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Efficient Polynomial-Time Outer Bounds on State Trajectories
for Uncertain Polynomial Systems Using Skewed
Structured Singular Values

Masako Kishida, Philipp Rumschinski, Rolf Findeisen, and Richard D. Braatz, Fellow, IEEE

Abstract—Outer bounds for the evolution of state trajectories
of uncertain systems are useful for many purposes such as robust
control, state and parameter estimation, model invalidation, safety
evaluation, fault diagnosis, and experimental design. Obtaining
tight outer bounds is, however, a challenging task. This tech-
nical note proposes a new approach to obtaining such bounds
for discrete-time polynomial systems with uncertain initial state,
uncertain parameters, and bounded disturbances. To obtain outer
bounds, the nonlinear map describing the uncertain dynamical
system is represented via linear fractional transformation. The
bounds on the trajectories are obtained by computing polyno-
mial-time upper and lower bounds for the skewed structured
singular value of the linear fractional transformation. Algorithms
with different tradeoffs between computational complexity and
conservatism are outlined. The tradeoffs as well as efficiency of
the approach are illustrated in a numerical example, which shows
small conservatism of the obtained bounds.

Index Terms— Discrete-time polynomial systems.

I. INTRODUCTION

Outer bounds on the evolution of the states of nonlinear dynamical
systems subject to disturbances and uncertain initial conditions play an
important role in many control and analysis problems. Examples are
model invalidation and parameter estimation [2], [3], model analysis
[4], fault diagnosis [5], [6], robust model predictive control [7]-[10],
the analysis of batch and semibatch processes [11], [12], and the
safety analysis of plant operations [13]. The computation of tight outer
bounds on the state is challenging in general. Various approaches to
calculate outer bounds for the time evolution of the states in dynamical
systems have been developed, e.g., based on set-based methods [14]-
[16]; interval methods [17]-[19]; relaxation and feasibility reformula-
tion [20], [21]; and barrier certificates [2].

This technical note proposes a new approach for computing tight
outer bounds for discrete-time polynomial systems with uncertain
parameters, initial conditions, and bounded disturbances. To bound
the evolution of the states, the map defining the system dynamics is
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reformulated as a linear fractional transformation (LFT) [22]. Outer
bounds on the states for each time instant are then computed em-
ploying skewed structured singular values, for which upper and lower
bounds can be computed in polynomial time [23], [24] (note that
the exact computation is NP-hard cf. [25]). An algorithm and two
variants are proposed that differ in the tradeoff between computational
complexity versus conservatism. Furthermore, it is described how to
modify the overall approach to include the effect of time-varying
uncertain parameters and bounded disturbances. Besides providing a
new viewpoint on how to calculate tight bounds, the key advantages
of the approach are an efficient and unified treatment of fixed and
time-varying uncertain parameters, uncertain initial conditions, and
bounded disturbances.

The technical note is organized as follows. Section II provides
the notations and mathematical background including a theorem on the
skewed structured singular value that is critical to understanding the
main idea behind the proposed approach. Section III mathematically
defines the considered problem. Section IV presents the approach to
tightly outer bound the state trajectories. The algorithms are applied
and compared in a numerical example in Section V. Section VI
concludes the technical note.

II. MATHEMATICAL PRELIMINARIES

The maximum singular value of a matrix N is denoted by 5(N) =
Amax (N*N), where “N*” denotes the conjugate transpose of the
matrix N, Ayax (V) denotes its maximum eigenvalue, and | N | denotes
its determinant. The uncertain nonlinear system will be reformulated
using a (lower) Linear Fractional Transformation (LFT), which is

. Nii | Ni2
defined for a block matrix N = and a structured per-
Nay | Nao

turbation matrix A by F, (N, A) and given by F,,(N,A) = Nas +
Noy Ay (I — NiyAy) 71 Nyo, cf. [22]. The unit ball in the space of
the structured perturbation is defined as BA = {A : 6(A) < 1}. The
structured singular value p of N with respect to a structured perturba-
tion matrix A is denoted by pa (N), cf. [22]. “<” denotes element-
wise vector inequality. x; , denotes the ith element of the state vector
1}, at time instant k.

Definition 1 (Skewed Structured Singular Value [23], [26]): The
skewed structured singular value v of N with respect to structured
perturbation matrices A; and A, is defined by!

