a problem P, it suffices
o demonstrate that a certain problem Pc which is proven to be
P-complete can be reduced to the problem P in polynomial-time
r vice versa. To show how NP-hardness of � problems has been
roven, we present some well-known NP-hard and NP-complete
roblems.

.2.1. Indefinite QPs and QCQPs
Through this paper, we consider the following real QP, real

CQP, and complex QCQP.

roblem 2.1. Given a real symmetric matrix A ∈ Rn×n, a real vec-
or p ∈ Rn, a real scalar c ∈ R, and real vectors bl and bu with bl ≤ bu,
etermine whether there exists x ∈ Rn such that bl ≤ x ≤ bu and
xTAx + 2pTx + c

∣∣≥k for a fixed constant k > 0.

roblem 2.2. Given real symmetric matrices Qi ∈ Rn×n, complex
ectors qi ∈ Rn, and complex scalars di ∈ R  for i = 0, . . .,  m,  determine
hether there exists x ∈ Rn such that bl ≤ xTQix + 2qT

i
x + di ≤ bu for

ll i = 1, . . .,  n, and
∣∣xTQ0x + 2qT

0x + d0

∣∣≥k for a fixed constant k > 0.

roblem 2.3. Given complex hermitian matrices Qi ∈ Cn×n,
omplex vectors qi ∈ Cn, and complex scalars di ∈ C  for i = 0,

 . .,  m,  determine whether there exists x ∈ Cn such that bl ≤
x∗Qix + q∗

i
x + di

∣∣ ≤ bu for all i = 1, . . .,  n, and |x∗Q0x + q∗0x + d0|≥k
or a fixed constant k > 0.

emark 2.1. Note that there is no complex QP, since any con-
traint on the magnitude of a complex vector x ∈ Cn or a linear
ombination of its entries reduces to a quadratic constraint on x.

emark 2.2. Notice that Problem 2.2 is not a special case of
roblem 2.3, since they have different fields, R  and C, respectively.
he complexity of decision problems can be switched from NP to

 or from P to NP, when the underlying field of consideration is
hanged.

emma  2.1. Problem 2.1 is NP-hard.

roof. Consider an indefinite real quadratic program

 := max
0≤xi≤1

(
n∑

i=1

rixi − r0

)2

+
n∑

i=1

xi(1 − xi) (4)

here ri ∈ Q for i = 0, . . .,  n. Murty and Kabadi (1987, Lem. 1) show
hat the recognition problem “q ≥ k” for a fixed constant k is NP-

ard. Since this problem is a special case of Problem 2.1, Problem
.1 is NP-hard. �

emma  2.2. Problem 2.2 is NP-hard.
mical Engineering 70 (2014) 122–132 125

Proof. Consider an indefinite real quadratic program

q := max
0≤xi≤1

(
n∑

i=1

rixi − r0

)2

subject to xi(1 − xi) = 0, i = 1, . . .,  n

(5)

where ri ∈ Q for i = 0, . . .,  n. The quadratic equality con-
straint xi(1 − xi) = 0 is equivalent to two quadratic inequalities
xi(1 − xi) ≤ 0 and xi(1 − xi) ≥ 0. Therefore, a binary integer program-
ming (Papadimitriou & Steiglitz, 1998) can be formulated as a QCQP
in polynomial-time, which implies that the real QCQP is also NP-
hard (Boyd & Vandenberghe, 2004). �

Lemma  2.3. Problem 2.3 is NP-hard.

Proof. Consider an indefinite complex quadratic program

q := max
|xi |≤1,xi∈C

|x∗Ax| (6)

where A ∈ Cn×n. Toker and Özbay (1998, Lem. A.3) show that the
problem in (6) is equivalently rewritten as a knapsack problem
which is NP-hard. It implies that the recognition problem “q ≥ k”
for a fixed constant k is NP-hard, which implies that the complex
QCQP is also NP-hard. �

2.2.2. Knapsack problems
Through this paper, we  consider the following two knapsack

problems (a.k.a. subset sum problems). The subset-sum problem is
a special case.

Problem 2.4. Given a positive integer n and a rational posi-
tive vector a ∈ Rn with ‖a‖2 ≤ 0.1, determine whether the equation∑n

i=1aixi = 0 has a solution x ∈ { − 1, 1}n.

Problem 2.5. Given a positive integer n and an (positive) integer
vector a ∈ Zn, determine whether the equation

∑n
i=1aixi = 0 has a

solution x ∈ { − 1, 1}n.

Lemma  2.4. Both of Problems 2.4 and 2.5 are NP-complete.

Proof. See Garey and Johnson (1979) for details. �

2.2.3. Max-cut problem
Another well-known NP-complete problem is the max-cut

problem. Let G = (V, E) be a graph and w : E → R  be a weight func-
tion on edges. The maximum cut MC(G) in the graph with respect
to the weight function w is defined as MC(G) = max

S⊂N
w(ıS), where

ıS is the set of edges with one vertex in S and the other vertex in
N \ S, and w(D) =

∑
d∈Dw(d) for a subset D ⊂ E.

Problem 2.6. Given a graph G = (V, E) and a weight function w :
E → R, compute MC(G).

The max-cut problem is known to be NP-complete (Garey &
Johnson, 1979).

