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Preface of the First Edition

This book aims at a unified and economical development of the core the-
ory and algorithms of total cost sequential decision problems, based on
the strong connections of the subject with fixed point theory. The analy-
sis focuses on the abstract mapping that underlies dynamic programming
(DP for short) and defines the mathematical character of the associated
problem. Our discussion centers on two fundamental properties that this
mapping may have: monotonicity and (weighted sup-norm) contraction. It
turns out that the nature of the analytical and algorithmic DP theory is
determined primarily by the presence or absence of these two properties,
and the rest of the problem’s structure is largely inconsequential.

In this book, with some minor exceptions, we will assume that mono-
tonicity holds. Consequently, we organize our treatment around the con-
traction property, and we focus on four main classes of models:

(a) Contractive models, discussed in Chapter 2, which have the richest
and strongest theory, and are the benchmark against which the the-
ory of other models is compared. Prominent among these models are
discounted stochastic optimal control problems. The development of
these models is quite thorough and includes the analysis of recent ap-
proximation algorithms for large-scale problems (neuro-dynamic pro-
gramming, reinforcement learning).

(b) Semicontractive models, discussed in Chapter 3 and parts of Chap-
ter 4. The term “semicontractive” is used qualitatively here, to refer
to a variety of models where some policies have a regularity /contrac-
tion-like property but others do not. A prominent example is stochas-
tic shortest path problems, where one aims to drive the state of
a Markov chain to a termination state at minimum expected cost.
These models also have a strong theory under certain conditions, of-
ten nearly as strong as those of the contractive models.

(¢) Noncontractive models, discussed in Chapter 4, which rely on just
monotonicity. These models are more complex than the preceding
ones and much of the theory of the contractive models generalizes in
weaker form, if at all. For example, in general the associated Bell-
man equation need not have a unique solution, the value iteration
method may work starting with some functions but not with others,
and the policy iteration method may not work at all. Infinite hori-
zon examples of these models are the classical positive and negative
DP problems, first analyzed by Dubins and Savage, Blackwell, and

ix
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Strauch, which are discussed in various sources. Some new semicon-
tractive models are also discussed in this chapter, further bridging
the gap between contractive and noncontractive models.

(d) Restricted policies and Borel space models, which are discussed
in Chapter 5. These models are motivated in part by the complex
measurability questions that arise in mathematically rigorous theories
of stochastic optimal control involving continuous probability spaces.
Within this context, the admissible policies and DP mapping are
restricted to have certain measurability properties, and the analysis
of the preceding chapters requires modifications. Restricted policy
models are also useful when there is a special class of policies with
favorable structure, which is “closed” with respect to the standard DP
operations, in the sense that analysis and algorithms can be confined
within this class.

We do not consider average cost DP problems, whose character bears
a much closer connection to stochastic processes than to total cost prob-
lems. We also do not address specific stochastic characteristics underlying
the problem, such as for example a Markovian structure. Thus our re-
sults apply equally well to Markovian decision problems and to sequential
minimax problems. While this makes our development general and a con-
venient starting point for the further analysis of a variety of different types
of problems, it also ignores some of the interesting characteristics of special
types of DP problems that require an intricate probabilistic analysis.

Let us describe the research content of the book in summary, de-
ferring a more detailed discussion to the end-of-chapter notes. A large
portion of our analysis has been known for a long time, but in a somewhat
fragmentary form. In particular, the contractive theory, first developed by
Denardo [Den67], has been known for the case of the unweighted sup-norm,
but does not cover the important special case of stochastic shortest path
problems where all policies are proper. Chapter 2 transcribes this theory
to the weighted sup-norm contraction case. Moreover, Chapter 2 develops
extensions of the theory to approximate DP, and includes material on asyn-
chronous value iteration (based on the author’s work [Ber82], [Ber83]), and
asynchronous policy iteration algorithms (based on the author’s joint work
with Huizhen (Janey) Yu [BeY10al], [BeY10b], [YuBlla]). Most of this
material is relatively new, having been presented in the author’s recent
book [Berl12a] and survey paper [Berl12b|, with detailed references given
there. The analysis of infinite horizon noncontractive models in Chapter 4
was first given in the author’s paper [Ber77], and was also presented in the
book by Bertsekas and Shreve [BeS78], which in addition contains much
of the material on finite horizon problems, restricted policies models, and
Borel space models. These were the starting point and main sources for
our development.

The new research presented in this book is primarily on the semi-
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contractive models of Chapter 3 and parts of Chapter 4. Traditionally,
the theory of total cost infinite horizon DP has been bordered by two ex-
tremes: discounted models, which have a contractive nature, and positive
and negative models, which do not have a contractive nature, but rely
on an enhanced monotonicity structure (monotone increase and monotone
decrease models, or in classical DP terms, positive and negative models).
Between these two extremes lies a gray area of problems that are not con-
tractive, and either do not fit into the categories of positive and negative
models, or possess additional structure that is not exploited by the theory
of these models. Included are stochastic shortest path problems, search
problems, linear-quadratic problems, a host of queueing problems, multi-
plicative and exponential cost models, and others. Together these problems
represent an important part of the infinite horizon total cost DP landscape.
They possess important theoretical characteristics, not generally available
for positive and negative models, such as the uniqueness of solution of Bell-
man’s equation within a subset of interest, and the validity of useful forms
of value and policy iteration algorithms.

Our semicontractive models aim to provide a unifying abstract DP
structure for problems in this gray area between contractive and noncon-
tractive models. The analysis is motivated in part by stochastic shortest
path problems, where there are two types of policies: proper, which are
the ones that lead to the termination state with probability one from all
starting states, and improper, which are the ones that are not proper.
Proper and improper policies can also be characterized through their Bell-
man equation mapping: for the former this mapping is a contraction, while
for the latter it is not. In our more general semicontractive models, policies
are also characterized in terms of their Bellman equation mapping, through
a notion of regularity, which generalizes the notion of a proper policy and
is related to classical notions of asymptotic stability from control theory.

In our development a policy is regular within a certain set if its cost
function is the unique asymptotically stable equilibrium (fixed point) of
the associated DP mapping within that set. We assume that some policies
are reqular while others are not, and impose various assumptions to ensure
that attention can be focused on the regular policies. From an analytical
point of view, this brings to bear the theory of fixed points of monotone
mappings. From the practical point of view, this allows application to a
diverse collection of interesting problems, ranging from stochastic short-
est path problems of various kinds, where the regular policies include the
proper policies, to linear-quadratic problems, where the regular policies
include the stabilizing linear feedback controllers.

The definition of regularity is introduced in Chapter 3, and its theoret-
ical ramifications are explored through extensions of the classical stochastic
shortest path and search problems. In Chapter 4, semicontractive models
are discussed in the presence of additional monotonicity structure, which
brings to bear the properties of positive and negative DP models. With the
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aid of this structure, the theory of semicontractive models can be strength-
ened and can be applied to several additional problems, including risk-
sensitive/exponential cost problems.

The book has a theoretical research monograph character, but re-
quires a modest mathematical background for all chapters except the last
one, essentially a first course in analysis. Of course, prior exposure to DP
will definitely be very helpful to provide orientation and context. A few
exercises have been included, either to illustrate the theory with exam-
ples and counterexamples, or to provide applications and extensions of the
theory. Solutions of all the exercises can be found in Appendix D, at the
book’s internet site

http://www.athenasc.com/abstractdp.html
and at the author’s web site
http://web.mit.edu/dimitrib/www/home.html

Additional exercises and other related material may be added to these sites
over time.

I would like to express my appreciation to a few colleagues for inter-
actions, recent and old, which have helped shape the form of the book. My
collaboration with Steven Shreve on our 1978 book provided the motivation
and the background for the material on models with restricted policies and
associated measurability questions. My collaboration with John Tsitsiklis
on stochastic shortest path problems provided inspiration for the work on
semicontractive models. My collaboration with Janey (Huizhen) Yu played
an important role in the book’s development, and is reflected in our joint
work on asynchronous policy iteration, on perturbation models, and on
risk-sensitive models. Moreover Janey contributed significantly to the ma-
terial on semicontractive models with many insightful suggestions. Finally,
I am thankful to Mengdi Wang, who went through portions of the book
with care, and gave several helpful comments.

Dimitri P. Bertsekas
Spring 2013
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Preface to the Second Edition

The second edition aims primarily to amplify the presentation of the semi-
contractive models of Chapter 3 and Chapter 4, and to supplement it with
a broad spectrum of research results that I obtained and published in jour-
nals and reports since the first edition was written. As a result, the size
of this material more than doubled, and the size of the book increased by
about 40%.

In particular, I have thoroughly rewritten Chapter 3, which deals with
semicontractive models where stationary regular policies are sufficient. I
expanded and streamlined the theoretical framework, and I provided new
analyses of a number of shortest path-type applications (deterministic,
stochastic, affine monotonic, exponential cost, and robust/minimax), as
well as several types of optimal control problems with continuous state
space (including linear-quadratic, regulation, and planning problems).

In Chapter 4, I have extended the notion of regularity to nonstation-
ary policies (Section 4.4), aiming to explore the structure of the solution set
of Bellman’s equation, and the connection of optimality with other struc-
tural properties of optimal control problems. As an application, I have
discussed in Section 4.5 the relation of optimality with classical notions
of stability and controllability in continuous-spaces deterministic optimal
control. In Section 4.6, I have similarly extended the notion of a proper
policy to continuous-spaces stochastic shortest path problems.

I have also revised Chapter 1 a little (mainly with the addition of
Section 1.2.5 on the relation between proximal algorithms and temporal
difference methods), added to Chapter 2 some analysis relating to A-policy
iteration and randomized policy iteration algorithms (Section 2.5.3), and I
have also added several new exercises (with complete solutions) to Chapters
1-4. Additional material relating to various applications can be found in
some of my journal papers, reports, and video lectures on semicontractive
models, which are posted at my web site.

In addition to the changes in Chapters 1-4, I have also eliminated from
the second edition the analysis that deals with restricted policies (Chap-
ter 5 and Appendix C of the first edition). This analysis is motivated in
part by the complex measurability questions that arise in mathematically
rigorous theories of stochastic optimal control with Borel state and control
spaces. This material is covered in Chapter 6 of the monograph by Bert-
sekas and Shreve [BeS78], and followup research on the subject has been
limited. Thus, I decided to just post Chapter 5 and Appendix C of the first
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edition at the book’s web site (40 pages), and omit them from the second
edition. As a result of this choice, the entire book now requires only a
modest mathematical background, essentially a first course in analysis and
in elementary probability.

The range of applications of dynamic programming has grown enor-
mously in the last 25 years, thanks to the use of approximate simulation-
based methods for large and challenging problems. Because approximations
are often tied to special characteristics of specific models, their coverage in
this book is limited to general discussions in Chapter 1 and to error bounds
given in Chapter 2. However, much of the work on approximation methods
so far has focused on finite-state discounted, and relatively simple deter-
ministic and stochastic shortest path problems, for which there is solid and
robust analytical and algorithmic theory (part of Chapters 2 and 3 in this
monograph). As the range of applications becomes broader, I expect that
the level of mathematical understanding projected in this book will become
essential for the development of effective and reliable solution methods. In
particular, much of the new material in this edition deals with infinite-state
and/or complex shortest path type-problems, whose approximate solution
will require new methodologies that transcend the current state of the art.

Dimitri P. Bertsekas
January 2018
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Preface to the Third Edition

The third edition is based on the same theoretical framework as the sec-
ond edition, but contains two major additions. The first is to highlight
the central role of abstract DP methods in the conceptualization of re-
inforcement learning and approximate DP methods, as described in the
author’s recent book “Lessons from AlphaZero for Optimal, Model Predic-
tive, and Adaptive Control,” Athena Scientific, 2022. The main idea here
is that approximation in value space with one-step lookahead amounts to
a step of Newton’s method for solving the abstract Bellman’s equation.
This material is included in summary form in view of its strong reliance on
abstract DP visualization. Our presentation relies primarily on geometric
illustrations rather than mathematical analysis, and is given in Section 1.3.

The second addition is a new Chapter 5 on abstract DP methods for
minimax and zero sum game problems, which is based on the author’s re-
cent paper [Ber2lc]. A primary motivation here is the resolution of some
long-standing convergence difficulties of the “natural” policy iteration algo-
rithm, which have been known since the Pollatschek and Avi-Itzhak method
[PoAG69] for finite-state Markov games. Mathematically, this “natural” al-
gorithm is a form of Newton’s method for solving the corresponding Bell-
man’s equation, but Newton’s method, contrary to the case of single-player
DP problems, is not globally convergent in the case of a minimax problem,
because the Bellman operator may have components that are neither con-
vex nor concave. Our approach in Chapter 5 has been to introduce a special
type of abstract Bellman operator for minimax problems, and modify the
standard PI algorithm along the lines of the asynchronous optimistic PI al-
gorithm of Section 2.6.3, which involves a parametric contraction mapping
with a uniform fixed point.

The third edition also contains a number of small corrections and
editorial changes. The author wishes to thank the contributions of several
colleagues in this regard, and particularly Yuchao Li, who proofread with
care large portions of the book.

Dimitri P. Bertsekas
February 2022
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2 Introduction Chap. 1
1.1 STRUCTURE OF DYNAMIC PROGRAMMING PROBLEMS

Dynamic programming (DP for short) is the principal method for analysis
of a large and diverse class of sequential decision problems. Examples are
deterministic and stochastic optimal control problems with a continuous
state space, Markov and semi-Markov decision problems with a discrete
state space, minimax problems, and sequential zero-sum games. While the
nature of these problems may vary widely, their underlying structures turn
out to be very similar. In all cases there is an underlying mapping that
depends on an associated controlled dynamic system and corresponding
cost per stage. This mapping, the DP (or Bellman) operator, provides a
compact “mathematical signature” of the problem. It defines the cost func-
tion of policies and the optimal cost function, and it provides a convenient
shorthand notation for algorithmic description and analysis.

More importantly, the structure of the DP operator defines the math-
ematical character of the associated problem. The purpose of this book is to
provide an analysis of this structure, centering on two fundamental prop-
erties: monotonicity and (weighted sup-norm) contraction. It turns out
that the nature of the analytical and algorithmic DP theory is determined
primarily by the presence or absence of one or both of these two properties,
and the rest of the problem’s structure is largely inconsequential.

A Deterministic Optimal Control Example

To illustrate our viewpoint, let us consider a discrete-time deterministic
optimal control problem described by a system equation

Th+1 :f(xk,uk), k:(),l,.... (11)

Here zy, is the state of the system taking values in a set X (the state space),
and uy is the control taking values in a set U (the control space). At stage
k, there is a cost

akg(xr, uy)

incurred when uy is applied at state xy, where « is a scalar in (0, 1] that has
the interpretation of a discount factor when o < 1. The controls are chosen
as a function of the current state, subject to a constraint that depends on
that state. In particular, at state x the control is constrained to take values
in a given set U(xz) C U. Thus we are interested in optimization over the
set of (nonstationary) policies

HZ{{Mo,Ml,...}“LkEM,kZO,l,...},

T Our discussion of this section is somewhat informal, without strict adher-
ence to mathematical notation and rigor. We will introduce a rigorous mathe-
matical framework later.
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where M is the set of functions p : X — U defined by
M={p|pz)eU(x),VzeX}

The total cost of a policy @ = {uo, g1, ...} over an infinite number of
stages (an infinite horizon) and starting at an initial state zo is the limit
superior of the N-step costs

N—-1

Ta(wo) = limsup S akg(we, pun(er)), (1.2)
N—o00 k=0

where the state sequence {z;} is generated by the deterministic system
(1.1) under the policy =

Tkt1 = f(il?k,uk(dfk)), k=0,1,....

(We use limit superior rather than limit to cover the case where the limit
does not exist.) The optimal cost function is

J(x) = ;relfn JIr (), z e X.

For any policy m = {po, fi1, - . .}, consider the policy m = {p1, p2, ...}
and write by using Eq. (1.2),

Jr(x) = g(2, po(2)) + @y (f (@, po())).

We have for all x € X

0= {0+ o (i)

= inf {g(x.po(e) + o inf o, (F(. () }

= inf { x, z)) +aJ" (f(z, T }
nf g(z, po(x)) (f(z, po(x)))
The minimization over ug € M can be written as minimization over all
u € U(z), so we can write the preceding equation as

J (z) = 13% ){g(:v,u)—i—aJ*(f(:v,u))}, VzelX. (1.3)
uwelU(x
This equation is an example of Bellman’s equation, which plays a
central role in DP analysis and algorithms. If it can be solved for J*,
an optimal stationary policy {u*,u*,...} may typically be obtained by
minimization of the right-hand side for each z, i.e.,

u*(az)eargug%}i?z) {g(z,u)—l—aJ*(f(:z:,u))}, VaoelX. (1.4)
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We now note that both Egs. (1.3) and (1.4) can be stated in terms of
the expression

H(z,u,J) = g(z,u) + ot (f(z,u)), x e X, ueU(x).
Defining
(TyJ)(x) = H(x, u(z), J), reX,

and

(TJ)(z) = inf H(z,u,J), reX,
u€eU(x)

we see that Bellman’s equation (1.3) can be written compactly as
J=TJ",

i.e., J* is the fixed point of T', viewed as a mapping from the set of functions
on X into itself. Moreover, it can be similarly seen that J,, the cost function
of the stationary policy {u, y,...}, is a fixed point of T),. In addition, the
optimality condition (1.4) can be stated compactly as

Ty J* =TJ"

We will see later that additional properties, as well as a variety of algorithms
for finding J* can be stated and analyzed using the mappings 7" and T),.
The mappings T, can also be used in the context of DP problems
with a finite number of stages (a finite horizon). In particular, for a given
policy 7 = {po, i1, ...} and a terminal cost a™N.J(zy) for the state xx at
the end of N stages, consider the N-stage cost function
N-1
Trn(z0) = aNJ(wn) + Y akg(wn, (). (1.5)
k=0
Then it can be verified by induction that for all initial states xo, we have

e N (20) = (Lo Ty =+ Tup 1 J)(20)- (1.6)

Here T,y T}y -+ - Ty, is the composition of the mappings T}, Tyys - - - Tun_1,
i.e., for all J,

(Tyo Ty J) () = (T#O (TMJ))(:Z:), z e X,
and more generally

(T#OTM T T#vaj)(x) = (T#O (Tyy (- (T#N71J))))(I)a z € X,

(our notational conventions are summarized in Appendix A). Thus the
finite horizon cost functions Jr n of m can be defined in terms of the map-
pings T}, [cf. Eq. (1.6)], and so can the infinite horizon cost function Jx:

Jr(x) = limsup(Tpuy Ty, - Ty, J)(2), reX, (1.7)

N —oc0

where J is the zero function, J(z) = 0 for all z € X.
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Connection with Fixed Point Methodology

The Bellman equation (1.3) and the optimality condition (1.4), stated in
terms of the mappings 7}, and T, highlight a central theme of this book,
which is that DP theory is intimately connected with the theory of abstract
mappings and their fixed points. Analogs of the Bellman equation, J* =
TJ*, optimality conditions, and other results and computational methods
hold for a great variety of DP models, and can be stated compactly as
described above in terms of the corresponding mappings 7}, and 7. The
gain from this abstraction is greater generality and mathematical insight,
as well as a more unified, economical, and streamlined analysis.

ABSTRACT DYNAMIC PROGRAMMING MODELS

In this section we formally introduce and illustrate with examples an ab-
stract DP model, which embodies the ideas just discussed in Section 1.1.

1.2.1 Problem Formulation

Let X and U be two sets, which we loosely refer to as a set of “states”
and a set of “controls,” respectively. For each z € X, let U(xz) C U be a
nonempty subset of controls that are feasible at state z. We denote by M
the set of all functions p : X +— U with p(x) € U(z), for all z € X.

In analogy with DP, we refer to sequences m = {puo, pt1,...}, with
ur € M for all k, as “nonstationary policies,” and we refer to a sequence
{p, ,...}, with p € M, as a “stationary policy.” In our development,
stationary policies will play a dominant role, and with slight abuse of ter-
minology, we will also refer to any p € M as a “policy” when confusion
cannot arise.

Let R(X) be the set of real-valued functions J : X — R, and let
H: X xUxR(X)+— R be a given mapping. T For each policy u € M, we
consider the mapping T}, : R(X) — R(X) defined by

() @) = H(z,p(z),J),  VzeX,JeR(X),
and we also consider the mapping T defined by

(TJ)(z) = 11(}{ )H(x,u,J), VezeX,JeR(X).
uelU(x

1 Our notation and mathematical conventions are outlined in Appendix A.
In particular, we denote by R the set of real numbers, and by R" the space of
n-dimensional vectors with real components.

I We assume that H, T,J, and TJ are real-valued for J € R(X) in the
present chapter and in Chapter 2. In Chapters 3 and 4 we will allow H(z,u, J),
and hence also (T,,J)(x) and (T'J)(x), to take the values co and —oco.
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We will generally refer to 7' and T}, as the (abstract) DP mappings or DP
operators or Bellman operators (the latter name is common in the artificial
intelligence and reinforcement learning literature).

Similar to the deterministic optimal control problem of the preceding
section, the mappings T}, and T serve to define a multistage optimization
problem and a DP-like methodology for its solution. In particular, for some
function J € R(X), and nonstationary policy © = {0, i1, ...}, we define
for each integer N > 1 the functions

J?T,N(x) = (T#OT#I e 'T#N—lj)('r)v z € X,

where T),,T}, - -+ Ty, denotes the composition of the mappings T}, 1},
vy Ty 1ee,

Tuon e T#NAJ = (Tuo (Tu ( o (T#Nfz (TuNﬂJ))) o ))7 J e R(X)

We view Jr n as the “N-stage cost function” of 7 [cf. Eq. (1.5)]. Consider
also the function

Jx(x) =limsup J n(x) = limsup(Tpu Ty, - Ty, J)(2), reX,
N —oc0 N —oc0
which we view as the “infinite horizon cost function” of 7 [cf. Eq. (1.7); we
use limsup for generality, since we are not assured that the limit exists].
We want to minimize J, over 7, i.e., to find

J*(z) = inf Jx(z), z € X,

and a policy 7* that attains the infimum, if one exists.
The key connection with fixed point methodology is that J* “typi-
cally” (under mild assumptions) can be shown to satisfy

J(z) = inf H(z,u,J"), VrzelX,
ueU(x)

i.e., it is a fixed point of T. We refer to this as Bellman’s equation [cf. Eq.
(1.3)]. Another fact is that if an optimal policy 7* exists, it “typically” can
be selected to be stationary, 7* = {u*, pu*, ...}, with u* € M satisfying an
optimality condition, such as for example

(T J7)(2) = (TT)(2),  weX,

[cf. Eq. (1.4)]. Several other results of an analytical or algorithmic nature
also hold under appropriate conditions, which will be discussed in detail
later.

However, Bellman’s equation and other related results may not hold
without 7}, and 7" having some special structural properties. Prominent
among these are a monotonicity assumption that typically holds in DP
problems, and a contraction assumption that holds for some important
classes of problems. We describe these assumptions next.
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1.2.2 Monotonicity and Contraction Properties

Let us now formalize the monotonicity and contraction assumptions. We
will require that both of these assumptions hold for most of the next chap-
ter, and we will gradually relax the contraction assumption in Chapters 3
and 4. Recall also our assumption that 7, and T map R(X) (the space
of real-valued functions over X) into R(X). In Chapters 3 and 4 we will
relax this assumption as well.

Assumption 1.2.1: (Monotonicity) If J,J' € R(X) and J < J/,
then
H(z,u,J) < H(x,u,J), VeeX, ueU(x).

Note that by taking infimum over u € U(x), we have

Jx)<J'(z), VzeX = inf H(z,u,J) < inf H(z,u,J), VzecX,
uwelU(x) uwelU(x)

or equivalently, {
J<J = TJ<TJ.

Another way to arrive at this relation, is to note that the monotonicity
assumption is equivalent to

J<J = T, J<T,J, VpueM,
and to use the simple but important fact

inf H(z,u,J) = inf (T,J VaeeX,JeR(X
ot H (@, J) = inf (T ) (@), ze X, J eR(X),

ie., for a fixed z € X, infimum over u is equivalent to infimum over p.
This is true because for any p, there is no coupling constraint between the
controls p(z) and p(z’) that correspond to two different states x and 2/, i.e.,
the set M = {yu | p(z) € U(z), V 2 € X} can be viewed as the Cartesian
product MzexU(x). We will be writing this relation as T'J = infem Tpd.

For the contraction assumption, we introduce a function v : X — R
with

v(z) >0, VaoelX.

T Unless otherwise stated, in this book, inequalities involving functions, min-
ima and infima of a collection of functions, and limits of function sequences are
meant to be pointwise; see Appendix A for our notational conventions.
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N\
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-

Figure 1.2.1. Illustration of the monotonicity and the contraction assumptions in
one dimension. The mapping 7}, on the left is monotone but is not a contraction.
The mapping T}, on the right is both monotone and a contraction. It has a unique
fixed point at J,.

Let us denote by B(X) the space of real-valued functions J on X such
that J(x)/v(x) is bounded as x ranges over X, and consider the weighted

Sup-norm
J(x)
[[7]| = sup [J(a)]
reX ’U(.’II)
on B(X). The properties of B(X) and some of the associated fixed point
theory are discussed in Appendix B. In particular, as shown there, B(X)
is a complete normed space, so any mapping from B(X) to B(X) that is a
contraction or an m-stage contraction for some integer m > 1, with respect
to || - ||, has a unique fixed point (cf. Props. B.1 and B.2).

Assumption 1.2.2: (Contraction) For all J € B(X) and p € M,
the functions T,,J and T'J belong to B(X). Furthermore, for some
a € (0,1), we have

Lo — T J'|| < allJ = 7|, Y J,J eBX), pe M. (1.8)

Figure 1.2.1 illustrates the monotonicity and the contraction assump-
tions. It can be shown that the contraction condition (1.8) implies that

ITJ=TJ | <alJ—J|, VJJ €BX), (1.9)

so that T is also a contraction with modulus a. To see this we use Eq.
(1.8) to write

() (@) < (Tu ) (@) + allJ - Fllv(@), Ve X,
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from which, by taking infimum of both sides over u € M, we have
(TJ)(x) — (TJ")(x)
v(x)
Reversing the roles of J and J’, we also have
(TJ")(x) = (TT)(x)
v(z)
and combining the preceding two relations, and taking the supremum of
the left side over z € X, we obtain Eq. (1.9).

Nearly all mappings related to DP satisfy the monotonicity assump-
tion, and many important ones satisfy the weighted sup-norm contraction
assumption as well. When both assumptions hold, the most powerful an-
alytical and computational results can be obtained, as we will show in
Chapter 2. These are:

<aollJ-J|, VazeX.

<al|J-J, VaoelX,

(a) Bellman’s equation has a unique solution, i.e., T and T}, have unique
fixed points, which are the optimal cost function J* and the cost
functions J, of the stationary policies {y, u, . ..}, respectively [cf. Eq.

(1.3)].
(b) A stationary policy {u*, u*,...} is optimal if and only if
Ty J* =TJ",
[cf. Eq. (1.4)].

¢) J* and J, can be computed by the wvalue iteration method,
N
J* = lim T*J, J, = lim TkJ,
k— o0 k—o0

starting with any J € B(X).

(d) J* can be computed by the policy iteration method, whereby we gen-
erate a sequence of stationary policies via

Lprrd o =TTk,
starting from some initial policy u0 [here J & 18 obtained as the fixed

point of T x by several possible methods, including value iteration as
in (c) above].

These are the most favorable types of results one can hope for in
the DP context, and they are supplemented by a host of other results,
involving approximate and/or asynchronous implementations of the value
and policy iteration methods, and other related methods that combine
features of both. As the contraction property is relaxed and is replaced
by various weaker assumptions, some of the preceding results may hold
in weaker form. For example J* turns out to be a solution of Bellman’s
equation in most of the models to be discussed, but it may not be the
unique solution. The interplay between the monotonicity and contraction-
like properties, and the associated results of the form (a)-(d) described
above is a recurring analytical theme in this book.
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1.2.3 Some Examples

In what follows in this section, we describe a few special cases, which indi-
cate the connections of appropriate forms of the mapping H with the most
popular total cost DP models. In all these models the monotonicity As-
sumption 1.2.1 (or some closely related version) holds, but the contraction
Assumption 1.2.2 may not hold, as we will indicate later. Our descriptions
are by necessity brief, and the reader is referred to the relevant textbook
literature for more detailed discussion.

Example 1.2.1 (Stochastic Optimal Control - Markovian
Decision Problems)

Consider the stationary discrete-time dynamic system
Th+1 :f(xkyukywk)7 k:0717"'7 (110)

where for all k, the state xp is an element of a space X, the control wug is
an element of a space U, and wy is a random “disturbance,” an element of a
space W. We consider problems with infinite state and control spaces, as well
as problems with discrete (finite or countable) state space (in which case the
underlying system is a Markov chain). However, for technical reasons that
relate to measure-theoretic issues, we assume that W is a countable set.

The control uy is constrained to take values in a given nonempty subset
U(zy) of U, which depends on the current state xjp [ux € U(zy), for all
zr € X|. The random disturbances wi, kK = 0,1,..., are characterized by
probability distributions P(- | z, ux) that are identical for all k, where P(wy |
Zk, uk) is the probability of occurrence of wy, when the current state and
control are xx and wuk, respectively. Thus the probability of wy may depend
explicitly on x and wug, but not on values of prior disturbances wg—_1, ..., wo.

Given an initial state xo, we want to find a policy = = {uo, p1,...},
where pr : X — U, pr(zr) € U(zw), for all z, € X, k = 0,1,..., that
minimizes the cost function

Jr(zo) =limsup FE {Z ak9($k7ﬂk(xk)7wk)} ) (1.11)

N—o0 Wi
k=0,1,... \ k=

where a € (0, 1] is a discount factor, subject to the system equation constraint
Th+1 :f(xk,uk(xk),wk), k:O,l,....

This is a classical problem, which is discussed extensively in various sources,

including the author’s text [Ber12a]. It is usually referred to as the stochastic

optimal control problem or the Markovian Decision Problem (MDP for short).
Note that the expected value of the N-stage cost of 7,

N-1
E {Z akg(xk,uk(xk),wk)} :

k=0,1,... \ k=
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is defined as a (possibly countably infinite) sum, since the disturbances wy,
k = 0,1,..., take values in a countable set. Indeed, the reader may verify
that all the subsequent mathematical expressions that involve an expected
value can be written as summations over a finite or a countable set, so they
make sense without resort to measure-theoretic integration concepts. §

In what follows we will often impose appropriate assumptions on the
cost per stage g and the scalar «, which guarantee that the infinite horizon
cost Jx(zo) is defined as a limit (rather than as a limsup):

J=(x0) = lim E {Zak9($k7ﬂk(xk)7wk)} .

N— oo Wi
k=0,1,... k=0

In particular, it can be shown that the limit exists if & < 1 and the expected
value of |g| is uniformly bounded, i.e., for some B > 0,

E{‘g(nww)‘}SB, VeeX, ueU(z). (1.12)

In this case, we obtain the classical discounted infinite horizon DP prob-
lem, which generally has the most favorable structure of all infinite horizon
stochastic DP models (see [Ber12a], Chapters 1 and 2).

To make the connection with abstract DP, let us define

H(z,u,J) = E{g(a@mw) + od(f(ammw))}7

so that

(TuJ) (@) = E{g(z, u(x),w) +ad (f(z, p(z),0)) },

and

(TJ)(z) = ueirl}ﬁz)E{g(nw w) + on(f(axmw))}.

Similar to the deterministic optimal control problem of Section 1.1, the N-
stage cost of 7, can be expressed in terms of T},:

(Tuo'-~THN71j)(aco) = FE { ozkg(ack7uk(xk)7wk)} ,

1 As noted in Appendix A, the formula for the expected value of a random

variable w defined over a space (Q is

E{w} = E{w"} + E{w™},

where w' and w™ are the positive and negative parts of w,

wt (w) = max {0, w(w)}, w™ (w) = min {O, w(w)}, Vwe Q.

In this way, taking also into account the rule co—oco = oo (see Appendix A), E{w}
is well-defined as an extended real number if  is finite or countably infinite.
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where J is the zero function, J(z) = 0 for all z € X. The same is true for
the infinite-stage cost [cf. Eq. (1.11)]:

Jr(x0) = limsup (Tyg - - - Tup_, J)(20)-
N—o00

It can be seen that the mappings 7}, and T' are monotone, and it is
well-known that if @ < 1 and the boundedness condition (1.12) holds, they
are contractive as well (under the unweighted sup-norm); see e.g., [Ber12a],
Chapter 1. In this case, the model has the powerful analytical and algorith-
mic properties (a)-(d) mentioned at the end of the preceding subsection. In
particular, the optimal cost function J* [i.e., J*(z) = inf, Jr(x) for all x € X]
can be shown to be the unique solution of the fixed point equation J* = T'J",
also known as Bellman’s equation, which has the form

J*(x):uei{ljfz)E{g(:c,u,w)+aJ*(f(:c,u,w))}, z € X,

and parallels the one given for deterministic optimal control problems [cf. Eq.
(1.3)].

These properties can be expressed and analyzed in an abstract setting
by using just the mappings 7}, and T', both when T}, and T are contractive
(see Chapter 2), and when they are only monotone and not contractive while
either g > 0 or g < 0 (see Chapter 4). Moreover, under some conditions, it is
possible to analyze these properties in cases where T}, is contractive for some
but not all & (see Chapter 3, and Section 4.4).

Example 1.2.2 (Finite-State Discounted Markovian Decision
Problems)

In the special case of the preceding example where the number of states is
finite, the system equation (1.10) may be defined in terms of the transition
probabilities

pgw(u):P‘rob(y:f(:tmmw)|Jr:)7 z,y € X, ueU(x),
so H takes the form
H(z,u,J) =Y pay(u) (9@, u,y) + (1))
yeX

When « < 1 and the boundedness condition
lg(z,u,y)| < B,  VayeX ueU(w)

[cf. Eq. (1.12)] holds (or more simply, when U is a finite set), the mappings T},
and T are contraction mappings with respect to the standard (unweighted)
sup-norm. This is a classical model, referred to as discounted finite-state
MDP, which has a favorable theory and has found extensive applications (cf.
[Ber12a], Chapters 1 and 2). The model is additionally important, because it
is often used for computational solution of continuous state space problems
via discretization.
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Example 1.2.3 (Discounted Semi-Markov Problems)

With z, y, and u as in Example 1.2.2, consider a mapping of the form

H(w,u,J) = G(a,u) + Y may(u)J(y),

yeX

where G is some function representing expected cost per stage, and mazy(u)
are nonnegative scalars with

mey(u)<17 VaeX, ueU(z).

yeX

The equation J* = T'J* is Bellman’s equation for a finite-state continuous-
time semi-Markov decision problem, after it is converted into an equivalent
discrete-time problem (cf. [Ber12a], Section 1.4). Again, the mappings 7}, and
T are monotone and can be shown to be contraction mappings with respect
to the unweighted sup-norm.

Example 1.2.4 (Discounted Zero-Sum Dynamic Games)

Let us consider a zero-sum game analog of the finite-state MDP Example
1.2.2. Here there are two players that choose actions at each stage: the
first (called the minimizer) may choose a move 7 out of n moves and the
second (called the mazimizer) may choose a move j out of m moves. Then
the minimizer gives a specified amount a;; to the maximizer, called a payoff .
The minimizer wishes to minimize a;;, and the maximizer wishes to maximize
Q5.

The players use mixed strategies, whereby the minimizer selects a prob-
ability distribution v = (u1,...,un) over his n possible moves and the max-
imizer selects a probability distribution v = (v1,...,vm) over his m possible
moves. Thus the probability of selecting ¢ and j is w;v;, and the expected
payoff for this stage is Z” a;;u;v; or v Av, where A is the n x m matrix
with components a;;.

In a single-stage version of the game, the minimizer must minimize
maxyev v’ Av and the maximizer must maximize min,cy ©’' Av, where U and
V are the sets of probability distributions over {1,...,n} and {1,...,m},
respectively. A fundamental result (which will not be proved here) is that
these two values are equal:

. i . !
minmax v’ Av = max min u’ Av. (1.13)
uelU veV veV uelU

Let us consider the situation where a separate game of the type just
described is played at each stage. The game played at a given stage is repre-
sented by a “state” = that takes values in a finite set X. The state evolves
according to transition probabilities ¢zy(i,7) where ¢ and j are the moves
selected by the minimizer and the maximizer, respectively (here y represents



14

Introduction Chap. 1

the next game to be played after moves ¢ and j are chosen at the game rep-
resented by x). When the state is , under v € U and v € V, the one-stage
expected payoff is u’ A(z)v, where A(z) is the n x m payoff matrix, and the
state transition probabilities are

n m

pmy(% ’U) = Z Zuivjqu(i7j) = U,Qacy'lh

i=1 j=1

where Qy is the n x m matrix that has components ¢uy(%,j). Payoffs are
discounted by « € (0, 1), and the objectives of the minimizer and maximizer,
roughly speaking, are to minimize and to maximize the total discounted ex-
pected payoff. This requires selections of u and v to strike a balance between
obtaining favorable current stage payoffs and playing favorable games in fu-
ture stages.

We now introduce an abstract DP framework related to the sequential
move selection process just described. We consider the mapping G given by

G(z,u,v,J) = v A(z)v + Z Day(u,v)J(y)
v (1.14)

= [A@)+a ) QuI) | v,
yeX

where a € (0, 1) is discount factor, and the mapping H given by

H(z,u,J) = maxG(x,u,v,J).
veV

The corresponding mappings 7}, and T' are
(TuJ)(:c):maxG(x,u(x),v,J), z € X,
veV

and

(T'J)(xz) = min max G(z,u,v, J).
uelU veV

It can be shown that 7, and T are monotone and (unweighted) sup-norm
contractions. Moreover, the unique fixed point J* of T satisfies

J*(z) = min max G(x, u,v, J"), VzeX,
uelU veV

(see [Berl2al, Section 1.6.2).
‘We now note that since

Al@) +a ) QuyJ(y)

yeX

[cf. Eq. (1.14)] is a matrix that is independent of u and v, we may view J*(x)
as the value of a static game (which depends on the state z). In particular,
from the fundamental minimax equality (1.13), we have

min max G(z,u,v,J") = max min G(z,u, v, J"), VazxelX.
uelU veV veEV uwelU
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This implies that J* is also the unique fixed point of the mapping

(TJ)(x) = max H(z,v, J),

veV

where

H(z,v,J) =min G(z,u,v, J),
uelU

i.e., J* is the fixed point regardless of the order in which minimizer and

maximizer select mixed strategies at each stage.

In the preceding development, we have introduced J* as the unique
fixed point of the mappings T and T. However, J* also has an interpretation
in game theoretic terms. In particular, it can be shown that J*(z) is the value
of a dynamic game, whereby at state x the two opponents choose multistage
(possibly nonstationary) policies that consist of functions of the current state,
and continue to select moves using these policies over an infinite horizon. For
further discussion of this interpretation, we refer to [Ber12a] and to books on
dynamic games such as [FiV96]; see also [PaB99] and [Yul4] for an analysis
of the undiscounted case (o = 1) where there is a termination state, as in
the stochastic shortest path problems of the subsequent Example 1.2.6. An
alternative and more general formulation of sequential zero-sum games, which
allows for an infinite state space, will be given in Chapter 5.

Example 1.2.5 (Minimax Problems)

Consider a minimax version of Example 1.2.1, where w is not random but is
rather chosen from within a set W (z,u) by an antagonistic opponent. Let

H(z,u,J) = Sup )[g(m7u7w)+aJ(f(x7u7w))]-

Then the equation J* = T'J* is Bellman’s equation for an infinite horizon
minimax DP problem. A special case of this mapping arises in zero-sum
dynamic games (cf. Example 1.2.4). We will also discuss alternative and
more general abstract DP formulations of minimax problems in Chapter 5.

Example 1.2.6 (Stochastic Shortest Path Problems)

The stochastic shortest path (SSP for short) problem is the special case of
the stochastic optimal control Example 1.2.1 where:

(a) There is no discounting (a = 1).

(b) The state space is X = {¢,1,...,n} and we are given transition proba-
bilities, denoted by

pzy(u):P(xk+1:y|xk:x7uk:u)7 $7y€X7 UGU(:E)'

(c) The control constraint set U(x) is finite for all x € X.
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(d) A cost g(x,u) is incurred when control u € U(z) is selected at state x.

(e) State ¢ is a special termination state, which is cost-free and absorbing,
ie., for all u € U(t),

g(t,u) =0, pee(u) = 1.

To simplify the notation, we have assumed that the cost per stage does not
depend on the successor state, which amounts to using expected cost per
stage in all calculations.

Since the termination state t is cost-free, the cost starting from ¢ is zero
for every policy. Accordingly, for all cost functions, we ignore the component
that corresponds to ¢, and define

H(z,u,J) = g(z,u) + Y pay(w)J(y), z=1,...,n, u€U(x), JeR".

y=1

The mappings T, and T are defined by

(Tud)(@) = g2, 1(@) + > pay (1(@) T(w),  w=1,...,m,

(T))(@) = min | g(w,u)+ szy(u)J(y) ,  w=1...,n
y=
Note that the matrix that has components pzy(u), ,y = 1,...,n, is sub-

stochastic (some of its row sums may be less than 1) because there may be
a positive transition probability from a state x to the termination state t.
Consequently T, may be a contraction for some p, but not necessarily for all
we M.

The SSP problem has been discussed in many sources, including the
books [Pal67], [Der70], [Whi82], [Ber87], [BeT89], [HeL99], [Berl2a], and
[Ber17a], where it is sometimes referred to by earlier names such as “first
passage problem” and “transient programming problem.” In the framework
that is most relevant to our purposes, given in the paper by Bertsekas and
Tsitsiklis [BeT91], there is a classification of stationary policies for SSP into
proper and improper. We say that p € M is proper if, when using p, there is
positive probability that termination will be reached after at most n stages,
regardless of the initial state; i.e., if

pu = max P{en #0 |z =z,u} < 1.
z=1,...,n

Otherwise, we say that p is improper. It can be seen that p is proper if and
only if in the Markov chain corresponding to pu, each state = is connected to
the termination state with a path of positive probability transitions.

For a proper policy p, it can be shown that 7}, is a weighted sup-norm
contraction, as well as an n-stage contraction with respect to the unweighted
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sup-norm. For an improper policy p, T, is not a contraction with respect to
any norm. Moreover, T' also need not be a contraction with respect to any
norm (think of the case where there is only one policy, which is improper).
However, T is a weighted sup-norm contraction in the important special case
where all policies are proper (see [BeT96], Prop. 2.2, or [Ber12a], Chapter 3).

Nonetheless, even in the case where there are improper policies and T'
is not a contraction, results comparable to the case of discounted finite-state
MDP are available for SSP problems assuming that:

(a) There exists at least one proper policy.

(b) For every improper policy there is an initial state that has infinite cost
under this policy.

Under the preceding two assumptions, referred to as the strong SSP conditions
in Section 3.5.1, it was shown in [BeT91] that 7" has a unique fixed point J*,
the optimal cost function of the SSP problem. Moreover, a policy {u*, u*, ...}
is optimal if and only if

TyxJ* =TJ".
In addition, J* and J, can be computed by value iteration,
J = lim T"J,  J,= lim T, J,
k—oo k—oo

starting with any J € R" (see [Ber12a], Chapter 3, for a textbook account).
These properties are in analogy with the desirable properties (a)-(c), given at
the end of the preceding subsection in connection with contractive models.

Regarding policy iteration, it works in its strongest form when there are
no improper policies, in which case the mappings 7}, and T" are weighted sup-
norm contractions. When there are improper policies, modifications to the
policy iteration method are needed; see [Berl2a], [YuB13a], and also Section
3.6.2, where these modifications will be discussed in an abstract setting.

In Section 3.5.1 we will also consider SSP problems where the strong
SSP conditions (a) and (b) above are not satisfied. Then we will see that
unusual phenomena can occur, including that J* may not be a solution of
Bellman’s equation. Still our line of analysis of Chapter 3 will apply to such
problems.

Example 1.2.7 (Deterministic Shortest Path Problems)

The special case of the SSP problem where the state transitions are determin-
istic is the classical shortest path problem. Here, we have a graph of n nodes
x =1,...,n, plus a destination ¢, and an arc length a., for each directed arc
(z,y). At state/node z, a policy u chooses an outgoing arc from x. Thus the
controls available at = can be identified with the outgoing neighbors of x [the
nodes u such that (z,u) is an arc]. The corresponding mapping H is

azu +J(u) ifu##t,

. r=1,...,n.
Azt if u=t, e

H(z,u,J) :{

A stationary policy u defines a graph whose arcs are (:c, ,u(:c)), T =
1,...,n. The policy p is proper if and only if this graph is acyclic (it consists of
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a tree of directed paths leading from each node to the destination). Thus there
exists a proper policy if and only if each node is connected to the destination
with a directed path. Furthermore, an improper policy has finite cost starting
from every initial state if and only if all the cycles of the corresponding graph
have nonnegative cycle cost. It follows that the favorable analytical and
algorithmic results described for SSP in the preceding example hold if the
given graph is connected and the costs of all its cycles are positive. We will
see later that significant complications result if the cycle costs are allowed to
be zero, even though the shortest path problem is still well posed in the sense
that shortest paths exist if the given graph is connected (see Section 3.1).

Example 1.2.8 (Multiplicative and Risk-Sensitive Models)

With z, y, u, and transition probabilities pry(u), as in the finite-state MDP
of Example 1.2.2, consider the mapping

H(xvuvj) = pry(u)g(xvuvy)J(y) = E{g(xvuv y)'](y) | x,u}, (1'15)

yeX

where g is a scalar function satisfying g(z,u,y) > 0 for all z, y, w (this is
necessary for H to be monotone). This mapping corresponds to the multi-
plicative model of minimizing over all m = {uo, pi1, ...} the cost

Jx(x0) = limsupE{g(xo,uo(rco)7:cl)g(xl,m(xl),xz)
N=reo (1.16)

g(ch—17/1«N—1($CN—1)7$N) ’ xo}7

where the state sequence {zo,1,...} is generated using the transition prob-
abilities Papay iy (Hk (:ck))

To see that the mapping H of Eq. (1.15) corresponds to the cost function
(1.16), let us consider the unit function

and verify that for all o € X, we have

(Tuo Ty -+ Tup—y ) (20) = E{g(wmm(m%131)9(5017u1(111)7x2)
(1.17)

g(chfhllel(fCNfl)ﬂCN) | :co}7
so that

Jr(z) = limsup (Tyg Ty, -+ Tupy 4 J)(2), r e X.

N—o0
Indeed, taking into account that J(z) = 1, we have

(Tuy_J)(@N—1) = E{g(l’thMN71($N71)7$N)j(:CN) | g;Nfl}
= E{g(fohﬂNfl(fol)pTlN) | acN,l}7
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(TMN72TMN—1J)(:CN*2) = ((TMN,Q (Tupn_4 j))(SCNfz)
= E{g(xN—27HN—2(xN—2)7xN—l)
‘E{g(zn-1,uv-1(zn-1),2n) |ana} | on—2},
and continuing similarly,

(Tuo Ty - Tupy 1 J) (o) = E{g(ﬂﬂovuo(%)yﬂfl)E{g(fvhm(ﬂfl),ﬂ?z)
E{g(xN—h,UzN—l(fol),xN) | xNﬂ} | foz} . } | xo},

which by using the iterated expectations formula (see e.g., [BeT08]) proves
the expression (1.17).
An important special case of a multiplicative model is when g has the
form
g(x,u,y) = "oy
for some one-stage cost function h. We then obtain a finite-state MDP with
an exponential cost function,

Jr(xo) = lim sup E{e(h(xo'“0(“0)'”1”'”*“%1\’*1’“Nfl(”Nfl)'”N)) },

N —oo
which is often used to introduce risk aversion in the choice of policy through
the convexity of the exponential.

There is also a multiplicative version of the infinite state space stochas-
tic optimal control problem of Example 1.2.1. The mapping H takes the
form

H(z,u,J) = E{g(x, u, w)J(f(:c, u, w)) },
where 41 = f(xk, uk,ws) is the underlying discrete-time dynamic system;
cf. Eq. (1.10).

Multiplicative models and related risk-sensitive models are discussed
extensively in the literature, mostly for the exponential cost case and under
different assumptions than ours; see e.g., [HoM72], [Jac73], [Rot84], [ChS87],
[Whi90], [JBE94], [FIM95], [HeM96], [FeM97], [BoM99], [CoM99], [BoM02],
[BBBO0S], [Berl6a]. The works of references [DeR79], [Pat01], and [Pat07]
relate to the stochastic shortest path problems of Example 1.2.6, and are the
closest to the semicontractive models discussed in Chapters 3 and 4, based
on the author’s paper [Berl6a]; see the next example and Section 3.5.2.

Example 1.2.9 (Affine Monotonic Models)

Consider a finite state space X = {1,...,n} and a (possibly infinite) control
constraint set U(x) for each state x. For each policy p, let the mapping T},
be given by

T.J =b,+ Aud, (1.18)
where b, is a vector of " with components b(:tc,u(:tc))7 x=1,...,n,and A,
is an n X n matrix with components Ay (u(x)), z,y =1,...,n. We assume

that b(z,u) and Agy(u) are nonnegative,

b(z,u) >0, Azy(u) >0, Vez,y=1,...,n, ueU(z).
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Thus T, and T map nonnegative functions to nonnegative functions J : X —
[0, o0].

This model was introduced in the first edition of this book, and was elab-
orated on in the author’s paper [Berl6a]. Special cases of the model include
the finite-state Markov and semi-Markov problems of Examples 1.2.1-1.2.3,
and the stochastic shortest path problem of Example 1.2.6, with A, being the
transition probability matrix of u (perhaps appropriately discounted), and b,
being the cost per stage vector of p, which is assumed nonnegative. An in-
teresting affine monotonic model of a different type is the multiplicative cost
model of the preceding example, where the initial function is J(z) = 1 and
the cost accumulates multiplicatively up to reaching a termination state ¢. In
the exponential case of this model, the cost of a generated path starting from
some initial state accumulates additively as in the SSP case, up to reaching
t. However, the cost of the model is the expected value of the exponentiated
cost of the path up to reaching ¢. It can be shown then that the mapping T},
has the form

(T d) (@) = pat (u(x) ) exp (g(z, (), 1))

+ Y pey(u(@)exp(g(@, n(@),y)) J(y), =z € X,

where pgy (u) is the probability of transition from x to y under u, and g(z,u, y)
is the cost of the transition; see Section 3.5.2 for a detailed derivation. Clearly
T, has the affine monotonic form (1.18).

Example 1.2.10 (Aggregation)

Aggregation is an approximation approach that simplifies a large dynamic
programming (DP) problem by “combining” multiple states into aggregate
states. This results in a reduced or “aggregate” problem with fewer states,
which can often be solved using exact DP methods. The optimal cost-to-go
function derived from this aggregate problem then serves as an approximation
of the optimal cost function for the original problem.

Consider an n-state Markovian decision problem with transition prob-
abilities ps;(u). To construct an aggregation framework, we introduce a finite
set A of aggregate states. We generically denote the aggregate states by let-
ters such as x and y, and the original system states by letters such as ¢ and j.
The approximation framework is constructed by combining in various ways
the aggregate states and the original system states to form a larger system
(see Fig. 1.2.2). To specify the probabilistic structure of this system, we in-
troduce two (somewhat arbitrary) choices of probability distributions, which
relate the original system states with the aggregate states:

(1) For each aggregate state x and original system state i, we specify the
disaggregation probability dz;. We assume that d; > 0 and

idm:L Ve A
i=1
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Original System

i —> J

pij (u)
Disaggregation Aggregation
Probabilities Probabilities
yi iy
______ _»_ —— — — — —

Aggregate Systernr

Figure 1.2.2 Illustration of the relation between aggregate and original sys-
tem states.

Roughly, d.; may be interpreted as the “degree to which x is represented
by 3.”

(2) For each aggregate state y and original system state j, we specify the
aggregation probability ¢;,. We assume that ¢;, > 0 and

Z%zl, Vi=1,...,n

yeA

Roughly, ¢, may be interpreted as the “degree of membership of j in
the aggregate state y.”

The aggregation and disaggregation probabilities specify a dynamic sys-
tem involving both aggregate and original system states (cf. Fig. 1.2.2). In
this system:

(i) From aggregate state x, we generate original system state i according
to dyi.

(ii) We generate transitions from original system state i to original system
state j according to p;;(u), with cost g(i,u, j).

(iii) From original system state j, we generate aggregate state y according
to ¢jy.

Illustrative examples of aggregation frameworks are given in the books
[Ber12a] and [Berl7a]. One possibility is hard aggregation, where aggregate
states are identified with the sets of a partition of the state space. For another
type of common scheme, think of the case where the original system states
form a fine grid in some space, which is “aggregated” into a much coarser grid.
In particular let us choose a collection of “representative” original system
states, and associate each one of them with an aggregate state. Thus, each
aggregate state x is associated with a unique representative state i,, and the
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Original State Space

\
Representative/Aggregate States

Figure 1.2.3 Aggregation based on a small subset of representative states
(these are shown with larger dark circles, while the other (nonrepresentative)
states are shown with smaller dark circles). In this figure, from representa-
tive state x = 14, there are three possible transitions, to states ji, j2, and
Jj3, according to pjj, (u), pij, (w), Pijs (1), and each of these states is associ-
ated with a convex combination of representative states using the aggregation
probabilities. For example, j1 is associated with ! j, ;91 +! jiy,¥2 +! jiys ¥3.

disaggregation probabilities are

1 ifi=i,
dei = e 1.1

xe {0 if i # iy (1.19)
The aggregation probabilities are chosen to represent each original system
state j with a convex combination of aggregate/representative states; see
Fig. 1.2.3. It is also natural to assume that the aggregation probabilities map
representative states to themselves, i.e.,

_ 1 g =y,

sw={0 25
This scheme makes intuitive geometrical sense as an interpolation scheme in
the special case where both the original and the aggregate states are asso-
ciated with points in a Euclidean space. The scheme may also be extended
to problems with a continuous state space. In this case, the state space is
discretized with a finite grid, and the states of the grid are viewed as the ag-
gregate states. The disaggregation probabilities are still given by Eq. (1.19),
while the aggregation probabilities may be arbitrarily chosen to represent each

original system state with a convex combination of representative states.

As an extension of the preceding schemes, suppose that through some
special insight into the problem’s structure or some preliminary calculation,

we know some features of the system’s state that can “predict well” its cost.
Then it seems reasonable to form the aggregate states by grouping together
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states with “similar features,” or to form aggregate states by using “represen-

tative features” instead of representative states. This is called “feature-based
aggregation;” see the books [BeT96] (Section 3.1) and [Ber12a] (Section 6.5)
for a description and analysis.

Given aggregation and disaggregation probabilities, we may define an
aggregate problem whose states are the aggregate states. This problem in-
volves an aggregate discrete-time system, which we will describe shortly. We
require that the control is applied with knowledge of the current aggregate
state only (rather than the original system state).f To this end, we assume
that the control constraint set U(%) is independent of the state i, and we de-
note it by U. Then, by adding the probabilities of all the relevant paths in
Fig. 1.2.2, it can be seen that the transition probability from aggregate state
z to aggregate state y under control v € U is

n

boy(w) =) dui Y pis (W)
=1

=1

The corresponding expected transition cost is given by

au) =" dei > pis(u)g(iyu,j).

i=1

These transition probabilities and costs define the aggregate problem.

We may compute the optimal costs-to-go J (z), z € A, of this problem
by using some exact DP method. Then, the costs-to-go of each state j of the
original problem are usually approximated by

JG) =Y bl ().

yeA
Example 1.2.11 (Distributed Aggregation)

The abstract DP framework is useful not only in modeling DP problems,
but also in modeling algorithms arising in DP and even other contexts. We
illustrate this with an example from Bertsekas and Yu [BeY10] that relates
to the distributed solution of large-scale discounted finite-state MDP using
cost function approximation based on aggregation. { It involves a partition of
the n states into m subsets for the purposes of distributed computation, and
yields a corresponding approximation (Vi, ..., Vi) to the cost vector J*.

In particular, we have a discounted n-state MDP (cf. Example 1.2.2),
and we introduce aggregate states Si,...,Sm, which are disjoint subsets of

1 An alternative form of aggregate problem, where the control may depend
on the original system state is discussed in Section 6.5.2 of the book [Ber12a].

I See [Berl2al, Section 6.5.2, for a more detailed discussion. Other examples
of algorithmic mappings that come under our framework arise in asynchronous
policy iteration (see Sections 2.6.3, 3.6.2, and [BeY10], [BeY12], [YuB13a]), and
in constrained forms of policy iteration (see [Berllc], or [Berl2a], Exercise 2.7).
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the original state space with S1U---US,, = {17 R n}. ‘We envision a network
of processors £ = 1,...,m, each assigned to the computation of a local cost

function V;, defined on the corresponding aggregate state/subset Se:
Ve=A{Vey |y € S}

Processor ¢ also maintains a scalar aggregate cost R, for its aggregate state,
which is a weighted average of the detailed cost values Vi, within Sy:

R, = Z doeViz,

zE€Sy

where dy, are given probabilities with d¢, > 0 and Zx es, dez = 1. The aggre-
gate costs Ry, are communicated between processors and are used to perform
the computation of the local cost functions V; (we will discuss computation
models of this type in Section 2.6).

We denote J = (Vi,...,Vm, R1,...,Rm). We introduce the mapping
H(z,u,J) defined for each of the n states = by

H(z,u,J) =We(z,u, Vo, R1,...,Rm), if x € Sy,

where for x € Sy

We(x7u7w7R17 . 7Rm) = szy(u)g(l’,u,y) +a Z pzy(u)w:y
y=1

yESy

+ « Z pzy(U)Rs(y)v

y&Sy

and for each original system state y, we denote by s(y) the index of the subset
to which y belongs [i.e., y € Ss(y].

We may view H as an abstract mapping on the space of J, and aim to
find its fixed point J* = (V{*,...,V;h, R1,..., R},). Then, for ¢ =1,...,m, we
may view V" as an approximation to the optimal cost vector of the original
MDP starting at states € S, and we may view R; as a form of aggregate
cost for Sy. The advantage of this formulation is that it involves significant
decomposition and parallelization of the computations among the processors,
when performing various DP algorithms. In particular, the computation of
We(z,u, Ve, Ri,. .., Rm) depends on just the local vector Vi, whose dimension
may be potentially much smaller than n.

1.2.4 Reinforcement Learning - Projected and Aggregation
Bellman Equations

Given an abstract DP model described by a mapping H, we may be in-
terested in fixed points of related mappings other than 7" and T),. Such
mappings may arise in various contexts, such as for example distributed
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asynchronous aggregation in Example 1.2.11. An important context is sub-
space approzimation, whereby T, and T are restricted onto a subspace of
functions for the purpose of approximating their fixed points. Much of the
theory of approximate DP, neuro-dynamic programming, and reinforce-
ment learning relies on such approximations (there are quite a few books,
which collectively contain extensive accounts these subjects, such as Bert-
sekas and Tsitsiklis [BeT96], Sutton and Barto [SuB98], Gosavi [Gos03],
Cao [Cao07], Chang, Fu, Hu, and Marcus [CFH07], Meyn [Mey07], Powell
[Pow07], Borkar [Bor08], Haykin [Hay08], Busoniu, Babuska, De Schut-
ter, and Ernst [BBD10], Szepesvari [Szel0], Bertsekas [Berl12a], [Berl7al,
[Ber19b], [Ber20], and Vrabie, Vamvoudakis, and Lewis [VVL13]).

For an illustration, consider the approximate evaluation of the cost
vector of a discrete-time Markov chain with states i = 1,...,n. We assume
that state transitions (i,j) occur at time k according to given transition
probabilities p;;, and generate a cost a®g(i, j), where o € (0,1) is a discount
factor. The cost function over an infinite number of stages can be shown to
be the unique fixed point of the Bellman equation mapping 7' : R — R
whose components are given by

(TI)(@) =Y pii(u)(g(i,j) + @J(4)), i=1,...,n, J€Rn
Jj=1

This is the same as the mapping 7" in the discounted finite-state MDP Ex-
ample 1.2.2, except that we restrict attention to a single policy. Finding
the cost function of a fixed policy is the important policy evaluation sub-
problem that arises prominently within the context of policy iteration. It
also arises in the context of a simplified form of policy iteration, the roll-
out algorithm; see e.g., [BeT96], [Berl2a|, [Berl7a], [Ber19b], [Ber20]. In
some artificial intelligence contexts, policy iteration is referred to as self-
learning, and in these contexts the policy evaluation is almost always done
approximately, sometimes with the use of neural networks.

A prominent approach for approximation of the fixed point of T is
based on the solution of lower-dimensional equations defined on the sub-
space {®r | r € Rs} that is spanned by the columns of a given n x s matrix
®. Two such approximating equations have been studied extensively (see
[Ber12a], Chapter 6, for a detailed account and references; also [BeYO07],
[BeY09], [YuB10], [Berlla] for extensions to abstract contexts beyond ap-
proximate DP). These are:

(a) The projected equation
Or = I T(®r), (1.20)

where Il denotes projection onto S with respect to a weighted Eu-
clidean norm

[/l = (1.21)
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with £ = (&1,...,&,) being a probability distribution with positive
components (sometimes a seminorm projection is used, whereby some
of the components & may be zero; see Yu and Bertsekas [YuB12]).

(b) The aggregation equation
Or = DT (Dr), (1.22)

with D being an s x n matrix whose rows are restricted to be proba-
bility distributions; these are the disaggregation probabilities of Ex-
ample 1.2.10. Also, in this approach, the rows of ® are restricted to
be probability distributions; these are the aggregation probabilities
of Example 1.2.10.

We now see that solving the projected equation (1.20) and the aggre-
gation equation (1.22) amounts to finding a fixed point of the mappings
II¢T and ®DT, respectively. These mappings derive their structure from
the DP operator T, so they have some DP-like properties, which can be
exploited for analysis and computation.

An important fact is that the aggregation mapping ® DT preserves
the monotonicity and the sup-norm contraction property of T', while the
projected equation mapping Il T" generally does not. The reason for preser-
vation of monotonicity is the nonnegativity of the components of the ma-
trices ® and D (see the author’s survey paper [Berllc| for a discussion of
the importance of preservation of monotonicity in various DP operations).
The reason for preservation of sup-norm contraction is that the matrices
® and D are sup-norm nonexpansive, because their rows are probability
distributions. In fact, it can be verified that the solution r of Eq. (1.22)
can be viewed as the exact DP solution of the “aggregate” DP problem
that represents a lower-dimensional approximation of the original (see Ex-
ample 1.2.10). The preceding observations are important for our purposes,
as they indicate that much of the theory developed in this book applies to
approximation-related mappings based on aggregation.

By contrast, the projected equation mapping I T need not be mono-
tone, because the components of Il need not be nonnegative. Moreover
while the projection II¢ is nonexpansive with respect to the projection norm
II|le, it need not be nonexpansive with respect to the sup-norm. As a result
the projected equation mapping IIT" need not be a sup-norm contraction.
These facts play a significant role in approximate DP methodology.

1.2.5 Reinforcement Learning - Temporal Difference and
Proximal Algorithms

An important possibility for finding a fixed point of T' is to replace T
with another mapping, say F', such that F' and T have the same fixed
points. For example, F' may offer some advantages in terms of algorithmic
convenience or quality of approximation when used in conjunction with
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projection or aggregation [cf. Egs. (1.20) and (1.22)]. Alternatively, F' may
be the mapping of some iterative method that is suitable for computing
fixed points of T'.

In this book we will not consider in much detail the possibility of using
an alternative mapping F' to find a fixed point of a mapping 7. We will just
mention here some multistep versions of T', which have been used widely
for approximations in reinforcement learning. An important example is the
mapping T3 : fn — R, defined for a given A € (0,1) as follows: TN
transforms a vector J € R to the vector T(V).J € R", whose n components
are given by

(ﬂmn@y41_»§3vmwuxm i=1,....n, JeRn,
£=0

for A € (0,1), where T is the ¢-fold composition of T' with itself ¢ times.
Here there should be conditions that guarantee the convergence of the
infinite series in the preceding definition. The multistep analog of the
projected Eq. (1.20) is

Or =TT (Dr).

The popular temporal difference methods, such as TD(A), LSTD(\), and
LSPE()), aim to solve this equation (see the book references on approx-
imate DP, neuro-dynamic programming, and reinforcement learning cited
earlier). The mapping T also forms the basis for the A-policy iteration
method to be discussed in Sections 2.5, 3.2.4, and 4.3.3.

The multistep analog of the aggregation Eq. (1.22) is

Or = DTN (dr),

and methods that are similar to the temporal difference methods can be
used for its solution. In particular, a multistep method based on the map-
ping T is the, so-called, \-aggregation method (see [Ber12a], Chapter
6), as well as other forms of aggregation (see [Berl2al, [YuB12]).

In the case where T is a linear mapping of the form

TJ = AJ+b,

where b is a vector in $", and A is an n X n matrix with eigenvalues
strictly within the unit circle, there is an interesting connection between
the multistep mapping 7(» and another mapping of major importance in
numerical convex optimization. This is the prozimal mapping, associated
with T and a scalar ¢ > 0, and denoted by P(¢). In particular, for a given
J € 7, the vector P(©)J is defined as the unique vector Y € R7 that solves
the equation

Y—AY —b= (=Y.
C
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Equivalently,

—1
PO = (c+1I—A> (b+1J>, (1.23)
C C

where I is the identity matrix. Then it can be shown (see Exercise 1.2 or
the papers [Ber16b], [Berl8c]) that if

we have
TN =T .pP) = p). T,

Moreover, the vectors J, P(©)J, and T(M).J are colinear and satisfy
c+1
c
The preceding formulas show that T and P(¢) are closely related, and
that iterating with T() is “faster” than iterating with P(¢), since the eigen-
values of A are within the unit circle, so that 7' is a contraction. In addition,
methods such as TD(A), LSTD(A), LSPE(A), and their projected versions,

which are based on T, can be adapted to be used with P().

A more general form of multistep approach, introduced and studied
in the paper [YuB12], replaces T(») with a mapping T(®) : 7 — R» that
has components

TN =J+

(P©J —J).

(T (@) =Y wi(TE) (i),  i=1,....n, JERn,
=1

where w is a vector sequence whose ith component, (w;1, wiz2, . . .), is a prob-
ability distribution over the positive integers. Then the multistep analog
of the projected equation (1.20) is

Or = [ TW) (Dr), (1.24)
while the multistep analog of the aggregation equation (1.22) is
Or = DT ) (Dr). (1.25)

The mapping T is obtained for w; = (1 — A\)A¢~1, independently of
the state i. A more general version, where A\ depends on the state i, is
obtained for wi; = (1 — \)A{. The solution of Egs. (1.24) and (1.25)
by simulation-based methods is discussed in the paper [YuB12]; see also
Exercise 1.3.

Let us also note that there is a connection between projected equa-
tions of the form (1.24) and aggregation equations of the form (1.25). This
connection is based on the use of a seminorm [this is given by the same
expression as the norm || - ||¢ of Eq. (1.21), with some of the components
of ¢ allowed to be 0]. In particular, the most prominent cases of aggrega-
tion equations can be viewed as seminorm projected equations because, for
these cases, ®D is a seminorm projection (see [Berl2a], p. 639, [YuB12],
Section 4). Moreover, they can also be viewed as projected equations where
the projection is oblique (see [Berl2al, Section 7.3.6).
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REINFORCEMENT LEARNING - APPROXIMATION IN
VALUE SPACE

In this section we will use geometric illustrations to obtain insight into B ell-
manOs equation, the algorithms of value iteration (VI) and policy iteréion
(PI), and an approximation methodology, which is prominent in reinforce-
ment learning and is known asapproximation in value space Throughout
this section, we will make use of the following two properties:

(@) T and T, are monotone, i.e., they satisfy Assumption 1.2.1.

(b) We have
(TI)x) = mlr’\}l (Tud)(X), for all x, (1.26)

where M is the set of stationary policies. This is true because for
any policy 4, there is no coupling constraint between the controls
M(x) and p(x") that correspond to two di! erent statesx and x".

We will brst focus on the discounted version of the Markovian decisio
problem of Example 1.2.1, and we will then consider more general case

1.3.1 Approximation in Value Space for Markovian Decision
Problems

In Markovian decision problems the mappingsT, and T are given by
I "

! # #$
(TWd)(X)= E g x,p(x),w +1J f(x,p(x),w) for all x, (1.27)

and
1 "

(TI)(x) = IinJ( )E. og(x,u,w)+ 1J f(x,u,w)#$, for all x, (1.28)

where! ! (0,1]; cf. Example 1.2.1.
In addition to monotonicity, we have an additional important prop-
erty: T, is linear, in the sense that it has the form

Ty = Gy + Ayd,

whereG, ! R(X) is some function andA : R(X) "# R(X) is an operator
such that for any functions Ji1, J2, and scalars"1," 2, we have

Ap("1d1+ "232) = "1ARdL+ "2AL 0.

The major alternative reinforcement learning approach is approximation
in policy space, whereby a suboptimal policy is selected from within a class of
parametrized policies, usually by means of some optimization procedure, such as
random search, or gradient descent; see e.g., the authorO=inforcement learning
book [Berl19b].
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This is true because of the linearity of the expected value operation in Eq.
(1.27). The linearity of T}, implies another important property: (T°J)(x) is
a concave function of J for every x. By this we mean that the set

Co={(JO|(TI)(x) =& JeR(X), EeR} (1.29)

is convex for all x € X, where R(X) is the set of real-valued functions over
the state space X, and R is the set of real numbers. This follows from the
linearity of T},, the alternative definition of T' given by Eq. (1.26), and the
fact that for a fixed z, the minimum of the linear functions (T,J)(x) over
u € M is concave as a function of J.

We illustrate these properties graphically with an example.

Example 1.3.1 (A Two-State and Two-Control Example)

Assume that there are two states 1 and 2, and two controls u and v. Consider
the policy p that applies control u at state 1 and control v at state 2. Then
the operator 7T, takes the form

(T D)(1) = > p1s(w) (9(1,u,9) + aJ (y)), (1.30)
(T 0)(2) = p2y(v) (9(2,0,9) + ] (y)), (1.31)

where pzy(u) and pzy(v) are the probabilities that the next state will be y,
when the current state is x, and the control is u or v, respectively. Clearly,
(TnJ)(1) and (T, J)(2) are linear functions of J. Also the operator T' of the
Bellman equation J = T'J takes the form

2

(TJ)(1) = min lzpw(w (9(L,u,9) + ad(y)),

= (1.32)
> pu@)(9(1,0,9) + aJ<y>)] :
(TJ)(2) = min [szy () (9(2,u,9) + aJ(y)),
vt (1.33)

Zpr (’U) (9(27 v, y) + aJ(y))] .

Thus, (T'J)(1) and (T'J)(2) are concave and piecewise linear as functions of
the two-dimensional vector J (with two pieces; more generally, as many linear
pieces as the number of controls). This concavity property holds in general
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since (T'J)(x) is the minimum of a collection of linear functions of J, one for
each u € U(x). Figure 1.3.1 illustrates (7},J)(1) for the cases where p(1) = u
and p(1) = v, (T,J)(2) for the cases where p(2) = v and p(2) = v, (T'J)(1),
and (TJ)(2), as functions of J = (J(l)7 J(2)).

Critical properties from the DP point of view are whether 7" and T},
have fixed points; equivalently, whether the Bellman equations J = T'J
and J = T}, J have solutions within the class of real-valued functions, and
whether the set of solutions includes J* and J,, respectively. It may thus
be important to verify that T or T, are contraction mappings. This is
true for example in the benign case of discounted problems (a < 1) with
bounded cost per stage. However, for undiscounted problems, asserting
the contraction property of T' or T, may be more complicated, and even
impossible. In this book we will deal extensively with such questions and
related issues regarding the solution set of the Bellman equation.

Geometrical Interpretations

We will now interpret the Bellman operators geometrically, starting with
T,., which is linear as noted earlier. Figure 1.3.2 illustrates its form. Note
here that the functions J and 7),J are multidimensional. They have as
many scalar components J(z) and (T,J)(z), respectively, as there are
states x, but they can only be shown projected onto one dimension. The
cost function J, satisfies J, = T,J,, so it is obtained from the intersec-
tion of the graph of T,,J and the 45 degree line, when J,, is real-valued.
We interpret the situation where J,, is not real-valued with lack of system
stability under p [so p will be viewed as unstable if we have J,(z) = oo
for some initial states z]. For further discussion of stability issues, see the
book [Ber22].

The form of the Bellman operator T is illustrated in Fig. 1.3.3. Again
the functions J, J*, T'J, T}, J, etc, are multidimensional, but they are shown
projected onto one dimension. The Bellman equation J = T'J may have
one or many real-valued solutions. It may also have no real-valued solution
in exceptional situations, as we will discuss later. The figure assumes that
the Bellman equations J = T'J and J = T, J have a unique real-valued
solution, which is true if T" and 7T}, are contraction mappings, as is the case
for discounted problems with bounded cost per stage. Otherwise, these
equations may have no solution or multiple solutions within the class of
real-valued functions. The equation J = T'J typically has J* as a solution,
but may have more than one solution in cases where either « =1 or a < 1,
and the cost per stage is unbounded.

Example 1.3.2 (A Two-State and Infinite Controls Problem)

Let us consider the mapping T for a problem that involves two states, 1 and
2, but an infinite number of controls. In particular, the control space at both
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Figure 1.3.1 Geometric illustrations of the Bellman operators T, and T for
states 1 and 2 in Example 1.3.1; cf. Egs. (1.30)-(1.33). The problem’s transition
probabilities are: p11(u) = 0.3, p12(u) = 0.7, p21(u) = 0.4, pa2(u) = 0.6, p11(v) =
0.6, p12(v) = 0.4, p21(v) = 0.9, pa2(v) = 0.1. The stage costs are g(1,u,1) =
3, 9(1,u,2) = 10, g(2,u,1) = 0, g(2,u,2) = 6, g(1,v,1) = 7, g(1,v,2) = 5,
g9(2,v,1) = 3, g(2,v,2) = 12. The discount factor is * = 0.9, and the optimal
costs are J*(1) = 50.59 and J*(2) = 47.41. The optimal policy is p*(1) = v
and p*(2) = u. The figure also shows the one-dimensional “slices” of T' that pass

through J*.

Chap. 1
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Figure 1.3.2 Geometric interpretation of the linear Bellman operator T, and the
corresponding Bellman equation. The graph of T}, is a plane in the space !"!
and when projected on a one-dimensional plane that corresponds to a single state
and passes through J, it becomes a line. Then there are three cases:

(a) The line has slope less than 45 degrees, so it intersects the 45-degree line at
a unique point, which is equal to Jy,, the solution of the Bellman equation
J = T,J. This is true if T, is a contraction mapping, as is the case for
discounted problems with bounded cost per stage.

(b) The line has slope less than 45 degrees. Then it intersects the 45-degree line
at a unique point, which is a solution of the Bellman equation J = T}, J,
but is not equal to J,. Then J, is not real-valued; we consider such p to
be unstable under p.

(c) The line has slope exactly equal to 45 degrees. This is an exceptional case
where the Bellman equation J = T),J has an infinite number of real-valued
solutions or no real-valued solution at all; we will provide examples where
this occurs later.

states is the unit interval, U(1) = U(2) = [0,1]. Here (T'J)(1) and (T'J)(2)
are given by

(TI)(1) = ulél[%l}l {gl + i’ 4+ 21— u)? + aud (1) + o1 — u)J(2)},

(TJ1)(2) = uIél[%)I}l] {gg + ro1u® + 1r22(1 — u)® + auJ (1) + a(l — u)J(2)}
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Figure 1.3.3 Geometric interpretation of the Bellman operator T', and the cor-
responding Bellman equation. For a fixed @, the function (T'J)(z) can be written
as miny, (T, J)(x), so it is concave as a function of J. The optimal cost function
J* satisfies J* = T'J*, so it is obtained from the intersection of the graph of T'J
and the 45 degree line shown, assuming J* is real-valued.

Note that the graph of T lies below the graph of every operator T}, and
is in fact obtained as the lower envelope of the graphs of T}, as u ranges over
the set of policies M . In particular, for any given function j, for every z, the
value (Tj)(:c) is obtained by finding a support hyperplane/subgradient of the
graph of the concave function (T J)(z) at J, as shown in the figure. This support
hyperplane is defined by the control u(x) of a policy fi that attains the minimum
of (T, J)(x) over u:

fi(z) # arg min (T, J)(z)
pnEM
(there may be multiple policies attaining this minimum, defining multiple support
hyperplanes). This construction also shows how the minimization

(T7)(x) = min (T,.J])(z)

corresponds to a linearization of the mapping T at the point J.

The control u at each state x = 1,2 has the meaning of a probability that
we must select at that state. In particular, we control the probabilities v and
(1—u) of moving to states y = 1 and y = 2, at a control cost that is quadratic
in w and (1 — u), respectively. For this problem (7'J)(1) and (7J)(2) can be
calculated in closed form, so they are easy to plot and understand. They are
piecewise quadratic, unlike the corresponding plots of Fig. 1.3.1, which are
piecewise linear; see Fig. 1.3.4.
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Figure 1.3.4 Illustration of the Bellman operator T for states 1 and 2 in Example
1.3.2. The parameter values are g1 = 5, g2 = 3, r11 = 3, r12 = 15, 791 = 9,
ro2 = 1, and the discount factor is " = 0.9. The optimal costs are J*(1) = 49.7
and J*(2) = 40.0, and the optimal policy is p*(1) = 0.59 and p*(2) = 0. The
figure also shows the one-dimensional slices of the operators at J(1) = 15 and
J(2) = 30, together with the corresponding 45-degree lines.

Visualization of Value Iteration

The operator notation simplifies algorithmic descriptions, derivations, and
proofs related to DP. For example, the value iteration (VI) algorithm can
be written in the compact form

Jir1 =TIk, k=0,1,...,
as illustrated in Fig. 1.3.5. Moreover, the VI algorithm for a given policy
1 can be written as

Jogr =Tudr,  k=0,1,...,

and it can be similarly interpreted, except that the graph of the function
T,J is linear. Also we will see shortly that there is a similarly compact
description for the policy iteration algorithm.

1.3.2 Approximation in Value Space and Newton’s Method

Let us now interpret approximation in value space in terms of abstract
geometric constructions. Here we approximate J* with some function J ,
and we obtain by minimization a corresponding policy, called a one-step
lookahead policy. In particular, for a given J, a one-step lookahead policy
i is characterized by the equation
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S =TI

f

J> J

Figure 1.3.5 Geometric interpretation of the VI algorithm Jy4; = T'Jj, start-
ing from some initial function Jp. Successive iterates are obtained through the
staircase construction shown in the figure. The VI algorithm Jy41 = T, Jy for a
given policy p can be similarly interpreted, except that the graph of the function
T, J is linear.

as in Fig. 1.3.6. This equation implies that the graph of Tj;.J just touches
the graph of T'J at J, as shown in the figure. Moreover, for each state
x € X the hyperplane Hj;(z)

H(w) = {(J(@).€) | (Ta)(@) 2 €},

supports from above the convex set
{U@.9 1@ =€}

at the point (j(:v), (Tj)(x)) and defines a subgradient of (T.J)(z) at .J.
Note that the one-step lookahead policy i need not be unique, since T
need not be differentiable.

In conclusion, the equation

J=TuJ
is a pointwise (for each x) linearization of the equation

J=TJ
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Figure 1.3.6 Geometric interpretation of approximation in value space and the
one-step lookahead policy i as a step of Newton’s method. Given J, we find a
policy i that attains the minimum in the relation

TJ =minT,J.
n

This policy satisfies T'J = Tﬂj7 so the graph of T'J and T J touch at J, as shown.
It may not be unique. Because T'J has concave components, the equation

J="TyJ

is the linearization of the equation J = T'J at J. The linearized equation is solved
at the typical step of Newton’s method to provide the next iterate, which is just
Ja-

at J, and its solution, Ji, can be viewed as the result of a Newton iteration
at the point J. In summary, the Newton iterate at J is Ji, the solution of
the linearized equation J = T;J.}

We may also consider approximation in value space with ¢-step looka-

1 The classical Newton’s method for solving a fixed point problem of the form
y = T'(y), where y is an n-dimensional vector, operates as follows: At the current
iterate yi, we linearize T" and find the solution yi11 of the corresponding linear
fixed point problem. Assuming T is differentiable, the linearization is obtained
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head using J. This is the same as approximation in value space with one-
step lookahead using the (¢ — 1)-fold operation of T on J, T¢~1.J. Thus
it can be interpreted as a Newton step starting from Tt=1], the result of
¢ — 1 value iterations applied to J. This is illustrated in Fig. 1.3.7.1

1.3.3 Policy Iteration and Newton’s Method

Another major class of infinite horizon algorithms is based on policy it-
eration (PI for short). We will discuss several abstract versions of PI in
subsequent chapters, under a variety of assumptions. Generally, each iter-
ation of the PI algorithm starts with a policy (which we call current or base
policy), and generates another policy (which we call new or rollout policy,
respectively). For the stochastic optimal control problem of Example 1.2.1,
given the base policy pu, a policy iteration consists of two phases:

by using a first order Taylor expansion:

o7 (ys
a(;jk)(ykﬂ - Y&),

yrr1 = T(yk) +

where 0T (yr)/0y is the n x n Jacobian matrix of T evaluated at the vector
yi. The most commonly given convergence rate property of Newton’s method is
quadratic convergence. It states that near the solution y*, we have

lyesr =yl = O(llye = y"II?),

where || - || is the Euclidean norm, and holds assuming the Jacobian matrix ex-
ists and is Lipschitz continuous (see [Ber16], Section 1.4). There are extensions
of Newton’s method that are based on solving a linearized system at the cur-
rent iterate, but relax the differentiability requirement to piecewise differentiabil-
ity, and/or component concavity, while maintaining the superlinear convergence
property of the method.

The structure of the Bellman operators (1.28) and (1.27), with their mono-
tonicity and concavity properties, tends to enhance the convergence and rate of
convergence properties of Newton’s method, even in the absence of differentiabil-
ity, as evidenced by the convergence analysis of PI, and the extensive favorable
experience with rollout, PI, and MPC. In this connection, it is worth noting that
in the case of Markov games, where the concavity property does not hold, the
PI method may oscillate, as shown by Pollatschek and Avi-Itzhak [PoA69], and
needs to be modified to restore its global convergence; see the author’s paper
[Ber21lc]. We will discuss abstract versions of game and minimax contexts n
Chapter 5.

1 Variants of Newton’s method that involve combinations of first order it-
erative methods, such as the Gauss-Seidel and Jacobi algorithms, and New-
ton’s method, and they belong to the general family of Newton-SOR methods
(SOR stands for “successive over-relaxation”); see the classic book by Ortega
and Rheinboldt [OrR70] (Section 13.4).
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Figure 1.3.7 Geometric interpretation of approximation in value space with #
step lookahead (in this figure # = 3). It is the same as approximation in value
space with one-step lookahead using T £=1]J as cost approximation. It can be
viewed as a Newton step at the point 7¢~1J, the result of #$ 1 value iterations
applied to J. Note that as #increases the cost function Jp of the #step lookahead

policy fi approaches more closely the optimal J*, and that lim,_, ., Jz = J*.

(a)

Policy evaluation, which computes the cost function J,. One possi-
bility is to solve the corresponding Bellman equation

Ju(z) = E{g(az, (@), w) + ady(f(z, p(z), w)) }, for all .
(1.34)
However, the value J,(z) for any x can also be computed by Monte
Carlo simulation, by averaging over many randomly generated tra-
jectories the cost of the policy starting from x. Other possibilities
include the use of specialized simulation-based methods, based on
the projected and aggregation Bellman equations discussed in Sec-

tion 1.2.4, for which there is extensive literature (see e.g., the books
[BeT96], [SuB98], [Berl2a], [Ber19b)).

Policy improvement, which computes the rollout policy i using the
one-step lookahead minimization

ia(x) € argugbi?z) E{g(:z:, u, w) + ady(f(z,u,w)) }, for all x.
(1.35)
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Figure 1.3.8 Geometric interpretation of a single policy iteration. Starting from
the stable current policy pF, it evaluates the corresponding cost function J K

and computes the next policy pF+1 according to TMk +1 ‘]Mk = TJuk . The corre-

sponding cost function J kL is obtained as the solution of the linearized equation
J = Tuk +1 J, so it is the result of a Newton step for solving the Bellman equation

J =TJ, starting from J“k . Note than in policy iteration, the Newton step always

starts at a function J,, which satisfies J,, % J*.

It is generally expected (and can be proved under mild conditions)
that the rollout policy is improved in the sense that Jz(x) < J,(z)
for all .

Thus the PI process generates a sequence of policies {u*}, by obtain-
ing pk+1 through a policy improvement operation using J & in place of J,
in Eq. (1.35), which is obtained through policy evaluation of the preceding
policy p* using Eq. (1.34). In subsequent chapters, we will show under ap-
propriate assumptions that general forms of PI have interesting and often
solid convergence properties, which may hold even when the method is im-
plemented (with appropriate modifications) in unconventional computing
environments, involving asynchronous distributed computation.

In terms of our abstract notation, the PI algorithm can be written
in a compact form. For the generated policy sequence {u*}, the policy
evaluation phase obtains J x from the equation

Sk =Tk d ik, (1.36)
while the policy improvement phase obtains p*+1 through the equation
Tuk+1 Juk = TJMk. (1.37)
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As Fig. 1.3.8 illustrates, Pl can be viewed as NewtonOs method for solv-
ing the Bellman equation in the function space of cost functionsJ. In
particular, the policy improvement Eq. (1.37) is the Newton step startig
from J .k, and yields pk*1 as the corresponding one-step lookahead/rollout
policy.

The interpretation of Pl as a form of NewtonOs method has a long his-
tory, for which we refer to the original works for linear quadratic problems
by Kleinman [Klei68], and for Pnite-state inbnite horizon discounted and
Markov game problems by Pollatschek and Avi-ltzhak [PoA69] (who dso
showed that the method may oscillate in the game case; see the diszion
in Chapter 5).

ukl

1.3.4 Approximation in Value Space for General Abstract
Dynamic Programming

Let us now consider the general case where the mappini, is not assumed
linear for all stationary policies p ! M. In this case we still have the
alternative description of T

(TI)(x) = IJ]ID' (TpI)(x), for all x,

but T need not be concave, i.e., for some ! X, the function (T J)(x) may
not be concave as a function of). We illustrate this fact in Fig. 1.3.9.

The nonlinearity of the mapping T, can have profound consequences
on the validity of the PI algorithm and its interpretation in terms of Ne w-
tonOs method. A prominent case where this is so arises in minimax probie
and related two-person zero sum game settings (cf. Example 1.2.5We will
discuss this case in Chapter 5, where we will introduce modibcation®tthe
P1 algorithm that restore its convergence property.

We note, however, that it is possible that the mappingsT, are non-
linear and convex, but that T has concave and dierentiable components
(TJ)(x), in which case the Newton step interpretation applies. This occurs
in particular in the important case of zero-sum dynamic games involvirg a
linear system and a quadratic cost function.

ORGANIZATION OF THE BOOK
The examples in the preceding sections demonstrate that while the ono-

tonicity assumption is satisbed for most DP models, the contractionas-
sumption may or may not hold. In particular, the contraction assumption

This was part of KleinmanOs Ph.D. thesis [Kle67] at M.I.T., supervised by
M. Athans. Kleinman gives credit for the one-dimensional ve rsion of his results to
Bellman and Kalaba [BeK65]. Note also that the brst proposal of the Pl method
was given by Bellman in his classic book [Bel57], under the name Oapproximation
in policy space.O
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TI=min{Ty, Ty}

\

Figure 1.3.9 Geometric interpretation of the Bellman operator, in the general
case where the policy mappings 7}, are not linear. The figure illustrates the case
of two policies p and p’, whose mappings T}, and T, are piecewise linear and
convex. In this case the mapping T', given by (7'J)(z) = min {THJ(:L‘)7 T, J(x)},
is piecewise linear, but it is neither convex nor concave, and the Newton step

interpretation breaks down; see also Chapter 5.

is satisfied for the mapping H in Examples 1.2.1-1.2.5, provided there is
discounting and that the cost per stage is bounded. However, it need not
hold in the SSP Example 1.2.6, the multiplicative Example 1.2.8, and the
affine monotonic Example 1.2.9.

The book’s central theme is that the presence or absence of mono-

tonicity and contraction fundamentally shapes the analytical and algorith-
mic theories for abstract DP. In our development, with few exceptions, we
will assume that monotonicity holds. Consequently, the book is organized
around the presence or absence of the contraction property. In the next
three chapters we will discuss three types of DP models.

(a)

Contractive models: These models, discussed in Chapter 2, have
the richest and strongest algorithmic theory, and serve as a bench-
mark for other models. Notable examples include discounted stochas-
tic optimal control problems (cf. Example 1.2.1), finite-state dis-
counted MDP (cf. Example 1.2.2), and some special types of SSP
problems (cf. Example 1.2.6).

Semicontractive models: In these models, T}, is monotone but
is not a contraction for all 4 € M. Most practical deterministic,
stochastic, and minimax-type shortest path problems fall into this
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category. One challenge here is that, under certain conditions, some
of the problem’s cost functions may take the values 400 or —oo, and
the mappings 7}, and T must be able to deal with such functions.

The distinguishing feature of semicontractive models is the separa-
tion of policies into those that “behave well” within our optimization
framework and those that do not. Contraction-based analysis is in-
sufficient to deal with “ill-behaved” policies, so we introduce a notion
of “regularity,” which is connected to contraction, but is more gen-
eral. In particular, a policy p is considered “regular” if the dynamic
system underlying 7}, has J, has an asymptotically stable equilibrium
within a suitable domain. Our models and analysis are patterned to
a large extent after the SSP problems of Example 1.2.6 (the regular
u correspond to the proper policies). We show that the (restricted)
optimal cost function over just the regular policies can typically be
obtained with value and policy iteration algorithms. By contrast, the
optimal cost function over all policies J* may not be obtainable by
these algorithms, and indeed J* may not even be a solution of Bell-
man’s equation, as we will show with a simple example in Section

3.1.2.

The key idea is that under certain conditions, the restricted opti-
mization (the one that optimizes over the regular policies only) is
well behaved, both analytically and algorithmically. Under additional
conditions, which directly or indirectly ensure the existence of an opti-
mal regular policy, we obtain semicontractive models with properties
nearly as robust as contractive models.

In Chapter 3, we develop the basic theory of semicontractive models
for the case where the regular policies are stationary, while in Chapter
4 (Section 4.4), we extend the notion of regularity to nonstationary
policies. Moreover, we illustrate the theory with a variety of interest-
ing shortest path-type problems (stochastic, minimax, affine mono-
tonic, and risk sensitive/exponential cost), linear-quadratic optimal
control problems, and deterministic and stochastic optimal control
problems.

Noncontractive models: These models rely on just the monotonic-
ity property of T},, and are more complex than the preceding ones.
Like semicontractive models, the problem’s cost functions may take
the values of +00 or —oo, and in fact the optimal cost function may
take the values oo and —oo as a matter of course (rather than on
an exceptional basis, as in semicontractive models). This complexity
presents considerable challenges, as much of the contractive model
theory either does not extend or does so in a weaker form only. For
instance, the fixed point equation J = T'J may lack a unique solu-
tion, value iteration may succeed starting with some functions but
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not with others, and policy iteration may fail altogether. Some of
these issues may be mitigated when additional structure is present,
which we discuss in Sections 4.4-4.6, focusing on noncontractive mod-
els that also have some semicontractive structure, and corresponding
favorable properties.

Examples of DP problems from each of the model categories above,
primarily special cases of the specific DP models discussed in Section 1.2,
are scattered throughout the book. They serve both to illustrate the theory
and its exceptions, and to highlight the beneficial role of additional special
structure.

We finally note some other types of models where there are restric-
tions to the set of policies, i.e., M may be a strict subset of the set of
functions p : X +— U with p(z) € U(x) for all z € X. Such restrictions
may include measurability (needed to establish a mathematically rigorous
probabilistic framework) or special structure that enhances the characteri-
zation of optimal policies and facilitates their computation. These models
were treated in Chapter 5 of the first edition of this book, and also in
Chapter 6 of [BeS78].1

Algorithms

Our discussion of algorithms centers on abstract forms of value and policy
iteration, and is organized along three characteristics: exact, approzimate,
and asynchronous. The exact algorithms represent idealized versions, the
approximate represent implementations that use approximations of various
kinds, and the asynchronous involve irregular computation orders, where
the costs and controls at different states are updated at different iterations
(for example the cost of a single state being iterated at a time, as in Gauss-
Seidel and other methods; see [Berl2a] for several examples of distributed
asynchronous DP algorithms).

Approximate and asynchronous implementations have been the sub-
ject of intensive investigations since the 1980s, in the context of the solution
of large-scale problems. Some of this methodology relies on the use of sim-
ulation, which is asynchronous by nature and is prominent in approximate
DP. Generally, the monotonicity and sup-norm contraction structures of
many prominent DP models favors the use of asynchronous algorithms in
DP, as first shown in the author’s paper [Ber82], and discussed at vari-
ous points in this book: Section 2.6 for contractive models, Section 3.6 for
semicontractive models, and Sections 5.3-5.4 for minimax problems and
Z€ro-sum games.

T Chapter 5 of the first edition is accessible from the author’s web site and
the book’s web page, and uses terminology and notation that are consistent with
the present edition.
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NOTES, SOURCES, AND EXERCISES

This monograph is written in a mathematical style that emphasizes sim-
plicity and abstraction. According to the relevant Wikipedia article:

“Abstraction in mathematics is the process of extracting the underlying
essence of a mathematical concept, removing any dependence on real world
objects with which it might originally have been connected, and generaliz-
ing it so that it has wider applications or matching among other abstract
descriptions of equivalent phenomena ... The advantages of abstraction
are:

(1) It reveals deep connections between different areas of mathematics.
(2) Known results in one area can suggest conjectures in a related area.
(

3) Techniques and methods from one area can be applied to prove results
in a related area.

One disadvantage of abstraction is that highly abstract concepts can be
difficult to learn. A degree of mathematical maturity and experience may
be needed for conceptual assimilation of abstractions.”

Consistent with the preceding view of abstraction, our aim has been
to construct a minimalist framework, where the important mathematical
structures stand out, while the application context is deliberately blurred.
Of course, our development has to pass the test of relevance to applica-
tions. In this connection, we note that our presentation has integrated the
relation of our abstract DP models with the applications of Section 1.2,
and particularly discounted stochastic optimal control models (Chapter 2),
shortest path-type models (Chapters 3 and 4), undiscounted determinis-
tic and stochastic optimal control models (Chapter 4), and minimax and
zero-sum game problems (Chapter 5). We have given illustrations of the
abstract mathematical theory using these models and others throughout
the text. A much broader and accessible account of applications is given
in the author’s two-volume DP textbook.

Section 1.2: The abstract style of mathematical development has a long
history in DP. In particular, the connection between DP and fixed point the-
ory may be traced to Shapley [Sha53], who exploited contraction mapping
properties in analysis of the two-player dynamic game model of Example
1.2.4. Since then, the underlying contraction properties of discounted DP
problems with bounded cost per stage have been explicitly or implicitly
used by most authors that have dealt with the subject. Moreover, the
value of the abstract viewpoint as the basis for economical and insightful
analysis has been widely recognized.

