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Based on my course at ASU on DP/RL (2019-2025), and my recent books

Rollout, Policy lteration, and Distributed Reinforcement Learning, 2020
Abstract Dynamic Programming, 3nd Edition, 2022
Lessons from AlphaZero for Optimal, Model Predictive, and Adaptive Control, 2022
A Course in Reinforcement Learning, 2nd edition, 2025
(Can be Found On-Line)
(Also On-Line a 5-Video Series on Abstract DP)
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Reinforcement Learning, Optimization, and Abstract DP

REINFORCEMENT LEARNING
Approximately Optimal

Sequential Decision Making

Approximation in Value Space Approximation in Policy Space
Dynamic Programming Nonlinear Programming
Abstract DP Gradient-Like Optimization
Newton’s Method Random Search
RL deals with exactly the same mathematical problem as DP )
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o Mathematical Structure of Sequential Decision Problems
e Abstract DP Concepts

e Abstract DP - Value and Policy Iteration

0 Approximation in Value Space - Newton’s Method

e Policy Parametrization - Parameter Optimization - Gradient Descent
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Deterministic Optimal Control
B
FOLLOW A

GIVEN TRAJECTORY

Acceleration
Constraints

Fixed Obstacles

Velocity
Constraints

i

A
Keep the state of the system close to a planned trajectory )
System: Xxk11 = f(Xk, Uk), Xk € X : state, ux € U(xx) : control
Infinite horizon cost minimization: miny, cux) Soreo @ 9(Xk, Uk), a € (0,1), g: boundedJ
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DP: We Introduce Policies m = {ug, 11, - . .} where py : x — U(x)

@ Cost function of policy 7 starting from an initial state xo:
Jﬂ—(Xo) = Z Ozkg(Xk, uk(Xk)), with Xk generated by Xk+1 = I((Xk7 Mk(xk))
k=0
@ Optimal cost starting from initial state x: J*(x) = minx J=(x)

@ It can be shown that J* satisfies Bellman’s equation (a functional equation)

J'(x) = min. [g(x, u) + ad* (f(x, u))], VxeX

@ Proof: Take the min over m = {uo, p1, ...} = {wo, 1 } of both sides in the relation
Jn(%) = G(X, o(X)) + i, (F(X, p0(x)
@ So J* is a fixed point of the mapping T given by:
(T)(x) = min [g(x u) + ad(f(x, u))] VxeX

@ |t can be shown that T is a contraction with respect to the sup norm over the
space of bounded functions J : X — R. Hence J* is the unique fixed point of T
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Stationary Policies {1, 11, ...} and their Cost Functions J,

@ J,(xo) is the cost of {y, u, ...} starting from an initial state xo:

Ju(x0) = Z o g (X, (X)), with x generated by X1 = f(xk, u(Xk))
k=0
@ From the definition of J,,, we have
Ju(¥) = g(x, u(x)) + ady (F(x, u(x)))
so J, is the fixed point of the (linear) mapping T, given by:
(Tud)(x) = g(x, 1(x)) + ad(F(x,u(x)) ), ¥ x € X
@ |t can be seen that
(TH)(x) = min(T,J)(x), VxeX
"

so that T is the lower envelope of the mappings T,
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Graphical Representation of Bellman Equations

J, = T,J, and J* = TJ* = min,(T,J)
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Extension to Stochastic and Minimax Optimal Control (1950s)

Stochastic problems: wy is a random variable

System: X1 = f(Xk, Uk, Wk), Xk : state € X, ux € U(xk) : control
Infinite horizon cost minimization: miny, e u(x,) Ew {3 oo @ 9(Xk, Uk, Wic) }

Minimax problems: wy is chosen from a set W(xk, ux) by an antagonist

System: Xx+1 = f(Xk, Uk, Wk), Xk : state € X, ux € U(xx) : control
Infinite horizon cost minimization: miny, eu(x,) MaXw, e W, u) {2 reo &< 9(Xk, Uk, Wic) }

V.