07

if Vi < 0o, AA = diag{A1, KAz},

A; € BA;s.t. |[I = NA| =0,

1/min{x > 0 : 3A = diag{A, kAs},
A; € BA; s.t. |[I — NA| = 0}, otherwise.

This structured singular value is said to be “skewed” because only
a part of the structured perturbation matrix is stretched, while keeping

Va6, (N) =

I As can be seen in the definition, va, A, (IV) can be infinity. The value does
not occur in this technical note because it is assumed that the LFT in Lemma 3
is well-posed, which ensures that x # 0.
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the rest fixed. Upper and lower bounds on v can be computed in poly-
nomial time, with no more effort than non-skewed structured singular
value calculations [24], [26], by a variety of methods including power
iterations and linear matrix inequalities (LMIs). This gap between the
upper/lower bounds has been observed to be small for most matrices
[27]. The following results relate the LFT to v.

Theorem 2 (Main Loop Theorem [22]): The following equivalence
holds:

pa, (Ni) <1

max fin, (Fu(N,Ap)) <1 (1)

Hdiag[a,,00](N) <1 & {
7(A1)<1

Proof: See [22]. |
Lemma 3: For any well-posed LFT in which F, (N, A1) is a scalar
F,(N,Ay)| = N). 2

e [FL(V,A0)] = vay,2,() @

Proof: The skewed version of Theorem 2

pa, (N11) < 1
max  pa, (Fu,(N,A1)) < a (3)

VAl,Az(N) < o< {
7(A1)<1

can be obtained in a similar manner as in [26], for any a > 0.
This implies that maxz(a,)<1 0(Fu (N, A1)) = va,,a, (V) and the
maximum singular value of a scalar is equal to its absolute value. W

In this technical note, A; represents the uncertainty in the system
and A, = § is a complex scalar.

III. PROBLEM SETUP

Consider a discrete-time dynamical system of the form

ni Bnj
Ty = f(Xp—1,p0) = Zan Hxiofkflpj,kjfl “)
n 7

where z;, € R"= denotes the state vector attime k € {1,2,3,---},p €
R™» is a vector of uncertain parameters, and f : R"= x R"» — R"=
is polynomial in its arguments.

Problem 4: Given a system (4) with interval bounds on the initial
state xo and parameter vector p, i.e., £o,min = L0 = T0,max> Pmin =
P = Pmax, find the tightest possible outer bounds (i.e., elementwise
maximum and minimum bounds) on the trajectory bundle xy,.

This work proposes a method to solve Problem 4 based on the theory
of skewed structured singular values. Before presenting the method,
consider the following result.

Lemma 5: Solving Problem 4 is NP-hard.

Proof: Consider a problem in which the polynomial in the right-
hand side of (4) is a quadratic function of [z)_1,pxr_1]7 for each
element of the vector x, with an indefinite Hessian. The computation
of a maximum or a minimum bound for any of the elements of x; is an
indefinite quadratic program with box constraints, which is an NP-hard
problem [28]. |

Problem 4 is also NP-hard when there is uncertainty only in the
initial condition x( (no uncertain parameters p).> The NP-hardness of
Problem 4 motivates the derivation of polynomial-time algorithms for
computing lower and upper bounds that have some conservatism but
are rigorous and tight.

IV. MAIN ALGORITHM AND ITS VARIANTS

This section proposes an algorithm to compute upper and lower
bounds on each state at each time instant in Problem 4. The idea
of the algorithm is to reformulate the polynomial map f such that
maximum and minimum bounds of its range can be derived using

2This is proved by replacing [z _1,pr_1]T with [z5_1]7T in the proof.
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the skewed structured singular value. This approach is repeatedly
performed to bound the future evolution of the system states starting
from an uncertain initial condition.

Step 0 is a normalization step, whereas Step 4 initializes the steps
for future time instants. Steps 1-3 are the core of the Algorithm to
bound the trajectories based on LFT reformulations of the system (4)
using skewed structured singular values.