An abstract DP model, based on unweighted sup-norm contraction
assumptions, was introduced in the paper by Denardo [Den67]. This model
pointed to the fundamental connections between DP and fixed point the-
ory, and provided generality and insight into the principal analytical and
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algorithmic ideas underlying the discounted DP research up to that time.
Abstract DP ideas were also researched earlier, notably in the paper by
Mitten (Denardo’s Ph.D. thesis advisor) [Mit64]; see also Denardo and
Mitten [DeM67]. The properties of monotone contractions were also used
in the analysis of sequential games by Zachrisson [Zac64].

Two abstract DP models that rely only on monotonicity properties
were given by the author in the papers [Ber75], [Ber77]. They were pat-
terned after the negative cost DP problem of Blackwell [Bla65] and the
positive cost DP problem of Strauch [Str66] (see the monotone decreasing
and monotone increasing models of Section 4.3). These two abstract DP
models, together with the finite horizon models of Section 4.2, were used
extensively in the book by Bertsekas and Shreve [BeST78] for the analysis
of both discounted and undiscounted DP problems, ranging over MDP,
minimax, multiplicative, and Borel space models.

Extensions of the monotonicity-based analysis of the author’s paper
[Ber77] were given by Verdu and Poor [VeP87], who introduced additional
structure for developing backward and forward value iterations, and by
Szepesvari [Sze98a, Sze98b], who incorporated non-Markovian policies into
the abstract DP framework. The model from [Ber77] also provided a foun-
dation for asynchronous value and policy iteration methods for abstract
contractive and noncontractive DP models in Bertsekas [Ber82] and Bert-
sekas and Yu [BeY10]. An extended contraction framework, whereby the
sup-norm contraction norm is allowed to be weighted, was given in the au-
thor’s paper [Ber12b]. Another line of related research involving abstract
DP mappings that are not necessarily scalar-valued was initiated by Mit-
ten [Mit74], and was followed up by a number of authors, including Sobel
[Sob75], Morin [Mor82], and Carraway and Morin [CaM88].

Section 1.3: The central role of Newton’s method for understanding ap-
proximation value space, rollout, and other reinforcement learning and ap-
proximate DP methods, was articulated in the author’s monograph [Ber20],
and was described in more detail in the book [Ber22].

Section 1.4: Generally, noncontractive total cost DP models with some
special structure beyond monotonicity, fall in three major categories: mono-
tone increasing models, principally represented by positive cost DP, mono-
tone decreasing models, principally represented by negative cost DP, and
transient models, exemplified by the SSP model of Example 1.2.6, where
the decision process terminates after a period that is random and subject to
control. Abstract DP models patterned after the first two categories have
been known since the author’s papers [Ber75], [Ber77], and are further
discussed in Section 4.3.

The semicontractive models, further discussed Chapter 3 and Sec-
tions 4.4-4.6, are patterned after the third category. They were introduced
and analyzed in the first edition of this book, as well as the subsequent
series of papers and reports, [Berl5], [Berl6a], [BeY16], [Berl7b], [Berl7c|,
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[Ber17d], [Ber19c]. Their analysis is based on the idea of separating poli-
cies into those that are well-behaved (these are called regular, and have
contraction-like properties) and those that are not (these are called irregu-
lar). The objective of the analysis is then to explain the detrimental effects
of the irregular policies, and to delineate the kind of model structure that
can limit these effects. As far as the author knows, this idea is new in the
context of abstract DP. One of the aims of the present monograph is to
develop this idea and to show that it leads to an important and insightful
paradigm for conceptualization and solution of major classes of practical
DP problems.

EXERCISES

1.1 (Multistep Contraction Mappings)

This exercise shows how starting with an abstract mapping, we can obtain mul-
tistep mappings with the same fixed points and a stronger contraction modulus.
Consider a set of mappings T, : B(X) — B(X), p € M, satisfying the con-
traction Assumption 1.2.2, let m be a positive integer, and let M,, be the set
of m-tuples v = (po,..., 4m—1), where ur € M, k = 1,...,m — 1. For each
v= (o, -, hm—1) € My,, define the mapping T, by

Ty =Tuy Ty, 7. v J € B(X).

Pm—1
Show the contraction properties
\T,J T, J| <a™|J-J|, v J,J € B(X), (1.39)

and
ITJ-TJ | <a™|J=J|, VJJ eB(X), (1.40)

where T is defined by

(TJ)(x) = inf (Tyg ++* Ty 1 ) (@), vV JeBX) xeX.

(HQ s s —1) EMm

Solution: By the contraction property of Ty, ..., Ty,,_,, we have for all J, J' €
B(X),
ITwJ =T,J'|| = 1Tuo -+ Ty = T -+ Tum71J,||
SallTyy - Tupyy = Ty - 'Tuqu,”
< a2||Tu2 Ty ] =Ty .Tl‘vm—l‘],”

<a|lJ =T,
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thus showing Eq. (1.39).
We have from Eq. (1.39)

(Tug -+ Ty 1 I ) (@) < (T - "Tumq']l)(f) +a™"||J = J || v(x), VrelX,

and by taking infimum of both sides over (T, - - Ty, ;) € M and dividing by
v(z), we obtain

(TJ)(x) — (TJ)(x)
v(z)

<a™||J - J, VaeX.

Similarly _ _
(TJ) (=) — (TJ)(x)
v(z)
and by combining the last two relations and taking supremum over x € X, Eq.

(1.40) follows.

<a™|J = J, VaeX,

1.2 (Relation of Temporal Difference Methods and Proximal
Algorithms [Ber16b], [Ber18c]|)

The purpose of this exercise is establish a close connection between the map-
pings underlying temporal difference and proximal methods (cf. Section 1.2.5).
Consider a linear mapping of the form

TJ = AJ +b,

where b is a vector in 1", and A is an n X n matrix with eigenvalues strictly
within the unit circle. Let A € (0,1) and ¢ = ﬁ7 and consider the multistep

mapping T™ given by
TV =1 =0 NTH Jern
£=0

and the proximal mapping pe given by

-1

POy = (ilf - A) (b+ lJ) . Jewn
c c

cf. Eq. (1.23) [equivalently, for a given J, P J is the unique vector Y € R" that

solves the equation

Y—TY:%(J—YL

(cf. Fig. 1.5.1)].
(a) Show that P is given by

P =(1-2) N,
£=0
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YI'TY

TOI=TP P=P©OJ

Figure 1.5.1. Illustration of the iterates TN J and PO J for finding the fixed
point J* of a linear mapping T. Given J, we find the proximal iterate J =
P(©)J and then add the amount %(j$ J) to obtain TMJ = TP J. If T is a

contraction mapping, T(*) J is closer to J* than P(¢)J.

(c)

and can be written as
Py = AN 7 1§V,
where

N _ (1- )‘)Z)‘ZAZ’ E(A) _ Z)\HlAlb.
£=0 £=0

Verify that
TN = AN g 4™,

where - -
AN = (1— )\)Z)\ZAZJfl’ P> — Z)\ZAZI%
=0 £=0

and show that
T = 7P = plT, (1.41)

and that for all J € ",
c+1

POT=J4+NTMT—7),  TVI=J+—=(PT~J). (142
Thus T™ J is obtained by extrapolation along the line segment P J — J,
as illustrated in Fig. 1.5.1. Note that since T is a contraction mapping,

TWM J is closer to J* than P J.

Show that for a given J € %", the multistep and proximal iterates T J
and P J are the unique fixed points of the contraction mappings W and
W j given by

WY = (1 = \TJ+ATY, WY = (1—-\)J+\TY, Y e R,
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respectively.

Show that the fixed point property of part (c) yields the following formula
for the multistep mapping T,

TNV = (1-24) 7" (b+ (1= NAJ). (1.43)

(Multistep Contraction Property for Nonexpansive A [BeY09]) Instead of
assuming that A has eigenvalues strictly within the unit circle, assume
that the matrix I — A is invertible and A is nonexpansive [i.e., has all its
eigenvalues within the unit circle (possibly on the unit circle)]. Show that
A™ ig contractive (i-e., has eigenvalues that lie strictly within the unit
circle) and its eigenvalues have the form

o1 _ G(L=A) _
(1—X Z)\C e i=1,...,n, (1.44)
where (;, i = 1,...,n, are the eigenvalues of A. Note: For an intuitive

explanation of the result, note that the eigenvalues of AD can be viewed
as convex combinations of complex numbers from the unit circle at least
two of which are different from each other, since {; # 1 by assumption
(the nonzero corresponding eigenvalues of A and A? are different from each
other). As a result the eigenvalues of A™ lie strictly within the unit circle.

(Contraction Property of Projected Multistep Mappings) Under the assump-
tions of part (e), show that limx_,1 AN = 0. Furthermore, for any n x n
matrix W, the matrix WA® is contractive for A sufficiently close to 1.
In particular the projected mapping A and corresponding projected
proximal mapping (cf. Section 1.2.5) become contractions as A — 1.

Solution: (a) The inverse in the definition of P(®) is written as

which is equal to A% )J +0b

() "= (1) a2 Sy

=0
i AA) J+AZ AA)*
=0 =0

™. The formula P© = (1= X) Y02, AT follows

from this expression.
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(b) The formula T™.J = AN J 4+ 5™ is verified by straightforward calculation.
We have,

TP = AAY T 4+5Y) +b

= (=) NATT Y NTAT = AN g 4
¢=0 £=0
=1My,
thus proving the left side of Eq. (1.41). The right side is proved similarly. The in-
terpolation/extrapolation formula (1.42) follows by a straightforward calculation

from the definition of 7). As an example, to show the left side of Eq. (1.42),
we write

JH+AMTNVT = J) =1 =X J+ATVJ

=(1=A)J+2A <(1 -\ i NAT g 4 i A‘A‘b)

£=0 £=0
=(1-2X) <J +>° A‘A‘J) + Y OATA%
=1 £=0
_ AN g™
= P

(¢) To show that T™.J is the fixed point of W, we must verify that
TO g = W, (T ),
or equivalently that
TNT = (1= XNTJ+AT(TNT) = (1= \TJ + ATV(T).
The right-hand side, in view of the interpolation formula
(1=NJ+ATNMNI=P9J  VzeR,
is equal to P(9)(TJ), which from the formula T™ = P©)T [cf. part (b)], is equal
to T™ J. The proof is similar for W .

(d) The fixed point property of part (c) states that T™ J is the unique solution
of the following equation in Y:

Y=0Q-XNTJ+ATY =(1—-X)(AJ +b) + A\(AY +b),
from which the desired relation follows.

(e), (f) The formula (1.44) follows from the expression for A given in part (b).
This formula can be used to show that the eigenvalues of AN lie strictly within
the unit circle, using also the fact that the matrices A™, m > 1, and A have
the same eigenvectors (see [BeY09] for details). Moreover, the eigenvalue formula
shows that all eigenvalues of AN converge to 0 as A — 1, so that limy_,; AN = 0.
This also implies that WA™ is contractive for A sufficiently close to 1.
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1.3 (State-Dependent Weighted Multistep Mappings [YuB12])

Consider a set of mappings T}, : B(X) — B(X), u € M, satisfying the contraction
Assumption 1.2.2. Consider also the mappings Tﬁw) : B(X) — B(X) defined by

(T J) (x Z (z), =zeX, JeBX),

where w¢(x) are nonnegative scalars such that for all z € X,

Zwe(x):l
=1
Show that
(T 0) () — (T T) (@) & . ,
< we(x)a ||J =T, VoeelX,
o) 22: o(z)a’| [

so that T[Lw) is a contraction with modulus
o0

& = sup Zwe(x)al <a<l

reX —1

Moreover, for all 4 € M, the mappings T}, and T, [Lw) have the same fixed point.

Solution: By the contraction property of T},, we have for all J, J' € B(X) and
e X,

(T ) (@) = (T T @) 3202, we(@)(ThT) (@) = Y52 we(@)(Th) ()]
v(@) N v(@)

gfj o) |70 T |

< Zw(w)a‘) 17 ="l
=1

showing the contraction property of T,Ew).
Let J, be the fixed point of T},. By using the relation (T J,.)(z) = Ju (=),
we have for all z € X,

(T(w)J

nMg

= (Z we(m)> Ju(x) = JH(:C)7
£=1

so Jy, is the fixed point of T‘Ew) [which is unique since Téw) is a contraction].
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In this chapter we consider the abstract DP model of Section 1.2 uder the
most favorable assumptions: monotonicity and weighted sup-norntontrac-
tion. Important special cases of this model are the discounted mblems
with bounded cost per stage (Example 1.2.1-1.2.5), the stochastichertest
path problem of Example 1.2.6 in the case where all policies are propeas
well as other problems involving special structures.

We brst provide some basic analytical results and then focus on two
types of algorithms: value iteration and policy iteration. In addition to
exact forms of these algorithms, we discuss combinations and apgximate
versions, as well as asynchronous distributed versions.

BELLMANOS EQUATION AND OPTIMALITY CONDITIONS

In this section we recall the abstract DP model of Section 1.2, and drive
some of its basic properties under the monotonicity and contractio as-
sumptions of Section 1.3. We consider a seX of states and a setU of
controls, and for eachx ! X, a nonempty control constraint setU(x) " U.
We denote by M the set of all functions g : X #$ U with p(x) ! U(x)
for all x ! X, which we refer to aspolicies (or Ostationary policies,O when
we want to emphasize the distinction from nonstationary policies, tobe
discussed later).

We denote by R(X) the set of real-valued functionsJ : X #$ % We
have a mappingH : X & U & R(X) #$ %and for each policyp! M, we
consider the mappingTy : R(X’) #$R(X) debned by

(Tud)(X) = H x,u(x),d , "x !X
We also consider the mappingT debned by
= =i ! |
(TI)(x) u!an(X)H(x,u,J) l|1r|1fM (TpI)(x), x! X

[We will use frequently the second equality above, which holds becaaiV
can be viewed as the Cartesian product y: x U(x).] We want to bnd a
function J* ! R(X) such that

* - H * 1 |
J*(x) u!lnl]‘(X)H(x,u,J ), x! X

i.e., to Pnd a bxed point of T within R(X). We also want to obtain a policy
p'!'M suchthat T,y J" = TJ".

Let us restate for convenience the contraction and monotonicityas-
sumptions of Section 1.2.2.

Assumption 2.1.1: (Monotonicity) If J,J#! R(X)and J ( J#*
then
H(x,u,J) ( H(Xu,J9, "x! X, u!l Ux).
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Note that the monotonicity assumption implies the following proper-
ties, for all J,J#! R(X)and k=0,1,..., which we will use extensively:

J(JI* ) TKI( TKI%  TRI( TRI% ' ul M,

J(TI ) TR ( TRJ, TKI( TEI, ul M.

Here Tk and T} denotes thek-fold composition of T and T, respectively.
For the contraction assumption, we introduce a functionv : X #$ %

with
v(x) > 0, "x !X
We consider the weighted sup-norm
# #
*J* = Sup #](X)#
x1x V(X)

on B(X), the space of real-valued functions] on X such that J(x)/v (x) is
bounded overx ! X (see Appendix B for a discussion of the properties of
this space).

Assumption 2.1.2: (Contraction) Forall J! B(X)and pu! M,
the functions TyJ and TJ belong to B(X). Furthermore, for some
I 1 (0,1), we have

AT+ Tpd# (1*3+ 3% ' JJ#1 B(X), u! M.

The classical DP models where both the monotonicity and contrac-
tion assumptions are satisped are the discounted Pnite-state Mkovian
decision problem of Example 1.2.2, and the stochastic shortest patprob-
lem of Example 1.2.6 in the special case where all policies are proper;ese
the textbook [Berl2a] for an extensive discussion. In the contexof these
problems, the bxed point equationd = TJ is called BellmanOs equationa
term that we will use more generally in this book as well. The following
proposition summarizes some of the basic consequences of the antion
assumption.

Proposition 2.1.1:  Let the contraction Assumption 2.1.2 hold. Then:

(a) The mappings T, and T are contraction mappings with modulus
I over B(X), and have unique bxed points inB(X ), denoted J,
and J*, respectively.
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(b) Forany J! B(X)and p! M,

lim *J* + TkJ* =0, lim *J, + TkJ* =0.
k$% k$%

(c) We have T,J" = TJ* if and only if J, = J~.
(d) Forany J! B(X),

i !
I I, R TIN( T

(e) ForanyJ! B(X)and pu! M,

i !
Pt I o T IN  TWIN (T

Proof: We showed in Section 1.2.2 thatT is a contraction with modulus
I over B(X). Parts (a) and (b) follow from Prop. B.1 of Appendix B.

To show part (c), note that if T,J* = TJ", theninviewof TJ" = J*,
we haveT,J* = J*, which implies that J* = J,, since J, is the unique
bxed point of T,. Conversely, ifJ* = J,, we haveTyJ" = TyJy = Ju =
J*=TJ".

To show part (d), we use the triangle inequality to write for every k,

$« $«

*TkJ+J*( *T!J+T!&1J*( 11&1*xTJ + J*,

=1 =1
Taking the limitas k $, and using part (b), the left-hand side inequality
follows. The right-hand side inequality follows from the left-hand sideand
the contraction property of T. The proof of part (e) is similar to part (d)
[indeed gy is the special case of part (d) whereT is equal to Ty, i.e., when
U(x)= p(x) forall x! X]. Q.E.D.

Part (c) of the preceding proposition shows that there exists gqu! M
such that J, = J* if and only if the minimum of H(x,u,J") over U(x) is
attained for all x ! X. Of course the minimum is attained if U(x) is
Pnite for every x, but otherwise this is not guaranteed in the absence of
additional assumptions. Part (d) provides a useful error bound: we can
evaluate the proximity of any function J ! B(X) to the bxed point J* by
applying T to J and computing *TJ + J*. The left-hand side inequality of
part (e) (with J = J*) shows that for every" > 0, there exists ap- ! M
such that *J,, + 3** (", which may be obtained by letting pi+(x) minimize
H(x,u,J ") over U(x) within an error of (1 + ! )"v(x), forall x! X.
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The preceding proposition and some of the subsequent results may
also be proved ifB(X ) is replaced by a closed subseB(X) " B(X). This is
because the contraction mapping bxed point theorem (Prop. B.1) pplies to
closed subsets of complete spaces. For simplicity, however, we willstlegard
this possibility in the present chapter.

An important consequence of monotonicity ofH, when it holds in
addition to contraction, is that it implies that J*, the unique bxed point
of T, is the inPmum overp ! M of J,, the unique bxed point of T,.

Proposition 2.1.2:  Let the monotonicity and contraction Assump-
tions 2.1.1 and 2.1.2 hold. Then

J*(x) = El?fM Ju(x), " x! X

Furthermore, for every " > 0, there existspy- ! M such that

X)) (I (X)) I"(x)+ ", " x! X (2.1)

Proof: We note that the right-hand side of Eq. (2.1) holds by Prop.
2.1.1(e) (see the remark following its proof). Thus infu m Ju(X) ( I"(X)
for all x ! X. To show the reverse inequality as well as the left-hand side
of Eg. (2.1), we note that for all p! M, we haveTJ* ( TyJ", and since
J* = TJ", it follows that J* ( TyJ*. By applying repeatedly T, to both
sides of this inequality and by using the monotonicity Assumption 2.1.1,
we obtain J* ( T¥J* for all k > 0. Taking the limit as k $, , we see
that J* ( Jy forall p! M, so that J*(x) ( infu m Ju(x) forall x ! X.
Q.E.D.

Note that without monotonicity, we may have inf i m Ju(x) <J *(x)
for somex. This is illustrated by the following example.

Example 2.1.1 (Counterexample Without Monotonicity)

Let X = {x1,x2}, U= {ug,uz}, and let

1 J(x2) if u=ug, _(O if u=us,
L1+ 1J(x1) if u= uy, H(x2ud)= g if u=u,,

where B is a positive scalar. Then it can be seen that
1

H(X1,u,J) =

J'(x1)=! TR J'(x2)=0,
and J,0 = J' where p' (x1) = uz and p' (x2) = uz. On the other hand, for
M(X1) = uz and p(xz2) = uz, we have Jy(x1) = ! I B and Ju(x2) = B, so

Ju(x1) <J ' (x1) for B sul ciently large.
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Optimality over Nonstationary Policies

The connection with DP motivates us to consider the set of all sequences
# = {Ho, H1,...} with gy ' M for all k (nonstationary policies in the DP
context), and debne

Jy(x) = limsup (Ty, 448, H(x), " x! X,
k$%

with P being some function inB(X ), where T,, 44%,, J denotes the com-
position of the mappings Ty, ..., Ty, applied to J, i.e.,

Tuoaddy, J = Ty, Ty, da@y,. ,(TyJ)) aaa

Note that under the contraction Assumption 2.1.2, the choice of Pin
the debnition of J4 does not matter, since for any two J,J#! B(X), we
have

*Tuo Ty, @48y, I + Ty Ty, @887, I* (1 KH1*] + J#,

so the value ofJx(x) is independent of # Since by Prop. 2.1.1(b),J,(x) =
limygo, (TXJI)(x) forall p! M, J! B(X),and x! X, in the DP context
we recognizel, as the cost function of the stationary policy {p, , .. .}.

We now claim that under the monotonicity and contraction Assump-
tions 2.1.1 and 2.1.2,J*, which was debPned as the unique Pxed point ©f
is equal to the optimal value ofly, i.e.,

J*(x) = iﬂf. Ju (%), " x! X
Indeed, sinceM debnes a subset of , we have from Prop. 2.1.2,
J*(x) = lilr!n‘M Ju(x) - M Jx (X)), "x X
while for every#! ! andx! X, we have

34 (%) = limsup (TyoTy, 448, P(x) - lim (T2 B(x) = J°(x)
k$% k$%

[the monotonicity Assumption 2.1.1 can be used to show that
TuoTul éé-ﬁ“k‘p- Tk B

and the last equality holds by Prop. 2.1.1(b)]. Combining the preceding
relations, we obtain J*(x) = inf 41 J#(X).

Thus, in DP terms, we may viewJ”* as an optimal cost function over
all policies, including nonstationary ones. At the same time, Prop. 2.1.2
states that stationary policies are su cient in the sense thatthe optimal
cost can be attained to within arbitrary accuracy with a statonary policy
[uniformly for all x! X, as Eq. (2.1) shows].
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Error Bounds and Other Inequalities

The analysis of abstract DP algorithms and related approximations equires
the use of some basic inequalities that follow from the assumptions afon-
traction and monotonicity. We have obtained two such results in Prop.
2.1.1(d),(e), which assume only the contraction assumption. Theseesults
can be strengthened if in addition to contraction, we have monotorcity.

To this end we brst show the following useful characterization.

Proposition 2.1.3:  The monotonicity and contraction Assumptions
2.1.1 and 2.1.2 hold if and only if for allJ,J#! B(X), u! M, and
scalarc- 0, we have

J( J#¥+cv ) Ty ( TuJd#+ lcev, (2.2)

wherev is the weight function of the weighted sup-norm* a*.

Proof: Let the contraction and monotonicity assumptions hold. If J (
J#+ cv, we have

H(x,u,J)( Hxu,J#*+ cv) ( H(x,u,dH+1cv(x), " x! X,u! U(x),

(2.3)
where the left-side inequality follows from the monotonicity assumpton and
the right-side inequality follows from the contraction assumption, which
together with *v* = 1, implies that

H(x,u,J + cv)+ H(x,u,J)
v(X)

(!'*J+cv+I*="lc.

The condition (2.3) implies the desired condition (2.2). Conversely, ca-
dition (2.2) for ¢ = 0 yields the monotonicity assumption, while for ¢ =
*J#+ J* it yields the contraction assumption. Q.E.D.

We can now derive the following useful variant of Prop. 2.1.1(d),(e),
which involves one-sided inequalities. This variant will be used in the
derivation of error bounds for various computational methods.

Proposition 2.1.4: (Error Bounds Under Contraction and
Monotonicity) Let the monotonicity and contraction Assumptions
2.1.1 and 2.1.2 hold. Then:
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(@) Forany J! B(X)andc- 0, we have

. c
TIJ(J+cv ) J(J+1+!v,
J(TI+cv ) J(I+ 2
v TNRL
(b) Forany J! B(X),u! M, andc- 0, we have
T (J+ 3+ S

c
J( Tpd+cv ) J(Jp+mv.

(c) Forall 3! B(X),c- 0,andk =0,1,..., we have

1 ke
* k -
TI(J+cv ) J(TJ+1+!V,
. . I ke
J( TJ+cv ) TJ(J+1+!V.

Proof: (a) We show the brst relation. Applying Eq. (2.2) with J# and J
replaced by J and TJ, respectively, and taking inbmum overp ! M, we
see thatif T ( J + cv, then T2J ( TJ + ! cv. Proceeding similarly, it
follows that

T ( T'&1J + 1'&lcy.

We now write for every k,

$ $«
TKI+J=  (T'J+ T'&1g)(  1l&lgy,
=1 1=1
from which, by taking the limit as k $, , we obtain
. c
J*(J+ T3 V.

The second relation follows similarly.
(b) This part is the special case of part (a) whereT is equal to Tj,.
(c) Similar to the proof of part (a), the inequality

TI(J+cv
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implies that for all k we have
Tk+1J ( TkJ + I kcv.

Applying part (a) with J and c replaced by TkJ and ! kc, respectively,
we obtain the brst desired relation. The second relation follows simildy.
Q.E.D.

LIMITED LOOKAHEAD POLICIES

In this section, we discuss a basic building block in the algorithmic methd-
ology of abstract DP. Given some function J” that approximates J*, we
obtain a policy by solving a bnite-horizon problem whereJ is the termi-
nal cost function. The simplest possibility is a one-step lookahead policyx
debned by

H(x) ! argminH (x,u, J), x! X. (2.4)

u! U(x)

Its cost function J; was interpreted in Section 1.3.1 as the result of a
Newton iteration that starts from J and aims to solve the Bellman equation
J = TJ. The following proposition gives some bounds for its performance.

Proposition 2.2.1: (One-Step Lookahead Error Bounds) Let
the contraction Assumption 2.1.2 hold, and letft be a one-step looka-
head policy obtained by minimization in Eq. (2.4), i.e., satisfying
TgF = TJ. Then

. ! .
g TP (o T P (2.5)

where* & denotes the weighted sup-norm. Moreover
* * % 2 * ¥ * %
Jp+ J7*( T+ JF+ J*, (2.6)

and 2
*Jr+ I ( m*TJ‘+ J*. (2.7)

Proof: Equation (2.5) follows from the second relation of Prop. 2.1.1(e)
with J = JF. Also from the brst relation of Prop. 2.1.1(e) with J = J*, we
have

* 1 * *
gt 3 (TR
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By using the triangle inequality, and the relations TrJ = TF¥andJ* = TJ",
we obtain
AT+ 7% (% Tpd™ + Tpd* + *TpF+ T+ *TF+ J*+
= TRl + T+ *TF+ TI™*
(1F TR
=21 *F+ 3%,

and Eq. (2.6) follows by combining the preceding two relations.

Also, from the brst relation of Prop. 2.1.1(d) with J = J,
. 1 L.
* 1* 3 * 3
J*+ J*( a7 TF+ J*. (2.8)
Thus

FIp+ I (F Ip+ TF+*TT+ Fr+ *F+ I

! o o 1oL
(—*TF+ P+ TF+ P+ *TF+
1+ ! 1+ !
2 .
= * -
T T

where the second inequality follows from Egs. (2.5) and (2.8). This poves
Eqg. (2.7). Q.E.D.

Equation (2.5) provides a computable bound on the cost functionJ;
of the one-step lookahead policy. The bound (2.6) says that if the oe-step
lookahead approximation J is within " of the optimal, the performance of
the one-step lookahead policy is within

2"
1+!

of the optimal. Unfortunately, this is not very reassuring when ! is close
to 1, in which case the error bound is large relative to". Nonetheless, the
following example from [BeT96], Section 6.1.1, shows that this bound is
tight, i.e., for any ! < 1, there is a problem with just two states where
the error bound is satisped with equality. What is happening is that an
O(") di#erence in single stage cost between two controls can generae
O "/(1+!) ditterence in policy costs, yet it can be OnullibedO in the bxed

point equation J* = TJ* by an O(") di#erence between]* and J.

Example 2.2.1

Consider a discounted optimal control problem with two stat es, 1 and 2, and
deterministic transitions. State 2 is absorbing, but at sta te 1 there are two
possible decisions: move to state 2 (policyp' ) or stay at state 1 (policy p).
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The cost of each transition is 0 except for the transition fro m 1 to itself under
policy u, which has cost 2" , where " is a positive scalar and! " [0, 1) is the
discount factor. The optimal policy ' is to move from state 1 to state 2, and
the optimal cost-to-go function is J' (1) = J'(2) = 0. Consider the vector J
with J(1) = ! " and J(2) = ", so that

CANENEE S

as assumed in Eq. (2.6) (cf. Prop. 2.2.1). The policy u that decides to stay
at state 1 is a one-step lookahead policy based onJ, because

2" + L) =" =0+ | F(2).
We have

@)= 2= 2 up gts

“()_1!!"1!! : '

so the bound of Eq. (2.6) holds with equality.

Multistep Lookahead Policies with Approximations

Let us now consider a more general form of lookahead involving multiie
stages as well as other approximations of the type that we will corider later
in the implementation of various approximate value and policy iteration
algorithms. In particular, we will assume that given any J ! B(X), we
cannot compute exactly TJ, but instead we can computeJ” ! B(X) and
M! M such that

*FETI($ T+ TIA( (2.9)

where$ and " are nonnegative scalars. These scalars are usually unknown,
so the resulting analysis will have a mostly qualitative character.

The case$ > 0 arises when the state space is either inbnite or it is
Pnite but very large. Then instead of calculating (T J)(x) for all states x,
one may do so only for some states and estimatelr(J)(x) for the remain-
ing states x by some form of interpolation. Alternatively, one may use
simulation data [e.g., noisy values of T J)(x) for some or all x] and some
kind of least-squares error bt of TJ)(x) with a function from a suitable
parametric class. The function J” thus obtained will satisfy *J+ TJ*( $
with $> 0. Note that $ may not be small in this context, and the resulting
performance degradation may be a primary concern.

Cases where" > 0 may arise when the control space is inbnite or
Pnite but large, and the minimization involved in the calculation of (T J)(x)
cannot be done exactly. Note, however, that it is possible that

$> 0, "=0,
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and in fact this occurs often in practice. In an alternative scenarig we may
brst obtain the policy i subject to a restriction that it belongs to a certain
subset of structured policies, so it satispes

*Tud + TI*( "

for some" > 0, and then we may set¥ = T,J. In this case we have' = $
in Eq. (2.9).

In a multistep method with approximations, we are given a posi-
tive integer m and a lookahead functionJy,, and we successively compute
(backwards in time) Jme1,--.,Jo and policiespme1, - - ., Mo satisfying

AT * (8 *Tudker +Tdhar*( " k=0,...,m+1 (2.10)

Note that in the context of MDP, Ji can be viewed as an approximation to
the optimal cost function of an (m + k)-stage problem with terminal cost
function Jn,,. We have the following proposition.

Proposition 2.2.2: (Multistep Lookahead Error Bound) Let
the contraction Assumption 2.1.2 hold. The periodic policy

#= {lJ-Oy---1Hm&1yu01---;um&1a---}

generated by the method of Eq. (2.10) satisbes

L am . T+ 29) L+ | med)
e I TR I I e E T e
(2.11)

Proof: Using the triangle inequality, Eq. (2.10), and the contraction prop-
erty of T, we have for allk

*Imek T TRIm* (* Imek + TImekss ¥+ *TImek+r + T2Imek+2 ¥
+ B4R *TKELI g0 + TKIp*
(($+ 15 + 44h | kalg
2.12)
showing that

L+ 14

Imak + T8In* (21

k=1,...,m. (2.13)
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From Eq. (2.10), we have*Ji + Ty, Jks1 * ( $+ ", so for all k

*Jm&k + Tumv- K éé-ﬁpm-- 1Jm*(* Jm&k + Tumv- k\]m&k+l*
+ *THm” k‘]m&k+1 + TUm” kTPm” k+1 \]m&k+2*
+ 4aa
Ty 8880y 3 dme 1+ Ty 884, Im*
(($+ ")+ 1 ($+ ")+ aad ! k&l ($+ "),

showing that

($+ M)A+ 1K)

*Jm&k+T“m"kéé-§“m” lJm*( 1+ 1! ’

(2.14)
Using the fact *T,,J1 + TJ1* (" [cf. Eq. (2.10)], we obtain

*Tyo 4B,  Jdm + TMIn* (* Ty ddBy,. JIm + Tuodi*
+ 5 Tpedr+ TI* + *TJi+ TMIn*
(! Ty, éé_ﬁum PRV N E i e BN E T Tmé&1], *
( "+ L("+2$)(1+! m&l)'
1+

where the last inequality follows from Egs. (2.13) and (2.14) fork = m + 1.
From this relation and the fact that T,,44%,,., and T™ are con-
tractions with modulus ! ™, we obtain

*Tuo éé-ﬁum" 1‘]* + ‘]**(* Tuo éé-ﬁum" 1‘]* + Tuo éé-ﬁum" 1Jm*
+ 5T 8By  Jm + TMIm* + *TM Iy + J7*
L ("+2%)(1 + I m&l)
1+1 '

(20Mm*J" + Jp*+ "

We also have using Prop. 2.1.1(e), applied in the context of the multisep
mapping of Example 1.3.1,

*Jy 4 37 (

* A A * * %
Tr 1 Ty &8%8,,. ,J" +J37*.

Combining the last two relations, we obtain the desired result. Q.E.D.

Note thatfor m =1 and $= " =0, i.e., the case of one-step lookahead
policy T with lookahead function J; and no approximation error in the
minimization involved in TJ1, Eq. (2.11) yields the bound

] 2! ]
gt (It 3
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which coincides with the bound (2.6) derived earlier.

Also, in the special case wheré' = $ and Jx = Ty, Jk+1 (cf. the
discussion preceding Prop. 2.2.2), the bound (2.11) can be strengtned
somewhat. In particular, we have for allk, Jmgk = Ty, , @a8u,. ;Im, SO
the right-hand side of Eq. (2.14) becomes 0 and the preceding prégields,
with some calculation,

! ] | m&l
S PR PP R W PP Sl sy
T+1m T+1m @+ )@+1m
o s
S Terw I

We Pnally note that Prop. 2.2.2 shows that as the lookahead sizen
increases, the corresponding bound fotJs + J** tendsto "+ ! ("+29%)/ (1 +
1), or

: "+21$
limsup*Js + J**
Im$%up # ( 11

We will see that this error bound is superior to corresponding errotbounds
for approximate versions of value and policy iteration by essentially &actor
1/(1+!). In practice, however, periodic suboptimal policies, as required
by Prop. 2.2.2, are typically not used.

There is an alternative and often used form ofon-line multistep
lookahead, whereby at the current statex we compute a multistep pol-
icy {Ho,...,HMmea1}, we apply the Prst componentpo(x) of that policy at
state x, then at the next state w we recompute a new multistep policy
{@o, ..., Bme1}, apply go(®), etc. However, no error bound similar to the
one of Prop. 2.2.2 is currently known for this type of lookahead.

VALUE ITERATION

In this section, we discuss value iteration (VI for short), the algorithm
that starts with some J ! B(X), and generatesTJ, T2J,.... SinceT is
a weighted sup-norm contraction under Assumption 2.1.2, the algathm
converges toJ”, and the rate of convergence is governed by

FTRI + J5 % (1 k*J + J7*, k=0,1,....
Similarly, for a given policy p! M, we have

*TEI + Jp* (P R*J + k=0,1,....
From Prop. 2.1.1(d), we also have the error bound

I
Tk + J = ( ]._;_—'*Tk+1J+T"J*, k=0,1,....
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This bound does not rely on the monotonicity Assumption 2.1.1.

The VI algorithm is often used to compute an approximation J to
J*, and then to obtain a policy I by minimizing H (x,u, J) over u! U(x)
for eachx ! X. In other words J and [ satisfy

*F+ I ( % TeF=TJ,
where %is some positive scalar. Then by using Eqg. (2.6), we have

21%

*Jr+ I ( T

(2.15)

If the set of policies is Pnite, this procedure can be used to computan
optimal policy with a Pnite but su" ciently large number of exact VI, as
shown in the following proposition.

Proposition 2.3.1:  Let the contraction Assumption 2.1.2 hold and
let 3! B(X). If the set of policies M is Pnite, there exists an integer
k- OsuchthatJy = J" forall p" andk - k with Ty TkJ = Tk*1 ],

Proof: Let M be the set of policies such that), = J*. SinceM is Pnite,
we have

inf *Jy+J"* >0,

pl M

so by Eq. (2.15), there exists sl ciently small &> 0 such that

*F+JI*( & and T, F=TF ) * Jy+J3*=0 ) Wy M.
(2.16)
It follows that if k is su' ciently large so that *TkJ + J** (&, then
T TKJ = Tk*1 J implies that p" ¥ M soJ, = J*. Q.E.D.

2.3.1 Approximate Value Iteration

We will now consider situations where the VI method may be imple-
mentable only through approximations. In particular, given a function
J, assume that we may only be able to calculate an approximation)” to
TJ such that
3.r:+ TJ) ($

where $ is a given positive scalar. In the corresponding approximate VI
method, we start from an arbitrary bounded function Jo, and we generate
a sequencq Jx} satisfying

*Je +TIF( S k=0,1,.... (2.17)
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This approximation may be the result of representingJy+1 compactly, as a
linear combination of basis functions, through a projection or aggegation
process, as is common in approximate DP (cf. the discussion of Sémh
1.2.4).
We may also simultaneously generate a sequence of policigg<} such
that
Tuede + TIH (7, k=0,1,..., (2.18)

where" is some scalar [which could be equal to 0, as in case of Eq. (2.10),
considered earlier]. The following proposition shows that the corrggonding
cost functions J ,« OconvergeO td* to withjn an error, of order O & (1 +

1)2 [plus a less signibcant error of orde® "/ (1+ !) ].

Proposition 2.3.2: (Error Bounds for Approximate VI) Let
the contraction Assumption 2.1.2 hold. A sequencd Jx} generated by
the approximate VI method (2.17)-(2.18) satisbes

. $
I S = J5E , 2.19
Im Sup* Jk C 15 (2.19)
while the corresponding sequence of policigguk} satisbes
. . oy " 2!$
IIE;;;UD Juk + 37 ( T T+ e (2.20)

Proof: Using the triangle inequality, Eq. (2.17), and the contraction prop-
erty of T, we have

*\]k+ TkJO*(* Jk"’ TJk&l*
+ *T kg1 + T2Jygo* + da& *Tk&1J + Tklp*
( $+1$ + aad ! kelg

and Pnally
1+1K)3$

T k=0,1,.... (2.21)

*J + TkJo* (

By taking limit as k $, and by using the fact limyge, TkJo = J*, we
obtain Eqg. (2.19).

We also have using the triangle inequality and the contraction prop-
erty of Tk and T,

FTad” 37 (¢ Td™ + Tucdi + *Tacdic Tae + X T+ 7
(137 + Qe+ "+ R+ 37,
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while by using also Prop. 2.1.1(e), we obtain

1 . " !
T Fa

By combining this relation with Eq. (2.19), we obtain Eq. (2.20). Q.E.D.

*J e+ I ( *Jy+ I

The error bound (2.20) relates to stationary policies obtained from
the functions Jix by one-step lookahead. We may also obtain amm-step
periodic policy # from Jy by using m-step lookahead. Then Prop. 2.2.2
shows that the corresponding bound for*Jx+ J** tends to ("+2!1$ )/ (1+!)
asm $, , which improves on the error bound (2.20) by a factor 2 (1+!).

Finally, let us note that the error bound of Prop. 2.3.2 is predicated
upon generating a sequencJy} satisfying *Jx+1 + TJk* ( $ for all k [cf.
Eqg. (2.17)]. Unfortunately, some practical approximation scheme guar-
antee the existence of such & only if {J«} is a bounded sequence. The
following example from [BeT96], Section 6.5.3, shows that boundednsf
the iterates is not automatically guaranteed, and is a serious issuehtat
should be addressed in approximate VI schemes.

Example 2.3.1 (Error Amplibcation in Approximate
Value Iteration)

Consider a two-state ! -discounted MDP with states 1 and 2, and a single
policy. The transitions are deterministic: from state 1 to s tate 2, and from
state 2 to state 2. These transitions are also cost-free. Thus we have (TJ(1) =
(THER)= 132, and IJ' (1) = J'(2) = 0.

We consider a VI scheme that approximatesggost functions git hin the
one-dimensional subspace of linear functionsS = (r,2r) |r"$ by using
a weighted least squares minimization; i.e., we approximate a vector J by its
weighted Euclidean projection onto S. In particular, given Jx = (rg, 2rk), we
bPnd Jx+s1 = (rk+1 ’2rk+i ), where for weights #,# > 0, rx+1 IS obtained as

] " 1 vt
M " argmin # r! (TI)QL) “+# 2r! (TI)Q) .
r

Since for a zero cost per stage and the given deterministic transitions, we
have TJx = (2! ry, 2! ri), the preceding minimization is written as

feer ™ argmin #(r ! 20 r )2+ #h(2r! 2! rk)z"
r

which by writing the corresponding optimality condition yi eldsry.+1 = !1$ ry,
where $ = 2(# + 2#)(#h +4#) > 1. Thusif ! > 1/ $, the sequence{rk}
diverges and so doegJx}. Note that in this example the optimal cost func-
tion J' = (0,0) belongs to the subspaceS. The di! culty here is that the
approximate VI mapping that generates Ji+1 as the weighted Euclidean pro-
jection of TJy is not a contraction (this is a manifestation of an important
issue in approximate DP and projected equation approximati on, namely that
the projected mapping " T need not be a contraction even if T is a sup-norm
contraction; see [DFV00], [Berl2b] for examples and related discussions). At
the same time there is no %such that #Jx+1 | TJk# % %for all k, because of
error amplibcation in each approximate VI.
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POLICY ITERATION

In this section, we discuss policy iteration (PI for short), an algorithm
whereby we maintain and update a policypk, starting from some initial
policy p°. The typical iteration has the following form (see Fig. 2.4.1 for a
one-dimensional illustration).

Policy iteration given the current policy pk:

Policy evaluation: ~ We compute J,x as the unique solution of the
equation

ka = Tpk ka.

Policy improvement: We obtain a policy pk+! that satisbes

THk+1 ka = T‘]Hk'

We assume that the minimum of H (x,u,J ) over u ! U(x) is at-
tained for all x ! X, so that the improved policy pk+! is debned (we
use this assumption for all the PI algorithms of the book). The following
proposition establishes a basic cost improvement property, as wedls Pnite
convergence for the case where the set of policies is bnite.

Proposition 2.4.1: (Convergence of PI) Let the monotonicity
and contraction Assumptions 2.1.1 and 2.1.2 hold, and let{ uk} be
a sequence generated by the Pl algorithm. Then for alk, we have
Juksr (I, with equality if and only if J,«x = J*. Moreover,

lim *J «+J** =0,
k$% H

and if the set of policies is Pnite, we havel x = J* for somek.

Proof: We have
Taern Iy = T ( Tk dpe = Iy

Applying Tk« to this inequality while using the monotonicity Assumption
2.1.1, we obtain

Tuzk+1 ‘]le ( Tu"” J“k = T‘]u" ( T“kJ“k = J“k.
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A 45 Degree Line
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Figure 2.4.1 Geometric interpretation of Pl and VI in one dimension (a sin  gle
state). Each policy p debPnes the mapping Ty, and TJ is the function min |, T, J.
When the number of policies is Pnite, TJ is a piecewise linear concave function,
with each piece being a linear function T, J that corresponds to a policy p. The
optimal cost function J' satisbes]' = TJ', soitis obtained from the intersection
of the graph of TJ and the 45 degree line shown. Similarly J, is the intersection of
the graph of T,J and the 45 degree line. The VI sequence is indicated in the top
bgure by the staircase construction, which asymptotically leads to J'. A single
policy iteration is illustrated in the bottom Pgure, and ill  ustrates the connection
of Pl with NewtonOs method that was discussed in Section 1.3. 2.
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Similarly, we have for allm > 0,
T Jue C T ( Iy
and by taking the limitas m $, , we obtain
Jper ( T (I, k=0,1,.... (2.22)

If Jyk+a = Jyk, it follows that TJ,k = J i, s0J,k is a Pxed point of T and
must be equal toJ*. Moreover by using induction, Eq. (2.22) implies that

Jpe ( TRIo,  k=0,1,....

Since
* im *Tk + J** =
J* ( J“k, klé% TkJo+J 0,

it follows that lim xge, *J,k + J** =0.

Finally, if the number of policies is Pnite, Eq. (2.22) implies that there
can be only a bnite number of iterations for whichJ +1 (x) < J «(x) for
somex. Thus we must have J k1 = J,« for somek, at which time
Juk = J* as shown earlier [cf. Eq. (2.22)]. Q.E.D.

In the case where the set of policies is inPnite, we may assert the
convergence of the sequence of generated policies under sommpactness
and continuity conditions. In particular, we will assume that the state
space is bnite,X = {1,...,n}, and that each control constraint set U(x)
is a compact subset of¥d". We will view a cost function J as an element
of %9, and a policy u as an element of the setJ(1) & 4a4& U(n) " % M,
which is compact. Then{pk} has at least one limit point I, which must
be an admissible policy. The following proposition guarantees, under ra
additional continuity assumption for H (x, 89, that every limit point T is
optimal.

Assumption 2.4.1: (Compactness and Continuity)

(a) The state space is bPnite X = {1,...,n}.

(b) Each control constraint set U(x), x = 1,...,n, is a compact
subset of%".

(c) Each function H(x,49, x =1,...,n, is continuous overU(x) &
%

Proposition 2.4.2:  Let the monotonicity and contraction Assump-
tions 2.1.1 and 2.1.2 hold, together with Assumption 2.4.1, and let
{uk} be a sequence generated by the PI algorithm. Then for every
limit point [ of {pk}, we havedgz = J".
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Proof: We haveJ,« $ J" by Prop. 2.4.1. Let [t be the limit of a sub-

sequence{ pk} i k. We will show that Trd™ = TJ*, from which it follows

that Jy = J” [cf. Prop. 2.1.1(c)]. Indeed, we havelJ* - TJ", so we focus
on showing the reverse inequality. From the equation

Tk 1= Tk 1,

we have

!
H X pk(x), Jpe s ( H(X U, e 1), x=1,...,n, u! U(X).

By taking limit in this relation as k $, , k! K, and by using the
continuity of H(x, 49 [cf. Assumption 2.4.1(c)], we obtain

H!X,H(X),J*"( H(x,u,J%), x=1,...,n, ul U(x).

By taking the minimum of the right-hand side over u ! U(x), we obtain
Ted" ( TJ'. Q.E.D.

2.4.1 Approximate Policy Iteration

We now consider the Pl method where the policy evaluation step andér
the policy improvement step of the method are implemented throughap-
proximations. This method generates a sequence of policigquk} and a
corresponding sequence of approximate cost functionsly} satisfying

e+ I (O $ Ty Je+ T (" k=0,1,..., (2.23)
where$and" are some scalars, and& denotes the weighted sup-norm (the

one used in the contraction Assumption 2.1.2). The following proposibn
provides an error bound for this algorithm.

Proposition 2.4.3: (Error Bound for Approximate PI) Let
the monotonicity and contraction Assumptions 2.1.1 and 2.1.2 hold.
The sequence pk} generated by the approximate Pl algorithm (2.23)

satisbes
limsup*d i + 3°% (2%
k$% P @a+1)z

(2.24)

The essence of the proof is contained in the following proposition,
which quantibes the amount of approximate policy improvement at eah
iteration.
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Proposition 2.4.4:  Let the monotonicity and contraction Assump-
tions 2.1.1 and 2.1.2 hold. LetJ, [, and p satisfy

I+ (S TR HTIH(

where $ and " are some scalars. Then

"+21$
1+1 °

*Jp+ I (1R + I (2.25)

Proof: We denote byv the weight function corresponding to the weighted
sup-norm. Using the contraction property of T and Ty, which implies that
*Tedp+ Td*(1$ and*TJI+ TIp*( 1$, and henceTrdy ( Tgd + 1$ v
and TJ ( TJu+ !$ v, we have

Tedp ( TRd+ 1S v ( TI+H("+1$)v( TI+("+21$)v. (2.26)
SinceTJy ( Tpdy = Jy, this relation yields

and applying Prop. 2.1.4(b) with p = 1, J = Jy, andc = "+2!$, we
obtain
n +2|$

I ( Jut TV (2.27)

Using this relation, we have

(1 +218)

I = Tedp = Tedu + (Tde + Ted) C Td + —5 :

where the inequality follows by using Prop. 2.1.3 and Eq. (2.27). Subfact-

ing J* from both sides, we have

(1 +218)

Jp+ 3" ( Tdp+ 3" + T

(2.28)

Also by subtracting J* from both sides of Eq. (2.26), and using the
contraction property

T+ I =TI+ TI" (¥ + Iy,
we obtain

Tedu+ 37 ( TIp+ I+ ("+21$)v( ¥+ I v+ ("+21$)v.
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Combining this relation with Eq. (2.28), yields

(" +21$) "+ 21$

Jp+Jd™ (1 *Jp+ 3 * v+ T vH("+1$)e= I *J + I F v+ s

which is equivalent to the desired relation (2.25). Q.E.D.

Proof of Prop. 2.4.3:  Applying Prop. 2.4.4, we have

"+21$
1+1 "’

*Jeer + I 1 FIpc+ IR+

which by taking the lim sup of both sides ask $, vyields the desired result.
Q.E.D.

We note that the error bound of Prop. 2.4.3 is tight, as can be shown
with an example from [BeT96], Section 6.2.3. The error bound is com-
parable to the one for approximate VI, derived earlier in Prop. 2.3.2. In
particular, the error *J « + J** is asymptotically proportionalto 1/ (1+! )2
and to the approximation error in policy evaluation or value iteration, re-
spectively. This is noteworthy, as it indicates that contrary to the case of
exact implementation, approximate Pl need not hold a convergenceate
advantage over approximate VI, despite its greater overhead peiteration.

Note that when $= " =0, Eq. (2.25) yields

*Jpke J* (! *Juk J =,

Thus in the case of an inbnite state space and/or control space,xact
Pl converges at a geometric rate under the contraction and monimnicity

assumptions of this section. This rate is the same as the rate of cerrgence
of exact VI. It follows that judging solely from the point of view of rate
of convergence estimates, exact Pl holds an advantage over estaVl only

when the number of states is Pnite. This raises the question what fEpens
when the number of states is Pnite but very large. However, this gestion
is not very interesting from a practical point of view, since for a vel large
number of states, neither VI or Pl can be implemented in practice without

approximations (see the discussion of Section 1.2.4).

2.4.2 Approximate Policy Iteration Where Policies Converg e
Generally, the policy sequence{pk} generated by approximate Pl may
oscillate between several policies. However, under some circumsizes this

sequence may be guaranteed to converge to sorfig in the sense that

pk+l = pk=m  for somek. (2.29)
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An example arises when the policy sequendgu®} is generated byexact Pl
applied with a di! erent mapping H in place ofH , but the policy evaluation
and policy improvement error bounds of Eq. (2.23) are satisped. Té map-
ping H may for example correspond to an approximation of the original
problem (as in the aggregation methods of Example 1.2.10; see [Berd]1
and [Ber12a] for further discussion). In this case we can show thfollowing
bound, which is much more favorable than the one of Prop. 2.4.3.

Proposition 2.4.5: (Error Bound for Approximate Pl when
Policies Converge) Let the monotonicity and contraction Assump-
tions 2.1.1 and 2.1.2 hold, and assume that the approximate Pl algo-

rithm (2.23) terminates with a policy [ that satisPes condition (2.29).
Then we have

"+21$

*7_ * %
Jp+ 37 ( T

(2.30)

Proof: Let J be the cost function obtained by approximate policy evalu-

ation of [t [i.e., F = J, where k satisbes the condition (2.29)]. Then we
have

*Fedpr (S TR+ TR (2.31)
where the latter inequality holds since we have
*THJ:_‘F TJ-* = *THKH JE+ TJE*( "1
cf. Eq. (2.23). Using Eq. (2.31) and the factdy = Tgdy, we have
*TIp+ Ip* (* TIp+ T+ *TIF+ T + *TpJ + I
= *TJH‘F TJ-* + *TJ:_+ Tﬁ\]—k + *Tﬁ\]:_‘l' THJH*
(1¥dp+ FF+ "+ X+ I
("+21$.

Using Prop. 2.1.1(d) with J = Jg, we obtain the error bound (2.30).
Q.E.D.

(2.32)

The preceding error bound can be extended to the case where two
successive policies generated by the approximate Pl algorithm aren®t too
di#terentO rather than being identical. In particular, suppose thaty and [t
are successive policies, which in addition to

Frc (8 TRFe TR
[cf. Eqg. (2.23)], also satisfy
ST Ted (7
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where' is some scalar (instead oft = {1, which is the case where policies
converge exactly). Then we also have

KTF+ Tpd* (X TF+ TpF* + *Tpd + TuF*( "+,

and by replacing" with "+ ' and T with p in Eq. (2.32), we obtain
* "% ) + I + 2|$

A T
When ' is small enough to be of the order of ma{$, "}, this error bound
is comparable to the one for the case where policies converge.

OPTIMISTIC POLICY ITERATION AND (-POLICY
ITERATION

In this section, we discuss some variants of the Pl algorithm of the peceding
section, where the policy evaluation

Juk = Tikdk
is approximated by using VI. The most straightforward of these mehods is
optimistic Pl (also called OmodibedO PI, see e.g., [Put94]), where a policy
uk is evaluated approximately, using a bnite number of VI. Thus, staring

with a function Jo ! B(X), we generate sequenceslc} and { pk} with the
algorithm

Twde =TI,  Jk1 = Tﬂka, k=0,1,..., (2.33)

where {m} is a sequence of positive integers (see Fig. 2.5.1, which shows
one iteration of the method wheremy = 3). There is no systematic guide-
line for selecting the integersmy. Usually their best values are chosen
empirically, and tend to be considerably larger than 1 (in the case whee
mg / 1 the optimistic Pl method coincides with the VI method). The
convergence of this method is discussed in Section 2.5.1.

Variants of optimistic Pl include methods with approximations in the
policy evaluation and policy improvement phases (Section 2.5.2), and eth-
ods where the numbermy is randomized (Section 2.5.3). An interesting
advantage of the latter methods is that they do not require the monotonic-
ity Assumption 2.1.1 for convergence in problems with a Pnite number of
policies.

A method that is conceptually similar to the optimistic Pl method is
the (-PI method debned by

Tad= T, Jer = T;E)Jk, k=0,1,..., (2.34)
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TJo= Tyedo J1= TE’OJO
Approx. Policy Evaluation

Figure 2.5.1 lllustration of optimistic Pl in one dimension. In this exam  ple, the
policy pO is evaluated approximately with just three applications of Tyo to yield

J1= T3 Jo.

where Jo is an initial function in B(X), and for any policy u and scalar
(! (0,1), Tl§$) is the multistep mapping debned by

TI=@+( (T 31 BX),
1=0

(cf. Section 1.2.5). To compare optimistic Pl and( -PI, note that they both
involve multiple applications of the VI mapping T «: a Pxed numbermy
in the former case, and a geometrically weighted number in the lattercase.
In fact, we may view the ( -PI iterate Téf)\]k as the expected value of the
optimistic Pl iterate T:?(k\]uk when my is chosen by a geometric probability
distribution with parameter (.

One of the reasons that make( -PI interesting is its relation with
TD( () and other temporal di#erence methods on one hand, and the pro
imal algorithm on the other. In particular, in (-Pl a policy evaluation is
performed with a single iteration of an extrapolated proximal algorithm;
cf. the discussion of Section 1.2.5 and Exercise 1.2. Thus implementah
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of (-PI can benebt from the rich methodology that has developed arond
temporal di#erence and proximal methods.

Generally the optimistic and ( -PlI methods have similar convergence
properties. In this section, we focus primarily on optimistic PI, and we
discuss briey( -Pl in Section 2.5.3, where we will prove convergence for a
randomized version. For a convergence proof df-PI without randomiza-
tion in discounted stochastic optimal control and stochastic shotest path
problems, see the paper [Bel96] and the book [BeT96] (Section 2.3.1

2.5.1 Convergence of Optimistic Policy Iteration

We will now focus on the optimistic Pl algorithm (2.33). The following two
propositions provide its convergence properties.

Proposition 2.5.1: (Convergence of Optimistic PI) Let the
mogptonicitygand contraction Assumptions 2.1.1 and 2.1.2 hold, and
let (Jk,uk) be a sequence generated by the optimistic Pl algorithm
(2.33). Then

lim *J+ J** =0,

k$%

and if the number of policies is Pnite, we havel,x = J" for all k
greater than some indexk.

Proposition 2.5.2:  Let the monotonicity and contraction Assump-
ypns 2.1g and 2.1.2 hold, together with Assumption 2.4.1, and let

(Jk,uk) be a sequence generated by the optimistic Pl algorithm
(2.33). Then for every limit point T of {pk}, we haveJgy = J".

We develop the proofs of the propositions through four lemmas. Th
brst lemma collects some properties of monotone weighted sup-marcon-
tractions, variants of which we noted earlier and we restate for cavenience.

Lemma 2.5.1: Let W : B(X) #$ B(X) be a mapping that satisbes
the monotonicity assumption

J(JI#% )  WJI( WJI% ' 3% B(X),

and the contraction assumption
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W+ WIS (I*J+ 3% 3 %1 B(X),

for some! ! (0, 1).
() Forall J,J#! B(X) and scalarc- 0, we have

J- Jé+tcv ) WJ - WJ#+ I cv. (2.35)

(b) Forall J! B(X),c- 0,andk=0,1,..., we have

J- Wl+cv ) WkJ - J* + cv, (2.36)

1+

I k
1+

WJ-J+cv ) J* - WkJ + cv, (2.37)

where J* is the bxed point of W.

Proof: The proof of part (a) follows the one of Prop. 2.1.4(b), while the
proof of part (b) follows the one of Prop. 2.1.4(c). Q.E.D.

Lemma 2.5.2: Let the monotonicity and contraction Assumptions
2.1.1 and 2.1.2 hold, letJ ! B(X) and c- O satisfy

J- TJ+cy,
and letp! M be such thatTyJ = TJ. Then for all k > 0, we have

cv, (2.38)

|
TI- TR+

and
TKI - T(TKI) + ! kev. (2.39)

Proof: SinceJ - TJ+ cv= T,J + cv, by using Lemma 2.5.1(a) with
W = T} and J#= T,J, we have for allj - 1,

ThI - T+ tiew. (2.40)
By adding this relation overj =1,...,k+ 1, we have
1 I + 1k I
TI=TJ- Ta+ licv= T+ TIT V- THI + oV

=1
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showing Eq. (2.38). From Eq. (2.40) forj = k, we obtain

TKJ - Tff"lJ +1kev= Ty(TKI) + kev- T(TEI) + !kev,
showing Eq. (2.39). Q.E.D.

The next lemma applies to the optimistic Pl algorithm (2.33) and
proves a preliminary bound.

Lemma 2.5.3: Let the gyonotonigity and contraction Assumptions
2.1.1 and 2.1.2 hold, let (Jx,uk) be a sequence generated by the
optimistic Pl algorithm (2.33), and assume that for somec - 0 we
have

Jo- TJo+ cvV.

Then for all k - 0,

T + 171

&cCV- Jk+1 - TIks1 + &+1CV, (2.41)

where & is the scalar given by

1 if k=0,

& = | Mo+&&&mir 1 jf k> Q, (2.42)

with m;, j =0,1,..., being the integers used in the algorithm (2.33).

Proof: We prove Eq. (2.41) by induction on k, using Lemma 2.5.2. For
k =0, using Eqg. (2.38) with J = Jo, p = W9, and k = mg, we have

. |
Trr VTt o

showing the left-hand side of Eq. (2.41) fork = 0. Also by Eg. (2.39) with
M= po and k = mg, we have

TJo- J1 + &cCVv,

Ji1- TJi+ !'Mmocv=TJ; + &cCV.

showing the right-hand side of Eq. (2.41) fork = 0.
Assuming that Eq. (2.41) holds fork + 1 - 0, we will show that it
holds for k. Indeed, the right-hand side of the induction hypothesis yields

Jk - TJk + &cCV.

Using Egs. (2.38) and (2.39) withJ = Ji, u = pk, and k = my, we obtain
I
1+

TIk - Jka + &cCv,



82 Contractive Models Chap. 2

and
\]k+1 = TJk+1 + | mk&(cvz TJk+1 + &(+1 CV,

respectively. This completes the induction. Q.E.D.

The next lemma essentially proves the convergence of the optimistic
Pl (Prop. 2.5.1) and provides associated error bounds.

Lemma 2.5.4: Let the gyonotonigity and contraction Assumptions
2.1.1 and 2.1.2 hold, let (Jx,pk) be a sequence generated by the
optimistic Pl algorithm (2.33), and let c- 0 be a scalar such that

*Jo+ TJo* ( c. (2.43)
Then for all k - 0,
| B & - (k+1)rk
Jk+ FCV' Jk+ 1+ | CV- J = Jk+ ?CV, (244)

where & is debned by Eq. (2.42).

Proof: Using the relation Jo - TJo+ cv [cf. Eq. (2.43)] and Lemma 2.5.3,
we have

Jk- T+ &cv, k=0,1,....
Using this relation in Lemma 2.5.1(b) with W = T and k = 0, we obtain

&
1+

which together with the fact ! k - &, shows the left-hand side of Eg.
(2.44).

Using the relation TJo - Jo+ cV [cf. EQ. (2.43)] and Lemma 2.5.1(b)
with W = T, we have

Je - I+ cv,

Ik
1+
Using again the relationJo - TJo + ¢V in conjunction with Lemma 2.5.3,
we also have

J* - TkJg+ cv, k=0,1,.... (2.45)

!
1+!
Applying Tk&i&1 to both sides of this inequality and using the monotonicity
and contraction properties of Tk&j&1 we obtain

. . I k&j .
Tk&ig; - Tk&l&le+1+1+'8qCV, i=0,....k+1,

TJj - Jj+ +

&cv, j=0,...,k+ 1
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cf. Lemma 2.5.1(a). By adding this relation overj =0,...,k+ 1, and using
the fact & ( !, it follows that
) 1) ke . ki K
- J =
TkJo - Jx + . cv=Jyx + 1+ CV. (2.46)

j=0
Finally, by combining Egs. (2.45) and (2.46), we obtain the right-hand side
of Eq. (2.44). Q.E.D.

Proof of Props. 2.5.1 and 2.5.2:  Let ¢ be a scalar satisfying Eq. (2.43).
Then the error bounds (2.44) show that limgge, *Jx+J** =0, i.e., the brst
part of Prop. 2.5.1. To show the second part (Pnite termination whe the
number of policies is bnite), letM be the Pnite set of nonoptimal policies.
Then there exists" > 0 such that *TzgJ" + TJ** > "for all i! M, which
implies that *TgJk + TJ* > "forall fi! M andk su' ciently large. This
implies that pk ¥ M for all k su' ciently large. The proof of Prop. 2.5.2
follows using the compactness and continuity Assumption 2.4.1, andhe
convergence argument of Prop. 2.4.2. Q.E.D.

Convergence Rate Issues

Let us consider the convergence rate bounds of Lemma 2.5.4 for tiistic
PI, and write them in the form

(k+1)! k | Mo+ &damy. q
+

* * * :
Jo+TJo*( c ) Jk T+ cv( J"( Jk+ 171 CVv.
(2.47)
We may contrast these bounds with the ones for VI, where

1k . " 1 k
1+!CV(J ( TkJo+

*Jo+ Tdo*( ¢ ) Tkio+ cv (2.48)

1+1
[cf. Prop. 2.1.4(c)].

In comparing the bounds (2.47) and (2.48), we should also take into
account the associated overhead for a single iteration of each ntead: op-
timistic Pl requires at iteration k a single application of T and my + 1
applications of T« (each being less time-consuming than an application of
T), while VI requires a single application of T. It can then be seen that the
upper bound for optimistic Pl is better than the one for VI (same bound
for less overhead), while the lower bound for optimistic Pl is worse tlan the
one for VI (worse bound for more overhead). This suggests thathe choice
of the initial condition Jo is important in optimistic PI, and in particular
it is preferable to have Jo - TJo (implying convergence toJ* from above)
rather than Jo ( TJo (implying convergence toJ* from below). This is
consistent with the results of other works, which indicate that the conver-
gence properties of the method are fragile when the conditiodo - TJo
does not hold (see [WiB93], [BeT96], [BeY10], [BeY12], [YuB13a]).
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2.5.2 Approximate Optimistic Policy Iteration

We will now derive error bounds for the case where the policy evaluabn
and policy improvement operations are approximate, similar to the naop-
timistic Pl case of Section 2.4.1. In particular, we consider a method hat
generates a sequence of policigsik} and a corresponding sequence of ap-
proximate cost functions {Ji} satisfying

*Jk+T:|lka&1*( $ T Jet TIH (", k=0,1,..., (2.49)

[cf. Eq. (2.23)]. For example, we may compute (perhaps approximatly,
by simulation) the values (TJ”kka& 1)(x) for a subset of statesx, and use a
least squares bt of these values to seledi from some parametric class of
functions.

We will prove the same error bound as for the nonoptimistic case, cf
Eq. (2.24). However, for this we will need the following condition, whid
is stronger than the contraction and monotonicity conditions that we have
been using so far.

Assumption 2.5.1: (Semilinear Monotonic Contraction) For
allJ! B(X)and p! M, the functions T,J and TJ belong to B(X).
Furthermore, for some! ! (0, 1), we have for allJ,J#! B(X),u! M,
andx ! X,

(Tud N0 + (Tad)(X) 3Hy) + ()
V() Crsw=—

(2.50)

This assumption implies both the monotonicity and contraction As-
sumptions 2.1.1 and 2.1.2, as can be easily veribed. Moreover the asgu
tion is satisped in the discounted DP examples of Section 1.2, as well as
the stochastic shortest path problem of Example 1.2.6. It holds ifT is a
linear mapping involving a matrix with nonnegative components that has
spectral radius less than 1 (or more generally ifT, is the minimum or the
maximum of a Pnite number of such linear mappings).

For any function y ! B(X), let us use the notation

M) = sup X5,

Then the condition (2.50) can be written for all J,J#! B(X),and p! M
as

M (Tyd + Tud® ( IM @+ 9, (2.51)
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and also implies the following multistep versions, for) - 1,
T+ TRI#( VM@ + 39y, M(Td+ TIH( "M@ +J3%, (2.52)

which can be proved by induction using Eq. (2.51). We have the followig
proposition.

Proposition 2.5.3: (Error Bound for Optimistic Approximat e
Pl) Let Assumption 2.5.1 hold, in addition to the monotonicity and
contraction Assumptions 2.1.1 and 2.1.2. Then the sequencguk}
generated by the optimistic approximate Pl algorithm (2.49) satisPes

) "+21%
limsup*J x + J**( ——.
K$% P ( (1+1)2

Proof: Letus bxk - 1, and for simplicity let us assume thatmy / m for
somem, and denote

J_: Jk&lv ‘]:Jka M= p_k, @= uk+l’

g=Jg+ TPJ,  t=TPJ+J, @=TrJI+J.

s=Ju+ TJ
We have
Ju+ I3 =3+ TMI+TPI+J" =s+t (2.53)

We will derive recursive relations for s and t, which will also involve the
residual functions

r=T,J+J, B= Tgd + J.
We brst obtain a relation betweenr and i We have

B=Tgl +J
=(Ted+ TW)+(TWI+3) , .
( (Mgd+ T+ T+ T(TMI) +(TPI+I)+ TM(TI)+ T
"VHIM@Q+ TPV + v+ I MM (Tyd + J)v
( ("+Pv+I1Sv+IMM(r)v,

where the brst inequality follows fromTgJ - TJ, and the second and third
inequalities follow from Eqgs. (2.49) and (2.52). From this relation we hae

M (2) ( !"+(1+ 1$ + &M (r),
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where &= ! M. Taking limsup ask $, in this relation, we obtain
. "1+ 1)$
Ilrkgoiup M (r) ( —Iia (2.54)

Next we derive a relation betweens and r. We have

s=J,+TMJ
=T+ T

(!'™MQu+ v
!m

( FM(TMJ_*' J)v
| m

1+!

M (r)v,

where the brst inequality follows from Eq. (2.52) and the second inegglity

follows by using Prop. 2.1.4(b). Thus we haveM (s) ( fﬁn%M (r), from

which by taking lim sup of both sides and using Eq. (2.54), we obtain

&!"+(1+ !)$"

“::gf(,UpM (s) ( m

(2.55)

Finally we derive a relation betweent, € and r. We brst note that

TI+TI ("M@ +JI%)v
SIM@+ TP+ TP+ 3V
(M@ +TPIv+ IM(TPI + I%)v
( 1$v+ ! M(t)v.

Using this relation, and Egs. (2.49) and (2.52), we have

o= TPJ+J°
=(TRI+ T2%N) + A4&(T2I + Ted) +(Ted + TI)+(TI+ TJI")
((PME&1+ 444 )M (Ted + v+ "v+ ISV + I M(t)y,

so bnally
P+ 1Im

M® ( =M@ +("+1$)+ I M(1).

1+!

By taking lim sup of both sides and using Eq. (2.54), it follows that
| "
_ (+&"+L+ 1S "+ 1%
IlrkgozupM(t)( A+ 121+ 8 + 51

(2.56)
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We now combine Egs. (2.53), (2.55), and (2.56). We obtain

limsupM (3, + 37) (' limsupM (s) +limsup M (t)
k %

k$% | $%, ks "

( &"+(1+ 1% . (+&"+1+ 1)$ LS
A+ )2+ & o @+ 1)2(1+,8) 1+

L&A+ H( & "L+ 1S LS

T (L+1)2(1+ &) 1+ 1
P+ 1+ 1) "+ 1$

ST @z 1
"+21$

This proves the result, since in view ofd,;x - J*, we haveM (J,x + J*) =
*J +J37*. QED.

A remarkable fact is that approximate VI, approximate PI, and ap-
proximate optimistic Pl have very similar error bounds (cf. Props. 2.3.2,
2.4.3, and 2.5.3). Approximate VI has a slightly better bound, but insignif-
icantly so in practical terms. When approximate Pl produces a conergent
sequence of policies, the associated error bound is much betterf(d®rop.
2.4.5). However, special conditions are needed for convergenckpolicies
in approximate PIl. These conditions are fulblled in some cases, not&p
including schemes where aggregation is used for policy evaluation (cSec-
tion 1.2.4). In other cases, including some where the projected eation
is used for policy evaluation, approximate PI (both optimistic and nonop-
timistic) will typically generate a cycle of policies satisfying the bound o
Prop. 2.4.3; see Section 3.6 of the Pl survey paper [Berllc], or Chigy 6
of the book [Berl2a].

2.5.3 Randomized Optimistic Policy Iteration

We will now consider a randomized version of the optimistic PI algorithm
where the numbermy of VI iterations in the kth policy evaluation is ran-
dom, while the monotonicity assumption need not hold. We assume, he-
ever, that each policy mapping is a contraction in a suitable space, tht
the number of policies is bnite, and thatmy = 1 with positive probability
(these assumptions can be modiPed and/or generalized in ways swegied
by the subsequent line of proof). In particular, for each positive inegerj,
we have a probability p(j) - 0, where

(]

p(1) > 0O, p(Gj)=1.
j=1
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We consider the algorithm
Tykdk = T, Jke1 = le“kkak, k=0,1,..., (2.57)
where my is chosen randomly according to the distributionp(j ),
P(mk=1j)= p(), j=1,2,.... (2.58)

The selection ofmy is independent of previous selections. We will assume
the following.

Assumption 2.5.2: Let * a* be a norm on some complete space of
real-valued functions overX , denotedF (X ), and assume the following.

(@) The set of policiesM is Pnite.

(b) The mappings Ty, p! M, and T are contraction mappings from
F(X) into F(X).

The preceding assumption requires that the number of policies is
Pnite, but does not require any monotonicity condition (cf. Assumgion
2.1.1), while its contraction condition (b) is weaker than the contraction
Assumption 2.1.2 sinceF (X)) is a general complete normed space, not nec-
essarily B(X). This Rexibility may be useful in algorithms that involve
cost function approximation within a subspace of basis functions. Br such
algorithms, however, T does not necessarily have a unique bxed point, as
discussed in Section 1.2.4. By contrast sinc& (X ) is assumed complete,
Assumption 2.5.2 implies that T, and T have unique Pxed points, which
we denote byJ, and J*, respectively.

An important preliminary fact (which relies on the bniteness of M )
is given in the following proposition. The proposition implies that near J*
the generated policiespk are OoptimalO in the sense thal « = J7, so the
algorithm does not tend to cycle.

Proposition 2.5.4:  Let Assumption 2.5.2 hold, and letM * be the
subset of allp! M such that T,J* = TJ". Thenforall p! M ", we
haveJ, = J*. Moreover, there exists an" > 0 such that for all J with
*J+J*<"wehaveT,J=TJonlyif p! M".

Proof: If p! M", we haveT,J" = TJ" = J*. Thus J" is the unique
bxed point J,, of T,, and we haveJ, = J*.

Note that without monotonicity, J' need not have any formal optimality
properties (cf. the discussion of Section 2.1 and Example 21.1).
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To prove the second assertion, we argue by contradiction, so wesa
sume that there exist a sequence of scalafs'x} and a sequence of policies
{uk} such that "y 00 and

pky M7, Tucdk = T, VIR I R "k=0,1,....
SinceM is bnite, we may assume without loss of generality that for some
mf M7, we havepk = T for all k, so from the preceding relation we have

Tedk = Tk, e+ JTE <, "k=0,1,....
Thus *Jx + J**$ 0, and by the contraction Assumption 2.5.2(b), we have
Tl + Trd**$ 0, *T+TI™*$ 0.
Since TrJk = T Jy, the limits of {TirJk} and {TJk} are equal, i.e., Trd" =
TJ* = J*. SincelJy is the unique Pxed point of T over F (X), it follows
that Jr = J”, contradicting the earlier hypothesis that it/ M . Q.E.D.

The preceding proof illustrates the key idea of the randomized opti-
mistic PI algorithm, which is that for p! M ", the mappings T,/'* have a
common bxed point that is equal toJ*, the bxed point of T. Thus within
a distance" from J*, the iterates (2.57) aim consistently atJ*. Moreover,
because the probability of a VI (an iteration with my = 1) is positive, the
algorithm is guaranteed to eventually come within " from J* through a
su" ciently long sequence of contiguous VI iterations. For this we ned the
sequence{Jix} to be bounded, which will be shown as part of the proof of
the following proposition.

Proposition 2.5.5:  Let Assumption 2.5.2 hold. Then for any start-
ing point Jo ! F(X), a sequence{Jx} generated by the randomized
optimistic PI algorithm (2.57)-(2.58) belongs to F (X ) and converges
to J* with probability one.

Proof: We will show that {Jx} is bounded by showing that for all k, we
have

* * *k * * * *
m%x Ji + Ju* ( m?wx Jo+ Ju* + ,Tﬁ% Ju+ Ju#, (2.59)

1+*y
where* is a common contraction modulus ofT,, p! M, and T. Indeed,
we have for allp! M
* * (* * * *
J+ Ip* (*r I+ \]pk" ¥+ Juk" 1+ Jy
min
= *T“klf 11Jk&1 + \]pk” ¥+ *\]pk" 1+ \]p*
( *Myr 1*\]k&l + J“k“ 1*+ *J“k" 1+ J“*
*Me" 1 max*Jg 1 + Ju*+ max *J, + J#*
( ma; whE max et Jdu
* * * * *
max*Jxg1 + Ju* + max *Jy + J,#*,
( * max*Jxg1+ Ju max, ut Ju
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and Pnally, for all k,

* * * * * * *
m%x Ji + Ju* ( mf,;\lnx Jka1+ Ju* + “T#a!xM Ju + .
From this relation, we obtain Eq. (2.59) by induction.
Thus in conclusion, we have{Jx} " D, whereD is the bounded set
1 # /

#
D= J#max*J+ Jy*( max*Jo+ Ju*+ max *Jy + Jy#
pl'm pl'm + * ppft M

We use this fact to argue that with enough contiguous value iteratios, i.e.,
iterations where my = 1, Jx can be brought arbitrarily close to J*, and
once this happens, the algorithm operates like the ordinary VI algoithm.

Indeed, each time the iteration Jy+1 = TJg is performed (i.e., when
mg = 1), the distance of the iterate Ji from J* is reduced by a factor*, i.e.,
*Juer + 37 ( **J + J7*. Since{Jx} belongs to the bounded seD, and
our randomization scheme includes the conditiorp(1) > 0, the algorithm is
guaranteed (with probability one) to eventually execute a su' cient number
of contiguous iterations Jx+; = TJk to enter a sphere

% &
S= JIFX)[*I+3*<"

of small enough radius" to guarantee that the generated policypyk belongs
to M ", as per Prop. 2.5.4. Once this happens, all subsequent iterations
reduce the distance*Jx + J** by a factor * at every iteration, since

3TJPJ+J**( HTMELJ L 3 H* g+ 3 Il MY, m- 1, 0! S,

Thus once{Ji} entersS-, it stays within S+ and convergestal*. Q.E.D.

A Randomized Version of  (-Policy Iteration
We now turn to the (-PI algorithm. Instead of the nonrandomized version
Tadi= Tdh,  Jka :Téf’Jk, k=0,1,...,

cf. Eq. (2.34), we consider a randomized version that involves a bxieprob-
ability p! (0,1). It has the form

T Jk with probability p,

Tt = 7®3, with probability 1 + p. (2.60)

Tu" Jk = TJk,

The idea of the algorithm is similar to the one of the randomized
optimistic Pl algorithm (2.57)-(2.58). Under the assumptions of Prop.
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2.5.5, the sequencéJy} generated by the randomized -PI algorithm (2.60)
belongs toF (X ) and converges toJ* with probability one. The reason is

that the contraction property of T, overF (X ) with respect to the norm * &

implies that T§$) is well-debned, and also implies thafrf) is a contraction

over F (X). The latter assertion follows from the calculation

’ 1+1 &%
1+ (T 3+@+() ("
1=0 1=0

3T5$)J + Jﬁ

( @+ 0 (!3Tg+la+3p3

1=0
()

(@+O e+
1=0
**\]+Jl,l*y

where the brst inequality follows from the triangle inequality, and the sec-
ond inequality follows from the contraction property of T,. Given that

TL(1$) is a contraction, the proof of Prop. 2.5.5 goes through with mini-
mal changes. The idea again is thaf Jx} remains bounded, and through
a su' ciently long sequence of contiguous iterations where the itet&on
Xk+1 = TJk is performed, it enters the sphereS-, and subsequently stays
within S+ and converges toJ*.

The convergence argument just given suggests that the choicef the
randomization probability p is important. If p is too small, convergence
may be slow because oscillatory behavior may go unchecked for a long
time. On the other hand if p is large, a correspondingly large number of
bxed point iterations xx+1 = TJx may be performed, and the hoped for
benebts of the use of the proximal iterationsxx+; = Téf)\]k may be lost.
Adaptive schemes that adjustp based on algorithmic progress may address
this issue. Similarly, the choice of the probability p(1) is signibcant in the
randomized optimistic Pl algorithm (2.57)-(2.58).

ASYNCHRONOUS ALGORITHMS

In this section, we extend further the computational methods of VI and
P1 for abstract DP models, by embedding them within an asynchronas
computation framework.

2.6.1 Asynchronous Value lteration

Each VI of the form given in Section 2.3 applies the mappingl debPned by

(TI)(x) = u!ind‘(X)H(x,u,J), " x X
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for all states simultaneously, thereby producing the sequenc& J, T?2J,...
starting with some J ! B(X). In a more general form of VI, at any one
iteration, J(x) may be updated and replaced by T J)(x) only for a subset
of states. An example is the Gauss-Seidel method for the bnite-ate case,
where at each iteration, J(x) is updated only for a single selected statex
and J(x) is left unchanged for all other statesx = X (see [Berl2a)). In that
method the states are taken up for iteration in a cyclic order, but more
complex iteration orders are possible, deterministic as well as randuoized.

Methods of the type just described are calledasynchronous VI meth-
ods and may be motivated by several considerations such as:

(a) Faster convergence Generally, computational experience with DP
as well as analysis, have shown that convergence is accelerated by
incorporating the results of VI updates for some states as early &
possible into subsequent VI updates for other states. This is know
as the Gauss-Seidel eect, which is discussed in some detail in the
book [BeT89].

(b) Parallel and distributed asynchronous computation In this context,
we have several processors, each applying VI for a subset of stg, and
communicating the results to other processors (perhaps with som
delay). One objective here may be faster computation by taking
advantage of parallelism. Another objective may be computational
convenience in problems where useful information is generated and
processed locally at geographically dispersed points. An example is
data or sensor network computations, where nodes, gatewaysensors,
and data collection centers collaborate to route and control the Bw
of data, using DP or shortest path-type computations.

(c) Simulation-based implementations In simulation-based versions of
VI, iterations at various states are often performed in the orderthat
the states are generated by some form of simulation.

With these contexts in mind, we introduce a model of asynchronous
distributed solution of abstract bxed point problems of the formJ = TJ.
Let R(X) be the set of real-valued functions debPned on some given set
X and let T map R(X) into R(X). We consider a partition of X into
disjoint nonempty subsetsX,...,Xn, and a corresponding partition of J
asJ = (J1,...,Jdm), where J, is the restriction of J on the setX,. Our
computation framework involves a network of m processors, each updat-
ing corresponding components ofl. In a (synchronous) distributed VI
algorithm, processor) updates J, at iteration t according to

)= TEL. IR0, T xE Xy, )=1,...,m.

Here to accommodate the distributed algorithmic framework and its over-
loaded notation, we will use superscriptt to denote iterations/times where
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some (but not all) processors update their corresponding compants, re-
serving the index k for computation stages involving all processors, and
also reserving subscript) to denote component/processor index.

In an asynchronous VI algorithm, processor) updatesJ, only for t in
a selected subseR, of iterations, and with componentsJ;, j = ), supplied
by other processors with communication OdelaysO+ +; (t),

0 1 2
T &0 M ) it Ry, x !X,

I =
' J!t(X) ift! Ry, x! X,.

(2.61)

Communication delays arise naturally in the context of asynchronows dis-
tributed computing systems of the type described in many sourcegan
extensive reference is the book [BeT89]). Such systems are intstiang for
solution of large DP problems, particularly for methods that are basd on
simulation, which is naturally well-suited for distributed computation. On
the other hand, if the entire algorithm is centralized at a single physial
processor, the algorithm (2.61) ordinarily will not involve communication
delays, i.e.,;(t)= tforall ), j, andt.

The simpler case whereX is a bnite set and each subseX, consists
of a single element) arises often, particularly in the context of simulation.
In this case we may simplify the notation of iteration (2.61) by writing J;
in place of the scalar component]{()), as we do in the following example.

Example 2.6.1 (One-State-at-a-Time Iterations)

Assuming X = {1,...,n}, let us view each state as a processor by itself, so
that X- = {'},' =1,...,n. Consider a VI algorithm that executes one-state-
at-a-time, according to some state sequence{x°,x?, ...}, which is generated
in some way, possibly by simulation. Thus, starting from som e initial vector
JO, we generate a sequencdJ'}, with J' = (Ji,...,J}), as follows:
gt = TAL,...,30) if ' =x',
Ji if ' & x',

where T(J4,...,J35)(") denotes the ' -th component of the vector
TQEL..0d0) = T,

and for simplicity we write J! instead of J!('). This algorithm is a special
case of iteration (2.61) where the set of times at which J- is updated is

R-={t|x'="},

and there are no communication delays (as in the case where tte entire algo-
rithm is centralized at a single physical processor).
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Note also that if X is Pnite, we can assume without loss of generality
that each state is assigned to a separate processor. The reas@anthat a
physical processor that updates a group of states may be replad by a
group of bctitious processors, each assigned to a single state,danpdating
their corresponding components of] simultaneously.

We will now discuss the convergence of the asynchronous algorithm
(2.61). To this end we introduce the following assumption.

Assumption 2.6.1: (Continuous Updating and Information
Renewal)

(1) The set of times R, at which processor) updates J, is inbnite,
foreach) =1,...,m.

(2) limigop ()=, forall),j=1,...,m.

Assumption 2.6.1 is natural, and is essential for any kind of conver-
gence result about the algorithm. In particular, the condition +;(t) $,
guarantees that outdated information about the processor upates will
eventually be purged from the computation. It is also natural to assume
that +; (t) is monotonically increasing with t, but this assumption is not
necessary for the subsequent analysis.

We wish to show that Jf $ J, for all ), and to this end we employ
the following convergence theorem for totally asynchronous iterdons from
the authorOs paper [Ber83], which has served as the basis for theatment
of totally asynchronous iterations in the book [BeT89] (Chapter 6), and
their application to DP (i.e., VI and PI), and asynchronous gradient-based
optimization. For the statement of the theorem, we say that a segence
{Jk} " R(X) converges pointwiseto J ! R(X) if

klég/? Jk(x) = J(x)

forall x ! X.

Proposition 2.6.1 (Asynchronous Convergence Theorem): Let
T have a unique bxed point]*, let Assumption.6.1hold, and assume
that there is a sequence of nonempty subsetsS(k) " R(X) with

Generally, convergent distributed iterative asynchronou s algorithms are
classibed intotally and partially asynchronous [cf. the book [BeT89] (Chapters
6 and 7), or the more recent survey in the book [Berl6c] (Section 2.5)]. In the
former, there is no bound on the communication delays, while in the latter there
must be a bound (which may be unknown). The algorithms of the p resent section
are totally asynchronous, as re3ected by Assumption 2.6.1.
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S(k+1) " S(k), k=0,1,...,

and is such that if { Vk} is any sequence withvk I S(k), for all k - 0,
then {Vk} converges pointwise toJ*. Assume further the following:

(1) Synchronous Convergence ConditionMWe have

TJ! S(k+1), ' J! S(k), k=0,1,....

(2) Box Condition: For all k, S(k) is a Cartesian product of the form
S(k) = Si(k) & 44& Sm (k),

where S, (k) is a set of real-valued functions onX,, ) =1,...,m.

Then for every J0 ! S(0), the sequence{Jt} generated by the asyn-
chronous algorithm (2.61) converges pointwise tal *.

Proof: To explain the idea of the proof, let us note that the given condi-
tions imply that updating any component J,, by applying T to a function
J ! S(k), while leaving all other components unchanged, yields a function
in S(k). Thus, once enough time passes so that the delays become Oirrel-
evant,O then afterJ enters S(k), it stays within S(k). Moreover, once a
componentJ, enters the subsetS, (k) and the delays become Oirrelevant,O
J, gets permanently within the smaller subsetS, (k+1) at the brst time that
J, is iterated on with J I S(k). Once each component,, ) = 1,...,m,
gets within S, (k + 1), the entire function J is within S(k + 1) by the Box
Condition. Thus the iterates from S(k) eventually get into S(k + 1) and
so on, and converge pointwise tal”* in view of the assumed properties of
{S(k)}.

With this idea in mind, we show by induction that for each k - 0,
there is a time tx such that:

(1) Jt! S(k) forall t- tg.
(2) Forall ) andt! R, with t- tx, we have

1 2
JELg%&m Dy gk,

[In words, after some time, all Pxed point estimates will be inS(k) and all
estimates used in iteration (2.61) will come fromS(k).]

The induction hypothesis is true fork = 0 since J0 ! S(0). Assuming
it is true for a given k, we will show that there exists a time ty.; with the
required properties. For each) =1,...,m, let t()) be the brst element of
R, such that t()) - tx. Then by the Synchronous Convergence Condition,
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J= (Jl,Jz)

S2(0) [sk+1) eu TJ:A’li !

S(k)
S(0)

A
A

S1(0)

Figure 2.6.1 Geometric interpretation of the conditions of asynchronou s con-
vergence theorem. We have a nested sequence of boxes{S(k)} such that TJ !
S(k+1) forall J! S(k).

we haveTJt() I S(k + 1), implying (in view of the Box Condition) that
3O s (k+1).

Similarly, for every t ! Ry, t - t()), we have\]!t+1 I Si(k+1). Between
elements ofR,, J! does not change. Thus,

JHSi(k+1), "t- t())+1.
% &
Let tf = max, ('E()) + 1. Then, using the Box Condition we have
Jt! S(k+1), tt- th

Finally, since by Assumption 2.6.1, we haveh; (t) $, ast$, ,t! Ry,
we can choose a timey+, - tf thatis su” ciently large so that +; (t) - t
forall ), j,andt ! R, with t - txs;. We then have, for allt ! R,
with t - tier andj = 1,...,m, 357 1 5 (k + 1), which (by the Box
Condition) implies that

1 2
e ke gk +1).

The induction is complete. Q.E.D.

Figure 2.6.1 illustrates the assumptions of the preceding convergee
theorem, Theychallenge in applying the theorem is to identify the set s-
qguence S(k) and to verify the assumptions of Prop. 2.6.1. In abstract
DP, these assumptions are satisbed in two primary contexts of intest.
The prst is whenS(k) are weighted sup-norm spheres centered at*, and
can be used in conjunction with the contraction framework of the peced-
ing section (see the following proposition). The second context is bsed
on monotonicity conditions. It will be used in Section 3.6 in conjunction
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J1 lterations

AN
J = (Jl,Jz)
<4 <9
[sk+1)  eJ v
S(k)
S(0)
J, Iteration

Figure 2.6.2 Geometric interpretation of the mechanism for asynchronou s con-
vergence. lteration on a single component of a function J ! S(k), say J-, keeps J
in S(k), while it moves J- into the corresponding component S-(k+1) of S(k+1),
where it remains throughout the subsequent iterations. Onc e all components J-
have been iterated on at least once, the iterate is guarantee d to be in S(k + 1).

with semicontractive models for which there is no underlying sup-nom
contraction. It is also relevant to the noncontractive models of Setion 4.3
where again there is no underlying contraction. Figure 2.6.2 illustrats the
mechanism by which asynchronous convergence is achieved.

We note a few extensions of the theorem. Itis possible to allow to be
time-varying, so in place of T we operate with a sequence of mapping$y,
k=0,1,.... Then if all Tx have a common bxed point]*, the conclusion
of the theorem holds (see Exercise 2.2 for a more precise statentenThis
extension is useful in some of the algorithms to be discussed later. nather
extension is to allow T to have multiple bxed points and introduce an
assumption that roughly says that 172, S(k) is the set of pxed points.
Then the conclusion is that any limit point (in an appropriate sense) of
{Jt} is a bxed point.

We now apply the preceding convergence theorem to the totally agy
chronous VI algorithm under the contraction assumption. Note that the
monotonicity Assumption 2.1.1 is not necessary (just like it is not neeeéd
for the synchronous convergence ofTxJ} to J*).

Proposition 2.6.2;:  Let the contraction Assumption 2.1.2 hold, to-
gether with Assumption 2.6.1. Then if J0 ! B(X), a sequence{Jt}
generated by the asynchronous VI algorithm (2.61) converges td*.

Proof: We apply Prop. 2.6.1 with

%

o &
S(k)y= J! B(X)|*Ik+ 37 ( 1kxJ0+ 3" k=0,1,....

Since T is a contraction with modulus !, the synchronous convergence
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condition is satisbed. Sincerl is a weighted sup-norm contraction, the box
condition is also satisbed, and the result follows. Q.E.D.

2.6.2 Asynchronous Policy lteration

We will now develop asynchronous PI algorithms that have comparake
properties to the asynchronous VI algorithm of the preceding subection.
The processors collectively maintain and update an estimatdt of the op-
timal cost function, and an estimate put of an optimal policy. The local
portions of Jt and pt of processor) are denotedJ! and p}, respectively,
i.e., JH(x) = Jt(x) and pi(x) = pt(x) forall x I X,.
For each processoj, there are two disjoint subsets of timesR,,R, "

{0,1,...}, corresponding to policy improvement and policy evaluation iter-
ations, respectively. At the timest! R, 2 R, the local cost function J} of

processol) is updated using Odelayed® local costs’ " of other processors
j =), where O( +j(t) ( t. Atthe times t! R, (the local policy improve-
ment times), the local policy p} is also updated. For various choices oR,
and R, the algorithm takes the character of VI (when R, = {0,1,...}),
and PI (when R, contains a large number of time indices between succes-
sive elements ofR,). As before, we viewt + +;(t) as a Ocommunication
delay,® and we require Assumption 2.6.1.

In a natural asynchronous version of optimistic PI, at each timet,
each processo) does one of the following:

(&) Local policy improvement If t ! R,, processor) sets for allx ! X,

! n
I ()= min H xu,J&0  gka (2.62)
) ul U(x)
! "
W) ! arg min H U, d 10 gEm () (2.63)
u! X

(b) Local policy evaluation: If t ! R, processor) sets for allx ! X,

! .
IFL ()= H x,pt(x), 30 g&m® (2.64)

and leavesy, unchanged, i.e.,p}+l (x) = pi(x) forall x ! X,.

(c) No local change If t I R, 2 Ry, processor) leavesJ, and p, un-
changed, i.e.,J/* (x) = J{(x) and pi*™ (x) = pi(x) for all x ! X,.

Unfortunately, even when implemented without the delays+; (t), the
preceding PI algorithm is unreliable. The di' culty is that the algorithm

As earlier in all Pl algorithms we assume that the inbmum over u " U(x)
in the policy improvement operation is attained, and we writ e min in place of
inf.
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involves a mix of applications of T and various mappingsT, that have dif-
ferent Pxed points, so in the absence of some systematic tendgntowards
J* there is the possibility of oscillation (see Fig. 2.6.3). While this does
not happen in synchronous versions (cf. Prop. 2.5.1), asynchraus ver-
sions of the algorithm (2.33) may oscillate unless)© satisbes some special
condition (examples of this type of oscillation have been constructé in the
paper [WiB93]; see also [Ber10], which translates an example from [WiB93
to the notation of the present book).

In this subsection and the next we will develop two distributed asyn-
chronous PI algorithms, each embodying a distinct mechanism that pe-
cludes the oscillatory behavior just described. In the brst algoritim, there
is a simple randomization scheme, according to which a policy evaluation
of the form (2.64) is replaced by a policy improvement (2.62)-(2.63) \ith
some positive probability. In the second algorithm, given in Section 2.63,
we introduce a mappingF,, which has a common bxed point property: its
bxed point is related toJ* and is the same for ally, so the anomaly illus-
trated in Fig. 2.6.3 cannot occur. The prst algorithm is simple but requres
some restrictions, including that the set of policies is bnite. The seau
algorithm is more sophisticated and does not require this restriction Both
of these algorithmsdo not require the monotonicity assumption

An Optimistic Asynchronous Pl Algorithm with Randomizatio n

We introduce a randomization scheme for avoiding oscillatory behavin It
is debPned by a small probabilityp > 0, according to which a policy evalua-
tion iteration is replaced by a policy improvement iteration with probab ility
p, independently of the results of past iterations. We model this ramom-
ization by assuming that before the algorithm is started, we restricture
the setsR, and R, as follows: we take each element of each s&,, and
with probability p, remove it from R;, and add it to R, (independently of
other elements). We will assume the following:

Assumption 2.6.2:
(&) The set of policiesM is Pnite.

(b) There exists an integerB - 0 such that

(Ri2R)1{+|t< +( t+ B} =", "t).

(c) There exists an integerB#- 0 such that

0( t+ +;(t) ( B# ),
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S0 G, Ay e
(0, *0, o 0
GOy~ Iy o (%)8)'%)+-.

J !