3. Computational complexity of exact �-calculation

3.1. NP-hardness of real �-calculation (Braatz et al., 1994):
(repeated real perturbation)

Braatz et al. (1994) considered the problem of real and mixed
� calculations directly. They considered a quadratic programming
(QP) of the general form

q�
qp := max|xTAx + pTx + c|≥k (7)
x∈X1

where X1 � {x ∈ Rn : bl ≤ x ≤ bu} and showed that for a fixed con-
stant k > 0, the recognition problem “q�

qp≥k” can polynomially
reduce to a real � recognition problem.
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heorem 3.1 (Braatz et al., 1994, Thm. 2.1). Define the matrices

r(k) �

⎡
⎣ 0 0 kw

kA 0 kAx

xTA + pT wT xTAx + pTx + c

⎤
⎦ , (8)

ˆ r
p � {diag(ır

1, . . .,  ır
n, ır

1, . . .,  ır
n, ıc) : ır

i ∈ R, ıc ∈ C}, (9)

˜ r
p � {diag(ır

1, . . .,  ır
n, ır

1, . . .,  ır
n, ır

n+1) : ır
i ∈ R}, (10)

 � 1
2

(bu + bl), w � 1
2

(bu − bl). (11)

Then, �
�̂

r
p
(Mr(k)) = �

�̃
r
p
(Mr(k)) and for a fixed constant k > 0, we

ave

�̂
r
p
(Mr(k))≥k ⇔ q�

qp≥k (12)

In particular, the recognition version “q ≥ k” of the QP given
n (4) can polynomially reduce to the real � recognition problem

�̂
r (Mr(k))≥k with

r(k) =

⎡
⎢⎢⎢⎢⎣

0 0
1
2

ke

k(rrT − I) 0
1
2

k(rrT − I)e

1
2

eT(rrT + I) − 2r0rT 1
2

eT 1
4

eT(rrT + I)e − r0rTe

⎤
⎥⎥⎥⎥⎦

here e = [1,  . . .,  1]T ∈ Rn. Since the QP (4) is an NP-hard prob-
em, this implies that the real/mixed �-calculation is NP-hard (see
raatz et al., 1994, Thms. 2.6 and 2.7).

.1.1. Poljak and Rohn’s approach (Poljak & Rohn, 1993):
independent real perturbation)

Poljak and Rohn (1993) considered the problem of robust non-
ingularity. For a square matrix A ∈ Rn×n and a nonnegative matrix

 ≤ D ∈ Rn×n, the radius of non-singularity is defined as

(A, D) � min{k≥0 : ∃a singular matrix A0 s.t. A − kD ≤ A0 ≤ A + kD}

heorem 3.2 (Poljak & Rohn, 1993, Thm. 2.1). Let A ∈ Rn×n be non-
ingular and 0 
 D ∈ Rn×n. Then d(A, D) can be represented as the
aximal value

(A, D) = (max{	R(A−1�1D�2) : �1, �2 ∈ B�r})−1
.

The next corollary shows an explicit relation between compu-

ation of the radius of non-singularity d(· , ·) and the real structured
ingular value �. To be self-contained, we also include its proof that
irectly follows from the definition of �.

orollary 3.1. Let A ∈ Rn×n be nonsingular and 0 ≤ D ∈ Rn×n. Then
he computation of d(A, D) can reduce to the real �-calculation

(A, D) = (�
�̂

r (N))−1

here �̂
r
� {blkdiag(�1, �2) ∈ R2n×2n : �1, �2 ∈ �r} and

 �
[

0 D
A−1 0

]
.
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Proof. From the definition of the real �, we have

�
�̂

r (N) = max{	R(N�̂r) : �̂r ∈ B�r}

=  max
�1,�2∈B�r

max

{
|
| : 
 ∈ R, det

([

I −D�2

−A−1�1 
I

])
= 0

}
= max

�1,�2∈B�r
max{|
| : 
 ∈ R, det(
I) det(
I − A−1�1D�2) = 0}

=  max
�1,�2∈B�r

	R(A−1�1D�2)

where the third equality follows from the Sylvester’s theorem for
determinants (see Horn & Johnson, 1985, for example). �

A similar result of Corollary 3.1 was  presented in (Braatz
& Russell, 1999) and is summarized here in Theorem 3.5. In
order to show that computation of d(A, D) is NP-hard, Poljak
and Rohn (1993) considered the special case when D = eeT where
e ∈ Rn is the vector whose entries are all ones. For this case, it
is not hard to see that the polytope B�r can be replaced by
its vertices, without changing the optimal value, i.e., d(A, eeT) =
(max{zTA−1y : z, y ∈ {−1, 1}n})−1

.

Theorem 3.3 (Poljak & Rohn, 1993, Thm. 2.5). Let A ∈ Rn×n be a
rational matrix. Then computation of d(A, D) can reduce to a max-cut
problem

d(A, eeT) = (2MC(BA−1 ) − eTA−1e)
−1

where BM is the biparticle graph of a matrix M defined as the weighted
biparticle BM = (Y

⋃
Z) where Y and Z are two copies of the index set

{1, . . .,  n}.

Since the max-cut problem is NP-hard, computing d(A, eeT) is
also NP-hard for any rational non-singular matrix A.

3.1.2. Nemirovskii approach (Nemirovskii, 1993): (independent
real perturbation)

In order to show that it is NP-hard to determine whether all
representatives of a square interval matrix set are all nonsingu-
lar, Nemirovskii (1993) showed that this non-singularity test can
reduce to a knapsack (or subset sum) problem described in Problem
2.4 and used the fact that knapsack problems are NP-complete.

