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Biopharmaceutical  manufacturing  involves  multiple  process  steps  that  can  be challenging  to  model.
Oftentimes,  operating  conditions  are  studied  in bench-scale  experiments  and then  fixed  to specific  values
during  full-scale  operations.  This  procedure  limits  the  opportunity  to  tune  process  variables  to  correct
for  the  effects  of disturbances.  Generating  process  models  has the potential  to increase  the  flexibility  and
controllability  of the  biomanufacturing  processes.  This  article  proposes  a statistical  modeling  methodol-
ogy  to  predict  the  outputs  of biopharmaceutical  operations.  This  methodology  addresses  two  important
ata-based modeling
lastic net
asso
onte Carlo methods

iopharmaceutical manufacturing
egularization methods

challenging  characteristics  typical  of data  collected  in  the  biopharmaceutical  industry:  limited  data  avail-
ability and  data  heterogeneity.  Motivated  by  the  final  aim  of  control,  regularization  methods,  specifically
the  elastic  net,  are  combined  with  sampling  techniques  similar  to  the bootstrap  to  develop  mathematical
models  that  use  only  a small  number  of  input  variables.  This  methodology  is evaluated  on  an  antibody
manufacturing  dataset.
. Introduction

The U.S. biotechnology sector has had double-digit growth
ates in recent years (IMARC Group, 2012). In 2012, sales of
iologics were approximately $63.6 billion, with monoclonal anti-
odies (mAbs) representing the largest fraction of this market with
pproximately 39% of sales (Aggarwal, 2014). Modeling of the man-
facturing process is one possible way to both support the growing
iologics market as well as decrease costs via improved control and
nderstanding of process operations. Modeling can play an impor-
ant role in understanding, controlling, and optimizing the process
teps used in these processes (Tziampazis and Sambanis, 1994). The
.S. Food and Drug Administration and International Conference on
armonization recommend modeling in the development of bio-

ogics to estimate variability, provide process understanding, and
stablish a control strategy (U.S. Department of Health and Human
ervices, 2011; ICH, 2009).
Process modeling techniques can be grouped into two broad
ategories: first-principles and data-based. This article focuses
n data-based modeling, which is more often applied in

∗ Corresponding author. Tel.: +1 617 253 3112; fax: +1 617 258 5042.
E-mail address: braatz@mit.edu (R.D. Braatz).
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(bio)pharmaceutical manufacturing facilities. Data-based models
have been applied to cell culture characterization (Mercier et al.,
2013; Kirdar et al., 2007; Rathore et al., 2011), quality control
(Roggo et al., 2007; Chen et al., 2011), process monitoring (Rathore
et al., 2011; Read et al., 2010a,b; Bonné et al., 2013), and down-
stream operations (Rathore et al., 2011). A drawback of current
data-based methods applied in the biopharmaceutical industry is
that the models that are produced are not easily interpretable
because they rely on subspaces that do not have direct physical
meaning.

With this motivation, a successful biopharmaceutical model
would achieve three goals: (1) model accuracy, (2) model simplic-
ity, and (3) model interpretability. These aims have the caveat of
using only a small amount of heterogeneous data, as data for bio-
pharmaceutical manufacturing are typically both heterogeneous
and relatively limited compared to most mature industries such
as in chemicals, refining, petrochemicals, and pulp and paper.

One way  to achieve these goals is through the identification of
the input variables in the process that exhibit the largest effects on
the output variables. It is common in the biopharmaceutical indus-

try for a dataset to have more measurements, p, than observations,
N. Most measurements are only taken once in a single batch moving
through the production process and few replicates are performed
due to time and cost constraints. The construction of predictive

dx.doi.org/10.1016/j.compchemeng.2015.05.006
http://www.sciencedirect.com/science/journal/00981354
http://www.elsevier.com/locate/compchemeng
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Fig. 1. Representation of parameter selection using the lasso considering the
constrained optimization problem. The shaded region represents the constraint

noise in the grouped measurements can be averaged in the cal-
culation of the predictions produced by the model. Lasso selects a
sparser model for a given value of �, but at the cost of not being able
K. Severson et al. / Computers and

odels from such data sets can be made even more challenging
ecause the collected data are typically highly correlated between
atches, that is, the data sets are highly ill-conditioned. Regulariza-
ion methods have been identified as possible approaches for such
roblems because of their ability to simultaneously handle input
election and model estimation (Pampuri et al., 2001).

This article first provides some background on regularization
ethods, specifically the lasso and elastic net. Modifications are

hen introduced to better handle small heterogeneous datasets.
inally, the methodology is evaluated for a manufacturing-scale
rocess in the biopharmaceutical industry and the results are
ompared to other data-based modeling techniques used in the
ndustry.