Step 1: A polynomial system can always be represented by an LFT
[22].> Each element of the state vector z, is expressed in the form
of an LFT [29]-[31] so that (2) can be used in Step 2. Here the LFT
relates the state x;, with the uncertain state vector x;,_; and uncertain
parameter p, which is in contrast to the standard application of LFTs
that expresses the input-output relation of transfer functions (e.g.,
y = F, (N, A)w). Subscript 7 indicates ith element of the state vector
and subscript k£ — 1 indicates the time instant at £ — 1. The subblock
N —1,22 corresponds to the nominal state of x; 5, and A; j,_1 is the
structured perturbation that expresses uncertainties in the state x; j and
parameter p.

Algorithm: Compute bounds on the uncertain state trajectory from
k=1ton

IHPUt: xO,maxy xO,min s Pmax; Pmin
Output: 1 max; T1,mins ** * s Tn,max> Tn,min
1: Step O (initialize): p. = (1/2) (Pmax +Pmin ) Wp = (1/2) (Prmax —
pmin)s ZTo,c= (1/2)(170,max +x0,min)s Wy = (1/2) (:CO,max -
$0,min)~
2:for k =1tondo
3: fori=1ton,do
4: Step 1 (write as an LFT):
Find N; 1 and A; ;1 by using p., wp, Tp—1,., and
Wy, _, such that

Tik = Fu(Ni,k—lu Ai,k—l)

5: Step 2 (write in shifted forms):
Choose large enough ¢; —1,max > 0 and small enough
Ci,k—1,min < 0 and write

Tk = Fu (Ni,kfly Ai,kfl) + Ci,k—1,max —Ci,k—1,max

=Fy (N k—1,max Di,k—1)

= Fu(Ni k=1, D4 k—1) — Ci,k—1,min +Ci,k—1,min

=Fy(Ni k—1,min:Di,k—1)

6: Step 3 (apply skewed structured singular value to define
bounds)

Li,k,max — VAi,k,l,tS(Ni,kfl,max) — Ci,k—1,max

Lj,k,min = — VAiyk_l,é(Ni,k—l,min) — Ci,k—1,min
7: end for
8:  Step 4 (update the maximum and minimum of the uncertain
state):
1
Tk,e = E(xk,max + xk,min)a wzk = i(mk,max - mk,min)~
9: end for

3Note that LFT representations are not unique [22]. Namely, there are
degrees of freedom in the formulations, but we do not further investigate here.
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As an example, consider the logistic map x, = pry_1(1 — xx_1)
where p > 0 is an uncertain parameter, 21 € (0, 1) is the population
at year k — 1, and =z is the initial population. An LFT of form x; =
F,,(Ni_1,A_1) can be found by combining the three LFTs

P= DPec +wp 5ﬁ7
—~

Npo22 Ny o1

Np,ll :07 Np,12 - 13 |5p| S ]'7

Th—1 = Tp—1,c + Wy , O0Tp_1,
~——

——

Nep_ 1,22 Ny oy 21

Ny 111=0, Ny 12=1, [0Zp_1] <1,

1—2p1=1—2p_1,c —Way_, OTp_1,
———
Najp 1,22 Ngp (21
Ny 111=0, Ng 12=1

by using LFT algebra [22], which gives
0T k1 0 0

Ni_1= [%n %k_1’12:| , A= 0 0%p—1 0|,
21 k—1,22 0 0 55
where
000 —w?
Niu=1|1 0 0], Ngiz2=|(1-2xp_1.c)Wa, , |>
010 Tpo1,e(l = 2p1,c)
Noy =[0 p. wp], Nip—120 =Der-1,c(1 — Tp—1,c)-

Any polynomial can be decomposed into factors and sets of terms,
an LFT can be realized for each of those simpler components, and
the overall LFT can be composed from the simpler LFT using block-
diagram algebra [22]. For a scalar polynomial that consists of N
terms, with the highest degree of each term being M, an LFT of
maximum size M + 1 can be derived for each of the N terms,
and the overall LFT has maximum size N (M + 1). Polynomial-
time multidimensional realization algorithms (e.g., [32]) can construct
LFTs for complicated polynomials and use factorizations to obtain
much smaller LFT realizations. Multidimensional model reduction
algorithms (e.g., see [33] and references therein) can be applied to the
obtained LFT so as to minimize the dimensions of Aj, which will
reduce the computational cost of Step 3.