Fixed point properties: J* and J,, are fixed points of the mappings T and T,

(T)(x) = min. Ew{g(x, u, w) + aJd(f(x, u, w) } Vxe X, (Stochastic)
(TuJ)(x) = Ew{g(x, w(x), w) + ad(f(x, u(x), w) }, vV x € X, (Stochastic)

(TN)(X) = min  max {g(x, u, w) + ad(f(x, u, w) } VxeX, (Minimax)

(TuJ)(x) = max ){g(x, w(x), w) + ad (f(x, u(x), W)}, VxeX, (Minimax)

weW(x,u

Also the lower envelope property holds
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Generalizing the Analysis: Abstract DP

Abstraction in Mathematics (according to Wikipedia)

“Abstraction in mathematics is the process of exiracting the underlying essence of a
mathematical concept, removing any dependence on real world objects with which it
might originally have been connected, and generalizing it so that it has wider
applications or matching among other abstract descriptions of equivalent phenomena.”

v

“The advantages of abstraction are:
@ It reveals deep connections between different areas of mathematics.
@ Known results in one area can suggest conjectures in a related area.

@ Techniques and methods from one area can be applied to prove results in a
related area."

ELIMINATE THE CLUTTER ... LET THE FUNDAMENTALS STAND OUT.
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What is Fundamental in DP? Answer: The Bellman Eq. Operator

Idea: In place of the Bellman operator introduce an abstract map H(x, u, J)
@ Bellman’s Egs. for optimal cost and policy u:

J*(x) = ueirz])zx) Hx,u,J*)  Ju(x) = H(x, u(x), dyu)

@ For the deterministic optimal control problem

H(x,u,J) = g(x, u) + ad (f(x, u))

@ For stochastic optimal control

H(x,u,J) = E{g(x,u,w) + aJ(f(x, u,w))}

@ Other examples: Minimax, semi-Markov, exponential risk-sensitive cost, etc
@ Key premise: H is the “math signature" of the problem

@ Top down development:
Abstract View — Analysis and Methods — Special Cases
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Abstract Problem Formulation

@ State and control spaces: X, U
@ Control constraint: u € U(x)
@ Stationary policies: u : X — U, with p(x) € U(x) for all x

The Key Mapping
@ Abstract monotone mapping H : X x U x £(X) — [—o0, o0]

J<J = H(x,u,J) < H(x,u,J"), Y x,u

where £(X) is the set of functions J : X — [—o0, o0]
@ Define for each policy p

(THJ)(X):H(X,M(X),J)7 VxeX,dJde&X)
and also define

(T)(X) = inf Hxud),  YxeX, JeEX)
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Abstract DP Problem

@ Introduce the cost function of a policy = = {uo, 1, ... }:

Jr(x) = limsup (T - - - TupyJ)(X), xeX

N— oo

where J is some function [for example J(x) = 0]
@ Find J*(x) = inf, Jx(x) and an optimal 7 attaining the infimum

Notes:

@ Optimal control interpretation: (T, - - - TuyJ)(Xo) is the cost of starting from Xo,
using = for N stages, and incurring terminal cost J(xn)

@ The theory revolves around fixed point properties of T, and T
@ Typically, Bellman’s equations hold:

G — Tl A — TP

@ Algorithms to find J,, and J* (e.g., value and policy iteration) are special cases of
fixed point algorithms
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Principal Types of Abstract DP Models

Contractive: (Shapley 1953, Denardo 1967)
@ Patterned after discounted optimal control w/ bounded cost per stage
@ The DP mappings T, are weighted sup-norm contractions

@ The finite state-control discounted stochastic problem is contractive and is by far
the most commonly used model in RL

@ ltis called Markovian Decision Problem (MDP for short)

Monotone Increasing/Decreasing: (DPB 1975, DPB+Shreve 1978)

@ Patterned after nonpositive and nonnegative cost undiscounted DP problems
@ No reliance on contraction properties, just monotonicity of T,

Semicontractive: (A focal point of my Abstract DP book, 2013-2022)
@ Patterned after control problems with a goal state/destination
@ Some policies p are “well-behaved” (e.g., T, is contractive); others are not

@ This is a common model in DP (under the name stochastic shortest path problem),
and in RL (under the name episodic MDP)

V.
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Computational Methods I: Value Iteration

A 45 Degree Line
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Computational Methods II: Policy Iteration

A

Starting Policy p9

1 1
(Base Policy) Next Policy p

- (Rollout Policy)

Policf Improvement
Find!p! such that
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Policy Evaluation
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Reinforcement Learning: Approximation in Value Space

