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Problem 1

As shown in Figure 1, a simple pendulum consisting of a mass m and a massless rod of length s
mounted on a support of mass A which is attached to a horizomal spring with force constant k.
The horizontal surface on which the support mass Af rests is frictionless, and gravity works in the
minus y-direction. Use the Lagrangian approach to find the equations of motion of the system
taking (x,#) as generalized coordinates.

References:

[1] Lim, Problems and Solutions on Mechanics, Part 11, Section 2. Problem 2051 (Columbia
Physics PhD Exam Question), p 577-579, World Scientific, 1904,
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Figure 1: Spring and Mass with Fendulum

Problem 2

As shown in Figure 2, a box of mass my supports a simple pendulum of mass v and length 1A
spring of stiffness & forms a horizontal mass-spring system with the box which can shde wichout
friction on a horizontal surface. Use Lagrangian technigues to find the differential equations of
mation of the system.

References:

[1] 16,61 OCW, Exam #2, Problem 3, 2003,

|2] Greenwood, Principles of Dynamics, Chapter 6, Problem 6-7, p 276-77, Prentice-Hall. 1965,
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Figure 2: Pendulum in Box
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Problem 3

Figure 3 shows a homogeneous cireular evlinder of radius v, mass mand mass moment J about
its center of mass. The cylinder rolls without slipping on a curved surface of radins 1. Taking #
as the generalized coordinale, use the Lagrangian approach to find the equations of motion for
this one-degree-of-freedom system.

Hint: Find the velocity v of the center of mass of the cvlinder as a function of (£, r #), and then
using the rolling constraint find the angular velociry of the cvlinder

References:

[1] Shabana, Computational Dynamics, Chapter 3, Example 3.12. p 217 218 Wilev. 1994,

Figure 3: Cylinder Rolling on Curved Surface

Problem 4

As shown in Figure 4, a horizontal turntable rotates al a constant rate . about a fixed vertical
axis through its center @. A particle of mass m can slide in a frictionless cireular groove of radius
r which is centered at ¥, which is located a distance r/3 from €. Taking # as defined in the
figure as the generalized coordinate, use Lagrangian techniyues to find the differential equations
of motion.

References:

[1] 16.61 OCW, Exam #2, Problem 1, 2003.

Figure 4: Ball in Track
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284 VIRTUAL WORK AND LAGRANGIAN DYNAMICS

Conservation Theorem A generalized coordinate that does not appear in
the Lagrangian L is called cyclic or ignorable. Cyclic or ignorable coordinates
are also absent from the Hamiltonian H. For a cyclic coordinate g, one has

oL  OoH

— =—— =0
m&» mﬁ»

If there are no nonconservative forces associated with the cyclic coordinate gy,
Eq. 179 yields

which implies that the generalized momentum associated with the cyclic coor-
dinate is conserved, that is,

P, = constant

We also note that if all the forces acting on the system are conservative, one
has from Lagrange’s equation

d {dL oL
— === 5.180
ar\3q) " 9q 21590
The total time derivative of the Lagrangian L is given by
dL (oL} . . WW :
ar \3q,)%"\ 3¢/
Substituting Eq. _.mo into the preceding equation, one gets
dL _aL . fd ()],
ar ~oq 1 ar \ 94
which yields
dL _d [dL
dt  dt | 9q q
or equivalently,
d oL
) (6 q| =0 5.181
di oq 4 ( )

5.10 HAMILTONIAN FORMULATION 285

Since the potential energy function is independent of the velocities, one has

a@hl.@;ﬁlﬁﬂ
aq dq

Using this equation, Eq. 181 can be written as
d d
— (L-PQ)=— (- =
a7 ¢ P=— (-H)=0
which implies that

H=P'q - L = constant

That is, in the case of a conservative system, the Hamiltonian H is a constant
of motion. We also note that since

aT
Plq=—-q=2T
the Hamiltonian H takes the following form:
H=2T-L=2T-T+V=T+V (5.182)

which implies that, for a conservative system, the Hamiltonian is the sum of the
kinetic and potential energies of the system and it remains constant throughout
the system motion.

ﬁ Example 5.11

Figure 24 shows a homogeneous circular cylinder of radius r, mass m, and mass
moment of inertia J about its center of mass, where J = m(r)?/2. The cylinder rolls
without slipping on a curved surface of radius R. Use the principle of conservation
of energy to derive the equation of motion of the cylinder.

Solution. The kinetic and potential energies of the cylinder are

T = Im@e)* + 3J ()
V=mg(R-r)(1-cos )

where v, is the absolute velocity of the center of mass of the cylinder and w is its
angular velocity, both defined as

ve=(R-r)0

ve (R-ni
@B =—-—=
r r

Substituting from these two equatic



Figure 5.24 Conservation of energy

obtain
T =3 mR- r*6)
The Hamiltonian H is .
H=T+V= w m(R - r2(0)% + mg(R - r)(1 - cos §)
Since the Hamiltonian is constant,

dH 3 25 ST
i m(R—r)"08 + mg(R- r)f sin 0 =0

which yields the equation of motion of the cylinder

3(R-rb+gsind=0

5.11 RELATIONSHIP BETWEEN VIRTUAL WORK AND GAUSSIAN
ELIMINATION

The results obtained previoulsy in this chapter for the slider crank mechanism
shown in Fig. 20 using the principle of virtual work can also be obtained using
the Gaussian elimination and the equations of the static equilibrium. Figure
25 shows the forces acting on the links of the slider crank mechanism. The
equations of the static equilibrium of the crankshaft can be written as

F2_p3_g
X x =
m.v_.m - ﬁw,., -m’g=0

Flysing® — F )21 cos 02 + F2L sin§2 - F212 cos 62 + M2 =0

m...mu
y k 20

T
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Figure 5.25 Forces of the slider crank mechanism

The equations of the static equilibrium of the connecting rod are

FB_F¥=0
ﬁw - m.wa -mPg=0

FB[sing® - m.wﬁw cos 8> + F 0 sin6° - _nw&w cos9’ =0

The equation of the static equilibrium fo the slider block is

F¥4+F4=0

Tjh

The preceding seven equations of the static equilibrium of the three :.u_nm of Eo _
slider crank mechanism can be rearranged and written in the following matrix

form:
1 0 -1 0 0 0 0
0 1 0 -1 0 0 0
0 0 1 0 -1 0 0
0 0 0 1 0 -1 0
0 0 0 0 1 0 0
lfsing2 —13cos6? 1%sing? -I5cos 62 0 0 1
0 0 Bsing® —cos®® I3sind> -Lcost® 0

—4

In this matrix equation it is assumed that the unknowns are the mwﬁﬂ_w_ Eomzmﬂp
M? and the components of the reaction forces F 2, F\2, F*, F32, F %, and Fy”.
A standard Gaussian elimination procedure can be used to obtain an upper tri-
angular form of the coefficient matrix in the preceding equation. This Gaussian