Theorem 3.4 (Nemirovskii, 1993, Lem. 2.1). Consider the set of
matrices

M(k) �
{[

C z

yT 1

]
: y, z ∈ Rn, ‖y‖∞ ≤ 1/k, ‖z‖∞ ≤ 1/k

}
(13)

where C is a rational matrix. For a given constant k > 0, the task of
determining whether M(k) includes a singular matrix is NP-hard.

This approach is also applied by Braatz and Russell (1999) to
prove NP-hardness of robust stability margin computation using �
with independent real perturbations.

Theorem 3.5 (Braatz & Russell, 1999, Thm. 1). For a given constant
k > 0, all matrices in M(k) is nonsingular if and only if

�
�̂

r (N) < k

where �̂r � {blkdiag(�1, �2) ∈ R2n×2n : �1, �2 ∈ �r} and

N �
[

0 C−1

eeT 0

]
.

3.1.3. Coxson and DeMarco’s approach (Coxson & DeMarco,
1994): (independent real perturbation)

Coxson and DeMarco (1994) generalized the Nemirovskii’s
results (Nemirovskii, 1993).
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Fig. 3. Equivalent block diagram for a QCQP.

heorem 3.6 (Coxson & DeMarco, 1994, Prop. 1 and Thm.1). Con-
ider the set of matrices M(1) defined in (13). All matrices in M(1) is
onsingular if and only if

ax
{

yTC−1z : y, z ∈ Rn, ‖y‖∞ ≤ 1, ‖z‖∞ ≤ 1
}
≥1.

urthermore, the above recognition problem reduces to a max-cut
roblem in polynomial-time, which implies that this problem is also
P-hard.

.2. NP-hardness of mixed �-calculation

Since any �-calculation containing real uncertainty is NP-hard,
P-hardness of real � recognition directly implies NP-hardness
f mixed � recognition. In other words, NP-hardness of mixed

 recognition can be considered as a corollary of NP-hardness of
eal � recognition (Braatz & Russell, 1999, Cor. 1). However, we
ive a separate proof for NP-hardness of mixed � recognition and
his approach can be extended to show NP-hardness of complex �
ecognition.

Consider a QCQP of the form

�
qcqp := max

x∈X2
|x∗Ax + pTx + c| (14)

here A ∈ Rn×n, p ∈ Rn, c ∈ R, and X2 � {x ∈ Cn : 0 < bl
i
≤ |x∗Eix| ≤

u
i
, Ei = eie

T
i
, i = 1, . . .,  m}.  Now, we show that for a fixed constant

 > 0, the recognition problem “q�
qcqp≥k” can polynomially reduce

o a mixed � recognition problem.

heorem 3.7. Define the matrices

(15)

ˆ m
p � {diag(ır

1:n, ır
1:n, ıc

1:n, ıc
1:n, ıc) : ır

i ∈ R, ıc ∈ C}, (16)

 � 1
2

(bu + bl), w � 1
2

(bu − bl). (17)

For a fixed constant k > 0, we have

�̂
m
p

(Mm(k))≥k ⇔ q�
qcqp≥k. (18)

roof. The proof is similar to the proof of the main theorem in
Braatz et al., 1994, Thm. 2.1). The constraint set can be rewritten
s

2 = {x ∈ Cn : x = �c(x + �rw), �r ∈ B�r, �c ∈ B�c}. (19)

y defining dummy  input and output d, y ∈ R, the QCQP (14) can
e represented as the block diagram in Fig. 3 in which the opti-
ization objective is related to the input–output relation between
Fig. 4. QCQP as a robustness problem.

d and y. From a simple block diagram manipulation, we have its
equivalent linear fractional transformation (LFT) in Fig. 4, where a
pseudo performance block ıc is augmented (following from the so-
called main-loop theorem (Packard & Doyle, 1993, Thm 4.3)). Then
we have

q�
qcqp = max

�∈�̂
m
|Fu(Mm(1), �)| (20)

where �̂
m

� {blkdiag(�1, �1, �2, �2) : �1 ∈ �r, �2 ∈ �c}. The
remaining part of the proof is straightforward from the main-loop
theorem (Packard & Doyle, 1993, Thm. 4.3). �

Remark 3.1. NP-hardness of mixed �-calculation is a direct con-
sequence of the fact that the QCQP problem (14) is NP-hard for any
fixed complex uncertainty �c ∈ B�c.

Remark 3.2. As a special case of the mixed �-calculation prob-
lem in Theorem 3.7, we can reduce this problem to the real
�-calculation problem in Theorem 3.1. Setting the complex uncer-
tainty �c = I gives

Mr(k) =
[

Mm
11(k) Mm

13(k)

Mm
31(k) Mm

33(k)

]
+
[

Mm
12(k)

Mm
32(k)

]
(I − Mm

22(k))−1[ Mm
21(k) Mm

23(k) ]. (21)

and the corresponding LFT is given in Fig. 5(a).

3.3. NP-hardness of complex �-calculation

Toker and Özbay (1998) used a similar approach as used in
Braatz et al. (1994). They showed that a certain recognition prob-
lem to determine whether the inequality ��(M)  < 1 can reduce to
the complex programming problem which is NP-hard.