. Background on regularization

The simplest form of regression finds a vector of weights,  ̌ ∈ Rp,
hat can be used to predict the scalar output y using the vector
n inputs, x ∈ Rp. The basic approach to finding  ̌ is called ordinary
east squares (OLS). The OLS problem is formulated to minimize the
rror:

rr(ˇ) = 1
N

N∑
i=1

(yi − xT
i ˇ)

2
, (1)

hich has the solution

ˆ
OLS = (XT X)

−1
XT y, (2)

here X ∈ RN×p when XTX is invertible. Applying this method can
ead to over-fitting of the model, especially as the number of
nput variables (p) grows large. Regularization techniques are one

ethod to prevent over-fitting.
Lasso (Tibshirani, 1996), also known as �1 regularization, is an

ptimization formulation for parameter estimation that solves

ˆ
lasso = arg min

ˇ, ˇ0

1
2N

N∑
i=1

(yi − ˇ0 − xT
i ˇ)

2 + �

p∑
j=1

∣∣ˇj

∣∣ , (3)

here N is the number of experiments, yi is the ith scalar response,
i ∈ Rp is the data vector at observation i, � is a nonnegative regu-
arization parameter, ˇ0 is a scalar parameter, and  ̌ ∈ Rp is a vector
f model parameters. By adding the penalty term to the objective,
he size of the coefficient vector is effectively constrained, which
elps to prevent wild fluctuations of the coefficient vector that can
e due to fitting noise in the data. The penalty is equivalent to the
1-norm on the coefficient vector, hence the name.

The lasso technique is useful to choose the subset of predictors
xi) that exhibit the strongest effect on y because solutions to the
asso are sparse vectors, that is, the models only include a sub-
et of the possible inputs (“dense” refers to models that include
ll possible inputs; these terms do not refer to the quality of data
ithin each type of measurement). Because of the �1 constraint,

olutions to the lasso can be thought of as lying on a vertex point
f the feasible region, leading to certain coefficients to be exactly
ero (Hastie et al., 2013; Rasmussen and Bro, 2012) (see Fig. 1 for a
imple representation).

The elastic net (EN) (Zou and Hastie, 2005) is an optimization
ormulation for parameter estimation that is formulated as:
ˆ
EN = arg min

ˇ0,ˇ

1
2N

N∑
i=1

(yi − ˇ0 − xT
i ˇ)

2 + �P˛(ˇ), (4)
imposed by the penalty term and the ellipses are the contours of the least squares
error function. The solution often lies on a vertex of the constraint, causing some
parameters to be exactly zero. Figure based on (Hastie et al., 2013).

where

P˛

(
ˇ
)

=
p∑

j=1

1 − ˛

2
ˇ2

j + ˛
∣∣ˇj

∣∣ , (5)

N is the number of experiments, yi is the ith scalar response,
xi ∈ Rp is the data vector at observation i, � is a nonnegative regu-
larization parameter, ˇ0 is a scalar parameter,  ̌ ∈ Rp is a vector of
model parameters, and  ̨ is on the interval (0,1].

Although the elastic net is very similar to the lasso, there are
some key differences. The EN is particularly useful when the num-
ber of predictors (p) is greater than the number of observations
(N). If the lasso is applied to a data set where p > N, the solution is
not unique. By adding a second term, the problem becomes convex
even when p > N (Zou and Hastie, 2005).

EN is also better at handling data where the inputs are corre-
lated. Lasso is only able to select up to N predictors and will not
reveal grouping relationships. Instead, the lasso will choose one of
the correlated variables, and in highly correlated cases, can switch
between variables in the set. However, the EN formulation uses
a strictly convex penalty function and will guarantee that equal
weighting is given to inputs that are identical (Zou and Hastie,
2005). Fig. 2 compares the penalty constraint contours for ridge
regression which uses a quadratic penalty, lasso, and EN. EN can
produce models that are sparse and can handle correlated data.

These points are illustrated here using a simple four-
dimensional case study where x1 and x2 are specified then x3 and x4
are calculated to equal x1 and x2, respectively, with a small amount
of random noise. The parameter traces in Fig. 3 show how EN groups
the variables where the lasso uses one variable from each grouped
set. The group is very robust to the selection of values of the penalty
term �. By including the grouped variables in the elastic net, the
Fig. 2. Penalty constraint contours for constant values of
∑

j

∣∣ˇj

∣∣q (left two images

are  for the ridge regression and lasso penalties) and
∑

j

(
˛ˇ2

j
+ (1 − ˛)

∣∣ˇj

∣∣) (right-

most image is for the elastic net penalty). Figure is based on (Hastie et al., 2013).
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o average noise from what are essentially duplicate measurements
f the same variable.