Step 2: The biases ¢; i, max > 0 and ¢; p min < 0 are introduced so
that the maximum and minimum can be expressed in terms of the
absolute value while ensuring the sign to be positive and negative,
respectively, as follows:*

max Fu(Ni,kfl,maxy Ak*l)

Ap—1
= max |Fu(Ni7k—1,maxa Ak—l)‘ ’ ®)
A1
min Fy, (N; k—1,mins Dk—1)
Ap—1
= — max ‘Fu(Ni,k—l,mina Ak—l)‘ . ©)
JAVAEY

4One way of finding satisfactory biases is to compute ¢ = VA j_1.6
(Ni,—1), and set ¢; i, max = 1.2¢ and ¢;  min = —1.2¢, for example (the
value 1.2 was chosen arbitrary, any value greater than 1 would work). Easy-
to-implement polynomial-time methods are available for determining such

Ci,k—1,max and Ci,k—1,min [34].
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Each N; —1,max 1s equal to NN; 1 with N; ;1 oo replaced by
Nik—1,22 + Ci y—1,max and each N, ;1 min is equal to IV, ,_; with
N k—1,22 replaced by NN; 1 22 + € k—1,min. From those expres-
sions, it can be seen that

max Ty = max |Fu(Ni,k:71,max7 AIcfl)l — Ci,k,max, (7

A1 Ap_1

min r, = — max |Fu(Ni,k—1,minaAk—1)‘ — Ci,k,min- (8)
k—1 Ap_1

Step 3:> Lemma 3 implies that bounds on the worst-case deviation
of the 2-norm of the state vector of the uncertain polynomial system
(4) at each time instant k£ can be computed by computing bounds on v
applied to the matrices IV and A; associated with the LFT. With

max |Fu(Ni,k—1,maX7 Ak—l)‘ - VAk,l,é(Ni,k—l,maxL (9)

k—1
max ‘Fu(Ni,kfl,mina Akfl)‘ = VAk,l,é(Ni,kfl,min): (10)

Ap—1
for a scalar 6, bounds on v directly translate into bounds on each state
an
12)

max rr = VAk,l,(S(Ni,kfl,max) — Ci,k,max>
k—1

min z = —va, _;,6(Ni,k—1,min) — Ci,k,min-
A1

Each skewed structured singular value is not computed exactly, but
is represented by its upper and lower bounds. The closeness of the
upper and lower bounds can be used to verify their tightness.

Remark 6: The Algorithm allows the uncertain parameter to change
at each time instant. Some conservatism may be introduced as the
bounds on the state, rather than the state itself, are propagated to the
computations of v at the subsequent time instants. One can reduce this
effect considering a variant of the Algorithm:

Variant A:

Instead of updating xy . and w,, in the for loop, construct an
LFT that uses only o maxs 0,min» Pmax> Pmin at €ach time step.
This algorithm applies to fixed uncertain parameters and removes the
conservatism of the Algorithm by propagating the state instead of the
state bounds between time instants.

Variant A utilizes the fact that the recursion of a polynomial function
is also polynomial. The computational cost of Variant A is much higher
than the original Algorithm. Indeed, the reformulation of the uncertain
system as v problems is exact for Variant A, so the only potential
conservatism is introduced by the gap between the upper and lower
bound of v.

Remark 7: By introducing a moving horizon, another variant com-
bines the update strategies of the Algorithm and Variant A, so as
to be more computationally efficient than Variant A, but with the
introduction of potential conservatism.

Variant B:

Choose a moving horizon s. Do the same as Variant A until & = s;
initialize with 2 _ s max and Zi_s min for k > s.

Variant B produces the same bounds as Variant A up to horizon
s, retaining the information on the past states for all time instants.
The bounds computed by Variant B with s = 1 are the same as the

SUpper and lower bounds on T4 k,max and Z; g min are immediately com-
puted from upper and lower bounds on v.
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Algorithm

Var. A | |

Var. B

|

k=0 1 2 3 4 5 6

Fig. 1. The propagation of information in Algorithm and Variants A and B.

TABLE I
COMPARISON OF ALGORITHM S

At kth step

Algorithm Variant A Variant B
dim{Ao} + 1|k dim{Ag}+ 1| <sdim{Ag}+1
Bounds || possibly loose tight moderate
Dependency Tp—1 Zo Tp—1—s 10 T
* Ny 18 square so only the row dimension is shown.

bounds computed by the original Algorithm. The bounds computed by
Variant B converge to the bounds obtained by Variant A as the horizon
increases; becoming the same for s = .S, where S is the final time step
of the simulation.