Theorem 3.8 (Toker & Özbay, 1998, Thm. 1). Consider the matrix

(22)

where P = [e1, e3, . . .,  e2n−3, e2n−1, e2, e4, . . .,  e2n−2, e2n] ∈ R2n×2n

and ek ∈ R2n are the standard basis vectors. Then we have the equiv-
alent recognition problems

T
��(M)  < 1 ⇔ sup
xi∈C,|xi |≤1

|x Ax| < 1. (23)

In Toker and Özbay (1998), it was  shown that the complex pro-
gramming problem in the RHS of (23) can polynomially reduce
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o a version of the Kanpsack problem (see Problem 2.5) which is
P-hard. It implies that pure complex �-calculation is also NP-hard.

emark 3.3. As a special case of the mixed �-calculation prob-
em in Theorem 3.7, we can derive a pure complex �-calculation
roblem. Setting the real uncertainty �r = I gives

Mc(k) =
[

Mm
22(k) Mm

23(k)

Mm
32(k) Mm

33(k)

]
+
[

Mm
21(k)

Mm
31(k)

]
(I − Mm

11(k))−1[ Mm
12(k) Mm

13(k) ]

=

[
0 0 k(x + w)

kA 0 kp

pT x
T + wT c

]
.

(24)

nd the corresponding LFT is given in Fig. 5(b). Setting k = 1, p = 0,
 = 0, and x = w = (1/2)e  (corresponding to bl = 0 and bu = e), we
ave the same expression as the LHS of (23) with which the objec-
ive function is now replaced by |x*Ax|  in the RHS of (23).

. Computational complexity of approximate �-calculation

In this section, we are interested in computational complexity
f the problem of approximating the value of �. Before diving into
he main problem, we give a mathematical description of approx-
mation problems and introduce a class of polynomial programs

ith box constraints, whose exact computation is NP-hard and
hose arbitrary close approximation is also NP-hard. NP-hardness

f approximation problem for this class of polynomial programs
s used to show that approximation problems for real and mixed
-calculations are NP-hard (Braatz & Russell, 1999).

.1. Computational complexity of �-approximation problems

Suppose that the set of feasible solutions X  is non-empty and
ompact. Following the Weierstrass theorem (Luenberger, 1969),
here exists x� ∈ X  such that c� � c(x�) ≤ c(x) for all x ∈ X. The �-
pproximation problem for (3) is to compute a value ĉ ∈ R  such
hat for a given � > 0,

c� − ĉ| ≤ �|c� − c�|. (25)

his definition of �-approximation has been preferred because it
s invariant under translation and dilation of the objective func-
ion, and quantifying the optimization objective in different units
oes not affect the quality of the approximation as computed from
25) (see Bellare & Rogaway, 1995; Papadimitriou & Steiglitz, 1998;
avasis, 1992, for example).
A 0-approximation algorithm provides the exact optimal solu-
ion, while a 1-approximation algorithm need only find any feasible
oint and compute its objective. We  will study the existence of
olynomial-time algorithms for computing an �-approximation.
d real uncertainties. (b) Repeated complex uncertainties.

Let n be a measure of the quantity of data needed to describe
an instance of an optimization problem (for example, this could
be the number of elements in the data vector, or the number of
rows in a matrix which contains most of the data). To provide the
strongest results, � will be selected to be a function of n – this
allows the consideration of algorithms for which the accuracy of
the approximation degrades as the size of the problem (measured
by n) increases.

Even when the exact computation of optimization problem is
NP-hard, the �-approximation problem can have an algorithm that
computes an �-approximation in polynomial-time as a function of
problem size. An example is the knapsack problem (Problems 2.4
and 2.5). There exists an algorithm such that its solution can be
approximated in polynomial-time within any factor of the opti-
mum  (see Barlanda, Kolaitisb, & Thakurc, 1998, Thm. 7.4; Peleg,
Schechtman, & Wool, 1993, Thm. 5.1), for examples of randomized
algorithms for solving the approximate knapsack problems), while
its exact computation is known to be NP-hard.

The traveling salesman problems are NP-complete and its �-
approximation problem is NP-hard (Papadimitriou & Steiglitz,
1998, Thm. 17.10). Another example we  consider in this paper is
the class of polynomial programs with polytope (box, in particular)
constraints

q�
poly := max

0≤xi≤1

⎧⎨
⎩

T∑
t=1

⎛
⎝∏

i∈I1
t

xi

⎞
⎠
⎛
⎝∏

j∈I2
t

(1 − xj)

⎞
⎠
⎫⎬
⎭ (26)

where T is the number of terms in the polynomial objective, n is
the number of optimization variables, and for each t,

⋂
Ii

t = ∅ and⋃
Ii

t = {1, . . .,  n}. The exact optimization problem is NP-hard and
the �-approximation problem is also hard. More specifically, find-
ing a polynomial-time algorithm that approximates the optimum
within a given constant is equivalent to establishing that P /= NP as
stated in the following lemma.

Lemma  4.1 (Bellare & Rogaway, 1995, Thm. 3.1). There is a constant
ı > 0 such that if there exists a polynomial-time algorithm that can
compute an �-approximation for the optimization problem in (26) with
� = �(n) = 1 − n−ı, then P=NP.