Specify: x1 ∈ R
3; x2 ∈ R

3

Calculate: x3 = x1 + ε1; x4 = x2 + ε2
Calculate: y = 2x1 − x2 + 2x3 − x4
Find  ̌ such that ỹ = ˇ1x1 + ˇ2x2 + ˇ3x3 + ˇ4x4

The next section details the data-based modeling algorithms
mployed in this article, which are largely based on the elastic net
ut also draw on other algorithms.

. Elastic net with Monte Carlo sampling (ENwMC)

To effectively use the regularization technique on a small
ataset, a multistep procedure is proposed. This procedure draws
n ideas from previously proposed lasso and elastic net algorithms,
otably, bolasso (Bach, 2008), two-stage estimation (Efron et al.,
004), and relaxed lasso (Meinshausen, 2007), but differs in its
xact implementation.

The scalar model form is

(x) = xT ˇ, (6)

here x ∈ Rp,  ̌ ∈ Rp, and the value of p is not known a priori. For
mall data sets typically common in the biopharmaceutical indus-
ry, there is often insufficient physical or data-based evidence to
upport a more complicated model. If there is sufficient evidence
o support a more complicated nonlinear model, then nonlinear
lgebraic transformations can be applied to the values of x or y to
enerate nonlinear models using the same algorithms described in
his article.

The first step in ENwMC is an application of the elastic net

4), using leave-one-out cross validation to choose the value of ˛.
n leave-one-out cross validation, all but one of the experimental
bservations are used to fit the model, then the remaining exper-
ment is used to calculate the error (1). This step is repeated for
xis shows the value of the model parameter (ˇ), the upper x-axis shows the degrees

each possible set and then averaged. The procedure is performed for
many possible combinations of the regularization parameters  ̨ and
�, where  ̨ ∈ (0,1] and � captures the convex behavior of the error.
Because  ̨ is the weighting between the �2- and �1-norm penalties
and the goal is a sparse model, a value of  ̨ close to 1 is preferable.
Therefore  ̨ is chosen based on a tradeoff between model dimen-
sionality and prediction error. In some cases, this choice is trivial,
as a higher value leads to a more accurate model.

Once the value of  ̨ is fixed, a test for over-fitting is per-
formed using k-fold cross validation. Using Monte Carlo samples
(Metropolis and Ulam, 1949), the data are portioned into a vali-
dation set containing (1/k) proportion of the data and a calibration
set containing the rest. The elastic net, with a fixed ˛, is then per-
formed and the input variables corresponding to the minimum
error are recorded. This step is repeated many times to converge
to the distribution of models over the possible calibration and vali-
dation sets. The frequency with which each variable is selected is
then calculated. In further analysis, only the variables that were
selected above a threshold frequency are considered.

The subset of selected variables is considered for inclusion in
a model using best subset selection. The error of all possible ordi-
nary least squares models of size m ∈ {1, 2, . . .,  p}, where p is now
the dimensions that were chosen based on the threshold, is cal-
culated. A model from this set is then selected based the tradeoff
between increasing dimensionality and decreasing error. Increas-
ing the number of dimensions included in the model will decrease
the prediction error but trivial gains in prediction for additional
dimensions likely represent over-fitting, which should be avoided.
This tradeoff is easily visualized by plotting the prediction error
against the model dimensions to create a Pareto curve (see Fig. 4).
Plots of this type will often exhibit an “elbow.” The elbow corre-
sponds to the model dimensionality that optimally compromises
between model size and prediction error. The result of this step is
the final model.

When dealing with limited data, it is important to generate

model statistics that accurately quantify the prediction errors and
ensure that the models generated by different data-based meth-
ods are compared on a sound statistical basis. Especially relevant
are the prediction interval of the model and the covariance of the
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nion  exchange column. In this instance, three input variables are used in the final 

oefficients. Because of the sensitivity of the model coefficients to
he data, Monte Carlo sampling is used, in a similar manner as
efore. The variance of the prediction is calculated by

ˆ 2 =
√

nc

N

1
N − nˇ

nMC∑
j=1

Nj∑
i=1

(yi − ỹi)
2

nMC
, (7)

here nc corresponds to the number of observations used in the
alibration set and Nj is the number of experiments in validation
et j. The pre-factor accounts for the fact that only a fraction of the
ata are used to calibrate the models. The 95% confidence interval
f each prediction is equal to twice the square root of the variance
f the prediction.