Figure 2.6.3 lllustration of optimistic asynchronous Pl under the monot  onicity
and the contraction assumptions. When started with ~ J© and p° satisfying

0" TI%= 7,000,

the algorithm converges monotonically to J' (see the trajectory on the right).
However, for other initial conditions, there is a possibili ty for oscillations, since
with changing values of p, the mappings T, have di! erent bxed points and Oaim at
di! erent targetsO (see the trajectory on the left, which ill ustrates a cycle between
three policies u, p* pu*. It turns out that such oscillations are not possible when
the algorithm is implemented synchronously (cf. Prop. 2.5. 1), but may occur in
asynchronous implementations.

Assumption 2.6.2 guarantees that each processor will execute at
least one policy evaluation or policy improvement iteration within every
block of B consecutive iterations, and places a bound* on the communi-
cation delays. The convergence of the algorithm is shown in the folloing
proposition.

Proposition 2.6.3:  Under the contraction Assumption 2.1.2, and As-
sumptions 2.6.1, and 2.6.2, for the preceding algorithm with random-
ization, we have

i t = * ! |
tgg;g Jt(x) = J*(x), x! X,

with probability one.

Proof: Let J* and J, be the bxed points of T and T, respectively, and
denote by M " the set of optimal policies:

M"={p! M| Ju=3}={u! M| TWJ" =TI},
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We will show that the algorithm eventually (with probability one) enter s

a small neighborhood ofJ* within which it remains, generates policies in

M ", becomes equivalent to asynchronous VI, and therefore convges to

J* by Prop. 2.6.2. The idea of the proof is twofold; cf. Props. 2.5.4 and
2.5.5.

(1) There exists a small enough weighted sup-norm sphere centdl at
J*, callit S", within which policy improvement generates only poli-
cies inM ", so policy evaluation with such policies as well as policy
improvement keep the algorithm within S" if started there, and re-
duce the weighted sup-norm distance ta *, in view of the contraction
and common Pxed point property of T and Ty, p! M". Thisis a
consequence of Prop. 2.3.1 [cf. Eq. (2.16)].

(2) With probability one, thanks to the randomization device, the algo-
rithm will eventually enter permanently S with a policy in M ".

We now establish (1) and (2) in suitably rebPned form to account for
the presence of delays and asynchronism. As in the proof of Pro2.5.5,
we can prove that givenJ?, we have that{J!} " D, whereD is a bounded

set that depends onJ?. We debne
0,

o &
S(k)= J|*I+J*( k¢,

where c is su' ciently large so that D " S(0). Then Jt! D and hence
Jt1 S(0) for all t.
Let k" be such that

JUSKk)and T J=TJ ) H! M. (2.65)

Such ak" exists in view of the bPniteness ofM and Prop. 2.3.1 [cf. Eq.
(2.16)].

We now claim that with probability one, for any given k - 1, Jt
will eventually enter S(k) and stay within S(k) for at least B* additional
consecutive iterations. This is because our randomization scheme ®ich
that for any t and k, with probability at least pk(®+8" the next k(B + B
iterations are policy improvements, so that

Jtrk(B+BH&' | (k)

forall , withO ( , <B#][ift- B¥#+ 1, we haveJt&' | S(0) for all ,
with0 ( , <B# soJt+B+B: | S(1) for 0 ( , < B *# which implies that
Jtr2(B+BH& | S(2)for 0( , <B# etc].

It follows that with probability one, for some t we will haveJ& ! S(k")
for all + with T+ B#( +( 1, aswell aspt ! M " [cf. Eq. (2.65)]. Based
on property (2.65) and the debnition (2.63)-(2.64) of the algorithm we see
that at the next iteration, we have pt*: | M " and

* Jt+l + ] (* Jt+ I ( Ik C,
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soJt1 I S(k"); this is because in view ofJ“t— = J*, and the contraction
property of T and T“t—, we have

%f” (x)+ 3/ 0
v(X)

(1FJT+ 7% ( 1K g (2.66)

forall x ! X, and) such thatt! R, 2 R,, while
Jt_+1 (X) = Jt_(x)

for all other x. Proceeding similarly, it follows that for all t > t we will
have

J&1 S(k'), ' twith t+ B#( +( t,

as well aspt !' M . Thus, after at most B iterations following t [after all
componentsJ, are updated through policy evaluation or policy improve-
ment at least once so that

%f” () + 3/ (X)ﬁ
v(X)

(1FJT+ o x( 1K g

for everyi, x ! X,, and somet with t ( t< t+ B, cf. Eq. (2.66)], Jt will
enter S(k" + 1) permanently, with pt ! M " (sincept! M" forallt- t
as shown earlier). Then, with the same reasoning, after at most asther
B#+ B iterations, Jt will enter S(k" +2) permanently, with ut! M ", etc.
Thus Jt will converge to J* with probability one. Q.E.D.

The proof of Prop. 2.6.3 shows that eventually (with probability one
after some iteration) the algorithm will become equivalent to asynchronous
VI (each policy evaluation will produce the same results as a policy im-
provement), while generating optimal policies exclusively. Howeverthe
expected number of iterations for this to happen can be very largeMore-
over the proof depends on the set of policies being Pnite. These @sa-
tions raise questions regarding the practical #ectiveness of thealgorithm.
However, it appears that for many problems the algorithm works wél, par-
ticularly when oscillatory behavior is a rare occurrence.

A potentially important issue is the choice of the randomization prob-
ability p. If pis too small, convergence may be slow because oscillatory
behavior may go unchecked for a long time. On the other hand ifp is
large, a correspondingly large number of policy improvement iteratims
may be performed, and the hoped for benebts of optimistic PI may b lost.
Adaptive schemes which adjustp based on algorithmic progress may be an
interesting possibility for addressing this issue.
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2.6.3 Optimistic Asynchronous Policy Iteration with a Unif orm
Fixed Point

We will now discuss another approach to address the convergenck" cul-
ties of the Onatural®O asynchronous Pl algorithm (2.62)-(2.64). Adlus-
trated in Fig. 2.6.3 in connection with optimistic Pl, the mappings T and
T, have di#erent bxed points. As a result, optimistic and distributed PlI,
which involve an irregular mixture of applications of T, and T, do not have
a Oconsistent targetO at which to aim.

With this in mind, we introduce a new mapping that is parametrized
by p and hasa common bxed point for allp, which in turn yields J*. This
mapping is a weighted sup-norm contraction with modulus! , so it may be
used in conjunction with asynchronous VI and PI. An additional benebt is
that the monotonicity Assumption 2.1.1 is not needed to prove convegence
in the analysis that follows; the contraction Assumption 2.1.2 is su cient
(see Exercise 2.3 for an application).

The mapping operates on a pair ¥, Q) where:

¥ V is a function with a componentV (x) for eachx (in the DP context
it may be viewed as a cost function).

¥ Q is a function with a component Q(x, u) for each pair (x, u) [in the
DP context Q(x, u), is known as aQ-factor].

The mapping produces a pair

!
MFM(VvQ)v Fll(v! Q) ’
where

¥ Fu(V, Q) is afunction with a component F,, (V, Q)(x, u) for each (x, u),
debned by I "
FH(V!Q)(Xvu) =H X, u, mln{VIQH} ’ (267)

where for any Q and 1, we denote byQ, the function of x debned by

!
Qux) = Q x,u(x) , x! X, (2.68)

and for any two functions Vi and V, of x, we denote by min{ V1, V}
the function of x given by
0,

&
min{Va, Vo}(x) = min  Vi(x),Va(x) ,  x! X.
| "
¥ MF,(V, Q) is a function with a component MF(V, Q) (x) for each
X, where M denotes minimization overu, so that

|
MFu(V,Q) ()= min Fu(V,Q)(x ). (2.69)
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Example 2.6.2 (Asynchronous Optimistic Policy Iteration f or
Discounted Finite-State MDP)

Consider the special case of the bnite-state discounted MDPof Example 1.2.2.
We have

$I’] ' n
H(x,u,J)= Py (U) g(x,u,y)+ 1 J(y) ,
y=1
and | "
Fu(V,Q)(x,u) = H x,u, min{V, Q,}
$n 1 . % &2
= Pry (U) g(x,u,y)+ ! min V(y),Q(y,u(y))
y=1
[ " $ 1 % &2
MFu(V,Q) (x) = urybn(x) Pry (U) g(x,u,y)+ ! min V(y),Q(y,u(y))
y=

[cf. Egs. (2.67)-(2.69)]. Note that F,(V, Q) is the mapping that debPnes Bell-
manOs equation for the Q-factors of a policyu in an optimal stopping problem
where the stopping cost at state y is equal to V (y).

We now consider the ma;')pingGll given by .

Gu(V.Q = MFu(V,Q,Fu(V.Q , (2.70)

and show that it has a uniform contraction property and a corresponding
uniform bxed point. Tq this end, we in%roduce th%norm

V. Q) =max SV =
in the space of /, Q), where *V* is the weighted sup-norm ofV, and *Q*

is debned by # #
*Q* - sup 7(J;tg(x! U)#
W xutux) VX))

We have the following proposition.

Proposition 2.6.4:  Let the contraction Assumption 2.1.2 hold. Con-
sider the mapping G, debned by Egs. (2.67)-(2.70). Then for allu:

(@) (J37,Q") is the unique bxed point of G, where Q* is debned by

Q" (x,u) = H(x,u,J"), x! X,u! U(x). (2.71)

(b) The following uniform contraction property holds for all ( V, Q)
and (V,Q):

3GM(V,Q)+ Gu(\'}',Q:)a ( !3(V,Q)+ (\‘}',Q:)a.
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Proof: (a) Using the debnition (2.71) of Q*, we have

* = * = H * = H * 1 |
J7(x) = (TI")x) u!'”J(x)H(X’”’J ) u!InJ(X)Q (x,u), x! X,
so that
. % ! "&
min J*(x), Q" x,u(x) = J*(x), XX, u! M.

Using the dePnition (2.67) ofF,, it follows that F,(J*,Q") = Q" and also
that MF,(J",Q") = J*, so (0”,Q") is a bxed point of G, for all p. The
uniqueness of this bxed point will follow from the contraction propety of
part (b).

(b) We brst show that for all (V, Q) and (V,@), we have

| . e
3FH(V,Q) + FH(V,Q)S (! 3 m|n0{/0V,Qu}.+ mm{\?‘,.QélL}% 2.72)
(! max *V + V*, *Q+ Q* .
Indeed, the Prst inequality follows from the dePnition (2.67) of F, and
the contraction Assumption 2.1.2. The second inequality follows froma
nonexpansiveness property of the minimization map: for anydy, J2, Ji,
J>, we have
0,

L . . &
3 min{Jq, J2} + min{J’l,J’z}g ( max 9*\]1+ Fi*,*Jo+ Jor ;. (2.73)

[to see this, write for everyx,

J % . N
—m(X) ( max *Ji+ Ji*,*Jo+ Fo* o+ m(X)’
v(x) v(x)

m=1,2,

take the minimum of both sides overm, exchange the roles ofl, and Jn,,
and take supremum overx]. Here we use the relation (2.73) forJ; = V,
Ji=V,and Ja(x) = Q x, u(x) , Fa(x) = @ x,pu(x) , forall x! X.

We next note that for all Q, @,

MQ+ M@ (* Q+ @,

For a proof, we write

QUGU) gy e QXU g, xt X

v(x) v(x)

take inPmum of both sides over u " U(x), exchange the roles ofQ and @, and
take supremum over x " X.
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which together with Eq. (2.72) yields

0 &
max/gMFp(V,Q)+ MFH(\'}',Q:)g,an(V,Q)O/ﬂ“ Fu(V,Q:)3
( ! max gcV+\7"*,*Q+ o,

or equivalently%Gp(V,Q) + GH(V,Q:)a (! a(V,Q) + (\7",Q:)3. Q.E.D.

Because of the uniform contraction property of Prop. 2.6.4(b), adis-
tributed bPxed point iteration, like the VI algorithm of Eq. (2.61), can be
used in conjynction with the mapping (2.70) to generate asynchroously
a sequence (Vt,Qt) that is guaranteed to converge to (*, Q") for any
sequence{ ut}. This can be veribed using the proof of Prop. 2.6.2 (more
precisely, a proof that closely parallels the one of that proposition) the
mapping (2.70) plays the role of T in Eq. (2.61).

Asynchronous PI Algorithm

We now describe a Pl algorithm, which applies asynchronously the com
ponents MF ,(V, Q) and F,(V, Q) of the mapping G, (V, Q) of Eq. (2.70).
The brst component is used for local policy improvement and makes kacal
update to V and u, while the second component is used for local policy
evaluation and makes a local update taQ. The algorithm draws its validity
from the weighted sup-norm contraction property of Prop. 2.6.40) and the
asynchronous convergence theory (Prop. 2.6.2 and Exercise 2.2)

The algorithm is a modibcation of the Onatural® asynchronous Pl
algorithm (2.63)-(2.64) [without the Ocommunication delaysQ + +; (t)]. It
generates sequencegVt, Qt, ut}, which will be shown to converge, in the
sense thatVt $ J*, Q! $ Q*. Note that this is not the only distributed
iterative algorithm that can be constructed using the contraction property
of Prop. 2.6.4, because this proposition allows a lot of freedom of cliae for
the policy u. The paper by Bertsekas and Yu [BeY12] provides an extensive
discussion of alternative possibilities, including stochastic simulationbased
iterative algorithms, and algorithms that involve function approxima tion.

To debne the asynchronous computation framework, we considelgain
m processors, a partition ofX into sets X4, ..., Xm, and assignment of each
subsetX, to a processor) ! {1,...,m}. For each), there are two inPnite
disjoint subsets of timesR,,R, " {0,1,...}, corresponding to policy im-
provement and policy evaluation iterations, respectively. Each praessor
) operates onVt(x), Qt(x,u), and pt(x), only for the states x within its
OlocalO state spack,. Moreover, to execute the steps: (a) and (b) of the
algorithm, processor) needs only the valuesQt x, pt(x) of Qt [which are

Because F, and G, depend on u, which changes as the algorithm pro-
gresses, it is necessary to use a minor extension of the asyictonous convergence
theorem, given in Exercise 2.2, for the convergence proof.
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equal to QtLll (x); cf. Eq. (2.68)]. In particular, at each time t, each processor
) does one of the following:

(@)

(b)

(©

Local policy improvement: If t! R, processor) sets for allx ! X,

! !
VEL() = min Hoxumin{VE QL) = ML (VL QY (x),

sets pi*1 (x) to a u that attains the minimum, and leaves Q un-
changed, i.e.,Qt*1 (x,u) = Qt(x,u) forall x I X, andu! U(x).

Local policy evaluation: If t! R, processor) sets for allx ! X, and
u! U(x),

Qt*l(x,u) = H!x,u, min{V‘,QLl} = Fue(VE QY)(x,u),

and leavesV and p unchanged, i.e.,Vt*1 (x) = V{(x) and pt*! (x) =
pt(x) for all x ! X;.

No local change If t I R, 2 R,, processor) leavesQ, V, and p
unchanged, i.e.,Q"*1 (x,u) = Qt(x,u) for all x ! X, andu! U(x),
Vi+l (x) = Vi(x), and pt+l (x) = pt(x) forall x ! X,.

Note that while this algorithm does not involve the Ocommunication

delaysCt + +4; (t), it can clearly be extended to include them. The reason
is that our asynchronous convergence analysis framework in cormmtion
with the uniform weighted sup-norm contraction property of Prop. 2.6.4
can tolerate the presence of such delays.

Reduced Space Implementation

The preceding PI algorithm may be used for the calculation of bothJ* and

Q*. However, if the objective is just to calculate J*, a simpler and more

€" cient algorithm is possible. To this end, we observe that the precding

algorithm can be operated so that it does not require the maintenane of

the entire function Q. The reason is that the valuesQt(x,u) with u =

pt(x) do not appear.in the calculations, and hence we need only the values
Le(x) = Q x, ut(x) , which we store in a function Jt:

JHx) = Q!X’Ht(X) :

This observation is the basis for the following algorithm.

(@)

At each time t and for each processoj:

Local policy improvement If t ! R, processor) sets for allx ! X,
| "
Jtl (x) = Vi+l (x) = r|nL|Jr2 )H X, U, mn{Vt,Jt} | (2.74)
u: X

As earlier we assume that the inbmum over u " U(x) in the policy im-

provement operation is attained, and we write min in place of inf.
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and setspt*l (x) to a u that attains the minimum.
(b) Local policy evaluation: If t ! R, processor) sets Ifor allx ! Xy,
JHl(x) = H!x, ME(x), min{Vt,Jt} | (2.75)
and leavesV and p unchanged, i.e., for allx ! X,
VL (x) = VI(x),  uE(x) = pi(x).

(c) No local change If t I R, 2 Ry, processor) leavesJ, V, and u
unchanged, i.e., for allx ! X,,

JUL(x) = JU(x),  VHL(X) = VH(X), W (X) = WY(X).

Example 2.6.3 (Asynchronous Optimistic Policy Iteration f or
Discounted Finite-State MDP - Continued)

As an illustration of the preceding reduced space implementation, consider
the special case of the pbnite-state discounted MDP of Example 2.6.2. Here
n ' "
H(x,u,J)= Poy (U) 9O, U y)+ 1 I(Y) ,
y=1
and the mapping F,(V, Q) given by
$ 1 % &2
Fu(V,Q)(x,u) = Py (U) g(x,u,y)+ I min V(y),Q(y,u(y)) .
y=1
debnes the Q-factors ofp in a corresponding stopping problem. In the PI
algorithm (2.74)-(2.75), policy evaluation of P aims to solve this stopping
problem, rather than solve a linear system of equations, as in classical PI. In
particular, the policy evaluation iteration (2.75) is
$ "1 " % &2
IT)= py W) gxH(x)y +!Imin Viy),d'(y)
y=1
for all x " X-. The policy improvement iteration (2.74) is a VI for the
stopping problem:
1 &2

+1 +1 $n %
I )= v = Tiun() Py (U) g U y)+ ! min Vi(y),3'(y)
y=1
for all x " X-, while the current policy is locally updated by
& 1 % &2
X)"arg min Py (u) gl u,y)+ ! min Viy),3'y)
u X

l+l(

u

for all x " X.. The Ostopping costOV'(y) is the most recent cost value,
obtained by local policy improvement at vy.
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Example 2.6.4 (Asynchronous Optimistic Policy Iteration f or
Minimax Problems and Dynamic Games)

Consider the optimistic Pl algorithm (2.74)-(2.75) for the case of the minimax
problem of Example 1.2.5 of Chapter 1, where
* | wt

H(x,u,J)= sup g(x,u,w)+!.]'f(x,u,w)
w$ W (x,u)

Then the local policy evaluation step [cf. Eq. (2.75)] is wri tten as
*

!
I = sup g X M (x),w
WS W (x 1)

% | " ! ..&..+
+ 1 min VU pt(x),w) L 30 f(x, pt(x),w)
The local policy improvement step [cf. Eq. (2.74)] takes the form
*
I x)= V' (x) = min sup  g(x,u,w)
usU(X) wgw (x,u ) +
op | .o "

. % ! R
+! mn V' f(x,uw),J f(x,uw)

and sets ' (x) to a u that attains the minimum.

Similarly for the discounted dynamic game problem of Exampl e 1.2.4 of
Chapter 1, a local policy evaluation step [cf. Eq. (2.75)] consists of a local VI
for the maximizerOs DP problem assuming a bxed policy for theminimizer,
and a stopping cost V' as per Eq. (2.75). A local policy improvement step [cf.
Eq. (2.74)] at state x consists of the solution of a static game with a payo#
matrix that also involves min {V',J'} in place of J!, as per Eq. (2.74).

A Variant with Interpolation

While the use of min{Vt,Jt} (rather than Jt) in Eq. (2.75) provides a
convergence enforcement mechanism for the algorithm, it may alsbecome
a source of iné ciency, particularly when Vt(x) approaches its limit J*(x)
from lower values for manyx. Then Jt*1 (x) is set to a lower value than
the iterate ) | "

P (x) = H x, pt(x),dt (2.76)

given by the OstandardO policy evaluation iteration, and in some caséhis
may slow down the algorithm.

A possible way to address this is to use an algorithmic variation that
modibes appropriately Eq. (2.75), using interpolation with a parameter
%! (0,1], with % $ 0. In particular, for t! R, andx ! X, we calculate
the values Jt+! (x) and F*1 (x) given by Egs. (2.75) and (2.76), and if

Jt+l (x) < B+ (x), (2.77)
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we resetJt+1 (x) to
(@1 1)IL(x) + 1 F+ (). (2.78)

The idea of the algorithm is to aim for a larger value ofJt+1 (x) when
the condition (2.77) holds. Asymptotically, as !¢ " 0, the iteration (2.77)-
(2.78) becomes identical to the convergent update (2.75). For a detailed
analysis we refer to the paper by Bertsekas and Yu [BeY10].

NOTES, SOURCES, AND EXERCISES

Section 2.1: The contractive DP model of this section was brst studied
systematically by Denardo [Den67], who assumed an unweighted sup-norm,
proved the basic results of Section 2.1, and described some of their appli-
cations. In this section, we have extended the analysis of [Den67] to the
case of weighted sup-norm contractions.

Section 2.2: The abstraction of the computational methodology for Pnite-
state discounted MDP within the broader framework of weighted sup-norm
contractions and an inPnite state space (Sections 2.2-2.6) follows the au-
thorOs survey [Ber12b], and relies on several earlier analyses that use more
specialized assumptions.

Section 2.3: The multistep error bound of Prop. 2.2.2 is based on Scher-
rer [Sch12], which explores periodic policies in approximate VI and Pl in
Pnite-state discounted MDP (see also Scherrer and Lesner [ShL12], who
give an example showing that the bound for approximate VI of Prop. 2.3.2
is essentially sharp for discounted Pnite-state MDP). For a related discus-
sion of approximate VI, including the error amplibcation phenomenon of
Example 2.3.1, and associated error bounds, see de Farias and Van Roy
[DFVOQ].

Section 2.4: The error bound of Prop. 2.4.3 extends a standard bound for
Pnite-state discounted MDP, derived by Bertsekas and Tsitsiklis [BeT96]
(Section 6.2.2), and shown to be tight by an example.

Section 2.5: Optimistic Pl has received a lot of attention in the literature,
particularly for bnite-state discounted MDP, and it is generally thought to
be computationally more € cient in practice than ordinary Pl (see e.g.,
Puterman [Put94], who refers to the method as Omodibed PI10). The con-
vergence analysis of the synchronous optimistic Pl (Section 2.5.1) follows
Rothblum [Rot79], who considered the case of an unweighted sup-norm
(v = e); see also Canbolat and Rothblum [CaR13]. The error bound for
optimistic PI (Section 2.5.2) is due to Thierry and Scherrer [ThS10b], which
was given for the case of a bnite-state discounted MDP. We follow closely
their line of proof. Related error bounds and analysis are given by Scherrer
[Sch11].
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The " -Pl method [cf. Eq. (2.34)] was introduced by Bertsekas and
0" e [Bel96], and was also presented in the book [BeT96], Section 2.3.1. It
is the basis of the LSPE() policy evaluation method, described by Nedie
and Bertsekas [NeB03], and by Bertsekas, Borkar, and Nedie [BBNO4]. It
was studied further in approximate DP contexts by Thierry and Scherrer
[ThS10a], Bertsekas [Berllb], and Scherrer [Sch11]. An extension bfPlI,
called #-PI, uses a df' erent parameter"”; for each statei, and is discussed
in Section 5 of the paper by Yu and Bertsekas [YuB12]. Based on the
discussion of Section 1.2.5 and Exercise 1.Z-Pl may be viewed as a
diagonally scaled version of the proximal algorithm, i.e., one that uses a
di" erent penalty parameter for each proximal term.

When the state and control spaces are bnite, and cost approximation
over a subspace{$r | r # $s} is used (cf. Section 1.2.4), a prominent
approximate Pl approach is to replace the exact policy evaluation equation

Juk = Tukdk
with an approximate version of the form
$ric = WTw($rk), (2.79)

whereW is somen %n matrix whose range space is the subspace spanned
by the columns of $, where n is the number of states. For example the
projected and aggregation equations, described in Section 1.2.4, have this
form. The next policy pk*! is obtained using the policy improvement
equation

Tk (Bri) = T($ry). (2.80)

A critical issue for the validity of such a method is whether the ap-
proximate Bellman equations

$r=WT($r)

and
$r=WT,($r), p# M,

have a unique solution. This is true if the composite mappingsW &T
and W &T, are contractions over$". In particular, in the case of an
aggregation equation, whereV = $D, the rows of$ and D are probability
distributions, and Ty, p # M, are monotone sup-norm contractions, the
mappings W &T and W &T, are also monotone sup-norm contractions.
However, in other cases, including when policy evaluation is done using
the projected equation, W &T need not be monotone or be a contraction
of any kind, and the approximate PI algorithm (2.79)-(2.80) may lead to
systematic oscillations, involving cycles of policies (see related discussions
in [BeT96], [Berlilc], and [Berl2a]). This phenomenon has been known
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since the early days of approximate DP ([Ber96] and the book [BeT96]),
but its practical implications have not been fully assessed. Generally, the
line of analysis of Section 2.5.3, which does not require monotonicity or sup-
norm contraction properties of the composite mappingsWV &T and W &T,,
can be applied to the approximate Pl algorithm (2.79)-(2.80), but only in
the case where these mappings are contractions ov@&m" with respect to a
common norm" &' ; see Exercise 2.6 for further discussion.

Section 2.6: Asynchronous VI (Section 2.6.1) for Pnite-state discounted
MDP and games, shortest path problems, and abstract DP models, was
proposed in the authorOs paper on distributed DP [Ber82]. The asyn-
chronous convergence theorem (Prop. 2.6.1) was brst given in the authorOs
paper [Ber83], where it was applied to a variety of algorithms, including
VI for discounted and undiscounted DP, and gradient methods for uncon-
strained optimization (see also Bertsekas and Tsitsiklis [BeT89], where a
textbook account is presented). The key convergence mechanism, which
underlies the proof of Prop. 2.6.1, is that while the algorithm iterates asyn-
chronously on the componentsd, of J, an iteration with any one com-
ponent does not impede the progress made by iterations with the other
components, thanks to the box condition. At the same time, progress to-
wards the solution is continuing thanks to the synchronous convergence
condition.

Earlier references on distributed asynchronous iterative algorithms in-
clude the work of Chazan and Miranker [ChM69] on Gauss-Seidel methods
for solving linear systems of equations (who attributed the original algo-
rithmic idea to Rosenfeld [Ros67]), and also Baudet [Bau78] on sup-norm
contractive iterations. We refer to [BeT89] for detailed references.

Asynchronous algorithms have also been studied and applied to simu-
lation-based DP, particularly in the context of Q-learning, brst proposed
by Watkins [Wat89], which may be viewed as a stochastic version of VI,
and is a central algorithmic concept in approximate DP and reinforcement
learning. Two principal approaches for the convergence analysis of asyn-
chronous stochastic algorithms have been suggested.

The brst approach, initiated in the paper by Tsitsiklis [Tsi94], con-
siders the totally asynchronous computation of bxed points of abstract
sup-norm contractive mappings and monotone mappings, which are de-
Pned in terms of an expected value. The algorithm of [Tsi94] contains as
special cases Q-learning algorithms for Pnite-spaces discounted MDP and
SSP problems. The analysis of [Tsi94] shares some ideas with the theory
of Section 2.6.1, and also relies on the theory of stochastic approximation
methods. For a subsequent analysis of the convergence of Q-learning for
SSP, which addresses the issue of boundedness of the iterates, we refer to
Yu and Bertsekas [YuB13b].

The second approach, treats asynchronous algorithms of the stochas-
tic approximation type under some restrictions on the size of the communi-
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cation delays or on the time between consecutive updates of a typical com-
ponent. This approach was initiated in the paper by Tsitsiklis, Bertsekas,
and Athans [TBA86], and was also developed in the book by Bertsekas
and Tsitsiklis [BeT89] for stochastic gradient optimization methods. A re-
lated analysis that uses the ODE approach for more general bxed point
problems was given in the paper by Borkar [Bor98], and was rebned in
the papers by Abounadi, Bertsekas, and Borkar [ABB02], and Borkar and
Meyn [BoMO0O], which also considered applications to Q-learning. We refer
to the monograph by Borkar [Bor08] for a more comprehensive discussion.

The convergence of asynchronous PI for Pnite-state discounted MDP
under the condition

JO( Tydo

was shown by Williams and Baird [WiB93], who also gave examples show-
ing that without this condition, cycling of the algorithm may occur. The
asynchronous PI algorithm with a uniform bPxed point (Section 2.6.3) was
introduced in the papers by Bertsekas and Yu [BeY10], [BeY12], [YuB13a],
in order to address this di culty. Our analysis follows the analysis of these
papers.

In addition to resolving the asynchronous convergence issue, the asyn-
chronous PI algorithm of Section 2.6.3, obviates the need for minimization
over all controls at every iteration (this is the generic computational ef-
bciency advantage that optimistic Pl typically holds over VI). Moreover,
the algorithm admits a number of variations thanks to the fact that Prop.
2.6.4 asserts the contraction property of the mappingG, for all p. This
can be used to prove convergence in variants of the algorithm where the
policy ut is updated more or less arbitrarily, with the aim to promote some
objective. We refer to the paper [BeY12], which also derives related asyn-
chronous simulation-based Q-learning algorithms with and without cost
function approximation, where ut is replaced by a randomized policy to
enhance exploration.

The randomized asynchronous optimistic Pl algorithm of Section
2.6.2, introduced in the brst edition of this book, also resolves the asyn-
chronous convergence issue. The fact that this algorithm does not require
the monotonicity assumption may be useful in nonDP algorithmic contexts
(see [Berl6b] and Exercise 2.6).

In addition to discounted stochastic optimal control, the results of this
chapter bnd application in the context of the stochastic shortest path prob-
lem of Example 1.2.6, when all policies are proper. Then, under some addi-
tional assumptions, it can be shown thatT and T, are weighted sup-norm
contractions with respect to a special norm. It follows that the analysis and
algorithms of this chapter apply in this case. For a detailed discussion, we
refer to the monograph [BeT96] and the survey [Berl2b]. For extensions
to the case of countable state space, see the textbook [Berl2a], Section 3.6,
and Hinderer and Waldmann [HiWO05].
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EXERCISES

2.1 (Periodic Policies)

Consider the multistep mappings T, = T,, 44%,,, ;,! ! M m, dePned in Exer-
cise 1.1 of Chapter 1, whereM , is the set of m-tuples ! = (Mo, ..., Um: 1), With
e ! M, k=1,...,m" 1, and m is a positive integer. Assume that the mappings

T, satisfy the monotonicity and contraction Assumptions 2.1.1 and 2.1.2, so that
the same is true for the mappings T: (with the contraction modulus of T: being

"M cf. Exercise 1.1).

(@) Show that the unique Pxed point of T, is J-, where # is the nonstationary

but periodic policy # = {Mo,...,Um! 1, Mo, -+, Mm! 1,...}.

(b) Show that the multistep mappings T, aa8yu,,, ;, Ty, 848,  Tygr -+,
Tumi 1 Tup @88y, ,, have unique corresponding bxed points Jo,J1,...,

Jm1 1, which satisfy

Jo = Tugda, J1= Tugda, ooy Jumi 2= Ty 2dums 10 Jumy 1 = Tupy 1 Jdo.

Hint : Apply Ty, to the bPxed point relation

Jl = TUl ééﬁum! 1TU0‘]1

to show that T,,J: is the bxed point of T,, aad#,,,, ,, i.e., is equal to Jo.

Similarly, apply Ty, to the bxed point relation
J2 = Ty @88, 1 Tue Tuy J2,

to show that T, J> is the bxed point of T,; 44%,,,, ; Ty, €tc.

Solution: (a) Let us debne

Jo=lim Tr3% Ji=1lm Ti(Tued9, ..., Jmi 1= lim T (Tup daB,,, ,39,
k"# k"# k"# :

where J®is some function in B(X ). Sincefgjs a contraction mapping, Jo,...,Jm: 1

are all equal to the unique bxed point of T:. Since Jo,...,Jm: 1 are all equal,

they are also equal to J- (by the debnition of J-). Thus J- is the unique bxed

point of T, .
(b) Follow the hint.
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2.2 (Asynchronous Convergence Theorem for Time-Varying
Maps)

In reference to the framework of Section 2.6.1, let{T:} be a sequence of mappings
from R(X) to R(X) that have a common unique bxed point J%, let Agsumption
2.6.1 hold, and assume that there is a sequence of nonempty subsets S(k) #
R(X) with S(k +1) # S(k) for all k, and with the following properties:

(1) Synchronous Convergence Condition: Every sequence{J*} with J¥ | S(k)
for each k, converges pointwise to J%. Moreover, we have

TJ! Sk+1), $J! S(k), k,t=0,1,....

(2) Box Condition: For all k, S(k) is a Cartesian product of the form
S(k) = Si(k) %&a4a% Sm(k),

where Sy(k) is a set of real-valued functions on X4, $=1,...,m.

Then for every J° I S(0), the sequence{J'} generated by the asynchronous
algorithm

#
I (x) = T3 awm Oy ) if 1 Ry x ! Xa,
# JL(x) if tI Ru X! Xg

[cf. Eq. (2.61)] converges pointwise to J %,

Solution: A straightforward adaptation of the proof of Prop. 2.6.1.

2.3 (Nonmonotonic Contractive Models B Fixed Points of
Concave Sup-Norm Contractions [Berl16b])

The purpose of this exercise is to make a connection between our abstract DP
model and the problem of Pnding the bxed point of a (not necessarily monotone)
mapping that is a sup-norm contraction and has concave components. Let T :
&" '(& " be areal-valued function whosen scalar components are concave. Then
the components of T can be represented as
I "
(THX) = inf Fxxu)" I, x=1,...,n, (2.81)
u&U (x)

where u | & ", J% denotes the inner product of J and u, F(x, 3 is the conju-
gate convex.function of the convex function " (TJ)(x), and U(x) = u!& " |
F(x,u) <) isthe el ective domain of F(x, § (for the debnition of these terms,
we refer to books on convex analysis, such as [Roc70] and [Ber09]). Assuming
that the inbmum in Eq. (2.81) is attained for all x, show how the VI algorithm of
Section 2.6.1 and the PI algorithm of Section 2.6.3 can be used to bnd the bxed
point of T in the case whereT is a sup-norm contraction, but not necessarily
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monotone. Note: For algorithms that relate to the context of this exercise and
are inspired by approximate PI, see [Berl6b], [Ber18c].

Solution: The analysis of Sections 2.6.1 and 2.6.3 does not require monotonicity
of the mapping T, given by

$ %
(Tud)(X) = F X, pu(x) " I*u(x).

2.4 (Discounted Problems with Unbounded Cost per Stage)

Consider a countable-state MDP, where X = {1,2,...}, the discount factor is
I (0,1), the transition probabilities are denoted py (u) for x,y ! X and
u! U(x), and the expected cost per stage is denoted byg(x,u), x ! X, u! U(x).
rhe constraintwset U(x) may be inPnite. For a positive weight sequence v =
v(1),v(2),... , we consider the spaceB(X) of sequences] = J(1),J(2),...
such that *J* < ) , where * &* is the corresponding weighted sup-norm. We
assume the following.

(1) The sequenceG = {G31,G>,...}, where
Gx = sup %(X,U)g, x !X,
u&U(x)
belongs to B(X).
(2) The sequenceV = {Vi1,V2,...}, where

Vi= sup  py(uv(y),  x!X
U&U(X)y&x

belongs to B(X).

(3) We have (
y&X pX)’ (U)V(y)

ey + 1, $x! X

Consider the monotone mappings Ty, and T, given by

$ % $ %
(Tud)(X) = g X, u(x) +" Py H(X) I(y),  x! X,
y&X
) . *
(T = inf g+ Py (WIG) . x! X
y&X

Show that T, and T map B(X) into B(X), and are contraction mappings with
modulus " .



Sec. 2.7 Notes, Sources, and Exercises 117

Solution: We have

.
fromd e L e w0 vy Sk
W T v o)

$x! X, u! M

from which, using assumptions (1) and (2),

%THJ)(X)g

4 X % 4 X\ *r* J* 1 1 .
ey G VExJ* $x! X,p!' M

A similar argument shows that

gTJ)(X)g

+*G*+*V**J*, $X!X.
v(x)

It follows that T,J ! B(X)and TJ ! B(X)if J! B(X).
Forany J,J%! B(X)and u! M, we have

$ %3 9
g Jax Py MO 300" I

v(x)

$ % $ 0
g( yex Py H(X) vy B T I (y)/g

*Tyd " Ted¥ = sup
X

+ sup

X&X V(X
g $ %
y&X Pxy |J.(X) V(y)
+ sup"” *J" ]
cax v(x)
+rxgn g%

where the last inequality follows from assumption (3). Hence T, is a contraction
of modulus " .
To show that T is a contraction, we note that

(M), TdI) , uag g5

| |
o o0 , X X,u! M,
so by taking inbmum over u! M , we obtain
$
T, TINX) | wge 38 4y x
v(x) V(X)
Similarly, .
(TIN) , TN wego g8 41 x

v(X) v(X)

and by combining the last two relations the contraction property of T follows.
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2.5 (Solution by Mathematical Programming)

Let the monotonicity and contraction Assumptions 2.1.1 and 2.1.2 hold. Show
thatif J + TJ and J ! B(X), then J + J% Use this fact to show that if
X = {1,...,n} and U(i) is bnite for eachi = 1,...,n, then J%1),...,3%n)

solves the following problem (in zi,...,2z,):
'n
maximize zi
i=1
subjectto z + H(i,u,z), i=1,...,n, u! U(),
where z = (z1,...,2zn). Note: This is a linear or nonlinear program (depending

on whether H is linear in J or not) with n variables and as many asn % m
constraints, where m is the maximum number of elements in the sets U(i).

Solution: If J + TJ, by monotonicity we have J + limys TKJ = J% Any
feasible solution z of the given optimization problem satisbes z; + H (i, u,z) for
ali=1,...,nandu! U(i), sothat z + Tz. It follows that z + J% which
implies that J% solves the optimization problem.

2.6 (Conditions for Convergence of Pl with Cost Function
Approximation [Berllc])

Let the monotonicity and contraction Assumptions 2.1.1 and 2.1.2 hold, and
assume that there are n states, and that U(x) is Pnite for every x. Consider a PI
method that aims to approximate a bxed point of T on a subspaceS= {"r |r !
&%}, where " is an n %s matrix, and evaluates a policy p! M with a solution
J, of the following Pxed point equation in the vector J !& ":

J=WT,J (2.82)

where W : &" '( & " is some mapping (possibly nonlinear, but independent of

M), whose range is contained in S. Examples where W is linear include policy

evalution using the projected and aggregation equations; see Section 1.2.4. The
algorithm is given by

"= WT (" ri), Tuksa (" 1) = T(" re); (2.83)
[cf. Egs. (2.79)-(2.80)]. We assume the following:

(1) Foreach J I & ", there exists ! M such that T,J = TJ.

(2) Foreach p! M, Eg. (2.82) has a unique solution that belongs to S and is
denoted J,,. Moreover, for all J such that WT,J + J, we have

- k
Fu = lim (WTW)H.
(3) For each p!' M, the mappings W and WT, are monotone in the sense
that

W+ WwWJ3% wWT,Jd+wTd%  $3,3%& " with J+ 3% (2.84)
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Note that conditions (1) and (2) guarantee that the iterations (2.83) are well-
debned. Assume that the method is initiated with some policy in M, and it is
operated so that it terminates when a policy [T is obtained such that TrJr = T Jir
Show that the method terminates in a Pnite number of iterations, and the vector
Jir obtained upon termination is a bxed point of WT. Note: Condition (2) is
satisped if WT, is a contraction, while condition (b) is satisped if W is a matrix
with nonnegative components and T, is monotone for all p. For counterexamples
to convergence when the conditions (2) and/or (3) are not satisbed, see [BeT96],
Section 6.4.2, and [Berl2a], Section 2.4.3.

Solution:  Similar to the standard proof of convergence of (exact) PI, we use
the policy improvement equation TrJ, = TJ,, the monotonicity of W, and the
policy evaluation equation to write

WTrF, = WTF, + WT,Jy = .

By iterating with the monotone mapping W T and by using condition (2), we
obtain
i = lim WTD) Fu + Fu.

There are Pnitely many policies, so we must haveJr = J, after a Pnite number
of iterations, which using the policy improvement equation TpJF, = TJ,, implies
that TpJr = TJFr. Thus the algorithm terminates with [, and since Jir =
WTrJ, it follows that Jir is a Pxed point of WT.
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We will now consider abstract DP models that are intermediate betwen
the contractive models of Chapter 2, where all stationary policies inolve a
contraction mapping, and noncontractive models to be discussed i€hapter
4, where there are no contraction-like assumptions (although thee are some
compensating conditions, including monotonicity).

A representative instance of such an intermediate model is the defr-
ministic shortest path problem of Example 1.2.7, where we can distingish
between two types of stationary policies: those that terminate atthe des-
tination from every starting node, and those that do not. A more general
instance is the stochastic shortest path (SSP for short) problenof Example
1.2.6. In this problem, the analysis revolves around two types of st@onary
policies p: those with a mapping T, that is a contraction with respect to
some norm, and those with a mappingT, that is not a contraction with
respect to any norm (it can be shown that the former are the oneghat
terminate with probability 1 starting from any state).

In the models of this chapter, like in SSP problems, we divide policies
into two groups, one of which has favorable characteristics. We logely
refer to such models assemicontractive to indicate that these favorable
characteristics include contraction-like properties of the mappingT,. To
develop a more broadly applicable theory, we replace the notion of ctrac-
tiveness ofT, with a notion of S-regularity of pu, where S is an appropriate
set of functions of the state (roughly, this is a form of Olocal stalityO of
Ty, which ensures that the cost functionJy, is the unique Pxed point of T,
within S, and that TXJ converges toJ, regardless of the choice o8 from
within S). We allow that some policies areS-regular while others are not.

Note that the term OsemicontractiveO is not used in a precise mathe
matical sense here. Rather it refers qualitatively to a collection of nodels
where some policies have a regularity/contraction-like property bu others
do not. Moreover, regularity is a relative property: the division of policies
into OregularO and OirregularO depends on the choice of the SetOn the
other hand, typically in practical applications an appropriate choice of S
is fairly evident.

Our analysis will involve two types of assumptions:

(a) Favorable assumptionsunder which we obtain results that are nearly
as strong as those available for the contractive models of Chapte?.
In particular, we show that J* is a bxed point of T, that the Bellman
equation J = TJ has a unique solution, at least within a suitable
class of functions, and that variants of the VI and PI algorithms are
valid. Some of the VI and PI approaches are suitable for distributed
asynchronous computation, similar to their Section 2.6 counterpats
for contractive models.

(a) Less favorable assumptionsunder which serious di culties may oc-
cur: J* may not be a bxed point of T, and even when it is, it may not
be found using the VI and PI algorithms. These anomalies may ap-
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pear in simple problems, such as deterministic and stochastic shors¢
path problems with some zero length cycles. To address the Hicul-
ties, we will considera restricted problem, where the only admissible
policies are the ones that areS-regular. Under reasonable conditions
we show that this problem is better-behaved. In particular, Jg, the
optimal cost function over the S-regular policies only, is the unique
solution of BellmanOs equation among functiond ! S with J " Js,
while VI converges to Jg starting from any J ! S with J " Jg.
We will also derive a variety of Pl approaches for Pndingl and an
S-regular policy that is optimal within the class of S-regular policies.

We will illustrate our analysis in Section 3.5, both under favorable and
unfavorable assumptions, by means of four classes of practicakgblems.
Some of these problems relate to Pnding a path to a destination in a gph
under stochastic or set membership uncertainty, while others relte to the
control of a continuous-state system to a terminal state. In paticular, we
will consider SSP problems, & ne monotonic problems, including problens
with multiplicative or risk-sensitive exponential cost function, minima x-
type shortest path problems, and continuous-state determinisic problems
with nonnegative cost, such as linear-quadratic problems.

The chapter is organized as follows. In Section 3.1, we illustrate the
pathologies regarding solutions of BellmanOs equation, and the VI arfel
algorithms. To this end, we use four simple examples, ranging from Bie-
state shortest path problems, to continuous-state linear-quadatic prob-
lems. These examples provide orientation and motivation forS-regular
policies later. In Section 3.2, we formally introduce our abstract DP nodel,
and the notion of an S-regular policy. We then develop some of the basic
associated results relating to BellmanQOs equation, and the converge of
VI and PI, based primarily on the ideas underlying the Pl algorithm. In
Section 3.3 we rebne the results of Section 3.2 under favorable catidns,
obtaining results and algorithms that are almost as powerful as theones for
contractive models. In Section 3.4 we develop a complementary anaigal
approach, which is based on the use of perturbations and applies aier less
favorable assumptions. In Section 3.5, we discuss in detail the appktion
and rePnement of the results of Sections 3.2-3.4 in some importanhertest
path-type practical contexts. In Section 3.6, we focus on variats of VI and
Pl-type algorithms for semicontractive DP models, including some that are
suitable for asynchronous distributed computation.

PATHOLOGIES OF NONCONTRACTIVE DP MODELS

In this section we provide a general overview of the analytical and eampu-
tational di! culties in noncontractive DP models, using for the most @rt
shortest path-type problems. For illustration we will brst use two of the
simplest and most widely encountered Pnite-state DP problems: detr-
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ministic and SSP problems, whereby we are aiming to reach a destinatio
state at minimum cost.  We will also discuss an example of continuous-
state shortest path problem that involves a linear system and a qudratic
cost function.

We will adopt the general abstract DP model of Section 1.2. We give
a brief description that is adequate for the purposes of this sectio, and
defer a more formal dePnition to Section 3.2. In particular, we intraduce
a set of statesX, and for eachx ! X, the nonempty control constraint set
U(x). For each policy y, the mapping T, is given by

| "
(Tud)(X) = H x,u(x),d ,  #x! X,

where H is a suitable function of (x,u,J). The mapping T is given by

(TI)x) = u!ind‘(x)H(x,u,J), #x!1 X

The cost function of a policy " = {Ho, H1,...} is
Ji (x) =limsup Ji N (X) =limsup (T, Ty, 288, , B(x), x! X,
N "# N "#

where Pis some function.a We want to minimize J, over", i.e., to bnd
J*(x) =inf Ji (x), x! X,

and a policy that attains the inbmum.

For orientation purposes, we recall from Chapter 1 (Examples 1.2.1
and 1.2.2) that for a stochastic optimal control problem involving a bnite-
state Markov chain with state spaceX = {1,...,n}, transition probabilities
Pxy (U), and expected one-stage cost functiom, the mapping H is given by

#1
Hix,u,d)=gx,u)+  py(Ud(y), x! X
y=1

and Ax) $ 0. The SSP problem arises when there is an additional ter-
mination state that is cost-free, and corresponding transition piobabilities
pxt (U), x I X,

These problems are naturally undiscounted, and cannot be readily ad-
dressed by introducing a discount factor close to 1, becausethen the optimal
policies may exhibit undesirable behavior. In particular, in the presence of dis-
counting, they may involve moving initially along a small-l ength cycle in order
to postpone the use of an optimal but unavoidably costly path until later, when
the discount factor will reduce substantially the cost of th at path.

a In the contractive models of Chapter 2, the choice of Pis immaterial, as we
discussed in Section 2.1. Here, however, the choice of? is important, and a ! ects
important characteristics of the model, as we will see later.
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A more general undiscounted stochastic optimal control problemin-
volves a stationary discrete-time dynamic system where the statas an
element of a spaceX, and the control is an element of a spacdJ. The
control uy is constrained to take values in a given seU(xy) % U, which
depends on the current statexy [ux ! U(xk), for all x, ! X]. For a policy
" = {Wo, M1, ...}, the sta}e evolves according to a system equation

Xker = Foxi, k() Wk, k=0,1,..., (3.1)

where wg is a random disturbance that takes values from a spac&Vv. We
assume thatwy, k =0,1,..., are characterized by probability distributions
P (& |xk,uk) that are identical for all k, where P (wg | xx, Ux) is the prob-
ability of occurrence of wy, when the current state and control arexy, and
uk, respectively. Here, we allow inbnite state and control spaces, agell as
problems with discrete (Pnite or countable) state space (in which cse the
underlying system is a Markov chain). However, for technical reasns that
relate to measure-theoretic issues, we assume that is a countable set.

Given an initial state xo, we want to bnd a policy" = {Mo, H1,---},
where g : X & U, pe(Xk) ! U(xk), for all xx !' X,k =0,1,..., that
minimizes $ %

| "
Ji (Xo) =limsup E g Xt, He(Xt),we (3.2)
K"#

t=0
subject to the system equation constraint (3.1), whereg is the one-stage
cost function. The corresponding mapping o'f the abstract DP prdlem is

H(x,u,d)= E g(x,uw)+ J f(xuw) ,

and ¥(x) $ 0. Again here, (T,, 44%,, B (x) is the expected cost of the
brst k + 1 periods using" starting from X, and with terminal cost O.
A discounted version of the problem is (Ijebned by the mapping

H(x,u,d)= E g(x,u,w)+ #J f(x,u,w) |,

where# ! (0,1) is the discount factor. It corresponds to minimization of
%

| "
Jy (Xo0) = limsup E #Lg X, e (Xt), Wi

k# t=0
If the cost per stageg is bounded, then a problem that bts the contractive
framework of Chapter 2 is obtained, and can be analyzed using the athods
of that chapter. However, there are interesting inbnite-state dscounted
optimal control problems where g is not bounded.

Measure-theoretic issues are not addressed at all in this thrd edition of the
book. The brst edition addressed some of these issues withinan abstract DP
context in its Chapter 5 and Appendix C (this material is post ed at the bookOs
web site); see also the monograph by Bertsekas and Shreve [B&78], and the paper
by Yu and Bertsekas [YuB15]. An orientation summary is given in Appendix A
of the authorOs textbook [Berl12a].
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A Summary of Pathologies

The four examples to be discussed in Sections 3.1.1-3.1.4 are speciates
of deterministic and stochastic optimal control problems of the type just
described. In each of these examples, we will introduce a subclas$ o
Owell-behavedO policies and a restricted optimization problem, which is
to minimize the cost over the Owell-behavedO subclass (in Section 3}t
property of being Owell-behavedO will be formalized through the nimin
of S-regularity). The optimal cost function over just the Owell-behavedO
policies is denoted® (we will also use the notation Jg later). Here is a
summary of the examples and the pathologies that they reveal:

(&) A bnite-state, bnite-control deterministic shortest path problem (Sec-
tion 3.1.1). Here the mappingT can have inPnitely many bxed points,
including J* and P, There exist policies that attain the optimal costs
J* and ». Depending on the starting point, the VI algorithm may
converge toJ* or to P or to a third bxed point of T (for cases where
J* € P, VI converges to P starting from any J " ). The PI algo-
rithm can oscillate between two policies that attain J* and B, respec-
tively.

(b) A Pbnite-state, Pnite-control stochastic shortest path prblem (Section
3.1.2). The salient feature of this example is thatJ" is not a bxed
point of the mapping T. By contrast Fis a bxed point of T. The VI
algorithm converges to P starting from any J * ¥, while it does not
converge otherwise.

(c) A Pnite-state, continuous-control stochastic shortest pth problem (Sec-
tion 3.1.3). We give three variants of this example. In the brst variant
(a classical problem known as the leackmailer@s dilemma0), all the
policies are Owell-behaved,0 $6 = ¥, and VI converges toJ* start-
ing from any real-valued initial condition, while Pl also succeeds in
Pnding J* as the limit of the generated sequencgJ«}. However, Pl
cannot bnd an optimal policy, because there is no optimal stationay
policy. In a second variant of this example, Pl generates a sequea®f
Owell-behavedO policiefk} such that J,« ) P, but {pk} converges
to a policy that is either infeasible or is strictly suboptimal. In the
third variant of this example, the problem data can strongly a" ect
the multiplicity of the bxed points of T, and the behavior of the VI
and PI algorithms.

(d) A continuous-state, continuous-control deterministic linear-quadratic
problem (Section 3.1.4) Here the mapping T has exactly two bxed
points, J* and B, within the class of positive semidebnite quadratic
functions. The VI algorithm converges to P starting from all positive
initial conditions, and to J* starting from all other initial conditions.
Moreover, starting with a Owell-behavedO policy (one that is stable)
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the PI algorithm converges to J and to an optimal policy within the
class of Owell-behavedO (stable) policies.

It can be seen that the examples exhibit wide-ranging pathological
behavior. In Section 3.2, we will aim to construct a theoretical framework
that explains this behavior. Moreover, in Section 3.3, we will derive cadi-
tions guaranteeing that much of this type of behavior does not ocar. These
conditions are natural and broadly applicable. They are used to exicide
from optimality the policies that are not Owell-behaved,O and to obtain
results that are nearly as powerful as their counterparts for the contractive
models of Chapter 2.

3.1.1 Deterministic Shortest Path Problems

Let us consider the classical deterministic shortest path problemdiscussed
in Example 1.2.7. Here, we have a graph oh nodesx = 1,...,n, plus

a destination t, and an arc length ax, for each directed arc &,y). The

objective is to bnd for eachx a directed path that starts at x, ends att,

and has minimum length (the length of a path is debned as the sum of th
lengths of its arcs). A standard assumption, which we will adopt hee, is
that every node x is connected to the destination, i.e., there exists a path
from every x to t.

To formulate this shortest path problem as a DP problem, we embed
it within a OlargerO problem, whereby we view all paths as admissible,
including those that do not terminate at t. We also viewt as a cost-
free and absorbing node. Of course, we need to deal with the presce of
policies that do not terminate, and the most common way to do this is ©
assume that all cycles have strictly positive length, in which case polies
that do not terminate cannot be optimal. However, it is not uncommon to
encounter shortest path problems with zero length cycles, and en negative
length cycles. Thus we will not impose any assumption on the sign of th
cycle lengths, particularly since we aim to use the shortest path prblem
to illustrate behavior that arises in a broader undiscounted/noncmtractive

DP setting.
As noted in Section 1.2, we can formulate the problem in terms of an
abstract DP model where the states are the nodex = 1,...,n, and the

controls available at x can be identibed with the outgoing neighbors ofx
[the nodesu such that (x,u) is an arc]. The mappingH that dePnes the
corresponding abstract DP problem is

( ax +J(u) ifuégt,

H(X,U,J): Ayt ifu:t,

x=1,...,n.

| "

A stationary policy p debnes the subgraph whose arcs are, pu(x) ,
x =1,...,n. We say that | is proper if this graph is acyclic, i.e., it consists
of a tree of paths leading from each node to the destination. Iju is not
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Cost a

Destination

Cost b

Figure 3.1.1. A deterministic shortest path problem with a single node 1 an da
termination node t. At 1 there are two choices; a self-transition, which costs a,
and a transition to t, which costs b.

proper, it is called improper. Thus there exists a proper policy if and only
if each node is connected ta with a path. Furthermore, an improper policy
has cost greater than*+ starting from every initial state if and only if all
the cycles of the corresponding subgraph have nonnegative cyct®st.

Let us now get a sense of what may happen by considering the simple
one-node example shown in Fig. 3.1.1. Here there is a single state 1 in
addition to the termination state t. At state 1 there are two choices: a
self-transition, which costs a, and a transition to t, which costsb. The
mapping H, abbreviating J (1) with just the scalar J, is

_ a+J if u: self transition,
H{Lu,J)= b if u: transition to t,

There are two policies here: the policyu that transitions from 1 to t,
which is proper, and the policy p® that self-transitions at state 1, which is
improper. We have

Tyd=b, Tpd=a+], J!,

and
TJ =min {b, a+ J}, J1!,

Note that for the proper policy y, the mapping T, :, &', is a contraction.
For the improper policy p$, the mapping T,» :, &', is not a contraction,
and it has a bxed point within , only if a =0, in which case everyJ !,
is a bxed point.

We now consider the optimal costJ”, the Pxed points of T within , ,
and the behavior of the VI and Pl methods for di' erent combinations of
values ofa and b.

(@) If a> 0, the optimal cost, J* = b, is the unique bxed point of T, and
the proper policy is optimal.
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(b)

(©

(d)

()

If a=0, the set of bxed points of T (within , ) is the interval (*+ , ).
Here the improper policy is optimal if b" 0, and the proper policy is
optimal if b- O (both policies are optimal if b= 0).

If a=0and b > 0, the proper policy is strictly suboptimal, yet its cost
at state 1 (which is b) is a bxed point of T. The optimal cost, J* =0,
lies in the interior of the set of bxed points of T, which is (*+ ,b].
Thus the VI method that generates {TkJ} starting with J € J*
cannot PndJ*. In particular if J is a bPxed point of T, VI stops at J,
while if J is not a bxed point of T (i.e., J > b), VI terminates in two
iterations at b€ J*. Moreover, the standard Pl method is unreliable
in the sense that starting with the suboptimal proper policy W, it
may stop with that policy because TyJy = b= min{b, J.} = TJ,
(the improper/optimal policy u®also satispesT,*Jy, = TJy, so a rule
for breaking the tie in favor of p is needed but such a rule may not
be obvious in general).

If a=0and b < 0, the improper policy is strictly suboptimal, and
we haveJ” = b. Here it can be seen that the VI sequencd TkJ}
converges toJ* for all J " b, but stops at J for all J <b, since the
set of bxed points of T is (*+ ,b]. Moreover, starting with either
the proper policy or the improper policy, the standard form of PI
may oscillate, sinceT,J,» = TJ,» and T,»J, = TJy, as can be easily
veribed [the optimal policy p also satispesTJ, = TJ, but it is not
clear how to break the tie; compare also with case (c) above].

If a < 0, the improper policy is optimal and we haveJ* = *+
There are no bxed points ofT within , , but J* is the unique Pxed
point of T within the set [*+ ,+ ]. The VI method will converge to
J* starting fromany J ! [*+ ,+ ]. The PI method will also converge
to the optimal policy starting from either policy.

3.1.2 Stochastic Shortest Path Problems

We consider the SSP problem, which was described in Example 1.2.6 and
will be revisited in Section 3.5.1. Here a policy is associated with a station
ary Markov chain whose states are 1...,n, plus the cost-free termination
state t. The cost of a policy starting at a state x is the sum of the expected
cost of its transitions up to reachingt. A policy is said to be proper, if in

its Markov chain, every state is connected witht with a path of positive
probability transitions, and otherwise it is called improper. Equivalently, a
policy is proper if its Markov chain has t as its unique ergodic state, with
all other states being transient.

In deterministic shortest path problems, it turns out that J, is always

a bxed point of Ty, and J* is always a bxed point of T. This is a generic
feature of deterministic problems, which was illustrated in Section 1.1(see
Exercise 3.1 for a rigorous proof). However, in SSP problems wherhe
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Cost 0

Ju(1)=0

Prob. 1/2

Prob. 1/2

Destination
Cost 0

Figure 3.1.2. An example of an improper policy W, where J, is not a Pxed
point of Ty. All transitions under p are shown with solid lines. These transitions

are deterministic, except at state 1 where the next state is 2 or 5 with equal
probability 1 /2. There are additional high cost transitions from nodes 1, 4 , and
7 to the destination (shown with broken lines), which create  a suboptimal proper
policy. We have J*# = J,, and J¥ is not a bxed point of T.

cost per stage can take both positive and negative values this neeabt be
so, as we will now show with an example due to [BeY16].

Let us consider the problem of Fig. 3.1.2. It involves an improper
policy W, whose transitions are shown with solid lines in the bgure, and
form the two zero length cycles shown. All the transitions underp are
deterministic, except at state 1 where the successor state is 2 & with
equal probability 1/2. The problem has been deliberately constructed so
that corresponding costs at the nodes of the two cycles are netjees of
each other. As a result, the expected cost at each time period sttng
from state 1 is 0, implying that the total cost over any number or even
inbnite number of periods is 0.

Indeed, to verify that J, (1) = O, let cx,denote the cost incurred at
time k, starting at state 1, and let sy (1) = Ej{;’lck denote the N -step
accumulation of ¢ starting from state 1. We have

sn(1)=0 if N=1or N=4+3t,t=0,1,...,

sn (1) =1 or sy (1) = * 1 with probability 1/2 each
if N=2+3torN=3+3t,t=0,1,....
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Py .
Thus E sy (1) =0forall N, and
P .
Ju(@)=Ilimsup E sy(1) =0.
N "#

On the other hand, using the dePnition ofJ in terms of limsup, we
have
Ju@) = () =1,

(the sequence ofN -stage costs undergoes a cyclél,* 1,0,1,* 1,0,..}
when starting from state 2, and undergoes a cycld* 1,1,0,* 1,1,0,...}

when starting from state 5). Thus the Bellman equation at state 1,
| "
@ =3 @+ ),

is not satisbed, andJ,, is not a Pxed point of T,.

The mathematical reason why BellmanOs equatiod, = T,J, may
not hold for stochastic problems is that lim sup may not commute with the
expected value operation that is inherent inT,, and the proof argument
given for deterministic problems in Section 1.1 breaks down. We can ats
modify this example so that there are multiple policies. To this end, we an
add for i = 1,4,7, another control that leads from i to t with a cost ¢ > 1
(cf. the broken line arcs in Fig. 3.1.2). Then we create a proper policyhat
is strictly suboptimal, while not a" ecting J*, which again is not a bxed
point of T.

Let us Pnally note an anomaly around randomized policies in noncon-
tractive models. The improper policy shown in Fig. 3.1.2 may be viewed as
a randomized policy for a deterministic shortest path problem: this isthe
problem for which at state 1 we must (deterministically) choose one bthe
two successor states 2 and 5. For this deterministic problem)” takes the
same values as before for all € 1, but it takes the value J* (1) = 1 rather
than J* (1) = 0. Thus, remarkably, once we allow randomized policies into
the problem, the optimal cost function ceases to be a solution of BemanOs
equation and simultaneously the optimal cost at state 1 is improved!

In subsequent sections we will see that favorable results hold in SSP
problems where the restricted optimal cost function over just the proper
policies is equal to the overall optimal J*. This can be guaranteed by
assumptions that essentially imply that improper polices cannot be ofimal
(see Sections 3.3 and 3.5.1). We will then see that not only i§* a bxed
point of T, but it is also the unique bPxed point (within the class of real-
valued functions), and that the VI and PI algorithms yield J* and an
optimal proper policy in the limit.

3.1.3 The BlackmailerOs Dilemma

This is a classical example involving a probt maximizing blackmailer. We
formulate it as an SSP problem involving cost minimization, with a single
state x = 1, in addition to the termination state t.
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Prob. 1 — 42

Destination

Prob. u2
! ()

Control u € (0, 1]
Cost —u

Figure 3.1.3. Transition diagram for the pbrst variant of the blackmailer p  roblem.
At state 1, the blackmailer may demand any amount u ! (0, 1]. The victim will
comply with probability 1 " u? and will not comply with probability ~ u?2, in which
case the process will terminate.

In a brst variant of the problem, at state 1, we can choose a conti u !
(O, 1], while incurring a cost* u; we then move to statet with probability
u2, and stay in state 1 with probability 1 * u?; see Fig. 3.1.3. We may regard
u as a demand made by the blackmailer, and state 1 as the situation wiie
the victim complies. Statet is arrived at when the victim (permanently)
refuses to yield to the blackmailerOs demand. The problem then can be
viewed as one where the blackmailer tries to maximize his expected tat
gain by balancing his desire for increased demands (large) with keeping
his victim compliant (small u).

For notational simplicity, let us abbreviate J(1) and p(1) with just
the scalarsJ and , respectively. Then in terms of abstract DP we have

X = {1}, U=(0,1], ¥=0, H@,u,J)=*u+(1 * u?)l,
and for every stationary policy u, we have
Tud = * p+ (1% p2)J, (3.3)

Clearly Ty, viewed as a mapping from, to, , is a contraction with modulus
1* p2, and its unique bxed point within , , J,, is the solution of

Ju = Tpdp = "+ (1 * p2)dy,
which yields

Here all policies are proper in the sense that they lead asymptoticallyto
t with probability 1, and the inPmum of J, over p is *+ , implying also
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that J* = *+ . However, there is no optimal stationary policy within the
class of proper policies.

Another interesting fact about this problem is that T, is a contrac-
tion for all p. However the theory of contractive models does not apply
because there is no uniform modulus of contraction# < 1) that applies
simultaneously to all ! (0, 1] [cf. Eq. (3.3)]. As a result, the contraction
Assumption 2.1.2 of Section 2.1 does not hold.

Let us now consider BellmanOs equation. The mappirf is given by

&
TI= inf  *u+@* u)d ,
O<u &1

and BellmanOs equation is written as

J=J* sup {u+ u2d}.
O<u &1

It can be veribed that this equation has no real-valued solution. How
ever, J' = *+ is a solution within the set of extended real numbers
[*+ ,+ ]. Moreover the VI method will converge to J* starting from any
J ! [*+ ,+). The PI method, starting from any policy p°, will pro-
duce the ever improving sequence of policiefu} with pk+l = pk/2 and
Juk ) J7, while pk will converge to 0, which is not a feasible policy.

A Second Problem Variant

Consider next a variant of the problem where at state 1, we termin&e at
no cost with probability u, and stay in state 1 at a cost* u with probability
1* u. The control constraint is still u! (0, 1].

Here we have

H(1,ud)=@@Q* uy(*u+@* uJd.

It can be seen that for every policyp, T, is again a contraction and we have
Ju = p* 1. Thus J* = * 1, but again there is no optimal policy, stationary
or not. Moreover, T has multiple bPxed points: its set of Pxed points within
, is{J|J-* 1}. Here the VI method will converge to J* starting from
anyJ ! [* 1,+ ). The Pl method will produce an ever improving sequence
of policies {pk} with J, ) 37, starting from any policy p°, while pk will
converge to 0, which is not a feasible policy.

An unusual fact about this problem is that there exists a nonstationary pol-
icy ! * that is optimal in the sense that J,# = J* = I"  (for a proof see [Ber12a],
Section 3.2). The underlying intuition is that when the amou nt demanded u is
decreased toward 0, the probability of noncompliance, u?, decreases much faster.
This fact, however, will not be signibcant in the context of o ur analysis.
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A Third Problem Variant
Finally, let us again assume that

H@uJd)=@Q* u)(*u)+(1 * u)J, #u! (0,1],

but also allow, in additionto u! (0, 1], the choiceu = 0 that self-transitions
to state 1 at a costc (this is the choice where the blackmailer can forego
blackmail for a single period in exchange for a bxed payment c¢). Here
there is the extra (improper) policy p®that choosesu¥1) = 0. We have

Tyd =c+ ],
and the mapping T is given by
*
- ( & :
TIJ=min c+J, inf *u+uz+@Q* uJd . (3.4)
0<u &1

Let us consider the optimal policies and the bxed points ofl in the two
cases where" 0 andc< 0.

When c" 0, we haved* = * 1, while J,» = + (f c>0)orJ,» =0
(if ¢ = 0). It can be seen that there is no optimal policy, and that all
J ! (*+ ,* 1] are bxed points ofT, including J*. Here the VI method will
converge toJ* starting fromany J ! [* 1,+ ). The Pl method will produce
an ever improving sequence of policie§u*}, with J« ) J*. However, pk
will converge to 0, which is a feasible but strictly suboptimal policy.

When ¢ < 0, we haveJ,* = *+ , and the improper policy p$ is
optimal. Here the optimal cost over just the proper policies isP=*1,
while J* = *+ . Moreover P is not a bxed point of T, and in fact T
has no real-valued bPxed points, althoughl* is a bPxed point. It can be
veribed that the VI algorithm will converge to J* starting from any scalar
J. Furthermore, starting with a proper policy, the PI method will pro duce
the optimal (improper) policy within a Pnite number of iterations.

3.1.4 Linear-Quadratic Problems

One of the most important optimal control problems involves a linear sys-
tem and a cost per stage that is positive semidebnite quadratic in thetate
and the control. The objective here is roughly to bring the system & or
close to the origin, which can be viewed as a cost-free and absorbistate.
Thus the problem has a shortest path character, even though tke state
space is continuous.

Under reasonable assumptions (involving the notions of system cen
trollability and observability; see e.g., [Berl7a], Section 3.1), the prokem
admits a favorable analysis and an elegant solution: the optimal costunc-
tion is positive semidebnite quadratic and the optimal policy is a linear
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function of the state. Moreover, BellmanOs equation can be equivalty
written as an algebraic Riccati equation, which admits a unique solutio
within the class of nhonnegative cost functions.

On the other hand, the favorable results just noted depend on tle
assumptions and the structure of the linear-quadratic problem. There is
no corresponding analysis for more general deterministic continugs-state
optimal control problems. Moreover, even for linear-quadratic poblems,
when the aforementioned controllability and observability assumptions do
not hold, the favorable results break down and pathological behaior can
occur. This suggests analytical di culties in more general continuaus-state
contexts, which we will discuss later in Section 3.5.5.

To illustrate what can happen, consider the scalar system

Xk+l = $Xk + uk! Xk ' ) ’ uk ' ] ]
with X = U(x) = , , and a cost per stage equal tou2. Here we have
J*(x) = 0 for all x!, , while the policy that applies control u = 0 at

every state x is optimal. This is reminiscent of the deterministic shortest
path problem of Section 3.1.1, for the case whera = 0 and there is a zero
length cycle. BellmanOs equation has the form

&
J(x)=mli(n uz+ J($x + u) , x!,
u!

and it is seen thatJ" is a solution. We will now show that there is another
solution, which has an interesting interpretation.

Let us assume that$ > 1 so the system is unstable (the instability of
the system is important for the purpose of this example). It is well-known
that for linear-quadratic problems the class of quadratic cost furctions,

& .
S= J|J(X)=px2,p" O,
plays a special role. Linear policies of the form
H(x) = rx,

wherer is a scalar, also play a special role, particularly the subclask of
linear policies that are stable, in the sense that the closed-loop system

Xk+1 = ($+ )Xk

is stable, i.e.,|$+ r| < 1. For such a policy, the generated system trajectory
{xk}, starting from an initial state xg, is ($+ r)kxo , and the correspond-
ing cost function is quadratic as shown by the following calculation,

_ ! "2_## 22_#¢ 2 Ky? — r2 2
Ju(xo0) = M)~ = raxg= o r3($+r) X0 v (gr 2o

k=0 k=0 k=0
(3.5)
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Note that there is no policy in L that is optimal, since the optimal policy
K (x) $ 0 is unstable and does not belong td..
Let us consider bxed points of the mappingr,

(TI)(x) = ng‘ &u2 +J($x +u) ,

within the class of nonnegative quadratic functionsS. For J(x) = px2 with
p" 0, we have & '
(TI)(x) = ir}g‘ uz+ p($x + u)?
u!

and by setting to 0 the derivative with respect to u, we see that the inbmum
is attained at S
uo= P

1+ pX.

By substitution into the formula for TJ, we obtain

2
(TI)(x) = f’f S (3.6)

Thus the function J(x) = px2 is a bxed point of T if and only if p solves
the equation

p$2

1+p’

p =
This equation has two solutions:
p=0 and p=$2* 1,

as shown in Fig. 3.1.4. Thus there are exactly two bxed points of within
S: the functions

J(X)$0 and  J(x)=($2* 1)x2.

The bxed point P has some signibcance. It turns out to beéhe optimal
cost function within the subclassL of linear policies that are stable This
can be veribed by minimizing the expression (3.5) over the parametar. In
particular, by setting to 0 the derivative with respect to r of

r2

1* ($+r)2’

we obtain after a straightforward calculation that it is minimized for r =
(1* $2)/$, which corresponds to the policy

pog = -
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Figure 3.1.4. lllustrating the bxed points of T, and the convergence of the VI
algorithm for the one-dimensional linear-quadratic probl em.

while from Eg. (3.5), we can verify that
Jp(x) = ($2* 1)x2.

Thus, we have

Ja(x) = i“r}fLJp(x): Jx),  x!

Let us turn now to the VI algorithm starting from a function in S.
Using Eq. (3.6), we see that it generates a sequence of functiodg ! S of
the form

Jk(X) = pex?,
where the sequencégpx} is generated by

pk $2
1+p’

pk+1— kZO,l,....

From Fig. 3.1.4 it can be seen that starting with po > 0, the sequencd py}
converges to
p=$2* 1,
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which corresponds tod. In summary, starting from any nonzero function
in S, the VI algorithm converges to the optimal cost function P over the
linear stable policiesL, while starting from the zero function, it converges
to the optimal cost function J*.

Finally, let us consider the PI algorithm starting from a linear stable
policy. We brst note that givenany pu! L, i.e.,

M(X) = rx with [$+r]< 1,

we can computeJ, as the limit of the VI sequence{TkJ}, whereJ is any
function in S, i.e.,

J(x) = px2 with p" 0.

This can be veribed by writing

(Tud)(x) = !r2 + p($+ r)2"x2,

and noting that the iteration that maps pto r2 + p($+ r)2 converges to

r2

in view of |[$+ r| < 1. Thus,
TKI' Jy,  #ulL,J!S.

Moreover, we haveld, = T, J,.

We now use a standard proof argument to show that Pl generates
a sequence of linear stable policies starting from a linear stable policy.
Indeed, we have for allk,

" TP= 9,

‘]HO = THOJHO " TJuo = Tlll‘]llo " T:fl‘]po

where the second inequality follows by the monotonicity of ;1 and the

third inequality follows from the fact J,o " JP. By taking the limit as
k'+ , we obtain

Juo " TJuo " Jul " P

It can be veribed that u; is a nonzero linear policy, so the preceding relation
implies that p! is linear stable. Continuing similarly, it follows that the
policies pk generated by Pl are linear stable and satisfy for allk,

Ik " TIw " Jpen " P

By taking the limit as k ' + , we see that the sequence of quadratic
functions {J«} converges monotonically to a quadratic functionJs , which
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is a Pxed point of T and satispesly " . Since we have shown thatP is
the only Pxed point of T in the range [P, + ), it follows that Jx = P. In
summary, the Pl algorithm starting from a linear stable policy converges
to J, the optimal cost function over linear stable policies.

In Section 3.5.4, we will consider a more general multidimensional
version of the linear-quadratic problem, using in part the analysis ofSection
3.4. We will then explain the phenomena described in this section within
a more general setting. We will also see there that the unusual betvior in
the present example is due to the fact that there is no penalty for anonzero
state. For example, if the cost per stage i€%2 + u2, where %> 0, rather
than u2, then the corresponding Bellman equation has a unique solution
with the class of positive semidebnite quadratic functions. We will antyze
this case within a more general setting of deterministic optimal contol
problems in Section 3.5.5.

3.1.5 An Intuitive View of Semicontractive Analysis

In the preceding sections we have demonstrated various aspeatéthe char-
acter of semicontractive analysis in the context of several exanips. The
salient feature is a class of Owell-behavedO policies (e.g., proper pokdie
shortest path problems, stable policies in linear-quadratic problemy and
the restricted optimal cost function P over just these policies. The main
results we typically derived were that P is a bxed point of T, and that the
VI and PI algorithms are attracted to J, at least from within some suitable
class of initial conditions. In the favorable case whereP= J*, these results
hold also forJ*, but in general J* need not be a bxed point ofT.

The central issue of semicontractive analysis ishe choice of a class
of Owell-behavedO policie % M such that the corresponding restricted
optimal cost function Pis a bxed point of T. Such a choice is often fairly ev-
ident, but there are also several systematic approaches to ideifiy a suitable
classM and to show its bxed point property; see the end of Section 3.2.2
for a discussion of various alternatives. As an example, let us introdce a
class of policiesM %M for which we assume the following:

(@) M is well-behaved with respect to ViIFor all p! M and real-valued
functions J, we have

Ju = Tudy, Ju=lim TJ. (3.7)

Moreover J,, is real-valued.

(o) M is well-behaved with respect to PIFor eachp! M , any policy p$
such that
T“"\]“ = T\]u

belongs toM , and there exists at least one suctus.
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We can show that Pis a bxed point of T and obtain our main results
with the following line of argument. The Prst step in this argument is
to show that the cost functions of a Pl-generated sequencépk} % M
(starting from a p° ! M) are monotonically nonincreasing. Indeed, we
have using Eq. (3.7),

J“k = Tuk\]uk " TJuk = Tuk+1 J“k.

Using the monotonicity property of T,k , it follows that

Jue " T ” kI"i;bcn T:fk” Juk = Iy " N (3.8)
where the equality holds by Eq. (3.7), and the rightmost inequality hdds
sincepk*l I M [by assumption (b) above]. Thus we obtaind « ) Js " P
for some function Jx .

Now by taking the limitas k '+ intherelation J,x " Tk " Jkn
[cf. Eq. (3.8)], it follows (under a mild continuity assumption) that Jy is
a bxed point of T with Jz " P. We claim that J¢ = P. Indeed we have

P- Jp = TkIs - TIe - TKJI #ul M, k=0,1,....

o,
By taking the limitas k '+ , and using the factu! M [cf. Eq. (3.7)], we
obtain - Ju - Jy forall u! M . By taking the inPmum over u! M, it
follows that Jx = P.

_ Finally, let J be real-valued and satisfyJ " P. We claim that TkJ
JP. Indeed, since we have shown thaf’ is a bxed point of T, we have

TKI " TRy TkP= 3 #ul M, k"0,

We elaborate on this argument; see also the proof of Prop. 3.24 in the
next section. From Eqg. (3.8), we have Juk # T # TJs , sO by letting k $"
we obtain Jg # TJs . For the reverse inequality, we assume that H has the
property that H(x,u,J) = Ilim mes H(X,u,Jm) for all x % X, u % U(x), and
sequence{Jm } of real-valued functions with Jn &J. Thus we have

- . 0 0
H(x,u,Js ) ng/g H(x,u,Juk) # klol/gg (TJHk)(x), X %X, u %U(x).
By taking the limit in Eq. (3.8), we obtain
. . _ 0
kI‘%rsrsl (TJuk)(x) # klol/[Q J ke (x) = Js (x), X %X,
and from the preceding two relations we have H (x,u,Js ) # Jg (X). By taking

the inbmum over u % U(x), it follows that TJs # Jg . Combined with the
relation Jg # TJs shown earlier, this implies that Jg is a bxed point of T.
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so by taking the limit as k'+ and using Eqg. (3.7), we obtain

Jy " fim Tk " P #ul M.

By taking the inbmum over p! M , it follows that TxJ ' ¥, i.e., that VI
converges toJ stating from all initial conditions J " P.

The analysis of the following two sections will be based to a large ex-
tent on rePnements of the preceding argument. Note that in this agument
we have not assumed thatP = J*, which leaves open the possibility that
J* is not a bxed point of T. Indeed this can happen, as we have seen in the
SSP example of Section 3.1.2. Moreover, we have not assumed this
real-valued. In fact P may not be real-valued even though aldy, u! M,
are; see the brst variant of the blackmailer problem of Section 3.1.3.

An alternative analytical approach, which does not rely onM being
well-behaved with respect to PI, is given in Section 3.4. The idea therés to
introduce a small %perturbation to the mapping H and a corresponding @
perturbedO problem. The perturbation is chosen so that the costunction
of some policies, the Owell-behavedO ones, is minimally exted [say by
O(%}], while the cost function of the policies that are not Owell-behaved®
driven to + for some initial states, thereby excluding these policies from
optimality. Thus as %) 0, the optimal cost function J of the %perturbed
problem approaches® (not J*). Assuming that J is a solution of the
%perturbed Bellman equation, and we can then use a limiting argument
to show that J is a bxed point of T, as well as other results relating to
the VI and PI algorithms. The perturbation approach will become more
prominent in our semicontractive analysis of Chapter 4 (Sections 4.%nd
4.6), where we will consider Owell-behavedO policies that are nongtatary,
and thus do not lend themselves to a Pl-based analysis.

SEMICONTRACTIVE MODELS AND REGULAR POLICIES

In the preceding section we illustrated a general pattern of pathéogies in
noncontractive models, involving the solutions of BellmanOs equatiomand
the convergence of the VI and PI algorithms. To summarize:

(a) BellmanOs equation may have multiple solutions (equivalently] may
have multiple bxed points). Often but not always, J* is a bxed point
of T. Moreover, a restricted problem, involving policies that are Owell-
behavedO (proper in shortest path problems, or linear stable in the
linear-quadratic case), may be meaningful and play an important rde.

(b) The optimal cost function over all policies, J*, may di" er from B, the
optimal cost function over the Owell-behavedO policies. Furthernme,
it may be that P (not J*) is Owell-behavedO from the algorithmic
point of view. In particular, P is often a bxed point of T, in which
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case it is the likely limit of the VI and the PI algorithms, starting
from an appropriate set of initial conditions.

In this section we will provide an analytical framework that explains
this type of phenomena, and develops the kind of assumptions need in or-
der to avoid them. We will introduce a concept of regularity that for malizes
mathematically the notion of Owell-behavedO policy, and we will conside
a restricted optimization problem that involves regular policies only. We
will show that the optimal cost function of the restricted problem is a bxed
point of T under several types of fairly natural assumptions. Moreover, &
will show that it can be computed by versions of VI and PI, starting from
suitable initial conditions.

Problem Formulation

Let us brst introduce formally the model that we will use in this chap-
ter. Compared to the contractive model of Chapter 2, it maintains the
monotonicity assumption, but not the contraction assumption.

We introduce the set X of states and the setU of controls, and for
eachx ! X, the nonempty control constraint set U(x) % U. Since in
the absence of the contraction assumption, the cost functionJ,, of some
policies p may take inPnite values for some states, we will use the set of
extended real numbers, ' = ,. {+ ,*+ } =[*+ ,+ ]. The mathematical
operations with + and *+ are standard and are summarized in Appendix
A. We consider the set of all extended real-valued functions] : X &', °,
which we denote byE(X ). We also denote byR (X) the set of real-valued
functions J : X &', .

As earlier, when we write lim, limsup, or liminf of a sequence of
functions we mean it to be pointwise. We also writeJy ' J to mean that
Jk(x) ' J(x) for eachx ! X; see Appendix A.

We denote byM the set of all functionsp : X &' U with p(x) ! U(x),
forall x ! X, and by # the set of policies" = {Mo, H1,...}, wherepx ! M
for all k. We refer to a stationary policy {i, 14,...} simply as u. We
introduce a mappingH : X / U/ E(X) &', ' that satisPes the following.

Assumption 3.2.1: (Monotonicity) If J,J%! E(X)andJ - J$
then
H(x,u,J)- H(x,u,J9, #x! X, u! U(x).

The preceding monotonicity assumption will be in € ect throughout
this chapter. Consequently, we will not mention it explicitly in various
propositions. We debne the mappingT : E(X) & E(X) by

(TI)(x) = IinJ( )H(x,u,J), #x1! X, J ! EX),
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and for eachp ! M the mapping Ty : E(X) & E(X) by

(Tpd)(x) = H!x,u(x),‘]", #x1! X, J ! EX).

The monotonicity assumption implies the following properties for all J, J $!
E(X)and k=0,1,...,

J-J3% 0 TKI - TKIS  TKI- TKIS #u! M,

J-TJ 0 Tk - Tk TKI- TX, #ul' M,

which we will use extensively in various proof arguments.

We now debne cost functions associated witfT, and T. In Chapter
2 our starting point was to debneJ, and J* as the unique bxed points of
T, and T, respectively, based on the contraction assumption used there.
However, under our assumptions in this chapter this is not possibleso we
use a df' erent depbnition, which nonetheless is consistent with the oa of
Chapter 2 (see the discussion of Section 2.1, following Prop. 2.1.2). &/
introduce a function P! E(X), and we debne the inPnite horizon cost of a
policy in terms of the limit of its Pnite horizon costs with P being the cost
function at the end of the horizon. Note that in the case of the opimal
control problems of the preceding section we have take® to be the zero
function, #x) $ 0 [cf. Eq. (3.2)].

Debnition 3.2.1: Given a function P! E(X), for a policy " ! #
with " = {Ho, M1, ...}, we debne the cost function of' by

Ji (x) = limsup (Ty, 4a%,, H(x), #x! X
k'#

In the case of a stationary policy, the cost function of p is denoted
by J, and is given by

Ju(x) =limsup (TXP(x), #x1 X
k'
The optimal cost function J* is given by

J*(x) = ilr}fI Ji (), #x! X

An optimal policy "' ! # is one for whichJ,# = J*.
Note two important di " erences from Chapter 2:

(1) Jy is debned in terms of a pointwise lim sup rather than lim, since we
donOt know whether the limit exists.
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S-regular policy p S-irregular policy g
TXJ

Figure 3.2.1. lllustration of S-regular and S-irregular policies. Policy p is S-
regular because J, ! S and TﬁJ # Jy forall J ! S. Policy { is S-irregular.

(2) J: and Jy in general depend on® so ¥ becomes an important part
of the problem depPnition.

Similar to Chapter 2, under the assumptions to be introduced in this dap-
ter, stationary policies will typically turn out to be Osu! cientO in the £nse
that the optimal cost obtained with nonstationary policies that dep end on
the initial state is matched by the one obtained by stationary ones.

3.2.1 S-Regular Policies

Our objective in this chapter is to construct an analytical framework with
a strong connection to bxed point theory, based on the idea of sapating
policies into those that have OfavorableO characteristics and theghat do
not. Clearly, a favorable property for a policy p is that J, is a bPxed point
of T,. However,J,, may depend on® even thoughT, does not depend on
P It would thus appear that a related favorable property for p is that J,
stays the same ifPis changed arbitrarily within some set S. We express
these two properties with the following debnition (see Fig. 3.2.1).

Debnition 3.2.2:  Given a set of functionsS % E(X ), we say that a
stationary policy p is S-regular if:

(@ Ju! SandJy = Tudy,.
() Tk JyforallJ! S.
A policy that is not S-regular is called S-irregular .

Thus a policy p is S-regular if the VI algorithm corresponding to
K, Jks1 = TuJk, represents a dynamic system that hasl, as its unique
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T.J 4 ’
u //

/

Jé
Figure 3.2.2. lllustration of S-regular and S-irregular policies for the case where
there is only one state and S = $. There are three mappings Ty corresponding
to S-irregular policies: one crosses the 45-degree line at mult iple points, another
crosses at a single point but at an angle greater than 45 degre es, and the third is

discontinuous and does not cross at all. The mapping Ty of the $-regular policy
has Jy, as its unique bxed point and satisbes TﬁJ # Jyforall J1$ .

equilibrium within S, and is asymptotically stable in the sense that the
iteration converges toJ,, starting fromany J ! S.

For orientation purposes, we note the distinction between the setS
and the problem data: S is not part of the problemOs debpnitianlts choice,
however, can enable analysis and clarify properties o8, and J*. For
example, we will later prove local bxed point statements such as

Q" is the unique Pxed point of T within SO
or local region of attraction assertions such as
Othe VI sequencd TkJ} converges toJ* starting from any J ! S.O

Results of this type and their proofs depend on the choice 08: they may
hold for some choices but not for others.

Generally, with our selection of S we will aim to di" erentiate between
S-regular and S-irregular policies in a manner that produces useful results
for the given problem and does not necessitate restrictive assuntipns.
Examples of setsS that we will use are R(X), B(X), E(X), and subsets of
R(X), B(X), and E(X) involving functions J satisfyingJ " J* orJ " P
However, there is a diverse range of other possibilities, so it makegsse to
postpone making the choice ofS more specibc. Figure 3.2.2 illustrates the
mappings T, of someS-regular and S-irregular policies for the case where
there is a single state andS = , . Figure 3.2.3 illustrates the mapping
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Figure 3.2.3. lllustration of a mapping T, where there is only one state and S
is a subset of the real line. Here T, has two Pxed points, J, and J. If S is as
shown, p is S-regular. If S is enlarged to include J, g becomes S-irregular.

T, of an S-regular policy p, where Ty, has multiple bxed points, and upon
changing S, the policy may becomeS-irregular.

3.2.2 Restricted Optimization over S-Regular Policies

We will now introduce a restricted optimization framework where S-regular
policies are central. Given a nonempty setS % E(X), let M s denote the
set of policies that are S-regular, and consider optimization over just the
setM s. The corresponding optimal cost function is denotedJ:

Js(x) = “i!n'\f/I . Ju (%), #x1 X (3.9)

We say that p' is M s-optimal if
u! Ms and Jur = Jg.

An important question is whether Jg is a bxed point of T and can
be obtained by the VI algorithm. Naturally, this depends on the choice of
S, but it turns out that reasonable choices can be readily found in segral
important contexts, so the consequences afs being a Pxed point of T are

Note that while S is assumed nonempty, it is possible that M s is empty.
In this case our results will not be useful, but J; is still debned by Eqg. (3.9) as
J;(x) '" . This is convenient in various proof arguments.
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Fixed Point of T
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Well-Behaved RegionWg

Figure 3.2.4. Interpretation of Prop. 3.2.1, where for illustration purp  oses,E(X)
is represented by the extended real line. A set S % E(X) such that Jg is a bxed
point of T, demarcates the well-behaved region Ws [cf. Eq. (3.10)], within which
T has a unique bPxed point, and starting from which the VI algori thm converges
to JZ.

interesting. The next proposition shows that if J5 is a bxed point of T,
then the VI algorithm is convergent starting from within the set

Ws={J! E(X)|Jg- J- JforsomeJ! S}, (3.10)

which we refer to as thewell-behaved regionsee Fig. 3.2.4). Note that by
the depnition of S-regularity, the cost functions J,, p! M s, belong to
S and hence also toWs. The proposition also provides a necessary and
sul cient condition for an S-regular policy u' to be M s-optimal.

Proposition 3.2.1: (Well-Behaved Region Theorem) Given a
set S % E(X ), assume thatJg is a bxed point of T. Then:

(a) (Unigueness of Fixed Poin) If J%is a bxed point of T and there
exists ¥ ! S such that J$- J, then J$- Jg. In particular, if
Ws is nonempty, Jg is the unique pxed point of T within Ws.

(b) (VI Convergence) We have TkJ ' Jg for everyJ ! Ws.

(c) (Optimality Condition ) If p is S-regular, J¢ ! S, and T,Jg =
TJg, then P is M s-optimal. Conversely, if g is M s-optimal,
then T,Jg = TJg.

Proof: (a) For every p! M s, we have using the monotonicity of T,
J$=TJ$- T,J%- aada TKJI$- T, k=1,2,....

Taking limitas k '+ , and using the S-regularity of p, we obtain J$- J,

forall p! M s. Taking the inPmum overp! M s, we haveJ$- Jg.
Assume that Ws is nonempty. Then Jg is a Pxed point of T that

belongs toWs. To show its uniqueness, letJ$ be another bxed point that
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belongs toWs, so that J5 - J¥and there existsJ'! S such that J$- J.
By what we have shown so farJ$- Jg, implying that J$= Jg.

(b) Let J ! Wg, sothatJg - J - JforsomeJ! S. We have forallk " 1
andpu! Mg,
Jo = TKIS - TKI - TKF- TKT,

where the equality follows from the Pxed point property of J5, while the
inequalities follow from the monotonicity and the debnition of T. The
right-hand side tends to J, ask '+ , sincep is S-regular and J*! S.
Hence the inbmum overp ! M s of the limit of the right-hand side tends
to the left-hand side Jg. It follows that TkJ ' Jg.

(c) From the assumptionsTyJg = TJg and TJg = Jg, we haveT,Jg = Jg,
and sinceJg ! S and p is S-regular, we haveJg = Jy. Thus pis M s-
optimal. Conversely, if u is Ms-optimal, we have J, = Jg, so that the
pxed point property of Jg and the S-regularity of p imply that

TIE=35=Jy= Tudy = Tudi.

Q.E.D.

Some useful extensions and modibed versions of the preceding pom
sition are given in Exercises 3.2-3.5. Let us illustrate the proposition irthe
context of the deterministic shortest path example of Section 3.1.1

Example 3.2.1

Consider the deterministic shortest path example of Section 3.1.1 for the case
where there is a zero length cycle @ = 0), and let S be the real line (. There
are two policies: 1 which moves from state 1 to the destination at cost b, and
u" which stays at state 1 at cost 0. We use X = {1} (i.e., we do not include
t in X, since all function values of interest are 0 at t). Then by abbreviating
function values J(1) with J, we have

Ju = b, J =0, J* = min {b,0};

cf. Fig. 3.2.5. The corresponding mappings Ty, T,, and T are
Tyd=b, T,Jd=J, J=TJ=min{bJ}, J BE(X),

and the initial function Fis taken to be 0. It can be seen from the dePnition of
S-regularity that p is SPregular, while the policy u” is not. The cost functions
Ju, Jy, and J*# are bxed points of the corresponding mappings, but the sets d
Pxed points of T,» and T within S are ( and (!" ,b], respectively. Moreover,
J& =3, = b s0JZ is a bxed point of T and Prop. 3.2.1 applies.

The bgure also shows the well-behaved regions for the two cassb > 0
and b < 0. It can be seen that the results of Prop. 3.2.1 are consistent with
the discussion of Section 3.1.1. In particular, the VI algor ithm fails when
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u/, Cost 0
Stationary policy costs

Ju(1) =0, J(1) =0 Destination

, Cost b
Optimal cost J*(1) = min{b,0} _u__oi_ ’

T =dy=0 dJdg=dp=0>0

\

Set of Fixed Points of T’ Well-Behaved Region

A

J=Jg=Jdu=b<0 Ju=0

<

Set of Fixed Points of T Well-Behaved Region

Figure 3.2.5. The well-behaved region of Eq. (3.10) for the deterministic ~ shortest
path example of Section 3.1.1 when where there is a zero lengt h cycle (a = 0). For
S = $, the policy p is S-regular, while the policy " is not. The bgure illustrates
the two cases where b > 0 and b < 0.

started outside the well-behaved region, while when started from within the
region, it is attracted to JZ rather than to J*.

Let us now discuss some of the bPne points of Prop. 3.2.1. The salient
assumption of the proposition is that J¢ is a Pxed point of T. Depending on
the choice of S, this may or may not be true, and much of the subsequent
analysis in this chapter is geared towards the development of appaxches
to chooseS so that Jg is a bxed point of T and has some other interesting
properties. As an illustration of the range of possibilities, consider he three
variants of the blackmailer problem of Section 3.1.3 for the choices =, :

(@) In the prst variant, we have J* = J5 = *+ , and Jg is a Pxed point
of T that lies outside S. Here parts (a) and (b) of Prop. 3.2.1 apply.
However, part (c) does not apply (even though we havel,Jg = TJg
for all policies p) becauselg ¥ S, and in fact there is noM s-optimal
policy. In the subsequent analysis, we will see that the condition
Js ! S plays an important role in being able to assert existence of an
M s-optimal policy (see the subsequent Props. 3.2.5 and 3.2.6).

(b) In the second variant, we haved* = Jg = * 1, and Jg is a Pxed point
of T that lies within S. Here parts (a) and (b) of Prop. 3.2.1 apply,
but part (c) still does not apply because there is noS-regular p such
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that T,Js = TJg, and in fact there is no Ms-optimal policy.

(¢) In the third variant with ¢ < 0, we haveJ” = *+ ,J¢ = * 1, and J¢
is not a bxed point of T. Thus Prop. 3.2.1 does not apply, and in fact
we haveTkJ ' J* for everyJ ! Wg (and not TkJ ' Jg).

Another bPne point is that Prop. 3.2.1(b) asserts convergence ofhie
VI algorithm to Jg only for initial conditions J satisfying Jg - J - J for
someJ'! S. For an illustrative example of an S-regular y, where {T}J}
does not converge toJ, starting from some J " J, that lies outside S,
consider a case where there is a single state and a single polipythat is
S-regular, soJg = J,,. Suppose thatT, :, &, has two bxed points:J,
and another bxed pointJ$>J . Let

F=(Ju+ 392 S=(*+ ,J],

and assume thatT, is a contraction mapping within S (an example of this
type can be easily constructed graphically). Then starting fromary J ! S,
we haveTkJ ' J,, so that p is S-regular. However, sincel®is a bxed
point of T, the sequence{ TkJ% stays at J® and does not converge tal,,.
The di! culty here is that Ws =[Jy,J] and J$/ Ws.