The general consensus in the computational community,
P /= NP, implies that an �-approximation problem for polynomial
programming with box constraints is also hard. Note that the par-
ticular form of �(n) in Lemma  4.1 considers very weak forms of
approximation, as it allows the quality of the approximation to

degrade as a function of problem size. In particular, for fixed ı and
large n, �(n) approaches one, which only requires that the approx-
imation algorithm be able to find a feasible point and evaluate
the corresponding objective function. Thus Lemma 4.1 indicates
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hat the existence of even a weak polynomial-time approximation
lgorithm for polynomial programs with box constraints is highly
nlikely.

.2. Approximate real and mixed �-calculation

Braatz and Russell (1999) showed that computing robust stabil-
ty or performance margin within a given �  accuracy is an NP-hard
roblem. To do this, they first showed that the polynomial pro-
ram with polytype constraints given in (26) can be represented as

 skewed-� problem.

emma  4.2 (Braatz & Russell, 1999, Lem. 4). Consider the opti-
ization problem in (26). For any fixed constant k > 0, the recognition

roblem “q�
poly≥k” is polynomial-time reducible to the � recognition

roblem “��r (M)≥k” for some rational matrix M and a set of real
iagonal perturbations �r.

Its direct consequence is that the �-approximation of robust
tability or performance margins is NP-hard.

heorem 4.1 (Braatz & Russell, 1999, Thm. 2). Consider the skewed-
 problem with any super set of uncertainties that includes (i) real

calar uncertainties or (ii) one complex and the rest real scalar
ncertainties. There is a constant ı > 0 such that if there exists a
olynomial-time algorithm that can compute an �-approximation for
he skewed-mu with � = �(n) = 1 − n−ı, then P=NP.

Some parallel results were presented in the literature. In Coxson
nd DeMarco (1994, Thms. 1 and 2), it was shown that there
xists some arbitrarily small � > 0 such that the �-approximation for
eal �-calculation is NP-hard, unless P=NP. Toker (1996, Thm. 3.1)
howed that computing an �-approximation for real �-calculation
ith �(n) = 1 − n−ı for some ı > 0 is an NP-hard problem. In Fu (1997,

hm. 1.2), it was shown that for any � > 0, the �-approximation
or real �-calculation is NP-hard, and its results were extended to
ny p-norm cases of real uncertainty (Fu & Dasgoupta, 2000, Thm.
.2). Unfortunately, they rely on a misleading definition for the �-
pproximation problem: |c� − ĉ| ≤ �|c�|. Consider, for example, the
ase when the set of feasible solutions X  is a singleton. Then for the
efinition of �-approximation problem in (25), it is required that

ˆ  = c� regardless of �, while the �-approximation problem con-
idered in Fu (1997) and Fu and Dasgoupta (2000) still depends
n the value of �, which does not make sense because the opti-
al  value is an evaluation with the unique feasible solution and

ˆ  /= c� cannot be considered as an approximation no matter how
mall � is.

.3. Approximate complex �-calculation

Unlike approximate real �-calculation, it seems that there is
o available affirmative results on computational complexity of
pproximate complex �-calculation up to date. We  refer the read-
rs to (Fu, 1999, Prob. 22) for some discussions about this problem.

. Results on the gap between exact and upper-bounds of
-calculations

In this section, we review several results on the gap between
he exact � and its convex upper-bounds. Before studying the con-
ervatism of robust stability margin computation using convex
pper-bounds, we shortly review some absolute stability crite-

ia which provide sufficient conditions for robust stability and
hose conservatisms have been studied by some researchers. A

eason for studying absolute stability criteria and their conser-
atisms is because they can be also used to compute or approximate
mical Engineering 70 (2014) 122–132 129

upper-bounds on the exact � and give lower-bounds on the robust
stability margin computation.

5.1. Absolute stability as sufficient conditions of robust stability

Suppose that the closed-loop system can be represented as
a feedback interconnection of an LTI system and a structured
(block-diagonal) memoryless sector-bounded nonlinear operator,
denoted by M − � . Its description will be the same as the M − � rep-
resentation in Fig. 1 where the only difference is that the uncertain
operator � is now a sector-bounded memoryless (static) nonlin-
ear operator � . The system is said to be absolutely stable if it is
globally uniformly asymptotically stable at the origin for all non-
linearities in a given sector (see Khalil, 2002; Vidyasagar, 1993
for details of absolute stability and related works). The circle and
Popov criteria provide sufficient conditions for absolute stability in
terms of strict positive realness of certain transfer functions and
they can be represented as linear matrix inequalities (LMIs). They
also provide graphical tests in the complex domain for single-input
single-output (SISO) cases. Note that a sufficient condition of robust
stability provides a lower-bound on the robust stability margin of
uncertain systems.

5.1.1. Circle criterion and its conservatism

Lemma  5.1 (Khalil, 2002, Thm. 7.1). Consider the nonlinear operator
� ∈ Sector([0, ki]), ki > 0, i = 1, . . .,  n. Then the feedback interconnected
system M(s) − � is absolutely stable if the transfer function K−1 + M(s)
is strictly positive real (SPR), where K = diag(k1, . . .,  kn).

