Problem Set 2 — Solutions
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a(x)—kx represents the phase. The function stops oscillating when di(a(x) - kx) =0.
x

Let k' be the wavevector that satisfies this condition. Then we have: M =k". We
x
can expand «a(x) around x =b: a(x)=a(b) +(fj—aj (x—b). Using do;(x) =k" we
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have a(x)=a(b)+k'(x-b).
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In order to have it centered around k,, we need to set £’ = k, . Therefore

(Gaussian centered around ').

a(x)=a(b)+k,(x—->b) or a(x)=a, +k,x where ¢, is a constant.

3. Let us divide the space into three regions:
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v, =A, e 4 B, ok
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Boundary conditions:
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It follows:
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Let us introduce the following substitution: k—ztan kia=tang:
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4. A. Solutions that have odd symmetry about x = 0 will have a node at x = 0 and are not
affected by the d-function potential. They are equivalent to the solutions for the infinite
well potential.
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shows resonances. (simple identity sin” arctan y = - was used above)
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An example of a way to solve this trancdendental equation is the following MatLab code:

clear
1 =1;
expr(l) = 0;
q=0;
ar(l) = 0.001;
for n = 0.001:0.5:20;
1 =1+ 1;
ar(l) = n;
expr (1) = tan(n) + 3*n/200;

signflag = expr(l)*expr(l-1);
if signflag < 0

qa=qg+ 1;
z = fzero(Q@funk, [ar(1-1) ar(l)]);
format long
solut (q) = 2*z';
energ(qg) = 0.5*solut(qg)"2;
end

end

solut

energy

where funk is the following function:

function y = f(x)
y = tan(x) + 3*x/200;

Solutions for k, and E, (assuming L =1, 7 =1 and taking every other solution):
k, =6.25193 E, =19.543

ky =12.50387 E, =78.173
ky =18.75585 E, =175.891
k, =25.00786 E, =312.697

ko =31.25994 E, =488.592



Note that there are no crossings between the energy levels, no matter how high a is
chosen to be. Since the ¢ -function potential does not change the number of nodes, it
does not change the order of energies.

R, = 19.739 -19.543 — 0.00331
' 78.957-19.739

for a'=%:

19.739-19.161

- =0.01067
2478957 -19.739
for a" = %:
Ry = 19.739-18.085 _ 110,

78.957-19.739

R, 4, is proportional to %.

D.E,-E, =78957-78.173 =0.784

E,—E, =19.739-19.543 = 0.196

The spacing is larger as n — oo . This is the result of the fact that odd-symmetry levels do
not change their position while even-symmetry levels shift, where the shift is smaller for
larger n. This comes from the probability of finding the particle at x = 0 being smaller for
larger n (in absence of the ¢ -function potential, so these levels are less affected when

o — function potential is present).

E. See MatLab plots:
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As can be seen, in order to create a state localized on either side we need to include both
even- and odd-symmetry states in the superposition.
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Note that the sum of survival probability of certain state and transfer probability from that
state is equal to 1 at all times.



G. The following MatLab code was used to solve this problem:

clear
tim = 0;
tl = 0;
t2 = 1/pi;
t3 = 2*pi/ (2*pi”2 - 19.543);
for t = 0:0.001:40;
tim = tim + 1;
vreme (tim) = t;
q = 0;
ekl = exp(-1*19.543*t);
ek2 = exp(-1*2*pin2*t);
ek3 = exp(-1*78.143*t);
ekd = exp (-1i*8*pit2*t);
ek5 = exp(-1*175.891*t);
ek6 = exp(-1*18*pin2*t);
for iks = -0.5:0.001:0;
qg=q+1;
psil(g) = sqgrt(2)*sin(6.25193* (iks + 1/2))
psi2 (qg) = sqgrt(2)*sin(2*pi*iks);
psi3(g) = sgrt(2)*sin(12.50387* (iks + 1/2))
psid (g) = sgrt(2)*sin(4*pi*iks);
psib5(g) = sqgrt(2)*sin(18.75585* (iks + 1/2));
psi6(q) = sqrt(2) SLn(6*p1 iks);
psitot(q) = 6" (-1/2)*(psil(q) *ekl - psi2(qg)*ek2 + psi3 (g

psid (q) *ekd + psi5(qg) *ek5 - psi6 (qg) *eko6);
(gq) = psitot(qg)*conj (psitot(q));

psisqg
coor (q) = iks;
coord(q) = iks;
end
for iks = 0:0.001:0.5;
qa=q+1;
psil(qg) = -sqrt(2)
psi2(q) = sqgrt(2)
psi3(g) = -sqgrt(2)
psid(g) = sqgrt(2)
psi5(q) = -sqrt(2)
psi6(q) = sqgrt(2)
psitot

*sin(6.25193* (iks - 1/2))

*sin(2*pi*iks);

*sin (12.50387* (1ks - 1/2))

*sin (4*pi*iks);
*sin (18.75585* (iks - 1/2));
*sin(6*pi*iks);
(g) = 67(-1/2)*(psil(qg)*ekl - psi2(q)*ek2 + psi3 (g

psid (q) *ekd + psi5(qg) *ek5 - psi6 (qg) *eko6);

psisqg

coor (

coord
end
coord (g+l
py (tim) =
pyy (tim)
pyyy (tim)
raz (tim)
end
figure

(gq) = psitot(qg)*conj (psitot(q));
q) = iks;
(q) = iks;

) = coord(q)

+ 0.001;

sum (diff (coord) .*psisq);
= sum(diff (coord) .*psisqg.*coor);

= sum(diff (coord) .*psisqg.*coor.*coor);

= sqrt(pyyy(tim) - pyy(tim)~"2);

plot (vreme, raz)

) *ek3

) *ek3



figure
plot (vreme, pyyy)
figure
plot (vreme, pyy)
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The motion is composed of fifteen frequencies that are proportional to inverse spacing of
the energy levels. These frequencies fall into different groups (3+4+4+4). There are



partial recurrences after periods that correspond to these frequencies. Full revival happens
after the time that corresponds to time divisible by all the periods. In case of infinite well
the frequencies are related by ratios of integers while the relation is not that simple for the
well with o -function. Note that for two superpositions,

‘I’=6‘A(‘I’1 Y, + ¥, -, +P,-¥,) and ‘I’=6‘A(‘I’1 T, W+, ),

<x2> and Ax have the same evolution, while<x> has opposite sign. The wavepacket

defocuses and refocuses while moving between the two parts of the well (tunneling).
Crashes of the variance in x correspond to localizations of the wavepacket (times when
the six components evolving independently have the highest probability at the same
position in space).