Still another bne point is that if there exists an M s-optimal policy L,
we havelg = T,Jg (sinceJg = J, and p is S-regular), but this does not
guarantee that J5 is a bxed point of T, which is essential for Prop. 3.2.1.
This can be seen from an example given in Fig. 3.2.6, where there exists
an M s-optimal policy, but both Jg and J* are not Pxed points of T (in
this example the M s-optimal policy is also overall optimal soJg = J*). In
particular, starting from Jg, the VI algorithm converges to someJ$ ¢ Jg
that is a bxed point of T.

Convergence Rate when a Contractive Policy is M s-Optimal

In many contexts where Prop. 3.2.1 applies, there exists aiM s-optimal
policy p such that T, is a contraction with respect to a weighted sup-norm.
This is true for example in the shortest path problem to be discussedn
Section 3.5.1. In such cases, the rate of convergence of VI t is linear,
as shown in the following proposition.

Proposition 3.2.2: (Convergence Rate of VI) Let S be equal to
B(X), the space of all functions overX that are bounded with respect
to a weighted sup-norm 1 a1, corresponding to a positive function
v:X &', . Assume thatJg is a bxed point of T, and that there exists
an M s-optimal policy p such that T, is a contraction with respect to
141y, with modulus of contraction & Then J5 ! B(X), Ws % B(X),
and
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A

Trd
" -irregular -

Figure 3.2.6. lllustration of why the assumption that Jg is a bxed point of T is
essential for Prop. 3.2.1. In this example there isonly one s tate and S = $. There
are two stationary policies: p for which Ty is a contraction, so p is $-regular,
and [ for which Ty has multiple Pxed points, so [ is $-irregular. Moreover,

Tir is discontinuous from above at Jy as shown. Here, it can be veribed that
Ty, 443, P& Jy for all po,...,px and k, so that J1 & Jy for all ! and the S-
regular policy p is optimal, so Jg = J*. However, as can be seen from the bgure,
we have J% = J# = TJ# = TJZ. Moreover, starting at JZ, the VI sequence TkJZ
converges to J", the bxed point of T shown in the bgure, and all parts of Prop.

3.2.1 fail.

J T+ ng\, - &1J* ng\,, #J! Ws. (3.11)
Moreover, we have

& 1 J (X) * ( | J)(X)
* _ # |
1J Jslv 1+ ><8qu V(X) , J! Ws. (3.12)

Proof: Sincep is S-regular and S = B(X), we haveJg = J, ! B(X) as
well asWs % B(X). By using the M s-optimality of p and Prop. 3.2.1(c),
Jg = Tpds =TI,
soforallx! X andJ ! Ws,
(THE* I (M) * TN o I * IS0
v(X) v(X) x! X v(X)

where the second inequality holds by the contraction property ofT,. By
taking the supremum of the left-hand side overx ! X, and by using the
fact TJ" TJg = Jg forall J ! Ws, we obtain Eqg. (3.11).
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By using again the relation TyJg = TJg, we have for allx ! X and
all J ! Ws,

JO)* Is(x) _ I * (TI)(x) , (TIX)* Is(x)

v(X) v(X) v(X)
C 300 (M), (Mud)(x)* (Tuds)(x)
v(x) v(x)
I (THX)

+ * Ji1,.
00 &1 * 331,

By taking the supremum of both sides overx, we obtain Eq. (3.12). Q.E.D.

Approaches to Show that  Jg is a Fixed Point of T

The critical assumption of Prop. 3.2.1 is that J§ is a Pxed point of T. For

a specibc application, this must be proved with a separate analysis & a
suitable setS is chosen. To this end, we will provide several approaches
that guide the choice ofS and facilitate the analysis.

One approach applies to problems wherel* is generically a bxed
point of T, in which case for every setS such that J§ = J*, Prop. 3.2.1
applies and shows thatJ* can be obtained by the VI algorithm starting
from any J | Ws. Exercise 3.1 provides some conditions that guarantee
that J* is a bxed point of T. These conditions can be veribed in wide
classes of problems such as deterministic models. Sections 3.5.4 an8.3
illustrate this approach. Other important models where J* is guaranteed to
be a bxed point of T are the monotone increasing and monotone decreasing
models of Section 4.3. We will discuss the application of Prop. 3.2.1 and
other related results to these models in Chapter 4.

In the present chapter the approach for showing thatJg is a pxed
point of T will be mostly based on the PI algorithm; cf. the discussion of
Section 3.1.5. An alternative and complementary approach is the peurba-
tion-based analysis to be given in Section 3.4. This approach will be apied
to a variety of problems in Section 3.5, and will also be prominent in
Sections 4.5 and 4.6 of the next chapter.

3.2.3 Policy lteration Analysis of BellmanOs Equation

We will develop a Pl-based approach for showing thatlg is a Pxed point
of T. The approach is applicable under assumptions that guarantee thia
there is a sequencg pk} of S-regular policies that can be generated by PI.
The signibcance ofS-regularity of all pk lies in that the corresponding cost
function sequence{Jx} belongs to the well-behaved region of Eq. (3.10),
and is monotonically nonincreasing (see the subsequent Prop. 3.2.3). Un-
der an additional mild technical condition, the limit of this sequence is a
Pxed point of T and is in fact equal to J§ (see the subsequent Prop. 3.2.4).
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Let us consider the standard form of the PI algorithm, which starts
with a policy p® and generates a sequenciuk} of stationary policies ac-
cording to

Tuksr e = Tk, k=0,1,.... (3.13)

This iteration embodies both the policy evaluation step, which compues
J,x in some way, and the policy improvement step, which computegik+l (x)
as a minimum overu ! U(x) of H(x,u,J «) for eachx ! X. Of course, to
be able to carry out the policy improvement step, there should be eaugh
assumptions to guarantee that the minimum is attained for everyx. One
such assumption is thatU(x) is a Pnite set for eachx ! X . A more general
assumption, which applies to the case where the constraint setd(x) are
inbnite, will be given in Section 3.3.

The evaluation of the cost function J,, of a policy p may be done
by solving the equation J, = T,Jy, which holds whenp is an S-regular
policy. An important fact is that if the Pl algorithm generates a sequence
{uk} consisting exclusively ofS-regular policies, then not only the policy
evaluation is facilitated through the equation J, = TyJu, but also the
sequence of cost functiongJ «} is monotonically nonincreasing, as we
will show next.

Proposition 3.2.3: (Policy Improvement Under S-Regularity)
Given a setS % E(X ), assume that{pk} is a sequence generated by
the PI algorithm (3.13) that consists of S-regular policies. Then

Jp " e, k=0,1,....

Proof: Using the S-regularity of pk and Eq. (3.13), we have
J“k = Tuk‘]u" " T‘]u" = Tu"” J“k. (3.14)
By using the monotonicity of T «+1 , we obtain

I " Ty lm T, 3

u = Juk+1 ) (3.15)

pk
where the equation on the right holds sinceuk+! is S-regular and Ju I'S
(in view of the S-regularity of pk). Q.E.D.

The preceding proposition shows that if a sequence @-regular poli-
cies {pk} is generated by PI, the corresponding cost function sequence
{J,«} is monotonically nonincreasing and hence converges to a limid .
Under mild conditions, we will show that Jx is a bxed point of T and is
equal to Jg. This is important as it brings to bear Prop. 3.2.1, and the
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associated results on VI convergence and optimality conditions. Lteus brst
formalize the property that the PI algorithm can generate a sequece of
S-regular policies.

Debnition 3.2.3: (Weak PI Property) We say that a setS %
E(X) has the weak PI property if there exists a sequence o8-regular
policies that can be generated by the Pl algorithm [i.e., a sequence
{uk} that satispes Eq. (3.13) and consists o8-regular policies].

Note a bPne point here. For a given starting policyy®, there may be
many di" erent sequence§pk} that can be generated by Pl [i.e., satisfy Eq.
(3.13)]. While the weak PI property guarantees that some of theseonsist
of S-regular policies exclusively, there may be some that do not. The polic
improvement property shown in Prop. 3.2.3 holds for the former segences,
but not necessarily for the latter. The following proposition provides the
basis for showing that J5 is a bxed point of T based on the weak Pl

property.

Proposition 3.2.4: (Weak Pl Property Theorem) Given a set
S % E(X ), assume that:

(1) S has the weak PI property.

(2) For each sequencdJm} % S with Jy, ) J for someJ ! E(X),
we have

H(x,u,J) = nlqu H(x,u,dm), #x! X, u! U(x). (3.16)

Then:
(@) Jg is a Pxed point of T and the conclusions of Prop. 3.2.1 hold.

(b) (PI Convergence Every sequence ofS-regular policies{pk} that
can be generated by Pl satisPed,x ) Jg. If in addition the set
of S-regular policies is bnite, there exist® " 0 such that p® is
M s-optimal.

Proof: (a) Let {pk} be a sequence oB-regular policies generated by the
P1 algorithm (there exists such a sequence by the weak Pl propey). Then
by Prop. 3.2.3, the sequenc¢J,x} is monotonically nonincreasing and must
converge to somely " Jg.

We brst show that J4 is a bxed point of T. Indeed, from Eq. (3.14),
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we have

I " T " Ta,

so by letting k '+ , we obtainJs " TJs . From Eq. (3.15) we also have
Tk " Jyk+1 Taking the limit in this relation as k '+ , we obtain

kI"i#cn (TIp)(x) " kI"i#rtn Juke (X) = Iz (X)), x ! X

By using Eq. (3.16) we also have

H(x,u,J# )= |I(i"r#p Hx u,J k)" kI"ijgn (T I )(X), x ! X, u! U(x).

By combining the preceding two relations, we obtain
H(x,u,Jz )" Jz (X), x X, u!l U,

and by taking the inbmum of the left-hand side overu ! U(x), it follows
that TJs " Jx . Thus Jy is a bxed point of T.
Finally, we show that Js+ = Jg. Indeed, sinceJg - J «, we have
Js- Ju =Tkl - TSIy - Tﬂf\]uo, #pu! Ms, k=0,1,....
By taking the limitas k '+ , and using the factp! M s andJ 0! S, it
follows that Jg - Js - Jy, forall p! M s. By taking the inPmum over
! Mg, it follows that Jz = Jg, soJg is a bxed point of T.

(b) The limit of {J,,x} was shown to be equal tal§ in the preceding proof.
Moreover, the Pniteness oM s and the policy improvement property of
Prop. 3.2.3 imply that some pR is M s-optimal. Q.E.D.

Note that under the weak Pl property, the preceding proposition
shows convergence of the Pl-generated cost functiond,« to Jg but not
necessarily toJ*. An example of this type of behavior was seen in the
linear-quadratic problem of Section 3.1.4 (whereS is the set of honnega-
tive quadratic functions). Let us describe another example, whichshows
in addition that under the weak PI property, it is possible for the Pl algo-
rithm to generate a nonmonotonic sequence of policy cost functiom that
includes both optimal and strictly suboptimal policies.

Example 3.2.2: (Weak PI Property and the Deterministic
Shortest Path Example)

Consider the deterministic shortest path example of Section 3.1.1 for the case
where there is a zero length cycle @ = 0), and let S be the real line (, as
in Example 3.2.1. There are two policies: p which moves from state 1 to the
destination at cost b, and p" which stays at state 1 at cost 0. Starting with
the S-regular policy p, the Pl algorithm generates the policy that corresponds



156 Semicontractive Models Chap. 3

to the minimum in TJ, = min {b,J.} = min {b, 3. Thus both the S-regular
policy p and the S-irregular ' can be generated at the brst iteration. This
means that the weak Pl property holds (although the strong Pl property,
which will be introduced shortly, does not hold). Indeed, co nsistent with
Prop. 3.2.4, we have that J& = J, = bis a bxed point of T, in fact the only
bxed point of T in the well-behaved region {J | J # b}.

An interesting fact here is that when b < 0, and Pl is started with the
optimal S-regular policy , then it may generate the S-irregular policy W',
and from that policy, it will generate p again. Thus the weak Pl property
does not preclude the PI algorithm from generating a policy sequence that
includes S-irregular policies, with corresponding policy cost funct ions that
are oscillating.

Let us also revisit the blackmailer example of Section 3.1.3. In the brst
variant of that example, when S = , , all policies are S-regular, the weak
PI1 property holds, and Prop. 3.2.4 applies. In this case, Pl will geneate a
sequence ofs-regular policies that converges tog = *+ , which is a pxed
point of T, consistent with Prop. 3.2.4 (even thoughJg ¥ S and there is
no M s-optimal policy).

Analysis Under the Strong Pl Property

Proposition 3.2.4(a) does not guarantee thateverysequenceg pk} generated
by the PI algorithm satisPes J,x ) Js. This is true only for the sequences
that consist of S-regular policies. We know that when the weak PI property
holds, there exists at least one such sequence, but Pl can also geate
sequences that containS-irregular policies, even when started with anS-
regular policy, as we have seen in Example 3.2.2. We thus introduce a
stronger type of Pl property, which will guarantee stronger corclusions.

Debpnition 3.2.4: (Strong PI Property) We say that a setS %
E(X) has the strong PI property if:

(a) There exists at least oneS-regular policy.

(b) For every S-regular policy y, any policy u® such that T,-J, =
TJy is S-regular, and there exists at least one suclp®.

The strong Pl property implies that every sequence that can be ge-
erated by PI starting from an S-regular policy consists exclusively ofS-
regular policies. Moreover, there exists at least one such sequancHence
the strong PI property implies the weak Pl property. Thus if the strong
PI1 property holds together with the mild continuity condition (2) of P rop.
3.2.4, it follows that Jg is a bxed point of T and Prop. 3.2.1 applies. We
will see that the strong PI property implies additional results, relating to
the uniqueness of the bxed point off .
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The following proposition provides conditions guaranteeing that S
has the strong PI property. The salient feature of these conditims is that
they preclude optimality of an S-irregular policy [see condition (4) of the
proposition].

Proposition 3.2.5: (Verifying the Strong Pl Property) Given
a setS % E(X), assume that:

Q) J(x)< + forall J! Sandx! X.
(2) There exists at least oneS-regular policy.
(3) For every J I S there exists a policyp such that T,J = TJ.

(4) For every J ! S and S-irregular policy p, there exists a state
x ! X such that

limsup (T§J)(x) = + . (3.17)
k"#
Then:
(a) A policy p satisfying T,J - J for some functionJ ! S is S-
regular.

(b) S has the strong PI property.

Proof: (a) By the monotonicity of T,, we have limsug., TfJ - J, and
since by condition (1), J(x) < + for all x, it follows from Eq. (3.17) that
M is S-regular.

(b) In view of condition (3), it will su ! ce to show that for every S-regular
policy W, any policy u®such that T,-J, = TJ, is alsoS-regular. Indeed

Tu"\]p = TJ“ - Tu\]u = J“,
sopu®is S-regular by part (a). Q.E.D.

A representative example where the preceding proposition applies is
a deterministic shortest path problem where all cycles have positivéength
(see the subsequent Example 3.2.3, and other examples later that\inlve
SSP problems; see Sections 3.3 and 3.5). For an example where the as
sumptions of the proposition fail, consider the linear-quadratic prdolem of
Section 3.1.4. HereS is the set of nonnegative quadratic functions, but
the optimal policy u' that applies control u = 0 at all states is S-irregular,
since we do not haveTl'j#J " Ju# =0 for J equal to a positive quadratic
function, while condition (4) of the proposition does not hold. Thus we can-
not conclude that the strong PI property holds in the absence of dditional
analysis.
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We next derive some of the implications of the strong PI property
regarding Pxed properties of]g. In particular, we show that if Jg ! S,
then Jg is the unique Pxed point of T within S. This result will be the
starting point for the analysis of Section 3.3.

Proposition 3.2.6: (Strong Pl Property Theorem) Let S sat-
isfy the conditions of Prop. 3.2.5.

(@) (Uniqueness of Fixed Poin) If T has a bxed point within S, then
this Pxed point is equal to Jg.

(b) (Fixed Point Property and Optimality Condition ) If J¢ ! S, then
Jg is the unique Pxed point of T within S and the conclusions of
Prop. 3.2.1 hold. Moreover, every policyu that satispesT,Jg =
TJg is M s-optimal and there exists at least one such policy.

(c) (PI Convergencs If for each sequencd Jm} % S with Jm, ) J for
someJ ! E(X), we have

H(x,u,J) = nL"I) H(x,u,dm), #x! X, u! U(X),

then Jg is a bxed point of T, and every sequencépk} generated
by the PI algorithm starting from an S-regular policy p° satisbpes
Juk ) Js. Moreover, if the set of S-regular policies is bnite, there

exists " 0 such that p® is M s-optimal.

Proof: (a) Let J$! S be a bxed point of T. Then for everypu! M s and
k" 1, we havel$= TkJ$- TkJ$ By taking the limitas k'+ , we have
J$- Ju, and by taking the inPmum overp! M s, we obtain J$- Jg. For
the reverse inequality, let u® be such thatJ$= TJ$= T,-J%[cf. condition
(3) of Prop. 3.2.5]. Then by Prop. 3.2.5(a), it follows that p$is S-regular,
and sinceJ$! S, by the dePnition of S-regularity, we have J$= J " Jg,
showing that J$= Jg.

(b) For every u! M s we havedy " Jg, so that

Ju= Tdy " TS TIL

Taking the inbmum overallp! M s, we obtainJg " TJg. Let g be a policy
such that TJg = Tu.Jg, [there exists one by condition (3) of Prop. 3.2.5,

since we assume thatlg ! S]. The preceding relations yieldJg " TuJs,
so by Prop. 3.2.5(a),u is S-regular. Therefore, we have

3§t TIS=Tudg lim TEIS =t 3,

where the second equality holds sinc@l was proved to be S-regular, and
Js ! S by assumption. Hence equality holds throughout in the above
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relation, which proves that Jg is a Pxed point of T (implying the conclusions
of Prop. 3.2.1) and that u is M s-optimal.

(c) Since the strong PI property [which holds by Prop. 3.2.5(b)] implies the
weak Pl property, the result follows from Prop. 3.2.4(b). Q.E.D.

The preceding proposition does not address the question whethel”
is a bxed point of T, and does not guarantee that VI converges talg or
J* starting from every J ! S. We will consider both of these issues in the
next section. Note, however, a consequence of part (a): " is known to
be a bxed point of T and J* ! S, then J* = Jg.

Let us now illustrate with examples some of the bPne points of the
analysis. For an example where the preceding proposition does nopaly,
consider the brst two variants of the blackmailer problem of Sectior3.1.3.
Let us take S = , , so that all policies are S-regular and the strong PI
property holds. In the Prst variant of the problem, we haveJ* = J§ =
*+ , and consistent with Prop. 3.2.4,J¢ is a bxed point of T. However,
Js ¥ S, and T has no bxed points within S. On the other hand if we
changeS to be [*+ ,+ ), there are no S-regular policies at all, since for
J=*1 S, wehaveTfJ = * <J, forall u. As noted earlier, both
Props. 3.2.1 and 3.2.4 do apply. In the second variant of the problemywe
haveJ* = Jg = * 1, while the set of bxed points oflT within Sis (*+ ,* 1],
so Prop. 3.2.6(a) fails. The reason is that the condition (3) of Prop.3.2.5
is violated.

The next example, when compared with Example 3.2.2, illustrates
the di" erence in Pl-related results obtained under the weak and th strong
Pl properties. Moreover it highlights a generic dii culty in applying PI,
even if the strong PI property holds, namely that an initial S-regular policy
must be available.

Example 3.2.3: (Strong Pl Property and the Deterministic
Shortest Path Example)

Consider the deterministic shortest path example of Section 3.1.1 for the case
where the cycle has positive length (@ > 0), and let S be the real line (, as
in Example 3.2.1. The two policies are: p which moves from state 1 to the
destination at cost b and is S-regular, and p" which stays at state 1 at cost
a, which is S-irregular. However, p' has inPnite cost and satisbes Eq (3.17).
As a result, Prop. 3.2.5 applies and the strong PI property ho Ids. Consistent
with Prop. 3.2.6, JZ is the unique Pxed point of T within S.

Turning now to the PI algorithm, we see that starting from the  S-regular
M, which is optimal, it stops at W, consistent with Prop. 3.2.6(c). However,
starting from the S-irregular policy p' the policy evaluation portion of the
Pl algorithm must be able to deal with the inPnite cost values associated
with p'. This is a generic di" culty in applying Pl to problems where t here
are irregular policies: we either need to know an initial S-regular policy, or
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appropriately modify the Pl algorithm. See the discussions in Sections 3.5.1
and 3.6.2.

3.2.4 Optimistic Policy Iteration and ! -Policy Iteration

We have already shown the validity of the VI and PI algorithms for com-
puting J¢ (subject to various assumptions, and restrictions involving the
starting points). In this section and the next one we will consider sane ad-
ditional algorithmic approaches that can be justibed based on the gceding
analysis.

An Optimistic Form of PI

Let us consider an optimistic variant of PI, where policies are evalua¢d
inexactly, with a bnite number of VIs. In particular, this algorithm st arts
with some Jo ! E(X) such that Jo " TJo, and generates a sequence
{Jk, Uk} according to

Twde =TI,  Jk1 = T:“kka, k=0,1,..., (3.18)

where my is a positive integer for eachk.

The following proposition shows that optimistic Pl converges under
mild assumptions to a bxed point of T, independently of any S-regularity
framework. However, when such a framework is introduced, andhe se-
guence generated by optimistic Pl generates a sequence $fregular poli-
cies, then the algorithm converges tolg, which is in turn a bxed point of
T, similar to the Pl convergence result under the weak Pl property; cf.
Prop. 3.2.4(b).

Proposition 3.2.7: (Convergence of Optimistic PI) Let Jo !
E(X) be a function such that Jo " TJo, and assume that:

(1) Forall p! M, we haved, = T,Jy, and for all J | E(X) with
J - Jo, there exists|g! M such that TgJ = TJ.

(2) For each sequencgJm} % E(X ) with Jy ) J forsomed ! E(X),
we have

H (x,u,J) = nL"I) H(u,dm), #x! X, u! U().

Then the optimistic Pl algorithm (3.18) is well debned and the follow-
ing hold:

(a) The sequenceg{Jk} generated by the algorithm satisbesly ) J# ,
where J¢ is a bxed point of T.
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(b) If for a set S % E(X), the sequence{pk} generated by the algo-
rithm consists of S-regular policies, and we haveli ! S for all
k, then Jx ) J5 and Jg is a Pxed point of T.

Proof: (a) Condition (1) guarantees that the sequence{Jy, uk} is well
debned in the following argument. We have

Jo " TJ() = TpoJo " TS(]JOJ() = J1
"I 30= Tyodit TIi= Tadi" 444 I,

(3.19)
and continuing similarly, we obtain

Jie " TIhe" ks, k=0,1,.... (3.20)

Thus Jx ) J# for someJdy .

The proof that Jx is a bxed point of T is similar to the case of the
Pl algorithm (3.13) in Prop. 3.2.4. In particular, from Eq. (3.20), we have
Jk " TJg, and by taking the limitas k'+

Jy " TJs .
For the reverse inequality, we use Eq. (3.20) to write
H(u,Jk) " (TI)X) " Iz (X), #x1 X, u! U().
By taking the limit as k'+ and using condition (2), we have that
H(xu,dg )" Jg (X), #x1 X, u! U().
By taking the inbmum over u! U(x), we obtain
T " e,

thus showing that TJx = J# .

(b) In the case where all the policiesuk are S-regular and {Jx} % S, from
Eq. (3.19), we haveJy+1 " J,« for all k, so it follows that

Jy = |!I";ran N Ilkrp#lnf Juk " Js.

We will also show that the reverse inequality holds, so thatdy = Jg.
Indeed, for everyS-regular policy p and all k " 0, we have

J# = TkJ# - TllfJ# - TllfJo,
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from which by taking limit as k '+ and using the assumptionJo ! S,
we obtain
J# - k||£n T&Jo: Ju, # IJ! M S.

Taking inPmum over p! M s, we haveds - Jg. Thus, J¢ = Jg, and by
using the properties ofJx proved in part (a), the result follows. Q.E.D.

Note that, in general, the bxed pointJs in Prop. 3.2.7(a) need not be
equal to J5 or J*. As an illustration, consider the shortest path Example
321 withS=,,anda=0, b>0. Thenif 0<Jg <b, it can be seen
that Jx = Jo for all k, s0J* =0 <Js andJs <Jg= b

I -Policy Iteration

We next consider! -policy iteration (! -PI for short), which was described
in Section 2.5. It involves a scalar! ! (0,1) and it is debned by

Tudk =TI Jiea = T3 (3.21)

where for any policy p and scalar! ! (0,1), Tﬁ#) is the multistep mapping
discussed in Section 1.2.5:

#
TPNe) =@ =1 HENek),  x! X (322
t=0

Here we assume that the limit of the series above is well-debPned as anft
tionin E(X) forall x! X,u! M,andJ ! E(X).
We will also assume thatT, and Tﬁ#) commute, i.e.,

Tu(TP) = T(T3),  #ur M, 31 EX). (3.23)

This assumption is commonly satisped in DP problems wher&), is linear,
such as the stochastic optimal control problem of Example 1.2.1.

To compare the ! -Pl method (3.21) with the exact Pl algorithm
(3.13), note that by the analysis of Section 1.2.5 (see also Exercise?),
the mapping Téf) is an extrapolated version of the proximal mapping for
solving the pxed point equationJ = T «J. Thus in ! -PI, the policy evalua-
tion phase is done approximately with a single iteration oftie (extrapolated)
proximal algorithm.

As noted in Section 2.5, the! -PI and the optimistic Pl methods are
related. The reason is that both mappingsTL(lf) and Tﬂk involve multiple
applications of the VI mapping T,x: a Pxed numbermy in the latter case,
and a geometrically weighted inbnite number in the former case [cf. Eq
(3.22)]. Thus ! -PI and optimistic Pl use VI in alternative ways to evaluate
J,x approximately.
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Since ! -Pl and optimistic Pl are related, it is not surprising that
they have the same type of convergence properties. We have tHellowing
proposition, which is similar to Prop. 3.2.7.

Proposition 3.2.8: (Convergence of I-Pl) LetJo! E(X) be a
function such that Jo " T Jo, assume that the limit in the series (3.22)
is well debPned and Eg. (3.23) holds. Assume further that:

(1) Forall p! M, we haved, = T,Jy, and for all J | E(X) with
J - Jo, there exists|g! M such that TgJ = TJ.

(2) For each sequencg¢Jm} % E(X) with Jy, ) J forsomed ! E(X),
we have

H(x,u,J) = nL"I) H(u,dm), #x! X, u! U().

Then the ! -PI algorithm (3.21) is well debPned and the following hold:

(a) A sequence{Jy} generated by the algorithm satisbesly ) J# ,
where J; is a bxed point of T.

(b) If for a set S % E(X ), the sequence{pk} generated by the algo-
rithm consists of S-regular policies, and we haveli ! S for all
k, then Jx ) J5 and Jg is a Pxed point of T.

Proof: (a) We brst note that forall p! M and J ! E(X) such that
J" TuJd, we have

T T

This follows from the power series expansion (3.22) and the fact thaJ "
TuJ implies that

T TRI" 444 T, #mt oL
Using also the monotonicity of T, and Té#), and Eq. (3.23), we have that
J"TJd 0 T T3 1 (M3) = TP,
The preceding relation and our assumptions imply that
Jo" Tdo= Tuedo" T{HNIo=0u
" T(TiJ0)= Tedi” TIi= Tudi" 444 Ja.
Continuing similarly, we obtain Jx " TJx " Jk+1 for all k. Thus Jx ) J#

for someJs . From this point, the proof that Jx is a Pxed point of T is
similar to the one of Prop. 3.2.7(a).

(b) Similar to the proof of Prop. 3.2.7(b). Q.E.D.
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3.2.5 A Mathematical Programming Approach

Let us Pnally consider an alternative to the VI and Pl approaches. tis

based on the fact thatJg is an upper bound to all functions J ! S that

satisfy J - TJ, as we will show shortly. We will exploit this fact to obtain a

method to compute J¢ that is based on solution of a related mathematical
programming problem. We have the following proposition.

Proposition 3.2.9:  Given a setS % E(X), for all functions J ! S
satisfying J - TJ, we haved - Jg.

Proof: If J ! SandJ - TJ, by repeatedly applying T to both sides
and using the monotonicity of T, we obtain J - TkJ - TkJ for all k and
S-regular policiesp. Taking the limitas k'+ , we obtainJ - J,, so by
taking the inbmum over p! M s, we obtainJ - Jg. Q.E.D.

Thus if J is a Pxed point of T, it is the OlargestO bxed point of , and
we can use the preceding proposition to computdg by maximizing an ap-
propriate monotonically increasing function of J subject to the constraints
J! SandJ - TJ. This approach, when applied to bnite-spaces Marko-
vian decision problems, is usually referred to as thdinear programming
solution method, since then the resulting optimization problem is a linear
program (see e.g., see Exercise 2.5 for the case of contractive pkems or
[Berl2a], Ch. 2).

Suppose now thatX = {1,...,n}, S=, ", and J is a bxed point of
T. Then Prop. 3.2.9 shows thatdg = Jg(1),...,Jds(n) is the unique solux
tion of the following optimization problem in the vector J = "J(1),...,J(n) :

#"
maximize & J (i)
i=1
subjectto J(i)- H(i,u,J), i=1,...,n, u! U(i),

where &,...,& are any positive scalars. IfH is linear in J and each
U(i) is a bnite set, this is a linear program, which can be solved by using
standard linear programming methods.

For the mathematical programming approach to apply, it is su " cient that
J¥Y) TJE However, we generally haveJZ # TJZ (this follows by writing

Ju = Ty # TI, # TIE, * 1%M s,

and taking the inbmum over all p %M s), so the condition JZ ) TJZ is equivalent
to JZ being a bxed point of T.
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IRREGULAR POLICIES/INFINITE COST CASE

The results of the preceding section guarantee (under various calitions)
that Jg is a Pxed point of T, and can be found by the VI and Pl algorithms,
but they do not assert that J* is a Pxed point of T or that J* = Jg. In this
section we address these issues by carrying the strong Pl propggranalysis
further with some additional assumptions. A critical part of the analysis
is based on the strong Pl property theorem of Prop. 3.2.6. We brstollect
all of our assumptions. We will verify these assumptions in the contet of
several applications in Section 3.5.

Assumption 3.3.1:  We have a subsetS % R (X)) satisfying the fol-
lowing:

(a) S contains® and has the property that if J;, J> are two functions
in S, then S contains all functions J with J; - J - Jo.

(b) The function Jg =inf .1 m ¢ Ju belongs toS.
(c) For each S-irregular policy p and eachJ ! S, there is at least
one statex ! X such that

limsup (TEJ)(x) = + .
k"#

(d) The control set U is a metric space, and the set

&
u! UXx)|HMXu,J)- !

is compact for everyJ ! S, x! X,and! !,

(e) For each sequenc§Jn} %S with J, 2J for somed ! S,

im H(xudm)= H(xud),  #x! X ul U®x).

(f) For each function J ! S, there exists a functionJ®! S such that
J$- Jand J$- TJS

An important restriction of the preceding assumption is that S con-
sists of real-valued functions This underlies the mechanism of di erenti-
ating between S-regular and S-irregular policies that is embodied in As-
sumption 3.3.1(c).

The conditions (b) and (c) of the preceding assumption have been in
troduced in Props. 3.2.5 and 3.2.6 in the context of the strong Pl prperty-
related analysis. New conditions, not encountered earlier, are (a)e), and
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(f). They will be used to assert that J* = Jg, that J* is the unique pxed
point of T within S, and that the VI and PI algorithms have improved
convergence properties compared with the ones of Section 3.2.

Note that in the case whereS is the set of real-valued functionsR (X')
and P! R(X), condition (a) is automatically satisbed, while condition
(e) is typically veribed easily. The veribcation of condition (f) may be
nontrivial in some cases. We postpone the discussion of this issuerftater
(see the subsequent Prop. 3.3.2).

The main result of this section is the following proposition, which
provides results that are almost as strong as the ones for contrdive models.

Proposition 3.3.1:  Let Assumption 3.3.1 hold. Then:

(&) The optimal cost function J* is the unique bPxed point of T within
the set S.

(b) We have TkJ ' J” forall J! S.

(c) A policy pis optimal if and only if T,J* = TJ*. Moreover, there
exists an optimal policy that is S-regular.

(d) Forany J ! S,ifJ - TJ we havel - J*, andif J " TJ we
haveJ " J".

(e) If in addition for each sequence{Jm} % S with Jy, ) J for some
J! S, we have

H(x,u,J) = nlm H(x,u,dm), #x! X, u! U(X),

then every sequencé pk} generated by the PI algorithm starting
from an S-regular policy u° satispesJ,x ) J*. Moreover, if the
set of S-regular policies is Pnite, there exist® " 0 such that p®
is optimal.

We will prove Prop. 3.3.1 through a sequence of lemmas, which delin-
eate the assumptions that are needed for each part of the proofOur prst
lemma guarantees that starting from anS-regular policy, the PI algorithm
is well dePned.

Lemma 3.3.1: Let Assumption 3.3.1(d) hold. ForeveryJ ! S, there
exists a policy p such that T,J = TJ.

&
Proof: For any x ! X with (TJ)(x) < +,let !,(x) be a decreasing
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scalar sequence with

I'm(X)) u!iUf(x) H(x,u,J).

The set 2 .
Un(x)= u! UX) |[HXuJd)- 'm(x) ,

is nonempty, and by assumption it is compact. The set of points attan-
ing the inPmum of H (x,u,J) over U(x) is 3% _; Un(x), and is therefore
nonempty. Let uy be a point in this intersection. Then we have

H(x,ux,J) - 'm(x), #m" 0. (3.24)

Consider now a policy, which is formed by the point uy for x with
(TJ)(x) < +,and by any point ux ! U(x) for x with (TJ)(x) = + . Taking
the limitin Eq. (3.24)as m '+  shows thatp satisPes TpJ)(x) = ( TJI)(x)
for x with (TJ)(x) < + . For x with (TJ)(x) = + , we also have trivially
(Tud)(X)=(TI)(x),s0Td = TIJ. Q.E.D.

The next two lemmas follow from the analysis of the preceding section

Lemma 3.3.2: Let Assumption 3.3.1(c) hold. A policy u that satis-
PesTyJ - J for someJ ! S is S-regular.

Proof: This is Prop. 3.2.5(a). Q.E.D.

Lemma 3.3.3: Let Assumption 3.3.1(b),(c),(d) hold. Then:

(@) The function J§ of Assumption 3.3.1(b) is the unique Pxed point
of T within S.

(b) Every policy p satisfying TyJg = TJg is optimal within the set
of S-regular policies, i.e.,u is S-regular and J,, = J5. Moreover,
there exists at least one such policy.

Proof: This is Prop. 3.2.6(b) [Assumption 3.3.1(d) guarantees that for
every J | S, there exists a policy p such that T,J = TJ (cf. Lemma
3.3.1), which is part of the assumptions of Prop. 3.2.6]. Q.E.D.

Let us also prove the following technical lemma, which makes use of
the additional part (e) of Assumption 3.3.1.
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Lemma 3.3.4: Let Assumption 3.3.1(b),(c),(d),(e) hold. Thenif J !
S, {TkJ} %S, and TkJ 2J4 for someJs ! S, we havedy = Jg.

Proof: We bxx ! X, and consider the sets

Uc)= u! UX) [HO U, TKI)- Js (x) , k=0,1,..., (3.25)
which are compact by assumption. Letux ! U(x) be such that

H(x,uk, TkJ) = IinJ( )H(x,u,TkJ)=(Tk+1J)(x)— Js (X)

(such a point exists by Lemma 3.3.1). Thenuy ! Ug(x).
For everyk, consider the sequencéu;} . SinceTkJ 2 J4 , it follows
using the monotonicity of H, that for all i " k,

H(X,ui, T*J) - H(x,u;i, TiJ) - Ju (X).

Therefore from the dePbnition (3.25), we have{ ui}¥. , % Ui (x). SinceUk(x)
is compact, all the limit points of {ui}®., belong to Ux(x) and at least one
limit point exists. Hence the same is true for the limit points of the whole
sequencgu;}. Thus if & is a limit point of {u;}, we have

g!3 i:O Uk (X).

By Eq. (3.25), this implies that

!
H x, & Tkl - Ju (x), k=0,1,....
Taking the limit as k'+  and using Assumption 3.3.1(e), we obtain
(T )(X) - H(X, 8,34 ) - Jx (X).

Thus, since x was chosen arbitrarily within X, we haveTJs - Js . To
show the reverse inequality, we writeTkJ - Jx , apply T to this inequality,
and take the limitas k '+ , sothat Js =limyy Tk - TJz. It
follows that J4» = TJs . Sincedy ! S by assumption, by applying Lemma
3.3.3(a) we haveds = J5. Q.E.D.

We are now ready to prove Prop. 3.3.1 by making use of the additional
parts (a) and (f) of Assumption 3.3.1.

Proof of Prop. 3.3.1: (), (b) We will prst prove that TkJ ' Jg for all
J ! S, and we will use this to prove that J5 = J* and that there exists
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an optimal S-regular policy. Thus parts (a) and (b), together with the
existence of an optimalS-regular policy, will be shown simultaneously.
We bxJ ! S, and chooseJ®! S such that J$- J and J$- TJ$
[cf. Assumption 3.3.1(f)]. By the monotonicity of T, we have TkJ$2 Ju
for someJy ! E(X). Let u be anS-regular policy such that J, = Jg [cf.
Lemma 3.3.3(b)]. Then we have, using again the monotonicity ofT,

Jiy = lim TkJI$- limsupTkJ - Iim T3 = J, = Jg. (3.26)
k"% K" K"

Since J® and Jg belong to S, and J$- TkJ$- Jy - Jg, Assumption
3.3.1(a) implies that {TkJ% % S, and J» ! S. From Lemma 3.3.4, it
then follows that J4 = Jg. Thus equality holds throughout in Eq. (3.26),
proving that lim s TkJ = Jg.

There remains to show thatJg = J* and that there exists an optimal
S-regular policy. To this end, we note that by the monotonicity Assumption
3.2.1, for any policy" = {Ho, H1,--.}, we have

Tllo é_é'ﬁ“k! 1;@" TR
Taking the limit of both sides ask '+ , we obtain

" lim TkP= Jg,
k"#

where the equality follows sinceTkJ ' Jg forall J ! S (as shown earlier),
and P! S [cf. Assumption 3.3.1(a)]. Thus for all" | #, J; " Jg = Jy,
implying that the policy p that is optimal within the class of S-regular
policies is optimal over all policies, and thatJg = J*.

(c) If pis optimal, then J, = J* ! S, so by Assumption 3.3.1(c), {1 is
S-regular and thereforeT,J, = J,. Hence,

T = Tdy=Jdy=J"=TJ".

Conversely, if

J'=TJ =TuJ",
W is S-regular (cf. Lemma 3.3.2), soJ* =lim -+ TXJ* = J,. Therefore,
H is optimal.
(d)If J! SandJ - TJ, by repeatedly applying T to both sides and using
the monotonicity of T, we obtain J - T*J for all k. Taking the limit as

k'+ andusing the factTkJ ' J* [cf. part (b)], we obtain J - J*. The
proof that J " TJ impliesJ " J” is similar.

(e) As in the proof of Prop. 3.2.4(b), the sequence J,x} converges mono-
tonically to a bxed point of T, call it J4 . SinceJs lies betweenJ o ! S

and J ! S, it must belong to S, by Assumption 3.3.1(a). Since the only
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bxed point of T within S is J* [cf. part ()], it follows that Js = J~.
Q.E.D.

Note that Prop. 3.3.1(d) provides the basis for a solution method
based on mathematical programming; cf. the discussion following Rip.
3.2.9. Here is an example where Prop. 3.3.1 does not apply, becausesth
compactness condition of Assumption 3.3.1(d) fails.

Example 3.3.1

Consider the third variant of the blackmailer problem (Sect ion 3.1.3) for the

case wherec > 0 and S = (. Then the (nonoptimal) S-irregular policy @
whereby at each period, the blackmailer may demand no payment (u = 0)

and pay cost ¢ > 0, has inPnite cost Jg = " ). However, T has multiple bxed
points within the real line, namely the set ( ! ,! 1]. By choosingS = ( , we
see that the uniqueness of bxed point part (a) of Prop. 3.3.1 fails because the
compactness part (d) of Assumption 3.3.1 is violated (all ot her parts of the

assumption are satisbed). In this example, the results of Prop. 3.2.1 apply
with S = (, becausel¢ is a bxed point of T.

In various applications, the veribcation of part (f) of Assumption 3.3.1
may not be simple. The following proposition is useful in several contes,
including some that we will encounter in Section 3.5.

Proposition 3.3.2: Let S be equal to Ry(X), the subset of R(X)
that consists of functions J that arg bounded above and below, in the
sense that for someb!, , we have’J (x)/ - bforall x! X. Let parts
(b), (c), and (d) of Assumption 3.3.1 hold, and assume further tha
for all scalarsr > 0, we have

TIg* re- T(Jg* re), (3.27)

where e is the unit function, e(x) $ 1. Then part (f) of Assumption
3.3.1 also holds.

Proof: Let J ! Ry(x), and let r > 0 be a scalar such thatdg * re - J
[such a scalar exists sincelg ! Rp(x) by Assumption 3.3.1(b)]. DePne
J$= Jg* re, and note that by Lemma 3.3.3,Jg is a bxed point of T. By
using Eq. (3.27), we have

J$=Js*re=TJg* re- T(Jg* re)= TJS,
while J$! Ry(x), thus proving part (f) of Assumption 3.3.1. Q.E.D.

The relation (3.27) is satisbed among others in stochastic optimal
control problems (cf. Exargple 1.2.1), Whe're

(TI)(x) = IinJ( )E gx,u,w) + #J f (x,u,w) x! X,
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with # ! (0,1]. Note that application of the preceding proposition is
facilitated when X is a Pnite set, in which caseRp(X) = R(X). This
fact will be used in the context of some of the applications of Sectios
3.5.1-3.5.4.

IRREGULAR POLICIES/FINITE COST CASE -
A PERTURBATION APPROACH

In this section, we address problems where som8-irregular policies may
have Pnite cost for all states [thus violating Assumption 3.3.1(c)], sdProp.
3.3.1 cannot be used. Our approach instead will be to assert thalg is a
bxed point of T, so that Prop. 3.2.1 applies and can be used to guarantee
convergence of VI toJg starting from Jo " Jg.

Our line of analysis is quite di' erent from the one of Sections 3.2.3
and 3.3, which was based on PI ideas. Instead, wadd a perturbation to
the mappingH, designed to provide adequate dierentiation between S-
regular and S-irregular policies. Using a limiting argument, as the size of
the perturbation diminishes to 0, we are able to prove thatJg is a pxed
point of T. Moreover, we provide a perturbation-based Pl algorithm that
may be more reliable than the standard PI algorithm, which can fail foar
problems where irregular policies may have Pnite cost for all statescf.
Example 3.2.2. We will also use the perturbation approach in Sections.5
and 4.6, where we will extend the notion ofS-regularity to nonstationary
policies that do not lend themselves to a Pl-based analysis.

An example where the approach of this section will be shown to apply
is an SSP problem where Assumption 3.3.1 is violated whild ™ (x) > *+
for all x (see also Section 3.5.1). Here is a classical problem of this type.

Example 3.4.1 (Search Problem)

Consider a situation where the objective is to move within a b nite set of
states searching for a state to stop while minimizing the exp ected cost. We
formulate this as a DP problem with Pnite state space X, and two controls
at each x % X : stop, which yields an immediate cost s(x), and continue, in
which case we move to a statef (x,w) at cost g(x,w), where w is a random
variable with given distribution that may depend on x. The mapping H is

s(x) if u = stop,

Hx,uJ)= : . .
(xu.d) E g(x,w)+ J f(x,w) if u = continue,

and the function Fis identically 0.

Letting S = R(X), we note that the policy T that stops nowhere is
S-irregular, since Ty cannot have a unique Pxed point within S (adding any
unit function multiple to  J adds to TrJ the same multiple). This policy may
violate Assumption 3.3.1(c) of the preceding section, because its cost may be
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Pnite for all states. A special case where this occurs is wheng(x,w) ' 0 for
all x. Then the cost function of T is identically O.

Note that case (b) of the deterministic shortest path proble m of Sec-
tion 3.1.1, which involves a zero length cycle, is a special @ase of the search
problem just described. Therefore, the anomalous behavior we saw there
(nonconvergence of VI to J* and oscillation of PI; cf. Examples 3.2.1 and
3.2.2) may also arise in the context of the present example. We will see that
by adding a small positive constant to the length of the cycle we can rectify
the di" culties of VI and PI, at least partially; this is the id ea behind the
perturbation approach that we will use in this section.

We will address the Pnite cost issue for irregular policies by intro-
ducing a perturbation that makes their cost inPnite for some states. We
can then use Prop. 3.3.1 of the preceding section. The idea is that wita
perturbation, the cost functions of S-irregular policies may increase dispro-
portionately relative to the cost functions of the S-regular policies, thereby
making the problem more amenable to analysis.

We introduce a nonnegative Oforcing function® : X &' [0,+ ), and
for each%> 0 and policy 4, we consider the mappings

(T, I)(X) = H!x,u(x),J + %(x), x! X, T-J = M\A Ty J.

We refer to the problem associated with the mappingsT,, - as the %
perturbed problem The cost functions of policies" = {Wo,M1,...} ! #
and u! M for this problem are

Jy » =limsup Ty, ad%,, P Jy,» =limsup Tk. P
k"# K" )

and the optimal cost function is P =inf,, J

The following proposition shows that if the %perturbed problem is
Owell-behavedO with respect to a subset &regular policies, then its cost
function P can be used to approximate the optimal cost function over this
subset of policies only. MoreoverJg is a Pxed point of T. Note that the
unperturbed problem need not be as well-behaved, and indeed#i* need not
be a bxed point ofT.

Proposition 3.4.1:  Given a setS % E(X), let M be a subset ofS-
regular policies, and letP be the optimal cost function over the policies
in M only, i.e., )
P=inf J,.
p!
Assume that for every %> O:

(1) The optimal cost function J of the %perturbed problem satisbes
the corresponding Bellman equation® = T- 3.
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(2) We have inf“! W0 I = B ie., foreveryx! X and' > 0, there

exists a policy py, s ! M such that Jy, . - (x) - P (x) +

(3) Forevery p! M, we have
Jpr - I+ Wy,

wherew,, - is a function such that lim-yow, » = 0.

(4) For every sequencgJm} %S with Jy, ) J, we have
mli‘!#n H(xu,dm)= H(x,u,J), #x! X, u! U(X).
Then Jg is a bPxed point of T and the conclusions of Prop. 3.2.1 hold.

Moreover, we have B .
J; = P= Ii‘gnoﬁ.

Proof: For every x ! X, using conditions (2) and (3), we have for all
%> 0,'>0,andp! M,

POO* " = I (0T - Iy (0F = PX) - I (X) - Ip(x)+ e (X),
By taking the limit as ' ) 0, we obtain for all %> 0 andp ! M,
Jj' \p = Ju"‘ - \]u+ Wu"‘.
By taking the limit as %) 0 and then the inbmum over allp! M , it follows
[using also condition (3)] that
P-limP - inf limJ,- - inf I, =P
"0 ur M MO0 ul N

so that P = lim +)o 3.

Next we prove that Pis a bxed point of T and use this fact to show
that P= Jg, thereby concluding the proof. Indeed, from condition (1) and
the fact J " P shown earlier, we have for all%> 0,

P=TR"TP" T

and by taking the limit as %) 0 and using part (a), we obtain " T3 For
the reverse inequality, let{ %} be a sequence witlg, ) 0. Using condition
(1) we have for allm,

Hxu, )+ %px) " (T, R D))= Po(x), #x! X u! UX).
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Taking the limit as m '+ , and using condition (4) and the fact 2 ) P
shown earlier, we have

Hxu P " FAx), #x! X, u! UX),

so that TP" P. Thus Pis a bxed point of T. )
Finally, to show that P = Jg, we Prst note that J5 - P since every

policy in l\7| is S-regular. For the reverse inequality, let u be S-regular.
We have P= TP- T, P- TfPforall k" 1, sothatforall u$! M,

S kB e Tk .
¥y kLILT] TP kLILT] Ty = Jy,

where the equality follows sinceu and p®are S-regular (soJ, ! S). Taking

*

the inPmum over all S-regular p, we obtain ¥ - J&, so that Jg = X
Q.E.D.

Aside from S-regularity of the set I\‘h a key assumption of the pre-
ceding proposition is that infu! W0 dnt = J, i.e., that with a perturbation

added, the subset of policiesM is su cient (the optimal cost of the %
perturbed problem can be achieved using the policies it ). This is the

key insight to apply when selectingM .
Note that the preceding proposition applies even if

I"i|)”r(; P (x) >3 *(x)

for somex ! X. This is illustrated by the deterministic shortest path
example of Section 3.1.1, for the zero-cycle case whese= 0 and b > 0.
Then for S =, , we haveJdg = b > 0 = J*, while the proposition applies
because its assumptions are satisped with(x) $ 1. Consistently with the
conclusions of the proposition, we haveR = b+ % soJg = P=1im o P
and Jg is a bxed point of T.

Proposition 3.4.1 also applies to Example 3.4.1. In particular, it can
be used to assert thatJg is a bxed point of T, and hence also that the
conclusions of Prop. 3.2.1 hold. These conclusions imply thag is the
unique bxed point of T within the set {J | J " Jg} and that the VI
algorithm converges toJg starting from within this set.

We bnally note that while Props. 3.3.1 and 3.4.1 relate to qualitatively
di" erent problems, they can often be used synergistically. In paitular,
Prop. 3.3.1 may be applied to the%perturbed problem in order to verify
the assumptions of Prop. 3.4.1.

A Policy lteration Algorithm with Perturbations
We now consider a subset¥! of S-regular policies, and introduce a ver-

sion of the Pl algorithm that uses perturbations and generates a equence
{uk} %M such that J,« * Jg. We assume the following.
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Assumption 3.4.1:  The subset ofS-regular policiesM is such that:

(&) The conditions of Prop. 3.4.1 are satisbed.

(b) Every policy u! M is S-regular for all the %perturbed problems,
%> 0.

(c) Given a policy p! M and a scalar%> 0, every policy p$ such
that
T“"Ju’" = T\]u"'

belongs toM , and at least one such policy exists.

The perturbed version of the Pl algorithm is dePned as follows. Let
{%} be a positive sequence witl ) 0, and let u® be a policy in M . At

iteration k, we have a policypk ! M , and we generatquk+*l | M according
to

Tllk+l Jllk"'k = TJllk"'k' (3.28)

Note that by Assumption 3.4.1(c) the algorithm is well-debPned, and is

guaranteed to generate a sequence of policiggi} % M . We have the
following proposition.

Proposition 3.4.2:  Let Assumption 3.4.1 hold. ThenJg is a bxed
point of T and for a sequence oB-regular policies{ X} generated by
the perturbed PI algorithm (3.28), we have\]uk,.-k ) Js and Juk i

Proof: We have that Jg is a bxed point of T by Prop. 3.4.1. The algorithm
dePbnition (3.28) implies that for all m " 1 we have

T o Juk

phrl ke T Tuess o Iyt = Ty + %P - Jyw

TR
From this relation it follows that

Iy RO Ikt A ,,'f@ TJ‘L‘fl ,"k‘]ukv"k B ‘]Hk,"k’
where the equality holds becausegik*! and pk are S-regular for all the %

perturbed problems. It follows that {\]uk’"k} is monotonically nonincreas-
ing, so that Ik, ) J# for someJs . Moreover, we must haveds " Jg
sincedyk -, " Ju " Jg. Thus

N (3.29)
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We also have
| "
inf H(x,u,Js)- lim inf H xu,J -
ul U(x) ( #) K% Ut “k'k"

- inf lim H X0,

ul U(x) k"#' k

= inf H xu, lim J k.
k' Mk

u! U(x)
= inf H(Xu,Jg),
X)

u! U(

where the Prst inequglity follows from the factJs - Ik which implies

that H(x,u,J% ) - H X, U, Jpk s and the brst equality follows from the
continuity property that is assumed in Prop. 3.4.1. Thus equality holds
throughout above, so that

lm T, =T (3.30)

Combining Egs. (3.29) and (3.30), we obtaindg - Js = TJx . By re-
placing P with Jz in the last part of the proof of Prop. 3.4.1, we obtain
Js = J# . Thus J k., ) Jg, which in view of the fact J, ., " Ju " Js,
implies that J,« * Js. Q.E.D.

When the control spaceU is Pnite, Prop. 3.4.2 also implies that the
generated policiegu® will be optimal for all k su! ciently large. The reason
is that the set of policies is Pnite and there exists a duciently small ' > 0,
such that for all nonoptimal p there is some statex such that J,(x) "
J(x)+ . This convergence behavior should be contrasted with the behavior
of Pl without perturbations, which may lead to oscillations, as noted earlier.

However, when the control spaceJ is inPnite, the generated sequence
{uk} may exhibit some serious pathologies in the limit. If {pk}x is a
subsequence of policies that converges to sonpe ia the sense that

I(wllr’nk!ka(x)—qm(x), #x=1,...,n,
it does not follow that @ is S-regular. In fact it is possible that the generated
sequence ofS-regular policies { pk} satisbes ling-4 Juk Jg = J7, yet
{uk} may converge to anS-irregular policy whose cost function is strictly
larger than Jg, as illustrated by the following example.

Example 3.4.2

Consider the third variant of the blackmailer problem (Sect ion 3.1.3) for the
case wherec = 0 (the blackmailer may forgo demanding a payment at cost
¢ =0); see Fig. 3.4.1. Here the mapping T is given by
*
e '
TJ=min J, inf Fu+u +(1! u)d ,
O<u &1
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Prob. 1! u
Cost! u

Destination

Prob. u
1 >
Cost 0

Control u'! [0,1]

Figure 3.4.1. Transition diagram for a blackmailer problem (the third var  iant
of Section 3.1.3 in the case where ¢ = 0). At state 1, the blackmailer may
demand any amount u ! [0,1]. The victim will comply with probability
1" u and will not comply with probability u, in which case the process will
terminate.

[cf. Eq. (3.4)], and can be writtgn as

TIJ=min ! u+u>+@1! u)d
O&ué&l
Letting S = (, it can be seen that the set of Pxed points of T within S
is (I" ,! 1]. Here the policy whereby the blackmailer demands no payment
(u = 0) and pays no cost at each period, is S-irregular and strictly suboptimal,
yet has bnite (zero) cost, so part (¢) of Assumption 3.3.1 is violated (all other
parts of the assumption are satisbed).
It can be seen that

J¥ =3¢=11,

J# is a bxed point of T, Prop. 3.2.1 applies, and VI converges to J* starting
from any J # J*. Moreover, starting from any policy (including the S-
irregular one that applies u = 0), the Pl algorithm (3.28) generates a sequence
of S-regular policies {p*} with Jx $ J&. However, {u*} converges to the
S-irregular and strictly suboptimal policy that applies u =0.

Here a phenomenon of Ooscillation in the limitO is observed: starting
with the S-irregular policy that applies u = 0, we generate a sequence of
S-regular policies that converges to the S-irregular policy we started from!
The perturbation-based PI algorithm of this section cannot rectify this type
of behavior; it can only guarantee that a sequence of S-regular policies with
Jk $ J& is generated.

3.5 APPLICATIONS IN SHORTEST PATH AND OTHER
CONTEXTS

In this section we will apply the results of the preceding sections to &rious
problems with a semicontractive character, including shortest pah and
deterministic optimal control problems of various types.
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As we are about to apply the theory developed so far in this chapter
it may be helpful to summarize our results. Given a suitable set of fustions
S, we have been dealing with two problems. These are the original preb
lem whose optimal cost function isJ*, and the restricted problem whose
optimal cost function is Jg, the optimal cost over the S-regular policies.
In summary, the aims of our analysis have been the following:

(a) To establish the bxed point properties off . We have showed under
various conditions (cf. Prop. 3.2.1) that J is the unique Pxed point
of T within the well-behaved region Ws, and moreover the VI algo-
rithm converges from above toJg. Related analyses involve the use
of inPnite cost assumptions forS-irregular policies (Section 3.3), pos-
sibly in conjunction with the use of perturbations (Section 3.4). A
favorable case is whedg = J*. However, we may also havelg € J*.
Generally, proving that J* is a bxed point of T is a separate issue,
which may either be addressed in conjunction with the analysis of
properties of Jg as in Section 3.3 (cf. Prop. 3.3.1), or independently
of Jg (for example J* is generically a bxed point ofT in deterministic
problems, among other classes of problems; see Exercise 3.1).

(b) To delineate the initial conditions under which the VI and PI algo-
rithms are guaranteed to converge talg or to J*. This was done in
conjunction with the analysis of the bxed point properties of T. For
example, a major line of analysis for establishing thatdg is a bxed
point of T is based on the PI algorithm (cf. Sections 3.2.3 and 3.3).
We have also obtained several other results relating to the conver
gence of variants of PI (the optimistic version, cf. Prop. 3.2.7, the
! -PI version, cf. Prop. 3.2.8, and the perturbation-based versioncf.
Prop. 3.4.2), and to the mathematical programming-based solution
cf. Section 3.2.5.

(c) To establish the existence of optimal policies for the origial or for
the restricted problem, and the associated optimality contions. This
was accomplished in conjunction with the analysis of the bxed points
of T, and under special compactness-like conditions (cf. Props. 3.2.1,
3.2.6, and 3.3.1).

As we apply our analysis to various specibc contexts in this section, &v
will make frequent reference to the pathological behavior that wewitnessed
in the examples of Section 3.1. In particular, we will explain this behavio
through our theoretical results, and we will discuss how to preclu@ this
behavior through appropriate assumptions.

3.5.1 Stochastic Shortest Path Problems

Let us consider the SSP problem that we discussed in Section 1.3.2. It
involves a directed graph with nodesx =1,...,n, plus a destination node
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t that is cost-free and absorbing. At each nodex, we must select a control
u ! U(x), which debnes a probability distribution pyy (u) over all possible
successor nodeg = 1,...,n,t, while a costg(x, u) is incurred. We wish to
minimize the expected cost of the traversed path, with cost accumlated
up to reaching the destination.

Note that if for every feasible control the corresponding probalility
distribution assigns probability 1 to a single successor node, we obtia the
deterministic shortest path problem of Section 3.1.1. This problem adhits
a relatively simple analysis, yet exhibits pathological behavior that wehave
described. The pathologies exhibited by SSP problems are more seegand
were illustrated in Sections 3.1.2 and 3.1.3.

We formulate the SSP problem as an abstract DP problem where:

() The state space isX = {1,...,n} and the control constraint set is
U(x) forall x ! X. (For technical reasons, it is convenient to exclude
from X the destination t; we know that the optimal cost starting from
t is 0, and including t within X would just complicate the notation
and the analysis, with no tangible benebpt.)

(b) The mapping H is given by

H(x,u,\]):g(x,u)+#n Pxy (U)J (Y), x=1,...,n.
y=1

(c) The function FPis identically 0, Hx) = 0 for all x.

We continue to denote by E(X) the set of all extended real-valued
functions J : X &', ', and by R(X) the set of real-valued functionsJ :
X & , . Note that since X = {1,...,n}, R(X) is essentially the n-
dimensional spaceR".

Here the mapping T, corresponding to a policy p maps R(X) to
R(X), and is given by

! A
(Tud)(X) = g X, 1(X) +  py H(X) I(Y), x=1,...,n.

y=1
The corresponding cost for a given initial statexe ! {1,...,n} is
#J/Ol - ! LI
Ju(x0) = limsup (TXP(xo) = limsup E g Xm,H(Xm) ,
K"# K% oo

where {xm} is the (random) state trajectory genegated under policy y,
starting from initial state Xo. The expected valueE g(Xm,(Xm)) above
is debned in the natural way: it is the weighted sum of the numerical alues
g X, 1(x) , x =1,...,n, weighted by the probabilities p(xm = X | Xo, 1)
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that x,m = x given that the initial state is xo and policy u is used. Thus
Ju(Xo) is the upper limit as k '+  of the cost for the prstk steps or up
to reaching the destination, whichever comes brst.

A stationary policy p is said to be proper if for every initial state
there is positive probability that the destination will be reached under that
policy after at most n stages. A stationary policy that is not proper is said
to be improper. The relation between proper policies andS-regularity is
given in the following proposition.

Proposition 3.5.1: (Proper Policies and Regularity) A policy
is proper if and only if it is R (X )-regular.

Proof: Clearly p is|R (X )-regular if and only if the n/ n matrix Py, whose
components arepxy'u(x) , X,y =1,...,n, is a contraction (sinceT is a
linear mapping with matrix P,). If p is proper then P, is a contraction
mapping with respect to some weighted sup-norm; this is a classicaksult,
given for example in [BeT89], Section 4.2. Conversely, it can be seendh
if u is improper, P, is not a contraction mapping since the Markov chain
corresponding top has multiple ergodic classes and hence the equilibrium
equation (¥= (¥, has multiple solutions. Q.E.D.

Looking back to the shortest path examples of Sections 3.1.1-3.1.3,
we can make some observations. In deterministic shortest path mblems,
H(x) can be identibed with the single successor node of hode Thus [ is
proper if and only if the corresponding graph of arcs x, pu(x) is acyclic.
Moreover, there exists a proper policy if and only if each node is corected
to the destination with a sequence of arcs. Every improper policy inelves
at least one cycle. Depending on the sign of the length of their cyclsj,
improper policies can be strictly suboptimal (if all cycles have positive
length), or may be optimal (possibly together with some proper polides,
if all cycles have nonnegative length). Moreover, if there are cyck with
negative length, no proper policy can be optimal and for the states that
lie on some negative length cycle we havé”*(x) = *+

A further characterization of the optimal solution is possible in deter-
ministic shortest path problems. Since the setdJ(x) are bnite, there exists
an optimal policy, which can be separated into a OproperQ part coissing
of arcs that form an acyclic subgraph, and an OimproperO part csisting
of cycles that have negative or zero length. These facts can be g@ved with
simple arguments, which will not be given here (deterministic shortespath
theory and algorithms are developed in detail in the authorOs text [B@8]).

In SSP problems, the situation is more complicated. In particular,
the cost function of an improper policy 4 may not be a bxed point of
T, while J* may not be a bxed point of T (cf. the example of Section
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3.1.2). Moreover, there may not exist an optimal stationary policy esen if
all policies are proper (cf. the three variants of the blackmailer exanple of
Section 3.1.3).

In this section we will use various assumptions, which we will in turn
translate into the conditions and corresponding results of Sectioa 3.2-3.4.
Throughout this section we will assume the following.

Assumption 3.5.1: There exists at least one proper policy.

Depending on the circumstances, we will also consider the use of one
or both of the following assumptions.

Assumption 3.5.2:  The control spaceU is a metric space. Moreover,
for each statex, the set U(x) is a compact subset ofU, the functions
Pxy (8, y=1,...,n, are continuous overU(x), and the function g(x,
is lower semicontinuous overJ(x).

Assumption 3.5.3:  For every improper policy p and function J !
R(X), there exists at least one statex ! X such that J,(x) = + .

An important consequence of Assumption 3.5.2 is that it implies the
compactness condition (d) of Assumption 3.3.1. We will also see fromhie
proof of the following proposition that Assumption 3.5.3 implies the inbrite
cost condition (c) of Assumption 3.3.1.

Analysis Under the Strong SSP Conditions

The preceding three assumptions, referred to as thestrong SSP condi-
tions, were introduced in the paper [BeT91], and they were used to show
strong results for the SSP problem. In particular, the following proposition
was shown.

Proposition 3.5.2:  Let the strong SSP conditions hold. Then:

(@) The optimal cost function J* is the unique solution of BellmanOs
equation J = TJ within R(X).

The strong SSP conditions and the weak SSP conditions, which will be
introduced shortly, relate to the strong and weak Pl propert ies of Section 3.2.
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(b) The VI sequence{TkJ} converges toJ* starting from any J !
R(X).

(c) A policy p is optimal if and only if T,J* = TJ*. Moreover, there
exists an optimal policy that is proper.

(d) The PI algorithm, starting from any proper policy, is valid in the
sense described by the conclusions of Prop. 3.3.1(e).

We will prove the proposition by using the strong SSP conditions to
verify Assumption 3.3.1 for S = R(X), and then by applying Prop. 3.3.1.
To this end, we brst state without proof the following result relating to
proper policies from [BeT91].

Proposition 3.5.3:  Under the strong SSP conditions, the optimal
cost function P over proper policies only,

9 = i |
F(x) “:lrprgper\]p(x), x! X,

is real-valued.

The preceding proposition holds trivially if the control space U is
Pnite (since then the set of all policies is bnite), or il * is somehow known to
be real-valued [for example ifg(x,u) " O for all (x,u)]. The three variants
of the blackmailer problem of Section 3.1.3 provide examples illustrating
what can happen if U is inPnite. In particular, in the prst variant of the
blackmailer problem all policies are proper (and hence Assumptions 3.5
and 3.5.3 are satisbed), butP is not real-valued. The proof of Prop. 3.5.3
in the case of an inPnite control spacd) was given as part of Prop. 2 of
the paper [BeT91]. Despite the intuitive nature of Prop. 3.5.3, the proof
embodies a fairly complicated argument (see Lemma 3 of [BeT91]).

Another related result is that if all policies are proper, then for all
p! M, T, is a contraction mapping with respect to a common weighted
sup-norm, so the contractive model analysis and algorithms of Chater 2
apply (see [BeT96], Prop. 2.2). However, this fact will not be usefuto us
in this section.

Proof of Prop. 3.5.2:  In the context of Section 3.3, let us chooses =
R(X), so the proper policies are identibed with theS-regular policies by
Prop. 3.5.1. We will verify Assumption 3.3.1.

Indeed parts (a) and (e) are trivially satisped, part (b) is satisbed
by Prop. 3.5.3, part (d) can be easily veribped by using Assumption 3.5.2
To verify part (f), we use Prop. 3.3.2, which applies becaus& = R(X) =
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Rp(X) (since X is bnite) and Eq. (3.27) clearly holds. Finally, to verify part
(c) we must show that given an improper policyy, for everyJ | R(X) there
exists anx ! X such that limsup,., (TfJ)(x) = + . This follows since
by Assumption 3.5.3,J(x) = limsup g (TEP(x) = + , for somex ! X,
and (TJ)(x) and (TXP(x) di"er by E J(xx) , an amount that is Pnite
sinceJ is real-valued and has a Pnite number of componentd(x). Thus
Assumption 3.3.1 holds and the result follows from Prop. 3.3.1. Q.E.D.

Analysis Under the Weak SSP Conditions

Under the strong SSP conditions, we showed in Prop. 3.5.2 thaf ™ is the
unique Pxed point of T within R (X ). Moreover, we showed that a policyy
is optimal if and only if T,#J* = TJ", and an optimal proper policy exists
(so in particular J*, being the cost function of a proper policy, is real-
valued). In addition, J* can be computed by the VI algorithm starting
withany J !, n,

We will now replace Assumption 3.5.3 (improper policies have cost
+ for some initial states) with the following weaker assumption:

Assumption 3.5.4:  The optimal cost function J* is real-valued.

We will refer to the Assumptions 3.5.1, 3.5.2, and 3.5.4 as theveak
SSP conditions The examples of Sections 3.1.1 and 3.1.2 show that under
these assumptions, it is possible that

J & P= p:lprggper\]u’

while J* need not be a bxed point oflf (Section 3.1.2). The key fact is that
under Assumption 3.5.4, we can use the perturbation approach of &tion
3.4, whereby adding%> 0 to the mapping T, makes all improper policies
have inPnite cost for some initial states, so the results of Prop. 3.2 can be
used for the %perturbed problem. In particular, Prop. 3.5.1 implies that
Js = P, so from Prop. 3.4.1 it follows that Pis a bxed point of T and the
conclusions of Prop. 3.2.1 hold. We thus obtain the following propositia,
which provides additional results, not implied by Prop. 3.2.1; see Fig. $.1.

Proposition 3.5.4:  Let the weak SSP conditions hold. Then:

(a) The optimal cost function over proper policies, P, is the largest
solution of BellmanOs equatiod = TJ within R(X), i.e., Pis
a solution that belongs to R(X), and if J$! R(X) is another
solution, we haveJ$- ».
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Paths of VI

S=12 //

Fixed Points of T

A\ R

\.\ J: Largest bxed point of T :

Figure 3.5.1. Schemaitic illustration of Prop. 3.5.4 for a problem with two  states,
SOR(X)= $2 = S. We have that Pis the largest solution of BellmanOs equation,
while VI converges to J starting from J & J. As shown in Section 3.1.2, J# need
not be a solution of BellmanOs equation.

(b) The VI sequence{TkJ} converges linearly toP starting from any
J! R(X)with J" P

(c) Let u be a proper policy. Thenp is optimal within the class of
proper policies (i.e.,J, = P if and only if T,P= TX.

(d) For every J ! R(X) suchthatJ - TJ, we haved - P,

Proof: (a), (b) Let S = R(X), so the proper policies are identiPed with
the S-regular policies by Prop. 3.5.1. We use the perturbation framework
of Section 3.4 with forcing function p(x) $ 1. From Prop. 3.5.2 it follows

that Prop. 3.4.1 applies so that P is a bxed point of T, and the conclusions
of Prop. 3.2.1 hold, soTkJ ' P starting from any J ! R(X) with J " 5.

The convergence rate of VI is linear in view of Prop. 3.2.2 and the exignce
of an optimal proper policy to be shown in part (c). Finally, let J$! R(X)

be another solution of BellmanQs equation, and lex ! R(X) be such that
J" PandJ " J% Then TkJ ' P, while TkJ " TkJ$= J% It follows

that P Js.

(c) If the proper policy p satisbesly = P, we haveP= J, = Tyd, = TP
so, using also the relation® = T [cf. part (a)], we obtain T,P = T¥.
Conversely, if u satispesT,P= TJ, then using part (a), we have T P= P
and hence lim TkP= P. Sincep is proper, we havel, = lim s TP,
soJ, = P

(d) Let J - TJ and %> 0. We haved - TJ + % = T-J, and hence
J - TkJ for all k. Since the strong SSP conditions hold for thé%perturbed
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problem, it follows that TkJ ' 3, soJ - J. By taking %) 0 and using
Prop. 3.4.1, it follows that J - $. Q.E.D.

The brst variant of the blackmailer Example 3.4.2 shows that un-
der the weak SSP conditions there may not exist an optimal policy or a
optimal policy within the class of proper policies if the control space is
inbnite. This is consistent with Prop. 3.5.4(c). Another interesting fact is
provided by the third variant of this example in the case wherec < 0. Then
J*(1) = *+ (violating Assumption 3.5.4), but P is real-valued and does
not solve BellmanQOs equation, contrary to the conclusion of Prop. 34a).

Part (d) of Prop. 3)5.4 shows that P is the ynique solution«of the
problem of maximizing ?:1 &J(i) over all J = J(1),...,J(n) such
that J - TJ, where &,...,&, are any positive scalars (cf. Prop. 3.2.9).
This problem can be written as

#"
maximize J(@)
i=1

#"
subject to J(x) - g(x,u)+ pi (W)JI(G), 1=1,....,n, u! U(),
y=1

and is a linear program if eachU(i) is a Pnite set.

Generally, under the weak SSP conditions the strong PI property nay
not hold, so a sequence generated by PI starting from a proper piay need
not have the cost improvement property. An example is the deterninistic
shortest path problem of Section 3.1.1, when there is a zero lengthycle
(a = 0) and the only optimal policy is proper (b = 0). Then the PI
algorithm may oscillate between the optimal proper policy and the stictly
suboptimal improper policy. We will next consider the modibed versionof
the PI algorithm that is based on the use of perturbations (Section3.4).

Policy Iteration with Perturbations

To deal with the oscillatory behavior of PI, which was illustrated in the de-
terministic shortest path Example 3.2.2, we may use the perturbed ersion
of the PI algorithm of Section 3.4, with forcing function p(x) $ 1. Thus,
we have

| "

(Tu-)(X) = H x,u(x),d +% x! X, T-J = inf Ty-J.
: It Tu

The algorithm generates the sequencépk} as follows.

Let {%} be a positive sequence wittg ) 0, and let u® be any proper
policy. At iteration k, we have a proper policypk, and we generateuk*!
according to

T“k+1 JHkv"k = TJ“k’-- (3.31)

K’
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where\]uk’--k is computed as the unique bxed point of the mappingT“ky..k
given by
Tllk"'k‘] = Tpk\] + %e.

The policy pk+1 of Eq. (3.31) exists by the compactness Assumption
3.5.2. We claim that pk+! is proper. To see this, note that

T“k+1 ,"k‘]uk,"k = T‘]Hk’"k + %e- T“k\]pk,"k + %e= ka,"k'
so that by the monotonicity of T)*!,
Tlﬂﬁl ’,,kakyuk - Tk ’--kak’--k = T‘]u","k + %e- ka,"k: #m*" 1

Sincerk’--k forms an upper bound tOTﬂﬂ ..kJ“k’"k, it follows that pk+1
is proper [if it were improper, we would have (I'J;+l ,,kak’..k)(x) '+ for
somex, because of the perturbation%]. Thus the sequencq pk} generated

by the perturbed PI algorithm (3.31) is well-dePned and consists of ppper
policies. We have the following proposition.

Proposition 3.5.5:  Let the weak SSP conditions hold. Then the se-
quence{J,x} generated by the perturbed PI algorithm (3.31) satisPes

SIPR

Proof: We apply the perturbation framework of Section 3.4 with S =
R(X), M equal to the set of proper policies, and the forcing function
p(x) $ 1. Clearly Assumption 3.4.1 holds, so Prop. 3.4.2 applies. Q.E.D.

When the control spaceU is bnite, the generated policieguk will be
optimal for all k sul ciently large, as noted following Prop. 3.4.2. However,
when the control spaceU is inPnite, the generated sequencégpk} may
exhibit some serious pathologies in the limit, as we have seen in Example
3.4.2.

3.5.2 A'! ne Monotonic Problems

In this section, we consider a class of semicontractive models, called ne
monotonic, where the abstract mapping T, associated with a stationary
policy pis @ ne and maps nonnegative functions to nonnegative functions.
These models include as special cases stochastic undiscounted negative
cost problems, and multiplicative cost problems, such as risk-aveesprob-
lems with exponentiated additive cost and a termination state (see kample
1.2.8). Here we will focus on the special case where the state spasdnite
and a certain compactness condition holds.
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We consider a bnite state spaceX = {1,...,n} and a (possibly in-
Pnite) control constraint set U(x) for each statex. For eachp! M the
mapping T, is given by

Tud = b+ Aud, ‘ )
where b, is a vector of, " with components b X, H¢x) , x=1,...,n, and
Ay is ann/ n matrix with scalar components Ayy ux) ,xy=1,...,n.
We assume thatb(x, u) and Ay (u) are nonnegative,

b(x,u) " 0, Axy (u) " 0, #x,y=1,...,n, u! U(x).

Thus Ty, maps E* (X) into E* (X), where E* (X) denotes the set of non-
negative extended real-valued functionsJ : X & [0,+]. Moreover T,
also mapsR* (X) to R*(X), where R* (X ) denotes the set of nonnegative
real-valued functionsJ : X &' [0, + ).

The mapping T : E* (X) & E* (X) is given by

(T = inf (Tu)X),  x! X,

or equivalently,
1 2

#N
(TI)(x) = inJ( ) b(x,u) + Axy (U)I(Y) x ! X.
u! X y=1

Multiplicative and Exponential Cost SSP Problems

A! ne monotonic models appear in several contexts. In particularpnite-
state sequential stochastic control problems (including SSP prolems) with
nonnegative cost per stage (see, e.g., [Berl2a], Chapter 3, andc8en 4.1)
are special cases wherd is the identically zero function [Ax) $ 0]. We
will describe another type of SSP problem, where the cost functiorof a
policy accumulates over time multiplicatively, rather than additively.

As in the SSP problems of the preceding section, we assume that the
aren statesx =1,...,n, and a cost-free and absorbing staté. There are
probabilistic state transitions among the statesx = 1,...,n, up to the
prst time a transition to state t occurs, in which case the state transitions
terminate. We denote by px: (u) and pyy (u) the probabilities of transition
under u from x to t and to y, respectively, so that

#
pe(U)+  py(u)=1, x=1,....n u! U(x).
y=1
We introduce nonnegative scalarsh(x,u,t) and h(x, u,y),

h(x,u,t) " 0, h(x,u,y)" 0O, #x,y=1,...,n, u! U(x),
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and we consider the & ne monotonic problem where the scalarsAxy (u)
and b(x, u) are debned by

Ay (U) = py (Wh(X,u,y),  xy=1,...,n, u! U(x),

and
b(x,u) = px (Uh(x,u,t), x=1,...,n, u! U(x),

and the vector Zis the unit vector,
HAx)=1, x=1,...,n.

The cost function of this problem has a multiplicative character as weshow
next.

Indeed, with the preceding dePnitions ofA,y (u), b(x,u), and & we
will prove that the expression for the cost function of a policy” = {o, U1, - - .},

Ji (xo)=limsup (Tpoéé-ﬁpm 1H(Xo), Xo=1,...,Nn,
N "#

can be written in the multiplicative form

S | %

Ji (xo)=limsup E h.xk,uk(xk),xk+1 s Xo=1,...,n,
N “# ‘o
(3.32)
where:

(@) {xo,x1,...} is the random state trajectory generated starting from
Xo, using".

(b) The expected value is with respect to the probability distribution of
that trajectory.

(c) We use the notation

| "
h X, lk(Xk), Xk+1 =1, if Xk = Xks1 =,

(so that the multiplicative cost accumulation stops once the state
reachest).

Thus, we claim that J (xo) can be viewed as the expected value of cost ac-
cumulated multiplicatively, starting from xo up to reaching the termination
statet (or indebnitely accumulated multiplicatively, if t is never reached)

To verify the formula (3.32) for J,, we use the dePbnitionT,J =
b, + AuJ, to show by induction that for every " = {Ho, H1, ...}, we have

%1
Tuo éé-ﬁum 1‘?: AHo ééAUN! 1‘p+ qu + AHo ééAHk! 1h»1k' (3'33)
k=1
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We then interpret the n components of each vector on the right as condi-
tional expected values of the expression

gL "
h Xk!uk(xk)!xk*'l (334)
k=0

multiplied with the appropriate conditional probability. In particular:

(@) The ith component of the vector Ay, 444, , ,Pin Eq. (3.33) is the
conditional expected value of the expression (3.34), given thaxp = i
and xy € t, multiplied with the conditional probability that xy € t,
given that xo = i.

(b) The ith component of the vector by, in Eq. (3.33) is the conditional
expected value of the expression (3.34), given thatp = i and x3 = t,
multiplied with the conditional probability that x; = t, given that
Xo = i

(c) The ith component of the vector Ay, 4aAy,, ;b in Eq. (3.33) is
the conditional expected value of the expression (3.34), given tha
Xo = i, X1,...,Xkw1 € t, and xx = t, multiplied with the conditional
probability that xi,..., Xke1 € t, and xix = t, given that xg = i.

By adding these conditional probability expressions, we obtain thath com-
ponent of the unconditional expected value

S gr | %

E h' Xk, Mk (Xk), Xk1
k=0

thus verifying the formula (3.32).

A special case of multiplicative cost problem is therisk-sensitive SSP
problem with exponential cost function where for all x = 1,...,n, and
u! U(x), | "

h(x,u,y)=exp gx,u,y) , y=1,...,nt,

and the function g can take both positive and negative values. The mapping
T, has the form
! "o "
(Tud)(X) = pxt K(X) exp g(X, 1(x),t)
# ! "o "
+ 0 Py H(X) exp g(x, 1(x),y) I(Y), x=1,...,n,
y=1
(3.35)
where pyy (u) is the probability of transition from x to y under u, and
g(x, u,y) is the cost of the transition. The Bellman equation is

1 2

! !
309= nf - pa(Wexp g(xut) + Py (ulexp ox u.y) () -
. -
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Based on Eq. (3.32), we have thatd: (xo) is the limit superior of the ex-

pected value of the exBonentin of theN -step additive Pnite horizon cost

up to termination, i.e., E:o g Xk, Mk (Xk), Xk+1 , where R is equal to the

prst index prior to N * 1 such that xg,; = t, oris equal toN * 1 if there
is no such index. The use of the exponential introduces risk aversi by
assigning a strictly convex increasing penalty for large rather thansmall
cost of a trajectory up to termination (and hence a preference dr small
variance of the additive cost up to termination).

The deterministic version of the exponential cost problem where fo
eachu ! U(x), one of the transition probabilities px: (u), px1(u), ..., pxn (U)
is equal to 1 and all others are equal to 0, is mathematically equivalen
to the classical deterministic shortest path problem (since minimizingthe
exponential of a deterministic expression is equivalent to minimizing ttat
expression). For this problem a standard assumption is that thereare
no cycles that have negative total length to ensure that the shotest path
length is Pnite. However, it is interesting that this assumption is not re-
quired for the analysis of the present section: when there are pas that
travel perpetually around a negative length cycle we simply havel* (x) = 0
for all states x on the cycle, which is permissible within our context.

Assumptions on Policies - Contractive Policies
Let us now derive an expression for the cost function of a policy. By

repeatedly applying the mapping T, to the equation T,J = b, + A,J, we
have

I#%l
TNI=ANJ+  Akb, #J! E*(X),N=1,2...,
k=0
and hence "
Ju =limsup TN P=limsup A} P+  Afkb, (3.36)
N "# N "#

k=0

(the series converges sincé, and by, have nonnegative components).

We say that p is contractive if Ay has eigenvalues that are strictly
within the unit circle. In this case T, is a contraction mapping with re-
spect to some weighted sup-norm (see Prop. B.3 in Appendix B). If1 is
contractive, then A #' 0 and from Eq. (3.36), it follows that

#
Ju= Afbo= (1% Ay)%ihy,
k=0

and Jy, is real-valued as well as nonnegative, i.eJ, ! R*(X). Moreover, a
contractive p is alsoR* (X )-regular, sinceJ, does not depend on the initial
function ® The reverse is also true as shown by the following proposition.
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Proposition 3.5.6: A policy p is contractive if and only if it is
R+ (X)-regular. Moreover, if p is noncontractive and all the com-
ponents ofh, are strictly positive, thereexists a statex such that the
corresponding component of the vector) ’,fzo Afb, is + .

Proof: As noted earlier, if p is contractive it is R* (X )-regular. It will
thus su! ce to show that for a noncgntractivep and strictly positive com-

# K . .
ponents of by, some component of | _, Afb, is + . Indeed, according
to the Perron-Frobenius Theorem, the nonnegative matrixA, has a real
eigenvalue! , which is equal to its spectral radius, and an associated non-
negative eigenvector( € 0 [see Prop. B.3(a) in Appendix B]. Choose$ > 0
to be such thath, " $(, so that

#
Afb, " $  Ak(=$ tk (.
k=0 k=0 k=0

Since some component of is positive while ! 1 (since u is noncon-
tractive), the corresponding component of the inbPnite sum on theright is

)nbnite, and the same is true for the corresponding component ofie vector
v o Akb, onthe left. Q.E.D.

Let us introduce some assumptions that are similar to the ones of th
preceding section.

Assumption 3.5.5:  There exists at least one contractive policy.

Assumption 3.5.6: (Compactness and Continuity) The control
spaceU is a metric space, andAyy (§ and b(x, § are continuous func-
tions of u over U(x), for all x and y. Moreover, for each statex, the

sets $ %
/ #n
ul Ux)7b(x,u)+  Axy (U)J(y) - !
y=1
are compact subsets ofJ for all scalars! !, andJ! R*(X).

Case of Inbnite Cost Noncontractive Policies

We now turn to questions relating to BellmanOs equation, the conveemce of
the VI and Pl algorithms, as well as conditions for optimality of a stationary
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policy. We brst consider the following assumption, which parallels the
inbnite cost Assumption 3.5.3 for SSP problems.

Assumption 3.5.7: (InPnite Cost Condition) For every noncon-
tractive policy p, there is )’it least one state such that the corresponding
component of the vector i:o Akh, is equal to + .

We will now show that for S = R* (X), Assumptions 3.5.5, 3.5.6,
and 3.5.7 imply all the parts of Assumption 3.3.1 of Section 3.3, so Prop.
3.3.1 can be applied to the & ne monotonic model. Indeed parts (a), €)
of Assumption 3.3.1 clearly hold. Part (b) also holds, since by Assumpbn
3.5.5 there exists a contractive and henc&-regular policy, so we havelg !
R* (X). Moreover Assumption 3.5.6 implies part (d), while Assumption
3.5.7 implies part (c). Finally part (f) holds since for everyJ ! R* (X), the
zero function, J¥x) $ 0, liesinR* (X), and satisPesI®- J and J$- TJ$
Thus Prop. 3.3.1 yields the following result.

Proposition 3.5.7: (BellmanOs Equation, Policy Iteration , Va-
lue Iteration, and Optimality Conditions) Let Assumptions 3.5.5,
3.5.6, and 3.5.7 hold.

() The optimal cost vector J* is the unique Pxed point of T within
R*(X).

(b) We have TkJ ' J* forall J! R*(X).

(c) A policy p is optimal if and only if T,J* = TJ". Moreover there
exists an optimal policy that is contractive.

(d) Forany J! R*(X),if J- TJ we haved - J*,andifJ " TJ
we haved " J*.

(e) Every sequencq X} generated by the PI algorithm starting from
a contractive policy p° satispes] k) J”. Moreover, if the set of

contractive policies is Pnite, there exists@ " 0 such that p® is
optimal.

Example 3.5.1 (Exponential Cost Shortest Path Problem)

Consider the deterministic shortest path example of Section 3.1.1, but with
the exponential cost function of the present subsection; cf. Eq. (3.35). There
are two policies denoted p and W'; see Fig. 3.5.2. The corresponding mappings
and costs are shown in the bgure, and BellmanOs equation is gén by

JO)=(TJI)A) =min &exp(b), exp(a)J(1) .
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Length a
Policy p!

Destination
Ju@)=limyr exp(@N) Length b Ju(2) = exp(b)
(Tw3)(@) = exp(a)J (1) Policy | (Tud)(D) = exp(b)
Figure 3.5.2. Shortest path problem with exponential cost function.

We consider three cases:

(@) a > 0: Here the proper policy u is optimal, and the improper policy
u'is R* (X )-irregular (noncontractive) and has inbnite cost, J,r(Q) =
The assumptions of Prop. 3.5.7 hold, and consistently with the
conclusions of the proposition, J#(1) = exp( b) is the unique solution of
BellmanOs equation.

(b) a=0: Here the improper policy p'is R* (X )-irregular (noncontractive)
and has Pnite cost, J,"(1) = 1, so the a§sumptions of Prop. 3.5.7 are
violated. The sgt of solutions of BellmanOs equation withinS = R™ (X))
is the interval 0, exp(b) .

(c) a < 0: Here both policies are contractive, including the improp er pol-
icy u'. The assumptions of Prop. 3.5.7 hold, and consistently with
the conclusions of the proposition, J#(1) = 0 is the unique solution of
BellmanOs equation.

The reader may also verify that in the cases where a = 0, the assumptions
and the results of Prop. 3.5.7 hold.

Case of Finite Cost Noncontractive Policies

We will now eliminate Assumption 3.5.7, thus allowing noncontractive poli-
cies with real-valued cost functions, similar to the corresponding cse of the
preceding section, under the weak SSP conditions. Let us denoteyhP the
optimal cost function that can be achieved with contractive policiesonly,

)= inf Ju(x),  x=1,...,n (3.37)

u: contractive

We use the perturbation approach of Section 3.4 and Prop. 3.4.1 tolow
that Pis a solution of BellmanOs equation. In particular, we add a constant
%> 0 to all components ofy,. By using arguments that are entirely
analogous to the ones for the SSP case of Section 3.5.1, we obtaineth
following proposition, which is illustrated in Fig. 3.5.3. A detailed analysis
and proof is given in the exercises.
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Paths of VI

//

Fixed Points of T /

Iﬁ: Largest bxed point of T

6T 1

\/

Figure 3.5.3.  Schematic illustration of Prop. 3.5.8 for a problem with two  states.
The optimal cost function over contractive policies, JF, is the largest solution of
BellmanOs equation, while VI converges to ¥ starting from J & 2.

Proposition 3.5.8: (BellmanOs Equation, Value Iteration, and
Optimality Conditions) Let Assumptions 3.5.5 and 3.5.6 hold. Then:

(a) The optimal cost function over contractive policies, P, is the
largest solution of BellmanOs equatiod = TJ within R+ (X),
i.e., Pis a solution that belongs toR* (X), and if J$! R*(X)
is another solution, we haveJ$- ».

(b) We have TkJ ' Pfor everyd | R*(X)with J " P

(c) Let p be a contractive policy. Then p is optimal within the class
of contractive policies (i.e.,J, = P if and only if T,P= TX.

(d) For every J ! R+ (X) suchthatJ - TJ, we haved - P.

The other results of Section 3.5.1 for SSP problems also have straigh
forward analogs. Moreover, there is an adaptation of the examplef Section
3.1.2, which provides an & ne monotonic model for whichd* is not a bxed
point of T (see the authorOs paper [Berl6a], to which we refer for further
discussion).

Example 3.5.2 (Deterministic Shortest Path Problem with
Exponential Cost - Continued)

Consider the problem of Fig. 3.5.2, for the casea = 0. This is the case where
the noncontractive policy p' has bnite cost, so Assumption 3.5.7 is violated
and Prop. 3.5.7 does not apply. However, it can be seen that the assumptions
of Prop. 3.5.8 hold. Consistent with part (a) of the proposit ion, the optimal
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cost over contractive policies, J{1) = exp( b), is the largest of the Pxed points
of T. The other parts of Prop. 3.5.8 may also be easily veribed.

We note that in the absence of the inbnite cost Assumption 3.5.7,
it is possible that the only optimal policy is noncontractive, even if the
compactness Assumption 3.5.6 holds and® = J*. This is shown in the
following example.

Example 3.5.3 (A Counterexample on the Existence of an
Optimal Contractive Policy)

Consider the exponential cost version of the blackmailer problem of Example
3.4.2 (cf. Fig. 3.4.1). Here there is a single state 1, at which we must choose
u %[0, 1]. Then, we terminate at no cost [g(1,u,t) = 0 in Eq. (3.35)] with
probability u, and we stay at state 1 at cost ! u [i.e,, g(1,u,1) = ! u in Eq.
(3.35)] with probability 1 ! u. We have

b(i,u) = uexp(0) = u, Ap(u)=@ ! u)exp(! u),

so that
H@uJ)=u+@1! uexp(! u)d

Here there is a unique noncontractive policy W": it choosesu = 0 at state 1,
and has costJ,"(1) = 1. Every policy p with p(1) %(0, 1] is contractive, and
Ju can be obtained by solving the equation J, = Ty J,, i.e.,

|
Ju@)= p@+ 1 p@) exp ! p(D) ().

We thus obtain

I N .
W= u) exp ! p@)

By minimizing over p(1) % (0, 1] this expression, it can be seen that (1) =
J*1) = % but there exists no optimal policy, and no optimal policy wi thin
the class of contractive policies [J, (1) decreases monotonically to% aspu(l) $
0].

3.5.3 Robust Shortest Path Planning

We will now discuss how the analysis of Sections 3.3 and 3.4 applies to min-
imax shortest path-type problems, following the authorOs paper [B&9c],
to which we refer for further discussion. To formally describe the poblem,
we consider a graph with a pnite set of nodeX . {t} and a Pnite set of
directed arcsA % (x,y) | x,y ! X . {t} , wheret is a special node called
the destination. At each nodex ! X we may choose a controlu from a



196 Semicontractive Models Chap. 3

nonempty set U(x), which is a subset of a bnite setU. Then a succes-
sor nodey is selected by an antagonistic opponent from a nonempty set
Y(x,u) % X . {t} and a costg(x, u,y) is incurred. The destination node
t is absorbing and cost-free, in the sense that the only outgoing arfrom t
is (t,t), and we haveY (t,u) = {t} and g(t,u,t) =0 for all u! U(t).

As earlier, we denote the set of all policies by, and the Pnite set of
all stationary policies by M . Also, we denote the set of functions] : X &'
[*+ ,+ ] by E(X), and the set of functionsJ : X & (*+ ,+ ) by R(X).
We introduce the mappingH : X / U/ E(X) & [*+ ,+ ] given by

6 T
H(x,u,J)= max g(x,u,y)+ J(y) , x! X, (3.38)
yl Y (xu)

where for anyJ ! E(X) we denote by J the function given by
(

syy= 30T §'= * (3.39)
We consider the mappingT : E(X) & E(X) debned by
(TI)(x) = ur!nLiJn(X) H(x,u,J), x! X (3.40)
and for each policyu, the mapping T, : E(X) & E(X), debned by
(Tud)(x) = H!x,u(x),‘]", x! X. (3.41)

We let P be the zero function,
HAx) =0, #x! X
The cost function of a policy " = {Ho, U1,...} is

Ji (x) = limsup (Ty, 488, B(x), x! X,
ks

and J*(x) =inf ,, Ji (x), cf. Debnition 3.2.1.
For a policy p! M, we debne apossible path underu starting at
node xo ! X to be an arc sequence of the form

& :
p=(Xo,X1),(X1,X2),... ,

| "
such that xg+1 ! Y Xk,M(xgx) for all k ™ 0. The set of all possible
paths under p starting at xo is denoted by P (xo, ). The length of a path
p! P(xo, ) is debPned by

# o "
Lu(p) = limsup g Xk, H(Xk), Xk+1 -
mE
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Using Egs. (3.38)-(3.41), we see that for anyt! M andx ! X, (T¥P(x)
is the result of the k-stage DP algorithm that computes the length of the
longest pathunder p that starts at x and consists ofk arcs.

For completeness, we also debne the length of a portion

(XI I X|+1 )1 (X|+1 1Xi+2 )1 sy (Xm I Xm+1 )
of apathp! P(xo, M), consisting of a Pnite number of consecutive arcs, by

o "
g Xk!p‘(xk)!xk+l .
k=i

When confusion cannot arise we will also refer to such a Pnite-arc po
gon as a path. Of special interest.arecycles i.e., paths of the form
(XiyXi+1 ), (Xi+1 ,Xi42),--., (Xi+m,Xi) . Paths that do not contain any
cycle other than the self-cycle {,t) are called simple.
For a given policy p! M and xp € t, a path p! P(xo, ) is said to
be terminating if it has the form

&
p=(Xo,X1),(X1,X2),...,(Xm,1), (1, 1),... , (3.42)

where m is a positive integer, andXo,...,Xm are distinct nondestination
nodes. Sincegg(t,u,t) =0 forall u! U(t), the length of a terminating path
p of the form (3.42), corresponding toy, is given by

n r#%l | "

! !
Lu(P) = 9 Xm, H(Xm), t + g Xk, H(Xk), Xk+1
k=0

and is equal to the Pnite length of its initial portion that consists of the
brstm + 1 arcs.

An important characterization of a policy p! M is provided by the
subset of arcs

& !
Ap=.xix (XY)ly!h Y xux)

Thus A, . (t,t) can be viewed as the set of all possible paths unda,
. x1 x P(X, 1), in the sense that it contains this set of paths and no other
paths. We refer to A, as the characteristic graph of p. We say that A, is
destination-connectedif for eachx ! X there exists a terminating path in
P (x, ).