Assume that ki = k > 0 for all i = 1, . . .,  n. Then this circle crite-
rion provides a lower-bound on the robust stability margin 1/ �̂circ
where

�̂circ(M)  � (max{k > 0 : I + kM(s) is SPR})−1. (27)

Suppose that the exact robust stability margin is 1/��(M). In Rump
(2001, Thm. 1), it was  shown that there exists a sequence of matri-
ces Mn whose dimension goes to infinity as n→ ∞ such that

lim
n→∞

�̂circ(Mn)
��(Mn)

= ∞. (28)

This implies that the circle criterion cannot be sharp up to a constant
that does not depend on the order of a system. Note that this argu-
ment holds for the cases when the operator � is replaced by � ∈ �r

or �c. For such cases, ��(M)  = max  {k > 0 : ��((2I − kM)−1M)  ≤ 1/k}
where � ∈ {�r, �c}. It implies that there exists a sequence of matri-
ces Mn ∈ Cn×n such that

lim
n→∞

�̂circ(Mn)
��(Mn)

= ∞,  � ∈ {�r, �c}. (29)

5.1.2. Popov criterion and its conservatism
The Popov criterion provides a less conservative stability

test than the circle criterion. It exploits the memoryless (static)
property of the nonlinear operator � and an LTI (dynamic) mul-
tiplier (I + s�)−1 that does not change the sector-boundedness is
employed to derive less conservative stability condition.

Lemma  5.2 (Khalil, 2002, Thm. 7.3). Consider the nonlinear operator

� ∈ Sector([0, ki]), ki > 0, i = 1, . . .,  n. Then the feedback interconnected
system M(s) − � is absolutely stable if a positive semidefinite diago-
nal matrix � = diag(
) with 
i ≤ 0, i = 1, . . .,  n, such that the transfer
function K−1 + (I + s�)M(s) is SPR, where K = diag(k).
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Similar to the circle criterion, suppose that ki = k > 0 for all i = 1,
 . .,  n. Then this Popov criterion provides a lower-bound on the
obust stability margin 1/ �̂ppv where

ˆ ppv(M) � ( max

i≥0,�=diag(
)

{k > 0 : I + k(I + s�)M(s) is SPR})−1. (30)

A natural question would be if there exists a sequence of matri-
es Mn ∈ Cn×n such that

lim
→∞

�̂ppv(Mn)
��(Mn)

= ∞ (31)

here 1/��(·) denotes the exact robust stability margin. We,  how-
ver, could not find any affirmative result on this question.

.2. Conservatism of upper-bounds of complex �-calculation

To evaluate the conservatism of convex upper-bounds of �, we
onsider the diagonal non-repeated complex uncertainty �c and
he D-scaling upper bound defined as

ˆ (M)  � inf{�(DMD−1) : D ∈ D�c , D = D∗ > 0} (32)

here the subscript �c is omitted for notational convenience and

�c � {D ∈ Cn×n : D� = �D,  ∀� ∈ �c}.
In Packard and Doyle (1993), many simulations were performed

o estimate the ratio of �̂(M)/�(M)  over wide range of the dimen-
ion of M and they conjectured that this ratio would be bounded
y some constant that is independent of the system dimension,
ut it does not seem to be plausible. Define the worst case ratio of
stimate by

n � sup
M∈Cn×n

�̂(M)
�(M)

(33)

here 0/0 :=0. Megretski (1993b, Thm. 1) showed rn ≤ cn for some
onstant c > 0. Later, in Treil (2000, Thm. 1.0), it was  shown that
lim
→∞

rn → ∞ as c log n and they conjectured that a sharp estimate of

n (c log n, for example) might be achieved. It was also shown that
 lower-bound on rn can be arbitrarily large for large n (Treil, 2000,
hm. 1.3).

. Alternative approaches to robustness margin
omputation

So far, we have shown that the exact computation of robust
tability margins is NP-hard and the arbitrarily tight approx-
mations are also NP-hard for most cases. Those theoretical
esults suggest for system and control scientists and engineers
o develop alternative approaches to compute or approximate
obust stability margins. Once a problem is proven to be
P-complete or NP-hard, one can save further futile efforts

o solve this problem algorithmically to find an exact solu-
ion in polynomial-time. One may  wish to find alternative
pproaches with which a deterministic or probabilistic approx-
mation to exact solutions is plausible in polynomial-time. In
his section, we review two different approaches to those
roblems: (a) deterministic polynomial-time model reduction
lgorithms and (b) randomized algorithms using statistical learning
heory.

.1. Polynomial-time model reduction to reduce computational
xpense for robustness margin computation
As stated in Sections 3 and 4, the exact �-calculations and their
rbitrarily chosen tolerance of approximations are also NP-hard
roblems (at least for real/mixed uncertain systems). Furthermore,
he �-calculations are known to be poorly scaled as the size of
mical Engineering 70 (2014) 122–132

the problem increases (Russell & Braatz, 1998). For those rea-
sons, there have been many efforts to reduce the model orders
while the reduced models have approximately similar robust sta-
bility margins or performance indices as the original model. In
Gunawan, Russell, and Braatz (2001), four dimensionality reduction
methods for uncertain systems are reviewed and their theoreti-
cal and computational characteristics are compared: (a) SVD-based
algorithms (Russell & Braatz, 1998); (b) successive realization algo-
rithms (Russell et al., 1997); (c) balanced truncation (Beck, 1996;
Beck & Doyle, 1999; Beck et al., 1996); and (d) Kalman decomposi-
tion (D’Andrea & Khatri, 1997).

Algorithm 1. Exact model reduction (EMR) algorithm (Russell &
Braatz, 1998).