The covariance of the model coefficients is calculated by

ov
(

ˇ
)

=
(

1
N − nˇ

N∑
i=1

(yi − ỹi)
2

)(
FTF
)−1

, (8)

here

i = ∂yi

∂ˇ

∣∣∣∣
ˇ∗

, (9)

N is the number of experiments, nˇ is the number of coefficients
n the model, Fi is the ith row of F, and F is the matrix of the data
sed to build the model.

Within this algorithm, there are many fitting parameters that

ill vary based on the specific application. Specifically these param-

ters include the number of Monte Carlo trials, the fraction of the
ata used for validation in the second step, and the threshold fre-
uency. The number of Monte Carlo trials should be large enough
ntal axis) and model accuracy (vertical axis) for host cell protein (HCP) exiting the
l.

to capture the distribution but not so large that computational
resources are wasted. In the case study below, 1000 Monte Carlo
samples were used. The value of k in k-fold cross validation will
depend on the number of available experiments. A value of k = 2
provides a strong degree of validation but cannot be applied to very
small data sets. In the case study below, k = 3 was used. The num-
ber of models that are considered in the best subset selection step
scales as 2m, and therefore should be chosen such that this step is
computationally reasonable. In the study below, the threshold was
50%, i.e., any input variable that had a non-zero coefficient in 50% of
the Monte Carlo samples was included in the best subset selection.

4. Case study

The methodology is evaluated using a dataset from Biogen
Idec that involves 18 production batches, each containing 40
measurements, of an antibody manufacturing process. Of the 40
measurements, 14 were outputs and models were constructed for
each output. The measurements spanned four process steps, shown
in Fig. 5. All variables were z-scored, that is, mean-centered around
zero and scaled by their standard deviation. All measured variables
are numerical so the data are homogeneous in type but are het-
erogeneous in time scale. A detailed discussion of different types of
data heterogeneity that arise in bioprocesses is available (Charaniya
et al., 2008).

For all of the variables downstream of the bioreactor, either
“modular” models can be constructed, which include only the vari-

ables exiting the previous unit operation as well as the inputs to
that unit operation, or “full process” models can be constructed,
which include all of the upstream variables. In all cases, the full pro-
cess models were of higher predictive accuracy than the modular
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Fig. 5. Simplified flowsheet of the antibody production process. The bioreactor size was  2000L and was operated in the fed-batch mode. The column loadings were typical
of  an antibody purification process (Shukla and Thommes, 2010).

Table 1
Summary of the ENwMC  modeling results for all of the output variables in the process. All statistics are reported in scaled units (Pieracci et al., 2010).

Unit operation Output dimension Number of input variables
used in final model

Number of possible
input variables

SSE 95% Prediction
interval

Bioreactor

G0 Product Quality 3 20 3.41 0.591
Final Titer 3 20 5.40 0.836
DNA 4 20 5.20 0.944
Host Cell Protein (HCP) 6 20 1.67 0.775

Protein A
column

DNA 4 26 2.71 0.616
HCP 4 26 1.92 0.565
Total Impurity 5 26 2.40 0.810
High Molecular Weight
Impurities (HMW)

4 26 1.11 0.424

Cation
exchange
column

HCP 4 32 1.96 0.576
Total Impurity 2 32 7.18 0.951
HMW  3 32 0.32 0.201

p
h

v
F
i

n

Anion
exchange
column

HCP 3 

Total Impurity 4 

HMW  2 

rocess models, so only the full process model results are reported
ere.

Table 1 reports the 14 outputs, the error and prediction inter-
al for each of the 14 models. For some representative models,

igs. 6 and 7 provide plots of measurements, predictions, prediction
ntervals, and residual plots.

The ENwMC modeling technique consistently chose a small
umber of predictors (third column in Table 1), which meets the

Fig. 6. Final model, with prediction intervals (95% confidence lev
37 1.20 0.452
37 2.48 0.679
37 0.23 0.166

goals of model simplicity and interpretability. Analysis of the scaled
model coefficients showed clear relationships between the set of
input variables and the corresponding output. The accuracy of the
model was compared to two  chemometrics techniques widely used

in the (bio)pharmaceutical industry: principal component regres-
sion (PCR) and partial least squares (PLS, also known as projection
to latent structures). Unlike regularization techniques, PCR and PLS
reduce the dimensionality of the regression problem by truncating

el) and residual plot, for final titer, exiting the bioreactor.
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Fig. 7. Final model, with prediction intervals (95% confidence l

ariance within the data and then performing regression. These
hemometrics techniques lead to dense, rather than sparse, mod-
ls and are described in (Togkalidou et al., 2001; Burnham et al.,
996). The number of principal components and latent variables
or each model were selected using leave-one-out cross validation.