We say that p is proper if the characteristic graph A, is acyclic
(i.e., contains no cycles). Thusu is proper if and only if all the paths
in . x1 x P(x, 1) are simple and hence terminating (equivalentlyp is proper
if and only if A, is destination-connected and has no cycles). The term
OproperO is consistent with the one used in Section 3.5.1 for SSP prob
lems, where it indicates a policy under which the destination is reached
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Destination 0 Destination

Improper policy p Proper Policy p!

Figure 3.5.4. A robust shortest path problem with X = {1, 2}, two controls at
node 1, and one control at node 2. The two policies, p and p’, correspond to the
two controls at node 1. The bgure shows the characteristic gr aphs Ay and A ;1.

with probability 1. If p is not proper, it is called improper, in which case
the characteristic graph A, must contain a cycle; see the examples of Fig.
3.5.4. Intuitively, a policy is improper, if and only if under that policy the re
are initial states such that the antagonistic opponent can force novement
along a cycle without ever reaching the destination.

The following proposition clariPes the properties ofJ, when p is
improper.

Proposition 3.5.9:  Let p be an improper policy.

(a) If all cycles in the characteristic graph A, have nonpositive length,
Ju(x) < + forall x! X.

(b) If all cycles in the characteristic graph A, have nonnegative
length, Ju(x) > *+ forall x! X.

(c) If all cycles in the characteristic graph A, have zero length,J,
is real-valued.

(d) If there is a positive length cycle in the characteristic graph A,
we havelJ,(x) = + for at least one nodex ! X. More generally,
for eachJd ! R(X), we have limsup.. (TKJ)(x) = + for at
least onex ! X.

Proof: Any path with a bnite number of arcs, can be decomposed into a
simple path, and a Pnite number of cycles (see e.g., the path decomgition
theorem of [Ber98], Prop. 1.1, and Exercise 1.4). Since there is only a
Pnite number of simple paths undery, their length is bounded above and
below. Thus in part (a) the length of all paths with a bnite number of
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arcs is bounded above, and in part (b) it is bounded below, implying tha
Ju(x) < + forall x! X orJu(x)>*+ forall x! X, respectively. Part
(c) follows by combining parts (a) and (b).

To show part (d), consider a path p, which consists of an inbnite
repetition of the positive length cycle that is assumed to exist. LetCf(p)
be the length of the path that consists of the brstk cycles inp. Then
Ck(p) '+ and Cf(p) - Ju(x) for all k, wherex is the brst node in the
cycle, thus implying that J,(x) = + . Moreover for everyJ ! R(X) and
all k, (TkJ)(x) is the maximum over the lengths of the k-arc paths that
start at x, plus a terminal cost that is equal to either J (y) (if the terminal
node of thek-arc path isy ! X), or O (if the terminal node of the k-arc
path is the destination). Thus v(ve have,

(TP (x) + min 0, mi)ng(x) - (TEI)(X).

Since limsugex (TXP(X) = Ju(x) = + as shown earlier, it follows that
limsupg (TXJI)(x)= + forall J! R(X). Q.E.D.

Note that if there is a negative length cycle in the characteristic grgph
Ay, it is not necessarily true that for somex ! X we haveJ,(x) = *+
Even for x on the negative length cycle, the value ofJ(x) is determined
by the longestpath in P (x, 1), which may be simple in which caseJ,(x)
is a real number, or contain an inPnite repetition of a positive length gcle
in which caseJy(x) = + .

Properness and Regularity

We will now make a formal connection between the notions of properess
and R(X)-regularity. We recall that p is R(X)-regular if J, ! R(X),
Ju=Tuly,and TEJ* J, forall 3! R(X) (cf. Debnition 3.2.2). Clearly
if pu is proper, we haveJ, ! R(X) and the equationJ, = TyJy holds (this
is BellmanOs equation for the longest path problem involving the acyclic
graph Ay). We will also show that TfJ * J, forall J ! R(X), so that a
proper policy is R(X)-regular. However, the following proposition shows
that there may be someR (X )-regular policies that are improper, depending
on the sign of the lengths of their associated cycles.

Proposition 3.5.10:  The following are equivalent for a policy u:
(i) nis R(X)-regular.

(i) The characteristic graph A, is destination-connected and all its
cycles have negative length.

(iif) p is either proper or else it is improper, all the cycles of the
characteristic graph A, have negative length, andJ, ! R(X).
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Proof: To show that (i) implies (i), let p be R(X)-regular and to arrive

at a contradiction, assume that A,, contains a nonnegative length cycle.
Let x be a node on the cycle, consider the pattp that starts at x and

consists of an inbPnite repetition of this cycle, and letL{(p) be the length

of the brstk arcs of that path. Let alsoJ be a constant function,J(x) $ r,

wherer is a scalar. Then we have

LEP) + - (TEI)(X),

since from the dePnition of T, we have that (T¥J)(x) is the maximum
over the lengths of allk-arc paths under u starting at x, plusr, if the last
node in the path is not the destination. Sincep is R (X )-regular, we have
Ju ! R(X) and limsupg (TEI)(X) = Ju(x) < +, so that for all scalars
r, I "

limsup LE(P)+ 1 - Ju(x) < +.

ks

Taking supremum overr !, , it follows that limsup ;.. LK(p) = *+ ,
which contradicts the nonnegativity of the cycle of p. Thus all cycles ofA,
have negative length. To show thatA is destination-connected, assume
the contrary. Then there exists some nodex ! X such that all paths in
P (x, 1) contain an inPnite number of cycles. Since the length of all cycles
is negative, as just shown, it follows thatJ,(x) = *+ , which contradicts
the R(X)-regularity of p.

To show that (ii) implies (iii), we assume that  is improper and show
that J, ! R(X). By (ii) A, is destination-connected, so the seP (x, H)
contains a simple path for allx ! X. Moreover, since by (ii) the cycles
of A, have negative length, each path inP(x, n) that is not simple has
smaller length than some simple path inP(x, p). This implies that J,(x)
is equal to the largest path length among simple paths inP (x, i), soJu(x)
is a real number for allx ! X.

To show that (iii) implies (i), we note that if p is proper, it is R(X)-
regular, so we focus on the case whene is improper. Then by (iii), Jy !
R(X), so to showR (X )-regularity of u, we must show that (TXJ)(x) '
Ju(x) forall x! X andJ ! R(X), and that J, = TyJ,. Indeed, from the
debnition of Ty, we have

6 7
(TEN(X) = sup  Lf(p)+ J(xF) (3.43)
P! P (xH)

whereL f(p) is the length of the brstk arcs of pathp, x§ is the node reached
after k arcs along the pathp, and J (t) is debPned to be equal to 0. Thus as
k'+ , for every path p that contains an inPnite number of cycles (each
necessarily having negative length), the sequendef (p)+ J (x§) approaches
*+ . It follows that for su! ciently large k, the supremum in Eq. (3.43) is
attained by one of the simple paths inP(x, ), sox§ = t and J(xf) = 0.
Thus the limit of ( T¥J)(x) does not depend onJ, and is equal to the limit
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Destination

Figure 3.5.5. The characteristic graph A} corresponding to an improper policy,
for the case of a single node 1 and a destination node t. The arcs lengths are
shown in the bgure.

of (T¥P(x), i.e., Ju(x). To show that J, = TuJ,, we note that by the
preceding argument,J, (x) is the length of the longest path among paths
that start at x and terminate at t. Moreover, we have

6 7
(Twd)(x) = max  g(x,1u(x),y)+ Ju(y) ,
yiY (x,u (%))

where we denotel, (t) = 0. Thus ( TyJy)(x) is also the length of the longest

path among paths that start at x and terminate at t, and hence it is equal
to Ju(x). Q.E.D.

We illustrate the preceding proposition, in relation to the inbnite
cost condition of Assumption 3.3.1, with a two-node example involving
an improper policy with a cycle that may have positive, zero, or negaive
length.

Example 3.5.4:

Let X = {1}, and consider the policy u where at state 1, the antagonistic
opponent may force either staying at 1 or terminating, i.e., Y 1,u(1) =
{1,t}; cf. Fig. 3.5.5. Then W is improper since its characteristic graph A,
contains the self-cycle (1,1). Let

! !
g 1L ud),1 = a, g 1,u(1),t =0.

Then, 6 7
(TWIw(@)=max 0, a+ Ju(1) ,
and . if a> 0

_ I a )
W= 5 iay 0

Consistently with Prop. 3.5.10, the following hold:

(@) For a> 0, the cycle (1, 1) has positive length, and p is R (X )-irregular.
Here we haveJ, (1) = " , and the inPnite cost condition of Assumption
3.3.1 is satisbed.



202 Semicontractive Models Chap. 3

(b) For a = 0, the cycle (1,1) has zero length, and p is R (X )-irregular.
Here we haveJ, (1) = 0, and the inPnite cost condition of Assumption
3.3.1 is violated because for a functionJ %R (X ) with J(1) > 0O,

limsup(TXJI)(x) = J(1) > 0= Ju(2).
k %$

(c) For " < 0, the cycle (1,1) has negative lepgth, and p isyR (X )-regular.
Here we haveJ, % R(X), Ju(1) =max O0,a+ Ju(1) = (Tudu)(®@),
and for all J %R (X),

lim (T =0= Ju(D).

We will now apply the regularity results of Sections 3.2-3.4 withS =
R(X). To this end, we introduce assumptions that will allow the use of
Prop. 3.3.1.

Assumption 3.5.8:
(@) There exists at least oneR (X )-regular policy.

(b) For every R (X )-irregular policy p, some cycle in the character-
istic graph A, has positive length.

Assumption 3.5.8 is implied by the weaker conditions given in the
following proposition. These conditions may be more easily veribable in
some contexts.

Proposition 3.5.11:  Assumption 3.5.8 holds if anyone of the follow-
ing two conditions is satisbed.

(1) There exists at least one proper policy, and for every improper

policy y, all cycles in the characteristic graph A, have positive
length.

(2) Every policy p is either proper or else it is improper and its
characteristic graph A, is destination-connected with all cycles
having negative length, andJ, ! R(X).

Proof: Under condition (1), by Prop. 3.5.10, a policy isR (X )-regular if
and only if it is proper. Moreover, since eachR (X )-irregular and hence
improper policy p has cycles with positive length, it follows that for all
J ! R(X), we have

limsup(TkJI)(x) = +

ks
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for somex ! X. The proof under condition (2) is similar, using Prop.
3.5.10. Q.E.D.

We now show our main result for the problem of this section.

Proposition 3.5.12:  Let Assumption 3.5.8 hold. Then:

(&) The optimal cost function J* is the unique bPxed point of T within
R(X).

(b) We have TkJ ' J* forall J! R(X).
(c) A policy p' is optimal if and only if Ty#J* = TJ*. Moreover,
there exists an optimal proper policy.

(d) Forany J ! R(X),if J - TJ we haved - J*,andifJ " TJ
we haved " J*.

Proof: We verify the parts (a)-(f) of Assumption 3.3.1 with S = R(X),
and we then use Prop. 3.3.1. To this end we argue as follows:

(1) Part (a) is satisbed sinceS = R(X).

(2) Part (b) is satisbed since by Assumption 3.5.8(a), there exists least
one R (X )-regular policy. Moreover, for eachR (X )-regular policy p,
we haveJ, ! R(X). Since the number of all policies is Pnite, it
follows that Jg ! R(X).

(3) To show that part (c) is satisbped, note that by Prop. 3.5.10 ev-
ery R(X)-irregular policy p must be improper, so by Assumption
3.5.8(b), the characteristic graph A, contains a cycle of positive
length. By Prop. 3.5.9(d), this implies that for each J ! R(X) and
for at least onex ! X, we have limsug., (TJI)(x)= +.

(4) Part (d) is satisbed sinceU(x) is a bnite set.

(5) Part (e) is satisbed sinceX is Pnite and T, is a continuous function
that maps the Pnite-dimensional spaceR (X)) into itself.

(6) Part (f) follows from Prop. 3.3.2, which applies becauseS = R(X) =
Rp(X) (since X is bnite) and Eq. (3.27) clearly holds.

Thus all parts of Assumption 3.3.1 are satisbed, and Prop. 3.3.1 apple
with S = R(X). The conclusions of this proposition are precisely the
results we want to prove [since improper policies have inbnite cost fasome
initial states, as argued earlier, optimal S-regular policies must be proper;
cf. the conclusion of part (c)]. Q.E.D.

The following example illustrates what may happen in the absence of
Assumption 3.5.8(b), when there may exist improper policies that invdve
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Destination Destination

Proper Policy p Improper Policy p!

Figure 3.5.6. A counterexample involving a single node 1 in addition to the
destination t. There are two policies, p and p", with corresponding characteristic
graphs Ay, and A1, and arc lengths shown in the bgure. The improper policy u”
is optimal when a ( 0. Itis R(X)-irregular if a =0, and itis R (X)-regular if
a< 0.

a nonpositive length cycle.

Example 3.5.5:
! "
Let X = {1}, and consider the proper, policy u with Y 1,p(1) = {t} and
the improper policy p" with Y 1,u'(1) = {1,t} (cf. Fig. 3.5.6). Let
I " L " L "
g Lu@),t =1, glLpu@,1 =a) 0 g1lu@),t =0.

The improper policy is the same as the one of Example 3.5.4. It can be seen
that under both policies, the longest path from 1 to t consists of the arc (1,t).
Thus,

Ju()=1, J,r(1)=0,

so the improper policy p" is optimal, and strictly dominates the proper policy
M. To explain what is happening here, we consider two di! erent cases:

(1) a=0: In this case, the optimal policy p'is both improper and R (X )-

irregular, but with Pnite cost J,,(1) < " . Thus the conditions of Props.
3.3.1 and 3.5.12 do not hold because Assumptions 3.3.1(c) ad 3.5.9(b)
are violated.

(2) a < 0: In this case, U’ is improper but R (X )-regular, so there are no
R (X )-irregular policies. Then all the conditions of Assumptio n 3.5.8
are satisbed, and Prop. 3.5.12 applies. Consistent with this proposition,
there exists an optimal R (X)-regular policy (i.e., optimal over both
proper and improper policies), which however is improper.

For further analysis and algorithms for the robust shortest path plan-
ning problem, we refer to the paper [Berl9c]. In particular, this pager
applies the perturbation approach of Section 3.4 to the case wheri may
be easier to guarantee nonnegativity rather than positivity of the lengths
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of cycles corresponding to improper policies, which is required by Assnp-
tion 3.5.8(b). The paper shows that the VI algorithm terminates in a bnite
number of iterations starting from the initial function J with J(x) = +

for all x I X. Moreover the paper provides a Dijkstra-like algorithm for
problems with nonnegative arc lengths.

3.5.4 Linear-Quadratic Optimal Control

In this subsection, we consider a classical problem from control thory,
which involves the deterministic linear system

Xk+1 = AXg + Buy, k=0,1,...,

wherexy, !', ", ux !, ™ for all k, and A and B are given matrices. The
cost function of a policy " = {Ho, 11, ...} has the form

%}%l! n
Ji (x0) = lim XE QX + i (Xk)RUk (Xk)
k=0

wherex$denotes the transpose of a column vectax, Q is a positive semidef-
inite symmetric n/ n matrix, and R is a positive debnite symmetricm/ m
matrix. This is a special case of the deterministic optimal control prob-
lem of Section 1.1, and was discussed brielQy in the context of the one
dimensional example of Section 3.1.4.

The theory of this problem is well-known and is discussed in vari-
ous forms in many sources, including the textbooks [AnM79] and [Bek7a]
(Section 3.1). The solution revolves around stationary policiesu that are
linear, in the sense that

H(x) = Lx,

where L is somem / n matrix, and stable in the sense that the matrix
A + BL has eigenvalues that are strictly within the unit circle. Thus for a
linear stable policy, the closed loop system

Xk+1 = (A + BL)Xk

is stable. We assume thatthere exists at least one linear stable policy
Among others, this guarantees that the optimal cost functionJ' is real-
valued (it is bounded above by the real-valued cost function of ever linear
stable policy).

The solution also revolves around thealgebraic matrix Riccati equa-
tion, which is given by

!
P=ASP* PB(BSPB + R)%1B% A+ Q,

where the unknown isP, a symmetric n/ n matrix. It is well-known that
if Q is positive debnite, then the Riccati equation has a unique solutiorP’
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within the class of positive semidebnite symmetric matrices, and thathe
optimal cost function has the form

J*(x) = x¥P'x.

Moreover, there is a unique optimal policy, and this policy is linear stalte
of the form

H(x)=Lx, L =*(B% B+R)%B¥P A

The existence of an optimal linear stable policy can be extended to th case
where Q is instead positive semidebnite, but satisPes a certain Odetectabil-
ityO condition; see the textbooks cited earlier.

However, in the general case wher® is positive semidebnite without
further assumptions (e.g.,Q = 0), the example of Section 3.1.4 shows that
the optimal policy need not be stable, and in fact the optimal cost function
over just the linear stable policies may be dlerent than J*. We will
discuss this case by using the perturbation-based approach of &#on 3.4,
and provide results that are consistent with the behavior observd in the
example of Section 3.1.4.

To convert the problem to our abstract format, we let

X =,n, ux)=,m, Hx)=0, #x! X,

H(x,u,J) = x¥x + uRu + J(Ax + Bu).

Let S be the set of positive semidebnite quadratic functions, i.e.,

&
S= J]|J(x)= x%Px, P :positive semidePnite symmetric .

Let M be the set of linear stable policies, and note that every linear stable
policy is S-regular. This is due to the fact that for every quadratic function
J(x) = x%Px and linear stable policypu(x) = Lx, the k-stage costs T J)(x)
and (TXP)(x) di" er by the term

XA + BL)P(A + BL)kx,

which vanishes in the limit ask '+ , sincep is stable.
Consider the perturbation framework of Section 3.4, with forcing
function
p(x) = 1x12.

This is also true in the discounted version of the example of Section 3.1.4,
where there is a discount factor " % (0,1). The Riccati equation then takes
the fom P = A" "P ! "2PB("B'PB + R)' 'B'P A + Q, and for the given

" 2
system and cost per stage, it has two solutions,P* =0 and @ = %. The VI
algorithm converges to P starting from any P > 0.
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Then for %> 0, the mapping Ty, » has the form

(T, 3)(X) = xHQ + %)x + U(x)*Ru(x) + I Axr Bu(x) ,

where | is the identity, and corresponds to the linear-quadratic problem
where Q is replaced by the positive dePnite matrixQ + %. This problem
admits a quadratic positive debnite optimal cost (x) = x%P. x, and an
optimal linear stable policy. Moreover, all the conditions of Prop. 3.41 can
be veribed. It follows that Jg is equal to the optimal cost over just the
linear stable pgliciesﬁ, and is obtained as lim- o P, which also implies
that J(x) = x¥%@x where P = lim .« o P. .

The perturbation line of analysis of the linear-quadratic problem will
be generalized in Section 4.5. This generalization will address a deteim
istic discrete-time inPnite horizon optimal control problem involving the
system

Xk+1=f(Xk,Uk), k=0,1,...,

a nonnegative cost per stageg(x, u), and a cost-free termination state. We
will introduce there a notion of stability, and we will show that the opt imal
cost function over the stable policies is the largest solution of Bellma®s
equation. Moreover, we will show that the VI algorithm and several ver-
sions of the PI algorithm are valid for suitable initial conditions.

3.5.5 Continuous-State Deterministic Optimal Control

In this section, we consider an optimal control problem, where theobjective
is to steer a deterministic system towards a cost-free and absoihg set of
states. The system equation is

Xk+1 = f(Xk,Uk), k:O,l,..., (3.44)

where xx and ug are the state and control at stagek, belonging to sets
X and U, respectively, andf is a function mapping X / U to X. The
control u, must be chosen from a constraint setJ(xx). No restrictions are
placed on the nature of X and U: for example, they may be Pnite sets as
in deterministic shortest path problems, or they may be continuousspaces
as in classical problems of control to the origin or some other termial set,
including the linear-quadratic problem of Section 3.5.4. The cost per&ge
is denoted by g(x, u), and is assumed to be a real number.

Because the system is deterministic, given an initial statexo, a policy
" = {Mo, M1, ...} when applied to the system (3.44), generates a unique se-
quence of state-control pairs Xy, lk(Xx) , k =0,1,.... The corresponding

In Section 4.5, we will consider a similar problem where the cost per stage
will be assumed to be nonnegative, but some other assumptiors from the present
section (e.g., the subsequent Assumption 3.5.9) will be relaxed.
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cost function is

I‘ﬂ#l n
Ji (Xo) = limsup g Xk, uk(xk) Xo! X.
NI" k=0

We assume that there is a nonemptystopping setXo " X, which consists

of cost-free and absorbing states in the sense that
g(x,u) =0, x = f (x,u), #x 1 Xo, u! U(x). (3.45)

Based on our assumptions to be introduced shortly, the objective will be
roughly to reach or asymptotically approach the setXo at minimum cost.

To formulate a corresponding abstract DP problem, we introduce the
mapping Ty : R(X) $%R(X) by

(MK = gxue) +3 f xux) o x1 X,

and the mapping T : E(X ) $%E(X ) given by
" 0,

% 0
(TI)(x) = uéan(x) g(x,u)+ J f(x,u) , x ! X

Here as earlier, we denote byR(X) the set of real-valued functions over
X, and by E(X) the set of extended real-valued functions overX. The
initial function Pis the zero function [Ax) & 0]. An important fact is that
because the problem is deterministicJ” is a bxed point of T (cf. Exercise
3.1).

The analysis of the linear-quadratic problem of the preceding section
has revealed two distinct types of behavior for the case wherg' O0:

(&) J* is the unique bxed point of T within the set S (the set of nonneg-
ative debnite quadratic functions).

(b) J* and the optimal cost function J over a restricted subset ofS-
regular policies (the linear stable policies) are both bxed points o
within the set S, but J* € J, and the VI algorithm converges to J
when started with a function J * 2.

In what follows we will introduce assumptions that preclude case (b); we
will postpone the discussion of of problems where we can haw € J for
Section 4.5, where we will use a perturbation-based line of analysis. Similar
to the linear-quadratic problem, the restricted set of policies that we will
consider have some OstabilityO property: they are either terminating (reach
Xo in a Pnite number of steps), or else they asymptotically approachX o
in a manner to be made precise later.

As a brst step in the analysis, let us introduce the eective domain
of J*, i.e., the set $ %

X = x! X ]3I (x)<)
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Ordinarily, in practical applications, the states in X * are those from which
one can reach the stopping seX o, at least asymptotically. We say that a
policy W is terminating if starting from any xo ! X*, the state sequence
{x«} generated usingu reachesXy in Pnite time, i.e., satisPesxg ! X for
some indexR. The set of terminating policies is denoted byM .

Our key assumption in this section is that for all x ! X*, the optimal
cost J*(x) can be approximated arbitrarily closely by using terminating
policies. In Section 4.5 we will relax this assumption.

Assumption 3.5.9: (Near-Optimal Termination) For every pair
(x,!) with x I X* and! > 0, there exists a terminating policy u
[possibly dependent on X, !)] that satisPesJy(x) " J*(x) + !.

This assumption implies in particular that the optimal cost function
over terminating policies,

Px) = inf Ju(x),  x! X,
UM

is equal to J*. Note that Assumption 3.5.9 is equivalent to a seemingly
weaker assumption where nonstationary policies can be used for rmina-
tion (see Exercise 3.7).

Specibc and easily veribable conditions that imply Assumption 3.5.9
are given in the exercises. A prominent case is wheX and U are Pnite, so
the problem becomes a deterministic shortest path problem. If all gcles
of the state transition graph have positive length, then for every" and
x with J; (x) < # the generated path starting from x and using" must
reach the destination, and this implies that there exists an optimal policy
that terminates from all x ! X*. Thus, in this case Assumption 3.5.9 is
naturally satisped.

Another interesting case arises whemy(x, u) = 0 for all ( x, u) except if
x I Xo and the next state f (x, u) is a termination state, in which case the
cost of the stage is strictly negative, i.e.,g(x,u) < 0 only whenf (x,u) !
Xo. Thus no cost is incurred except for a negative cost upon terminaon.
Intuitively, this is the problem of trying to bnd the best state from w hich
to terminate, out of all states that are reachable from the initial state xo.
Then, assuming that X can be reached from all states, Assumption 3.5.9
is satisped.

When X is the n-dimensional Euclidean space& ", it may easily hap-
pen that the optimal policies are not terminating from somex ! X*, but
instead the optimal state trajectories may approach X, asymptotically.
This is true for example in the linear-quadratic problem of the precedng
section, whereX = $n, Xo = {0}, U = $™, the system is linear of the form
Xk+1 = Axk+ Bug, whereA and B are given matrices, and the optimal cost



210 Semicontractive Models Chap. 3

function is positive debnite quadratic. There the optimal policy is linea
stable of the form " (x) = Lx, whereL is some matrix obtained through
the steady-state solution of the Riccati equation. Since the optinal closed-
loop system has the formxy.+; = ( A+ BL )X, the state will typically never

reach the termination set X = {0} in Pnite time, although it will approach

it asymptotically. However, the Assumption 3.5.9 is satisbed under sme
natural and easily veribable conditions (see Exercise 3.8).

Let us consider the set of functions

#
S="J1 EX)| J(x)=0,%x! Xo, J(X)!$ , %x ! x-*

Since X consists of cost-free and absorbing states [cf. Eq. (3.45)], and
J*(x) > &# forall x ! X (by Assumption 3.5.9), the setS contains the
cost functions J, of all terminating policies p, as well asJ*. Moreover
it can be seen that every terminating policy is S-regular, i.e., M ' Mg,
implying that J5 = J*. The reason is that the terminal cost is zero after
termination for any terminal cost function J ! S, i.e,

(TEI) = (TERAX) = Ju(x),

forp! M, x! X*, andk sul ciently large.

The following proposition is a consequence of the well-behaved region
theorem (Prop. 3.2.1), the deterministic character of the problem(which
guarantees thatJ* is a bxed point of T; Exercise 3.1), and Assumption
3.5.9 (which guarantees thatJg = J*).

Proposition 3.5.13:  Let Assumption 3.5.9 hold. Then:

(@) J* is the unigue solution of the Bellman equationd = TJ within
the setofallJ ! SsuchthatJ ( J".

(b) We have TkJ ) J* foreveryJ ! SsuchthatJ ( J*.

(c) If p" is terminating and Ty J* = TJ", then p" is optimal. Con-
versely, if u" is terminating and is optimal, then T J* = TJ".

Generally, the convergencd kJ ) J* foreveryJ ! S|[Prop. 3.5.13(b)]
cannot be shown except in special cases, such as bnite-state plems (see
Prop. 1.1(b), Ch. 4, of the book by Bertsekas and Tsitsiklis [BeT89]) To
see what may happen in the absence of Assumption 3.5.9, consideretue-
terministic shortest path example of Section 3.1.1 witha=0, b > 0, and
S = $. Here Assumption 3.5.9 is violated and we have 0 =J* < P= b,
while the set of bxed points ofT is the interval (&# ,b]. However, for the
same example, but withb" 0 instead ofb > 0, Assumption 3.5.9 is satis-
bped and Prop. 3.5.13 applies. Consider also the linear-quadratic exate of
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Section 3.1.4. Here Assumption 3.5.9 is violated. This results in multiple
Pxed points of T within S: the functions J*(x) * 0 and J(x) = ( #2 & 1)x2.
In Section 4.5, we will reconsider this example, as well as the problemfo
this section for the caseg(x,u) ( O for all (x,u), but under assumptions
that are much weaker than Assumption 3.5.9. There, we will make a co-
nection between regularity, perturbations like the ones of Sectior8.4, and
traditional notions of stability.

Another interesting fact is that when the model of this section is
extended in the natural way to a stochastic model with inbnite state space,
then under the analog of Assumption 3.5.9,J* need not be the unique
solution of BellmanOs equation within the setof all ! S suchthatJ ( J*.
Indeed, we will show this in Section 4.6.1 with a stochastic example that
involves a single control per state and nonnegative but unboundedost per
stage (if the cost per stage is nonnegative and bounded, and theptimal
cost over the proper policies only is equal taJ*, then J* will be proved to
be the unique solution of BellmanOs equation within the set of all bounde
J such that J ( 0). This is a striking di" erence between deterministic
and stochastic optimal control problems with inPnite state space.Another
striking di" erence is thatJ* is always a solution of BellmanOs equation in
deterministic problems (cf. Exercise 3.1), but this is not so in stochatic
problems, even when the state space is bnite (cf. Section 3.1.2).

ALGORITHMS

We have already discussed some VI and PI algorithms for Pndind* and
an optimal policy as part of our analysis under the weak and strong P
properties in Section 3.2. Moreover, we have shown that the VI algathm
converges to the optimal cost functionJ* for any starting function J ! Sin
the case of Assumption 3.3.1 (cf. Prop. 3.3.1), or to the restrictecbptimal
cost function J§ under the assumptions of Prop. 3.4.1(b).

In this section, we will introduce additional algorithms. In Section
3.6.1, we will discuss asynchronous versions of VI and will prove safectory
convergence properties under reasonable assumptions. In Sext 3.6.2, we
will focus on a modibed version of PI that is und ected by the presewe of
S-irregular policies. This algorithm is similar to the optimistic Pl algorithm
with uniform Pxed point (cf. Section 2.6.3), and can also be implementg
in a distributed asynchronous computing environment.

3.6.1 Asynchronous Value lteration

Let us consider the model of Section 2.6.1 for asynchronous distnitbed
computation of the bxed point of a mapping T, and the asynchronous
distributed VI method described there. The model involves a partition of X
into disjoint nonempty subsets X1, ..., Xm, and a corresponding partition
of J asJ =(J1,...,Jdm), where J- is the restriction of J on the set X-.
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We consider a network ofm processors, each updating asynchronously
corresponding components ofl. In particular, we assume that J- is up-
dated only by processor$, and only for times't in a selected subseR - of it-
erations. Moreover, as in Section 2.6.1, process@uses components; sup-
plied by other processor§ = $with communication OdelaysQ& % (t) ( 0:

%

& 1
#I t #lmt H
wipge T amn g it Re X,

(3.46)
J(x) ift! R+, x! X-.

We can prove convergence within the frameworks of Sections 3.3 dn
3.4 by using the asynchronous convergence theorem (cf. Prop.&1), and
the fact that T is monotone and hasl* as its unique bxed point within the
appropriate set. We assume that the continuous updating and infomation
renewal Assumption 2.6.1 holds. For simplicity we restrict attention to the
framework of Section 3.3, under Assumption 3.3.1 withS = B(X ). Assume
further that we have two functions V,V | S such that

V' TV TV V, (3.47)
so that, by Prop. 3.3.1, TkvV " J* " TkV for all k, and
TRV, 3%, TKV - J*.

Then we can show asynchronous convergence of the VI algorithnB8(46),

starting from any function JO with V. " J0" V.
Indeed, let us apply Prop. 2.6.1 with the setsS(k) given by

# _$
S(k)= I S|TKV." J" T«V,  k=0,1,....

The setsS(k) satisfy S(k+1) ' S(k) in view of Eg. (3.47) and the mono-
tonicity of T. Using Prop. 3.3.1, we also see thaS(k) satisfy the syn-
chronous convergence and box conditions of Prop. 2.6.1. Thus, gether
with Assumption 2.6.1, all the conditions of Prop. 2.6.1 are satisbed, ad
the convergence of the algorithm follows starting from anyJ? ! S(0).

3.6.2 Asynchronous Policy Iteration

In this section, we focus on Pl methods, under Assumption 3.3.1 andome
additional assumptions to be introduced shortly. We brst discuss hiey
a natural form of PI algorithm, which generates S-regular policies exclu-
sively. Let pu° be an initial S-regular policy [there exists one by Assumption
3.3.1(b)]. At the typical iteration k, we have anS-regular policy pk, and
we compute a policypk+1 such that Tyks1 e = Tk (this is possible by
Lemma 3.3.1). Thenpk+! is S-regular, by Lemma 3.3.2, and we have

Juk = Tuk\]uk ( Tka = Tuk+1 ‘]uk ( m'Lrg T:fk+1 ‘]pk = ‘]pk+1 .
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We can thus construct a sequence oS-regular policies {pk} and a cor-
responding nonincreasing sequencgJ,x}. Under some additional mild
conditions it is then possible to show thatJ« - J*, cf. Prop. 3.3.1(e).

Unfortunately, when there are S-irregular policies, the preceding PI
algorithm is somewhat limited, because an initial S-regular policy may not
be known. Moreover, when asynchronous versions of the algorith are
implemented, it is di! cult to guarantee that all the generated policiesare
S-regular.

In what follows in this section, we will discuss a PI algorithm that
works in the presence ofS-irregular policies, and can operate in a dis-
tributed asynchronous environment, like the PI algorithm for contractive
models of Section 2.6.3. The main assumption is thad * is the unique bxed
point of T within R(X), the set of real-valued functions overX . This as-
sumption holds under Assumption 3.3.1 withS = R(X), but it also holds
under weaker conditions. Our assumptions also include Pniteness &f,
which among others facilitates the policy evaluation and policy improve
ment operations, and ensures that the algorithm generates iter@s that
lie in R(X). The algorithm and its analysis also go through if R(X) is
replaced byR* (X)) (the set of all nonnegative real-valued functions) in the
following assumptions, arguments, and propositions.

Assumption 3.6.1:  In addition to the monotonicity Assumption 3.2.1,
the following hold.

(& H(x,u,J)isreal-valued forallJ ! R(X), x! X,andu! U(x).

(b) U is a Pnite set.

(c) For each sequencdJn} ' R(X) with either Jyn , J or Iy - J
for someJ ! R(X), we have

im H(X,u,Jm)=H(x,u,J), %x ! X, u! U(x).
m#$

(d) For all scalarsr > 0 and functionsJ ! R(X), we have

H(x,u,J +re)" H(x,u,J)+ re, %x ! X, u! U(x),
(3.48)

where e is the unit function.
(e) J* is the unique Pxed point of T within R(X).

Part (d) of the preceding assumption is a nonexpansiveness condiin
for H(x,u, 3, and can be easily veribed in many DP models, including
deterministic, minimax, and stochastic optimal control problems. It is not
readily satisbed, however, in the & ne monotonic model of Section 3.2.
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Similar to Section 2.6.3, we introduce a new mapping that is parametri-
zed by p and can be shown to have a common Pxed point for alli. It
operates on a pair ¥, Q) where:

¥ V is a real-valued function with a component denotedV (x) for each
x! X.

¥ Q is areal-valued function with a component denotedQ(x, u) for each
pair (x,u) with x ! X, u! U(x).
The mapping produces a pair

(MFu(V.Q)'Fu(V,Q)),

where
¥ Fu(V, Q) is afunction with a component F,, (V, Q)(x, u) for each (x, u),
debned by ( )
FH(V! Q)(Xv u) =H X, u, m|n{V, Qll} ’ (349)

where for any Q and ., we denote byQ, the function of x debned by

Qu(x) = Q(x,u(x)), x1 X,

and for any two functions Vi and V,, we denote by mi{ Vi, V,} the
function of x given by

: . # $
min{ Vi, V2}(X) = min  Vi(X), Va(X) x! X

¥ MF,(V, Q) is a function with a component (M Fu(V, Q))(x) for each
X, where M is the operator of pointwise minimization over u:

(MQ)(x) = J!”L”(x) Q(x, u),

so that ( )
MFH(V’ Q) (X) = urlnLIJr}X) FH(VI Q)(X! U).

Note that under Assumption 3.6.1, M maps real-valued functions
to real-valued functions, since by part (b) of that assumption, U is
assumed Pnite.

We consider an algorithm that is similar to the asynchronous PI al-
gorithm given in Section 2.6.3 for contractive models. It applies asyn-
chronously the mapping MF ,(V, Q) for local policy improvement and up-
date of V and p, and the mapping Fy(V, Q) for local policy evaluation
and update of Q. The algorithm involves a partition of the state space
into sets X1,...,Xm, and assignment of each subseK- to a processor
$! {1,...,m}. For each$ there are two inPnite disjoint subsets of times
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R-,R-"' {0,1,...}, corresponding to policy improvement and policy eval-
uation iterations, respectively. At time t, each processor$ operates on
Vi(x), Qt(x,u), and pt(x), only for x in its OlocalO state spac&-. In
particular, at each time t, each processofs does one of the following:

(&) Local policy improvement. If t! R-, processor$sets for allx ! X,

Vil (x) = min H(x,u, min{Vt,Q‘t}) = (MFut(Vt,Qt))(X),
u! U(x) H
(3.50)
sets put*1 (x) to a u that attains the minimum, and leaves Q un-
changed, i.e.,Qt*1 (x,u) = Qt(x,u) forall x I X+ andu! U(x).

(b) Local policy evaluation: If t ! R, processor$sets for allx ! X and
u! U(x),

Qi+l (x,u) = H(x,u, min{Vt,QLt}) = Fe (VL QY(x,u),  (3.51)

and leavesV and p unchanged, i.e.,Vt*1 (x) = Vi(x) and pt+! (x) =
pt(x) forall x ! X,

(c) No local change If t I R-. R, processor$ leavesQ, V, and u
unchanged, i.e.,Qt*1 (x,u) = Qt(x,u) for all x ! X-andu! U(x),
Vil (x) = Vi(x), and pt*l (x) = pt(x) forall x I X..

Under Assumption 3.6.1, the algorithm generates real-valued func-
tions if started with real-valued V0 and Q9. We will prove that it con-
verges to §*,Q"), where J* is the unique Pxed point of T within R(X)
[cf. Assumption 3.6.1(e)], andQ" is dePned by

Q" (x,u) = H(x,u,J"), x! X,u! U((x). (3.52)
To this end, we introduce the mapping F debned by
(FQ)(x,u) = H(x,u,MQ), x! X, ul!l U(x), (3.53)

and we show the following proposition.

Proposition 3.6.1: Let Assumption 3.6.1 hold. Then Q" is the
unigue bxed point of F within the class of real-valued functions.

Proof: By minimizing over u! U(x) in Eq. (3.52) and noting that J* is a
pxed point of T, we haveMQ* = TJ* = J*. Thus, by applying Eq. (3.53)
and then Eq. (3.52), we obtain

(FQ)(x,u) = H(x,u,J*) = Q"(x,u), %x ! X, u! U(x).
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Thus Q" is a bPxed point of F, and it is real-valued sincelJ* is real-valued
and H is real-valued.

To show uniqueness, lefQ%be any real-valued bxed point ofF. Then
Q%x,u) = H(x,u,MQ%forall x! X,u! U(x), and by minimization over
u! U(x), we have MQ%= T(MQ%. Hence MQ *is equal to the unique
bxed point J* of T, so that the equation Q%= FQ%yields Q%x,u) =
H(X,uMQ% = H(x,u,J"), for all (x,u). From the dePnition (3.52) of
Q’, it then follows that Q%= Q". Q.E.D.

We introduce the p-dependent mapping

LH(V!Q): (MQ,FH(V,Q)), (354)

where F,(V, Q) is given by Eqg. (3.49). For this mapping and other re-
lated mappings to be debned shortly, we implicitly assume that it operées
on real-valued functions, so by Assumption 3.6.1(a),(b), it producs real-
valued functions. Note that the policy evaluation part of the algorit hm [cf.
Eqg. (3.51)] amounts to applying the second component ot ,,, while the
policy improvement part of the algorithm [cf. Eg. (3.50)] amounts to ap-
plying the second component ol ,, and then applying the brst component
of L. The following proposition shows that (J*, Q") is the common bxed
point of the mappings L, for all p.

Proposition 3.6.2:  Let Assumption 3.6.1 hold. Then forallp! M,
the mapping L, of Eq. (3.54) is monotone, and §*, Q") is its unique
pPxed point within the class of real-valued functions.

Proof: Monotonicity of L, follows from the monotonicity of the operators
M and F,. To show that L, has 3", Q") as its unique Pxed point, we brst
note that J* = MQ™ and Q" = FQ"; cf. Prop. 3.6.1. Then, using also the
debnition of F,, we have

J7=MQ", Q' =FQ =F,(J".Q"),

which shows that (J*, Q") is a bxed point of L.
To show uniqueness, let Y% Q% be a real-valued bxed point ofL,
i.e., V¥= MQ%and Q%= F,(V*»Q%. Then

Q¥= Fu(V%QY = FQ¥

where the last equality follows from V%= MQ% Thus Q%is a bxed point
of F, and sinceQ" is the unique bxed point ofF (cf. Prop. 3.6.1), we have
Q%= Q". It follows that V%= MQ* = J*, so 3", Q") is the unique bPxed
point of L, within the class of real-valued functions. Q.E.D.
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The uniform Pxed point property of L, just shown is, however, in-
sul cient for the convergence proof of the asynchronous algofim, in the
absence of a contraction property. For this reason, we introdue two map-
pings L and L that are associated with the mappingsL,, and satisfy

LIV.Q" Lu(V,Q " L(V,Q,  %p! M. (3.59)
These are the mappings debned by
* + * +
L(V,Q= MQ J}Wihf) FuV,Q . L(V.Q= MQ, max Fu(V.Q)
(3.56)

where the min and max overp are attained in view of the bniteness oM
[cf. Assumption 3.6.1(b)]. We will show that L and L also have (*, Q") as
their unique bxed point. Note that there exists gthat attains the maximum
in Eq. (3.56), uniformly for all V and (x,u), namely a policy @ for which

Q(X' W(x)) = rlngz()Q(X, u), %x ! X,

[cf. Eq. (3.49)]. Similarly, there exists [ that attains the minimum in Eq.
(3.56), uniformly for all V and (x,u). Thus for any given (V, Q), we have

L(Vv Q) = LB(VI Q)v E(V! Q) = LW(V! Q)! (357)

where p and @ are some policies. The following proposition shows that
(3", Q"), the common bxed point of the mappingsL,, for all y, is also the
unique bxed point ofL and L.

Proposition 3.6.3:  Let Assumption 3.6.1 hold. Then the mappings
L and L of Eqg. (3.56) are monotone, and haved”, Q*) as their unique
bPxed point within the class of real-valued functions.

Proof: Monotonicity of L and L follows from the monotonicity of the
operatorsM and F,. Since (", Q") is the common Pxed point ofL for
all p (cf. Prop. 3.6.2), and there existsy such that L(J",Q") = Ly (J",Q")
[cf. Eq. (3.57)], it follows that (J*,Q") is a bxed point of L. To show
uniqueness, suppose that\{, Q) is a bxed point, so /,Q) = L(V, Q). Then
by Eq. (3.57), we have

(V,Q = L(V,Q = Lu(V,Q

for somep ! M. Since by Prop. 3.6.2, §*,Q") is the only bxed point of
Ly, it follows that (V,Q) =(J",Q"), so 37, Q") is the only Pxed point of
L. Similarly, we show that (J*, Q") is the unique bxed pointofL. Q.E.D.
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We are now ready to construct a sequence of sets needed to apply
Prop. 2.6.1 and prove convergence. For a scalar( 0, we denote

J& =3 &ce, & = Q &cey,

Jé =J" + ce, & =Q +cey,
with e and eq are the unit functions in the spaces of] and Q, respectively.

Proposition 3.6.4:  Let Assumption 3.6.1 hold. Then for all ¢ > 0,
Lk(0&,Q%), (".Q), LC'Q.QH)-(.Q) (359

where L* (or fk) denotes the k-fold composition of L (or L, respec-
tively).

Proof: Forany pu! M, using the assumption (3.48), we have for allX, u),

Fu(dd, Q) (x,u) = H(x,u, min{JJ,Qé})

H x,u, min{J*,Q"} + c€
"'H x,u,mn{J*",Q"} +c
Q' (x,u)+c

= Q¢ (x,u),

and similarly
Q¥ (x,u) " Fu(I&, Q¥)(x u).

We also haveMQ¢ = J¢ and MQE& = J&. From these relations, the
depnition of L, and the fact L,(3*,Q") = (J*,Q") (cf. Prop. 3.6.2), we
have

(&,Q3) " Lu(3&, Q)" (3,Q") " Lu(3¢,Qs) " (3¢, Q).
Using this relation and Egs. (3.55) and (3.57), we obtain
(3&,Q8) " L&, Q¥) " (3,Q) " L3¢, Q)" (I¢,Q¢).  (3.59)
Denote fork =0,1,...,
(Vi Q)= T8.Q8), (Vi Q) = LKO&,Q¥).

From the monotonicity of L and L and Eqg. (3.59), we have that Vi, Q)
converges monotonically from above to some pair

V.Q ( (37.QY,
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while (Mk,gk) converges monotonically from below to some pair

MQ" (37.QY).

By taking the limit in the equation
(Vk+1 16k+1 )= E(vkiék)a

and using the continuity from above and below property of L, implied

by Assumption 3.6.1(c), it follows that (V,Q) = L(V,Q), so (V,Q) must
be equal to 0*,Q*), the unique bxed point of L. Thus, fk(Jc" Q%) -
(3°,Q"). Similarly, L*(J&,Q¢), (3°.Q"). Q.E.D.

To show asynchronous convergence of the algorithm (3.50)-(3.51
consider the sets

# — $
S()= " (V,Q L&, Q%" (v,Q " T'(3¢.Q¢)",  k=0,1,...,

whose intersectionis §*, Q") [cf. Eq. (3.58)]. By Prop. 3.6.4 and Eq. (3.55),
this set sequence together with the mappingd.,, satisfy the synchronous
convergence and box conditions of the asynchronous convergantheorem
of Prop. 2.6.1 (more precisely, its time-varying version of Exercise.2). This
proves the convergence of the algorithm (3.50)-(3.51) for stairhg points
(V,Q) ! S(0). Sincec can be chosen arbitrarily large, it follows that the
algorithm is convergent from an arbitrary starting point.

Finally, let us note some variations of the asynchronous PI algorithm
One such variation is to allow Ocommunication delays©& % (t). Another
variation, for the case where we want to calculate justJ”, is to use a
reduced space implementation similar to the one discussed in Section@&3.
There is also a variant with interpolation, cf. Section 2.6.3.

NOTES, SOURCES, AND EXERCISES

The semicontractive model framework of this chapter was Prst fomulated
in the 2013 edition of the book, and it has since been extended thragh
a series of papers and reports by the author: [Berl5], [Berl6a], [Bd6],
[Berl7c], [Berl7d], [Berl9c]. The framework is inspired from the analyis of
the SSP problem of Example 1.2.6, which involves Pnite state and contt
spaces, as well as a termination state. In the absence of a termitian
state, a key idea has been to generalize the notion of a proper polidyom
one that leads to termination with probability 1, to one that is S-regular
for an appropriate set of functions S.

Section 3.1: The counterexample showing thatJ* may fail to solve Bell-
manOs equation in SSP problems is due to Bertsekas and Yu [BeY16]. The
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blackmailerOs dilemma is a classic problem in the DP literature. The book
by Whittle [Whi82] has a substantial discussion. The set of solutions 6the
Riccati equation in continuous-time linear-quadratic optimal control (cf.
Section 3.1.4) has been described in the paper by Willems [Wil71], which
stimulated considerable further work on the subject (see the bok by Lan-
caster and Rodman [LaR95] for an extensive account). The pathogies of
inbnite horizon linear-quadratic optimal control problems can be lagely
eliminated under some well-studied controllability and observability condi-
tions (see, e.g., [Berl7a], Section 3.1).

Section 3.2: The Pl-based analysis of Section 3.2 was developed in the
authorOs paper [Ber15] after the 2013 edition of the book was pubiisd.
The authorOs joint work with H. Yu [BeY16] was also inRuential. In partc-
ular, the SSP example of Section 3.1.2, wherg* does not satisfy BellmanOs
equation, and the perturbation analysis of Section 3.4 were given intte pa-
per [BeY16]. This is also the source for the convergence rate resuwt Prop.
3.2.2. The &PI method was introduced by Bertsekas and 18 e [Bel96] in
the context of discounted and SSP problems, and subsequent woincludes
the papers by Nedie and Bertsekas [NeB03], and by Bertsekas,oBkar, and
Nedie [BBNO4] on the LSPE&) method. The analysis of &Pl in Section
3.2.4is new and is related to an analysis of a linearized form of the proxiai
algorithm given in the authorOs papers [Ber16b], [Ber18c].

Section 3.3: The central result of Section 3.3, Prop. 3.3.1, was given in
the 2013 edition of the book. It is patterned after a result of Bertsekas and
Tsitsiklis [BeT91] for SSP problems with Pnite state space and compdc
control constraint sets, which is reproduced in Section 3.5.1. The mof

given there contains an intricate demonstration of a real-valued lover bound

on the cost functions of proper policies (Lemma 3 of [BeT91], which imijes

Prop. 3.5.3).

Section 3.4: The perturbation approach of Section 3.4 was introduced in
the 2013 edition of the book. It is presented here in somewhat strger
form, which will also be applied to nonstationary S-regular policies in the
next chapter.

Section 3.5: The SSP problem analysis of Section 3.5.1 for the case of
the strong SSP conditions is due to Bertsekas and Tsitsiklis [BeT91]. &
the case of the weak SSP conditions it is due to Bertsekas and Yu [BeD6].
The perturbation-based PI algorithm was given in Section 3.3.3 of the2013
edition of the book. A di" erent PI algorithm that embodies a mechanisn
for breaking ties in the policy improvement step was given by Guillot and
Stau" er [GuS17] for the case of Pnite state and control spaces.

The a!l ne monotonic model of Section 3.5.2 was initially formulated
and analyzed in the 2013 edition of the book, in a more general settm
where the state space can be an inbnite set. The analysis of Secti@b.2
of the Pnite-state case comes from the authorOs paper [Ber16ahieh con-
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tains more details. The exponentiated cost version of the SSP prdbm was
analyzed in the papers by Denardo and Rothblum [DeR79], and by Pate
[PatOl]. The paper [DeR79] assumes that the state and control sixes are
Pnite, that there exists at least one contractive policy (a transier policy
in the terminology of [DeR79]), and that every improper policy is noncan-
tractive and has inbnite cost from some initial state. These assumjons
bypass the pathologies around inPnite control spaces and multiple odu-
tions or no solution of BellmanOs equation. Also the approach of [DeRJF9
is based on linear programming (relying on the Pnite control space)and
is thus quite di" erent from ours. The paper [Pat01] assumes thathe state
space is bnite, that the control constraint set is compact, and tlat the ex-
pected one-stage cost is strictly positive for all state-control @irs, which is
much stronger than what we have assumed. Our results of Sectio.5.2,
when specialized to the exponential cost problem, are consistentithh and
subsume the results of Denardo and Rothblum [DeR79], and Patek [R81].

The discussion on robust shortest path planning in Section 3.5.3 fol-
lows the authorOs paper [Ber19c]. This paper contains further analis
and computational methods, including a Pnitely terminating Dijkstra -like
algorithm for problems with nonnegative arc lengths.

The deterministic optimal control model of Section 3.5.5 is discussed
in more detail in the authorOs paper [Ber17b] under Assumption 3.5.91 the
case whergg ( 0; see also Section 4.5 and the paper [Berl7c]. The analysis
under the more general assumptions given here is new. Deterministand
minimax inPnite-spaces optimal control problems have also been disssed
by Reissig [Reil6] under assumptions dierent than ours.

Section 3.6: The asynchronous VI algorithm of Section 3.6.1 was Pbrst
given in the authorOs paper on distributed DP [Ber82]. It was further
formalized in the paper [Ber83], where a DP problem was viewed as a
special case of a bxed point problem, involving monotonicity and possly
contraction assumptions.

The analysis of Section 3.6.2, parallels the one of Section 2.6.3, and is
due to joint work of the author with H. Yu, presented in the papers [BeY12]
and [YuB13a]. In particular, the algorithm of Section 3.6.2 is one of theop-
timistic Pl algorithms in [YuB13a], which was applied to the SSP problem
of Section 3.5.1 under the strong SSP conditions. We have followed ¢éline
of analysis of that paper and the related paper [BeY12], which focuss on
discounted problems. These papers also analyzed asynchronouschastic
iterative versions of PI, and proved convergence results that prallel those
for classical Q-learning for SSP, given in Tsitsiklis [Tsi94], and Yu and
Bertsekas [YuB13b]. An earlier paper, which deals with a slightly di er-
ent asynchronous abstract Pl algorithm without a contraction structure, is
Bertsekas and Yu [BeY10].

By allowing an inPnite state space, the analysis of the present chapt
applies among others to SSP problems with a countable state spac&uch
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problems often arise in queueing control settings where the termiation
state corresponds to an empty queue. The problem then is to emptthe
gueue with minimum expected cost. Generalized forms of SSP problesn
which involve an inbnite (uncountable) number of states, in addition to
the termination state, were analyzed by Pliska [Pli78], Hernandez-Lema
et al. [HCP99], and James and Collins [JaC06]. The latter paper allows
improper policies, assumes thatg is bounded andJ” is bounded below,
and generalizes the results of [BeT91] to inPnite (Borel) state spas, using
a similar line of proof. InPnite spaces SSP problems will also be discuske
in Section 4.6.

A notable SSP problem with inPnite state space arises under imper-
fect state information. There the problem is converted to a perfet state
information problem whose states are belief states, i.e., posteriorrpbabil-
ity distributions of the original state given the observations thus far. The
paper by Patek [Pat07] addresses SSP problems with imperfect st in-
formation and proves results that are similar to the ones for their perfect
state information counterparts. These results can also be derividusing the
line of analysis of this chapter. In particular, the critical condition t hat the
cost functions of proper policies are bounded below by some reallved
function [cf. Assumption 3.3.1(b)] is proved as Lemma 5 in [Pat07], usig
the fact that the cost functions of the proper policies are bounded below
by the optimal cost function of a corresponding perfect state inbrmation
problem.

EXERCISES

3.1 (Conditions for J* to be a Fixed Point of T)

The purpose of this exercise is to show that the optimal cost function J' is a bxed
point of T under some assumptions, which among others, are satisPed geerically
in deterministic optimal control problems. Let © be a subset of policies such that:

(1) We have ) )
(w')yr o if and only if p! M, 11 0,

where forp ! M and! = {po,H1,...}, we denote by (i, !) the policy
{W, Mo, H1,...}. Note: This condition precludes the possibility that © is
the set of all stationary policies (unless there is only one gationary policy).

(2) For every ! = {Mo,H1,...} ! O, we have
Jv = Tygdvy,

where ! 1 is the policy !'1 = {J1,H2,...}.
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(3) We have

inf  TyJd- = inf T, 9
(TR Y IR u' M

where the function J is given by

H(x) = inf 3+ (x), x! X.

Show that:
(@) Pis a bxed point of T. In particular, if © =1, then J' is a Pxed point of
T.
(b) The assumptions (1)-(3) hold with © = 1 in the case of the deterministic
mapping

H(x,u,J)= g(x,u)+ J(f (x,u)), x! X, u! ux),Jd! EX). (3.60)

(c) Consider the SSP example of Section 3.1.2, whereJ' is not a bxed point
of T. Which of the conditions (1)-(3) is violated?

Solution: (a) For every x ! X, we have
Jx)=inf 3 (x)= inf  (Tyd)(x) = inf (TuP)(x) = (TH(x),
o pM L0 H" M

where the second equality holds by conditions (1) and (2), and the third equality
holds by condition (3).

(b) This is evident in the case of the deterministic mapping ( 3.60). Notes: (i)
If © =1, parts (a) and (b) show that J', which is equal to B, is a bxed point
of T. Moreover, if we choose a setS such that J§ can be shown to be equal to
J', then Prog: 3.2.1 applies and showsgthat J' is the unique bxed point of T
with the set J ! E(X) |J§ " J " F for someJ ! S. In addition the VI
sequence{T*J} converges toJ' starting from every J within that set. (i) The
assumptions (1)-(3) of this exercise also hold for other chaices of ©. For example,
when O is the set of all eventually stationary policies, i.e., policies of the form
{Ho,--- Hks L 1y - .-}, where Ho, ..., Hk, L ! M and k is some positive integer.

(c) For the SSP problem of Section 3.1.1, condition (2) of the preceding proposi-
tion need not be satisPed (because the expected value operdédn need not com-
mute with lim sup).

3.2 (Alternative Semicontractive Conditions )

This exercise provides a di' erent starting point for the sem icontractive analysis of

Section 3.2. In particular, the results of Prop. 3.2.1 are shown without assuming

that J§ is a Pxed point of T, but by making di " erent assumptions, which include
the existence of an S-regular policy that is optimal. Let S be a given subset of
E(X). Assume that:
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(1) There exists an S-regular policy ' that is optimal, i.e., J, = J'.
(2) The policy p' satispesT,'J' = TJ'.
Show that the following hold:

(a) The optimal cost function J' is the unique bxed point of T within the set
{31 s|J#J3'Y.

(b) We have TXJ $ J' forevery J ! Swith J# J'.

(c) An S-regular policy p that satisbes T,J' = TJ' is optimal. Conversely if
U is an S-regular optimal policy, it satispes T,J' = TJ'.

Note: Part (a) and the assumptions show that J& is a bxed point of T (as well
as that J§ = J' | S), so parts (b) and (c) also follow from Prop. 3.2.1.

Solution: (a) We brst show that any bxed point J of T that lies in S satisbes
J " J'. Indeed, if J = TJ, then for the optimal S-regular policy p', we have
J " T, J, soin view of the monotonicity of T, and the S-regularity of T

u : k — — 1!
3 dim TR =3, =0

Thus the only function within {J ! S|J # J'} that can be a bxed point of T is
J'. Using the optimality and S-regularity of p', and condition (2), we have

J'=dp = Tedy = Ted' =T,
soJ' is a bxed point of T. Finally, J' ! Ssinced' = J, and p' is S-regular,
soJ' is the unique bxed point of T within {J ! S|J# J'}.

(b) For the optimal S-regular policy u* and any J ! Swith J # J', we have
Tad# T O#TY' =3",  k=0,1,....

Taking the limit as k $ % , and using the fact lim yss Tj; J=J, =J', which
holds sincep' is S-regular and optimal, we see that TXJ $ J'.

(c) If p satisbesT,J' = TJ', then using part (a), we have T,J' = J' and hence
limess TXI' = J3'. If pisin additon S-regular, then J, =lim s TSXJ' = J'
and p is optimal. Conversely, if y is optimal and S-regular, then J, = J' and
Ju = Tudy, which combined with J' = TJ' [cf. part (a)], yields TyJd' = TJ'.

3.3 (Alternative Semicontractive Conditions II)

Let S be a given subset ofE(X ). Show that the assumptions of Exercise 3.2 hold
ifand only if J' 1 S, TJ' " J', and there exists an S-regular policy p such that
TJ' =TI

Solution: Let the conditions (1) and (2) of Exercise 3.2 hold, and let p' be the
S-regular policy that is optimal. Then condition (1) implies that J' = Jo !'S
andJ' = T, J' # TJ', while condition (2) implies that there exists an S-regular
policy p such that T,J' = TJ'.
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Conversely, assume thatJ' | S, TJ' " J', and there exists an S-regular

policy p such that T,J' = TJ'. Then we have T,J' = TJ' " J'. Hence
TAJ' " J' for all k, and by taking the limit as k $ % , we obtain J, " J'.

Hence the S-regular policy u is optimal, and the conditions of Exercise 3.2 hold.

3.4 (Alternative Semicontractive Conditions 1lI)

Let S be a given subset ofE(X ). Assume that:
(1) There exists an optimal S-regular policy.
(2) For every S-irregular policy I, we have Trd' # J'.

Show that the assumptions of Exercise 3.2 hold.

Solution: It will be su # cient to show that conditions (1) and (2) imply t hat
J' = TJ'. Assume to obtain a contradiction, that J' & TJ'. Then J' # TJ',
as can be seen from the relations

J'= 0 = Tedp # T =T,

where p' is an optimal S-regular policy. Thus the relation J' & TJ' implies
that there exists p*and x ! X such that

) # (Ted' )(x),  * x! X,

with strict inequality for some x [note here that we can choosefi(x) = p' (x) for
all x such that J'(x) = ( TJ')(x), and we can choosefi(x) to satisfy J'(x) >
(TFJ! )(x) for all other x]. If T were S-regular, we would have

I # TR # Jim TEI' = 3%

%:

with strict inequality for some x ! X, which is impossible. Hencep™is S-irregular,

which contradicts condition (2).

3.5 (Restricted Optimization over a Subset of S-Regular
Policies)

This exercise provides a useful extension of Prop. 3.2.1. Given a setS, it may be
more convenient to work with a subset M ( M s. Let Pdenote the corresponding
restricted optimal value:

P(x) = inf Ju(x),
u" M

and assume that P is a pxed point of T. Show that the following analogs of the
conclusions of Prop. 3.2.1 hold:

(@) (Uniqueness of Fixed Point) If J”is a bxed point of T and there exists

J! S such that 3% J, then J”" P. In particular, if the set W given by

. H ) , . $
W= J! EX)|P" J" FforsomeF! S ,
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is nonempty, then P is the unique bxed point of T within W.
(b) (VI Convergence) We have T*J $ Pforevery J | W.

Solution: The proof is nearly identical to the one of Prop. 3.2.1. Let J! W, so
that

Py

for some J! S. We have for all k # 1 and p ! \7
P= TP TR TR TR

where the equality follows from the Pxed point property of B, while the inequal-
ities follow by using the monotonicity and the debnition of T. The right-hand

side tends to J, ask $ % , since p is S-regular and J'! S. Hence the inPmum
over i ! M of the limit of the right-hand side tends to the left-hand sid e J. It

follows that T*J $ X, proving part (b). To prove part (a), let J%be a bxed
point of T that belongs to W. Then J%is equal to limss  T*J” which has been
proved to be equal to P.

3.6 (The Case Ji" P

Within the framework of Section 3.2, assume that J§ " ® (This occurs in

particular in the monotone decreasing model where P# T, Pforall p! M ; see
Section 4.3.) Show that if J¢ is a bxed point of T, then we have J§ = J'. Note:

This result manifests itself in the shortest path Example 3. 2.1 for the case where
b < 0.

Solution: For all k and policies! = {po, {1, ...}, we have

JE=lim TXIS" limsup TXP" limsup T, 44 =3,
S KHS S Ko p o p Ho -allk&l

and by taking the inbmum over | | |, we obtain J§ " J'. Since generically we
have J§ # J', it follows that J§ = J'.

3.7 (Weakening the Near-Optimal Termination Assumption)

Consider the deterministic optimal control problem of Sect ion 3.5.5. The purpose
of this exercise is to show that the Assumption 3.5.9 is equivalent to a seemingly
weaker assumption where nonstationary policies can be usedfor termination.
Given a state x | X', we say that a (possibly nonstationary) policy ! ! !
terminates from x if the sequence{xx}, which is generated starting from x and
using ! , reachesX in the sense that xg ! Xo for some index B. Assume that for
every x | X', there exists a policy ! ! ! that terminates from x. Show that:

(a) The set M of terminating stationary policies is nonempty, i.e., ther e exists
a stationary policy that terminates from every x ! X'.



Sec. 3.7 Notes, Sources, and Exercises 227

(b) Assumption 3.5.9 is satisbed if for every pair (x, ") with x | X' and "> 0,

there exists a policy ! ! ! that terminates from x and satispesJ- (x) "
Jx)+
Solution: (a) Consider the sequence of subsets oX debned fork =0,1,..., by
X = {x! X' |there exists! ! ! that terminates from x in k steps or les$,

starting with the stopping set Xo. Note that ) §., Xx = X'. Debne a stationary
policy @ as follows: For eachx ! Xy with x I Xye1, let {Ho, H1,...} be a policy
that terminates from x in the minimum possible number of steps (which is k),
and let @ = po. For each x I X', let g(x) be an arbitrary control in  U(x). It
can be seen thatgis a terminating stationary policy.

(b) Given any state & ! X' with & I X,, and a nonstationary policy ! =
{Mo, M1, ...} that terminates from &, we construct a stationary policy p that
terminates from every x ! X' and generates essentially the same trajectory as
I starting from & (i.e., after cycles are subtracted). To construct such a p, we
consider the sequence generated by starting from . If this sequence contains
cycles, we shorten the sequence by eliminating the cycles, ad we redebne! so
that starting from ox it generates a terminating trajectory without cycles. This
redebned version of! , denoted ! ®= {p& u% ...}, terminates from & and has cost
J.ofm) " J- (®) [since all the eliminated transitions that belonged to cyc les have
nonnegative cost, in view of the fact J' (x) > *% for all x, which is implied by
Assumption 3.5.9]. We now consider the sequence of subsetsfoX debned by

Xk = {x! X | ! *terminates from x in k steps orles§, k=0,1,...,

where X is the stopping set. Let R be the brstk # 1 suchthat®! X,. Construct
the stationary policy p as follows: for x !) Ezl Xk, let

H(X) = Hge i (X), if x! Xy and x ! Xya1, k=1,2,...,

and for x I') E:l Xk, let p(x) = g(x), where @ is a stationary policy that termi-
nates from every x | X' [and was shown to exist in part (a)]. Then it is seen
that p terminates from every x ! X', and generates the same sequence as®
starting from the state &, so it satisPesJy (&) = J.®) " J- (®).

3.8 (Verifying the Near-Optimal Termination Assumption)

In the context of the deterministic optimal control problem of Section 3.5.5,
assume that X is a normed space with norm denoted + &4+. We say that !
asymptotically terminates from x if the sequence{xx} generated starting from x
and using ! converges to Xy in the sense that

lim dist(xx,Xo) =0,
k#$
where dist(x, X o) denotes the minimum distance from x to Xo,

dist(x,X o) = inf +x* y+, x! X
y" Xo
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The purpose of this exercise is to provide a readily veribable condition that
guarantees Assumption 3.5.9. Assume that

0" g(x,u), x! X, u! U,

and that
J'(x)>0, ' x!I Xo.
Assume further the following: $
(1) Forevery x! X' = x! X |J'(xX)< % and"> 0, there exits a policy

I that asymptotically terminates from x and satisbesJ- (x) " J'(x)+ ".

(2) For every " > 0, there exists a# > 0 such that for each x ! X' with
dist(x, X o) " #,

there is a policy ! that terminates from x and satispesJ- (x) " ".
Then:
(a) Show that Assumption 3.5.9 holds.
(b) Show that condition (1) holds if for each #> 0 there exists" > 0 such that

|Uf( )g(x,u) # ", " x ! X such that dist( x, X o) # #

Note: For further discussion, analysis, and application to the c ase of a linear
system, see the authorOs paper [Ber17h].

Solution: (a) Fix x ! X' and " > 0. Let ! be a policy that asymptotically

terminates from x, and satisbesJ- (x) " J'(x)+ ", as per condition (1). Starting

from x, this policy will generate a sequence{xx} such that for some index R we
have dist(xg, X0) " #, SO by condition (2), there exists a policy # that terminates

from xg and is such that J,(xg) " ". Consider the policy ! *that follows ! up to
index K and follows Y afterwards. This policy terminates from x and satisbes

Jokx) = Ju g(X)+ Ju(xg) " I (X)+ Ju(xg) " I'(x)+2",

where J. g(x) is the cost incurred by ! starting from x up to reaching xg. From
Exercise 3.7 it follows that Assumption 3.5.9 holds.

(b) For any x and policy ! that does not asymptotically terminate from x, we
will have J- (x) = %, so that if x ! X', all policies ! with J-(x) < % must be
asymptotically terminating from x.

3.9 (Perturbations and  S-Regular Policies)

The purpose of this exercise is to illustrate that the set of S-regular policies may
be di" erent in the perturbed and unperturbed problems of Section 3.4. Consider
a single-state problem with =0 and two policies p and pu” where

Tyd =min {1,J}, T, =$>0.
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Let S=, .
(a) Verify that W is S-irregular and J, = J' =0.
(b) Verify that p”is S-regular and J,%= J§ = $.

(c) For # > 0 consider the #-perturbed problem with p(x) = 1, where x is
the only state. Show that both p and u”are S-regular for this problem.
Moreover, we have 5 = min {1, $} + #

(d) Verify that Prop. 3.4.1 applies for M = {u% and $ " 1, but does not

apply if M = {1, u*% or $ > 1. Which assumptions of the proposition are
violated in the latter case?

Solution: Parts (a) and (b) are straightforward. It is also straightfo rward to
verify the debnition of S-regularity for both policies in the #-perturbed problem,
and that J, s =1+ #and Jyus = $+ # If $ " 1, the policy p”is optimal
for the #-perturbed problem, and Prop. 3.4.1 applies for WM = {n” because all
its assumptions are satisped. However, when$ > 1 and WM = {u” there is no
"-optimal policy in M for the #-perturbed problem (contrary to the assumption

of Prop. 3.4.1), and indeed we have$ = J{ > limg o J5 = 1. Also when W =
{1, u", the policy p is not S-regular, contrary to the assumption of Prop. 3.4.1.

3.10 (Perturbations in A ! ne Monotonic Models [Berl6a])

Consider the a# ne monotonic model of Section 3.5.2, and let Assumptions 3.5.5
and 3.5.6 hold. In a perturbed version of this model we add a constant #> 0 to all

components of by, thus obtaining what we call the #-perturbed al ne monotonic
problem. We denote by B and Ju s the corresponding optimal cost function and

policy cost functions, respectively.

(a) Show that for all # > 0, $s is the unique solution within , 7 of the equation

JO)=(THM+#  i=1,...,n

(b) Show that for all #> 0, a policy u is optimal for the #-perturbed problem
(ie., Jus = F)if and only if T,P = TFs. Moreover, for the #-perturbed
problem, all optimal policies are contractive and there exi sts at least one
contractive policy that is optimal.

(c) The optimal cost function over contractive policies P [cf. Eq. (3.37)] satisbes

J'i(i)=|i$moﬁ$(i), i=1,...,n

(d) If the control constraint set U(i) is Pnite for all states i =1,...,n, there
exists a contractive policy {1 that attains the minimum over all contractive
policies, i.e., Jp = P.

(e) Show Prop. 3.5.8.
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Solution: (a), (b) By Prop. 3.5.6, we have that Assumption 3.3.1 holds f or the
#-perturbed problem. The results follow by applying Prop. 3. 5.7 [the equation of
part (a) is BellmanOs equation for the #perturbed problem].

(c) For an optimal contractive policy pj of the #perturbed problem [cf. part (b)],
we have

P= inf Ju" I " d e =B Jug, ' u*: contractive .
u: contractive " Hs Hg® s

Since for every contractive policy pu” we have limg: o J%s = Jy% it follows that
P Is!ng RN " u”: contractive .

By taking the inbmum over all p”that are contractive, the result follows.

(d) Let {#} be a positive sequence with# - 0, and consider a corresponding se-
quence{uk} of optimal contractive policies for the #-perturbed problems. Since
the set of contractive policies is Pnite [in view of the Pnite ness of U(i)], some
policy @1 will be repeated inbnitely often within the sequence {ux}, and since
{Jék} is monotonically nonincreasing, we will have

P s Js,,
for all k su# ciently large. Since by part (c), Js, - P, it follows that Jz = .

(e) For all contractive p, we haveJ, = TyJy # T,P# TP Taking the inbmum
over contractive |, we obtain P# TFP. Conversely, for all #> Oandp! M, we
Po=TP + #e" TP+ #e.

Taking limit as # - 0, and using part (c), we obtain P " T,Pforall u! M.
Taking inPmum over p! M, it follows that P" TX. Thus Pis a bxed point of

T.
) Forall J !, " with J# FPand contractive p, we have by using the relation
P= TPjust shown,

P=lim TP dim T*I " lim TSI = J,.
k#$ k#$ k#$
Taking the inbmum over all contractive L, we obtain
Prodim TP s P
k#$

This proves that T*J $ XP. Finally, let J%! R(X) be another solution of
BellmanOs equation, and letJ | R(X) be such that J # Fand J # J% Then
T3 $ P while T*J # T*J3%= 3% It follows that P# J”

To prove Prop. 3.5.8(c) note that if p is a contractive policy with J, = )
we have P= Jp =Tyl = T, P so, using also the relation = TP [cf. part (a)],
we obtain Tu.P TP, Conversely, if p satlsbesTuP TP, then from part (a),
we have TuP P and hence limgss T P= P Sinceyp is contractive, we obtain
Ju =lim s Ty kP, s0d, = P

The proof of Prop. 3.5.8(d) is nearly identical to the one of P rop. 3.5.4(d).
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In this chapter, we consider abstract DP models that are similar to te
ones of the earlier chapters, but we do not assume any contractilike
property. We discuss both pbnite and inbnite horizon models, and intoduce
just enough assumptions (including monotonicity) to obtain some mirimal
results, which we will strengthen as we go along.

In Section 4.2, we consider a general type of Pnite horizon problem.
Under some reasonable assumptions, we show the standard resuithat one
may expect in an abstract setting.

In Section 4.3, we discuss an inbnite horizon problem that is moti-
vated by the well-known positive and negative DP models (see [Ber12a],
Chapter 4). These are the special cases of the inPnite horizon sthastic
optimal control problem of Example 1.2.1, where the cost per stagey is
uniformly nonpositive or uniformly nonnegative. For these models ttere is
interesting theory (the validity of BellmanOs equation and the availabiliy
of optimality conditions in a DP context), which originated with the wor ks
of Blackwell [Bla65b] and Strauch [Str66], and is discussed in Section3.1.
There are also interesting computational methods, patterned aer the VI
and PI algorithms, which are discussed in Sections 4.3.2 and 4.3.3. How-
ever, the performance guarantees for these methods are nos @owerful as
in the contractive case, and their validity hinges upon certain additional
assumptions.

In Section 4.4, we extend the notion of regularity of Section 3.2 so tht
it applies more broadly, including situations where nonstationary polides
need to be considered. The mathematical reason for consideringonsta-
tionary policies is that for some of the noncontractive models of Sdon
4.3, stationary policies are insui cient in the sense that there may na exist
"-optimal policies that are stationary. In this section, we also discus some
applications, including some general types of optimal control probems with
nonnegative cost per stage. Principal results here are thal* is the unique
solution of BellmanOs equation within a certain class of functions, andher
related results regarding the convergence of the VI algorithm.

In Section 4.5, we discuss a nonnegative cost deterministic optimal
control problem, which combines elements of the noncontractive mdels
of Section 4.3, and the semicontractive models of Chapter 3 and Stgen
4.4. Within this setting we explore the structure and the multiplicity of
solutions of BellmanOs equation. We draw inspiration from the analysisfo
Section 4.4, but we also use a perturbation-based line of analysis, silar
to the one of Section 3.4. In particular, our starting point is a perturbed
version of the mapping T, that dePnes the OstableO policies, in place of a
subset S that debnes theS-regular policies. Still with a proper debnition
of S, the OstableO policies ar8-regular.

Finally, in Section 4.6, we extend the ideas of Section 4.5 to stochastic
optimal control problems, by generalizing the notion of a proper pdicy to
the case of inbnite state and control spaces. This analysis is consichbly
more complex than the bnite-spaces SSP analysis of Section 3.5.1.
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NONCONTRACTIVE MODELS - PROBLEM FORMULATION

Throughout this chapter we will continue to use the model of Sectim 3.2,
which involves the set of extended real numberd ! = 1" {# ,$# }. To
repeat some of the basic debnitions, we denote bi(X) the set of all
extended real-valued functionsJd : X %& !, by R(X) the set of real-
valued functions J : X %& !, and by B(X) the set of real-valued functions
J : X %& !that are bounded with respect to a given weighted sup-norm.

We have a setX of states and a setU of controls, and for eachx ' X,
the nonempty control constraint set U(x) ( U. We denote by M the set
of all functions p : X %&J with p(x) ' U(x), forall x' X, and by " the
set of Ononstationary policies@& = {po, H1,...}, with px * M for all k.
We refer to a stationary policy {4, 14, ...} simply as u.

We introduce a mappingH : X ) U) E(X) %& !, and we debne the
mapping T : E(X) %&(X ) by

(TI)(x) = Ii,nJ( )H(x,u,J), *x' X, J " E(X),

and for eachp' M the mapping Ty : E(X) %&E(X ) by

(Tud)(X) = H!X,H(X),J c XX E(X).

We continue to use the following assumption throughout this chapte, with-
out mentioning it explicitly in various propositions.

Assumption 4.1.1: (Monotonicity) If J,J#' E(X)and J + J#
then
H(x,u,J)+ H(x,u,J%, *x' X, u' UX).

A fact that we will be using frequently is that for each J ' E(X) and
scalar" > 0, there exists apy ' M such that for all x' X,

#

_ $(TH)+ " A (TINX) > $#
| +

(T I %s$ (/") if (TI)(x) = $# .

In particular, if J is such that
(TI)x) > $# *x' X,
then for each” > 0, there exists ali ' M such that

(Tw )+ (TH)+ " *x" X
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We will often use in our analysis the unit function e, debned bye(x) , 1,
so for example, we write the preceding relation in shorthand as

Tud+ TI+"e

We debne cost functions for policies consistently with Chapters 2 amh
3. In particular, we are given a function ' E(X), and we consider for
every policy # = {Mo,M1,...} " " and positive integer N the function
Jn,» " E(X) debned by

In,» (X) = ( Ty 8%, , P(X), *x' X,
and the function J- ' E(X) debned by
J+ (x) = limsup (Ty, 448, B(x), *x' X
k$%

We refer to Jy,» as the N -stage cost function of# and to J- as the inbnite
horizon cost function of # (or just Ocost functionO if the length of the
horizon is clearly implied by the context). For a stationary policy # =
{1, ...} we also write J» asJ,.

In Section 4.2, we consider theN -stage optimization problem

minimize Jn, - (X)

. (4.2)
subjectto #' ",
while in Sections 4.3 and 4.4 we discuss its inbnite horizon version
minimize  J- (X)
(4.2)

subjectto #' ".

For a bxedx ' X, we denote byJy (x) and J*(x) the optimal costs
for these problems, i.e.,

Iy (x) = i.”..fl N, (X), J*(x) = iﬂ.f, J- (X), *x ' X
We say that a policy #' ' " is N -stage optimalif
In, - (X) = Iy (%), *x'X,
and (inbnite horizon) optimal if
Jo(x) = 3" (x), *x' X
For a given" > 0, we say that# is N -stage"-optimal if
#
$ a0+ iFIN(X) > $#
I )+, o
°$ @/ if Iy (X)= $# ,

and we say that# is "-optimal if
#
S+ ifIX >,

J"I
9 %g@/m  ifI(X) = $# .
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FINITE HORIZON PROBLEMS

Consider theN -stage problem (4.1), where the cost functionly, - is debned
by
‘]N," (X)z(Tuoéé-aHNg 1H(X)y *x"' X

Based on the theory of Pnite horizon DP, we expect that (at least nder
some conditions) the optimal cost functionJy; is obtained by N successive
applications of the DP mapping T on the initial function 2 i.e.,

Iy = inf Iy = TNE

This is the analog of BellmanOs equation for the Pnite horizon problem in
a DP context.

The Case Where Uniformly N -Stage Optimal Policies Exist

A favorable case where the analysis is simpliped and we can easily shdvat
J\, = TN Pis when the Pnite horizon DP algorithm yields an optimal policy
during its execution. By this we mean that the algorithm that starts with
P and sequentially computesTP T2F2 ..., TN P also yields corresponding
Hy g1 Mgz - My M such that

T TN&kerP= TN&k®  k=0,...,N$ 1 (4.3)

While Py g4, --- My ' M satisfying this relation need not exist (because
the corresponding inbmum in the debnition of T is not attained), if they
do exist, they both form an optimal policy and also guarantee that

Jy=TNZP
The proof is simple: we have for every# = {po, M1,...} " "
In,w = Ty addy,, , P- TNP= T éé'ﬁu;w lﬁ, (4.4)

where the inequality follows from the monotonicity assumption and the def-
inition of T, and the last equality follows from Eq. (4.3). Thus {ug, 4i, - - -}
has no worseN -stage cost function than every other policy, so it isN -stage
optimal and Jy, = Tp-(-) éé-ﬁp;\“ 1?. By taking the inbmum of the left-hand

side over# ' " in Eq. (4.4), we obtain Jy = TNP

The preceding argument can also be used to show thatu, , fi,; - - -}
is (N $ k)-stage optimal for all k =0,...,N $ 1. Such a policy is called
uniformly N -stage optimal The fact that the Pnite horizon DP algorithm
provides an optimal solution of all the k-stage problems fork =1,...,N,
rather than just the last one, is a manifestation of the classical pinciple
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of optimality, expounded by Bellman in the early days of DP (the tall

portion of an optimal policy obtained by DP minimizes the corresponding

tail portion of the Pnite horizon cost). Note, however, that there may exist

an N -stage optimal policy that is not k-stage optimal for somek <N .
We state the result just derived as a proposition.

Proposition 4.2.1:  Suppose that a policy{y}, 1}, ...} satisPes the
condition (4.3). Then this policy is uniformly N -stage optimal, and
we haveJy = TNFZ

While the preceding result is theoretically limited, it is very useful in
practice, because the existence of a policy satisfying the conditio(.3) can
often be established with a simple analysis. For example, this conditiorns
trivially satisped if the control space is bnite. The following propositin
provides a generalization.

Proposition 4.2.2:  Let the control spaceU be a metric space, and
assume that for eachx ' X, ! '! ;andk=0,1,...,N $ 1, the set

Uk(x,!) = &u' U(x) |H(x,u, TkB + !I

is compact. Then there exists a uniformlyN -stage optimal policy.

Proof: We will show that the inPmum in the relation

!
(Tk1 PB(x)= inf H x,u, TkP
u" U(x)

!
is attained for all x ' X and k. Indeed if H x,u, Tk® = # for all
u' U(x), then everyu' U(x) attains the inbmum. If for a given x ' X,

|
inf )H X, u,TkP < # |

u" U(x

the corresponding part of the proof of Lemma 3.3.1 applies and shasthat
the above inbmum is attained. The result now follows from Prop. 4.2.1.
Q.E.D.

The General Case

We now consider the case where there may not exist a uniforml\ -stage
optimal policy. By using the dePnitions of J, and TN %, the equation
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J& = TNP which we want to prove, can be equivalently written as

( ( )

inf Ty, 84 P=inf T inf T, ada inf T ¥
| gam MO B 1 worM "0 ppam M1 VL L

Thus we havelJj, = TN Zif the operations inf and T, can be interchanged
in the preceding equation. We will introduce two alternative assumptons,
which guarantee that this interchange is valid. Our brst assumptionis a
form of continuity from above of H with respect to J.

Assumption 4.2.1:  For each sequencdJm} ( E(X) with Iy . J
and H(x,u,Jg) < # forall x' X andu' U(x), we have

mlg;z H(x,u,dm)= H(x,u,J), *x' X, u' U(x). (4.5)

Note that if {Jm} is monotonically nonincreasing, the same is true
for {TyJm}. It follows that

|2f\]m = nlqlgn% JIm, |2f (Tpdm) = nlqlgro}0 (Tudm),
so forallp' M, Eq. (4.5) implies that
*

+ * +
inf (Tydm) = lim (Tudm)= Ty im In = Ty inf In

This equality can be extended for anyps,...,ux ' M as follows:
* +
im (Ty, éé-ﬁuk‘]m) = Ty, imf (T, éé-ﬁuk‘]m)
= 444 .
+ (4.6)

= Ty, Ty, @48y, i[?_]f (T Im)
*
= Ty, 44%,, igqf JIm

We use this relation to prove the following proposition.

Proposition 4.2.3:  Let Assumption 4.2.1 hold, and assume further
that Ji» (x) < # ,forall x' X,#' ",andk- 1. ThenJy = TNF

Proof: We select for eachk =0,...,N $ 1, a sequencg '} ( M such
that
i N &k&1 N &k
mlgrgr/g Tun (T P . TN&kP
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SinceJy + Ty, 4%, ,Pforall Ho,...,uns1 " M, we have using also
Eqg. (4.6) and the assumptionJy - (X) < # , for all k, #, and x,

J,!\I + infaadnf T modd& my, 1 P
mo myr 1 Mo Mnoa ( )
=inf 4dénf T mo aaa myi1 2 inf T mNgl\p
mo myy 2 Mo Uiz myr1 Mnoa
=inf 44énf T mo 4@ my, . TP
mo myr2 Mo Hni2

= m N&l
IgfoTuOo(T ﬂ
=TNP

On the other hand, it is clear from the depnitions that TN Z+ Jy - for all
N and#' ", sothat TNP+ Jy. Thus, Jy = TNZ Q.E.D.

We now introduce an alternative assumption, which in addition to
Jy = TN P guarantees the existence of afi-optimal policy.

Assumption 4.2.2:  We have
Je(x) > $# *x' X, k=1,...,N.

Moreover, there exists a scalar$ ' (0,# ) such that for all scalars
r' (0,# ) and functions J ' E(X), we have

H,uJ+re)+ H(xuJ)+ $r, *x' X u't UX). (4.7)

Proposition 4.2.4:  Let Assumption 4.2.2 hold. ThenJy = TNJ®
and for every" > 0, there exists an"-optimal policy.

Proof: Note that since by assumption, J (x) > $# for all x ' X, an
N -stage"-optimal policy # ' " is one for which

Iy +In, H It e

We use induction. The result clearly holds forN = 1. Assume that it
holds for N = k, i.e., J, = TkPand for any given" > 0, there is a# ' "



Sec. 4.2 Finite Horizon Problems 239
with Ji», + J, + "e. Using Eq. (4.7), we have for allp' M,
Jl:“'l + Tu\]k"'! + T“J; + $" e.

Taking the inPmum over p and then the limit as " & 0, we obtain J,,, +
TJ,. By using the induction hypothesis J, = Tk® it follows that J,,, +
Tk+1 B On the other hand, we have clearlyTk*1 P+ Jy, » forall #' ",
so that Tk+*1 P+ J, .., and henceTk+1 P= J .

We now turn to the existence of an"-optimal policy part of the in-
duction argument. Using the assumptionJ, (x) > $# forall x' x' X,
for any * > 0, we can choosé = {[,,H;, ...} such that

-

Je—+ I + ==
KTT KT 28

e, (4.8)

andpg' M such that

-

Tede + T + e

Let #-= {[, Wy, |y, ...} Then

-

_ * * " _ * "
ot = Tdiom + Tl + ge+ Tho+ "e= I, +"e,

where the brst inequality is obtained by applying T to Eq. (4.8) and using
Eq. (4.7). The induction is complete. Q.E.D.

We now provide some counterexamples showing that the conditions
of the preceding propositions are necessary, and that for excépnal (but
otherwise very simple) problems, the Bellman equationd), = TN ¥ may
not hold and/or there may not exist an "-optimal policy.

Example 4.2.1 (Counterexample to BellmanOs Equation 1)

Let
X = {0}, U@ =(! 10 Ho)=0,
T if 1 1<J(0),
HO.WI= 5oy u i3 "1 1.
Then

(TIJO éé-al-lNg 1‘?)(0) = HO(O)v

and Jy (0) = ! 1, while (TN 3)(0) = ! N for every N. Here Assumption 4.2.1,
and the condition (4.7) (cf. Assumption 4.2.2) are violated , even though the
condition J, (x) > % for all x $ X (cf. Assumption 4.2.2) is satisbed.
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Example 4.2.2 (Counterexample to BellmanOs Equation I1)

Let
X ={0,1}, u@=u@=% ,0q, H0)= HA1)=0,
woun= Y O -
Then

(Tuo 448, , P(0)=0, (TuoddTu,, , P1)= po(l), %N &1

It can be seen that for N & 2, we haveJy (0) = 0 and Jy (1) = # , but
(TNP©) = (TN H(1) = # . Here Assumption 4.2.1, and the condition
Je(x)> % forall x$ X (cf. Assumption 4.2.2) are violated, even though
the condition (4.7) of Assumption 4.2.2 is satisbed.

In the preceding two examples, the anomalies are due to discontinu-
ity of the mapping H with respect to J. In classical Pnite horizon DP, the
mapping H is usually continuous when it takes bnite values, but counterex-
amples arise in unusual problems where inbnite values occur. The neex-
ample is a simple stochastic optimal control problem, which involves sme
inPnite expected values of random variables and we hawé, £ T22

Example 4.2.3 (Counterexample to BellmanOs Equation I11)

Let
X ={0,1}, uE=u@=", A= HA=0,
let w be a real-valued random variable with E{w} = # , and let

1 &
- E w+J() if x =0, o
H(x,u,J) u+ (1) i x =1 %X $ X, u $ U(x).

Then if Jn is real-valued for all m, and J, (1) ( J(1) = '# , we have

im HO,uJn)= lim E w+ Jn(1) =#,
m $% m $%

while * + & .
H Ou, Im Jn =E w+J(1) =% ,
m $%

so Assumption 4.2.1 is violated. Indeed, the reader may verify with a straight-
forward calculation that J,(0) = # , J,(1) = ¥ , while (T2H(0) = # ,
(T?2H(1) = # ,s0d, ¥ T2¥ Note that Assumption 4.2.2 is also violated
becausel, (1) = #

In the next counterexample, BellmanOs equation holds, but there is
no "-optimal policy. This is an undiscounted deterministic optimal control
problem of the type discussed in Section 1.1, wherd, (x) = $# for some
x and k, so Assumption 4.2.2 is violated. We use the notation introduced
there.
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Example 4.2.4 (Counterexample to Existence of an
"-Optimal Policy)

Let! =1 and
N =2, X ={0,1,...}, U(x)=(0,#), Ax)=0, %x$ X,

F,u)=0,  %x$ X, u$ UX),
“1u ifx=0,

x ifxyo ~ AuUS UM,

g(x,u) =
so that
H(x,u,J)= g(x,u)+ J(0).

Thenfor " $! and x ¥ 0, we have Jo» (x) = x! p1(0), sothat J;(x) = #
for all x ¥ 0. Clearly, we also have J,(0) = # . Here Assumption 4.2.1,
as well as Eq. (4.7) (cf. Assumption 4.2.2) are satisbed, andindeed we have
Jo(x)=(T2P(x)= # forall x$ X. However, the condition J, (x) > #
for all x and k (cf. Assumption 4.2.2) is violated, and it is seen that there
does not exist a two-stage #optimal policy for any #> 0. The reason is that
an #optimal policy " = {Jo, M1} must satisfy

(0= X1 O 3 %S X,

[in view of J,(x) = # for all x $ X ], which is impossible since the left-hand
side above can become positive forx su" ciently large.

INFINITE HORIZON PROBLEMS

We now turn to the inbnite horizon problem (4.2), where the cost furction
of a policy # = {|o, M1,...} iS

J+ (x) = limsup (Ty, 4&%8,, H(x), *x' X
k$%

In this section one of the following two assumptions will be in &ect.

Assumption I: (Monotone Increase)
(a) We have

$# < Ax) + H(x,u, B, *x' X, u' U(X).

(b) For each convergent sequencéJn} ( E(X) with Jn 0 J and
P+ Jy forall m- 0, we have

. _ . o .
mlgsrg/g H(u,dm)=H (x,u,J), X' X, u' U(x).
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(c) There exists a scalar$ ' (0,# ) such that for all scalarsr '
(0,# ) and functions J ' E(X) with P+ J, we have

H(x,u,J +re)+ H(x,u,J)+ $r, *x' X, u' U(X).

Assumption D: (Monotone Decrease)
(&) We have

Ax)- Hx,u, B, *x' X, u' U®X).

(b) For each convergent sequencéJm} ( E(X) with Jn . J and
Jm + Pforall m- 0, we have

Iim H(Xu,Jm)=H(x,u,J), *x' X, u' U().
m$%

Assumptions | and D apply to the positive and negative cost DP
models, respectively (see [Berl2a], Chapter 4). These are the spal cases
of the inPnite horizon stochastic optimal control problem of Examde 1.2.1,
where HAx) , 0 and the cost per stageg is uniformly nonnegative or uni-
formly nonpositive, respectively. The latter arises often when we \ant to
maximize positive rewards.

It is important to note that Assumptions | and D allow J- to be
debned as a limit rather than as a limsup. In particular, part (a) of the
assumptions and the monotonicity ofH imply that

Pt TypoP+ Ty Ty, P+ 44& T, 448, P+ 44a
under Assumption |, and
P TpoP- TyuoTy, P- 444 T,,44%, P- 44a
under Assumption D. Thus we have
J-(x) = L‘g}, (Tyo 8488, B(X), *x" X,

with the limit being a real number or # or $# , respectively.
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Figure 4.3.1. lllustration of the consequences of lack of continuity of T, from

below or from above [cf. part (b) of Assumption | or D, respect ively]. In the

Pgure on the left, we have P! T, Pbut T, is discontinuous from below at Jy, so
Assumption | does not hold, and Jy, is not a Pxed point of Ty. In the bgure on the

right, we have #" Ty®but T, is discontinuous from above at Jy, so Assumption
D does not hold, and Jy is not a bxed point of Ty.

The conditions of part (b) of Assumptions | and D are continuity as-
sumptions designed to preclude some of the pathologies of the typacoun-
tered also in Chapter 3, and addressed with the use ob-regular policies.
In particular, these conditions are essential for making a connedbn with
bxed point theory: they ensure thatJ, is a bxed point of T, as shown in
the following proposition.

Proposition 4.3.1:  Let Assumption | or Assumption D hold. Then
for every policy p' M , we have

Iy = Tudy.

Proof: Let Assumption | hold. Then for all k- O,
| "
(TETPB(x) = H x,ux), TEP, X' X,

and by taking the limit as k & # , and using part (b) of Assumption I,
and the fact TxP0J,, we have for allx ' X,
I " I

" [
=i ' k = ' i k = '
Ju(x) ||<|$T/o H x,pu(x), T{P = H x,u(x),klég/? TP = H x,u(x), Iy ,

or equivalently J, = TyJyu. The proof for the case of Assumption D is
similar. Q.E.D.
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Figure 4.3.1 illustrates how J, may fail to be a bxed point of T, if
part (b) of Assumption | or D is violated. Note also that continuity of T,
does not imply continuity of T, and for example, under Assumption I, T
may be discontinuous from below. We will see later that as a result, tle
value iteration sequence{ Tk® may fail to converge to J* in the absence
of additional conditions (see Section 4.3.2). Part (c) of Assumptionl is a
technical condition that facilitates the analysis, and assures the eistence
of "-optimal policies.

Despite the similarities between Assumptions | and D, the corre-
sponding results that one may obtain involve some substantial diterences.
An important fact, which breaks the symmetry between the two cases, is
that J* is approached byTkPfrom below in the case of Assumption | and
from above in the case of Assumption D. Another important fact is that
since the condition Ax) > $# for all x' X is part of Assumption I, all
the functions J encountered in the analysis under this assumption (such as
TP J-, and J*) also satisfy J(x) > $# , for all x ' X. In particular, if
J - P we have

(THX) - (THX)>$# ,  *x' X
and for every" > 0 there existsp; ' M such that
TuJd+ TI+"e.

This property is critical for the existence of an "-optimal policy under As-
sumption | (see the next proposition) and is not available under Assmption
D. It accounts in part for the di #erent character of the results hat can be
obtained under the two assumptions.

4.3.1 Fixed Point Properties and Optimality Conditions

We Prst consider the question whether the optimal cost functionJ” is a
bxed point of T. This is indeed true, but the lines of proof are d#erent
under the Assumptions | and D. We begin with the proof under Assunption
I, and as a preliminary step we show the existence of afroptimal policy,
something that is of independent theoretical interest.

Proposition 4.3.2:  Let Assumption | hold. Then given any " > 0,
there exists a policy# ' " such that

J*+ J, +J"+"e.

Furthermore, if the scalar $ in part (c) of Assumption | satisbes$ < 1,
the policy # can be taken to be stationary.
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Proof: Let {"} be a sequence such thatx > 0 for all k and

%
$ky =, (4.9)
k=0

& :
For eachx ' X, consider a sequence of policies#c[x] ( " of the form
& k k I
#e[x] = MoXL pilxl, ... (4.10)
such that fork =0,1,...,
e () + 37 (X) + "k (4.11)

Such a sequence exists, since we have assumed th#fx) > $# , and
therefore J*(x) > $# , for all x' X.