Input: M ∈ C
n×n

Output: M̂ ∈ C
r×r , r < n

Step 1: Perform a singular value decomposition M =
∑n

i=1
�iuiv∗i .

Step 2: Eliminate the terms corresponding to � i = 0 to obtain M = U ˆ̇ V ∗

where ˆ̇ = diag(�i:r ), U = col(Ui , . . .,  U�), V = col(Vi , . . .,  V�), and Ui, Vi ∈ C
ri×r .

Step 3: Compute Ui = UUi ˙Ui
VUi∗ and Vi = UVi ˙Vi

VVi∗ .
rU

i
← dim(Ker(Ui)), rV

i
← dim(Ker(Vi)), ri ← max{rU

i
, rV

i
}

WU
i
← UUi∗ , WV

i
← UVi∗

WU ← blkdiag(WU
i

, · · ·, WU
�

), WV ← blkdiag(WV
i

, · · ·,  WV
�

)

Step 4: Construct low-rank matrices U, V , W
U

, W
V

.
for  i = 1 to � do

for j = 1 to rj do
rowj(Ui) ← eT

j
WU

i
Ui , rowj(Vi) ← eT

j
WV

i
Vi

rowj(W
U

i ) ← eT
j
WU

i
, rowj(W

V

i ) ← eT
j
WV

i

end for
end for

U ← col(Ui, . . .,  U�), V ← col(Vi, . . .,  V�)

W
U ← blkdiag(W

U

1 , . . ., W
U

m, Irm
, . . .,  Ir�

)

W
V ← blkdiag(W

V

1 , . . ., W
V

m, Irm
, . . ., Ir�

)

Step 5: Compute M̂.

M̂ ← U˙V
∗
W

V
W

U∗
, r =
∑�

i=1
ri

Among those model reduction methods for uncertain systems,
we focus on the SVD-based algorithms in which the key idea is to
apply principle component analysis (PCA) (Moore, 1981) to remove
the subspace components that do not affect the value of the robust-
ness margin or have negligible effects on it. The strategy behind
the exact model reduction (EMR) algorithm stated in Algorithm 1
is to remove the subspaces of M,  Ui, and Vi that do not affect on the
input–output mappings. In Russell and Braatz (1998), it was  argued
that NP-hardness of �-computation is scaled as a function of the
rank of M multiplied by the number of perturbations, which was
followed from a conjecture that NP-hardness of �-computation
may be more directly related to the rank of M than the dimension
of M.

Theorem 6.1 (Russell & Braatz, 1998, Thms. 3 and 4). Consider M ∈
Cn×n and � have � independent uncertainty blocks. Then the number
of flops required in the EMR algorithm is O((26 � +12)n3− (2 � +4)n2)
and the reduced matrix M̂ ∈ Cr×r obtained from the EMR  algorithm
satisfies the inequality

r =
�∑

i=1

ri ≤ � rank(M). (34)

This theorem implies that the EMR  algorithm provides a
polynomial-time reduction of a given �-computation problem into
a �-computation of dimension less than or equal to the number of

perturbation blocks multiplied by the rank of M.

Algorithm 2. Approximate model reduction (AMR) algorithm
(Russell & Braatz, 1998).
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Input: M ∈ C
n×n , � > 0

Output: M̂ ∈ C
r×r , r < n

Perform the EMR  algorithm with two  modifications.
Modification 1: In Step 2,
for j = 1 to n do

if � j ≤ � then
�̂j ← 0

else
�̂j ← �j

end if
end for
ˆ̇ ← diag( �̂1:n)

Modification 2: In Step 3,
for i = 1 to � do

for j = 1 to ri do
if �Ui,j

≤ � then
�̂Ui,j

← 0
else

�̂Ui,j
← �Ui,j

end if
if �Vi,j

≤ � then
�̂Vi,j

← 0
else

�̂Vi,j
← �Vi,j

end if
end for

end for
ˆ̇

Ui
← diag( �̂Ui,1:ri

), ˆ̇
Vi
← diag( �̂Vi,1:ri

)
Ui ← UUi ˆ̇

Ui
VUi∗ , Vi ← UVi ˆ̇

Vi
VVi∗

A modification of the EMR  algorithm, the approximate model
eduction (AMR) algorithm stated in Algorithm 2, deletes the sub-
paces that have negligible effects on the computation of the
obustness margins – its threshold corresponds to the used-defined
alue � > 0. Deleting subspaces corresponding to small singular
alues as done in the AMR  algorithm has a small effect on the ele-
ents of M,  and for problems where � is a continuous function

f M (Packard & Pandey, 1993), has a small effect on the value of
he robustness margin. Furthermore, an error induced by the AMR
lgorithm to approximate the upper-bound of � can be quantified.

heorem 6.2 (Russell & Braatz, 1998, Thm. 2 and Cor. 1). Suppose
hat � contains the full block-structure for complex uncertainties only.
onsider the upper-bound on � defined in (32). Let M have an SVD

orm M = U+˙+V∗+ + U−˙−V∗− where ˙− corresponds to the deleted
ingular values such that �i ≤ � by a pre-defined tolerance � > 0. The
atrices U+ and V+ contains only the left-and right-eigenvectors corre-

ponding to ˙+ and the matrices U− and V− contains only the left-and
ight-eigenvectors corresponding to ˙−. Let WUU+ = Û+ + Ũ+ and