Fig. 1 and Table I summarize the properties and dependencies of
the proposed Algorithm and its variants for computing the bounds on
one state. The maximum computational cost at each time step of the
Algorithm and Variant B is independent of k and the computation of
the bounds on v are polynomial-time in dim{/N }, which implies that
the Algorithm and Variant B are polynomial-time. Numerical studies
for dense matrices have observed a computational cost for the upper
and lower bounds on v that is approximately cubic as a function of
the row dimension of N [27]; the computational cost should be much
lower when sparse-matrix algebra is used.

Remark 8: The proposed approach also directly applies to fixed or
time-varying disturbances that enter polynomially in the state equa-
tion, and it is straightforward to include any mix of parameters and
disturbances that are time-varying or fixed. The latter approach also
applies for more exotic uncertainty descriptions, such as restricting
the parameters or disturbances to be fixed for short time intervals and
allowed to vary in others.

Remark 9: A system that is linear in its states that can be written
as an LFT, i.e., z = F (N, A)x,_1, is closely related to a diagonal
nonlinear differential inclusion (DNLDI) [35]. Whereas theories on
reachable or attainable sets have been developed for DNLDIs, they
treat A as a function of time, which corresponds to the Algorithm. In
contrast, Variants A and B treat fixed uncertain parameters A. This
technical note can handle more flexible uncertainty descriptions than
existing DNLDI theory (see also the discussion in Section VI), and
this technical note computes bounds on the state for each time instant,
instead of computing signal norms that sum up over all future time
instants such as the Lo- and RMS-norms [35].

Remark 10: The proposed algorithms can be applied to compute
bounds on the minimum diameter of an outer bounding ellipsoid by
modifying N in Step 3 [36]. Another alternative is approximation
by a zonotope [37], which is a superset of the axis-aligned orthotope
presented here. A zonotope has a higher flexibility for tightly bounding

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 59, NO. 11, NOVEMBER 2014

the set of states but also has a higher complexity that increases at
each time step unless pruned [37]. The bounding shape that best trades
off computational cost with conservatism will depend on the specific
application.

V. NUMERICAL EXAMPLE

Consider the polynomial model of a non-minimum phase
quadruple-tank process presented in [38]. A discrete-time approxima-
tion of the dynamics is obtained by Euler discretization with a step
size of 50 s. Furthermore, based on the linearization in [38] a output-
feedback is introduced such that the zero is (locally) asymptotically
stable. For additional parametric uncertainty, the uncertain parameters
p1, p2 are included. The resulting model is

r 21k 4 50 (0.0007323 , — 0.016z
—0.004723 ;. + 0.0222 5 — p121,)

L1 ht1 ok + 50 (0.004723 ;, — 0.025

T2 k+1 _ - 000375$3,k)

Tspi1 | | w3k + 50 (0.000522% , — 0.011z3,

Tg kg1 —0.003323 ;, 4+ 0.01424 1 — o3,z )

24,1, + 50 (0.0033z3 ,, — 0.014zy
L —0.02795z, 1) _

with the interval bounds on the initial conditions and parameters
given by

0.27 0.33
b |08 | 022
0,min —0.12 ’ 0,max —0.08 )
0.08 0.12
Pmin = (0,07, Pmax = [0.01,0.01]7.

Numerical experiments were performed for three different methods,
namely the proposed algorithm, polynomial optimization, and interval
analysis. A short description of the setting for each method is pre-
sented next.

Proposed Algorithm: Following the Algorithm, first the uncertain-
ties in parameters and initial conditions are normalized (Step 0). Then
the model is written as an LFT (Step 1). As an example, consider the
LFT formulation of state x;

0 0.0365w,, , 50w, 0 0
0 0 0 0 0
N170’11 = 0 0 O 0 0 5
0 0 0 0 0
Lo 0 0 0 we,
-0.036521,0.c — 50p1.c + 0.02
1
Nioi2 = 1 s
1
L 0
~ T
Wz o
0.03651011103:1,076
Nioo1 = —50wp, 1,0,¢ ,
—w12‘0(0.47x270’c — 1)
L 20.2350w,,

Nio22 =20, — 0.23523 . + 1,0,.(0.03651 0.
— 50]71,6 + 02)7

AI,O = diag[éml’ofg, 6]71, 6132,012}.
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0.4r
0.3r
0.2r
0.1

-0.1
-0.2
-0.3
-0.4
-0.5

0 2 4 6 8 10
Time Step, k

Fig. 2. Bounds on x4. The results of the proposed Algorithm are blue lines
with “o”. The results of interval analysis and GloptiPoly3 are indicated by
green dashed lines with “4” and magenta with “x,” respectively. The cyan
dotted lines are trajectories with randomly generated uncertain time-varying
parameters.