The preceding notation should be interpreted as follows. The policy
#¢[x] of Eq. (4.10) is associated withx. Thus pK[x] denotes for eachx and
k, a function in M , while pX[x](z) denotes the value ofuX[x] at an element
z' X. In particular, pX[x](x) denotes the value ofuf[x] at x ' X.

Consider the functionsfr, debned by

M(x) = W10, *x' X, (4.12)
and the functions ¥ debned by
* +
R(X): H Xink(x):mlgg/g T“li[x]éé-ﬁl_lh_l[x]p ’ *x! X, k :O,l,....
(4.13)

By using Egs. (4.11), (4.12), and part (b) of Assumption I, we obtan for
alx' X andk=0,1,...
| B "
K= lim - Ty 888K ¥ (X)
= 3., pq(X) (4.14)
+ J"(x)+ "k.
From Eqgs. (4.13), (4.14), and part (c) of Assumption |, we have fa all
x' Xandk=1,2,...
| "
(Tﬁkg 1‘R)(X) =H |Xi Hk& l(X)"ﬁ
*H X Tea (0,07 e
+ H.*X* ke 1(X),J" + $"« N
+H x Hk&l(x)’mlgro;: Tuli! 1[x]éé-§‘p,‘§1’ 1[)(]3a + $"

Kea1(x)+ $'k,
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and Pnally
Tn, K+ Fe1t $'ke, k=1,2,....

Using this inequality and part (¢) of Assumption I, we obtain

T 2 T 1ﬂ< + T, z(ﬂ&l + $"'ce)
+ T, ,Fe1+ $2' e

+ Keo+($'ke1 + $2")e.

Continuing in the same manner, we have fok =1,2,...,

I\ 0

T, 448, B+ B+($" 1+ ada $k")e+ I+ i e
i=0

Since P+ X, it follows that

/I, 0
To, 448, P+ I+  $" e
i=0

Denote #1 = {Hy, Hy,-.-}- Then by taking the limit in the preceding in-
equality and using Eqg. (4.9), we obtain

Jo, + 3"+ "e.
& '
If $ < 1, wetake"x = "(1$ $) forall k, and#¢[x] = Ho[x], ua[x], - .-
in EQ. (4.11). The stationary policy # = {I, I, . . .}, wheref(x) = po[Xx](X)
forall x ' X, satispesJ-, + J* + "e. Q.E.D.

Note that the assumption $ < 1 is essential in order to be able to take
# stationary in the preceding proposition. As an example, letX = {0},
u@)=(,#), A0)=0, H(O,u,J)= u+ J(0). Then J*(0) =0, but for
any u' M, we havel,(0) = # .

By using Prop. 4.3.2 we can prove the following.

Proposition 4.3.3:  Let Assumption | hold. Then
J'=TJ".

Furthermore, if J#' E(X) is such that J#- P and J#- TJ# then
J#- J".
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Proof: Forevery# = {Mo,H1,...} " " andx' X, we have using part (b)
of Assumption |,

() = Jim (T Tuy 44T H(X)
“( )
= Ty k'ég/? Ty, 487, 7 (x)
- (Tugd")(x)
- (TINHX).
By taking the inbmum of the left-hand side over# ' " , we obtain
J - TJ.

To prove the reverse inequality, let"1 and ", be any positive scalars,
and let # = {Hy, {4, ...} be such that

T d" + TJ" + "1€, J, o+ 3"+ "8,

where#; = {1;,H,, ...} (such a policy exists by Prop. 4.3.2). The sequence
{Ty, 44%;, B is monotonically nondecreasing, so by using the preceding
relations and part (c) of Assumption I, we have

( )
T Ty a é-a‘er P+ T kgﬁ/? Tm a é-agk P

Ted™s
Trod" + $2e
TI"+("1+ $"2)e.

+ +

Taking the limit as k & # , we obtain
J"+ J-= |1|$r02 T, T, 848, P+ TI" +("1+ $"2)e.
Since"; and ", can be taken arbitrarily small, it follows that
J*+ TJ".
Henced* = TJ".
Assume that J#' E(X) satispesl#- Pand J#- TJI* Let {"k} be

any sequence with"y > 0 for all k, and consider a policy# = {Hy, |y, .. .} '
" such that

T J#+ TJI#+ "ce, k=0,1,....
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We have from part (c) of Assumption |

\]*

inf lim T,,4a%, P
K% Ho -allk

+

P .z 4
"|[n!‘ |Il£20/lonf Ty, @a%y, J

+

liminf Tg, 488 J*
K$% Ho -ﬁ‘r_lk

+

Iikrgo/ionf Tp, 8%y, ,(TI#*+ " €)

+

C oo s By
Ilkrgo/lonf T, 8%y, ,(I#+ " €)

Iikrgo/ionf (Tg, 488y, , I+ $X"c €)

+

/ / 00

im TJ*+  $i" e

k$% .

/ P 0

J#+ $i" e
i=0

+

+

1 . Lo .
Since we may choose :‘:0 $'" as small as desired, it follows that]* + J*

Q.E.D.

The following counterexamples show that parts (b) and (c) of As-
sumption | are essential for the preceding proposition to hold.

Example 4.3.1 (Counterexample to BellmanOs Equation 1)

Let
X ={0,1}, U@O)= U@)=(!10, F0)= Al="11,

u o ifI@t 1,

HOuJ)= if J(1) > ! 1,

H(luJd)= u
Then for N & 1,
(Tup @dByy,  HA0)=0,  (Typaddy,, ; AD) = Ho(1).
Thus
J'0=0, J'@=11, (TI)0)= ! 1, (TIHW) =11,

and henceJ” ¥ TJ". Notice also that Zis a bxed point of T, while " J"
and P ¥ J', so the second part of Prop. 4.3.3 fails when® = J% Here
parts (a) and (b) of Assumption | are satisbed, but part (c) is violated, since
H (0, u, § is discontinuous at J = ! 1 whenu < 0.
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Example 4.3.2 (Counterexample to BellmanOs Equation I1)

Let
X ={0,13}, u(0) = u(1) = {0}, H0)= A1 =0,

"0 ifIA) < #,

# oo s, M@LON=IM+L.

H(0,0,J3) =
Here there is only one policy, which we denote by p. For all N & 1, we have
(PO =0, (TVAWD= N,
s0J"(0)=0, J'(1) = # . Onthe other hand, we have (TJ")(0)=( TJ")(1) =

# and J" ¥ TJ'. Here parts (a) and (c) of Assumption | are satisbed, but
part (b) is violated.

As a corollary to Prop. 4.3.3 we obtain the following.

Proposition 4.3.4:  Let Assumption | hold. Then for every p' M,
we have

Ju = Tudy.
Furthermore, if J#' E(X) is such that J#- FPand J#- T,J¥ then
\]#' \]u.

Proof: Consider the variant of ge inPnite horizon problem where the
control constraint set is Uy(x) = p(x) rather than U(x) for all x ' X.
Application of Prop. 4.3.3 yields the result. Q.E.D.

We now provide the counterpart of Prop. 4.3.3 under Assumption D.
We brst prove a preliminary result regarding the convergence of ta value
iteration method, which is of independent interest (we will see later hat
this result need not hold under Assumption I).

Proposition 4.3.5: Let Assumption D hold. Then TNF® = Jg,
where J| is the optimal cost function for the N -stage problem. More-
over
J* = lim Jy.
N $%

Proof: By repeating the proof of Prop. 4.2.3, we havéel N P= Jy [part (b)
of Assumption D is essentially identical to the assumption of that prgpo-
sition]. Clearly we have J* + J{ for all N, and henced” + limnsgo Jy -
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To prove the reverse inequality, we note that for all# = {0, M1,...} " ",

we have
Tuo élél-aHN! 1‘15- ‘]N :

By taking the limit of both sides as N & # , we obtain J- - limy g J,Q ,
and by taking inbmum over#, J* - limngy Jy. Thus J* =lim ngo Jy -
Q.E.D.

Proposition 4.3.6:  Let Assumption D hold. Then
J*=TJ".

Furthermore, if J#' E(X) is such that J# + P and J# + TJ# then
J#+ J".

Proof: For any # = {lo, M1,.-.} ' ", we have

J" = I!I$I'g/10 T“OTul éé-aukﬁ' klég/? TpoTk\p' THOJ*’
where the last inequality follows from the fact Tk¥. J* (cf. Prop. 4.3.5).
Taking the inbmum of both sides over#' ", we obtainJ* - TJ".

To prove the reverse inequality, we select anyu' M , and we apply
Ty to both sides of the equationd” =lim gy, TN P (cf. Prop. 4.3.5). By
using part (b) of assumption D, we obtain

* +
TWJ" =Ty lim TN = lim T, TNFP- |im TN+ = 7",
N $% N $% N $%

Taking the inbmum of the left-hand side overp' M, we obtain TJ* - J*,
showing that TJ* = J*.

To complete the proof, let J# ' E(X) be such that J#¥ + ¥ and
J#+ TJ#* Then we have

J = mf Nlisr[,T/]J THO élél-aHN! 1‘:p

- Nlisr[,T/]J Im,c Tuo élél-aHN! 1‘:p
- Nlisr[,T/]J Im,c Tuo élél-aHN! 1‘]#

- lim TNJ#
N $%

- J#

where the last inequality follows from the hypothesisJ# + TJ* Thus
J* - J* Q.E.D.
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Counterexamples to BellmanOs equation can be readily constructed if
part (b) of Assumption D (continuity from above) is violated. In par ticular,
in Examples 4.2.1 and 4.2.2, part (a) of Assumption D is satisbed but pdr
(b) is not. In both cases we havel® £ TJ", as the reader can verify with
a straightforward calculation.

Similar to Prop. 4.3.4, we obtain the following.

Proposition 4.3.7:  Let Assumption D hold. Then foreveryp' M,
we have

Furthermore, if J#' E(X) is such that J#+ Pand J# + T,J¥ then
J#+ Jy.

Proof:  Consiger the variation of our problem where the control constrairt
setisUu(x) = p(x) ratherthan U(x) forall x* X . Application of Prop.
4.3.6 yields the result. Q.E.D.

An examination of the proof of Prop. 4.3.6 shows that the only point
where we need part (b) of Assumption D was in establishing the relatias

* +

lim TJy =T lim Jy
N $% N $%

and
J,i, =TNP

If these relations can be established independently, then the rediuof Prop.
4.3.6 follows. In this manner we obtain the following proposition.

Proposition 4.3.8:  Let part (a) of Assumption D hold, assume that
X is a Pnite set, and thatJ*(x) > $# for all x' X. Assume further
that there exists a scalar$ ' (0,# ) such that for all scalarsr ' (0,# )
and functions J ' E(X) with J + P we have

HXuJ)$ $r+ H(x,uJd $re), *x' X, u' U®x). (4.15)

Then

Furthermore, if J#' E(X) is such that J# + P and J# + TJ# then
J#+ 3%,
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Proof: A nearly verbatim repetition of Prop. 4.2.4 shows that under our
assumptions we havely = TN Pfor all N. We will show that

* +
. * . * * ' '

NI@J H(x,uJy)+H x,u,NIg;Q NI X' X, u' UK.
Then the result follows as in the proof of Prop. 4.3.6.

Assume the contrary, i.e., that for somex+' X, &' U(x), and " > 0,
there holds

* +
H(xeJ)$">H *’&'ng'll v k=1,2,....

From the Pniteness ofX and the fact

J*(x) = hlligrol/0 LX) > $# *x'X,

it follows that for some integer k > 0
* n + . * * _ 1
J. $("1%)e NI!Bror/l NNE k- k.
By using the condition (4.15), we obtain for all k - k
" * +

[
He,d)$ "+ H x e 8 ("/$)e + H x a,NIEBrOr) N

which contradicts the earlier inequality. Q.E.D.

Characterization of Optimal Policies

We now provide necessary and ducient conditions for optimality of a sta-
tionary policy. These conditions are markedly di#erent under Assunptions
| and D.

Proposition 4.3.9:  Let Assumption | hold. Then a stationary policy
K is optimal if and only if

TWd* = TJ".

Proof: If p is optimal, then J, = J” so that the equation J* = TJ" (cf.
Prop. 4.3.3) implies that J, = TJy. SinceJy = TyJy (cf. Prop. 4.3.4), it
follows that T,J" = TJ".
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Conversely, if T,J* = TJ", then sinceJ* = TJ*, it follows that
TuJd* = J*. By Prop. 4.34, it follows that J, + J*, so u is optimal.
Q.E.D.

Proposition 4.3.10: Let Assumption D hold. Then a stationary
policy u is optimal if and only if

Tydu = T,

Proof: If p is optimal, then J, = J*, so that the equation J* = TJ"
(cf. Prop. 4.3.6) can be written asJy = TJy. SinceJy = TyJy (cf. Prop.
4.3.4), it follows that TyJy = TJ,.

Conversely, if TuJy = TJ,, then sinceJy, = TpJy, it follows that
Ju = TJIu. By Prop. 4.3.7, it follows that J, + J*, so p is optimal.
Q.E.D.

An example showing that under Assumption I, the condition TyJy =
TJ, does not guarantee optimality of p is given in Exercise 4.3. Under
Assumption D, we note that by Prop. 4.3.1, we havel, = TyJ, for all p,
so if 4 is a stationary optimal policy, the Pxed point equation

J*(x)= inf H(x,u,J"), *x' X, (4.16)
u" U(x)

and the optimality condition of Prop. 4.3.10, yield
T =J3"=J,=Tdu=TuI".

Thus under D, a stationary optimal policy attains the inbmum in the bxed
point Eq. (4.16) for all x. However, there may exist nonoptimal stationary
policies also attaining the inbmum for allx; an example is the shortest path
problem of Section 3.1.1 for the case whera = 0 and b = 1. Moreover,
it is possible that this inPmum is attained but no optimal policy exists, as
shown by Fig. 4.3.2.

Proposition 4.3.9 shows that under Assumption I, there exists a sta
tionary optimal policy if and only if the inbmum in the optimality equation

J*(x) = uI|'nJ‘(X)H(x,u,J )

is attained for everyx ' X . When the inbmum is not attained for somex '

X, this optimality equation can still be used to yield an "-optimal policy,
which can be taken to be stationary whenever the scala$ in Assumption
I(c) is strictly less than 1. This is shown in the following proposition.



254 Noncontractive Models Chap. 4

Figure 4.3.2. An example where nonstationary policies are dominant under  As-
sumption D. Here there is only one state and S = #. There are two stationary
policies p and I with cost functions  J, and Jir as shown. However, by considering
a nonstationary policy of the form !y = {@,..., LWL K ... }, with a number k of
policies 1, we can obtain a sequence {J-, } that converges to the value J " shown.
Note that here there is no optimal policy, stationary or not.

Proposition 4.3.11:  Let Assumption | hold. Then:

1,
(@) If "> 0, the sequencq "k} satisbes f:o $k" =", and "y > 0
for all k, and the policy #' = {ug, pj,...} " " is such that

T d"+ T +"%e,  *k=0,1,...,

then
J'+ 3+ 3"+ "e.

(b) If "> 0, the scalar$ in part (c) of Assumption | is strictly less
than 1, and p! ' M is such that

Ted "+ T +"1$ $)e,

then
J'+Jp + 3"+ e
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Proof: (a) SinceTJ* = J*, we have

TuL J"+ J" + "ke,
and applying T“'{o o both sides, we obtain

T“L! 1T“Ill<‘]* + T“L! 1J* +$"'ve+ J"+("ka1+ $'k)e.
Applying T, throughout and repeating the process, we obtain for every
k=1,2,..,

I 0

Ty, 488"+ 3+ $N e, k=1,2....
i=0
Since P+ J*, it follows that
/ « 0
Tpaéé'ﬁp;;ﬁ+ J*+ $iY e, k=1,2,....
i=0
By taking the limit as k & # , we obtain J-* + J* + "e.
(b) This part is proved by taking "x = "(1$ $) and pj = p' for all k in
the preceding argument. Q.E.D.

Under Assumption D, the existence of an"-optimal policy is harder
to establish, and requires some restrictive conditions.

Proposition 4.3.12:  Let Assumption D hold, and let the additional
assumptions of Prop. 4.3.8 hold. Then for any' > 0, there exists an
"-optimal policy.

Proof: For eachN, denote

T 21+ $+ aaksNeD)’

N

and let
#n = {uyiu?!"'vum&liuiu"'}

be such thatp' M, andfork=0,...,N$ 1,y ' M and

'|'HE TN&k&1P= TN&k P+ "N €.
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We haveT}, , P+ TP+"y e, and applying T, , to both sides, we obtain
TN, TN, P+ TN, , TP+ $"'ve+ T2P+(1+ $)"ve.

Continuing in the same manner, we have
TN aagl, P+ TNP+(1L+ $+ aad $N&l)"y e,
from which we obtain for N = 0,1, ...,
Joy + TNP+("2)e.
By Prop. 4.3.5, we havel” =lim ng% TN P so let ¥ be such that
TP+ 3 +("/2)e

[such aM exists using the assumptions of Pniteness of and J*(x) > $#
for all x ' X]. Then we obtain J-, + J* + "e, and #g is the desired
policy. Q.E.D.

4.3.2 Value lteration

We will now discuss algorithms for abstract DP under Assumptions | and
and D. We brst consider the VI algorithm, which consists of succesgely
generating TZT2X.... Note that becauseT need not be a contraction,
it may have multiple Pxed points J all of which satisfy J - J* under
Assumption | (cf. Prop. 4.3.3) or J + J* under Assumption D (cf. Prop.
4.3.6). Thus, in the absence of additional conditions (to be discusskin
Sections 4.4 and 4.5), it is essential to start VI with Por an initial Jo such
that P+ Jo + J* under Assumption | or - Jo - J* under Assumption
D. In the next two propositions, we show that for such initial conditions, we
have convergence of VI tal* under Assumption D, and with an additional
compactness condition, under Assumption I.

Proposition 4.3.13:  Let Assumption D hold, and assume thatJo '
E(X) is such that - Jo- J*. Then

lim TkJo = J".
k$%

Proof: The condition - Jo - J* implies that TkP- Tklp- J* for all
k. By Prop. 4.3.5, TkP& J*, and the result follows. Q.E.D.
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The convergence of VI under | requires an additional compactnes
condition, which is satisped in particular if U(x) is a bnite set forallx ' X.

Proposition 4.3.14:  Let Assumption | hold, let U be a metric space,
and assume that the sets

Uk(x,!) = &u ' U(X)EH x,u, TkP + | | (4.17)

are compact for everyx * X, ! "I, and for all k greater than some
integer k. Assume that Jo ' E(X) is such that P+ Jo + J*. Then

lim TkJo = J".
k$%

Furthermore, there exists a stationary optimal policy.

Proof: Similar to the proof of Prop. 4.3.13, it will su! ce to show that
TkP& J*. SinceP+ J*, we haveTkP+ TkJ* = J*, so that

P+ TP+ 444 TkP+ aa4« J*.

Thus we have TkP 0 Jy, for someldy, ' E(X) satisfying TKP+ Jo, + J*
for all k. Applying T to this relation, we obtain

(TK+ B (x) = min )H(X,U’T"Ja) + (T Jw )(x),

and by taking the limit as k & # , it follows that
Jop + TJo.

Assume to arrive at a contradiction that there exists a state ' X such
that
Jop (%) < (T Jop )(%). (4.18)

Similar to Lemma 3.3.1, there exists a pointuy attaining the minimum in
(Tk1 P(x) = inf H(u, TkH);
u" U(x)
i.e., ug is such that

(TK+L P)(%) = H (% uk, TkP.

Clearly, by Eq. (4.18), we must haveJy, (x) < # . For every k, consider
the set

! 3 3

Ue %o (%) = u' U H( Uk, TKP) + Jo, (%)
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and the sequencg Ui}, . Since TP 0 Jy , it follows that for all i - k,

1=

H(x,u‘-,TkJ?& + H(%u;, T'B + Jos (%).
Therefore {ui}?2, ( Uk % Jo (%) , and sinceUx *.Jo (%) is compact, all
the limit points of {u;j}?, belong to Uk % Jo (%) and at least one such
limit point exists. Hence the same is true of the limit points of the whole
sequencg u;}. It follows that if -u is :':1 limit point of {u;} then

g1 P Uk %o (%) .
By Eq. (4.17), this implies that for all k - k
Jop (%) - H(% & TkP) - (T B(x).
Taking the limit as k & # , and using part (b) of Assumption I, we obtain
Joo (%) - H(% 8,J0%) - (T o )(%), (4.19)

which contradicts Eq. (4.18). HenceJdy, = T Jy , which implies that Jo, -
J* in view of Prop. 4.3.3. Combined with the inequality Jo, + J*, which
was shown earlier, we havely, = J*.

To show that there exists an optimal stationary policy, observe that
the relation J* = Jy, = TJy and Eq. (4.19) [whose proof is valid for all
¥ ' X such that J*(x) < # ] imply that -u attains the inPmum in

J* (%) = ul!nJ(ﬂH(X,u,J )

forall x ' X with J*(%) < # . For x ' X such that J*(x) = # , every
u' U(x) attains the preceding minimum. Hence by Prop. 4.3.9 an optimal
stationary policy exists. Q.E.D.

The reader may verify by inspection of the preceding proof that if
Mk (%), k=0,1,..., attains the inbmum in the relation

(Tk+1 P(x) = li‘nJ( ) H(%,u Tk®,

and ! (%) is a limit point of {pk (%)}, for every x' X, then the stationary
policy 1! is optimal. Furthermore, {k (%)} has at least one limit point
for every x' X for which J*(%) < # . Thus the VI algorithm under the
assumption of Prop. 4.3.14 yields in the limit not only the opimal cost
function J* but also an optimal stationary policy.

On the other hand, under Assumption | but in the absence of the
compactness condition (4.17),T k¥ need not converge tal*. What is hap-
pening here is that while the mappingsT, are continuous from below as
required by Assumption I(b), T may not be, and a phenomenon like the
one illustrated in the left-hand side o{ Fig. 4.3.1)may occur, whereby

lim TP+ T lim TkP ,

k$% k$%
with strict inequality for some x ' X. This can happen even in simple
deterministic optimal control problems, as shown by the following example.
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Example 4.3.3 (Counterexample to Convergence of VI)

Let
X =[0,#), UX=(0.,#), Ax)=0, %x$ X,

and

&
H(x,u,J)=min 1, x+J@2x+u) , %x $ X, u$ U(x).

Then it can be veribed that for all x $ X and policies p, we have J, (x) = 1,
as well asJ" (x) = 1, while it can be seen by induction that starting with 2,
the VI algorithm yields

k ; & k! 1
(TP(X)=min 1, (1+2° H)x , %x $ X, k=1,2....
Thus we have 0 = lim s (TXB)(0) ¥ I (0) = 1.

The range of convergence of VI may be expanded under additionals-
sumptions. In particular, in Chapter 3, under various conditions involving
the existence of optimalS-regular policies, we showed that VI converges to
J* assuming that the initial condition Jo satisPeslo - J*. Thus if the as-
sumptions of Prop. 4.3.14 hold in addition, we are guaranteed convgence
of VI starting from any J satisfying J - F# Results of this type will be
obtained in Sections 4.4 and 4.5, where semicontractive models satj#fig
Assumption | will be discussed.

Asynchronous Value lteration

The concepts of asynchronous VI that we developed in Section 2.6dpply
also under the Assumptions | and D of this section. Under Assumptia |,
if J* is real-valued, we may apply Prop. 2.6.1 with the setsS(k) debPned by

S(k)= {J | TP+ I+ 3}, k=0,1,....

Assuming that TP & J* (cf. Prop. 4.3.14), it follows that the asyn-
chronous form of VI converges pointwise toJ” starting from any func-
tion in S(0). This result can also be shown for the case wherd* is not
real-valued, by using a simple extension of Prop. 2.6.1, where the setf
real-valued functions R(X) is replaced by the set of allJ ' E(X) with
P+J+ 7.

Under Assumption D similar conclusions hold for the asynchronous
version of VI that starts with a function J with J* + J + # Asynchronous
pointwise convergence toJ* can be shown, based on an extension of the
asynchronous convergence theorem (Prop. 2.6.1), wheiR(X) is replaced
by the setof allJ ' E(X) with J* + J + B



260 Noncontractive Models Chap. 4

4.3.3 Exact and Optimistic Policy Iteration - I -Policy Iteration

Unfortunately, in the absence of further conditions, the PI algorithm is

not guaranteed to yield the optimal cost function and/or an optimal policy

under either Assumption | or D. However, there are convergenceesults
for nonoptimistic and optimistic variants of Pl under some conditions. In

what follows in this section we will provide an analysis of various types
of PI, mainly under Assumption D. The analysis of Pl under Assumption

| will be given primarily in the next two sections, as it requires di#erent

assumptions and methods of proof, and will be coupled with regulari

ideas relating to the semicontractive models of Chapter 3.

Optimistic Policy Iteration Under D

A surprising fact under Assumption D is that nonoptimistic/exact Pl may
generate a policy that is strictly inferior over the preceding one. Maeover
there may be an oscillation between nonoptimal policies even when the
state and control spaces are bnite. An illustrative example is the sbrtest
path example of Section 3.1.1, where it can be veribed that exact Pl ay
oscillate between the policy that moves to the destination from nodel and
the policy that does not. For a mathematical explanation, note that under
Assumption D, we may have T,J* = TJ" without p being optimal, so
starting from an optimal policy, we may obtain a nonoptimal policy by P I.
On the other hand optimistic Pl under Assumption D has much better
convergence properties, because it embodies the mechanism of, Which
is convergent to J* as we saw in the preceding subsection. Indeed, let
us consider an optimistic PI algorithm that generates a sequencéJy, Uk}
according to
Tde = Ty, Jks1 = Trkk\]k, (4.20)

where my is a positive integer. We assume that the algorithm starts with a
function Jo ' E(X) that satisbesP- Jo- J* andJo - TJo. For example,
we may chooselg = P We have the following proposition.

Proposition 4.3.15:  Let Assumption D hold and let {Jx, uk} be a
sequence generated by the optimistic Pl algorithm (4.20), assuming
that P- Jo- J* andJo- TJo. Then Jy . J'.

Proof: We have

Jo- Tpodo- T®Jo=J1- T Jo= Tpoda- TIi=Tudi- 444 Jz,

As with all Pl algorithms in this book, we assume that the poli cy im-
provement operation is well-debned, in the sense that there exists p* such that
Tuka = TJ for all k.
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where the prst, second, and third inequalities hold because the asmption
Jo- TJo= T,0do implies that

Thdo- TH™"J, *m- 0
Continuing similarly we obtain
Jk - Tk - Jk+1, * k- 0.

Moreover, we can show by induction thatJx - J*. Indeed this is true for
k = 0 by assumption. If Jx - J*, we have

Jrr = TRKI - TMkde- Tmed* = 07, (4.21)

where the last equality follows from the fact TJ* = J* (cf. Prop. 4.3.6),
thus completing the induction. By combining the preceding two relations,
we have

Jk- TIe- Jksr - I, *k- 0. (4.22)

We will now show by induction that
TkJo - Jk - J7, *k- 0. (4.23)

Indeed this relation holds by assumption fork = 0, and assuming that it
holds for somek - 0, we have by applyingT to it and by using Eq. (4.22),

Tk Jo- T - Jker - J7,

thus completing the induction. By applying Prop. 4.3.13 to Eq. (4.23), we
obtain Jx . J'. Q.E.D.

I -Policy Iteration Under D

We now consider the! -PI algorithm. It involves a scalar ! ' (0,1) and
a corresponding multistep mapping, which bears a relation to tempoal
di#erences and the proximal algorithm (cf. Section 1.2.5). It is debed by

Tadk = Tdo Jiea = T3 (4.24)

where for any policy p and scalar! ' (0, 1), Tﬁ#) is the mapping debned

b
y %

TP =@ $1)  1(THX),  x' X
t=0
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Here we assume thatT, maps R(X) to R(X), and that for all p' M
andJ ' R(X), the limit of the series above is well-debPned as a function in
R(X).

We discussed the! -PI algorithm in connection with semicontractive
problems in Section 3.2.4, where we assumed that

Tu(TP0) = TP (M), = M, 3" EX). (4.25)

We will show that for undiscounted Pnite-state MDP, the algorithm can
be implemented by using matrix inversion, just like nonoptimistic Pl for
discounted Pnite-state MDP. It turns out that this can be an advantage in
some settings, including approximate simulation-based implementatias.

As noted earlier,! -PI and optimistic Pl are similar: they just use the
mapping T,k to apply VI in di #erent ways. In view of this similarity, it is
not surprising that it has the same type of convergence propertie as the
earlier optimistic Pl method (4.20). Similar to Prop. 4.3.15, we have the
following.

Proposition 4.3.16:  Let Assumption D hold and let {Jk, uk} be a
sequence generated by thé-Pl algorithm (4.24), assuming Eqg. (4.25),
and that P- Jo- J* andJo- TJo. Then Jy . J'.

Proof: As in the proof of Prop. 4.3.15, by using Assumption D, the mono-
tonicity of Ty, and the hypothesisJo - T Jo, we have

Jo- TIo=Tydo- THJ0=J1- Tpdi- Th=Taudi- TH30= I,

where for the third inequality, we use the relationJo - T,0Jo, the dePnition
of J1, and the assumption (4.25). Continuing in the same manner,

Jk - Tk - Jk+1, *k- 0.
Similar to the proof of Prop. 4.3.15, we show by induction that Jx - J*,
using the fact that if Jx - J*, then

%
Jen = TR - T =@ s 1) 1Ty =7,
t=0
[cf. the induction step of Eqg. (4.21)]. By combining the preceding two
relations, we obtain Eq. (4.22), and the proof is completed by using e
argument following that equation. Q.E.D.

The ! -Pl algorithm has a useful property, which involves the mapping
Wyt R(X) %&R (X)) given by

Wid =(1$ DTudic+ ! Td. (4.26)
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In particular Jy+1 is a Pxed point of W. Indeed, using the dePnition
Jen = T3

[cf. Eq. (4.24)], and the linearity assumption (4.25), we have

*

+
Widker = (1 8 DTedic+ ! T T3

(1§ 1)Tydi+ ! Téf)(Tuka)

#
Ték)Jk
= Jk+1 -

Thus Jk+1 can be calculated as a bxed point oV .

Consider now the case wherel « is nonexpansive with respect to
some norm. Then from Eq. (4.26), it is seen thatWy is a contraction of
modulus ! with respect to that norm, so Jy+; is the unique bxed point of
W. Moreover, if the norm is a weighted sup-normJi+1 can be found using
the methods of Chapter 2 for contractive models. The following exanple
applies this idea to bnite-state SSP problems. The interesting aspéof
this example is that it implements the policy evaluation portion of ! -PlI
through solution of a system of linear equations, similar to the exactpolicy
evaluation method of classical PI.

Example 4.3.4 (Stochastic Shortest Path Problems with
Nonpositive Costs)

Consider the SSP problem of Example 1.2.6 with states 1,...,n, plus the
termination state 0. For all u $ U(x), the state following x is y with prob-
ability pxy (u) and the expected cost incurred is nonpositive. This problem
arises when we wish to maximize nonnegative rewards up to temination. It
includes a classical search problem where the aim, roughly peaking, is to
move through the state space looking for states with favorable termination
rewards.

We view the problem within our abstract framework with  J(x) * 0 and

Tud = gu + Py, (4.27)

with g, $' " being the corresponding nonpositive one-stage cost vector and
Py being an n 4 n substochastic matrix. The components of P, are the
probabilities pyy H(X) , X,y =1,...,n. Clearly Assumption D holds.

Consider the $-Pl method (4.24), with Jx+1 computed by solving the
bxed point equation J = WJ, cf. Eq. (4.26). This is a nonsingular n-
dimensional system of linear equations, and can be solved bymatrix inversion,
just like in exact PI for discounted n-state MDP. In particular, using Egs.
(4.26) and (4.27), we have

!
Jer =(1 8P g +(1 ! $)P Ik (4.28)
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For a small number of states n, this matrix inversion-based policy evaluation
may be simpler than the optimistic Pl policy evaluation equa tion

Jks1 = T:Lka

[cf. Eq. (4.20)], which points to an advantage of $-PI.

Note that based on the relation between the multistep mappin g Tﬁ#) and
the proximal mapping, discussed in Section 1.2.5 and Exercise 1.2, the policy
evaluation Eq. (4.28) may be viewed as an extrapolated proximal iteration.
Note also thatas $, 1, the policy evaluation Eq. (4.28) resembles the policy
evaluation equation

Jue = (11 $P k)" tgk
for $-discounted n-state MDP. An important di #erence, however, is that for
a discounted Pnite-state MDP, exact Pl will bnd an optimal po licy in a bnite
number of iterations, while this is not guaranteed for $-Pl. Indeed $-PI does
not require that there exists an optimal policy or even that J" (x) is bnite for
all x.

Policy Iteration Under |

Contrary to the case of Assumption D, the important cost improvement
property of PI holds under Assumption I. Thus, if p is a policy and |@
satisbes the policy improvement equationTgJ, = TJ,, we have

from which we obtain
T k
Ju I(Is{sm% Tadu-

SinceJ, - Pand Jg = lim (g0 Ty P it follows that
Ju- Ty~ Ja. (4.29)

However, this cost improvement property is not by itself su cient for
the validity of Pl under Assumption | (see the deterministic shortest path
example of Section 3.1.1). Thus additional conditions are needed tougr-
antee convergence. To this end we may use the semicontractiveaimework
of Chapter 3, and take advantage of the fact that under Assumpion I, J*
is known to be a bxed point ofT.

In particular, suppose that we have a setS ( E(X) suchthat Jg = J*.
Then Jg is a Pxed point of T and the theory of Section 3.2 comes into play.
Thus, by Prop. 3.2.1 the following hold:

(@) We have TkJ & J* for every J ' E(X) such that J* + J + J for
someJ"' S.

(b) J* is the only bxed point of T within the set of all J * E(X) such
that J* + J + J for someJ"' S.
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Moreover, by Prop. 3.2.4, if S has the weak PI property and for each
sequencg Jn} ( E(X) with Jn . J for somed ' E(X), we have

H(x,u,J)= JJ&QA] H(x,u,dm),

then every sequence oB-regular policies{ uk} that can be generated by PI
satisPes),k . J”. If in addition the set of S-regular policies is Pnite, there

exists K - 0 such that p® is optimal.

For these properties to hold, it is of course critical that Jg = J*. If
this is not so, but Jg is still a Pxed point of T, the VI and PI algorithms
may converge toJg rather than to J* (cf. the linear quadratic problem of
Section 3.5.4).

REGULARITY AND NONSTATIONARY POLICIES

In this section, we will extend the notion of regularity of Section 3.2 ®
that it applies more broadly. We will use this notion as our main tool
for exploring the structure of the solution set of BellmanOs equationWe
will then discuss some applications involving mostly monotone increasig
models in this section, as well as in Sections 4.5 and 4.6. We continue
to focus on the inbnite horizon case of the problem of Section 4.1, bu
we do not impose for the moment any additional assumptions, such &
Assumption | or D.

We begin with the following extension of the depnition ofS-regularity,
which we will use to prove a general result regarding the convergex prop-
erties of VI in the following Prop. 4.4.1. We will apply this result in the
context of various applications in Sections 4.4.2-4.4.4, as well as in Semns
4.5 and 4.6.

Debnition 4.4.1:  For a nonempty set of functionsS ( E(X), we say
that a nonempty collection C of policy-state pairs #,x), with # ' "
and x ' X, is S-regular if

3o (x) = limsup (Ty, 448, J)(X), * (#x)' C J' S.
k$%

The essence of the preceding debnition d8-regularity is similar to
the one of Chapter 3 for stationary policies: for an S-regular collection of
pairs (#,x), the value of J- (x) is not a! ected if the starting function is
changed from®Pto any J ' S. It is important to extend the dePnition
of regularity to nonstationary policies because in noncontractive nodels,
stationary policies are generally not sui cient, i.e., the optimal cost over
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stationary policies may not be the same as the one over nonstatiomg
policies (cf. Prop. 4.3.2, and the subsequent example). Generally, ven
referring to an S-regular collection C, we implicitly assume that S and C
are nonempty, although on occasion we may state explicitly this factfor
emphasis.

For a given setC of policy-state pairs (#, x), let us consider the func-
tion Jo ' E(X), given by

Je(x) - |(|'r'1fx)" C}J (), X' X

Note that J (x) - J*(x) for all x ' X [for thosex ' X for which the set
of policies{# | (#,x) ' C}is empty, we have by conventiond~(x) = # |].

For an important example, note that in the analysis of Chapter 3, the
set of S-regular policiesM s of Section 3.2 debnes th&-regular collection

& 1} 1}
C= (LX) [p" Ms, x" X,

and the corresponding restricted optimal cost functionJg is equal toJ¢. In
Sections 3.2-3.4 we saw that whedg is a Pxed point of T, then favorable
results are obtained. Similarly, in this section we will see that for anS-
regular collection C, when J; is a bxed point of T, interesting results are
obtained.

The following two propositions play a central role in our analysis on
this section and the next two, and may be compared with Prop. 3.2.1,
which played a pivotal role in the analysis of Chapter 3.

Proposition 4.4.1: (Well-Behaved Region Theorem) Given a
nonempty setS ( E(X), let Cbe a nonempty collection of policy-state
pairs (#,x) that is S-regular. Then:

(@) Forall J' E(X) such that J + J for someJ"' S, we have

limsupTkJ + J¢.
k$%

(b) For all J#' E(X) with J#¥+ TJ* and all J ' E(X) such that
J#+ J + Jfor someJ' S, we have

J#+ liminf TkJ + limsup TkJ + J¢.
k$% k$%

Proof: (a) Using the generic relationTJ + T,J, ' M, and the mono-
tonicity of T and T, we have for allk

(TEI)(X) + (Typ 84Ty, , H)(X),  * (#x)' C JF' S
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By letting k & # and by using the dePnition of S-regularity, it follows
that for all (#,x)' C,J"' E(X), and J' Swith J + J,

limsup(T*J)(x) + limsup(TkJF)(x) + limsup(Ty, &&%y,, , F)(x) = I« (x),
k$% k$% k$%

&
and by taking inbmum of the right side over # | (#,x) ' C , we obtain
the result.

(b) Using the hypothesesJ#+ TJ# and J#+ J + J for someJ' S, and
the monotonicity of T, we have

JHX) + (TIH(X) + ddd (TXIH(X) + (TXI)(X).
Letting k & # and using part (a), we obtain the result. Q.E.D.

Let us discuss some interesting implications of part (b) of the prope
sition. Suppose we are given a seb ( E(X), and a collection C that is
S-regular. Then:

(1) J¢ is an upper bound to every pxed pointJ# of T that lies below
someJ ' S (i.e., J#+ JF). Moreover, for such a Pxed pointJ# the
VI algorithm, starting from any J with J; + J + J for someJ" S,
ends up asymptotically within the region

&J CE(X) I+ I+ 35
Thus the convergence of VI is characterized by thavell-behaved region
Wsc = &J " E(X) |Jde+ I+ Ffor someJ! SI : (4.30)

(cf. the corresponding debnition in Section 3.2), and thdimit region

&
J" E(X)|J#+ 3+ J¢ for all bxed points J#of T

with J#+ J for someJ"' S .

The VI algorithm, starting from the former, ends up asymptotically
within the latter; cf. Figs. 4.4.1 and 4.4.2.

(2) If 3¢ is a bxed point of T (a common case in our subsequent analysis),
then the VI-generated sequencd TkJ} converges toJ. starting from
any J in the well-behaved region. IfJ¢ is not a bxed point of T, we
only have limsupgy, T*J + J¢ for all J in the well-behaved region.

(3) If the wgll-behaved region.is unbounded above in the sense that
Wsc= J' E(X)|Jc+ J ,whichis true for example if S = E(X),
then J# + J_ for every bxed point J# of T. The reason is that for
every bxed pointJ# of T we haveJ# + J for someJ ' Wsc, and
hence alsaJ#+ J for someJ' S, so observation (1) above applies.
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Fixed Point of T VI: TKJ  Optimal Cost over C

\J’ mJ Frs

) . JEX)
Limit Region Well-Behaved RegiorWs c

Figure 4.4.1.  Schematic illustration of Prop. 4.4.1. Neither J_ nor J" need to
be bxed points of T, but if Cis S-regular, and there exists J $ S with Jé 1,
then J(": demarcates from above the range of Pxed points of T that lie below J.

For future reference, we state these observations as a proptien, which
should be compared to Prop. 3.2.1, the stationary special cgse wreC is
debned by the set ofS-regular stationary policies, i.e.,C= (1,x) | 1"

Ms, x' X . Figures 4.4.2 and 4.4.3 illustrate some of the consequences

of Prop. 4.4.1 for two cases, respectively: whes = E(X ) while J¢ is not
a bxed point of T, and whenS is a strict subset of E (X ) while J¢ is a bxed
point of T.

Proposition 4.4.2: (Uniqueness of Fixed Point of T and Con-
vergence of VI) Given a setS ( E(X), let C be a collection of
policy-state pairs (#, x) that is S-regular. Then:

(a) If J#is a bxed point of T with J# + J for someJ ' S, then
J# + J.. Moreover, J; is the only possible bxed point of T
within Ws c.

(b) We have limsup,gy, T*J + J¢ forall J' Wsc, and if J¢ is a
pxed point of T, then TkJ & J¢ forall J' Wsc.

(c) If Ws ¢ is unbounded from above in the sense that
& . '
Wsc= J'" E(X)[Jc+J ,

then J#+ J¢ for every bxed pointJ#of T. In particular, if J¢ is
a bxed point of T, then J;. is the largest bxed point of T.

Proof: (a) The brst statement follows from Prop. 4.4.1(b). For the secon
statement, let J# be a bxed point of T with J#¥' Wg . Then from the
dePnition of Ws ¢, we haveJ: + J#as well asJ#+ J for someJ"' S, so
from Prop. 4.4.1(b) it follows that J#+ J:. HenceJ#= J_.
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Well-Behaved Regior
Wsc= J]Ji! J

Paths of VI
S= E(X)

7
o L

Fixed Points of T g
|

) -

Limit Region

*

Figure 4.4.2.  Schematic illustration of Prop. 4.4.2, fgr the case where S =:E(X)
so that Wg ¢ is unbounded above, i.e., Wsc = J $ E(X) | Jé 1'J . In
this bgure Jé is not a bxed point of T. The VI algorithm, starting from the
well-behaved region Wg ¢, ends up asymptotically within the limit region.

(b) The result follows from Prop. 4.4.1(a), and in the case wherel is a

*

bxed point of T, from Prop. 4.4.1(b), with J#= J..

(c) See observation (3) in the discussion preceding the proposition Q.E.D.

Examples and counterexamples illustrating the preceding propositia
are provided by the problems of Section 3.1 for the stationary casahere

& 1} 1}
C= (Wx)Ip" Ms, x" X

Similar to the analysis of Chapter 3, the preceding proposition takespecial
signibcance when)* is a bxed point of T and C is rich enough so that
Jc = J7, as for example in the case wher€ is the set” ) X of all (#,x),
or other choices to be discussed later. It then follows that every ked
point J*# of T that belongs to S satispesJ#+ J*, and that VI converges
to J* starting from any J ' E(X) such that J* + J + J for someJ' S.
However, there will be interesting cases wherel. £ J*, as in shortest
path-type problems (see Sections 3.5.1, 4.5, and 4.6).

Note that Prop. 4.4.2 does not say anything about bPxed points of
T that lie below J;, and does not give conditions under whichJ; is a
bxed point. Moreover, it does not address the question whethed” is a
pxed point of T, or whether VI converges toJ* starting from P or from
below J*. Generally, it can happen that both, only one, or none of the two
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A

Fixed Points|of T ~ Well-Behaved Regior
\WS,C: "J |35 3 JforsomeJ" S
(©)
(©)

\/
Paths of VI

Fixed Points of T

Figure 4.4.3.  Schematic illustration of Prop. 4.4.2, and the set Wg ¢ of Eq.
(4.30), for a case where Jé is a bxed point of T and S is a strict subset of E (X).
Every bxed point of T that lies below some J$ S should lie below JC Also, the
VI algorithm converges to Jé starting from within  Wg ¢. If S were unbounded
from above, as in Fig. 4.4.2, Jé would be the largest bxed point of T.

functions J; and J* is a Pxed point of T, as can be seen from the examples
of Section 3.1.

The Case Where J.+ P

We have seen in Section 4.3 that the results for monotone increasingnd
monotone decreasing models are markedly #erent. In the context of S-
regularity of a collection C, it turns out that there are analogous signibcant
di#erences between the casek. - Pand J. + P The following propo-
sition establishes some favorable aspects of the conditiod. + Fin the
context of VI. These can be attributed to the fact that ¥ can always be
added to S without a#ecting the S-regularity of C, so ® can serve as the
element J of S in Props. 4.4.1 and 4.4.2 (see the subsequent proof). The
following proposition may also be compared with the result on convergnce
of VI under Assumption D (cf. Prop. 4.3.13).

Proposition 4.4.3:  Given a setS ( E(X), let C be a collection of
policy-state pairs (#,x) that is S-regular, and assume thatJ; + P
Then:
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(@) Forall J#' E(X) with J#+ TJ# we have

J#+ liminf TkP+ limsup TkP+ J¢.
k$% k$%

(b) If J¢ is a bxed point of T, then J. = J* and we haveTkP& J*
as well asTkJ & J* for everyJ ' E(X) such that J* + J + J
for someJ' S.

Proof: (a) If S does not contain @, we can replaceS with = S" {#,
and C will still be %-regular. By applying Prop. 4.4.1(b) with S replaced
by g and J = P the result follows.

(b) Assume without loss of generality that ' S [cf. the proof of part (a)].
By using Prop. 4.4.2(b) with = P, we haveJ: = lim xgy T*FP Thus for
every policy # = {Ho, M1,--.} ' ",

Jo = Ilgp TkP+ limsup Ty, 488, ,P= J-,
6 k$%

so by taking the inPmum over# ' ", we obtain J; + J*. Since generically
Je - J7, it follows that J. = J*. Finally, from Prop. 4.4.2(b), TkJ & J*
forall J' Wsc, implying the result. Q.E.D.

As a special case of the preceding proposition, we have that ¥ + ¥
and J* is a bxed point of T, then J* = lim xs0, TkJF and for every other
bxed pointJ#¥of T we haveJ#+ J* (apply the proposition with C= ") X
and S = {%, in which caseJ. = J* + 3. This occurs, among others, in
the monotone decreasing models, wherg, X+ FPfor all p* M . A special
case is the convergence of VI under Assumption D (cf. Prop. 4.3.5)

The preceding proposition also applies to a classical type of search
problem with both positive and negative costs ger stage.: This is the SP
problem, where at eachx ' X we have costE g(x,u,w) - 0 for all u
except one that leads to a termination state with probability 1 and non-
positive cost; hereAx) = 0 and J¢(x) + O for all x ' X, but Assumption
D need not hold.

4.4.1 Regularity and Monotone Increasing Models

We will now return to the monotone increasing model, cf. Assumption
I. For this model, we know from Section 4.3 thatJ" is the smallest bxed
point of T within the class of functionsJ - P under certain relatively mild
assumptions. However, VI may not converge tal* starting from below J*
(e.g., starting from B, and also starting from above J*. In this section
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we will address the question of convergence of VI from abové* by using
regularity ideas, and in Section 4.5 we will consider the characterizabn of
the largest bxed point of T in the context of deterministic optimal control
and inbnite-space shortest path problems. We summarize the relis of
Section 4.3 that are relevant to our development in the following promsition
(cf. Props. 4.3.2, 4.3.3, 4.3.9, and 4.3.14).

Proposition 4.4.4:  Let Assumption | hold. Then:

(@) J* = TJ*, and if J#' E(X) is such that J#- Pand J#- TJ#
then J#- J*.

(b) Forall p* M we haved, = TyJy, and if J#' E(X) is such that
J#- Pand J#- T, J# then J#- J,.

() ' M is optimal if and only if Ty"J* = TJ".
(d) If U is a metric space and the sets

Uk(x,!) = &u' U(X)EH(x,u,TkJa)+ !

are compact for allx * X, ! '! | and k, then there exists at
least one optimal stationary policy, and we haveTkJ & J* for
all 3 E(X) with J + J”.

(e) Given any " > 0, there exists a policy# ' " such that
J*+ 3, +J"+"e.

Furthermore, if the scalar $ in part (c) of Assumption | satisbes
$ < 1, the policy # can be taken to be stationary.

Since under Assumption | there may exist bxed pointsJ# of T with
J* + J* VI may not converge to J* starting from above J*. However,
convergence of VI toJ* from above, if it occurs, is often much faster than
convergence from below, so starting points) - J* may be desirable. One
well-known such case is deterministic Pnite-state shortest path mblems
where major algorithms, such as the Bellman-Ford method or othedabel
correcting methods have polynomial complexity, when started fran J above
J*, but only pseudopolynomial complexity when started fromJ below J*
[see e.g., [BeT89] (Prop. 1.2 in Ch.4), [Ber98] (Exercise 2.7)].

In the next two subsections, we will consider discounted and undis-
counted optimal control problems with nonnegative cost per stag, and we
will establish conditions under which J* is the unique nonnegative bxed

point of T, and VI converges toJ* from above. Our analysis will proceed
as follows:
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(a) DePne a collectionC such that J& = J*.
(b) Debne a setS ( E* (X) such that J* ' S and Cis S-regular.

(c) Use Prop. 4.4.2 (which shows thatJ:. is the largest bxed point of T
within S) in conjunction with Prop. 4.4.4(a) (which shows that J* is
the smallest Pxed point of T within S) to show that J* is the unique
bxed point of T within S. Use also Prop. 4.4.2(b) to show that the
VI algorithm converges to J* starting from J ' S such thatJ - J*.

(d) Use the compactness condition of Prop. 4.4.4(d), to enlarge th set of
functions starting from which VI converges to J*.

4.4.2 Nonnegative Cost Stochastic Optimal Control

Let us consider the undiscounted stochastic optimal control prblem that
involves the mapping

H(x,u,J) = E&g(x,u,w)+ Jf(xuw) (4.31)

where g is the one-stage cost function andf is the system function. The
expected value is taken with respect to the distribution of the random
variable w (which takes values in a countable seW). We assume that

&
0+ E g(x,u,w) < #, *x' X, u' UX), w' W,

We consider the abstract DP model with H as above, and withAx) , O.
Using the nonnegativity of g, we can write the cost function of a policy
# = {Ho, U1, ...} in terms of a limit,

4. 5

J- (Xo) = ||(I$I'I)0 Exo . g' Xm, Um (Xm), Wm Xo " X, (4.32)
m=0

where Ex,{4} denotes expected value with respect to the probability dis-
tribution induced by # under initial state Xg.
We will apply the analysis of this section with

&
C= #x)|I(x)<# ,

for which J. = J*. We assume thatC is nonempty, which is true if and
only if J* is not identically # , i.e., J*(x) < # for somex ' X. Consider
the set

- & . 3
S= J' E*(X)|Exy J(Xk) & O, * (#,%0)" C . (4.33)

One interpretation is that the functions J that are in S hgve the character of
Lyapounov functions for the policies# for which the set xg | J- (o) < #
is nonempty.
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Note that S is the largest set with respect to whiclC is regular in the
sense thatCis S-regular and if Cis S*regular for some other setS# then
S#( S. To see this we write for allJ ' E* (X), (#,x0) ' C, and k,

4 5
. & ' . I'(&l | n
(THO éé-ﬁpk! 1\])()(0) = EXO J(Xk) + EXO g Xm,um (Xm),Wm ,
m=0
where pm, m = 0,1,..., denote generically the components oft. The

rightmost term above converges toJ- (xo) ask & # [cf. Eq. (4.32)], so by
taking upper limit, we obtain

L&
lim sup(Ty, 448y, ,J)(Xo) = limsup Ex, J(x¢) +J-(xo). (4.34)
k$% k$%

In view of the debnition (4.33) of S, this implies that forall J ' S, we have

lim sup(Ty, 448y, ,J)(X0) = I (Xo),  * (#.%0)" G, (4.35)
k$%

soCis S-regular. Moreover, if Cis S*regular andJ ' S Eqg. (4.35) holds,
so that [in view of Eq. (4.34) andJ ' E*(X)] limksw Ex, J(xk) =0 for
all (#,x0)" C, implying that J' S.

From Prop. 4.4.2, the bxed point property of J* [cf. Prop. 4.4.4(a)],
and the fact J. = J*, it follows that TkJ & J* forall J ' S that satisfy
J - J*. Moreover, if the sets Uc(x,!) of Eq. (4.17) are compact, the
convergence of VI starting from belowJ* will also be guaranteed. We thus
have the following proposition, which in addition shows that J* belongs to
S and is the unique bxed point of T within S.

Proposition 4.4.5: (Uniqueness of Fixed Point of T and Con-
vergence of VI) Consider the problem corresponding to the map-
ping (4.31) with g - 0, and assume thatJ* is not identically # .
Then:

(@) J* belongs to S and is the unique bxed point of T within S.
Moreover, we haveTkJ & J* forall J - J* with J' S.

(b) If U is a metric space, and the setdJi(x,!) of Eq. (4.17) are
compact forallx* X,! ! | andk, we haveTkJ & J* for all
J ' S, and an optimal stationary policy is guaranteed to exist.

Proof: (a) We brst show that J* ' S. Given a policy # = {Jo, M1, ...},
we denote by# the policy

# = {Mk,Mk+1,.- .}



Sec. 44 Regularity and Nonstationary Policies 275

We have for all (#,x0)"' C

. & L&
J» (X0) = Exq 9 Xo,Ho(X0),Wo + Exq J;(X1) , (4.36)

and forallm=1,2,...,
. & ' . &l . & '
EXO J"m(Xm) = EXO g Xm,um(Xm),Wm + EXO ‘]"m+1 (Xm+1) y
(4.37)
where {xm} is the sequence generated starting fromxp and using#. By
using repeatedly the expression (4.37) fom=1,...,k$ 1, and combining
it with Eq. (4.36), we obtain for all k=1,2,...,

& vook&l -y "3
J» (X0) = Exo Jv, (Xk) + Exo O Xm,Hm(Xm),Wm , * (#,%0)"' C

m=0

The rightmost term above tends to J- (xo) ask & # , so we obtain

. &
Exo J', (%) & 0,  * (#,x0)' C
Since 0+ J* + J-,, it follows that
. & ' ,
Ex, J"(Xk) & O, * Xo with J*(Xo) < # .

Thus J* ' S while J* (which is equal to J¢) is a bxed point of T.
For every other bxed pointJ# of T, we haveJ# - J! [by Prop. 4.4.4(b)],
so if J#*belongs to S, by Prop. 4.4.2(a), J#¥+ J! and thus J#= J*. Hence,

J* is the unique bxed point of T within the set S. By Prop. 4.4.2(b), we
also haveTkJ & J* forall J' Swith J - J".

(b) This part follows from part (a) and Prop. 4.4.4(d). Q.E.D.

Note that under the assumptions of the preceding proposition, eiher
T has a unique bxed point within E* (X) (namely J*), or else all the
additional bxed points of T within E* (X)) lie outside S. To illustrate the
limitations of this result, consider the shortest path problem of Setion
3.1.1 for the case where the choice at state 1 is either to stay at 1 atost
0, or move to the deglination at costb > 0. Then BellmanQOs equation at
state 1isJ(1) = min b,J(1) , and its set of nonnegative solutions is the
interval [0, b], while we haveJ” = 0. The set S of Eq. (4.33) here consists
of just J* and Prop. 4.4.5 applies, but it is not very useful. Similarly, in
the linear-quadratic example of Section 3.1.4, wher& has the two bxed
points J*(x) =0 and F(x) = (% $ 1)x2, the setS of Eq. (4.33) consists of
just J'.

Thus the regularity framework of this section is useful primarily in
the favorable case wherel” is the unique nonnegative bxed point ofT.
In particular, Prop. 4.4.5 cannot be used to d#erentiate between nultiple
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bxed points of T, and to explain the unusual behavior in the preceding
two examples. In Sections 4.5 and 4.6, we address this issue within the
more restricted contexts of deterministic and stochastic optimal control,
respectively.

A consequence of Prop. 4.4.5 is the following condition for VI con-
vergence from above, brst discovered and published in the paperybyu
and Bertsekas [YuB15] (Theorem 5.1) within a broader context tha also
addressed universal measurability issues.

Proposition 4.4.6:  Under the conditions of Prop. 4.4.5, we have
TkJ ! J* forall J " E* (X) satisfying

J*# J# ¢, (4.38)

for some scalarc > 1. Moreover, J* is the unique bxed point of T
within the set

| T
J" E*(X)|J# cJ* forsomec> 0 .

Proof: SinceJ* " S as shown in Prop. 4.4.5, anyJ satisfying Eq. (4.38),
also belongs to the setS of Eq. (4.33), and the result follows from Prop.
4.45. Q.E.D.

Note a limitation of the preceding proposition: in order to bnd func-
tions J satisfyingJ* # J # c¢J* we must essentially know the sets of states
x whereJ*(x)=0and J*(x)= $ .

4.4.3 Discounted Stochastic Optimal Control

We will now consider a discounted version of the stochastic optimal entrol
problem of the preceding section. For a policy! = {Ho, 11, ...} we have
4 .
o, % &
Ji (Xo) = II(llr,n Exo Mg Xm,Hm(Xm), Wm
' m=0
where" " (0, 1) is the discount factor, and as earlierE, {4} denotes ex-
pected value with respect to the probability measure induced by! " !
under initial state xo. We assume that the one-stage expected cost is non-
negative,
| "
O# E g(x,u,w) <$, %x " X, u" UX), w" W.
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By debning the mappingH as

H(x,u,J)= E&g(x,u,w)+ $J!f(x,u,w) ,

and Ax) , 0, we can view this problem within the abstract DP framework
of this chapter where Assumption | holds.

Note that because of the discount factor, the existence of a teninal
set of states is not essential for the optimal costs to be bnite. M®over,
the nonnegativity of g is not essential for our analysis. Any problem where
g can take both positive and negative values, but is bounded below, ¢a
be converted to an equivalent problem whergg is nonnegative, by adding
a suitable constantc to g. Then the cost of all policies will simply change
by the constant = °, $kc=c/(1$ $).

The line of analysis of this section makes a connection between the
S-regularity notion of DebPnition 4.4.1 and a notion of stability, which is
common in feedback control theory and will be explored further in ®ction
4.5. We assume thatX is a normed space, so that boundedness withiixX
is debned with respect to its norm. We introduce the set

&
Xt= x" X|[JX)<# |,

which we assume to be nonempty. Given a statex ' X!, we say that a
policy # is stable fromx if there exists a bounded subset oK ! [that depends
on (#,x)] such that the (random) sequence{xx} generated starting from
x and using # lies with probability 1 within that subset. We consider the
set of policy-state pairs

&
C= (#,x)|x' X!, #is stable fromx

and we assume thatC is nonempty.

Let us say that a function J ' E* (X) is bounded on bounded subsets
of X! if for every bounded subsetX ( X' there is a scalarb such that
J(x) + bforall x' X. Let us also introduce the set

&
S= J' E*(X)]|J is bounded on bounded subsets oX

*

We assume thatC is nonempty, J
there exists a policy# that is stable from x and satispes]- (x) + J*(x) +
(thus implying that J¢ = J*). We have the following proposition.

S, and for everyx ' X! and" > 0,

Proposition 4.4.7:  Under the preceding assumptions,J* is the uni-
que bxed point of T within S, and we haveTkJ & J* forall J' S
with J* + J. Ifin addition U is a metric space, and the set&)(x, ! ) of
Eq. (4.17) are compactforallx ' X,! '! ,andk, we haveTkJ & J*
forall J' S, and an optimal stationary policy is guaranteed to exist.
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Proof: We have for allJ ' E(X), (#,%0) "' C, andk,

& ' k&1 ! »
(Tuo é_é_'ﬁ“k! 1J)(X0) = $kE>I;o J(xk) + E;o $M™Qg Xm, Um (Xm ), Wm

m=0
Since #,xo) ' C, there is a bounded subset oK' such that { xx}gbelongs to
that subset with probability 1, so if J ' S it follows that $XEyx, J(xk) &
0. Thus by taking limit as k & # in the preceding relation, we have for all
(#,x0)" CandJ ' S,
4 a1 : 5
kggg (Tuo @88y, ,J)(X0) = ||<'$r90 Exo L $™g Xm, Hm (Xm), Wm

= J- (Xo),
so Cis S-regular. SinceJ¢ is equal to J*, which is a Pxed point of T, the
result follows similar to the proof of Prop. 4.4.5. Q.E.D.

4.4.4 Convergent Models

In this section we consider a case of an abstract DP model that gemalizes
both the monotone increasing and the monotone decreasing modeldhe
model is patterned after the stochastic optimal control problemof Example
1.2.1, where the cost per stage functiong can take negative as well as
positive values. Our main assumptions are that the cost functions ball
policies are debned as limits (rather than upper limits), and that $# <
HAx) + J*(x) forall x' X.

These conditions are somewhat restrictive and make the model mer
similar to the monotone increasing than to the monotone decreasingiodel,
but are essential for the results of this section (for a discussion fothe
pathological behaviors that can occur without the condition Z+ J*, see
the paper by H. Yu [Yul5]). We will show that J* is a bxed point of T,
and that there exists an "-optimal policy for every " > 0. This will bring
to bear the regularity ideas and results of Prop. 4.4.2, and will proviee a
convergence result for the VI algorithm.

In particular, we denote ,

B(X)= J" EX)[I(x)>$# ,*x" X,
and we will assume the following.

Assumption 4.4.1:
(@) Forall #= {po,1,...} " ", J= can be debned as a limit:

3 ()= lim (Ty 488, HO,  * x' X, (4.39)
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Furthermore, we have P' E,(X) and
P+ J".
(b) For each sequencdJm} ( B(X)with Jn & J ' B(X), we have

. _ .o .
ml|$rg/g H(xu,dm)=H (x,u,J), X' X, u' U(x).

(c) There exists$ > O such thatforall J ' B(X)andr'! |,
H(x,u,J +re) + H(x,u,J)+ $r, *x' X, u' U(x),

where e is the unit function, e(x) , 1.

For an example of a type of problem where the convergence condi-
tion (4.39) is satisbPed, consider the stochastic optimal control poblem of
Example 1.2.1, assuming that the state space consists of two regienX1
where the cost per stage is honnegative under all controls, an¥ , where
the cost per stage is nonpositive. Assuming that once the systemnéers
X1 it can never return to X2, the convergence condition (4.39) is satisbed
for all #. The same is true for the reverse situation, where once the syste
enters X it can never return to X 1. Optimal stopping problems and SSP
problems are often of this type.

We brst prove the existence of'-optimal policies and then use it to
establish that J* is a bxed point of T. The proofs are patterned after the
ones under Assumption | (cf. Props. 4.3.2 and 4.3.3).

Proposition 4.4.8: Let Assumption 4.4.1 hold. Given any" > 0,
there exists a policy# ' " such that

J*+ J, +J"+"e.

Proof: Let {"} be a sequence such thatx > 0 for all k and

%
$k"e =", (4.40)
k=0

where $ is the scalgg of Assumption 4.4.1(c). For eachx ' X, consider a
sequence of policies#¢[x] ( ", with components of #¢[x] (to emphasize
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their dependence onx) denoted by u [x], m = O 1,.
#He[x] = UO[X] b5 [x], -
such that for k =0,1,...,
e () + 37 () + k. (4.41)

Such a sequence exists singE" ' Ey,(X).
Consider the functionsfr, debned by

M (x) = W§[x1(x), *x X, (4.42)
and the functions ¥ debned by
* +
F(x)=H X (%), rp Tui[x}ééﬁl!‘n[x}‘p , *x' X, k=0,1,....
(4.43)

By using Egs. (4.41)-(4.43), and the continuity property of Assunmption
4.4.1(b), we obtain forallx ' X andk=0,1,...,
* +
R(X) =H X, HS[X](X)y |";n T k[X] éé-sulr(n[xl\ﬂ;_

|Ig10/ :‘| X, HE[X1(x), Tu“[X]élél-allhﬂx}‘:p

2 (4.44)
r!\lg1% T k[xlaaﬁurkn[xlﬁ (x)

e ()
J"(x)+ "k

+

From Eqgs. (4.43), (4.44), and Assumption 4.4.1(c), we have for alk ' X
andk=1,2,...,
| "
(Tﬁk! l‘g)(x) = H |X! Hk& 1(X)1\g
+ H;x, Mg 1(X),d" + "ce
+ H X Hg1(x), 3" + 8 N
H X, Hk&l(x),mlgr;: TH'I! 1 aaﬁ Kt 1py JZ + $'

Kea1(x)+ $"k,

+

and pnally
oo B+ Rear+ $'ce, k=1,2,....

Using this inequality and Assumption 4.4.1(c), we obtain
T 2 T 1 K+ T o(Rer + $"c©)

+ T, ,Re1+ $2'e

+ Keo+($"e1+ $2") e
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Continuing in the same manner, we have fok =1,2,...,

I\ 0

T, 448y, B+ B+($"1+ada sk e+ I+ i e
i=0

Since by Assumption 4.4.1(c), we haveP+ J* + ¥, it follows that
T, 448y, P+ 3"+ $" e

Denote #1 = {Hy.H;,-..}. Then by taking the limit in the preceding in-
equality and using Eq. (4.40), we obtain

J+J"+"e.

Q.E.D.
By using Prop. 4.4.8 we can prove the following.

Proposition 4.4.9:  Let Assumption 4.4.1 hold. ThenJ* is a bxed
point of T.

Proof: For every # = {Mo, M1,...} ' and x ' X, we have using the
continuity property of Assumption 4.4.1(b) and the monotonicity of H,

I (x) = lim (T Ty, 287, A(X)
“( )
= Tyo k[;go‘ Ty, 488, P (x)
- (Tued )(X)
- (TI)(X).
By taking the inbmum of the left-hand side over# ' " , we obtain
J - TJ.

To prove the reverse inequality, let"1 and ", be any positive scalars,
and let # = {Hy, ., ...} be such that

T d" + TJ" + "1e, J, o+ 3"+ "8,
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where#;, = {{;,H,, ...} (such a policy exists by Prop. 4.4.8). By using the
preceding relations and Assumption 4.4.1(c), we have
J* + J-
= I!'gg/l (TﬁoTﬁl éé-ﬁﬁk‘p
= Tﬁo k';ﬁ}(] THl éé-ﬁﬁk‘p

= Trdy
+ T, (3" + "2€)
+ T d" + $'ze
+ TI"+("1+ $"2)e.
Since"; and ", can be taken arbitrarily small, it follows that
J*"+ TJ.
HenceJ* = TJ*. Q.E.D.

It is known that J* may not be a bxed point of T if the convergence
condition (a) of Assumption 4.4.1 is violated (see the example of Sectio
3.1.2). Moreover,J* may not be a bxed point of T if either part (b) or
part (c) of Assumption 4.4.1 is violated, even when the monotone inczase
condition P+ T ¥[and hence also the convergence condition of part (a)] is
satisped (see Examples 4.3.1 and 4.3.2). By applying Prop. 4.4.2, we lav
the following proposition.

Proposition 4.4.10: Let Assumption 4.4.1 hold, let C be a set of
policy-state pairs such that J. = J*, and let S be any subset ofE(X )
such that Cis S-regular. Then:

(@) J* is the only possible Pxed point ofT within the set {J ' S|
J- J'}.

(b) We have TkJ & J* for everyJ ' E(X) such that J* + J + J
for someJ' S.

Proof: By Prop. 4.4.9,J" is a bxed point of T. The result follows from
Prop. 4.4.2. Q.E.D.

STABLE POLICIES AND DETERMINISTIC OPTIMAL
CONTROL

In this section, we will consider the use of the regularity ideas of thepreced-
ing section in conjunction with a particularly favorable class of monone
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Uk = Hic(Xk) System Xk
- Xk+1 = T (Xk, Uk) >
Cost: g(xk,ux)! 0O

ODestinationOt
(cost-free and absorbing;

Figure 4.5.1 A deterministic optimal control problem with nonnegative ¢ ost per
stage, and a cost-free and absorbing destination t.

increasing models. These are the discrete-time inPnite horizon detainis-
tic optimal control problems with nonnegative cost per stage, anda desti-
nation that is cost-free and absorbing. Except for the cost nonnegativity,
our assumptions are very general, and allow the possibility that the ptimal
policy may not be stabilizing the system, e.g., may not reach the destia-
tion either asymptotically or in a Pnite number of steps. This situation
is illustrated by the one-dimensional linear-quadratic example of Setion
3.1.4, where we saw that the Riccati equation may have multiple nonng-
ative solutions, with the largest solution corresponding to the resticted
optimal cost over just the stable policies.

Our approach is similar to the one of the preceding section. We use
forcing functions and a perturbation line of analysis like the one of Setion
3.4 to delineate collectionsC of regular policy-state pairs such that the
corresponding restricted optimal cost functionJ¢, is a Pxed point of T, as
required by Prop. 4.4.2.

To this end, we introduce a new unifying notion ofp-stability, which in
addition to implying convergence of the generated states to the d&ination,
guantibes the speed of convergence. Here is an outline of our ansily:

(@) We consider the properties of several distinct cost functions J”, the
overall optimal, and %, the restricted optimal over just the p-stable
policies. Dil erent choices ofp may yield di! erent classes op-stable
policies, with di! erent speeds of convergence.

(b) We show that for any p and associated class gb-stable policies,i?, is
a solution of BellmanOs equation, and we will characterize the smallest
and the largest solutions: they areJ”, the optimal cost function, and

Jr, the restricted optimal cost function over the class of (Pnitely)
terminating policies.

(c) We discuss modibed versions of the VI and PI algorithms, as sulis
tutes for the standard algorithms, which may not work in general.

A related line of analysis for deterministic problems with b oth positive and
negative costs per stage is developed in Exercise 4.9.
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Consider a deterministic discrete-time inPnite horizon optimal contmol
problem involving the system

Xk+1 = f(Xk,Uk), k=0,1,..., (4.45)

where xx and ug are the state and control at stagek, which belong to
sets X and U, referred to as the state and control spaces, respectively,
andf : X ) U %&X is a given function. The control ux must be chosen
from a constraint set U(xx) ( U that may depend on the current state xy.
The cost per stageg(x, u) is assumed nonnegative and possibly extended
real-valued:

0+ g(x,u) +# , *x' X, u' UX), k=0,1,.... (4.46)

We assume thatX contains a special state, denoted, which is referred to
as the destination, and is cost-free and absorbing:

f(tu)=t, g(t,u)=0, *u' o U(b).

Except for the cost nonnegativity assumption (4.46), this problemis similar
to the one of Section 3.5.5. It arises in many classical control appli¢ans
involving regulation around a set point, and in Pnite-state and inbPnite-state
versions of shortest path applications; see Fig. 4.5.1.

As earlier, we denote policies by and stationary policies by u. Given
an initial state xo, a policy # = {lo, M1, ...} when applied to the system
(4.45), generates a unique sequence of state-control pairsy, px (xx) , k =
0,1,.... The cost of # starting from xg is

% "

S
J- (Xo) = 0 Xic, Mk (Xk) Xo' X,
k=0

[the series converges to some number in [8 ] thanks to the nonnegativity
assumption (4.46)]. The optimal cost function over the set of all pdicies "
is

J*(x) = mf. J (x), x"' X

We denote by E* (X ) the set of functions J : X %&0,# ]. In our analysis,
we will use the set of functions

&
J= 3" E*(X)|JI)=0 .

Sincet is cost-free and absorbing, this set contains the cost functiod- of
every#' ", as well asJ”.

Under the cost nonnegativity assumption (4.46), the problem can le
cast as a special case of the monotone increasing model with

H(x,u,J) = g(x,u) + J!f(x,u) ,
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and the initial function F being identically zero. Thus Prop. 4.4.4 applies
and in particular J* satisPes BellmanOs equation:

& !
J*(x)= inf  g(x,u)+J" f(x,u) , x' X
u" U(x)

Moreover, an optimal stationary policy (if it exists) may be obtained through
the minimization in the right side of this equation, cf. Prop. 4.4.4(c).

The VI method starts from some function Jo ' J, and generates a
sequence of functiond Jx} ( J according to

& !
Ji+1 (X) = u.i‘nJ(X) gix,u)+ Jy f(x,u) x' X, k=0,1,.... (4.47)

From Prop. 4.4.6, we have that the VI sequence{Jx} converges toJ*
starting from any function Jo' E*(X) that satisbes

J*+ Jo+ cJ%,

for some scalarc > 0. We also have that VI converges toJ* starting from
any Jo with
0+ Jo+ J”

under the compactness condition of Prop. 4.4.4(d). Howeveg Jx} may not
always converge toJ* because, among other reasons, BellmanOs equation
may have multiple solutions within J .

The Pl method starts from a stationary policy u°, and generates a
sequence of stationary policie§uk} via a sequence of policy evaluations to
obtain J,x from the equation

Juk(x) = g!x,uk(x) + \]pk!f !x,uk(x) , X" X, (4.48)

interleaved with policy improvements to obtain pk+! from J,« according
to

& !
pk+l(x) ' argmin g(x,u)+ Jue F(xu) X' X (4.49)

u" U(x)

Here, we implicitly assume that the minimum in Eq. (4.49) is attained
for eachx ' X, which is true under some compactness condition on either
U(x) or the level sets of the functiong(x, §+ Jix f (x,d , or both. However,
as noted in Section 4.3.3, Pl may not produce a strict improvement othe
cost function of a nonoptimal policy, a fact that was demonstrated with
the simple deterministic shortest path example of Section 3.1.1.

The uniqueness of solution of BellmanOs equation withié , and the
convergence of VI toJ* have been investigated as part of the analysis
of Section 3.5.5. There we introduced conditions guaranteeing thal” is
the unique solution of BellmanOs equation within a large set of functions
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[the near-optimal termination Assumption 3.5.10, but not the cost non-
negativity assumption (4.46)]. Our approach here will make use of tle
cost nonnegativity but will address the problem under otherwise waker
conditions.

Our analytical approach will also be di#erent than the approach of
Section 3.5.5. Here, we will implicitly rely on the regularity ideas for non-
stationary policies that we introduced in Section 4.4, and we will make
a connection with traditional notions of feedback control systemstability.
Using nonstationary policies may be important in undiscounted optimd
control problems with nonnegative cost per stage because it is nagener-
ally true that there exists a stationary "-optimal policy [cf. the "-optimality
result of Prop. 4.4.4(e)].

4.5.1 Forcing Functions and p-Stable Policies

We will introduce a notion of stability that involves a function p: X %&
[0,# ) such that

p(t) =0, p(x) > O, * X Et.

As in Section 3.4, we refer top as the forcing function, and we associate
with it the p-&perturbed optimal control problem where &> 0 is a given
scalar. This is the same problem as the original, except that the cosper

stage is changed to

g(x, u) + &p(x).

We denote byJ- ;¢ the cost function of a policy# ' " in the p-&perturbed

problem:
%

I ps(x0) = Jr (xo)+ &  p(xi), (4.50)
k=0
where {xx} is the sequence generated starting fronxo and using#. We
also denote byJ), s, the corresponding optimal cost function,

Hs()=inf I ps(x),  x' X

Debnition 4.5.1: Let p be a given forcing function. For a state
Xo ' X, we say that a policy # is p-stable from X if for the sequence
{xk} generated starting from xo and using # we have

%
J-(Xo) < # and p(xk) < #, (4.51)
k=0

or equivalently [using Eq. (4.50)]
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The set of all policies that are p-stable from xg is denoted by " px,-
We debne therestricted optimal cost function %, by

(with the convention that the inbPmum over the empty set is # ). We
say that # is p-stable (without qualibcation) if #
such that " px £ ~ . The set of all p-stable policies is denoted by .

J- ,p,$(Xo) < #, * &> 0.

Ho)=inf (), x' X (4.52)
o

px forall x' X

Note that since Eq. (4.51) does not depend o®, we see that an equiv-

alent debnition of a policy # that is p-stable fromXo is that J-  g(Xo) < #
for some&> O (rather than all &> 0). Thus the set" ,x of p-stable policies
from x depends onp and x but not on & Let us make some observations:

(@)

(b)

(©

Rate of convergence tat using p-stable policies The relation (4.51)
shows that the forcing function p quantibes the rate at which the
destination is approached using thep-stable policies. As an example,
let X =1 nand

p(x) = 2x2%,

where' > 0 is a scalar. Then the policies# pxo are the ones that
force xx towards O at a rate faster than O(1/k ¥, so slower policies
are excluded from" px,.

Approximation property of J- , $(x): Consider a pair (#,Xo) with
#' " pxo- By taking the limit as &. 0 in the expression
%
Jv ps(Xo) = I+ (Xo) + &  p(Xk),
k=0
[cf. Eq. (4.50)] and by using Eq. (4.51), it follows that
Ié,ng J+ p,s(X0) = I (Xo0), * pairs (#,Xo) with #' " px,. (4.53)
From this equation, we have that if # ' " px, then J- 5 g(x) is P-
nite and di#ers from J- (x) by O(&. By contrast, if # 7 " px, then
Jv p,s(X) = # by the debnition of p-stability, even though we may
have J- (x) < # .
Limiting property of i?,(xk): Consider a pair (#,Xo) with #' " px,.
By breaking down J- j, 5(Xo) into the sum of the costs of the brstk
stages and the remaining stages, we have for afl> 0 andk > 0,
k&l | " k&1
J+ p.s(X0) = g Xm,Mm(Xm) +&  p(Xm)+ Jvy ps(Xk),

m=0 m=0
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where {xx} is the sequence generated starting fronxe and using #,
and # is the policy {pk, Hk+1 ,---}. By taking the limit as k & #
and using Eq. (4.50), it follows that

kl;gg Jo, ps(xk) =0, * pairs (#,Xo) with #' " px,, &> 0.

Also, since R (xk) + B s(xk) + I+, p.s(xk), it follows that

lim Jp'$(Xk) =0, * (#,xo)with xo' X and#"' " pxgr & 0,

k$%
) (4.54)

klég/n R(xk) =0, * (#,%x0) with Xo' X and#"' " px,. (4.55)

Terminating Policies and Controllability
An important special case is whenp is equal to the function

Ln_ 0 ifx=t,
POy ket (4.56)
For p= p*, a policy # is p* -stable from x if and only if it is terminating
from X, i.e., reachest in a Pnite number of steps starting fromx [cf. Eq.
(4.51)]. The set of terminating policies from x is denoted by" 5 and it is
contained within every other set of p-stable policies" px, as can be seen

from Eq. (4.51). As a result, the restricted optimal cost function over " ¥ ,

P (x) = inf 3 (x), X' X,

satisbesd*(x) + Jh(x) + Pr(x) for all x* X. A policy # is said to be
terminating if it is simultaneously terminating from all x ' X such that
" X E . The set of all terminating policies is denoted by" *.

Note that if the state space X is bnite, we have for every forcing

function p
(P (X) + p(x) + @p* (x),  *x" X,

for some scalary, @> 0. As a result it can be seen that" px = " x and

ij = P, so in etect the case wheregp = p* is the only case of interest for
Pnite-state problems.

The notion of a terminating policy is related to the notion of control-
lability . In classical control theory terms, the systemxy+1 = f (Xk, Uk) is
said to be completely controllable if for everyxo ' X, there exists a pol-
icy that drives the state xi to the destination in a Pnite number of steps.
This notion of controllability is equivalent to the existence of a terminating
policy from eachx ' X.
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One of our main results, to be shown shortly, is thatJ*, &, and $*
are solutions of BellmanOs equation, witd* being the OsmallestO solution
and P* being the OlargestO solution withird . The most favorable situation
arises whend* = 3* | in which caseJ* is the unique solution of BellmanOs
equation within J . Moreover, in this case it will be shown that the VI
algorithm converges toJ* starting with any Jo ' J with Jo - J*, and
the Pl algorithm converges to J* as well. Once we prove the bxed point
property of ‘R) we will be able to bring to bear the regularity ideas of the

preceding section (cf. Prop. 4.4.2).
4.5.2 Restricted Optimization over Stable Policies

For a given forcing function p, we denote by)@p the eftective domain of\f{),
i.e., the set of allx where J}, is bnite,

>6p=&x' lef;,(x)<#l.

Sincef{)(x) <# ifandonlyif " px £ [cf. Egs. (4.51) (4.52)], or equiv-
alently J- 5 ¢(x) < # for some# and all &> 0, it follows that )@p is also
the ettective domain of ) g,

& & )
Bo= X' X |"px £ }= x' X|Hsx)<# , *&> 0

Note that )@p may depend onp and may be a strict subset of the &ective
domain of J*, which is denoted by .

&
X*= x" X|IJ"(x)<# ;
(cf. Section 3.5.5). The reason is that there may exist a policy# such that
J- (x) < # , even when there is nop-stable policy from x (for example, no
terminating policy from x).

Our prst objective is to show that as&. 0, the p-&perturbed optimal
cost function J), ¢ converges to the restricted optimal cost function).

Proposition 4.5.1 (Approximation Property of \I'?J,SB): Let p be
a given forcing function and &> 0.

(a) We have
Je p,s(X) = I (X) + we p g(X), *xU X, #' "ox, (4.57)

where w- ¢ is a function such that limg o w- , g(x) = O for all
x' X.
(b) We have ) )
im $s(0 = H),  *x'X.
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Proof: (a) Follows by using Eq. (4.53) forx ' )@p, and by taking wp $(x) =
0 for x 1 %p.

(b) By Prop. 4.4.4(e), there exists an "-optimal policy # for the p-&
perturbed problem, i.e., J-, p (X) + J'jp,$(x) + " for all x' X. Moreover,
for x ' )5,3 we havei?),s;(x) < #,s50J, ps(X) < # . Hence# is p-stable

from all x ' )5,3, and we have‘f{) + J-,. Using also Eq. (4.57), we have for
all &> 0,">0,x" X,and#"' " px,

Do)l #" T ) #" Ty sO)! # Bos(X) " v ps(X) = In (X)+ W 5(X),

where limg o w- 5 (x) = 0 for all x ' X. By taking the limit as " . 0, we
obtain for all &> O and#' " px,

H) + Bs(x) + )+ weps(x),  *x' X
By taking the limit as &. 0 and then the inPmum over all# ' " ,x, we

have
H(x) + lim B+ inf 300 = Hx),  *x' X,
S pX

from which the result follows. Q.E.D.

We now consider"-optimal policies, setting the stage for our main
proof argument. We know that given any " > 0, by Prop. 4.4.4(e), there
exists an"-optimal policy for the p-&perturbed problem, i.e., a policy #
such that J- (x) + J- p (X) + J'jpys(x) + " forall x ' X. We address the
guestion whether there exists ap-stable policy # that is "-optimal for the
restricted optimization over p-stable policies, i.e., a policy# that is p-stable
simultaneously from all x * X,, (i.e., #' " ;) and satisbes

I(x)+ B+, Fx X

We refer to such a policy as ap-"-optimal policy.

Proposition 4.5.2 (Existence of p-"-Optimal Policy): Let p be
a given forcing function and &> 0. For every" > 0, a policy # that
is "-optimal for the p-&perturbed problem is p-"-optimal, and hence
belongs to" p.

Proof: For any "-optimal policy # for the p-&perturbed problem, we have

Tips() + B0+ <, T x K.
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This implies that # ' " ,. Moreover, for all sequence§xy} generated from
initial state-policy pairs (#, Xo) with xo ' )@p and#' " px,, we have

%
Joy (o) + Iy ps(X0) + Phs(x0)+ "+ I (x0)+ &  p(xi)+ ".
k=0

1 0, -
Taking the limit as &. 0 and using the fact k/":O p(xx) < # (since#'
" pxo). We obtain

\]"! (XO) + J" (XO) + ", * XO ! ﬁp, # o pXo-
By taking inPmum over #' " p,, it follows that
I (xo) + H(xo)+ ", *xo' R,

which in view of the fact J-, (xo) = \f{)(xo) = # for xo 7 )5,3, implies that
# is p-"-optimal. Q.E.D.

Note that the preceding proposition implies that

RO =jnf I (x),  Tx' X (4.58)

which is a stronger statement than the debnitionﬂ,(x) =inf ey 0 J0(X)
for all x ' X. However, it can be shown through examples that there
may not exist a restricted-optimal p-stable policy, i.e., a# "' "  such that
Jo = J?;, even if there exists an optimal policy for the original problem. One
such example is the one-dimensional linear-quadratic problem of Ston
3.1.4 for the case wherg = p*. Then, there exists a unique linear stable
policy that attains the restricted optimal cost F* (x) for all x, but this
policy is not terminating. Note also that there may not exist a stationary p-
"-optimal policy, since generally in undiscounted nonnegative cost dgmal
control problems there may not exist a stationary "-optimal policy (an
example is given following Prop. 4.4.8).

We now take the brst steps for bringing regularity ideas into the
analysis. We introduce the set of functionsS, given by

Sp=J"J 5J(xk) & 0 for all sequencegxx} generated from initial
3
state-policy pairs (#,xo) with xo' X and#' " px,
(4.59)
In words, S, consists of the functions inJ whose value is asymptotically
driven to O by all the policies that are p-stable starting from somexp ' X.
Similar to the analysis of Section 4.4.2, we can prove that the collection
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& '
G = (#Xo)|#' "px, IsSp-regular. Moreover,S; is the largest setS
for which G, is S-regular. )
Note that Sp contains J} and %, s for all &> 0 [cf. Eq. (4.54), (4.55)].
Moreover, S, contains all functions J such that

0+J+chs

for somec > 0 and &> 0.

We summarize the preceding discussion in the following proposition,
which also shows thatJ'jp,$ is the unique solution (within S,) of BellmanOs
equation for the p-&perturbed problem. This will be needed to prove that
ij solves the Bellman equation of the unperturbed problem, but also stws
that the p-&perturbed problem can be solved more reliably than the orig-
inal problem (including by VI methods), and yields a close approximatian
to §) [cf. Prop. 4.5.1(b)].

Proposition 4.5.3: Let p be a forcing function and & > 0. The
function 8, s belongs to the setS;, and is the unique solution within
Sy of BellmanOs equation for the-&perturbed problem,

- "3
B s(x) = Ii'nJ() g(x,u)+ &(x)+ J'jp,$!f(x,u) , X' X. (4.60)

Moreover, S, contains $) and all functions J satisfying
0+J+chsg

for some scalarc > 0.

Proof: We have s ' S, and 8, ' S, by Eq. (4.54), as noted earlier.
We also have thatJ$) s is a solution of BellmanQOs equation (4.60) by Prop.

4.4.4(a). To show that J'jp,$ is the unique solution within Sy, let ' S, be
another solution, so that using also Prop. 4.4.4(a), we have

| "
Hs(x¥) + F) + gl u)+ &)+ Ff(xu),  *x' X, u' UX).
(4.61)
Fix " > 0, and let # = {Mo,M1,...} be an "-optimal policy for the p-
&perturbed problem. By repeatedly applying the preceding relation we
have for anyxo ' %p,

) k&1 K&l | "
J)p,fli(xo) + J(xo) + J(xk)+ & P(Xm)+ g Xm, Mm (Xm) , *k- 1,

(4.62)
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where {x} is the state sequence generated starting fronxo and using #.
We have J(xx) & 0 (sinceJ' S, and#' " by Prop. 4.5.2), so that
4 5

I_(&l I'<&l I n
kls[g/n Jxik)+ & - p(xm)+ g Xm,Hm(Xm) = J- s(Xo)
° m=0 m=0
+ I s(xo0) + "
(4.63)
By combining Egs. (4.62) and (4.63), we obtain
Ns(x0) + F(xo) + Hs(xo)+ ", * xo' Rp.

By letting " & O, it follows that J'jp,$(xo) = J(xo) for all xo" )@p. Also for
xo 1 ®p, we have B, s(x0) = F(xo) = # [since B ¢(xo) = # for xo 1 ¥
and H g + J, cf. Eq. (4.61)]. Thus P, ¢ = J, proving that B g is the unique
solution of the Bellman Eq. (4.60) within S;. Q.E.D.

We next show our main result in this section, namely that 3 is the
unique solution of BellmanOs equation within the set of functions

Wp={J"' S| H+J}. (4.64)

Moreover, we show that the VI algorithm yields ‘R) in the limit for any initial
Jo ' Wy, This result is intimately connected withgthe regularity ideas of
Section 4.4. The idea is that the collectionG, = (#,%o0) | #' " pxo IS

Sp-regular, as noted earlier. In view of this and the fact that Jép = 8,
the result will follow from Prop. 4.4.2 once J) is shown to be a solution of

BellmanOs equation. This latter property is shown essentially by takinghe
limitas &. O in Eqg. (4.60).

Proposition 4.5.4:  Let p be a given forcing function. Then:
(@) J)p is the unique solution of BellmanOs equation

- "3
J(x) = u,inJ(X) g(x,u) + J!f(x,u) ., X' X,  (4.65)

within the set W, of Eq. (4.64).

(b) (VI Convergence) If {Ji} is the sequence generated by the VI
algorithm (4.47) starting with some Jo ' W,, then Jx & %.
(c) (Optimality Condition ) If 1 is a p-stable stationary policy and

B(x) ' argmin&g(x,u)+ J?)!f(x,u) . X' X, (4.66)
u" U(x)
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then f is optimal over the set of p-stable policies. Conversely, if
[ is optimal within the set of p-stable policies, then it satisbPes
the preceding condition (4.66).

Proof: ) (@), (b) We brst show that J?;, is a solution of BellmanOs equation.
SinceX, s is a sqution__of Bel!manf)s equation for thp-&perturbed problem
(cf. Prop. 4.5.3) and B, s - & [cf. Prop. 4.5.1(b)], we have for all&> 0,

- "3
B s(x) = jnJ( ) g(x, u) + &(x) + jjp,$!f (X, u)
3

- o "
- inf o ogx,u)+ Bs f(x,u)
u" U(x) 3

- u"irdf(x)-g(x,u)+ J’%,!f(x,u)" .

By taking the limit as &. 0 and using the fact limg o 85 = ) [cf. Prop.
4.5.1(b)], we obtain

- "3
H(x) - "iﬂf() g(x,u) + J’%,!f(x,u) . XX (4.67)

For the reverse inequality, let{&,} be a sequence with&, . 0. From
Prop. 4.5.3, we have for allm, x ' X,andu' U(x),

o] " )
06 U)+ &p0X) + Sy FO) ~ 0l GO0 v) + &np()
L "3
+ B 100V)

= B (X).

Taking the limit as m & # , and using the fact limg, o S s, = & [cf.
Prop. 4.5.1(b)], we have

g+ B Eou) - B0, Fx X ut U,

so that
- 3
inf  g(x,u)+ J'J'p!f(x,u) - B, rx' X (4.68)

u" U(x)

By combining Egs. (4.67) and (4..68), we see thati?, is a solution of Bell-
rpan@s equation. We also hav#), ' S, by Prop. 4.5.3, implying that
B ' W, and proving part (a) except for the uniqueness assertion. Part
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(b) and the uniqueness part of part (a) follow from Prop. 4.4.2; seethe
discussion preceding the proposition.

(c) If pis p-stable and Eq. (4.66) holds, then
. ! " "
R = gxue) +HepE) ,  x' X

By Prop. 4.4.4(b), this implies that J,, + J?;, SO is optimal over the set of
p-stable policies. Conversely, assume thai is p-stable andJ, = 3. Then
by Prop. 4.4.4(b), we have

. ! ] "
BE)=gxux) +Hfxux) ., x' X

and since [by part (a)] Pp is a solution of BellmanOs equation,

. & |
RHx)= inf  gxu)+ &K f(x,u) , X' X
u" U(x)
Combining the last two relations, we obtain Eq. (4.66). Q.E.D.

As a supplement to the preceding proposition, we note the special-
ization of Prop. 4.4.5 that relates to the optimal cost function J*.

Proposition 4.5.5: Let S' be the set

St= J"1J 5J(xk) & 0 for all sequenceg{xx} generated from
3
initial state-policy pairs (#, Xo) with J- (xo) < #

and W' be the set
Py .
W= J" S |J"+J .

Then J* belongs toS! and is the unique solution of BellmanOs equation
within S'. Moreover, we haveTkJ & J* forall J ' W!'.

Proof: Follows from Prop. 4.4.5 in the deterministic special case where
wy takes a single value. Q.E.D.

We now consider the special case wherp is equal to the function
p* (x) =1 for all x £ t [cf. EQ. (4.56)]. Then the set ofp* -stable policies

from x is" x , the set of terminating policies fromx, and the corresponding
restricted optimal cost is P+ (x):

Prx)= B (x) = inf 3= inf J+(x), x' X,
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[the last equality follows from Eg. (4.58)]. In this case, the setS,. of Eq.
(4.59) is the entire setJ ,
Sp+ =] ,

since forallJ ' J and all sequence$xy} generated from initial state-policy
pairs (#,xo) with xo ' X and # terminating from Xo, we haveJ(xx) =0
for k sul ciently large. Thus, the corresponding set of Eq. (4.64) is

W+ ={J" J| P +J}.

By specializing to the casep = p* the result of Prop. 4.5.4, we obtain the
following proposition, which makes a stronger assertion than Prop4.5.4(a),
namely that P+ is the largest solution of BellmanOs equation within
(rather than the smallest solution within W+).

Proposition 4.5.6:

(@) P is the largest solution of the Bellman equation (4.65) within
J,i.e, ¥ is a solution and if J#*' J is another solution, then
J#+ P,

(b) (VI Convergence) If {Ji} is the sequence generated by the VI
algorithm (4.47) starting with some Jo ' J with Jo - P*, then

J & Pr.
(c) (Optimality Condition ) If u* is a terminating stationary policy
and
& .
Ut (x) ' argmin g(x,u)+ ¥ f(x,u) |, *x' X, (4.69)
u" U(x)

then p* is optimal over the set of terminating policies. Con-
versely, if u* is optimal within the set of terminating policies,
then it satisPes the preceding condition (4.69).

Proof: In view of Prop. 4.5.4, we only need to show that¥* is the largest
solution of the Bellman equation. From Prop. 4.5.4(a), P* is a solution
that belongs to J . If J#' J is another solution, we haveJ#+ J for some
J' W+, s0J#= TkJ#+ TkJ for all k. SinceTkJ & J*, it follows that
J*+ . Q.E.D.

We illustrate Props. 4.5.4 and 4.5.6 in Fig. 4.5.2. In particular, each
forcing function p delineates the set of initial functions Wy from which VI
converges tof),. The function %) is the minimal element of W,. Moreover,
we haveWp 1 Wpe=  if NE ija, in view of the VI convergence result
of Prop. 4.5.4(b).
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Wp: Functions J ! %, with

J(xk) ! O for all p-stable! 131 I+, 3@ =0

W+ =
W+ VI converges toJ*

VI converges to %, e e

from within W,

Set of solutions of
BellmanOs equatic

Figure 4.5.2 Schematic two-dimensional illustration of the results of P rop. 4.5.4
and 4.5.6. The functions J", *, and $, are all solutions of BellmanOs equation.
Moreover J" and J* are the smallest and largest solutions, respectively. Each p
debnes the set of initial functions Wy from which VI converges to  $, from above.
For two forcing functions p and p& we have Wp %W = if f)p & ﬁp!. Moreover,

W), contains no solutions of BellmanOs equation other than $,. It is also possible
that Wy consists of just Fp.

_ Note a signibcant fact: Proposition 4.5.6(b) implies that VI converges
to P starting from the readily available initial condition

0 ifx=t,

Jo)= et

For this choice of Jo, the value Ji(x) generated by VI is the optimal cost
that can be achieved starting from x subject to the constraint that t is
reached ink steps or less. As we have noted earlier, in shortest-path type
problems VI tends to converge faster when started from above.