V V+ = V̂+ + Ṽ+ where Ũ+ and Ṽ+ are the removed parts in Mod-
fication 3 of the AMR  algorithm. Let M̂ be the output of the AMR
lgorithm and � refer to the corresponding reduced uncertainty block
ith the compatible set of commutative multipliers D̂. Suppose the

nfima of the � upper bounds, �̂�(M) and �̂�(M̂), are achieved
y D� � argmin

D∈D
�(DMD−1) and D̂� � argmin

D∈D̂
�(DM̂D−1), respectively.

hen, we have

ˆ �(M̂) − �((D�)E(D�)−1) ≤ �̂�(M) ≤ �̂�(M̂) − �((D̃�)E(D̃�)
−1

)

(35)

ˆ �(M̂) − 
(D�)�(E) ≤ �̂�(M)  ≤ �̂�(M̂) − 
(D̂�)�(E) (36)

ˆ �(M̂) − 
(D�)(3�(E) + �(˙−) ≤ �̂�(M)  ≤ �̂�(M̂)

�
− 
(D̂ )(3�(E) + �(˙−) (37)

here 
(D) � �(D)�(D−1), D̃� � arg minD∈D�(D(M + E)D−1) with the
rror matrix

 � − WU∗(Û+˙+Ṽ∗+ + Ũ+˙+V̂∗+ + Ũ+˙+Ṽ∗+)WV − U−˙−V∗−. (38)
mical Engineering 70 (2014) 122–132 131

The goal of the AMR  algorithm is to make the computation of
� less expensive by reducing the dimension of M while managing
the inaccuracies in the value of �. The errors in the computation
of the � upper bounds can be quantified from Theorem 6.2 and
the tolerances in the AMR  algorithm provide the trade off between
computational cost and accuracy.

6.2. Polynomial-time probabilistic randomized algorithms as
alternatives

Randomized algorithms for robustness analysis haven been
considered by many researchers in recent years (see Barmish &
Lagoa, 1997; Khargonekar & Tikku, 1996; Stengel & Ray, 1991;
Tempo et al., 2005; Vidyasagar, 1998; Vidyasagar & Blondel, 2001,
for example). Polynomial-time randomized algorithms exist for
approximate solutions to � computations. Consider the feed-
back interconnected uncertain system described in Fig. 1 and a
set of randomly generated uncertain matrices �s(n) � {�(1), · · · ,
�(s(n))} ⊂ B� where n denotes the dimension of the M and s(n) is
the corresponding number of samples. Define a sequence of values
�̌s(n)(M)  � maxs(n)

i=1 �(M�(i)) where �(·) = 	(·) for complex uncer-
tainty set B�, �( · ) = 	R( · ) for real/mixed uncertainty set B�, and
the frequency-dependency and supremum over frequency are not
considered for notational convenience–it does not change the main
stream of the results we aim to reach. Note that �̌s(n)(M) are random
variables and provide lower-bounds on �, �̌s(n)(M) ≤ ��(M) with
probability one, for all s(n) ∈ N  and n ∈ N. Define a random sequence
qs(n) � ( �̌s(n)(M))/(��(M)) that is nondecreasing and less than or
equal to 1 with probability one. Furthermore, lim

s(n)→∞
qs(n) = 1 in

probability, which implies that for all � > 0, Pr�s(n)
[qs(n)≥1 − �] → 1

as s(n)→ ∞.  To estimate ��(M) from �̌s(n)(M), it is required to
find the minimal number of samples s(n) such that the following
inequality is satisfied:

Pr�s(n)
[qs(n)≥1 − �]≥1 − ı (39)

where � ∈ (0, 1) and ı ∈ (0, 1) correspond to accuracy and con-
fidence, respectively, in conclusion we make, based on the
computations of �̌s(n)(M). A lower-bound on such s(n) is the Cher-
noff bound S(n) ≥ (1/2�2) log(1/ı) (Vidyasagar, 1998). Note that this
lower-bound is uniform in the sense that it does not depend on the
dimension of M,  i.e., s(n) = s for any n ∈ N.

The detailed theoretical backgrounds on and applications of sta-
tistical learning theory and randomized algorithms are beyond the
scope of this paper and we  refer the readers to some research mono-
graphs (Tempo et al., 2005; Vapnik, 1995; Vidyasagar, 1997) on
those topics.

7. Conclusion

A comprehensive overview of research related to computational
complexity of � problems is provided. Followed by pioneer works
in the structured singular value theory, there have been numerous
efforts to develop efficient algorithms for computing �. First of all,
the existing results showing NP-hardness of the exact computation
of � are presented with their primal approaches to proofs. Results
on the study of NP-hardness of arbitrarily close approximations
to � and conservatism of � upper bounds (D-scalings, in par-
ticular) are also reviewed. Probabilistic randomized algorithms
and polynomial-time model reduction methods are examples of
alternative approaches to assess robustness of uncertain systems.

As a concluding remark, there are still some open problems
(NP-hardness of �-approximation of complex �-calculation and
degree of conservatism of other convex � upper-bounds including
integral quadratic separators, while they have their own history
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f theoretical developments), and probabilistic approaches to
pproximating � and robustness margin have been active research
opics for the recent two decades. They would be considered as
vidence of the impact of results on computational complexity
nalysis for � problems.
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