Table 2 shows the results of the comparison. In a majority of
he cases, the proposed methodology outperforms the chemomet-
ics techniques. The variable with the largest difference between
he three data-based modeling techniques is the HMW  exiting the
ation exchange column, where the ENwMC  model has nearly a
actor of three lower percent error. In terms of variance of the pre-

iction, the elastic net with Monte Carlo sampling outperformed
CR and PLS for all but one output variable, in some cases by more
han a factor of two. For example, the ENwMC model has about

able 2
omparisons of percent error and scaled variance for PCR, PLS, and ENwMC modeling te
ariable.

Unit operation Output variable Percent error using. . . 

PCR PLS 

Bioreactor

G0 Product quality 1.7% (4) 1.8% (1) 

Final  titer 95%. (4) 6.7% (2) 

DNA  60% (4) 62% (1) 

HCP  12% (6) 10% (2) 

Protein A
column

DNA 137% (4) 73% (1) 

HCP  19% (6) 12% (3) 

Total  impurity 21% (4) 18% (1) 

HMW  103% (6) 105% (1) 

Cation
exchange
column

HCP  16% (9) 26% (2) 

Total  impurity 25% (5) 23% (2) 

HMW  54% (3) 51% (1) 

Anion
exchange
column

HCP  43% (7) 43% (2) 

Total  impurity 21% (4) 11% (3) 

HMW  30% (9) 20% (4) 
and residual plot, for HCP, exiting the anion exchange column.

a factor of six lower prediction variance than the two  chemomet-
rics methods for the HMW  exiting the cation and anion exchange
columns. For the one variable in which PCR and PLS gave lower
predictive variation than ENwMC, which was DNA exiting the
bioreactor, the differences between all three methods was  very
small (0.201–0.223). Further, the EnWMC  model produces sparse
models with few predictors, which is much more useful when try-
ing to make the fewest number of changes in operations to control
a process variable than the chemometrics models, which use all of
the measurements as predictors.

Although the ENwMC has more hyper-parameters than PLS or

PCR, experience so far has indicated that the algorithm can be
largely automated. If simple heuristics are used to choose the num-
ber of trials, the CV partitioning, and the threshold, the user needs

chniques. The bold number marks the model with the best performance for each

Variance of the prediction using. . .

ENwMC PCR PLS ENwMC

1.5% (3) 0.146 (4) 0.148 (1) 0.087 (3)
10% (3) 0.281 (4) 0.287 (2) 0.178 (3)
62% (4) 0.209 (4) 0.201 (1) 0.223 (4)

9.0% (6) 0.258 (6) 0.210 (2) 0.150 (6)

102% (4) 0.151 (4) 0.143 (1) 0.095 (4)
12% (4) 0.268 (6) 0.202 (3) 0.080 (4)
11% (5) 0.286 (4) 0.256 (1) 0.164 (5)
60% (4) 0.117 (6) 0.092 (1) 0.045 (4)

20% (4) 0.226 (9) 0.132 (2) 0.083 (4)
21% (2) 0.323 (5) 0.348 (2) 0.226 (2)
18% (3) 0.058 (3) 0.063 (1) 0.010 (3)

42% (3) 0.189 (7) 0.140 (2) 0.048 (3)
13% (4) 0.228 (4) 0.227 (3) 0.115 (4)
18% (2) 0.067 (9) 0.050 (4) 0.007 (2)
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nly to choose � and the final model dimensionality. If desired, ˛
an be chosen a priori, which would leave only the model dimen-
ionality to be chosen, which is the same decision that would need
o be made for a PCR or PLS model. The computational cost is larger
o implement ENwMC, but the cost is not a practical consideration
hen using modern personal computers for the small datasets

ncountered in many industrial systems such as this biomanufac-
uring example.

. Conclusions

The elastic net with Monte Carlo sampling algorithm combines
he benefits of the elastic net algorithm for simultaneous model
election and parameter estimation with the power of Monte Carlo
ampling to counteract likely over-fitting of data to create an accu-
ate, interpretable, and simple process model. This data-based
odeling algorithm has potential for biopharmaceutical applica-

ions or any dataset that is small and heterogeneous and for which
rst-principles models are unavailable. ENwMC  is demonstrated to
roduce more accurate predictions than chemometrics methods for

 data set collected from a manufacturing-scale biopharmaceutical
acility, while identifying a small number of process variables that
an be used in closed-loop control. Although the models here are
ata-based and statistical in nature, they can still provide insight

nto the process and are particularly useful when only limited
mounts of data are available.
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