Consider now the favorable case where terminating policies are suf-
bcient, in the sense thatP = J*; cf. Fig. 4.5.3. Then, from Prop. 4.5.6,
it follows that J* is the unique solution of BellmanOs equation withir ,
and the VI algorithm converges to J* from above, i.e., starting from any
Jo ' J with Jo - J”. Under additional conditions, such as Pniteness of
U(x) forall x * X [cf. Prop. 4.4.4(d)], VI converges toJ* starting from any
Jo' E*(X) with Jo(t) = 0. These results are consistent with our analysis
of Section 3.5.5.

Examples of problems where terminating policies are ducient in-
clude linear-quadratic problems under the classical conditions of adrolla-
bility and observability, and Pnite-node deterministic shortest path prob-
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Paths of VI

AN

—_ Unique solution of
BellmanOs equatio

Paths of VI +
o|Under Compactness

7

\/

Figure 4.5.3 Schematic two-dimensional illustration of the favorable ¢ ase where
P = 3", Then J" is the unique solution of Bellman®s equation within J , and
the VI algorithm converges to  J" from above [and also starting from any Jo " 0
under a suitable compactness condition; cf. Prop. 4.4.4(d) 1.

lems with all cycles having positive length. Note that in the former ca®,

de
on

spite the fact P+ = J*, there is no optimal terminating policy, since the
ly optimal policy is a linear policy that drives the system to the origin

asymptotically, but not in Pnite time.

Let us illustrate the results of this section with two examples.

Example 4.5.1 (Minimum Energy Stable Control of
Linear Systems)

Consider the linear-quadratic problem of Section 3.5.4. We assume that there
exists at least one linear stable policy, so that J* is real-valued. However,

we are making no assumptions on the state weighting matrix Q other than

positive semidebniteness. This includes the caseQ = 0, when J" (x) * 0. In

this case an optimal policy is p' (x) * 0, which may not be stable, yet the

problem of bnding a stable policy that minimizes the Ocontrol energyO (a cost
that is positive debnite quadratic on the control with no pen alty on the state)

among all stable policies is meaningful.

We consider the forcing function

p(x) = -x-?,

so the p-%perturbed problem includes a positive dePnite state penalty and
from the classical linear-quadratic results, P, s is a positive debnite quadratic
function x%Pgx, where Pg is the unique solution of the %perturbed Riccati

equation

!
Ps= A¥Pg! PsB(B%PsB + R) 'BPs A+ Q+ %, (4.70)
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within the class of positive semidePnite matrices. By Prop. 4.5.1, we have
P (x) = x¥@x, where ® = lim ¢ ¢ Pg is positive semidebnite, and solves the
(unperturbed) Riccati equation

|
P=AYP! PB(BPB+R) 'BP A+ Q.

Moreover, by Prop. 4.5.4(a), P is the largest solution among positive semidef-
inite matrices, since all positive semidebnite quadratic functions belong to the
set S, of Eq. (4.59). By Prop. 4.5.4(c), any stable stationary poli cy | that is
optimal among the set of stable policies must satisfy the optimality condition

& N
B(x) $ argmin  u’Ru + (Ax + Bu)*®(Ax + Bu) , %x $' ",

u#( m

[cf. Eq. (4.66)], or equivalently, by setting the gradient o f the minimized
expression to O, ) )
(R + B*®B)ji(x) = | B*PAXx. 4.71)

We may solve Eq. (4.71), and check if any of its solutions @ is p-stable; if this
is so, |Ois optimal within the class of p-stable policies. Note, however, that in
the absence of additional conditions, it is possible that some policies |6 that
solve Eq. (4.71) are p-unstable.

In the case where there is no linear stable policy, the p-%perturbed cost
function ﬁp,$ need not be real-valued, and the %perturbed Riccati equation
(4.70) may not have any solution (consider for example the case wheren = 1,
m=1, A=2, B =0,and Q = R =1). Then, Prop. 4.5.6 still applies, but
the preceding analytical approach needs to be modibed.

As noted earlier, the Bellman equation may have multiple solutions
corresponding to dierent forcing functions p, with each solution being
unique within the corresponding setW, of Eq. (4.64), consistently with
Prop. 4.5.4(a). The following is an illustrative example.

Example 4.5.2 (An Optimal Stopping Problem)

Consider an optimal stopping problem where the state space X is' ". We
identify the destination with the origin of ' ", i.e.,,t =0. At each x ¥ 0, we
may either stop (move to the origin) at a cost ¢ > 0, or move to state &x
at cost -x-, where & is a scalar with 0 < & < 1; see Fig. 4.5.4. Thus the
Bellman equation has the form

- &
J(x) = min ¢, -x- + J(&x) if X ¥ 0,
0 if x =0.

In this example, the salient feature of the policy that never stops at an
X ¥ 0 is that it drives the system asymptotically to the destina tion according to
an equation of the form xx+1 = f (Xk), where f is a contraction mapping. The
example admits generalization to the broader class of optimal stopping problems
that have this property. For simplicity in illustrating our ~ main point, we consider
here the special case wherd (x) = & with &$ (0, 1).
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Figure 4.5.4 lllustration of the stopping problem of Example 4.5.2. The
optimal policy is to stop outside the sphere of radius (1 ' ")c and to continue
otherwise. Each cone C of the state space dePnes a di erent solution B, of
BellmanOs equation, with ﬁp(x) = cforallnonzero x $ C, and a corresponding
region of convergence of the VI algorithm.

Let us consider brst the forcing function

p(x) = -X-.

Then it can be veribed that all policies are p-stable. We have
1 1 7

Yy B o 1 . o

J (x)= FH(x)=min c, TR %x $' ",

and the optimal cost function of the corresponding p-%perturbed problem is

2 ’ + 0
Fos(X) =min ¢+ %x-, i' g{o-x- , %x $' ".

Here the set S, of Eqg. (4.59) is given by

- 3
S= I8 lmIK=0 |

and the corresponding setW, of Eq. (4.64) is given by

- 3
W= J$J|JI " J lmIx)=0
x$ 0

Let us consider next the forcing function

"1 ifx¥o0,

PO= 5 ix=o
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Figure 4.5.5 lllustration of three solutions of BellmanOs equation in th e one-
dimensional case (n = 1) of the stopping problem of Example 4.5.2. The solution
in the middle is specibed by a scalar xo > 0, and has the form

} 0 if x =0,
Px)=  lalx] f0<x< (1' ")cand x = "Kxo for some k" 0,
c otherwise.

Then the p* -stable policies are the terminating policies. Since stopping at
some time and incurring the cost c is a requirement for a p* -stable policy, it
follows that the optimal p* -stable policy is to stop as soon as possible, i.e.,
stop at every state. The corresponding restricted optimal ¢ ost function is

P (x) = "¢ ifx¥0,

0 ifx=0.
The optimal cost function of the corresponding p* -%perturbed problem is
" _ T c+ % ifx¥O0,
Fors)= o T itxzo,

since in the p* -%perturbed problem it is again optimal to stop as soon as
possible, at costc+go Here the setS,+ is equal to J , and the corresponding
setW* isequalto J$J | F " J

However, there are inbnitely many additional solutions of B ellmanOs
equation between the largest and smallest solutionsJ” and J* . For example,
when n > 1, functions J $ J such that J(x) = J"(x) for x in some cone
and J(x) = J (x) for x in the complementary cone are solutions; see Fig.
4.5.4. There is also a corresponding inPnite number of regims of convergence
W, of VI [cf. Eq. (4.64)]. Also VI converges to J" starting from any Jo with
0" Jo" J" [cf. Prop. 4.4.4(d)]. Figure 4.5.5 illustrates additional solutions
of BellmanOs equation of a dterent character.

4.5.3 Policy Iteration Methods

Generally, the standard PI algorithm [cf. Eqs. (4.48), (4.49)] produces un-
clear results under our assumptions. The following example providean
instance where the Pl algorithm may converge to either an optimal o a
strictly suboptimal policy.
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Example 4.5.3 (Counterexample for PI)

Consider the caseX = {0,1}, U(0) = U(1) = {0, 1}, and the destination is
t =0. Let also

0 fu=0,
x ifu=1,

1 ifu=0, x=1,

f =
() 0 ifu=1or x=0.

g(x,u) =
This is a one-state-plus-destination shortest path proble m where the control
u = 0 moves the state from x = 1 to x = 0 (the destination) at cost 1,
while the control u =1 keeps the state unchanged at cost O (cf. the problem
of Section 3.1.1). The policy u" that keeps the state unchanged is the only
optimal policy, with  J," (x) = J"(x) = 0 for both states x. However, under
any forcing function p with p(1) > 0, the policy fi, which moves from state 1
to 0, is the only p-stable policy, and we have J3(1) = ﬁp(l) =1. The standard
Pl algorithm (4.48), (4.49) when started with ", it will repeat u". If this
algorithm is started with &4, it may generate " or it may repeat {1, depending
on how the policy improvement iteration is implemented. The reason is that
for both x we have
- I w3
B(x) $arg min  gx,u)+  f(xu)
u#{0,1}

as can be veribed with a straightforward calculation. Thus a rule for breaking
a tie in the policy improvement operation is needed, but such a rule may not
be obvious in general.

For another illustration, consider the stopping problem of Example
4.5.2. There if Pl is started with the policy that stops at every state, it
repeats that policy, and this policy is not optimal even within the class of
stable policies with respect to the forcing functionp(x) = 2x2.

Motivated by the preceding examples, we consider several typesfo
Pl methods that bypass the dil culty above either through assumgions
or through modibcations. We brst consider a favorable case wherhe
standard PI algorithm is reliable. This is the case where the terminatirg
policies are st cient, in the sense thatJ* = J*, as in Section 3.5.5.

Policy lteration for the Case J =P

The standard PI algorithm starts with a stationary policy p°, and generates
a sequence of stationary policie§pk} via a sequence of policy evaluations
to obtain J,x from the equation

Juk(X) = g!x, uk(x)" + \]uk!f !x, pk(x)"", x"' X, (4.72)

interleaved with policy improvements to obtain pk+! from J,x according
to
& !
pk+l(x) ' argmin g(x,u)+ Jue F(xu) X' X (4.73)
u" U(x)
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We implicitly assume here that Eq. (4.72) can be solved fod,«, and that
the minimum in Eq. (4.73) is attained for eachx ' X, which is true under
some compactness condition on eithed (x) or the level sets of the function
g(x, 4+ J¢ f(x, 9 , or both.

Proposition 4.5.7: (Convergence of PI) Assume that J* = Pr.
Then the sequence J,,x} generated by the Pl algorithm (4.72), (4.73),
satisPes] k (x) . J7(x) for all x* X.

Proof: For a stationary policy [, let g satisfy the policy improvement
equation

& !
p(x) ' argmin g(x,u)+ Jy f(x,u) X' X
u" U(x)

We have shown that

Ju(x) - IUf( )&g(x,u)+ Jp!f(x,u) - Ja(x), X' X; (4.74)

cf. Eq. (4.29). Using pk and pk*1 in place of u and @, we see that the
sequence[J «} generated by Pl converges monotonically to some function
Jo " E*(X), e, Ik . Jy. Moreover, from Eq. (4.74) we have

& !
Jos (X) - u,,igf(x) gx,u)+ Jo f(x,u) , x' X,

as well as

g(x,u) + Juk!f(x,u) - Jo (X), X" X, u' U(X).

We now take the limit in the second relation ask & # , then take the
inbmum overu ' U(x), and then combine with the Prst relation, to obtain

& !
Jos (X) - u,,i[]f(x) gx,u)+ Jos f(x,u) - Jos (x), x' X

Thus Jo, is a solution of BellmanOs equation, satisfyinds - J* (since
Jyk - J*_ for all k) and Jo ' J (sinceJ x ' J), so by Prop. 4.5.6(a), it
must satisfy Jo, = J*. Q.E.D.

A Perturbed Version of Policy Iteration for the Case JE P

We now consider PI algorithms without the condition J* = J* . We pro-
vide a version of the PI algorithm, which uses a given forcing functionp
that is Pxed, and generates a sequendaik} of p-stable policies such that
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Juk & J?;, Related algorithms were given in Sections 3.4 and 3.5.1. The
following assumption requires that the algorithm generatesp-stable policies
exclusively, which can be quite restrictive. For instance it is not sati$ed
for the problem of Example 4.5.3.

Assumption 4.5.1:  For each&> 0 there exists at least onep-stable
stationary policy u such that J,, s ' Sp. Moreover, given ap-stable
stationary policy p and a scalar&> 0, every stationary policy T such
that
= | w3
A(x)' arg min  g(x,u)+ Jup s f(x,u) X' X,
u" U(x)

is p-stable, and at least one such policy exists.

The perturbed version of the Pl algorithm is debPned as follows. Let
{&} be a positive sequence with& . 0, and let u® be a p-stable policy
that satisPesJ, o, 5, ' Sp- One possibility is that pO is an optimal policy
for the &-perturbed problem (cf. the discussion preceding Prop. 4.5.3). At
iteration k, we have ap-stable policy pk, and we generate g-stable policy
pk+l according to

&
pk+l(x) ' argmin g(x,u)+ J « f(x,u) , x"' X (4.75)

$
000 1k p, %

Note that by Assumption 4.5.1 the algorithm is well-debPned, and is guar
anteed to generate a sequence @fstable stationary policies. We have the
following proposition.

Proposition 4.5.8:  Let Assumption 4.5.1 hold. Then for a sequence
of p-stable policies {pk} generated by the perturbed PI algorithm
(4.75), we haved k , s - Jp and Ik & K.

Proof: Since the forcing functionp is kept bxed, to simplify notation, we
abbreviate J,p s with J,, ¢ for all policies p and scalars&> 0. Also, we
will use the mappings T, : E* (X) %&E*+ (X) and T, s : EY (X) %8&E* (X)
given by

(TuJ)(X) = 9 X H(x) +J f(X H(X)) X' X,

(Thsd)(X) = g X, )(x) + &(x)+ J f(x H(x)) ., x' X
Moreover, we will use the mappingT : E* (X) %&* (X ) given by
|

(TI)(x) = jnJ()&g(x,u)+ Jf(xu) x' X.
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The algorithm debPnition (4.75) implies that for all integer m - 1 we
have for all xo ' X,

Juk g (X0) - (T ik g, )(X0) + &p(Xo0)
= (Tyer g Juk 5 )(X0)
- (TlT?Hl ’$k‘]pk,$k)(X0)
- (TlT?(+1 ’$k‘g(xo)!

where Pis the identically zero function [Ax) , 0]. From this relation we
obtain

Ik g (o) - Nim (TR, ’$kJ?§(x0)
5
m&ly " "

= lim g Xg MK (Xg) + &P(Xe)
m $% &0

- J“k+1 v$k+1 (XO),

as well as
Juk g (X0) - (TIk g, )(X0) + &P(X0) - Iy g, ., (Xo).

It follows that {J« g } is monotonically nonincreasing, so thatd i« ¢ . Ju
for someJy, , and

lm Ty g = I (4.76)

We also have, using the factly + J g, ,

.. & ! . , & !
-'IUf(x) gx,u)+ Jo f(x,u) + lim inf g(x,u)+ Jkg f(xu)

u k$% u" U(x)

|
+ [ + '
u--'U‘Zx)k'éEE g(x, u) + Jyig, f(XU)

! |
. + . .
M S0+ [ Jues, [0

wl

Jnf g+ Jw f (x,u)

Thus equality holds throughout above, so that

kgg/? TJUkv$k = TJ%.
Combinng this with Eq. (4.76), we obtain Joy, = TJy, i.e., Joy, Solves
BellmanOs equation. We also note thaly, + J,0 g, and that J,0 5, " Sp by

assumption, so thatJey, ' Sp. By Prop. 4.5.4(a), it follows that Jo, = H.
Q.E.D.
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Note that despite the fact J « & \R, the generated sequencé pk}
may exhibit some serious pathologies in the limit. In particular, if U is a
metric space and{ K} is a subsequence of policies that converges to some
@, in the sense that
lim k(x) = q(x), *x' X,
cdm () = @(x)
it does not follow that @ is p-stable. In fact it is possible to construct
examples where the generated sequence pfstable policies{pk} satispes
liMisgoe Iy = J = J7, yet {pk} may converge to ap-unstable policy
whose cost function is strictly larger than \R,

An Optimistic Policy Iteration Method

Let us consider an optimistic variant of PI, where policies are evalua¢d
inexactly, with a Pnite number of Vis. We use a bxed forcing functionp.
The algorithm aims to compute %, the restricted optimal cost function
over the p-stable policies, and generates a sequen§dy, pk} according to

Twde =T,  Jkar = Tﬂka, k=0,1,..., (4.77)

where my is a positive integer for eachk. We assume that a policy pk
satisfying T« Jx = T Jk can be found for allk, but it need not be p-stable.
However, the algorithm requires that

Jo' Wp,  Jo- Tdo. (4.78)

This may be a restrictive assumption. We have the following propositia.

Proposition 4.5.9: (Convergence of Optimistic PI) Assume
that there exists at least one p-stable policy # * " p, and that Jo
satisPes Eq. (4.78). Then a sequendelx} generated by the optimistic
PI algorithm (4.77) belongs to W, and satispesJy . %.

Proof: SinceJo - ¥ and $ = T3, [cf. Prop. 4.5.6(a)], all operations
on any of the functions Jx with T« or T maintain the inequality Ji - J?;,
for all k, so that Jx ' W, for all k. Also the conditions Jo - TJo and
Tuk‘]k = T Jg imply that

Jo=J1- T Jo= Tpdi- TIi=Tudi- 444 o,
and continuing similarly,

Jk- TJk- Jk+1, k=0,1,.... (4.79)
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Thus Ji . Jo, for someJdy, , which must satisfy Jo, - \R, and hence belong
to Wp. By taking limit as k & # in Eq. (4.79) and using an argument
similar to the one in the proof of Prop. 4.5.8, it follows that Jo, = T Jo, .
By Prop. 4.5.6(a), this implies that Jo, + J% Together with the inequality
Jy - B shown earlier, this proves thatJoy, = ). Q.E.D.

As an example, for the shortest path problem of Example 4.5.3, the
reader may verify that in the case wherep(x) =1 for x =1, the optimistic
P1 algorithm converges in a single iteration to

o1 ifx=1,
Hh= 5 ifx=o0

& '
provided that Jo ' W, = J | J(1) - 1, J(0) = O . For other starting
functions Jo, the algorithm converges in a single iteration to the function

&
Jog (1) =min 1, Jo(l) , Jos (0) =0.

All functions Jo, of the form above are solutions of BellmanQOs equation,
but only J), is restricted optimal.

INFINITE-SPACES STOCHASTIC SHORTEST PATH
PROBLEMS

In this section we consider a stochastic discrete-time inbnite horizo opti-
mal control problem involving the system

Xk+1 :f(Xk,Uk,Wk), k:0,1,..., (4.80)

wherexy and ug are the state and control at stagek, which belong to setsX
and U, wy is a random disturbance that takes values in a countable se¥V
with given probability distribution P (wy | Xk, ux), andf : X ) U) W %&
is a given function (cf. Example 1.2.1 in Chapter 1). The state and cotrol
spacesX and U are arbitrary, but we assume thatW is countable to bypass
complex measurability issues in the choice of control (see [BeS78]).

The control u must be chosen from a consgaint setU(x) ( U that
may depend onx. The expected cost per stageE g(x,u,w) , is assumed
nonnegative:

& '
0+ E g(x,u,w) < #, *xt X, u' U, w' W,

We assume thatX contains a special cost-free and absorbing state re-
ferred to as the destination:

f(t,u,w) =t g(t,u,w)=0, *u' U((t), w' w.
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This is a special case of an SSP problem, where the cost per stage
is nonnegative, but the state and control spaces are arbitrary.lt is also a
special case of the nonnegative cost stochastic optimal contrgroblem of
Section 4.4.2. We adopt the notation and terminology of that section but
we review it here brie3y for convenience.

Given an initial state xp, a policy # = {Mo, H1,...} When applied
to the system (4.80), generates a random sequence of statentml pairs
Xk, Mk (Xk) , k=0,1,..., with cost

4, 5

J(x0)= Exg O Xio k(X)W
k=0

where Ex, {4} denotes expectation with respect to the probability measure
corresponding to initial state xo and policy #. For a stationary policy L, the
corresponding cost function is denoted byl,,. The optimal cost function is

J*(x) = i,r]‘fI J (x), x"' X,
and its e#ective domain is denotedX ', i.e.,
P .
X'= x'" X |IJXx)<# .

A policy #! is said to be optimal if J-* (x) = J*(x) for all x ' X.
We denote by E* (X ) the set of functions J : X %&[0,# ]. In our
analysis, we will use the set of functions

&
J= J' E"(X)|JI)=0 .

Sincet is cost-free and absorbing, this set contains the cost function3- of
all#' ", as wellasJ”.
Here the results of Section 4.3 under Assumption | apply, and the
optimal cost function J* is a solution of the Bellman equation
- | w3
J(x)= inf E gx,uw)+ J f(xuw) , X' X,
u" U(x)

where the expected value is with respect to the distributionP (w | x, u).
Moreover, an optimal stationary policy (if it exists) may be obtained through
the minimization in the right side of this equation (with J replaced byJ*,
cf. Prop. 4.4.4). The VI algorithm starts from some function Jo ' J , and
generates a sequencgJyx} ( J according to
- | w3
Jik+1 (X) = .i.”J( )E gx,u,w)+ Je f(x,u,w) ,  x' X, k=0,1,....
u X
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Proper Policies and the  &Perturbed Problem

We will now introduce a notion of proper policy with a debnition that
extends the one used for Pnite-state SSP in Section 3.5.1. For a givstate
X' X, a policy # is said to beproper at x if

%

J(xX) < #, re(#,x) < #, (4.81)

k=0
where ry (#, x) is the probability that xx £ t when using# and starting
from xo = x. We denote by 6, the set of all policies that are proper atx,
and we denote by the corresponding restricted optimal cost function,

F(x) = im;s J(x), x' X,

(with the convention that the inbmum over the empty set is # ). Finally
we denote by the ettective domain of P, i.e., |

= "x"X|Fx)<# . (4.82)

Note that ® is the set ofx such that 6, is nonempty and that t ' .
For any &> 0, let us consider the&perturbed optimal control problem
This is the same problem as the original, except that the cost per stge is
changed to
og(x,u,w)+ & * X Et,
while g(x, u,w) is left unchanged at 0 whenx = t. Thus t is still cost-free
as well as absorbing in the&perturbed problem. The &perturbed cost
function of a policy # starting from x is denoted by J- ¢(x) and involves
an additional expected cost& (#, x) for each stagek, so that
%
Jog(X)= I (X)+ &  ri(#,Xx).
1 k=0
Clearly, the sum Ok/":o re (#,x) is the expected number of steps to reach
the destination starting from x and using#, if the sum is bnite. We denote
by B the optimal cost function of the &perturbed problem, i.e., J(x) =
inf-+, J« ¢(x). The following proposition provides some characterizations
of proper policies in relation to the &perturbed problem.

Proposition 4.6.1:

(&) A policy # is proper at a statex ' X if and only if J- ¢(x) < #
for all &> 0.

(b) We have J(x) < # for all &> 0 if and only if x ' .

(c) Forevery "> 0 and &> 0, a policy # that is "-optimal for the
&perturbed problem is proper at all x ' ¥, and such a policy
exists.
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Proof: (a) Follows from Eq. (4.50) and the debnition (4.81) of a proper
policy.

(b) If x' ® there exists a policy# that is proper at x, and by part (a),

B(x) + I 5(x) < # forall &> 0. Conversely, ifJ3(x) < # , there exists#
such that J- ¢(x) < # , implying [by part (a)] that # 6, sothatx' %.

(c) An "-optimal # exists by Prop. 4.4.4(e). We havel-, ¢(x) + R(x)+ "
forall x* X. HenceJ-, ¢(x) < # forall x' ®, implying by part (a) that
# is proper at all x ' ®. Q.E.D.

The next proposition shows that the cost function 3} of the &perturbed
problem can be used to approximate®.

Proposition 4.6.2: We have limg o R(x) = Jx) for all x ' X.
Moreover, for any " > 0 and & > 0, a policy # that is "-optimal
for the &perturbed problem is "-optimal within the class of proper
policies, i.e., satisbes

Je (X) + )+, *x' X

Proof: Let us bx&> 0, and for a given" > 0, let # be a policy that is
proper at all x ' ® and is "-optimal for the &perturbed problem [cf. Prop.

4.6.1(c)]. By using Eq. (4.50), we have for all' > 0, x ' ¥, and#' 6,
P)$ "+ I ()8 "+ Ty () "+ F(x) + I s(x) = I0 (x) + we g(X),

where
%

Wog(X)= & I (#.X) < # xR o#' 6,
k=0

By taking the limit as " . 0, we obtain for all &> 0 and # ' 6,,
Px) + JO) + I+ weg(x), xR # Sy

We have limg ow- g(x) = 0 for all x ' X and # ' 6, so by taking the
limit as &. 0 and then the inPmum over all# ' ©,,

Hx) + lim B(x) + ,,!,n_gx )= ), xR

from which J(x) = lim ¢ o J4(x) for all x* Y. Moreover, by Prop. 4.6.1(b),
R(x)= Ax)= # forall x 7 ®, sothat P(x) =lim ¢ o I(x) forall x ' X.
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We also have
%

I () + I, () + BOO+" + I (x)+&  r(#x)+", *x' B #' 6.
k=0
By taking the limit as &. 0, we obtain
Jo () + )+ ", xR #' 6,

By taklng the inPmum over # ' 0, it follows that J- L (X) + F(x) + " for
all x* %, which combined with the fact J-, (x) = $(x) = # forall x 1 %,
yields the result. Q.E.D.

Main Results

By Prop. 4.4.4(a), § solves BellmanC)s equation for th&perturbed prob-
lem, while by Prop. 4.6.2, limg ¢ J5(x) = F(x). This suggests that P solves
the unperturbed Bellman equation, which is the OlimitO as& . 0 of the
&perturbed version. Indeed we will show a stronger result, namelghat J
is the unique solution of BellmanOs equation within the set of functions

W={J' S|P+ I}, (4.83)
where
] & . 3
S= J' J|Ex, J(xk) & O, * (#,%0) with #' ©,, . (4.84)

. & .
Here Ex, J(xx) denotes the expected value of the function) along the
sequence{ Xk} generated starting from xo and using #. Similar to earlier
proofs in Sections 4.4 and 4. 5 we have that the collection

C= (# x)|#' 6, (4.85)

is S-regular.
We Prst show a preliminary result. Given a policy# = {Ho, U1, ...},
we denote by# the policy

#e = {|.lk, Hk+1 5 - - } (4.86)

Proposition 4.6.3:
(a) For all pairs (#,%x0) ' Candk =0,1,..., we have
s & ! . & '
0+ Exg PXk) + Exo Jr, (%) <#,

where #, is the policy given by Eq. (4.86).

(b) The set @/ of Eq. (4.83) containsP, as well as all functionsJ ' S
satisfying P+ J + c¥ for somec- 1.
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Proof: (a) For any pair (#,X0) ' Cand &> 0, we have

4 k&l | .2 k&1

Jw s(X0) = Exo I+, s(Xk)+ g Xm, Mm(Xm),Wm  + &  Im(#, Xo).
m=0 m=0

Since J- $(xo) < # [cf. Prop. 4.6.1(a)], it follows that E;O&J--k,g,(xk) <
# . Hence for all xx that can be reached with positive probability using #
and starting from xo, we haveJ-, s(xx) < # , implying [by Prop. 4.6.1(a)]
that (#¢,Xxk) ' C. Hence P(xy) + J+ (k) and by applying Ex,{a}, the
result follows.

(b) We have for all (#,x0) ' C,

Lo "3 & '
Jv (X0) = Exg 0 Xo,Ho(X0),Wo + Ex, Jv,(X1) , (4.87)
and form=1,2,...,
L& ' L "3 & '
Exo J"m(Xm) = Exg 9 Xm,Hm(Xm),Wm + Exy Iy (Xm+1)

(4.88)
where {xm} is the sequence generated starting fromxp and using #. By
using repeatedly the expression (4.88) fom=1,...,k$ 1, and combining
it with Eq. (4.87), we obtain for all k=1,2,...,

& vook&l -y "3
Jv(X0) = Exo Jv, (Xk) + Exo 9 Xm,Um(Xm),Wm , * (#,%X0)' C.

m=0

The rightmost term above tends to J- (xo) ask & # , so by using the fact
J+ (Xo) < # , we obtain

. & '
Exo J" (Xk) & O, * (#,x0)" C
By part (a), it follows that
o & ,
Exo J)(Xk) & 0, * (#,Xo) C,
so that ' . This also implies that
. & '
Ex, J(Xk) & 0, * (#,x0)" C,

if P+ J + cPfor somec- 1. Q.E.D.

We can now prove our main result.
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Proposition 4.6.4:  Assume that either W is Pnite or there exists a
&> 0 such that
- N w3
E g(xuw)+ B f(x,uw) <#, *x' X', ut UX).

(@) Pis the unique solution of the Bellman Eq. (4.65) within the set
W of Eq. (4.83).

(b) (VI Convergence) If {Jk} is the sequence generated by the VI
algorithm (4.47) starting with some Jo ' W, then Jx & .

(c) (Optimality Condition ) If p is a stationary policy that is proper
atall x' % and
- ] "3
p(x) ' argmingE g(x,u,w)+ P f(x,u,w) |, *x' X,

u" U(x)
(4.89)
then p is optimal over the set of proper policies, i.e..Jy = F.

Conversely, if p is proper at all x ' ¥ and Ju = F, then p
satispes the preceding condition (4.89).

Proof: (a), (b) By Prop. 4.6.3(b), P &. We will brst show that P is
a solution of BellmanOs equation. Smc& solves the Bellman equation for
the &perturbed problem, and & - P (cf. Prop. 4.6.2), we have for all&> 0
and x £ t,

w3
R(x) = .i.”J( E g(x, u,w) + &+ ‘R; f (x,u,w)
) "3
- u"im E g(xuw)+\&f(xuw)
w3

- inf E g(xuw)+Pf(xuw)

u" U(x
By taking the limit as &. 0 and usmg Prop. 4.6.2, we obtain
"3

J(x) - u"iﬂf( E g(x, u, w) + P f(x,uw) , *x' X (4.90)

For the reverse inequality, let {&,} be a sequence with&, . 0. We
have for allm, x £ t,andu"' U(x),

E- g(x,u,w) + & + J"&m !f (x,u,w)"3 - v"i[}]zx) E- a(x, v, w)+ &n

+ B f(x v, W) "

= &, ().
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We now take limitas m & # in the preceding relation, and we interchange
limit and expectation (our assumptions allow the use of the monotone
convergence theorem for this purpose; Exercise 4.11 illustratefi¢ need for
these assumptions). Using also the fact lirg, Oi'gm = P (cf. Prop. 4.6.2),
we have
- | "3
E g(x,uw)+ Ff(xuw) - Jx), *x' X, u' U(x),

so that

- N "3
IUE )E gix,u,w)+ Pfxuw) - Fx), *x' X (4.91)
"U(x

u

By combining Egs. (4.90) and (4.91), we see thafPis a solution of BellmanOs
equation.

Part (b) follows by using the S-regularity of the collection (4.85) and
Prop. 4.4.2(b). Finally, since ' ¥ and P is a solution of BellmanOs
equation, part (b) implies the uniqueness assertion of part (a).

(c) If pis proper at all x* ¥ and Eq. (4.89) holds, then

- " "3
)= E g!x,u(x),w +Jj!f(x,u(x),w) , X' X

By Prop. 4.4.4(b), this implies that J, + P, sop is optimal over the set
of proper policies. Conversely, assume thafi is proper at all x ' ¥ and
Ju = ®. Then by Prop. 4.4.4(b), we have

- " w3
Ix)= E g!x,u(x),w +Jj!f(x,u(x),w) . X" X,

while [by part (a)] Pis a solution of BellmanOs equation,

.. - L "3
Fx)= inf E g(x,u,w)+ Pf(x,uw) |, X' X.
u" U(x)

Combining the last two relations, we obtain Eq. (4.89). Q.E.D.

We illustrate Prop. 4.6.4 in Fig. 4.6.1. Let us consider now the favor-
able case where the set of proper policies is sicient in the sense thad it can
achieve the same optimal cost as the set of all policies, i.e®= J*. This
is true for example if all policies are proper at allx such that J*(x) < # .
Moreover it is true in some of the Pnite-state formulations of SSP tlat we
discussed in Chapter 3; see also the subsequent Prop. 4.6.5. Whé& J*,
it follows from Prop. 4.6.4 that J* is the unique solution of BellmanOs equa-
tion within ¥/, and that the VI algorithm converges to J* starting from
any Jo' W. Under an additional compactness condition, such as Pniteness
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Region of solutions of
BellmanOs Ec

.

) 3!

»
>

J
VI converges fromW

o 60—Y

Figure 4.6.1 lllustration of the solutions of BellmanOs equation. All so lutions
either lie between J" and P, or they lie outside the set W. The VI algorithm
converges to P starting from any Jo $ w.

of U(x) for all x * X [cf. Prop. 4.4.4(e)], VI converges toJ* starting from
any Jo in the set S of Eq. (4.84).

Proposition 4.6.4 does not say anything about the existence of a
proper policy that is optimal within the class of proper policies. For a
simple example whereJ* = ¥ but the only optimal policy is improper,
consider a deterministic shortest path problem with a single state 1 fus
the destination t. At state 1 we may chooseu ' [0, 1] with cost u, and
move tot if u £ 0 and stay at 1 if u = 0. Note that here we have
J*(1) = (1) = 0, and the minimum over u ' [0, 1] is attained in BellmanOs
equation, which has the form ;

J* (1) = min unlr(10f’1]u, J (1)

However, the only optimal policy (staying at 1) is improper.
4.6.1 The Multiplicity of Solutions of BellmanOs Equation

Let us now discuss the issue of multiplicity of solutions of BellmanOs equa
tion within the set of functions

&
J= 3" E"(X)|JI)=0 .

We know from Props. 4.4.4(a) and 4.6.4(a) thatJ* and P are solutions,
and that all other solutions J must satisfy either J* + J + PorJ /7 W.

In the special case of a deterministic problem (one where the distur
bance w; takes a single value), it was shown in Section 4.5 thatP is the
largest solution of BellmanOs equation withinJ , so all solutionsJ#* J
satisfy J* + J#+ P It was also shown through examples that there can
be any number of solutions that lie betweenJ* and P a Pnite number, an
inPnite number, or none at all.

In stochastic problems, however, the situation is strikingly di#erert
in the following sense: there can be an inbnite number of solutions tha
do not lie below B, i.e., solutions J#' J that do not satisfy J#+ . Of
course, by Prop. 4.6.4(a), these solutions must lie outsid®/. The following
example, which involves a bnite seW, is an illustration.
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Example 4.6.1

Let X = ', t =0, and assume that there is only one control at each state,
and hence a single policy" . The disturbance wy takes two values: 1 and O
with probabilities ! $ (0,1) and 1! !, respectively. The system equation is

Wi Xk
o
and there is no cost at each state and stage:

Xk+1 =

g(x,u,w) * 0.
Thus from state xx we move to state xx/! with probability ! and to the
termination state t = 0 with probability 1 ! !.
Here, the unique policy is stationary and proper at all x $ X, and we
have
J'x)= Ax) =0, %x $ X.

BellmanOs equation has the form
* 4+

J)=(L 1 1)IO)+ !J g :

which within J reduces to

I=13 X, %I$I, x$X (4.92)

It can be seen that BellmanOs equation has an inPnite number bsolu-
tions within J in additionto J" and J any positively homogeneous function,
such as, for example,

J(x) = &x|, &> 0,
is a solution. Consistently with Prop. 4.6.4(a), none of the se solutions belongs

to W, since x, is either equal to xo/! ¥ (with probability ! *) or equal to 0
(with probability 1 ! ! X). For example, in the case of J(x) = &|x|, we have

L&
Exy J0x) = ! &205= &lxol, %k &0,

so J(xk) does not converge to 0, unlessxo = 0. Moreover, none of these
additional solutions seems to be signibcant in some discerible way.

The preceding example illustrates an important structural di#ererce
between deterministic and stochastic shortest path problems withinbnite
state space. For a terminating policyu in the context of the deterministic
problem of Section 4.5, the corresponding Bellman equatiod = TyJ has
a unique solution within J [to see this, consider the restricted problem
for which p is the only policy, and apply Prop. 4.5.6(a)]. By contrast,
for a proper policy in the stochastic context of the present sectia, the
corresponding Bellman equation may have an inbPnite number of solutias
within J , as Example 4.6.1 shows. This discrepancy does not occur when
the state space is bnite, as we have seen in Section 3.5.1. We will next
elaborate on the preceding observations and rebPne our analysisgarding
multiplicity of solutions of BellmanOs equation for problems where the
per stage is bounded.
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4.6.2 The Case of Bounded Cost per Stage

Let us consider the special case where the cost per stages bounded over
X)U) W,ie,

sup ag(x,u,w) < # . (4.93)
(xuw )" X(U(W

We will show that P is the largest solution of BellmanOs equation within
the class of functions that are bounded over the #ective domain ¥ of P
[cf. Eq. (4.82)].

We say that a policy # is uniformly proper if there is a uniform bound
on the expected number of steps to reach the destination from stesx ' %
using #:

%
sup  re(#,x) < #.
x" 0 k=0

Since we have
/ 0 %

I+ (xo) + sup g uw) & r#xo)<#, *#' 6,
(xuw )" X (U(W k=0

it follows that the cost function J- of a uniformly proper # belongs to the
set B, debned by

4 5
B= J'1J gsup\](x)<# . (4.94)

x" 0

When ¥ = X, the notion of a uniformly proper policy coincides with

the notion of a transient policy used in [Pli78] and [JaC06], which itself

descends from earlier works. However, our debnition is somewhat are

general, since it also applies to the case wher® is a strict subset of X .
Let us denote byﬁ/b the set of functions

W,={J' B|P+ J}.

The following proposition, illustrated in Fig. 4.6.2, provides conditions for
P to be the largest bxed point of T within B. Its assumptions include
the existence of a uniformly proper policy, which implies that P belongs
to B. The proposition also uses the earlier Prop. 4.4.6 in order to provide
conditions for J* = J, in which caseJ* is the unique bxed point of T
within B.
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4 Set of Bounded FunctionsB

Paths of VI
2| \

W

Fixed Points of T

72\

Je — — 2

\

\

o

Figure 4.6.2.  Schematic illustration of Prop. 4.6.5 for a nonnegative cos t SSP
problem. The functions J" and J are the smallest and largest solutions, re-
spectively, of BellmanOs equation within the set B. Moreover, the VI algorithm
converges to P starting from Jo $ Wy, = {J $ B| P! J}.

Proposition 4.6.5: Let the assumptions of Prop. 4.6.4 hold, and
assume further that the cost per stageg is bounded overX ) U) W
[cf. Eq. (4.93)], and that there exists a uniformly proper policy. Then:

(@) P is the largest solution of the Bellman Eq. (4.65) within the
set B of Eq. (4.94), i.e., Pis a solution that belongs to B and if
J#' B is another solution, then J# + P. Moreover, if P= J*,
then J* is the unique solution of BellmanOs equation withirB.

(b) If {J«} is the sequence generated by the VI algorithm (4.47)
starting with some Jo ' B with Jo - P, then Jx & P.

(c) Assume in addition that X is Pnite, that J*(x) > O for all x £ t,
and that X' = . Then P= J*.

Proof: (a) Since the cost function of a uniformly proper policy belongs to

B, we haveP' B. On the other hand, for all J ' B, we have
/ 0

. & '
Ex, J(Xk) + supJ(x) ark(#,%o0)& O, *f! 'Gxo.

X

It follows that the set ¥/, is contained in &/, while the function P belongs
to ﬁ/b. Since‘ﬁ/b is unbounded above within the setB, for every solution
J#*' B of BellmanOs equation we havé”+ J for someJ ' ‘ﬁ/b, and hence
also J# + J for some J in the set S of Eq. (4.84). It follows from Prop.
4.4.2(a) and the S-regularity of the collection (4.85) that J#+ P.
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If in additon P = J*, from Prop. 4.4.4(a), P is also the smallest
solution of ?ellmanf)s equation within] . HenceJ* is the unique solution
of BellmanOs equation withirB.

(b) Follows from Prop. 4.6.4(b), since W/, ( ¥, as shown in the proof of
part (a).

(c) We have by assumption
0<J*(x) + Ax), *xEt,

while J(x) < # forall x* X' sinceX' = ¥. In view of the Pniteness of
X, we can bnd a su ciently large ¢ such that ¥+ ¢J*, so by Prop. 4.4.6,
it follows that = J*. Q.E.D.

The uniqueness of solution of Bellman®s equation withiB when P =

J* [cf. part (a) of the preceding proposition] is consistent with Examde
4.6.1. In that example, J* and P are equal and bounded, and all the
additional solutions of BellmanOs equation are unbounded, as can beriped
by using Eq. (4.92).

_Note that without the assumption of existence of a uniformly proper
#, P and J* need not belong toB. As an example, let X be the set of
nonnegative integers, lett = 0, and let there be a single policy that moves
the system deterministically from a state x - 1 to the state x $ 1 at cost
g(x,x $ 1) =1. Then

Ix)= I (x) = x, X' OX,

soPand J* do not belong to B, even thoughg is bounded. Here the unique
policy is proper at all x, but is not uniformly proper.

In a given practical application, we may be interested in computing
either J* or P. If the cost per stage is bounded, we may computeP with
the VI algorithm, assuming that an initial function in the set W, can be
found. The computation of J* is also possible by using the VI algorithm
and starting from the zero initial condition, assuming that the conditions
of Prop. 4.4.4(d) are satisbed.

An alternative possibility for the case of a bnite spaces SSP is to
approximate the problem with a sequence o8 -discounted problems where
the discount factors $i tend to 1. This approach, developed in some detail
in Exercise 5.28 of the book [Ber17a], has the advantage that the disunted
problems can be solved more reliably and with a broader variety of mdtods
than the original undiscounted SSP.

Another technique, developed in the paper [BeY16], is to transform
a bnite-state SSP problem such thatJ*(x) = 0 for some x £ t into an
equivalent SSP problem that satispes the conditions of Prop. 4.6.5jcand
thus allow the computation of J* by a VI or PI algorithm. The idea is
to lump t together with the states x for which J*(x) = 0 into a single
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state, which is the termination state for the equivalent SSP problem This
technique is strictly limited to Pnite-state problems, since in generalthe
conditions J*(x) > O for all x £ t and X! = ¥ do not imply that P= J*,
even under the bounded cost and uniform properness assumptisrof this
section (see the deterministic stopping Example 4.5.2).

NOTES, SOURCES, AND EXERCISES

Sections 4.1: The use of monotonicity as the foundational property of
abstract DP models was initiated in the authorOs papers [Ber75], [BeTT.

Section 4.2: The Pnite horizon analysis of Section 4.2 was given in Chap-
ter 3 of the monograph by Bertsekas and Shreve [BeS78].

Section 4.3: The monotone increasing and decreasing abstract DP models
of Section 4.3 were introduced in the authorOs papers [Ber75], [Bet7 Their
analysis was also given in Chapter 5 of the monograph [BeS78].

Important examples of noncontractive inPnite horizon models are he
classical negative cost DP problems, analyzed by Blackwell [Bla65], ahby
Dubins and Savage [DuS65], and the positive cost DP problems analyden
Strauch [Str66] (and also in StrauchOs Ph.D. thesis, written underhie su-
pervision of Blackwell). The monograph by Bertsekas and Shreve [B&78]
provides a detailed treatment of these two models, which also resobs the
associated measurability questions using the notion of universally rmasur-
able policies. The paper by Yu and Bertsekas [YuB15] provides a more
recent analysis that addresses some issues regarding the corgence of the
VI and PI algorithms that were left unresolved in the monograph [Be</8].
A simpler textbook treatment, which bypasses the measurability qestions,
is given in the authorOs [Ber12a], Chapter 4.

The compactness condition that guarantees convergence of ViotJ*
starting with the initial condition Jo = J under Assumption | (cf. Prop.
4.3.14) was obtained by the author in [Ber72] for reachability problens (see
Exercise 4.5), and in [Ber75], [Ber77] for positive cost DP models; sesdso
Schal [Sch75] and Whittle [Whi80]. A more rebned analysis of the quektn
of convergence of VI toJ” is possible. This analysis provides a necessary
and su cient condition for convergence, and improves over the aopactness
condition of Prop. 4.3.14. In particular, the following characterization is
shown in [Ber77], Prop. 11 (see also [BeS78], Prop. 5.9):

ForasetC ( X) U)! ,let" (C) be the projection of C onto X )!
& '
"(C)= xX!")]|xu!)" Cforsomeu' U(x) ,
and denote also

"(C) = &(x, 1)|!'m & ! for some sequencé! m} with &(x, Fm)} ( CI .
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Consider the setsCx ( X ) U)! given by
& .
Ck= (XU D)|HXUTKA+!, x' X,u' UKX) , k=0,1,....

Then under Assumption | we haveTk® & J* if and only if

_!0— 0 W~
" 1k/0=0 Cc = 1k/0=0 " (Ck).

Moreover we haveTkP & J* and in addition there exists an optimal sta-
tionary policy if and only if
I ! o —
"1, G = 1%," (Ch). (4.95)

For a connection with Prop. 4.3.14, it can be shown that compactnes of

& U2
Ue(x,')= u' UX)*HXu,TkP + !

implies Eq. (4.95) (see [Ber77], Prop. 12, or [BeS78], Prop. 5.10).

The analysis of convergence of VI toJ* under Assumption | and
starting with an initial condition Jo - J* is far more complicated than for
the initial condition Jo = ¥ A principal reason fog this is the multiplicity
of solutions of BellmanOs equation within the setd ' E*(X) |J - P .
We know that J* is the smallest solution (cf. Prop. 4.4.9), and an interest-
ing issue is the characterization of the largest solution and other dations
within some restricted class of functions of interest. We substaritlly re-
solved this question in Sections 4.5 and 4.6 for inPnite-spaces deteimistic
and stochastic shortest path problems, respectively (as well in S#ions
3.5.1 and 3.52 for bnite-state stochastic shortest path and!ane monotonic
problems). Generally, optimal control problems with nonnegative @st per
stage can typically be reduced to problems with a cost-free and alosb-
ing termination state (see [BeY16] for an analysis of the Pnite-sta case).
However, the fuller characterization of the set of solutions of BellnanOs
equation for general abstract DP models under Assumption | regires fur-
ther investigation.

Optimistic Pl and ! -Pl under Assumption D have not been considered
prior to the 2013 edition of this book, and the corresponding analyis of
Section 4.3.3 is new. See [Bel96], [ThS10a], [ThS10b], [Berllb], [Sch11],
[Berl6b] for analyses of -PI for discounted and SSP problems.

Section 4.4: The debnition and analysis of regularity for nonstationary
policies was introduced in the authorOs paper [Berl5]. We have primarily
used regularity in this book to analyze the structure of the solution set of
BellmanQOs equation, and to identify the region of attraction of value ad
policy iteration algorithms. This analysis is multifaceted, so it is worth
summarizing here:

(&) We have characterized the bxed point properties of the optimhcost
function J* and the restricted optimal cost function J. over S-regular
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collections C, for various setsS. While J* and J¢ need not be bxed
points of T, they are bxed points in a large variety of interesting
contexts (Sections 3.3-3.5 and 4.4-4.6).

(b) We have shown that whenJ* = J¢, then J* is the unique solution of

©)

BellmanOs equation in several interesting noncontractive contextsn
particular, Section 3.3 deals with an important case that covers amag
others, the most common type of stochastic shortest path prolems.
However, even whend* £ J¢, the functions J* and J often bound
the set of solutions from below and/or from above (see Sections 3.5,
3.5.2,45, 4.6).

Simultaneously with the analysis of the bxed point properties ofJ*
and J¢, we have used regularity to identify the region of convergence
of value iteration. Often convergence toJ: can be shown from start-
ing functions J - J¢, assuming that J_ is a bxed point of T. In
the favorable case wherel* = J¢, convergence toJ* can often be
shown from every starting function of interest. In addition regularity
has been used to guarantee the validity of policy iteration algorithms
that generate exclusively regular policies, and are guaranteed toom-
verge toJ* or J¢.

(d) We have been able to characterize some of the solutions of Bellm&®s

equation, but not the entire set. Generally, there may exist an inbiite
number of solutions, and some of them may not be associated with
an S-regular collection for any setS, unless we change the starting
function Pthat is part of the dePnition of the cost function J- of the
policies. There is a fundamental di culty here: the solutions of the
Bellman equation J = TJ do not depend on® but S-regularity of

a collection of policy-state pairs depends strongly on? A sharper
characterization of the solution set of BellmanOs equation remains an
open interesting question, in both specibc problem contexts as well
as in generality.

The use of regularity in the analysis of undiscounted and discounted

stochastic optimal control in Sections 4.4.2 and 4.4.3 is new, and wasre-
sented in the authorOs paper [Berl5]. The analysis of convergent deds in
Section 4.4.4, under the condition

J*(x) - Ax)> $# , *x' X,

is also new. A survey of stochastic optimal control problems undercon-
vergence conditions that are more general than the ones consial here is
given by Feinberg [Fei02]. An analysis of convergent models for stoelstic
optimal control, which illustrates the broad range of pathological behaviors
that can occur without the condition J* - F is given in the paper by Yu
[Yul5].
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Section 4.5: This section follows the authorOs paper [Berl7a]. The issue
of the connection of optimality with stability (and also with controllabilit y
and observability) was raised in the classic paper by Kalman [Kal60] in tke
context of linear-quadratic problems.

The set of solutions of the Riccati equation has been extensively ires-
tigated starting with the papers by Willems [Wil71] and Kucera [Kuc72],
[Kuc73], which were followed up by several other works; see the b&o
by Lancaster and Rodman [LaR95] for a comprehensive treatment In
these works, the OlargestO solution of the Riccati equation is refed to
as the OstabilizingO solution, and the stability of the corresponding gicy
is shown, although the author could not bPnd an explicit statement in the
literature regarding the optimality of this policy within the class of all lin -
ear stable policies. Also the lines of analysis of these works are tied the
structure of the linear-quadratic problem and are unrelated to ou analysis
of Section 4.5, which is based on semicontractive ideas.

Section 4.6: Proper policies for inbnite-state SSP problems have been
considered earlier in the works of Pliska [PIli78], and James and Collins
[JaC06], where they are called Otransient.O There are a few#drenes
between the frameworks of [Pli78], [JaC06] and Section 4.6, which imga
on the results obtained. In particular, the papers [Pli78] and [JaCO0§ use
a related (but not identical) debnition of properness to the one of 8ction
4.6, while the notion of a transient policy used in [JaC06] coincides with
the notion of a uniformly proper policy of Section 4.6.2 when® = X.
Furthermore, [Pli78] and [JaC06] do not consider the notion of policythat is
Oproper at a state.O The paper [Pli78] assumes that all policies arefisient,
that g is bounded, and that J* is real-valued. The paper [JaC06] allows
for notransient policies that have inbnite cost from some initial states, and
extends the analysis of Bertsekas and Tsitsiklis [BeT91] from Pnitetate
space to inbnite state space (addressing also measurability issueshlso,
[JaCO06] allows the cost per stagg to take both positive and negative values,
and uses assumptions that guarantee thatl* = B, that J* is real-valued,
and that improper policies cannot be optimal. Instead, in Section 4.6 \e
allow that J* £ P and that J* can take the value# , while requiring that

g is nonnegative and that the disturbance spaceV is countable.

The analysis of Section 4.6 comes from the authorOs paper [Ber17b],
and is most closely related to the SSP analysis under the weak conditis of
Section 3.5.1, where we assumed that the state space is Pnite, bullaved
g to take both positive and negative values. The extension of some of
our results of Section 4.6 to SSP problems wherg takes both positive and
negative values may be possible; Exercises 4.8 and 4.9 suggest sopsearch
directions. However, our analysis of inbPnite-spaces SSP problems this
chapter relies strongly on the nonnegativity of g and cannot be extended
without major modibcations. In this connection, it is worth mentionin g
the example of Section 3.1.2, which shows thaf* may not be a solution
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of BellmanOs equation wheg can take negative values.

EXERCISES

4.1 (Example of Nonexistence of an Optimal Policy Under D)

This is an example of a deterministic stopping problem where Assumption D
holds, and an optimal policy does not exist, even though only two controls are
available at each state (stop and continue). The state spaceis X = {1,2,...}.
Continuation from state x leads to state x + 1 with certainty and no cost, while

the stopping cost is ! 1+ (1/x ), so that there is an incentive to delay stopping
at every state. Here for all x, #x) =0, and

T I(x+1) if u = continue,
H(x,u,J)= .
1'1+(@/x) if u=stop.
Show that J"(x) = ! 1 for all x, but there is no policy (stationary or not) that

attains the optimal cost starting from x.

Solution:  Since a cost is incurred only upon stopping, and the stopping cost is
greater than -1, we have J, (x) > ! 1 for all x and p. On the other hand, starting
from any state x and stopping at x + n yields a cost! 1+ ﬁ SO b"y taking n
su" ciently large, we can attain a cost arbitrarily close to - 1. ThusJ (x) =11

for all x, but no policy can attain this optimal cost.

4.2 (Counterexample for Optimality Condition Under D)

For the problem of Exercise 4.1, show that the policy p that never stops is not

optimal but satisbes TyJ" = TJ".

Solution:  We have J'(x) = ! 1 and Jy(x) = 0 for all x $ X. Thus p is
nonoptimal, yet attains the minimum in BellmanOs equation

" T 13
J (X)=min J (x+1),! 1+;

for all x.

4.3 (Counterexample for Optimality Condition Under )

Let
X=", ux)* (0,1,  HAx)* 0,

H(x,u,J) = |x|+ J(ux), %x $ X, u $ U(X).
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Let u(x)=1forall x$ X. Then J,(x)= # if x ¥ 0and J,(0) = 0. Verify that
TuJy = TJy. Verify also that J" (x) = |x|, and henceyp is not optimal.

Solution:  The veribcation of T,J, = TJ, is straightforward. To show that
J"(x) = |x|, we brst note that |x| is a bxed point of T, so by Prop. 4.3.2,

J'(x) " |x]. Also (TH(x) = |x| for all x, while under Assumption I, we have
J' & TH® s0J (x) & |x|. Henced" (x) = |x|.

4.4 (Solution by Mathematical Programming)

This exercise shows that under Assumptions | and D, it is possible to use a com-

putational method based on mathematical programming when X = {1,...,n}.
(@) Under Assumption |, show that J" is the unique solution of the following
optimization problemin z=(z1,...,2Zn):
. n
minimize Zi
i=1
subjectto z & HAi), z & inf H(i,u,z), i=1,...,n.
u#U (i)

(b) Under Assumption D, show that J" is the unique solution of the following

optimization problem in z=(2z1,...,2Zn):
n
maximize ' Zi
i=1
subjectto z " F(i), z " H(i,u,z), i=1,...,n, u$ U().

Note: Generally, these programs may not be linear or even convex.

Solution: (a) Any feasible solution z of the given optimization problem satisbes
z& Pas well asz & infyuygyH(i,u,z)foral i=1,...,n,sothat z & Tz. It
follows from Prop. 4.4.9 that z & J", which implies that J" is an optimal solution
of the given optimization"problem. Also J" is t"he unique optifal solutjon silnce
if z is feasible andz ¥ J , the inequality z & J implies that ,z >, J (i),
S0 z cannot be optimal.

(b) Any feasible solution z of the given optimization problem satisbes z " ¥ as
wellasz " H(i,u,z)forall i=1,...,nandu$ U(i), sothat z" Tz. It follows
from Prop. 4.3.6 that z " J", which implies that J" is an optimal solution of
the given optimization problem. Similar to part (@), J° is the unique optimal
solution.

4.5 (Inbnite Time Reachability [Ber71], [Ber72])

This exercise provides an instance of an interesting problem where the mapping
H is naturally extended real-valued. Consider a dynamic system

Xier = F(Xk, Ui, Wie),
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where wy is viewed as an uncertain disturbance that may be any point in a
set W (xk, ux) (this is known in the literature as an Ounknown but boundedO
disturbance, and is the basis for a worst case/minimax treat ment of uncertainty
in the control of uncertain dynamic systems). We introduce a n abstract DP model
where the objective is to bnd a policy that keeps the state xx of the system within
a given set X at all times, for all possible values of the sequence{wy}. This is a
common objective, which arises in a variety of control theor y contexts, including
model predictive control (see [Berl7a], Section 6.4.3).

Let - ]
0 ifx$ X,

HAx) = #  otherwise,
and

- I "
H(xu,d) = 0 fJx)=0,u$UX),andJ f(x,u,w) =0, %w$ W(x,u),
Y #  otherwise.

(a) Show that Assumption | holds, and that the optimal cost fu nction has the

form 0 ifx$ X
"o if x ,
I ()= #  otherwise,

where X" is some subset ofX .

(b) Consider the sequence of sets{ Xk}, where
& ‘ '
Xk= X$X |[(THAx)=0 .

Show that Xx+1 . Xy for all k, and that X" ./ 2, Xx. Show also that
convergence of VI (i.e., T*®, J")is equivalentto X" = / y Xk.

(c) Show that X" = /2, X and there exists an optimal stationary policy if
the sets

. &
Oe(x)= uS UX)|f(xuw)$ Xk, %w$ W(x,u)
are compact for all k greater than some index B. Hint : Use Prop. 4.3.14.

Solution: Let B(X) be the subset of E(X) that consists of functions that take
only the two values 0 and # , and for all J $ B(X) denote

D)= &x$x |J(x)=0
Note that for all J $ B(X) we have T,J $ B(X), TJ $ B(X), and that
D(TuJ) = &x$ X|x$ D(J),f!x,u(x),W" $D(@J), %W$W(x,p(x))l ,
D(TJ) = Ousm D(TuJ).

(a) For all J $ B(X), we have D(TyJd). D@) and TyJ & J, so condition (1) of
Assumption | holds, and it is easily veribed that the remaini ng two conditions of
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Assumption | also hold. We have #$ B(X), so for any policy " = {Ho, H1,...},
we have T, 44%,, P$ B(X). It follows that J-, given by

J- = klgl)o Ty, 449, B

also belongs toB(X ), and the same is true for J° =inf -4 J-. Thus J* has the
given form with D(3")= X".

(b) Since {T*® is monotonically nondecreasing we haveD (T*** ) . D(T*®),
or equivalently Xy+1 . Xy for all k. Generally for a sequence{Jx} . B(X), if
Jk 13, we haved $ B(X)and D(J) = / % D(Jk). Thus convergence of VI (i.e.,
TKP1J3")is equivalentto D(I" )= / 2y D(Jc) or X" =/ oy Xx.

(c) The compactness condition of Prop. 4.3.14 guarantees that T# 1 J", or
equivalently by part (b), X = /%, X. This condition requires that the sets

& 3 ‘ '
Uc(X,$)= u$ UX)“HXuT A" $

are compact for everyx $ X, $$' , and for all k greater than some integer k.
It can be seen that Uk (x, $) is equal to the set

B (x) = &u$ U(x) 3f(x,u,w) $ Xk, %w $ W (x,u)

given in the statement of the exercise.

4.6 (Exceptional Linear-Quadratic Problems)

Consider the deterministic linear-quadratic problem of Se ction 3.5.4 and Example
4.5.1. Assume that there is a single control variable uy, and two state variables,
xi and xZ, which evolve according to

Xiv = &+ bU,  XEaq = X+ XE+ Uk,

where &> 1. The cost of stagek is quadratic of the form

|
q (k) +(x3)* +(u)?

Consider the four cases of pairs of values b,q where b$ {0,1} and g $ {0, 1}.
For each case, use the theory of Section 4.5 to bnd the optimal cost function
J" and the optimal cost function over stable policies J*, and to describe the
convergence behavior of VI.

Solution: When b=1 and q =1, the classical controllability and observability
conditions are satisped, and we haved' = J", while there exists an optimal
policy that is linear and stable (so J” and P are real-valued and positive depnite
quadratic). Moreover, the VI algorithm converges to J" starting from any Jo & O
(even extended real-valued Jo) with Jo(0) = 0.

When b=0 and ¢ =0, we clearly have J"(x) * 0. Also J* (x!,x?) = #
for x* ¥ 0, while 3" (0,x?) is Pnite for all x2, but positive for x? ¥ 0 (since for
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x! =0, the problem becomes essentially one-dimensional, and #milar to the one
of Section 3.5.4). The VI algorithm converges to J* starting from any positive
semidepbnite quadratic initial condition Jo with Jo(0,x?)=0and Jo ¥ J".

When b=0and q=1, we have 3" = J, but 3" and 3 are not real-
valued. In particular, since xi stays constant under all policies when b = 0, we
have J" (x*,x?) = P (x',x?) = # for x* ¥ 0. Moreover, for an initial state
with x3 = 0, the problem becomes essentially a one-dimensional protlem that
satisbes the classical controllability and observability conditions, and we have
J"(0,x?) = P (0,x?) for all x2. The VI algorithm takes the form

& .
Jis1 (0,x3) =min — (x®)2 + (u)® + Jx(0,x* + u) ,

&
Jisr (x5 x%) =min (xH)2+(x%) 2+ (u)? + I (&, x* + xP+ u) if x*¥0.
u

It can be seen that the VI iterates Ji (0, x?) evolve as in the case of a single state
variable problem, where x! is bxed at 0. For x* ¥ 0, the VI iterates Ji (x*, x?)
diverge to # .

When b =1 and q =0, we have J"(x) * 0, while 0 < B (x) < # for
all x ¥ 0. Similar to Example 4.5.1, the VI algorithm converges to P starting
from any initial conditon Jo & F". The functions J° and J are real-valued
and satisfy BellmanOs equation, which has the form

&
J(xExH) =min (U2 + (&t + uxt+ x2+u) .
u

However, BellmanOs equation has additional solutions, otfer than J" and J* .
One of these is

J‘j(xl'XZ) — P(Xl)z,
where P = & ! 1 (cf. the example of Section 3.5.4).

4.7 (Discontinuities in InPnite-State Shortest Path Probl ems)

The purpose of this exercise is to show that di#erent types of perturbations in
inbnite-state shortest path problems, may yield di #erent solutions of BellmanOs
equation. Consider the optimal stopping problem of Example 4.5.2, and introduce
a perturbed version by modifying the e#ect of the action that moves the state
from x ¥ 0 to &x. Instead, this action stops the system with probability %> 0 at
cost' & 0, and moves the state from x to & with probability 1 ! %at cost -x-.
Note that with this modibcation, all policies become unifor mly proper. Show
that:

(@) The optimal cost function of the ( %' )-perturbed version of the problem,
denoted ¥s ¢, is the unique solution of the corresponding Bellman equation
within the class of bounded functions B of Eq. (4.94).

(b) For ' =0, we have limg o P50 = J", where J" is the optimal cost function
of the deterministic problem of Example 4.5.2.

(c) For ' = ¢, we have 5. = P for all %> 0, where " is the largest
solution of BellmanOs equation in the deterministic problem of Example
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452 [P (x) = cforall x ¥ 0, which corresponds to the policy that stops
at all states].

Solution: (a) It can be seen that the Bellman equation for the ( %' )-perturbed
version of the problem is
& I
min ¢, %'+ ! % -x- + J(&) if X ¥0,
0 if x =0,

J(x) =

and has exactly the same solutions as the equation

& ! &
J(x) = Bnin C,%'+(1! % min c/(1! %, -x- + J(&) |]1:x):8
if x=0.

The latter equation involves a bounded cost per stage, and hence according to

the theory of Section 4.6, has a unique solution within B, when all policies are
proper.

(b) Evident since the e#ect of %on the cost of the optimal policy of the problem
of Example 4.5.2 diminishes as%, O.

(c) Since termination at cost c is inevitable (with probability 1) under every
policy, the optimal policy for the ( %' )-perturbed version of the problem is to
stop as soon as possible.

4.8 (A Perturbation Approach for Semicontractive Models)

The purpose of this exercise is to adapt the perturbation app roach of Section 3.4
so that it can be used in conjunction with the regularity noti on for nonstationary
policies of Debnition 4.4.1. Given a set of functions S. E(X) and a collection C
of policy-state pairs (", x) that is S-regular, let J¢ be the restricted optimal cost
function debned by

Je(x) = ("irlf)#c\]-v (x), x$ X.

Consider also a nonnegative forcing function p: X 2, [0,# ), and for each %> 0
and stationary policy p, the mappings Ty, ¢ and Tg given by

!
(TusI)(X) = H X u1(x),d +9%(x),  (TsI)(x) = E.Qfm (Tusd)(x),  x$ X

We refer to the problem associated with the mappings T, s as the %perturbed
problem. The cost function of a policy " = {po, M1,...} $ ! for this problem is

Jo g =limsup Ty, éé-ﬁuk,g;ﬂ
k $%

and the optimal cost function is $s = inf » 4, J- 5. Assume that for every %> 0:

(1) P; satispes the Bellman equation of the %perturbed problem, &5 = TeJ%s.



330 Noncontractive Models Chap. 4

(2) For every x $ X, we have infe yyscJ+ s(x) = Ps(x).
(3) Forall x$ X and (",x) $ C, we have
Jrs(x) " I (X) + W 5(X),

where w- ¢ is a function such that lim ¢ o w- ¢ = 0.

(4) For every sequence{Jm} . S with Jn ( J, we have

ILrJ) H(xudm)= H(xuJd), %x $ X, u $ U(x).

Then J¢ is a bxed point of T and the conclusions of Prop. 4.4.2 hold. Moreover,
we have
Je = lim Fs.
c Issmo $

Solution: The proof is very similar to the one of Prop. 3.4.1. Condition (2)
implies that for every x $ X and # > 0, there exists a policy "« such that
("x1,x)$ Cand J-, | s(x) " Ps(x) + # Thus, using conditions (2) and (3), we
have for all x $ X, %> 0, #> 0, and " with (",x) $ C,

JeO) L #" Do () #" Ty s() 1 #" Fs(x) " I s(x) " I (x)+ W g(X).
By taking the limit as #( 0, we obtain for all x $ X, %> 0, and" with (",x) $ C,
Je0) " Fs0) " Is() " I () + W g(X).

By taking the limit as %( O and then the inbmum over all " with (",x) $ C, it
follows [using also condition (3)] that for all x $ X,
Je(x) " lim FPs(x) " inf lim J- " inf  Jv(x) = Je(x),
c(x) lim 5(X) e, im $(x) LI (x) = Je(x)
so that J¢ = lim ¢ o Js.
To prove that J¢ is a bxed point of T, we prove that both Jc & TJc and
J¢ " TJ¢ hold. Indeed, from condition (1) and the fact P5 & Jc shown earlier,

we have for all %> 0, ) . . .
P =T P & T & Tlc,

and by taking the limit as %( 0 and using the fact J¢ = lim ¢ o 5 shown earlier,
we obtain J¢ & TJ¢. For the reverse inequality, let {%} be a sequence with
% ( 0. Using condition (1) we have for all m,

H(x,u, p$m )+ % p(x) & (T$m jj$m )(X) = jj$m (x), %x $ X, u $ U(x).

Taking the limitas m ,# , and using condition (4) and the fact Jj$m ( J¢ shown
earlier, we have

H(x,u,J¢) & J&(x), %x $ X, u$ U(X),

so that by minimizing over u $ U(x), we obtain TJ¢ & J¢.
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4.9 (Deterministic Optimal Control with Positive and
Negative Costs per Stage)

In this exercise, we consider the inPnite-spaces optimal catrol problem of Section
4.5 and its notation, but without the assumption g! 0 [cf. Eq. (4.46)]. Instead,
we assume that

" <g(x,u)$# , %x & X, u & U(x), k=0,1,...,

and that J'(x) > "# for all x & X. The latter assumption was also made in
Section 3.5.5, but in the present exercise, we will not assurre the additional near-
optimal termination Assumption 3.5.9 of that section, and w e will use instead
the perturbation framework of Exercise 4.8. Note that J' is a bPxed point of T
because the problem is deterministic (cf. Exercise 3.1).

We say that a policy ! is terminating from state xo & X if the sequence
{x«} generated by! starting from Xxo terminates Pnitely (i.e., satisPes xg = t for
some indexK). We denote by !  the set of all policies that are terminating from
X, and we consider the collection

I "
C= (', x)|! &!«

Let J¢ be the corresponding restricted optimal cost function,

Je(¥)= inf I (x)= inf J(x), X&X,
(! x)" C 1y

and let S be the set of functions

| "
S= J&E(X)|J()=0,J(x)>"# ,x&X

Clearly Cis S-regular, so we may consider the perturbation framework of E xercise
4.8 with p(x) =1 for all x = t and p(t) = 0. Apply the results of that exercise to
show that:

(&) We have
Jec =lm P
"#0

(b) J¢ is the only bxed point of T within the set
| "

W= J&EX)|J(t)=0,3"! J& .
(c) We have T*J ( Jiforall J & W.

Solution:  Part (a) follows from Exercise 4.8, and parts (b), (c) follow from
Exercise 4.8 and Prop. 4.4.2.
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4.10 (On Proper Policies for Stochastic Shortest Paths)

Consider the inPnite-spaces SSP problem of Section 4.6 undethe assumptions
of Prop. 4.6.4, and assume that g is bounded over X + U + W.

(a) Show that if p is a uniformly proper policy, then J, is the unique solution
of the equation J = T,J within B and that TfJ , Jy forall J $ B.

(b) Let J%be a bxed point of T such that J¢$ B and J%¥ P. Show that a
policy p satisfying T,J%= TJ%cannot be uniformly proper.

Solution:  (a) Consideg the problem where the only policy is L, i.e., with control
constraint set U(x) = p(x) , x $ X, and apply Props. 4.6.5 and 4.4.4.

(b) Assume to come to a contradiction that p is uniformly proper. We have
Tud%= TJ%= J% so by part (a) we have J%= J,, while J, & P since p is
uniformly proper. Thus J%& P while J¢¥ P by assumption. This contradicts
the largest Pxed point property of J [cf. Prop. 4.6.5(a)].

4.11 (Example where P is not a Fixed Point of T in Inbnite
Spaces SSP)

We noted in Section 4.6 that some additional assumption, lik e

- ! "3 .
E g(x,uw)+ I f(x,uw) <#, %x$ X, u$ U(x), (4.96)

or the bniteness of W, is necessary to prove that P is a bxed point for SSP
problems (cf. Prop. 4.6.4). [The condition (4.96) is satisped for example if there
exists a policy " (necessarily proper at all x $ X ") such that J- ¢ is bounded
over X "] To see what can happen without such an assumption, conside the
following example, which was constructed by Yi Zhang (priva te communication).

Let X = {1,0,1,2,...}, wheret is the termination state, and let g(x,u,w) *
0, so that 3" (x) * 0. There is only one control at each state, and hence only one
policy. The transitions are as follows:

From each statex =2, 3,..., we move deterministically to state x! 1, from
state 1 we move deterministically to state § and from state 0 we move to state
x =1,2,..., with probability px suchthat = xpyx = # .

Verify that the unique policy is proper at all x =1,2,..., and we have
J(x) = 3" (x) = 0. However, the policy is not proper gt x =0, since the expected
number of transitions from x = 0 to termination is DX/":l Xpx = # . As a result
the set B, is empty and we have J0) = # . Thus P does not satisfy the Bellman
equation for x =0, since

- | w3 %
# = J0) ¥ E gO,uw)+ PfO,uw) = pxAx)=0.

x=1
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4.12 (Convergence of Nonexpansive Monotone Fixed Point
Iterations with a Unique Fixed Point)

Consider the mapping H of Section 2.1 under the monotonicity Assumption 2.1.1.
Assume that instead of the contraction Assumption 2.1.2, th e following hold:

(1) For every J $ B(X), the function TJ belongs to B(X), the space of func-
tions on X that are bounded with respect to the weighted sup-norm corre -
sponding to a positive weighting function v.

(2) T is nonexpansive, i.e.,-TJ! TJ&"- J1 J% forall J,J%% B(X).
(3) T has a unique bxed point within B(X ), denoted J".

(4) If X is inbnite the following continuity property holds: For eac h J $ B(X)
and {Jn} . B(X) with either Jn (J orJm 13,

H(x,u,J)=rLig]/0 H(xuJdm), %X $ X, u$ U(X).

Show the following:

(a) Forevery J $ B(X), we have-TKJ! J"-, 0Qif X is bnite,and T*J , J°
if X is inPnite. 2 . 2
(b) Part (a) holds if, B(X) ig replaced by J $ B(X) |[.J & 0 ,orby J $

B(X)|J()=0 ,orby J$B(X)|J(t)=0,J &0 ,wheret is a special
cost-free and absorbing destination state t.

(Unpublished joint work of the author with H. Yu.)

Solution:  (a) Assume brst that X is bnite. Forany ¢ > 0, let Vo = J" + cv
and consider the sequence{V«} debned by Vk+1 = TV for k & 0. Note that
{W} . B(X),since-Vp-" - J'-+csothat Vo $ B(X), and we have Vi+1 = TV,
so that property (1) applies. From the nonexpansiveness property (2), we have

HuJd +cv)" Hxud )+ cv(x), x$X u$ UX),

and by taking the inbmum over u$ U(x), we obtain J" * T(J +cv)" J +cv,
e, J" " Vi " Vp. From this and the monotonicity of T it follows that J" "

Vis1 " Vi for all k, so that for each x $ X, Vk(x) ( V(x) where V(x) & J" (x).
Moreover, V lies in B(X) (since J° " V " V), and also satisbes-V ! V-, 0
(since X is bnite). From property (2), we have -TVi ! TV-"- W ! V-, so
that -TVx ! TV-, 0, which together with the fact TVk = Vk+1 , V, implies
that V = TV. Thus V = J" by the uniqueness property (3), and it follows that

Vi (J°.

Similarly, debne Wy = TX(J" ! cv), and by an argument symmetric to the
above, Wy 1J". Now for any J $ B(X), let c= -J! J"- in the dePnition of VW
and Wy. Then J" ! cv" J" J" + cv, so by the monotonicity of T, we have
Wi " TKI " VW aswellasWe " J° " Vg for all k. Therefore -TKJ 1 J"-"
-Wi ! V- forall k & 0. Since-Wi ! Vi-"- Wi ! J'-+ -V ! J'-, 0, the
conclusion follows.

If X is inPnite and property (4) holds, the preceding proof goes through,
except for the part that shows that -Vi | V-, 0. Instead we use a dierent
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argument to prove that V = TV. Indeed, since Vk & Vis1 = TVk & TV, it
follows that V & TV. For the reverse inequality we write

TV = inf lim H(xu,Vg) & lim inf H(x,u V)= 1lm TV =V,
u# U(x) k$% k$% u#U(x) k $%

where the prst equality follows from the continuity propert y (4), and the inequal-
ity follows from the generic relation inflim H & liminf H. Thus we haveV = TV,
which by the uniqueness property (3), implies that V = J" and Vi ( J". With a
similar argument we obtain Wy 1J", implying that T<J, J".

(b) The proof of part (a) applies with simple modibcations.

4.13 (Convergence of Nonexpansive Monotone Fixed Point
Iterations with Multiple Fixed Points)

Consider the mapping H of Section 2.1 under the monotonicity Assumption 2.1.1.
Assume that instead of the contraction Assumption 2.1.2, th e following hold:

(1) For every J $ B(X), the function TJ belongs to B(X), the space of func-
tions on X that are bounded with respect to the weighted sup-norm corre -
sponding to a positive weighting function v.

(2) T is nonexpansive, i.e.,-TJ! TJ&"- J1 J% forall J,J%% B(X).

(3) T has a largest Pxed point within B(X ), denoted B, i.e., §$ B(X), Pis a
pxed point of T, and for every other bxed point J¢$ B(X ) we have J&" X.

(4) If X is inPnite the following continuity property holds: Foreac hJ $ B(X)
and {Jm} . B(X) with either Jn (J orJm 1J,

H(x,u,J)=rLig]/0 H(xuJm), %X $ X, u$ UX).

Show the following:
(a) For every J $ B(X) such that Py P+ cv for some c > 0, we have
-Tk3 1 B, 0if X is bnite, and T*J 5 Pif X is inpnite. e
(b) Part (a) holds if, B(X) ia replaced by J $ B(X)|.J &0 ,orby J $
B(X)[J()=0 ,orby J$B(X)|J(t)=0,J &0 ,wheret is a special
cost-free and absorbing destination state t.

(Note the similarity with the preceding exercise.)

Solution: (a) The proof follows the line of proof of the preceding exercise. As-
sume brst that X is bnite. For any ¢ > O, let Vo = P+ cv and consider the
sequence{ Vi} debned by Vi1 = TV for k & 0. Note that {W} . B(X), since
-Vo-"- J- + csothat Vo $ B(X), and we have Vi.1 = TVk, so that property
(1) applies. From the nonexpansiveness property (2), we have

Hxu P+cv)" Hxu I+ cv(x), x$X, u$ U(X),

and by taking the inPmum over u $ U(x), we obtain P T (P+ cv) " P+cv,ie.,
P" Vi " V. From this and the monotonicity of T it follows that P" Vg« " Wk
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for all k, so that for each x $ X, Vi(x) ( V(x) where V(x) & J(x). Moreover,
V lies in B(X) (since P" V " V), and also satispes-Vix ! V-, 0 (since
X is bnite). From property (2), we have -TVi ! TV-" - V! V-, so that
-TVc! TV-, 0, which together with the fact TVk = Vks1 , V, implies that
V = TV. Thus V = P by property (3), and it follows that Vi ( .

If X is inPnite and property (4) holds, the preceding proof goes through,
except for the part that shows that -Vk | V-, 0. Instead we use a dierent
argument to prove that V = TV. Indeed, since Vx & Vks1 = TV & TV, it
follows that V & TV. For the reverse inequality we write

m inf H(xuVy)=Ilm TV =V,
) k$%

i
$% u#U(x

TV = inf lim H(x,u, V) & |
u# U (x) k$% k

where the Prst equality follows from the continuity propert y (4). Thus we have

V = TV, which by property (3), implies that V = Pand Vi ( P.

(b) The proof of part (a) applies with simple modibcations.

4.14 (Necessary and Su ! cient Condition for an Interpolated
Nonexpansive Mapping to be a Contraction)

This exercise (due to unpublished joint work with H. Yu) cons iders a nonexpan-
sive mapping G :' " 2,' ", and derives conditions under which the interpolated
mapping Gy, debned by

Gu(x)=(1 ! &x+ &G(x), x$' ",

is a contraction for all & $ (0,1). Consider ' " equipped with a strictly convex
norm - &-, and the set

4 ) % 5
_ x!'y G(X)! G(y) N
c= -x!y-" -x! y- xy$'xFy

which can be viewed as a set of OslopesO &f along all directions. Show that the
mapping Gy, debned by

Gu(x)=(1 ! &x+ &G(x), x$' ",

is a contraction for all &$ (0, 1) if and only if there is no closure point ( z, w) of C
such that z = w. Note: To illustrate with some one-dimensional examples what
can happen if this closure condition is violated, let G :'2,"' be continuously
di#erentiable, monotonically nondecreasing, and satisfying 0" ) * 1. Note

dx
that G is nonexpansive. We consider two cases.
1) GO)=0, L@ =1,0" LB < 17orx ¥ 0, limysw S < 1and
limysos 9% < 1. Here (z,w) = (1,1) is a closure point of C and
satisbesz = w. Note that Go is not a contraction for any & $ (0, 1),

although it has 0 as its unique bxed point.
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) limysw S8 = 1. Here we have limesys G(x)! G(y) = x! y for
x = y+1,s0(1,1) is a closure point of C. It can also be seen that because
limysse 0 =1, Gy, is not a contraction for any & $ (0,1), and may

have one, more than one, or no bxed points.

Solution:  Assume there is no closure point (z, w) of C such that z = w, and for
&% (0,1), let 8 8
(= sup J(1! &z+ &wY.

(zw)#C
The set C is bounded since for all (z,w) $ C, we have-z- g1, and «w-" 1 by
the nonexpansiveness ofG. Hence, there exists a sequence (zx,wx) . C that
converges to some ¢, W), and is such that

8(1! &)Zk+&Wk8, (

Since (Z,W) is a closure point of C, we haveZ ¥ w. Using the continuity of the
norm, we have

(= 8(1! &z + &w8< 1! &-Z- + &W-" 1,

where for the strict inequality we use the strict convexity o f the norm, and for
the last inequality we use the fact -z- =1 and -w-" 1. Thus ( < 1, and since

8 8
bor o2y ooty o Fen o
" sup 8(l! &)z + &W8

(zw)#C

= (, %X ¥ Y,

it follows that G, is a contraction of modulus (.
Conversely, if Gy is a contraction, we have

, G G(y)g
-x ! y-

sup 8(1! &)z + &W8=sup§(1! g XY
¥y -x! y-

(zw)#C

8G%(X)! Goy)
supl—
XFy -Xtoy-

< 1
Thus for every closure point (z,w) of C,
8(1! &)z + &W8 <1,

which implies that we cannot have z = w.
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In this chapter, we introduce a contractive abstract DP framewak and
related policy iteration (PI) algorithms, specibcally designed for segential
zero-sum games and minimax problems with a general structure. Ade
from greater generality, the advantage of our algorithms over alernatives
is that they resolve some long-standing convergence Wiculties of the Onat-
uralO PI algorithm, which have been known since the Pollatschek and -
Itzhak method [PoA69] for Pnite-state Markov games. Mathemaically, this
OnaturalO algorithm is a form of NewtonOs method for solving BellmanOs
equation, but NewtonOs method, contrary to the case of single-plar DP
problems, is not globally convergent in the case of a minimax problem,
because of an additional di culty: the Bellman operator may have can-
ponents that are neither convex nor concave.

Our algorithms address this di culty by introducing alternating playe r
choices, and by using a policy-dependent mapping with a uniform sup-
norm contraction property, similar to earlier works by Bertsekas and Yu
[BeY10], [BeY12], [YuB13a], which has been described in part in Section
2.6.3. Moreover, our algorithms allow a convergent and highly paralleliable
implementation, which is based on state space partitioning, and distibuted
asynchronous policy evaluation and policy improvement operations vthin
each set of the partition. They are also suitable for approximationsbased
on an aggregation approach.

INTRODUCTION

We will discuss abstract DP frameworks and Pl methods for sequetial
minimax problems. In addition to being more & cient and reliable than
alternatives, our methods are well suited for distributed asynchonous im-
plementation. In Sections 5.1 and 5.2, we will discuss an abstract DP
framework, which can be derived from the contractive frameworkof Chap-
ter 2. We will revisit abstract Pl algorithms within this framework and
show how they relate to known algorithms for minimax control. We will
also discuss how these algorithms when applied to discounted and tainat-
ing zero-sum Markov games, lead to methods such as the ones by Hoan
and Karp [HoK66], and by Pollatschek and Avi-ltzhak [PoA69]. We will
note some of the drawbacks of these methods, particularly the rem to
solve a substantial optimization problem as part of the policy evaluaton
phase. These drawbacks motivate new Pl algorithms and a dierent ab-
stract framework, based on an alternating player choices formatwhich we
will introduce in Section 5.3.

In our initial problem formulation, the focus of Sections 5.1 and 5.2,
we consider abstract sequential inPnite horizon zero-sum game dmini-
max problems, which involve two players that choose controls at edtstate
x of some state spac& , from within some state-dependent constraint sets:
a minimizer , who selects a controlu from within a subset U(x) of a control
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spaceU, and a maximizer, who selects a controlv from within a subset
V (x) of a control spaceV. The spacesX, U, and V are arbitrary. Func-
tions p: X I" Uand! : X " V such that pu(x) # U(x) and ! (x) # V(x)
for all x # X, are called policies for the minimizer and the maximizer,
respectively. The set of policies for the minimizer and the maximizer ae
denoted by M and N, respectively.

As in earlier chapters, the main idea is to start with a general map-
ping that debnes the Bellman equation of the problem. In particular,we
introduce a real-valued mapping that is suitable for minimax problems,
and has the form

H(x,u,v,J), X# X, u#UX), v#V(x), J#B(X) (5.1)

cf. Example 2.6.4. In Eq. (5.1),B(X) is the space of real-valued functions
on X that are bounded with respect to a weighted sup-norm
I I
I I
$I$=sup L J # B(X), (5.2)
x1x(X)
where " is a function taking a positive value "(x) for each x # X. Our
main assumption is the following:

Assumption 5.1.1: (Contraction for Minimax Problems) For
everyp # M, | # N, consider the operatorT,, that maps a function
J # B(X) to the function T, J debned by

(T )(X)= H x, p(x),! (x),J#, X # X, (5.3)

and assume the following:
(@) Ty J belongs toB(X) for all J # B(X).

(b) There exists an# # (0,1) such that for all p # M, ! # N,
the operator Ty, is a contraction mapping of modulus# with
respect to the weighted sup-norm (5.2), i.e., for alld, J" # B (X),
M# M ,and! # N,

I I
! | ) LI (x)!
ST\ 3 %T, 1 J°$= sup (T 1 I)(X) % (Ty,1 I7)(X)

o & #3$J %J"$.
x! X (X)

Since Ty, is a contraction within the complete spaceB (X ), under
the preceding assumption, it has a unique bxed point,,: # B(X). We
are interested in the operatorT : B(X) !" B(X), dePned by

(TI)(x) = inf sup H(x,u,v,J), X # X, (5.4)
ul U() v v ()
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or equivalently,

(TI)x) = inf sup(TyJ)(x), X # X. (5.5)
HEM N

An important fact is that T is a contraction mapping from B (X ) to B(X).
Indeed from Assumption 1.1(b), we have forallx # X, u# M ,and! # N,

(Tu 1 I)(X) & (Tt I)(X) + #$I %I"$"(X).

Taking the supremum over! # N of both sides above, and then the inbmum
over u# M , and using Eq. (5.5), we obtain

(TI)(X) & (TI)(x) + #BI %I"$"(x), for all x # X.
Similarly, by reversing the roles ofJ and J", we obtain

(TINX) & (TI)(X)+ #3I %JI"$"(x), for all x # X.
Combining the preceding two relations, we have

!(TJ)(X) %(TJ")(X); & #3J %J"$"(x), for all x # X,

and by dividing with "(x), and taking supremum over x # X, it follows
that
$TI %TI'S&#BI %I'$.

Thus T is a contraction mapping from B(X) to B(X), with respect to
the sup-norm (5.2), with modulus #, and has a unique bxed point within
B (X)), which we denote byJ*.

BellmanOs Equation and Minimax Optimal Policies

Given a mappingH of the form (5.1) that satisPes Assumption 1.1, we are
interested in computing the bPxed pointJ* of T, i.e., a function J* such
that
J*(x)= inf  sup H(x,u,v,J%), for all x # X. (5.6)
ult U(x) v v (x)
Moreover, we are interested in bnding a policyu# # M (if it exists) that
attains the inbmum for all x # X as in the following equation

p#(x) # arg min H(x,u,J"), for all x # X,
u! U(x)

where for all x # X, u# U(x), and J # B(X), the mapping H is debned

by
H(x,u,J)= sup H(x,u,v,J).
vl V(x)
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We are also interested in Pnding a policy # # N (if it exists) that attains
the supremum for all x # X as in the following equation

#
I#(x) # arg max H x,p#(x),v,J" , for all x # X.
vV (x)

In the context of a sequential minimax problem that is addressed by
DP, the bxed point equation J* = TJ"* is viewed as a form of BellmanOs
equation. In this case,J”(x) is the minimax cost starting from state x.
Moreover p# is an optimal policy for the minimizer in a minimax sense,
while ! # is a corresponding worst case response of the maximizeitUnder
suitable assumptions onH (such as convexity in u and concavity in v)
the order of minimization and maximization can be interchanged in the
preceding relations, in which case it can be shown that|{#,! #) is a saddle
point (within the space M ' N) of the minimax value Jy (x), for every
X#X.

Markov Games

The simplest special case of a sequential stochastic game problemhich
relates to our abstract framework, was introduced in the paper ly Shapley
[Sha53] for undiscounted bnite-state problems, with a terminationstate,
where the Bellman operator T,,1 is contractive with respect to the (un-
weighted) sup-norm for allp # M, and ! # N. ShapleyOs work brought
the contraction mapping approach to prominence in DP and sequenaél
game analysis, and was subsequently extended by several autlsoin both
undiscounted and discounted settings; see e.g., the book by Filar anvrieze
[FiV97], the lecture notes by Kallenberg [Kal20], and the works referaced
there. Let us now describe a class of bnite-state zero-sum gameoplems
that descend from ShapleyOs work, and are often called OMarkovngesO
(the name was introduced by Zachrisson [Zac64]).

Example 5.1.1 (Discounted Finite-State Markov Games)

Consider two players that play repeated matrix games at each of an inbnite

number of stages, using mixed strategies. The game played ata given stage is
debned by a statex that takes values in a Pnite set X, and changes from one
stage to the next according to a Markov chain whose transitio n probabilities

are inBuenced by the playersO choices. At each stage and statx ! X, the

minimizer selects a probability distribution u = (ug,...,un) over n possible
choicesi = 1,...,n, and the maximizer selects a probability distribution v =

(v1,...,vm) over m possible choicesj = 1,...,m. If the minimizer chooses
i and the maximizer choosesj, the payo! of the stage is ag (x) and depends
on the state x. Thus the expected payo! of the stage is i ai (X)uiv; or
u'A(x)v, where A(x) is the n" m matrix with components a; (x) (u and v
are viewed as column vectors, and a prime denotes transposiion).
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The state evolves according to transition probabilities auy (i,j ), where i
and j are the moves selected by the minimizer and the maximizer, respectively
(here y represents the next state and game to be played after movesi and j
are chosen at the game represented byx). When the state is x, under u and
v, the state transition probabilities are

% 9%
Py (U, V) = Uivj Gy (i, ) = U!Qxy \Z
i=1 j=1

where Qxy is the n" m matrix that has components gy (i,j ). Payo!s are
discounted by ! ! (0, 1), and the objectives of the minimizer and maximizer,
are to minimize and to maximize the total discounted expecte d payo!, re-
spectively.

As shown by Shapley [Sha53], the problem can be formulated asa bxed
point problem involving the mapping H given by

%
H(x,u,v,J)= u'AX)v+! Py (U, V)J ()
y" X .
& % (5.7)
=u AX)+ ! Qxy J(y) V.
y" X

It can be veribed that H satisbes the contraction Assumption 1.1 [with
"(x) # 1]. Thus the corresponding operator T is an unweighted sup-norm
contraction, and its unique pxed point J* satispes the Bellman equation

J*(x) = (TIHNx) = min max H (x, u, v, J ), forall x ! X, (5.8)
u" v"
where U and V denote the sets of probability distributions u = (u,...,un)
andv =(v1,...,Vm), respectively.
Since the matrix debning the mapping H of Eq. (5.7),
%
A(x)+ ! Qxy J(¥),
y" X

is independent of u and v, we may view J#(x) as the value of a static (nonse-
quential) matrix game that depends on x. In particular, from a fundamental
saddle point theorem for matrix games, we have
min maxH (x,u,v,J *) = max min H (x,u,v,J *), for all x! X. (5.9)
u"u v"v v'V u" U
It was shown by Shapley [Sha53] that the strategies obtained by solving the
static saddle point problem (5.9) correspond to a saddle point of the sequential
game in the space of strategies. Thus once we Pnd# as the bxed point of the

mapping T [cf. Eqg. (5.8)], we can obtain equilibrium policies for the m inimizer
and maximizer by solving the matrix game (5.9).
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Example 5.1.2 (Undiscounted Finite-State Markov Games
with a Termination State)

Here the problem is the same as in the preceding example, excpt that there
is no discount factor (! = 1), and in addition to the states in X, there is a
termination state t that is cost-free and absorbing. In this case the mapping
H is given by
& '
%
H(x,u,v,J)=u  A(x)+ Qu () Vv, (5.10)
y" X

cf. Eqg. (5.7), where the matrix of transition probabilities Q,y may be sub-
stochastic, while T has the form

(TI)x) = rmnU rvr]e}/x H(x,u,v,J). (5.11)

Assuming that the termination state t is reachable with probability one under
all policy pairs, it can be shown that the mapping H satisbes the contraction
Assumption 1.1, so results and algorithms that are similar t o the ones for the
preceding example apply. This reachability assumption, however, is restric-
tive and is not satisbed when the problem has a semicontractive character,
whereby T, 1 is a contraction under some policy pairs but not for others. | n
this case the analysis is more complicated and requires the mtion of proper
and improper policies from single-player stochastic shortest path problems;
see the papers [BeT91], [PaB99], [YuB13a], [Yul4].

In the next section, we will view our abstract minimax problem, in-
volving the Bellman equation (5.6), as an optimization by a single player
who minimizes against a worst-case response by an antagonistic opp
nent/maximizer, and we will describe the corresponding PI algorithm This
algorithm has been known for the case of Markov games since the 89s. We
will highlight the main weakness of this algorithm: the computational cost
of the policy evaluation operation, which involves the solution of the nmaxi-
mizerOs problem for a bxed policy of the minimizer. We will then discuss an
attractive proposal by Pollatschek and Avi-ltzhak [PoA69] that o vercomes
this di! culty, albeit with an algorithm that requires restrictive assum p-
tions for its validity. Then, in Section 5.3, we will introduce and analyze a
new algorithm, which maintains the attractive structure of the Polla tschek
and Avi-ltzhak algorithm without requiring restrictive assumptions . We
will also show the validity of our algorithm in the context of a distribute d
asynchronous implementation, as well as in an on-line context, whichn-
volves one-state-at-a-time policy improvement, with the states gnerated
by an underlying dynamic system or Markov chain.
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RELATIONS TO SINGLE-PLAYER ABSTRACT DP
FORMULATIONS

In this section, we will reformulate our minimax problem in a way that
will bring to bear the theory of Chapter 2. In particular, we will view t he
problem of bPnding a Pxed point of the minimax operatorT of Eq. (5.4)
[cf. the Bellman equation (5.6)] as a single-player optimization problemby
redebningT in terms of the mapping H given by

H(x,u,J)= sup H(x,u,v,J), X# X, u#U(), J#B(X).

vl V(x)
(5.12)
In particular, we write T as
(TIH(x)= inf H(xuJ), X # X, (5.13)
u! U(x)

or equivalently, by introducing for each u# M the operator T,, given by

_ _ # #
(Tpd)(X)= H x,pu(x),J = sup H x,pu(x),v,J , Xx# X, (5.14)
vl V(x)

we write T as
(TI)x) = prM (Tud)(x), X # X. (5.15)

Our contraction assumption implies that all the operators Ty, L # M, as
well as the operatorT are weighted sup-norm contractions fromB (X ) to
B (X), with modulus #.

Thus the single-player weighted sup-norm contractive DP framewaok
of Chapter 2 applies directly to the operator T as debned by Eq. (5.15). In
particular, to apply this framework to a minimax problem, we start fr om
the mapping H of Eqg. (5.12), which dePnesT, via Eq. (5.14), and then T,
using Eq. (5.15).

PI Algorithms

In view of the preceding transformation of our minimax problem to the
single-player abstract DP formalism, the PI algorithms developed fo the
latter apply, and in fact these algorithms have been known for a longime
for the special case of bnite-state Markov games, cf. Examples151 and
5.1.2.