As described in Step 1 in Section 1V, this LFT was obtained by
first writing each of the uncertain parameter/state in the form u =

0| wy,

11 u.
and addition formulas [22], applying the reduction algorithms [33],
and finally ordering the perturbation matrix by using permutation
matrices so that the same uncertain parameter appears as a block. After
deriving the shifted formulation (Step 2) with appropriately chosen
constants (see footnote 4), lower and upper bounds on v (Step 3) were
computed using the Skew Mu Toolbox (SMT) [39].

Polynomial Optimization: For computing the bounds on each state,
a minimization (respectively, maximization) of the right-hand side of
the model was stated over the constraints defined by the bounds on
parameters and initial conditions. GloptiPoly3 [40] was employed to
solve the optimization problems to global optimality. GloptiPoly3 is
a Matlab toolbox to solve polynomial optimization problems that is
based on a convergent hierarchy of semidefinite relaxations.

Interval Analysis: Similarly to the previous method, interval anal-
ysis [41] was employed to compute bounds on each state and then
propagating the bounds to the next time step. Here, only the basic
rules of interval arithmetic and no advanced techniques for reducing
the propagated error were employed.

Results: The bounds on x4 obtained by the Algorithm, GloptiPoly3
[40], and interval analysis [41] are provided in Fig. 2. Overall, the
proposed Algorithm and GloptiPoly3 provide almost the same bounds.
The average absolute deviation (over all states and time steps) be-
tween the numerically global optimal bounds obtained by GloptiPoly3
and the proposed algorithm is 0.0018. The maximal absolute deviation
is 0.0188. Comparing lower and upper bounds on v as obtained by
SMT showed that the upper bounds obtained by LMIs are generally
closer to the bounds of GloptiPoly3 than the lower bounds obtained
by power iteration. The interval analysis gives diverging bounds for all
states. For this example and 10 time steps, the computation time for the
v upper bounds was 2.576 s, the v lower bounds was 1.70 s (for given
LFTs), while GloptiPoly3 was 60.46 s and interval analysis was 0.032 s.
The upper bound of the proposed Algorithm was about a factor of
20-25 times faster than GloptiPoly3 with nearly identical accuracy.®

Ue + w00 = F, :| ,6u) , then using LFT multiplication

%The comparative speedup of the proposed Algorithm will vary somewhat
depending on the chosen tolerances for each method, the Matlab version, the
operating system, and the microprocessor.
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The upper and lower bounds on the states were tight in additional
numerical examples, including a chaotic system and a coordinate
transformation [1].

VI. CONCLUSION

Skewed structured singular value-based approaches are proposed
for bounding state trajectories for polynomial systems with uncer-
tainty in the initial state and either time-varying (Algorithm) or fixed
(Variants A and B) uncertainties in the parameters. The first proposed
algorithm has the lowest computational cost, but can be conserva-
tive if the parameters are fixed instead of time-varying. Variant A
provides tight bounds for polynomial systems with fixed parameter
uncertainties but is computationally expensive. Variant B employs
a moving horizon to reduce the computational cost for computing
the state bounds for fixed parameter uncertainties, while increasing
conservatism. The value of the moving horizon can be varied in
Variant B to trade off computational cost with tightness of the bounds,
and this algorithm is the most practical and attractive for polynomial
systems with fixed parameter uncertainties. In the numerical examples
in Section V and [1], the upper and lower bounds of the skewed
structured singular value were tight.

The proposed approach and numerical algorithms have multiple
possibilities for expansion to new systems. For example, the gener-
alization to uncertain rational systems [36], to computing ellipsoidal
bounds on the states [36], and to systems where the polynomial system
can change at each time instant are straightforward.
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