In particular, the standard form of Pl generates iteratively a sequence
of policies {ut}. The typical iteration starts with pt and computespt+!
with a minimization that involves the optimal cost function of a maxi-
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mizerOs abstract DP problem with the minimizerOs policy bxed at, as
follows:

Iteration (t +1) of Abstract Pl Algorithm from the Mini-
mizerOs Point of View

Given pt, generatept*! with a two-step process:

(@) Policy evaluation , which computes J,;: as the unique Pxed
point of the mapping T“t given by Eq. (5.14), i.e.,

‘]Ht = Tut\]ut, (5.16)

or equivalently

#
= t
Jut(x) vm\?%(x) H X pt(x), v, Jyue X # X. (5.17)

(b) Policy improvement , which computes put*! as a policy that

satisbes _
Tyesn Iyt = Ty, (5.18)
or equivalently
( )
pttl (x) # arg min max H (X u,v,J.) , X # X.

ul U(x) v!V(x)
(5.19)

There are alsooptimistic forms of Pl , which starting with a function

JO # B(X), generate a sequence of function-policy pair§Jt, ut} with the
algorithm

Tdt=TJa, It =TRJY,  k=0,1,..., (5.20)

where {m;} is a sequence of positive integers; see Section 2.5. Here the
policy evaluation operation (5.16) that Pnds the bxed point of the maping
Tut is approximated by m; value iterations using T“t, and starting from
Jt, as in the second equation of (5.20). The convergence of the albatt
forms of these PI algorithms has been established under the additial

Policy improvement involves an optimization operation tha t debnes the
new/improved policy. Throughout this chapter, and in the co ntext of Pl algo-
rithms, we implicitly assume that this optimization can be c arried out, i.e., that
the optimum is attained, and write accordingly OminO and OmaxO in place of
OinfO and Osup,0 respectively.
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monotonicity assumption

T &T,J"  forall 3,3"#B(X) with J & J°, (5.21)

which is typically satisbed in DP-type single-player and two-player prdblem
formulations.

The drawback of the preceding Pl algorithms is that the policy eval-
uation operation of Eq. (5.16) and its optimistic counterpart of Eq. (5.20)
aim to bnd or approximate the bxed point ofﬂt, which involves a poten-
tially time-consuming maximization over v # V (x); cf. the debnition (5.14)
and Eq. (5.17). This can be seen from the fact that Eq. (5.17) is BellranOs
equation for a maximizerOs abstract DP problem, where the minimizer is
known to use the policyut. There is a Pl algorithm for Pnite-state Markov
games, due to Pollatschek and Avi-ltzhak [PoA69], which was specitadly
designed to avoid the use of maximization overv # V(x) in the policy
evaluation operation. We present this algorithm next, together with a pre-
decessor PI algorithm, due to Hd man and Karp [HoK66], which is in fact
the algorithm (5.16)-(5.19) applied to the Markov game Example 5.1.1.

The Ho ! man-Karp, and Pollatschek and Avi-ltzhak Algorithm S
for Finite-State Markov Games

The PI algorithm (5.16)-(5.19) for the special case of bnite-stateMarkov
games (cf. Example 5.1.1), has been proposed by Miman and Karp [HoK66].
It takes the form

Ju(x) = mla\>/( H x,pt(x),v,J X # X, (5.22)
A

pt oo

where H is the Markov game mapping (5.7) (this is the policy evaluation
step), followed by solving the static minimax problem

mlﬂ ma\l/xH (X, u, v, J ), X # X, (5.23)

and letting ut*! be a policy that attains the minimum above (this is the
policy improvement step). The policy improvement subproblem (5.23)is a
matrix saddle point problem, involving the matrix
%
A+ Quydue(y),
y! X

[cf. Eq. (5.10)], which is easily solvable by linear programming for eackx
(this is well-known in the theory of matrix games).

However, the policy evaluation step (5.22) involves the solution of
the maximizerOs Markov decision problem, for the bxed policyt of the
minimizer. This can be a quite di! cult problem that requires an expensiwe
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computation. The same is true for a modibed version of the Homan-Karp
algorithm proposed by van der Wal [Van78], which involves an approxinate
policy evaluation, based on a limited number of value iterations, as in tte
optimistic Pl algorithm (5.20). The computational di ! culty of the policy
evaluation phase of the Hd man-Karp algorithm is also shared by other PI
algorithms for sequential games that have been suggested in the ditature
in subsequent works (e.g., Patek and Bertsekas [PaB99], and Yu [Yul).

Following the publication of the Ho" man-Karp algorithm, another PI
algorithm for Pnite-state Markov games was proposed by Pollatsobk and
Avi-ltzhak [PoA69], and has attracted considerable attention beause it
is more computationally expedient. It generates a sequence of miniizer-
maximizer policy pairs {ut,!t} and corresponding game value functions
Jutit(x), starting from each state x. In particular, the standard form of
Pl generates iteratively a sequence of policiegut}. We give this algorithm
in an abstract form, which parallels the PI algorithm (5.16)-(5.19). The
typical iteration starts with a pair ( ut,!t) and computes a pair t+1,!t+1)
as follows:

Iteration (t +1) of the Pollatschek and Avi-ltzhak Pl Algo-
rithm in Abstract Form

Given (ut,!t), generate (t+l,!t+1) with a two-step process:

(a) Po_licy evaIL_Jation , Which computes J;;« ,+ by solving the Pxed
point equation

Jutat(X) = H X pt(x), FH(x), Jye 1#, X # X. (5.24)

(b) Policy improvement , which computes (t+1,!t+1) by solving
the saddle point problem

m@ U?avXH(X,U,V,\]ut’!t), X # X. (5.25)

The Pollatschek and Avi-ltzhak algorithm [PoA69] is the algorithm
(5.24)-(5.25), specialized to the Markov game case of the mapping that
involves the matrix %

A(x) + Qxy Iyt 1t (y),
y! X

similar to the Ho" man-Karp algorithm, cf. Eq. (5.10). A key observaion is
that the policy evaluation operation (5.24) is computationally comparable
to policy evaluation in a single-player Markov decision problem, i.e., solvig
a linear system of equations. In particular, it does not involve solution
of the Markov decision problem of the maximizer like the Hd man-Karp
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P1 algorithm [cf. Eq. (5.22)], or its approximate solution by multiple valu e
iterations, as in the van der Wal optimistic version (5.20) for Markov games.

Computational studies have shown that the Pollatschek and Avi-
Itzhak algorithm converges much faster than its competitors,when it con-
verges(see Breton et al. [BFH86], and also Filar and Tolwinski [FiT91],
who proposed a modibcation of the algorithm). Moreover, the number
of iterations required for convergence is fairly small. This is consistet
with an interpretation given by Pollatschek and Avi-ltzhak in their pa per
[PoAB9], where they have shown that their algorithm coincides with a brm
of NewtonOs method for solving the bxed point/Bellman equatiod = TJ
(see Fig. 5.2.1). The close connection of Pl with NewtonOs method is well-
known in control theory and operations research, through seval works,
including Kleinman [Kle68] for linear-quadratic optimal control proble ms,
and Puterman and Brumelle [PuB78], [PuB79] for more abstract setings.
Its signibcance in reinforcement learning contexts has been discssd at
length in the authorOs recent books [Ber20] and [Ber22]; see also tec
1.3.

Unfortunately, however, the Pollatschek and Avi-ltzhak algorith m is
valid only under restrictive assumptions (given in their paper [PoA69]).
The di! culty is that NewtonOs method applied to the Bellman equation
J = TJ need not be globally convergent when the operatofl corresponds
to a minimax problem. This is illustrated in Fig. 5.2.1, which also illus-
trates why NewtonOs method (equivalently, the Pl algorithm) is globdy

NewtonOs method for solving a general bxed point problem of the form
z = F(z), where z is an n-dimensional vector, operates as follows: At the current
iterate zx, we linearize F and bnd the solution z+; of the corresponding linear
bxed point problem, obtained using a brst order Taylor expan sion:

#F (z«)

w1 =F + —
Zk+1 (z«) pres

(zk+1 $ ),

where #F (zy)/ #z is the n" n Jacobian matrix of F evaluated at the n-dimensional
vector zx. The most commonly given convergence rate property of NewtonOs
method is quadratic convergence It states that near the solution z*, we have

#
Yair $ Z7%= O % $ 2°% ,

where %&%is the Euclidean norm, and holds assuming the Jacobian matrix exists
and is Lipschitz continuous (see [Berl6c], Section 1.4). Qualitatively similar
results hold under other assumptions. In particular a super linear convergence
statement (suitably modibed to account for lack of di ! erentiability of F) can be
proved for the case whereF (z) has components that are either monotonically
increasing or monotonically decreasing, and either concaw or convex. In the
case of the Pollatschek and Avi-ltzhak algorithm, the main d i" culty is that the
concavity/convexity condition is violated; see Fig. 5.2.1 .
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Figure 5.2.1  Schematic illustration of the abstract minimax Pl algorith m (5.24)-
(5.25) in the case of a minimax problem involving a single sta te, in addition to a
termination state t; cf. Example 5.1.2. We have J#(t) = 0 and ( TJ)(t) = O for
all J with J(t) =0, so that the operator T can be graphically represented in just
one dimension (denoted by J) that corresponds to the nontermination state. This
makes it easy to visualize T and geometrically interpret why NewtonOs method
does not converge. Because the operator T may be neither convex nor concave
for a minimax problem, the algorithm may cycle between pairs (i, !) and (#, ¥),
as shown in the bgure. By contrast in a (single-player) Pnite -state Markovian
decision problem, T has piecewise linear and concave components, and the PI
algorithm converges in a Pnite number of iterations. The bgu re illustrates an
operator T of the form

*
+ t + 1 -
TJ=min max "11(J), "12(J) , max "21(J), "22(J) ,

where "jj (J), are linear functions of J, corresponding to the choices i = 1, 2 of the
minimizer and j =1, 2 of the maximizer. Thus TJ is the minimum of the convex
functions

+ s + s
max "11(J), "12(J) and max "21(J), "22(J) ,

as shown in the bgure. NewtonOs method linearizes TJ at the current iterate [i.e.,
replaces TJ with one of the four linear functions "jj (J), i =1,2,j =1,2 (the
one attaining the min-max at the current iterate)] and solve s the corresponding
linear Pxed point problem to obtain the next iterate.
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convergent in the case of a single-player Pnite-state Markov ded@n prob-
lem, as is well known. In this case each componenfl(J)(x) of the function
TJ is concave and piecewise linear, thereby guaranteeing the Pnite ter
mination of the PI algorithm. This is not true in the case of bnite-state
minimax problems and Markov games. The di culty is that the functions
(TJ)(x) may be neither convex nor concave inJ, even though they are
piecewise linear and have a monotonicity property (cf. Fig. 5.2.1). Infact
a two-state example where the Pollatschek and Avi-ltzhak algoritm does
not converge toJ* was given by van der Wal [Van78]. This example in-
volves a single state in addition to a termination state, and the algorithm
oscillates similar to Fig. 5.2.1. Note that the Ho' man-Karp algorithm does
not admit an interpretation as NewtonOs method, and is not subjecto the
convergence di culties of the Pollatschek and Avi-ltzhak algorithm.

A NEW Pl ALGORITHM FOR ABSTRACT MINIMAX DP
PROBLEMS

In this section, we will introduce modibcations to the Pollatschek andAvi-
Itzhak algorithm, and its abstract version (5.24)-(5.25), given in the pre-
ceding section, with the aim to enhance its convergence propertiesvhile
maintaining its favorable structure. These modibcations will apply to a
general minimax problem of bPnding a bxed point of a suitable contradte
operator, and d'er the additional benebt that they allow asynchronous,
distributed, and on-line implementations. They are also suitable for g-
proximations based on an aggregation approach, which will be discegd in
Section 5.5.

Our PI algorithm is motivated by a line of analysis and correspond-
ing algorithms introduced by Bertsekas and Yu [BeY10], [BeY12] for ds-
counted inPnite horizon DP problems, and by Yu and Bertsekas [YuB3a]
for stochastic shortest path problems (with both proper and improper poli-
cies). These algorithms were also presented in general abstraairi in the
authorOs book [Ber12a], as well as in Section 2.6.3. The Pl algorithm dfi$
section uses a similar abstract formulation, but replaces the single @apping
that is minimized in these works with two mappings, one of which is min-
imized while the other is maximized. Mathematically, the di! culty of the
Pollatschek and Avi-ltzhak algorithm is that the policies (ut*1,!t+1) ob-
tained from the policy improvement/static game (5.25) are not OimpiovedO
in a clear sense, such as

Juten e (X) & Iy (%), for all x # X,

as they are in the case of single-player DP, where a policy improvemeén
property is central in the standard convergence proof of singlglayer PI.
Our algorithm, however, does not rely on policy improvement, but raher
derives its validity from a uniform contraction property of an underlying
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operator, to be given in Section 5.4 (cf. Prop. 5.4.2). In fact,our algorithm
does not require the monotonicity assumption (5.21) for itsconvergence
and thus it can be used in minimax problems that are beyond the scopef
DP.

As an aid to understanding intuitively the abstract framework of th is
section, we note that it is patterned after a multistage process, \mereby at
each stage, the following sequence of events is envisioned (cf. Fig3.1):

(1) We start at some state x; from a spaceX;.

(2) The minimizer, knowing X1, chooses a controlu # U(x1). Then a
new state x, from a spaceX, is generated as a function of X1, u).
(It is possible that X1 = X3, but for greater generality, we do not
assume so. Also the transition fromx; to X2 may involve a random
disturbance; see the subsequent Example 3.3.)

(3) The maximizer, knowing X2, chooses a controlv # V(x2). Then a
new statex; # X1 is generated.

(4) The next stage is started atX; and the process is repeated.

If we start with x3 # X1, this sequence of events corresponds to Pnding the
optimal minimizer policy against a worst case choice of the maximizer, ad
the corresponding min-max value is denoted byJ; (x1). Symmetrically, if
we start with X2 # X, this sequence of events corresponds to Pnding the
optimal maximizer policy against a worst case choice of the minimizer, ad
the corresponding max-min value is denoted byd, (x2).

This type of framework can be viewed within the context of the theay
of zero-sum games in extensive form, a methodology with a long histg
[Kuh53]. Games in extensive form involve sequential/alternating choies
by the players with knowledge of prior choices. By contrast, for gaes in
simultaneous form, such as the Markov games of the preceding d&m, the
players make their choices without being sure of the other playerObaices.

Fixed Point Formulation

We consider the space of bounded functions of; # X1, denoted byB (X 1),
and the space of bounded functions ok, # X2, denoted by B (X32), with
respect to the norms$J1$1 and $J,$, debned by

I I | |
I3 ! 13 !
$J1$1 = sup 1(x1) $J2% = sup 2(x2)

xit xg 1(xa) xol Xo 2(X2) (5-26)

For example, our algorithm can be used for the asynchronous dstributed
computation of bxed points of concave operators, arising in belds like economics
and polulation dynamics. The key fact here is that a concave function can be
described as the minimum of a collection of linear functions through the classical
conjugacy operation.
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Stage for Minimizer
Min-max value Jj (x1)

|
() ——(m)—()

Stage for Maximizer
Max-min value J; (X2)

[
‘

Figure 5.3.1 Schematic illustration of the sequence of events at each sta ge of
the minimax problem. We start at x3 ! X31. The minimizer chooses a control

u! U(x1), anew state xp ! X is generated, the maximizer chooses av ! V(xz2),
and a new state X3 ! X is generated, etc. If the stage begins at x; rather than

X1, this corresponds to the max-min problem. The correspondin g min-max and

max-min values are Jf(xl) and Jf(xz), respectively.

where "; and ", are positive weighting functions, respectively. We also
consider the spaceB(X1)"' B(X2) with the norm

. . + 1
< (J1,d2)- =max $31$1, $3.%> . (5.27)

We will be interested in Pnding a pair of functions J;,J,) that are
the bxed point of mappings

Hi:X1' U" B(X2)!" B(X1), Ho:X2' V' B(X1)!" B(X2),
in the following sense: for allxy # X1 and x2 # X2,

Ji(xa)= inf  Hi(xa1,u,J3), Jo(x2) = sup Ha(xz,v,J;).
u! U(x1q) vl V(x2)

(5.28)

These two equations form an abstract version of BellmanOs equatidaor
the inPnite horizon sequential min-max problem described by the sagence
of events (1)-(4) given earlier. We will assume later (see Section 54hat
H1 and Hz have a contraction property like Assumption 5.1.1, which will
guarantee that (J;,J,) is the unique Pxed point within B(X1)' B(X2).

Note that the bxed point problem (5.28) involves both min-max and
max-min values, without assuming that they are equal. By contrastthe
algorithms of Section 5.2 aim to compute only the min-max value. In
the case of a Markov game (cf. Examples 5.1.1 and 5.1.2), the min-max
value is equal to the max-min value, but in general min-max may not be
equal to max-min, and the algorithms of Section 5.2 will only bPnd min-
max explicitly. We will next provide an example to interpret J; and J; as
the min-max and max-min value functions of a sequential inbnite horibn
problem involving the sequence of events (1)-(4) given earlier.
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Example 5.3.1 (Discounted Minimax Control - Explicit
Separation of the Two Players)

In this formulation of a discounted minimax control problem , the states of
the minimizer and the maximizer, respectively, at time k are denoted by
X1k ! X1 and xzx ! X2, and they evolve according to

Xok+1 = f1(X1k,Uk), X1k+1 = f2(Xak+1,Vk), k=0,1,.... (5.29)

The mappings H1 and H» are given by

#
H1(X1,U,J2): gl(xl,u)+ 13, fl(Xl,U) y (5.30)

#
Hz(Xz,V,Jl)= gz(Xz,V)+ [BNEY fz(Xz,V) y (5.31)

where g; and g, are stage cost functions for the minimizer and the maximizer,
respectively. The corresponding bxed point problem of Eq. (5.28) has the form

/ "
Jix) = inf gu(xg,u)+ 1 JY fa(xe,u) (5.32)
u" U(xq)

/ "

J¥(X2) = sup  O2(X2,V)+ 1JF fa(xa,v) . (5.33)
V"V (x2)

Example 5.3.2 (Markov Games)

We will show that the discounted Markov game of Example 5.1.1 can be
reformulated within our bxed point framework of Eq. (5.28) b y letting X, =
X, X2 = X" U, and by redebning the minimizerOs control to be a probability
distribution ( ui,...,un), and the maximizer®s control to be one of them
possible choices) =1,...,m.

To introduce into our problem formulation an appropriate co ntraction
structure that we will need in the next section, we use a scaling parameter $
such that

$> 1, 1$ < 1 (5.34)

The idea behind the use of the scaling parameter $ is to introduce discount-
ing into the stages of both the minimizer and the maximizer. W e consider
functions J¥(x) and J%(x,u) that solve the equations

1 .
JHx) = §T'U‘J§(X’u)’ (5.35)
1 & '
. %
Jxu)=max u AX)+1$  QuIi(y) @)....,
& 2 5.36
% (5.36)

u AX)+1$ Qnyf(Y) (m) ,
y" X
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where & '
% . . .
AX)+ 1$ Qudz(y) (), J=1,....m, (5.37)
y" X
denotes thej th column of the matrix
%
AX)+ 13 QyII(Y) (5.38)

y" X

It can be seen from these equations that
& '
# ! % #
J;(x,u) = max. u A(x)+ '$ Qxy J1(y) v, (5.39)
h

y" X

since the maximization over v ! V above is equivalent to the maximization
over the m alternatives in Eqg. (5.36), which correspond to the extreme points
of the unit simplex V. Thus from Eqgs. (5.35) and (5.39), it follows that the
function $J7 satisbes
& '
%
($IN)0() =min max u' A+ ! Qy (SIN() v,
y" X

so it coincides with the vector of equilibrium values J# of the Markov game
formulation of Example 5.1.1 [cf. Eq. (5.7)-(5.8)].

Note that J%(x, § is a piecewise linear function of u with at most m
pieces, debned by the columns (5.37). Thus the bxed point 0#,J%) can be
stored and be computed as a Pnite set of numbers: the real numters J#(x),
x I X, which can also be used to compute then " m matrices

%
A+ 18 Qyli(y),  x! X
y" X

whose columns debnel} (x, u), cf. Eq. (5.36).
We Pnally observe that the two equations (5.35) and (5.39) can be
written in the form (5.28), with X1 = X, x2 =(x,u), and H1, H, debned by

Hi(x,u,J2) = %Jz(X,U),
& .
%
Ha(x,u,v,d1) = Ut A(X)+ 18 Qqli(y) V.
y" X

An important area of application of our two-player framework is con-
trol under set-membership uncertainty within a game-against-ndure for-
mulation, whereby nature is modeled as an antagonistic opponent aosing
v # V(x2). Here only the min-max value is of practical interest, but our
subsequent Pl methodology will Pnd the max-min value as well. We proide
two examples of this type of formulation.
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Example 5.3.3 (Discounted Minimax Control Over an
InPnite Horizon)

Consider a dynamic system whose state evolves at each timek according to
a discrete time equation of the form

Xie1 = F (X, Ui, Vi), k=0,1,..., (5.40)

where xi is the state, ui is the control to be selected from some given set
U(xx) (with perfect knowledge of xx), and v is a disturbance that is selected
by an antagonistic nature from a set V (xy,ux) [with perfect knowledge of

(X, uk)]- A cost g(xk, Uk, Vk) is incurred at time Kk, it is accumulated over an

inPnite horizon, and it is discounted by ! ! (0,1). The Bellman equation for

this problem is

/ "
J*(x) = inf sup  g(x,u,v)+ 1J3* f(x,uv) (5.41)

u" U(x) v v (xu)

and the optimal cost function J# is the unique bPxed point of this equation,
assuming that the cost per stage g is a bounded function.

To reformulate this problem into the bxed point format (5.28 ), we iden-
tify the minimizerOs state x; with the state x of the system (5.40), and the
maximizerOs statex, with the state-control pair ( x,u). We also introduce a
scaling parameter $ that satispes$ > 1 and!$ < 1; cf. Eq. (5.34). We debne
H1 and H» as follows:

H1(x,u,J2) maps (x,u,J2) to the real value %Jz(x, u),

H2(x,u,v,J1) maps (x,u,v,J1) .,

#
to the real value g(x,u,v)+ 1$ J1 f(x,u,v) .
Then the resulting bxed point problem (5.28) takes the form
($IN) = inf 3T (x,u),
u" U(x)
/ "

Jixu)= sup  g(x,u,v)+ ! ($IH) f(x,uv)

v" V(xu)

which is equivalent to the Bellman equation (5.41) with J# = $J¥.
Example 5.3.4 (Discounted Minimax Control with Partially
Stochastic Disturbances)

Consider a dynamic system such as the one of Eq. (5.40) in the peceding
example, except that there is an additional stochastic dist urbance w with
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known conditional probability distribution given ( x,u,v). Thus the state
evolves at each timek according to

Xi+1 = F (X, Uk, Vi, Wk ), k=0,1,..., (5.42)

and the cost per stage isg(X«, Uk, Vk, Wk ). The Bellman equation now is
* n | -
J*(x) = inf sup Ew g(x,uv,w)+ 1J3% f(x,uv,w) !'xuv , (5.43)

u" U(x) y" v (xu)
and J# is the unique bxed point of this equation, assuming that g is a bounded
function.

Similar to Example 5.3.3, we let the minimizerOs state bex, and the
maximizerOs state be X, u), we introduce a scaling parameter $ that satisbes
$>1and!$ < 1;cf Eq. (5.34), and we debneH; and H; as follows:

H1(x,u,J2) maps (x,u,J>) to the real value §%Jz(x, u),

H2(x,u,v,J1) maps (X, u,v,J*l)

" # -
to the real value Ew g(x,u,v,w)+ 1$ J1 f(X,u,v,w) Px,uv

The resulting bxed point problem (5.28) takes the form
($31)(x) = inf. )Ji‘(x,u).

*

" 4 .
Jix,u)= sup  Ew g(xuv,w)+ ! ($IF) f(xuv,w) ! xuv
v" V(xu)

which is equivalent to the Bellman equation (5.43) with J# = $J7.

Other examples of application of our abstract bxed point framewok
(5.28) include two-player versions of multiplicative and exponential ®st
problems. One-player cases of these problems have a long traditioim
DP; see e.g., Jacobson [Jac73], Denardo and Rothblum [DeR79], Whit-
tle [Whi81], Rothblum [Rot84], Patek [Pat01]. Abstract versions of these
problems come under the general framework cd! ne monotonic problems
for which we refer to Section 3.5.2 and the authorOs paper [Ber19a} fur-
ther discussion. Two-player versions of A ne monotonic problems irvolve
a state spaceX = {1,...,n}, and the mapping

%

H(x,u,v,J)= g(x,u,v)+ Axy (U, v)J(y), x=1,...,

y=1

>

whereg and A,y satisfy for all x,y =1,...,n, u# U(x), v# V(x),
g(x,u,v) ( 0, Axy(U,V)( 0.

Our PI algorithms can be suitably adapted to address these problers,
along the lines of the preceding examples. Of course, the correspding
convergence analysis may pose special challenges, depending orethier
our assumptions of the next section are satisbed.
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ONaiveO PI Algorithms

A PI algorithm for the bxed point problem (5.28), which is patterned after
the Pollatschek and Avi-ltzhak algorithm, generates a sequencefgpolicy
pairs {pt, 't} ) M ' N and corresponding sequence of cost function pairs
{Jiptat,dapt 1)) B(X1)' B(X2). We use the term OnaiveO to indicate
that the algorithm does not address adequately the convergencissue of
the underlying NewtonOs method. Given {ut, ! t} it generates{ pt+1 1 t+1}
with a two-step process as follows:

(a) Policy evaluation , which computes thefunctions{leut,!t,J;,Jzyut,!t}
by solving the bxed point equations

#
lept’!t(xl) = Hi Xl,ut(X),Jzypt’!t , X1 # X1, (5.44)

#
\]zypty!t(xz) = Hz X2, ! t(X),\]lypt’!t , X2 # Xz. (5.45)

(b) Policy improvement , which computes @t+1,!t+1) with the mini-
mizations

#
pttl (x1) # arg min Hi xg, u,JZut It X1 # X1, (5.46)
u! U(x1) "

#
| t+1 (XZ) # argvln\)%é) H» X2,V,J1'ut’!t , X2 # Xo. (5.47)

This algorithm resembles the abstract version of the Pollatschek ad
Avi-ltzhak algorithm (5.24)-(5.25) in that it involves simple policy evalu -
ations, which do not require the solution of a multistage DP problem fo
either the minimizer or the maximizer. Unfortunately, however, the algo-
rithm (5.44)-(5.47) cannot be proved to be convergent, as it doesot deal
€" ectively with the oscillatory behavior illustrated in Fig. 5.2.1.

An optimistic version of the Pl algorithm (5.44)-(5.47) evaluates the
Pxed point pair (J; ,t,t,J;,t,t) approximately, by using some number,
say R (1, of value iterations. It has the form

\]l,k+l (Xl): Hl Xl,ut(Xl),Jzyk#, Xl#Xl, kzO,l,...,l@%l,
Y 4 (5.48)

ngk+1(X2): Hz Xz,!t(Xz),lek s X2#X2, kzO,l,...,F@%l,
(5.49)
starting from an initial approximation ( Ji1,0,J2,0), instead of solving the
bPxed point equations (5.44)-(5.45). AsF (i.e., the number of value itera-
tions used for policy evaluation) increases, the pair{, g, J, g) converges to

We do not mean the term in a pejorative sense. In fact the Pollatschek and
Avi-ltzhak paper [PoA69] embodies original ideas, includes sophisticated and
insightful analysis, and has stimulated considerable followup work.
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(Jput,it,d2,4t 1), and the optimistic and nonoptimistic policy evaluations
coincide in the limit (under suitable contraction assumptions to be intro-
duced in the next section). Still the PI algorithm that uses this optim istic
policy evaluation, followed by a policy improvement operation similar to
Egs. (5.46)-(5.47), i.e.,

#
Pl (x1) # arg min Hi X1,uU,J5 41 X1 # X1, (5.50)
u! U(x1) ’

#
L+l (xo) # argVIrU%z(z) Ha x2,v,J1p41 Xo # Xo, (5.51)

cannot be proved convergent and is subject to oscillatory behavio How-
ever, this optimistic algorithm can be made convergent through modbca-
tions that we describe next.

Our Distributed Optimistic Abstract Pl Algorithm

Our PI algorithm for Pnding the solution (J;, J;) of the Bellman equation
(5.28) has structural similarity with the OnaiveO Pl algorithm that uses
optimistic policy evaluations of the form (5.48)-(5.49) and policy improve-
ments of the form (5.50)-(5.51). It di" ers from the PI algorithms of the
preceding section, such as the Homan-Karp and van der Wal algorithms,
in two ways:

(a) It treats symmetrically the minimizer and the maximizer, in that it
aims to bnd both the min-max and the max-min cost functions, which
areJ; and J,, respectively, and it ignores the possibility that we may
haveJ; = J,.

(b) It separates the policy evaluations and policy improvemest of the
minimizer and the maximizer, in asynchronous fashion In particular,
in the algorithm that we will present shortly, each iteration will consist
of only one of four operations: (1) an approximate policy evaluation
(consisting of a single value iteration) by the minimizer, (2) a policy
improvement by the minimizer, (3) an approximate policy evaluation
(consisting of a single value iteration) by the maximizer, (4) a policy
improvement by the maximizer.

The order and frequency by which these four operations are pesfmed
does not & ect the convergence of the algorithm, as long as all ohiese oper-
ations are performed inbnitely often. Thus the algorithm is well suited for
distributed implementation. Moreover, by executing the policy evaluation
steps (1) and (3) much more frequently than the policy improvemen op-
erations (2) and (4), we obtain an algorithm involving nearly exact padicy
evaluation.

Our algorithm generatestwo sequences of function pairs,

{J1.33}) B(X1)" B(X2),  {V{,Vz}) B(X1)' B(X2),
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and a sequence of policy pairs:

{u,1t}) M N.

The algorithm involves pointwise minimization and maximization opera-
tions on pairs of functions, which we treat notationally as follows: Fa
any pair of functions (V,J) from within B(X1) or B(X3), we denote by
min[V, J] and by max[V, J] the functions debned onB (X 1) or B(X3), re-
spectively, that take values

min[V, J](x) = min +V(x),J(x)’ , max[V, J](x) = max +V(x),J(x)’ ,

for every x in X1 or X, respectively.
At iteration t, our algorithm starts with

NIV RVIRTONES

and generates
NV Y T

by executing one of the following four operations.

Iteration (t +1) of Distributed Optimistic Abstract Pl Algo-
rithm

Given (31, V], 35, V4, ut, 1Y), do one of the following four operations
(a)-(d):

(a) Single value iteration for policy evaluation of the mini-
mizer : For all x1 # X1, set

#
I (x1) = Hi xa, Ut(x1), max[V4, 3], (5.52)

and leave J3, V!, Vi, ut, 1t unchanged, i.e., the corresponding
(t + 1)-iterates are set to the t-iterates: J3** = J§, V{*1 = VI,
V2t+l = V§, pttt = pt, 1l = gt

The choice of operation is arbitrary at iteration t, as long as each type of
operation is executed for inPnitely many t. It can be extended by introducing
Ocommunication delays,O and state space partitioning, wheeby the operations
are carried out in just a subset of the corresponding state space. This is a type of
asynchronous operation that was also used in the earlier woikks [BeY10], [BeY12],
[YuB13a]. It is supported by an asynchronous convergence aralysis originated
in the authorOs papers [Ber82], [Ber83]; see also Section 1 of the present
book, the book [BeT89], and the book [Berl2a], Section 2.6. This asynchronous
convergence analysis applies because the mapping underlyig our algorithm is a
contraction with respect to a sup-norm (rather than some oth er norm such as an
L2 norm).
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(b) Policy improvement for the minimizer : For all x3 # Xi,
set

t+1 t+1 ] t t #
I (x1) = VT (xa) = m}? )Hl X1, u, max[V;,J33] , (5.53)
u! X1

set ut+l (x1) to a control u # U(x1) that attains the above mini-
mum, and leaveJ}, VI, !t unchanged.

(c) Single value iteration for policy evaluation of the maxi-
mizer : For all xo # X, set

t+1 2 t t #
J; 7 (X2) = H2 x2,!t(x2), min[V],J]] , (5.54)

and leaveJd}, V!, VI, ut, 't unchanged.

(d) Policy improvement for the maximizer : For all xo # Xg,
set

#
I3 (x2) = Vit (x2) = mva(x )Hz X2,Vv,min[V},Ji], (5.55)
V! X2

set!t+1 (x,) to a control v # V(x2) that attains the above max-
imum, and leave J}, V}, ut unchanged.

Example 5.3.5 (Our PI Algorithm for Minimax Control -
Explicit Separation of the Players)

Consider the minimax control problem with explicit separat ion of the two
players of Example 5.3.1, which involves the dynamic system x;x ! X1 and
X2k ! X2, and they evolve according to

Xok+1 = F1(X1k,Uk), X1k+1 = Fa(Xak+1,Vk), k=0,1,...,
[cf. Eq. (5.29)]. The Bellman equation for this problem can b e broken down
into the two equations (5.32), (5.33):
/ "

JH(x1) = inf gi(xz,u)+ ! J¥ fi(x,u)
u" U (xq)

/ "

J(x2)= sup  ga(x2,v)+ ! I fa(x2,v)
V"V (x2)

In the context of this problem, the four operations (5.52)-( 5.55) of our
Pl algorithm take the following form:
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(@) Single value iteration for policy evaluation for the minimi zer:
For all x; ! X4, set

" /| u

t+1 t # t t # l" t
J17 (X1) = g Xg, W (Xa) +P max Vo fa(Xa, W (X1)) 2 Fa(Xa, W (X1))
(5.56)
and leave J3, V!, V4, 1!, % unchanged.
(b) Policy improvement for the minimizer s Forall xp! Xq, set
/
I x)= Vit ()= min - gi(xa,u)
u" U(xq)

3 " # o "
+ 1 max V, fi(xg,u) ,J5 fi(x1,u)

(5.57)
set u'*! (x1) to a control u! U(x:) that attains the above minimum,
and leave J$, V3, % unchanged.

(c) Single value iteration for policy evaluation of the maximiz er:
Forall x,! X2 andv! V(x2), set

" # [ #
I (x2) = @2 x2,%(x2) +! min V{ fa(x2,%(x2)) ,Ji fa(x2,%(x2)
(5.58)

and leave Ji, V!, V7, ', % unchanged.
(d) Policy improvement for the maximizer s Forall x2! X, set
/

7 (x2) = V3 (x2) = max  ga(xz2,V)
V"V (x2)
) 3 lII # tII #
+ 1 min V; fa(xz,v) ,Jd; fa(x2,v)
(5.59)
set %" (x2) to a control u! V(x) that attains the above maximum,
and leave J}, V{, 1! unchanged.

Example 5.3.6 (Our PI Algorithm for Markov Games)

Let us consider the Markov game formulation of Example 5.3.2. Our PI

algorithm with X1, x2, H1, and H, debned earlier, can be implemented by
storing Ji,V{ as the real numbers Ji(x) and V{(x), x ! X, and by storing

and representing the piecewise linear functionsJ}, V; using the m columns of
the n" m matrices

% 3 4
A+ 1S Qg min Vi(y),Jdi(y) ,  x! X; (5.60)
y" X

cf. Eq. (5.36). None of the operations (5.52)-(5.55) require the solution of
a Markovian decision problem as in the Ho! man-Karp algorith m. This is
similar to the Pollatschek and Avi-ltzhak algorithm.
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More specibcally, the policy evaluation (5.52) for the mini mizer takes
the form

/. g 40
I (x) = %max Voot (x) L35 x ot x) forall x! X, (5.61)

while the policy improvement (5.53) for the minimizer takes the form

3 4
I ()= Vit (x) = %rr]iﬂ max V, ™ (x,u),J5" (x,u) , forall x! X.
(5.62)
The policy evaluation (5.54) for the maximizer takes the for m
& '
\ % 3 4 " #
BRTxu)= U A IS Qymin Vi(y),Jily)  %(x), (5.63)
y" X

forall x! X andu! U, while the policy improvement (5.55) for the maxi-
mizer takes the form

I (xou) = vt ix, u&

\ % 3 4
=max u AMX)+1$  Qqy min Vi(y)Ji(y) @@)....,
& X ' 2
. % 3 4
u A+ 1S Qg min Vi(y),Ji(y) (m) ,
y" X
(5.64)
forall x! X andu! U, where
& .
% : 3 t t 4 :
AX)+ 1$ Qxy min Vi(y),Ji(y) (i)
y" X

is the jth column of the n" m matrix (5.60).

Again it can be seen that except for the extra memory storage to main-
tain V{ and V;, the preceding PI algorithm (5.61)-(5.64) requires roughly
similar/comparable computations to the ones of the OnaiveO optimistic Pl
algorithm (5.48)-(5.51), when applied to the Markov game mo del.

Discussion of our Algorithm

Let us now provide a discussion of some of the properties of our Pligo-
rithm (5.52)-(5.55). We Prst note that except for the extra memaory storage
to maintain V} and V}, the algorithm requires roughly similar/comparable
computations to the ones of the OnaiveO optimistic Pl algorithm (5.48
(5.51). Note also that by performing a large number of value iteratiins
of the form (5.52) or (5.54) we obtain an algorithm that involves neaty
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exact policy evaluation, similar to the OnaiveO nonoptimistic Pl algoritim
(5.44)-(5.47).

Mathematically, under the contraction assumption to be introduced
in the next section, our algorithm (5.52)-(5.55) avoids the oscillatoy behav-
ior illustrated in Fig. 5.2.1because it embodies a policy-dependent suporm
contraction, which has auniform Pxed point, the pair (J7,J;), regardless
of the policies. This is the essence of the key Prop. 5.4.2, which will be
shown in the next section.

Aside from this mathematical insight, one may gain intuition into the
mechanism of our algorithm (5.52)-(5.55), by comparing it with the opti-
mistic version of the OnaiveO optimistic Pl algorithm (5.48)-(5.51). Oual-
gorithm (5.52)-(5.55) involves additionally the functions V| and V, which
are changed only during the policy improvement operations, and ted to
provide a guarantee against oscillatory behavior. In particular, sirce

max[Vy}, 5] ( I35,

the iterations of the minimizer in our algorithm, (5.52) and (5.53), are more
OpessimisticO about the choices of the maximizer than the iterates the
minimizer in the OnaiveO PI iterates (5.48) and (5.49). Similarly, since

min[V}, J1] & Ji,

the iterations of the maximizer in our algorithm, (5.54) and (5.55), are more
OpessimisticO than the iterates of the maximizer in the naive Pl iterats
(5.48) and (5.49). As a resultthe use ofV} and V{} in our PI algorithm
makes it more conservative and mitigates the oscillatory swings that are
illustrated in Fig. 5.2.1.

Let us also note that the use of the functionsV;, and V. in our al-
gorithm (5.52)-(5.55) may slow down the algorithmic progress relatie to
the (nonconvergent) OnaiveO algorithm (5.44)-(5.47). To remedshis sit-
uation an interpolation device has been suggested in the paper [BeY]
(Section V), which roughly speaking interpolates between the two &go-
rithms, while still guaranteeing the algorithmOs convergence; see alSec-
tion 2.6.3. Basically, such a device makes the algorithm less Opessimisfic
as it guards against nonconvergence, and it can similarly be used in ou
algorithm (5.52)-(5.55).

In the next section, we will show convergence of our PI algorithm
(5.52)-(5.55) with a line of proof that can be summarized as follows. 8ing
a contraction argument, based on an assumption to be introducedghortly,
we show that the sequencegV,} and {V;}} converge to some functions
Vi # B(X1) and V§ # B(X>), respectively. From the policy improvement
operations (5.53) and (5.55) it will then follow that the sequences{J}}
and {J§} converge to the same functionsv{* and V¥, respectively, so that
min[V{, Ji] and max[V}, 3] converge toV{* and V¥, respectively, as well.
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Using the continuity of H; and H2 (a consequence of our contraction as-
sumption), it follows from Egs. (5.53) and (5.55) that (V{#, V) is the Pxed
point of H1 and H [in the sense of Eq. (5.28)], and hence is also equal to
(J1,35) [cf. Eq. (5.28)]. Thus we Pnally obtain convergence:

(VAN SN LI VA I | TN b

CONVERGENCE ANALYSIS

For each p # M, we consider the operatorTy, that maps a function
J, # B(X2) into the function of x; given by

#
(Topd2)(X1) = Hi X1, W(x1),J2 , X1 # X1, (5.65)

Also for each! # N, we consider the operatorT,, that maps a function
J1 # B(X1) into the function of x, given by

(T2,1 J1)(X2) = H2 X2,! (xZ),Jl#, X2 # Xo. (5.66)

We will also consider the operatorTy that maps a function (J1,J2) #
B(X1)' B(X32) into the function of ( x1,Xx2) # X1' X2, given by

TH,! (Jl,Jz)#(Xl,Xz) = (lequ)(Xl), (leg Jl)(Xz)#. (5.67)

[Recall here that the norms onB(X1), B(X2), and B(X1) ' B(X2) are
given by Egs. (5.26) and (5.27).]
We will show convergence of our algorithm assuming the following.

Assumption 5.4.1: (Contraction Assumption) Consider the op-
erator T, given by Eq. (5.67).

(@ For all (1,!') # M ' N, and (J1,J2) # B(X1)"' B(X2), the
function Ty, (J1,J2) belongs toB(X1) ' B(X2).

(b) There exists an# # (0, 1) such that for all (p,!')# M " N, Ty
is a contraction mapping of modulus# within B(X1)' B(X2).

By writing the contraction property as

+ t
max $T1ud2 %T1uds$r, $T2,1 1 0/3_1'2,! 3%

B} . (5.68)
& #max $J1%J;$1, $J2 %I,

for all J1,J; # B(X1) and J2,J, # B(X2) [cf. the norm debnition (5.27)],
we have

$T1d2 %Tiudo% & #8512 %J58,,  forall Jp,J; # B(X2), (5.69)
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and
$T2,!J1 %Tz,gJ;_$2 & #$31 %J;_$1, for all J1,J;_# B(Xl); (5.70)

[setJi = J; or J, = J,, respectively, in Eq. (5.68)]. From these relations,
we obtain

$T1d2 %T13,$1 & #$J2 %J,%,  forall 3,0, # B(X2),  (5.71)
and

$T2d1 %ToJ,$ & #$J1 %I, %1,  forall 31,3, # B(X1),  (5.72)
where

(T1d2)(x1) = inf (TyuJd2)(x1) = inf  Hi(xa,u,J2), X1 # X1,
put M u! U(xyq)
(Tle)(Xz) = sup (szg Jl)(Xz) = sup H2(X2,V,J1), X2 # Xz.
1IN vl V(x2)
The relations (5.71)-(5.72) also imply that the operator
T:B(X1)" B(X2)!" B(X1)" B(X2),
debned by
T(J1,32) = (T1Jd2, T2J1), (5.73)

is a contraction mapping from B(X1) ' B(X32) to B(X1)' B(X2) with
modulus #. It follows that T has a unique Pxed poin(J;,J;) # B(X1)'
B (X 2). We will show that our algorithm yields in the limit this bxed point.

For a proof, we write Eq. (5.69) as
(Teud2)(X1) & (Trpda)(X1)+ ! 982 $ J53% "1(X1),

(Tand2)(X1) & (Tauda)(x1) + ! 982 $ 3% "1(x1),

for all x; ! X1. By taking inbmum of both sides over u! M , we obtain

| |
NT1d2)(x1) $ T133)(xa)" &

1962 $ J3%,
"1(X1) 2 278

and by taking supremum over x; ! X1, the desired relation
W12 $ T1do% & ! %2 $ J2%

follows. The proof of the other relation, %2J1$ T2Ji% & ! %91 $ Ji%, is similar.
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The following is our main convergence result [convergence here is
meant in the sense of the norm (5.27) orB(X1) ' B(X2)]. Note that this
result applies to any order and frequency of policy evaluations and plicy
improvements of the two players.

Proposition 5.4.1: (Convergence) Let Assumption 5.4.1 hold,

and assume that each of the four operations of the PI algorithm (52)-

(5.55) is performed inPnitely often. Then the sequences(Jt,Jg)’ and
(Vi,V4)" generated by the algorithm converge to ¢, J;).

The proof is long but follows closely the steps of the proof for the
single-player abstract DP case in Section 2.6.3.

An Extended Algorithm and its Convergence Proof

We brst show the following lemma.

Lemma 5.4.1: For all (V1,V2), (J1,32), (V;,V,),(3;,d,) # B(X1)"
B (X2), we have

. . + ,
- min[V1, J1]%min[V;, 311, & max $Vi %V $1, $31 %1%, (5.74)

- max[Vz, J2]%min[V,, I, , & max $V2 %V, %, $32%J,%, . (5.75)

Proof: For every x; # X1, we write

Vi(X1) & Vy(x1)
"1(x1)  "1(X1)

+ 1
+max $V1 %V, %1, $J1 %I, $1

J1(X1) & J;(x1)
"1(x1)  "1(x1)

from which we obtain

+ )
+max $Vi %V, $1, $J1 %I, $1

min +V1(x1), Ji(x1)"  min +V1"(x1), Ji(x1)’
"1(x1) "1(X1)

+ L
+max $V19%V, $1, $J1%0,%1 ,

so that

min +V1(x1), J1(x1)" %min +V1"(x1), Ji(x1)'
"1(X1)

+ 1
& max $Vi%V;$1, $9:1%3;%: .
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By exchanging the roles of ¥1,J1) and (V;,J;), and combining the two

inequalities, we have
|

' + ’ . + " "
Imin Vi(x1),J1(x1) %min V;(X1),J;(X1)

"1(x1)

+ L
& max $Vi%V;$1, $31%J,$1

and by taking the supremum over x; # X1, we obtain Eq. (5.74). We
similarly prove Eq. (5.75). Q.E.D.

We consider the spaces of bounded function®1(x1, u) of (x1,u) #
X1' Uand Qi(xz,v) of (x2,v) # X' V, with norms

| | I |
! ] ! |
$Q1%1 = sup Qu(xa, 1) $Q.%, =  sup "Qa(x2, V)"

xit Xputu o 1(xa) xol Xawvi v 2(X2)
(5.76)
respectively, where"; and ", are the weighting functions that debne the
norm of B(X1) and B(X2) [cf. Eq. (5.26)]. We denote these spaces by
B(X1' U)and B(X2' V), respectively. Functions in these spaces have
the meaning of Q-factors for the minimizer and the maximizer.

We next introduce a new operator, denoted byG,, 1 , which is parametri-
zed by the policy pair (4,!), and will be shown to have a common bxed
point for all (p,!') # M ' N, from which (J;,J5) can be readily obtained.
The operator G, involves operations on Q-factor pairs Q1,Qz) for the
minimizer and the maximizer, in addition to functions of state (Vi,V2),
and is used debne an OextendedO PI algorithm that operates ovetaager
function space than the one of Section 5.3. Once the convergenoé this
OextendedO PI algorithm is shown, the convergence of our algonith of
Section 5.3 will readily follow.

To debne the operatorG,: , we note that it consists of four compo-
nents, mapsB(X1)' B(X2)' B(X1' U)' B(X2' V) into itself. It is
given by

Gpt (V1,V2,Q1,Q2) = M1, (V2,Q2),M2,(V1, Q1), "
Fi1(V2,Q2),F2u(V1,Q1)

with the functions M 1,1 (V2, Q2), M2, (V1, Q1), F1,1 (V2, Q2), F2,u (V1, Q1), de-
Pned as follows:

(5.77)

¥ M1, (V2,Q2): This is the function of x1 given by

M 11 (Va, Qz)#(xl) T1 max[Vz, ]#(xl)

.. #
inf - Hi x1,u,max[V2, Q2,1 ,
u! U(x1)

(5.78)

where @, is the function of x, given by

Q2,1 (x2) = Q2 x2,! (Xz)#. (5.79)
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¥ M2, (V1,Q1): This is the function of x» given by

# _ L #
M2u(V1,Q1) (x2) = Tamin[Vy, Q1] (x2)

= sup Hz Xz,v,min[Vq, Q1,7 (5.80)
v! V (x2)
where @1,“ is the function of x; given by
. " #
Q1u(x1) = Q1 X1, U(X1) . (5.81)
¥ F11(V2,Q2): This is the function of (x1,u), given by
" . H
Flyg (Vz, Qz)(Xl, U) = Hl X1, U, max[\/z, szg ] . (5.82)
¥ Fou(Vi, Q1): This is the function of (x2,Vv), given by
" . o oa
Fou(V1,Q1)(X2,v) = Hz X2,v,min[Vy, Q1] . (5.83)

Note that the four components of G correspond to the four oper-
ations of our algorithm (5.52)-(5.55). In particular,

¥ M1, (Vz2,Q2) corresponds to policy improvement of the minimizer.
¥ My, (Vi, Q1) corresponds to policy improvement of the maximizer.
¥ F1, (V2,Q2) corresponds to policy evaluation of the minimizer.
¥ F2,(V1, Q1) corresponds to policy evaluation of the maximizer.

The key step in our convergence proof is to show thatG, has a
contraction property with respect to the normon B(X1)' B(X2)" B(X1'
U)' B(X2' V) given by

) ) + ,
“(V1,V2,Q1,Q2): =max $Vi$, V2%, $Q1%1, $Q2%, (5.84)

where $V1$1, $Vo$, are the weighted sup-norms ofVi, Va, respectively,
debned by Eq. (5.26), andbQ1$1, $Q2$; are the weighted sup-norms oQ1,
Q2, debned by Eq. (5.76). Moreover, the contraction property is uiform,
in the sense thatthe bxed point ofG,, does not depend on(y,!). This
means that we can carry out iterations with Gy, while changingpu and
I arbitrarily between iterations, and still aim at the same bxd point. We
have the following proposition.
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Proposition 5.4.2: (Uniform Contraction) Let Assumption 5.4.1
hold. Then for all (p,!) # M ' N, the operator G, is a contraction
mapping with modulus # with respect to the norm of Eqgs. (5.84),
(5.26), and (5.76). Moreover, the corresponding Pxed point 06, is
(J1,35,Q7%, Q) [independently of the choice of (1, !)], where (31, J5)
is the Pxed point of the mappingT of Eq. (5.73), and Q}, Q; are the
functions debned by

Qi(x1,u) = Hi(x1,u,J5), X1 # X1, u# U(x1), (5.85)

Q5(x2,V) = Ha(x2,v,J7), X2 # X2, V# V(X2). (5.86)

Proof: We prove the contraction property of Gy, 1 by breaking it down to
four inequalities, which hold for all (V1,V2), (V;,V,) # B(X1)' B(X2) and
(Q1,Q2),(Q1,Q5) # B(X1,U)" B(X2,V). In particular, we have

. . : . H# " . H#
M1y (V2,Q2) $ M1, (V5,Qb)- L= T max[V2,Qz2,] $ Ty max[Vs, 95,1 - )

- ma>_<'_[Vz,Qz,! 1> $ max(Vs, 85, 1- )

I max > $ V2%, 921 $ ©%, %

| max s $ V2%, 92 $ Q5%

! max+%/1$ Vi%, 901 $ Q1%,
W2 $ V2%, 92 $ Qh%'

o (Vi,V2,Q1,Q2) $ (Vi, V5, Q1. Qb)-,
(5.87)

&
&
&
&

where the brst equality uses the debnitions oM 1,1 (V2, Q2), M1, (V,, Q5)
[cf. Egs. (5.78) and (5.80)], the brst inequality follows from Eq. (5.69, the
second inequality follows using Lemma 5.4.1, the third inequality follows
from the debnition of @, and @2. , the last inequality is trivial, and the
last equality follows from the norm debnition (5.84). Similarly, we prove
that

“M2,u(V1,Q1) %M (Vy, Q) , & #- (V1,V2,Q1, Q) %(vl",vz",Q'i,%;%;,
TFui (V2,Q2) %Fa (V5, Q) ; & #- (V1, V2, Q1,Q2) %(Vy, Vs, Qi ‘5?;3;
“Fau (V1 Qu) %F2u(Vy, Q1) , & #° (V1, V2, Q1, Q2) % (V5 Vs, Q) 6(2;53 .)

From the preceding relations (5.87)-(5.90), it follows that each(i;‘gt?g
four components of the maximization that comprises the norm

-G (V1. V2,Q1,Q2) %G1 (Vy,V,, Q). Qy)-
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[cf. Eq. (5.77)] is less or equal to

#+(V1,V2,Q1,Q2) %(V;,V,,Q1, Qy)- .
Thus we have

"Gy (V1. V2,Q1,Q2) %Gy (Vy,V,, Q1. Qy)-
& #+ (V1,V2,Q1,Q2) %(V,,V,, Q1. Qy)-

which shows the desired contraction property ofGy,: .

In view of the contraction property just shown, the mapping G,
has a unique bxed point for eachf,!) # M ' N, which we denote by
(V1, V2, Q1, Q2) [with some notational abuse, we do not show the possible
dependence of the bxed point on|(!)]. In view of Egs. (5.77)-(5.83),
this bxed point satispes for allx; # X1, X2 # X2, (X1,u) # X1' U,
(X2,v) # X2" V,

" g
Vl(Xl) = inf Hl X1,U",maX[V2,©2Y!] s (5.91)
u't U(xq)
Va(x2) = sup  Haz xz,Vv',min[Vi, Q1] , (5.92)
vV (x2)
" . H# " ) . #
Q1(x1,u) = H1 x1,u,max[V2, @211, Q2(x2,v) = Hz x2,v,min[V1, Q] .

(5.93)
By comparing the preceding two relations, it follows that for all x; # X1,
X2 # Xz,
Vi(X1) & Q1(xz,u), forall x1, u# U(xy),

Vo(x2) ( Qa2(x2,Vv), forall xo, v# V(X2),

which implies that
min[Vy, Q1] = Vi, max[Vz, Q2] = Va.
Using Egs. (5.91)-(5.92), this in turn shows that

Vi(xi) = inf  Hi(xz,u,V2),  Va(x2)= sup Hz(xz,v,V1).
u! U(x1) v! V(x2)

Thus, independently of (u,!), (Vi,V2) is the unique Pxed point of the
contraction mapping T of Eq. (5.73), which is (1, J,). Moreover from Eq.
(5.93), we have that (Q1, Q>) is precisely @Q%, Q%) as given by Egs. (5.85)
and (5.86). This shows that, independently of (1,!), the bxed point of
Gy is (J1,35,Q% Q%), and proves the desired result. Q.E.D.

The preceding proposition implies the convergence of the Oextendi®
algorithm, which at each iteration t applies one of the four components of
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Gt 1t evaluated at the current iterate (V{, V5, Q}, Qb, ut, ! t), and updates
this iterate accordingly. This algorithm is well-suited for the calculation
of both (J;,J;) and (Q7,Q5). However, since we are just interested to
calculate (J;,J5), a simpler and more é cient algorithm is possible, which
is in fact our PI algorithm based on the four operations (5.52)-(5.55. To
this end, we observe that the algorithm that updates (V{f, V}, QY, Qb, pt, ! t)
can be operated so that it does not require the maintenance of thdull
Q-factor functions (Q}, Q%). The reason is that the valuesQ}(x1, u) and
QL(x2,v) with u® pt(x1)andv = !t(xz), do not appear in the calculations,
and hence we need only the value@tlyut (x1) and @}, (x2), which we store
in functions J} and J}, i.e., we set

#
Ii(x1) = Qf i (x1) = QF x1, M (X) ,

32 = B (x2) = Qb X, (xz)

Once we do that, the resulting algorithm is precisely our Pl algorithm
(5.52)-(5.55).

In summary, our Pl algorithm that updates (V{,V$, 35,35, ut, 1t)is
a reduced space implementation of the asynchronous bxed point agthm
that updates (V{, V4, QY, Q%, pt, ! t) using the uniform contraction mapping
Gt t, with the identibcations

Ji= él,ut- 35 = @2,!1-

This proves its convergence as stated in Prop. 5.4.1.

APPROXIMATION BY AGGREGATION

Our algorithm of Section 5.3 involves exact implementation without func-
tion approximations, and thus is not suitable for large state and cotrol
spaces. An important research direction is approximate implementtons
based on our PI algorithmic structure of Section 5.3, whereby we s ap-
proximation in value space with cost function approximations obtained
through reinforcement learning methods. An interesting algorithmic ap-
proach is aggregation with representative states, as described ithe book
[Berl9b] (Section 6.1).

In particular, let us consider the minimax formulation of Example
5.3.1 and Egs. (5.29), (5.32), (5.33), which involves separate statspaces
X1 and X, for the minimizer and the maximizer, respectively. In the
aggregation with representative states formalism, we execute auPl algo-
rithm over reduced versions of the spaceX1 and X2. In particular, we
discretize X1 and X by using suitable Pnite collections of representative
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Stage for the minimizer in the aggregate problen
Min-max value Ji(%1) for representative statesxy ! X

NI/ NG AN/ AN

Approximation with Approximation with
Aggregation Aggregation
Probabilities Probabilities

Figure 5.5.1  Schematic illustration of an aggregation framework that is  pat-
terned after the sequence of events of the multistage proces s of Fig. 5.3.1. The
aggregate problem is specibed by a bnite subset of representative states X1 " X1,
a Pnite subset of representative states X, " X2, and aggregation probabilities for
passing from states x2 ! X 2 to representative states x> ! X, and for passing from
states x; ! X1 to representative states %1 ! X;. A stage starts at a representa-
tive state %1 ! X1 and ends at some other representative state &, ! X1, by going
successively through a state x2 | X, under the inRuence of the minimizerOs choice
u! U(%1), then to a representative state <x2 ! X, using aggregation probabilities
#x,%, (i.e., the transition x, # x; takes place with probability #y,x,), then to a
state x1 ! X1 under the inBuence of the maximizer®s choicev ! V (x2), and Pnally
to @1 ! X1 using aggregation probabilities #y,s, (the transiton x; # w; takes
place with probability #x,s,). The transitions +x1 # xz and %> # X1 produce
costs g1(x1,u) and ga(%2,v), respectively [cf. Egs. (5.30), (5.31)]. The aggrega-
tion probabilities #,x, and #x,s, can be arbitrary. However, their choice a ! ects
the min-max and max-min functions of the aggregate problem.

We can solve the aggregate problem by using simulation-base d versions of
our PI algorithm (5.52)-(5.55) of Section 5.3 to obtain the m in-max and max-
min functions J1(%1) and J2(x%2) at all the representative states +x; ! X3 and
%2 | X, respectively [cf. [Berl9b] (Chapter 6)]. Then, min-max an d max-min
function approximations are computed from

. % . . % .
J1(x1) = #x ey T1(%1), Ja(x2) = Hx %, J2(%2).

1" X1 %2" X o

Suboptimal decision choices by the minimizer and the maximi zer are then ob-
tained from the one-step lookahead optimizations

min  Hi(x1,u, J2), max Ha(x2,v, J1).
u" U(xq) V"V (x2)

See the book [Berl9b] (Section 6.1) and the paper [Berl8a] fo r a detailed ac-
counting of the aggregation approach with representative s tates for single-player
inPnite horizon DP.

states X1 ) X and X, ) X, and construct a lower-dimensional aggre-
gate problem. The typical stage involves transitions between repgsentative
states, with intermediate artibcial transitions x1 " %71 and x2 " %2, which
involve randomization with aggregation probabilities $x,x, and $x,x,, re-
spectively; see Fig. 5.5.1.

The structure of the aggregate problem is amenable to a DP formu-
lation, and as a result, it can be solved by using simulation-based veisns
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of the Pl methods of Section 5.3 [we refer to the book [Ber19b] (Chater
6) for more details]. The cost function approximations thus obtained, call
them Ji, J, are used in the one-step lookahead minimization

min  Hi(x1,u, J2),
u! U(x1)

to obtain a suboptimal minimizerOs policy, and in the one-step lookahea
maximization

v!

max Ha(xz2,v,J1),
V(x2)

to obtain a suboptimal maximizerOs policy.

The aggregation with representative states approach has the adn-
tage that it maintains the DP structure of the original minimax proble m.
This allows the use of our Pl methods of Section 5.3, with convergerc
guaranteed by the results of Section 5.4. Another aggregation ggoach
that can be similarly used within our context, is hard aggregation, whereby
the state spacesX; and X, are partitioned into subsets that form aggre-
gate states; see [Ber18a], [Ber18b], [Ber19b]. Other reinforcemeiearning
methods, based for example on the use of neural networks, carsa be
used for approximate implementation of our PI algorithms. However their
convergence properties are problematic, in the absence of additial as-
sumptions. The papers by Bertsekas and Yu ([BeY12], Sections 6 an7),
and by Yu and Bertsekas [YuB13a] (Section 4), also describe alteative
simulation-based approximation possibilities that may serve as a staing
point for minimax PI algorithms with function approximation.

NOTES AND SOURCES

In this chapter, we have discussed PI algorithms that are specibdly tai-
lored to sequential zero-sum games and minimax problems with a cordc-
tive abstract DP structure. We used as starting point the methods by
Ho" man and Karp [HoK66], and by Pollatschek and Avi-ltzhak [PoA69]
for discounted and terminating zero-sum Markov games. Related mthods
have been discussed for Markov games by van der Wal [Van78], Tolwin
ski [Tol89], Filar and Tolwinski [FiT91], Filar and Vrieze [FiV96], and for
stochastic shortest games, by Patek and Bertsekas [PaB99], andu [Yul4];
see also Perolat et al. [PPG16], [PSP15], and the survey by Zhang, Yan
and Basar [2YB21] for related reinforcement learning methods. Oual-
gorithms of Section 5.3 resolve the long-standing convergence!dculties
of the Pollatschek and Avi-ltzhak PI algorithm [PoA69], and allow an
asynchronous implementation, whereby the policy evaluation and plicy
improvement operations can be done in any order and with dierent fre-
guencies. Moreover, our algorithms bnd simultaneously the min-maand
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the max-min values, and they are suitable for Markov zero-sum gara prob-
lems, as well as for minimax control problems involving set-membersp
uncertainty.

While we have not addressed in detail the issue of asynchronous dis-
tributed implementation in a multiprocessor system, our algorithm admits
such an implementation, as has been discussed for its single-playesunter-
parts in the papers by Bertsekas and Yu [BeY10], [BeY12], [YuB13a], ad
also in a more abstract form in the authorOs books [Ber12a] and [B@R In
particular, there is a highly parallelizable and convergent distributed im-
plementation, which is based on state space partitioning, and asyrwonous
policy evaluation and policy improvement operations within each set othe
partition. The key idea, which forms the core of asynchronous DP kjo-
rithms [Ber82], [Ber83] (see also the books [BeT89], [Berl2a], [Ber20p
that the mapping G, of Eq. (5.77) has two componentsfor every state
(policy evaluation and policy improvement) for the minimizer and two cor-
responding components for every state for the maximizer. Becae of the
uniform sup-norm contraction property of Gy, 1, iterating with any one of
these components, and at any single state, does not impede the qgress
made by iterations with the other components, while making eventu
progress towards the solution.

In view of its asynchronous convergence capability, our framewdsr is
also suitable for on-line implementations where policy improvement and
evaluations are done at only one state at a time. In such implementabns,
the algorithm performs a policy improvement at a single state, followel by
a number of policy evaluations at other states, with the current pdicy pair
(pt, !'t) evaluated at only one statex at a time, and the cycle is repeated.
One may select states cyclically for policy improvement, but there ae al-
ternative possibilities, including the case where states are selectegh-line
as the system operates. An on-line Pl algorithm of this type, which nay
also be operated as a rollout algorithm (a control selected by a policym-
provement at each encountered state), was given recently in thauthorOs
paper [Ber21a], and can be straightforwardly adapted to the minima and
Markov game cases of this chapter.

Other algorithmic possibilities, also discussed in the works just noted
involve the presence of Ocommunication delaysO between processwhich
roughly means that the iterates generated at some processorsay involve
iterates of other processors that are out-of-date. This is podsle because
the asynchronous convergence line of analysis framework of [B&Bin com-
bination with the uniform weighted sup-norm contraction property of Prop.
5.4.2 can tolerate the presence of such delays. Implementationsahinvolve
forms of stochastic sampling have also been given in the papers [BeX]l
[YuB13a].

An important issue for e! cientimplementation of our algorithm is the
relative frequency of policy improvement and policy evaluation operdions.
If a very large number of contiguous policy evaluation operations, ging the
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same policy pair (t,!?), is done between policy improvement operations,
the policy evaluation is nearly exact. Then the algorithmOs behavior is
essentially the same as the one of the nonoptimistic algorithm whereglicy
evaluation is done according to

5 3 46

Jl’uty!t(Xj_): H1 xl,ut(xl),max Vzt,\]zypty!t s Xl# X1,
5 3 46

‘]Z,pt,!t(XZ): H2 Xz,!t(Xz),min Vlt-‘]l,pt,!‘ y X2# Xz,

cf. Egs. (5.44)-(5.45) (in the context of Markovian decision problens, this
type of policy evaluation involves the solution of an optimal stopping
problem; cf. the paper [BeY12]). Otherwise the policy evaluation is in-
exact/optimistic, and in the extreme case where only one policy evalation

is done between policy improvements, the algorithm resembles a valuger-

ation method. Based on experience with optimistic PI, it appears thd the

optimal number of policy evaluations between policy improvements sbuld

be substantially larger than one, and should also be problem-depersht.

We mention the possibility of extensions to other related minimax
and Markov game problems. In particular, the treatment of undiscounted
problems that involve a termination state can be patterned after the dis-
tributed asynchronous Pl algorithm for stochastic shortest path problems
by Yu and Bertsekas [YuB13a], and will be the subject of a separatee-
port. A related area of investigation is on-line algorithms applied to rabust
shortest path planning problems, where the aim is to reach a termintion
state at minimum cost and against the actions of an antagonistic opp-
nent. The authorOs paper [Ber19c] (see also Section 3.5.3) has fded
analysis and algorithms, some of the PI type, for these minimax velisns
of shortest path problems, and has given many references of reéd works.
Still our PI algorithm of Section 5.3, appropriately extended, o' ers some
substantial advantages within the shortest path context, in both a serial
and a distributed computing environment.

Note that a sequential minimax problem with a Pnite horizon may
be viewed as a simple special case of an inbnite horizon problem with a
termination state. The PI algorithms of the present chapter are drectly
applicable and can be simply modibed for such a problem. In conjunctio
with function approximation methods, such as the aggregation method
described earlier, they may provide an attractive alternative to exact, but
hopelessly time-consuming solution approaches.

For an interesting class of bnite horizon problems, consider a two-
stage OrobustO version of stochastic programming, patternediter Ex-
ample 5.3.3 and Eq. (5.42). Here, at an initial statexp, the decision
maker/minimizer applies a decisionug # U(Xp), an antagonistic nature
choosesvy # V(Xo,Up), and a random disturbance wyp is generated ac-
cording to a probability distribution than depends on (o, Uo, Vo). A cost
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0o(Xo, Uo, Vo, Wp) is then incurred and the next state
X1 = f (Xo, Uo, Vo, Wo)

is generated. Then the process is repeated at the second stageijth
(X1,u1,Vv1,wi) replacing (Xo, Uo, Vo, Wp), and Pnally a terminal cost G,(x2)
is incurred where

X2 = f (Xl, U1,V1,W1).

Here the decision maker aims to minimize the expected total cost assning
a worst-case selection of\p, v1). The maximizing choices /o, v1) may have
a variety of problem-dependent interpretations, including prices & ecting
the costs go, g1, G2, and forecasts decting the probability distributions
of the disturbances (wvo,wi). The distributed asynchronous Pl algorithm
of Section 5.3 is easily modiped for this problem, and similarly can be
interpreted as NewtonOs method for solving a two-stage versionBéllmanOs
equation. Exact solution of the problem may be a daunting computatonal
task, but a satisfactory suboptimal solution, along the lines of Setion 5.5,
using approximation in value space with function approximation basedon
aggregation may prove feasible.

Finally, let us note a theoretical use of our line of analysis that is
based on uniform contraction properties. It may form the basis fo a rigor-
ous mathematical treatment of PI algorithms in stochastic two-player DP
models that involve universally measurable policies. We refer to the paer
by Yu and Bertsekas [YuB15], where the associated issues of validitgnd
convergence of Pl methods for single-player problems have beeddressed
using algorithmic ideas that are closely related to the ones of the preent
chapter.



APPENDIX A:

Notation and Mathematical
Conventions

Al

In this appendix we collect our notation, and some related mathemaical
facts and conventions.

SET NOTATION AND CONVENTIONS

If X is a set andx is an element of X, we write x ! X. A set can be
specibed in the formX = {x | x satisbpesP}, as the set of all elements
satisfying property P. The union of two sets X1 and X, is denoted by
X1" X2, and their intersection by X1 # X2. The empty set is denoted by
~. The symbol $ means Ofor all.O

The set of real numbers (also referred to as scalars) is denoted/ 84
The set of extended real numbers is denoted b4 :

% = %"{&,'& }.

We write '& < x< & for all real numbersx, and'& ( x (& forall
extended real numbersx. We denote by f, b the set of (possibly extended)
real numbersx satisfyinga ( x ( b. A rounded, instead of square, bracket
denotes strict inequality in the debnition. Thus (a, b, [a,b), and (a,b
denote the set of allx satisfyinga<x ( b,a( x<b,anda<x<b,
respectively.

Generally, we adopt standard conventions regarding addition and
multiplication in 9%, except that we take

&'& ='& +& =&,

377
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and we take the product of 0 and& or '& to be 0. In this way the sum
and product of two extended real numbers is well-dePned. Divisiony0 or
& does not appear in our analysis. In particular, we adopt the following
rules in calculations involving & and '&

l+&=&+!1 =&, $!1%",

1'& ='& +1 =&, $!![& ,&),
la& =&, 14&& )='& , $!! (0,&]
l4& ='& , 1&& )=&, $!![& ,0),

04& = & 40=0=04(& )=('& )40, '(& )=&.

Under these rules, the following laws of arithmetic are still valid within 96':
Pa+la=1la+ 14, (Pa+lg)+ltg=11+(l2+13),

!1!2:!2!1, (!1!2)!3:!1(!2!3).

We also have
F(lp+ )= 1+1 5

if either ! ) Oorelse {1+ !5)is not of the form &' &
Inf and Sup Notation

The supremumof a nonempty setX * %™, denoted by supX, is debned as
the smallesty ! % * such thaty ) x forall x ! X. Similarly, the inPmum
of X, denoted by infX, is debPned as the largesy ! % * such that y ( x
for all x ! X. For the empty set, we use the convention

sup ='& , inf- = &.

If supX is equal to anX ! %" that belongs to the set X, we say
that X is the maximum point of X and we write X = max X. Similarly, if
inf X is equal to anX ! % * that belongs to the set X, we say that X is
the minimum point of X and we write X = min X. Thus, when we write
max X (or min X) in place of supX (or inf X, respectively), we do so just
for emphasis: we indicate that it is either evident, or it is known through
earlier analysis, or it is about to be shown that the maximum (or minimum,
respectively) of the setX is attained at one of its points.
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FUNCTIONS

If f is a function, we use the notationf : X +, Y to indicate the fact that
f is dePned on a nonempty seX (its domain) and takes values in a set
Y (its range). Thus when using the notation f : X +, Y, we implicitly
assume thatX is nonempty. We will often use theunit function e: X +, %,
debned by

e(x)=1, $x! X

Given a set X, we denote byR(X) the set of real-valued functions
J : X +, %, and by E(X) the set of all extended real-valued functions
J : X +, %". For any collection {J, | " ! '} * E(X), parameterized by
the elements of a set! , we denote by infi,, Ji the function taking the
value inf;;; Ji (x) at eachx ! X.

For two functions J1,J2 ! E(X), we use the shorthand notationJ; (
J» to indicate the pointwise inequality

Ji(x) ( J2(x), $x! X.

We use the shorthand notation infi; | Ji to denote the function obtained
by pointwise inbmum of a collection{J; |i! 1} * E(X), i.e.,
| "

iip]l‘ Ji (x)= iinlfl Ji (x), $x! X

We use similar notation for sup.

Given subsetsS;,S;,S3 * E(X) and mappings T; : S; +, Sz and
T2 : Sz +, S1, the composition of T1 and T, is the mapping T1 T2 : S +, S3
debned by

(TaT23)(x) = #Tl(TZJ)$(X), $J!'Sy, x! X.

In particular, given a subset S * E(X) and mappingsT; : S +, S and
T2 : S +, S, the composition of Ty and T, is the mapping T:T> : S +, S
debned by

# $
(T1T2d)(x) = Tu(T23) (x), $J!'S, x! X
Similarly, given mappings Tx : S+, S, k=1,...,N, their composition is
the mapping (T1ad%y) : S +, S debned by
# $
(TiT2 a8 J)(x) = Ti(T2(ad@nNJ))) (x), $J! S, x! X

In our notation involving compositions we minimize the use of parenthees,
as long as clarity is not compromised. In particular, we writeT;T2J instead
of (T1T2Jd) or (T1T2)Jd or T1(T2J), but we write ( T1T2J)(X) to indicate the
value of T1ToJ at x ! X.

If X and Y are nonempty sets, a mappingT : S; +, S;, where
Sy * E(X)and S; * E(Y), is said to be monotoneif for all J,J"! Sy,

Jjyroo- TI( TI"
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Sequences of Functions

For a sequence of functiond Jx} * E(X) that converges pointwise, we de-
note by limwxg  J« the pointwise limit of {Jx}. We denote by limsup s Jk
(or liminf x4 Jk) the pointwise limit superior (or inferior, respectively) of
{I}. If {Jk} * E(X) converges pointwise toJ, we write Jx , J. Note
that we reserve this notation for pointwise convergence. To dente conver-
gence with respect to a norm. a., we write . Jy ' J., O.

A sequence of functions{Jy} * E(X) is said to be monotonically
nonincreasing (or monotonically nondecreasing if Jy+1 ( Jk for all k (or
Jk+1 ) Jk for all k, respectively). Such a sequence always has a (point-
wise) limit within  E(X). We write Jx / J (or Jx 0 J) to indicate that
{Jx} is monotonically nonincreasing (or monotonically nondecreasing, re-
spectively) and that its limit is J.

Let {IJmn} * E(X) be a double indexed sequence, which is monoton-
ically nonincreasing separately for each index in the sense that

J(m+1)n( Jmn Jm(n+1) ( Jmn $mn=0,1,....

For such sequences, a useful fact is that
% &

lim lim J = lim Jmm.
m#$ n#$ mn m#$ mm

There is a similar fact for monotonically nondecreasing sequences.
Expected Values

Given a random variablew debned over a probability spacé , the expected
value of w is debPned by

E{w} = E{w*} + E{w*},

wherew* and w* are the positive and negative parts ofw,

w* (#) = max | 0, w(#)(, w%(#) = min | 0, w(#)(.

In this way, taking also into account the rule &'& = &, the expected
value E{w} is well-debned if* is Pnite or countably inPnite. In more gen-
eral casesE{w} is similarly debPned by the appropriate form of integration,
and more detail will be given at specibc points as needed.



APPENDIX B:

Contraction Mappings

B.1 CONTRACTION MAPPING FIXED POINT THEOREMS

The purpose of this appendix is to provide some background on coraction
mappings and their properties. LetY be a real vector space with a norm
. a., i.e., a real-valued function satisfying forally ! Y,.y.) 0,.y. =0
if and only if y =0, and

.ay. = lal.y., $al!%, y+z.(. y.+.z., $y,z! Y.

Let Y be a closed subset of . A function F : Y +, Y is said to be a
contraction mapping if for some $! (0, 1), we have

.Fy' Fz.( $.y' z., $y,z! Y.
The scalar$ is called the modulus of contraction of F.
Example B.1 (Linear Contraction Mappings in %)
Consider the case of a linear mappingF :! " "#! " of the form
Fy = b+ Ay,
where A is an n $ n matrix and bis a vector in ! ". Let ! (A) denote the

spectral radius of A (the largest modulus among the moduli of the eigenvalues
of A). Then it can be shown that A is a contraction mapping with respect to
some norm if and only if ! (A) < 1.

Specibcally, given" > 0, there exists a norm %% such that

# $
Wy%& (A)+ " W%, T y(! " (B.1)
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Thus, if ! (A) < 1 we may select" > 0 suchthat #= ! (A)+ " < 1, and obtain
the contraction relation

Wwy) Fz% = aA(y) z)as&#%') 7%, ty,z (" (B.2)

The norm %a% can be taken to be a weighted Euclidean norm, i.e., it may
have the form %% = 9y % where M is a sgquare invertible matrix, and %A%
is the standard Euclidean norm, i.e., %%=  X'x.

Conversely, if Eq. (B.2) holds for some norm %a% and all real vectors
y, z, it also holds for all complex vectors y, z with the squared norm %% of
a complex vector ¢ debned as the sum of the squares of the norms of the real
and the imaginary components. Thus from Eq. (B.2), by taking y) z = u,
where u is an eigenvector corresponding to an eigenvalue$ with [$] = ! (A),
we have! (A)%% = Y%Au% & #%%. Hence! (A) & #, and it follows that if
F is a contraction with respect to a given norm, we must have ! (A) < 1.

A sequencegyk} * Y is said to be aCauchy sequencé . ym"' yn., O
asm,n, & ,i.e. givenany%> 0, there existsN such that.ym "' yn.( %
forall m,n) N. The spaceY is said to becompleteunder the norm. & if
every Cauchy sequencgyy} * Y is convergent, in the sense that for some
y! Y, we have.ycx' y., 0. Note that a Cauchy sequence is always
bounded. Also, a Cauchy sequence of real numbers is convergemhplying
that the real line is a complete space and so is every real Pnite-dimsional
vector space. On the other hand, an inPnite dimensional space mayot be
complete under some norms, while it may be complete under other nans.

When Y is complete andY is a closed subset ofY, an important
property of a contraction mapping F : Y +, Y is that it has a unique bxed
point within Y, i.e., the equation

y=Fy

has a unique solutiony& ! Y, called the bxed point of F. Furthermore, the
sequencg yk} generated by the iteration

Yk+1 = Fyk

We may show Eq. (B.1) by using the Jordan canonical form of A, which is
denoted by J. In particular, if P is a nonsingular matrix such that P" AP = J
and D is the diagonal matrix with 1 ,%...,9%" * along the diagonal, where %> 0,
it is straightforward to verify that D" 'P"*APD = X, where P is the matrix
that is identical to J except that each nonzero d -diagonal term is replaced by %
Debning ® = PD, we have A = PP 1. Now if %a%is the standarg; Euclidean
norm, we note that for some & > 0, we have %% & ! (A) + &%%%for all
z (! " and %( (0,1]. For a given %( (0, 1], consider the weighted Euclidean
norm %A% debned by %% = %Y 'y% Then we have for all y (! ",

o # $ ..
%y % = o ‘Ay o= ot TEP tyos= 0Py & 1 (A)+ &% Ty%

# $
so that YAy % & ! (A)+ &%%%, for all y (! ". For a given " > 0, we choose
%= "/ &, so the preceding relation yields Eq. (B.1).
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converges toy%, starting from an arbitrary initial point yo.

Proposition B.1: (Contraction Mapping Fixed-Point Theo-

rem) LetY be a complete vector space and le¥ be a closed subset
of Y. Thenif F : Y +, Y is a contraction mapping with modulus
$! (0,1), there exists a uniquey&! Y such that

y& = Fy&
Furthermore, the sequence{ Fky} converges toy& for any y ! Y, and

we have
JFky' y& ( Sy’ y&, k=1,2,....

Proof: Let y ! Y and consider the iteration yx+1 = Fyi Starting with
Yo = y. By the contraction property of F,

Yk Yk O Bk Yoot k=1,2,...,
which implies that
SYier 't oYk- (O Byt vo., k=1,2,....

It follows that for every k) 0 andm) 1, we have

*m
Yeem Yk ( SYk+i ' Yk ioel-
i=1
( $%(1L+ S+ a4a M%), y; " .
$K ,
(1,—$.y1 Yo. .

Therefore, {yx} is a Cauchy sequence ir¥ and must converge to a limit
y&! Y, sinceY is complete andY is closed. We have for alk ) 1,

CFy& yE(LOFYE v oyt YE (S YET Yotk Y
and sinceyg converges toy%, we obtain Fy& = y& Thus, the limit y#% of yi

is a bxed point of F. It is a unique bxed point because ify-were another
bxed point, we would have

Y&y = Fy&' Fyw ( $.y& v,

which implies that y& = y.
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To show the convergence rate bound of the last part, note that
.Fky' y& = 3Fky' Fy&a (S Fknly' y&

Repeating this process for a total ofk times, we obtain the desired result.
Q.E.D.

The convergence rate exhibited byFky in the preceding proposition
is said to be geometric, and FXy is said to converge to its limit y& geomet-
rically . This is in reference to the fact that the error . Fky' y& converges
to 0 faster than some geometric progression$k.y' y& in this case).

In some contexts of interest to us one may encounter mappings it
are not contractions, but become contractions when iterated a bite num-
ber of times. In this case, one may use a slightly dierent version of the
contraction mapping bPxed point theorem, which we now present.

We say that a function F : Y +, Y is anm-stage contraction mapping
if there exists a positive integerm and some$ < 1 such that

3me' me"3 ( $y'vy., Sy,y'ly,

where F™ denotes the composition ofF with itself m times. Thus, F is
an m-stage contraction if F™ is a contraction. Again, the scalar$ is called
the modulus of contraction. We have the following generalization of FPop.
B.1.

Proposition B.2: ( m-Stage Contraction Mapping Fixed-Point
Theorem) Let Y be a complete vector space and le¥Y be a closed
subset of Y. Then if F : Y +, Y is an m-stage contraction mapping
with modulus $! (0, 1), there exists a uniquey&! Y such that

y& = Fy&

Furthermore, { Fky} converges toy& forany y! Y.

Proof: SinceF™ mapsY into Y and is a contraction mapping, by Prop.
B.1, it has a unique Pxed pointinY, denotedy&. Applying F to both sides
of the relation y& = Fmy& we see thatFy# is also a Pxed point ofF ™, so
by the uniqueness of the bxed point, we havg& = Fy& Thereforey& is a
bxed point of F. If F had another bxed point, sayy; then we would have
y = FmMy, which by the uniqueness of the Pxed point ofF ™ implies that
¥ = y& Thus, y& is the unique bxed point ofF.
To show the convergence of Fky}, note that by Prop. B.1, we have
forally! VY,
i mKky ' & =
kljigp JEmkyty& =(0.
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Using F"y in place ofy, we obtain

i mk+"y " & = — '
kI#!Q.F y' y& =0, &=0,1,...,m" 1,

which proves the desired result. Q.E.D.

WEIGHTED SUP-NORM CONTRACTIONS

In this section, we will focus on contraction mappings within a specialied
context that is particularly important in DP. Let X be a set (typically the
state space in DP), and letv : X +, % be a positive-valued function,

v(x) > 0, $x! X

Let B(X) denote the set of all functionsJ : X +, % such that J(x)/v (x)
is bounded asx ranges overX. We debPne a norm onB(X), called the
weighted sup-norm by + o+
J. =su Rl
TR Ve

Itis easily veribed that . a thus debPned has the required properties for
being a norm. Furthermore,B(X) is complete under this norm To see this,
consider a Cauchy sequencglJi} * B(X), and note that . Jn' Jn., Oas
m,n, & implies that for all x ! X, {Jx(X)} is a Cauchy sequence of real
numbers, so it converges to soméd* (x). We will show that J* ! B(X) and
that .Jx' J*., 0. To this end, it will be su$ cient to show that given
any %> 0, there exists an integerK such that

+ +
()" 370

(B.3)

(% $x!X k) K.

v(X)
This will imply that
B po*
X
su %+ . Jk., $k) K,
P O )

so that J* ! B(X), and will also imply that .Jx* J*. ( %so that . J¢'
J*., 0. Assume the contrary, i.e., that there exists an%> 0 and a
subsequence Xm,,Xm,,...} * X such that mj <m.; and

+ +
B, Xmi) " I (Xmy) 7t

U<
V(Xm;)

. $i) L

The right-hand side above is less or equal to

+ + 4+ +
-Umi(xmi)' Jn(xmi)++ -Un(xmi)' J*(Xmi)+
V(Xmi) V(Xmi)

., $n) 1) L
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The brst term in the above sum is less thar?2 for i and n larger than some
threshold; bxingi and letting n be sub ciently large, the second term can
also be made less thafs2, so the sum is made less thaf a contradiction.
In conclusion, the spaceB(X) is complete, so the bxed point results of
Props. B.1 and B.2 apply.

In our discussions, unless we specify otherwise, we will assume that
B(X) is equipped with the weighted sup-norm above, where the weight
function v will be clear from the context. There will be frequent ocgasiops
where the norm will be unweighted, i.e.,v(x) 1 1and.J. =sup,, x J(x)%
in which case we will explicitly state so.

Finite-Dimensional Cases

Let us now focus on the pnite-dimensional casX = {1,...,n}, in which
caseR(X) and B(X) can be identiped with %9'. We brst consider a linear
mapping (cf. Example B.1). We have the following proposition.

Proposition B.3:  Consider a linear mappingF : %' +, %" of the
form
Fy = b+ Ay,

where A is an n 2 n matrix with components a; , and b is a vector
in %9". Denote by |A| the matrix whose components, arg the absolute
values of the components ofA and let ' (A) and ' |A| denote the
spectral radii of A and |A|, respectively. Then:

() |A| has a real eigenvalug , which is equal to its spectral radius,
and an associated nonnegative eigenvector.

(b) F is a contr%ptiqgl with respect to some weighted sup-norm if
and only if * |JA| < 1. In particular, any substochastic matrix

P (pj ) Oforalli,j,and’ j”:l pi ( 1, foralli)is a contraction

with respect to some weighted sup-norm if and only if (P) < 1.

(c) F is a contraction with respect to the weighted sup-norm

if and only if

C o lai ()
v(i)
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Proof: (a) This is the Perron-Frobenius Theorem; see e.g., [BeT89], Chap-
ter 2, Prop. 6.6.

(b) This follows from the Perron-Frobenius Theorem; see [BeT89], Gapter
2, Cor. 6.2.

(c) This is proved in more general form in the following Prop. B.4. Q.E.D.

Consider next a nonlinear mappingF : %" +, %" that has the prop-
erty
[Fy" Fz|( Ply" z[, $y,z!%",

for some matrix P with nonnegative components and' (P) < 1. Here, we
generically denote by |w| the vector whose components are the absolute
values of the components ofv, and the inequality is componentwise. Then
we claim that F is a contraction with respect to some weighted sup-norm.
To see this note that by the preceding discussionP is a contraction with
respect to some weighted sup-normy. = maxi=1..n |yi|l/v (i), and we
have

# $  # $.
IFy' Fzl (i) ~ Ply" z[ (i)
v(i) v(i)

z., $i=1,...,n,

('.y

for some! ! (0, 1), where #|Fy' Fz|$(i) and #P ly" z|$(i) are the ith
components of the vectors|Fy' Fz|and P |y"' z|, respectively. Thus, F
is a contraction with respect to . 4.. For additional discussion of linear
and nonlinear contraction mapping properties and characterizatims such
as the one above, see the book [OrR70].

Linear Mappings on Countable Spaces

The case whereX is countable (or, as a special case, Pnite) is frequently
encountered in DP. The following proposition provides some usefulriteria
for verifying the contraction property of mappings that are either linear or
are obtained via a parametric minimization of other contraction mappings.

Proposition B.4:  Let X = {1,2,...}.
(@) Let F :B(X) +, B(X) be a linear mapping of the form

(FI)(i)= b + aj J(j), it X,
it x
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whereb and a; are some scalars. TherF is a contraction with
modulus $ with respect to the weighted sup-norm (B.3) if and
only if

il X |aij |V(J)
v(i)

(b) Let F : B(X) +, B(X) be a mapping of the form

($ Q!X (B.4)

(FI)() = inf (Fud)i), it X,

where M is parameter set, and for eachi! M, F is a contrac-
tion mapping from B(X) to B(X) with modulus $. Then F is a
contraction mapping with modulus $.

Proof: (a) Assume that Eg. (B.4) holds. For any J,J"! B(X), we have

+ # +
IS ST A TONEL )
. . =su :
. , + +V(I_)%|- _ o+ &
(s oox i @) BG) T 3G G)
i!uxp + 4 V(i)
’ i x i () .
( ﬁuxp’TgJ J3
($.J3"J.,

where the last inequality follows from the hypothesis.
Conversely, arguing by contradiction, letOs assume that Eq. (B.4) is
violated for somei ! X. DebneJ(j) = v(j)sgn(a; ) and J"(j) = O for all

j ! X. Thenwe have.J' J". = .J. =1, and
ENH FIDT_ VO
v(i) - v(i) - "

showing that F is not a contraction of modulus $.

(b) Since F is a contraction of modulus $, we have for anyJ,J"! B(X),

(Fud)(i) , (Fud")(0)

V) ( V(i) +$.J3' J"., il X,
so by taking the inPmum overp! M,
(FI)(d) . (FI) e .
V() ( Q) +$.J" J°., il X
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Reversing the roles of] and J", we obtain
+ +
FI)(i)' (FIHM)*
v(i)
and by taking the supremum overi, the contraction property of F is proved.
Q.E.D.

($.3" 3., ilX

The preceding proposition assumes thaFJ ! B(X)forall J ! B(X).
The following proposition provides conditions, particularly relevant to the
DP context, which imply this assumption.

Proposition B.5: Let X = {1,2,...}, let M be a parameter set, and
for eachp! M, let Fy be a linear mapping of the form

*

(Fud)(i) = b(W)+ aij (W) I(), il X,
it x

where we assume that the summation above is well-debned for al
J ! B(X).

(a) We have FyJ ! B(X) for all 3 ! B(X) provided b(p) ! B(X)
and V(p) ! B(X), where

b= b b, VA= Vi) Ve,
Wlth * + +
Vi(w = ey (WG), it X
it X
(b) Consider the mapping F
(F3)(i) = inf (Fud)(i), il X
UM

We haveFJ ! B(X) forall J ! B(X), provided b! B(X) and
V I B(X), where

b:IbJ_,bg,...(, V:{Vl,Vz,...},

with b =sup,, v bi(1) and Vi = sup,, y Vi (1.

Proof: (a)Forall p! M,J! B(X)andi! X, we have

) + + * o+ = o+
(Fu)(D) C *+ Ty (WHIGNG)VG)
RS
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*

+ + + +
(W™ .J3. Ty (W)

+ + X
=+ .3 Vi),
and similarly (FyJ)(i) )" +‘*h(u)i'. J. Vi(W). Thus
+ +  + +
WFLDOTC T+ I Vi(w), i X

By dividing this inequality with v(i) and by taking the supremum over
i1 X, we obtain

Fud. (. b+ .3V < &.

(b) By doing the same as in (a), but after brst taking the inbmum of
(FuJ)(i) over p, we obtain

FJ.(. b +.J..V.<&.

Q.E.D.
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Neuro-Dynamic Programming
Dimitri P. Bertsekas and John N. Tsitsiklis

Athena Scientibc, 1996
512 pp., hardcover, ISBN 1-886529-10-8

This is the brst textbook that fully explains the neuro-dynamic pro-
gramming/reinforcement learning methodology, a breakthrough inthe prac-
tical application of neural networks and dynamic programming to complex
problems of planning, optimal decision making, and intelligent control.

From the review by George Cybenko for IEEE Computational Sci-
ence and Engineering, May 1998:

ONeuro-Dynamic Programming is a remarkable monograph that in-
tegrates a sweeping mathematical and computational landscape ia a co-
herent body of rigorous knowledge. The topics are current, the writing is
clear and to the point, the examples are comprehensive and the historical
notes and comments are scholarly.O

Oln this monograph, Bertsekas and Tsitsiklis have performed a Her-
culean task that will be studied and appreciated by generations to ome.
| strongly recommend it to scientists and engineers eager to seriously un-
derstand the mathematics and computations behind modern behavioral
machine learning.O

Among its special features, the book:

¥ Describes and unibes a large number of NDP methods, including sev-
eral that are new

¥ Describes new approaches to formulation and solution of important
problems in stochastic optimal control, sequential decision making,
and discrete optimization

¥ Rigorously explains the mathematical principles behind NDP

¥ lllustrates through examples and case studies the practical appli-
tion of NDP to complex problems from optimal resource allocation,
optimal feedback control, data communications, game playing, and
combinatorial optimization

¥ Presents extensive background and new research material on dynamic
programming and neural network training

Neuro-Dynamic Programming is the winner of the 1997 INFORMS
CSTS prize for research excellence in the interface between Op-
erations Research and Computer Science



Reinforcement Learning and Optimal Control
Dimitri P. Bertsekas

Athena Scientibc, 2019
388 pp., hardcover, ISBN 978-1-886529-39-7

This book explores the common boundary between optimal control
and artibcial intelligence, as it relates to reinforcement learning and simu-
lation-based neural network methods. These are popular belds witmany
applications, which can provide approximate solutions to challenging e-
guential decision problems and large-scale dynamic programming (DP
The aim of the book is to organize coherently the broad mosaic of mébds
in these Pbelds, which have a solid analytical and logical foundation, and
have also proved successful in practice.

The book discusses both approximation in value space and approx-
imation in policy space. It adopts a gradual expository approach, which
proceeds along four directions:

¥ From exact DP to approximate DP: We brst discuss exact DP algo-
rithms, explain why they may be di! cult to implement, and then use
them as the basis for approximations.

¥ From Pnite horizon to inbnite horizon problems: We brst discuss
Pnite horizon exact and approximate DP methodologies, which are
intuitive and mathematically simple, and then progress to inbnite
horizon problems.

¥ From model-based to model-free implementations: We brst discuss
model-based implementations, and then we identify schemes that can
be appropriately modibed to work with a simulator.

The mathematical style of this book is somewhat di erent from the
one of the author®s DP books, and the 1996 neuro-dynamic programming
(NDP) research monograph, written jointly with John Tsitsiklis. While
we provide a rigorous, albeit short, mathematical account of the heory
of bnite and inbnite horizon DP, and some fundamental approximation
methods, we rely more on intuitive explanations and less on proof-bsed
insights. Moreover, our mathematical requirements are quite modest: cal-
culus, a minimal use of matrix-vector algebra, and elementary probability
(mathematically complicated arguments involving laws of large numbers
and stochastic convergence are bypassed in favor of intuitive explanations).

The book is supported by on-line video lectures and slides, as well
as new research material, some of which has been covered in the peat
monograph.



Rollout, Policy Iteration, and Distributed
Reinforcement Learning

Dimitri P. Bertsekas

Athena Scientibc, 2020
480 pp., hardcover, ISBN 978-1-886529-07-6

This book develops in greater depth some of the methods from the
authorOs Reinforcement Learning and Optimal Control textbook Athena
Scientibc, 2019). It presents new research, relating to rollout algorithms,
policy iteration, multiagent systems, partitioned architectures, and dis-
tributed asynchronous computation.

The application of the methodology to challenging discrete optimiza-
tion problems, such as routing, scheduling, assignment, and mixed tager
programming, including the use of neural network approximations within
these contexts, is also discussed.

Much of the new research is inspired by the remarkable AlphaZero
chess program, where policy iteration, value and policy networks, approxi-
mate lookahead minimization, and parallel computation all play an impor-
tant role.

Among its special features, the book:

¥ Presents new research relating to distributed asynchronous coputa-
tion, partitioned architectures, and multiagent systems, with applica-
tion to challenging large scale optimization problems, such as combi-
natorial/discrete optimization, as well as partially observed Markov
decision problems.

¥ Describes variants of rollout and policy iteration for problems with
a multiagent structure, which allow the dramatic reduction of the
computational requirements for lookahead minimization.

¥ Establishes connections of rollout algorithms and model predictive
control, one of the most prominent control system design methodol-

ogy.

¥ Expands the coverage of some research areas discussed in the authorOs

2019 textbook Reinforcement Learning and Optimal Control.

¥ Provides the mathematical analysis that supports the Newton step
interpretations and the conclusions of the present book.

The book is supported by on-line video lectures and slides, as well
as new research material, some of which has been covered in the peat
monograph.
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