(Essentially Equivalent Approach as Model Predictive Control (MPC))

One-step lookahead policy [ First Step  “Future”
-—

-—>
At state T | mgn [g(m, u) + j(f(al:7 u))}

CRITICAL MAPPING

Cost function Jj
Performance Error |J; — J*|

Cost approximation .J
Approximation Error |J — J*|

@ Replace optimal cost J* with an approximation J in Bellman’s equation
@ Defines a lookahead policy /i with fi(x) being the minimizing u above

@ Extension to ¢-step ahead minimization
[¢-steps cost + J(¢-step ahead state)]

sU2se- ey Uy

KEY QUESTIONS
@ What is the relation between J; and J? ANSWER: It is a Newton step relation

@ How does multistep lookahead affect the critical mapping?

20/30
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The View Through Newton’s Method
(A principal focus of my books, 2020-2025)

One-Step Lookahead \
Policy fi [
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- One-Step Lookahead
Policy Cost
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J

Cost Approximation

N 4

A simple observation ... but one that is unlikely to happen without an abstract view )
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(-Step Lookahead - It's the Same as One-Step Lookahead with J

Replaced by T¢~1J

Multistep Lookahead
Policy i

\

>

74 S 7
0l J T] T2 J*:TJ\Jﬁ:TﬁJﬁ

Cost Approximation Multistep Lookahead

Policy Cost

Only the first step of the lookahead is a Newton step



The Critical Relation is Superlinear! (The Key to Success of MPC/RL)

} Performance Error | — J*|

For t-step bokahead

For 1-step lookahead

<= “Stability Region” “Instability Region” ==

For one-step lookahead: The critical mapping is a Newton step for solving the
Bellman equation

@ Far-reaching implications for both theory and practice

@ “Stability" threshold defined by the region of convergence of Newton’s method

@ Given an approximation architecture (e.g., a neural net) if you start inside one of
the two regions, better training/more data, etc, has marginal effect

For /-step lookahead: The critical mapping is a Newton/SOR step: A Newton
step preceded by ¢ — 1 first order value iterations
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Variations, Approximations. Example: A Double Newton Step

(Tesauro’s Backgammon Program, 1990s)

MPC Policy

" |Rollout Policy with
| MPC Base Policy

I
I
/ | /
| 7 Double Newton Step First
| / Newton Step
A
I
/ Second
/ ‘ =\, Newton Step
; H J* =TJ* A 7
7 Cost Approximation MPC Performance
Many variations: Approximate/simulation-based policy evaluation, etc J
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Incremental Gradient Methods (The Workhorse of Machine Learning)

Sum of terms optimization problem (e.g., an expected value E, {f(y, w)})

m

myin fly) = Z fi(y) (e.g., fi(y) is the Error Between jth Data Point and a Model y)
i=1

Each f; is a differentiable scalar function of the vector y

The ordinary gradient method generates y**! from y* according to
Yy =y vty y—kaVf

where ¥ > 0 is a stepsize parameter

The incremental gradient method (aka “stochastic gradient descent")
Choose an index i and iterate according to

Y =y = ()

where v > 0 (in practice, diagonal scaling is commonly used)
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The Advantage of Incrementalism: An Interpretation from my 1996

Neurodynamic Programming Book

(ciy — bi)?
\ \
— in R max; Y
min; y; 1Y}
| —— < —> |
FAROUT REGION REGION OF CONFUSION FAROUT REGION

Minimize f(y) = 3 31", (ciy — bi)?

Two cases of interest:

@ When far from convergence: Incremental gradient is as fast as ordinary gradient
with 1/m amount of work.

@ When close to convergence: Incremental gradient gets confused and requires a
diminishing stepsize for convergence.
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Policy Optimization/Training Framework

Uncertainty

Control
u=f(z,r)

Current State
x

Parametrized
< Policy

ﬂ('a'r)

Select a policy by parametric cost optimization

@ Each parameter value r defines a stationary (possibly randomized) policy ji(r)
with cost J;(r)(xo) starting from initial state xo

@ Determine r through the minimization
min Jj(r) (Xo0)

@ More generally, determine r through the minimization
m|n E{ 3(r) (X0 }

where the E{-} is with respect to a suitable probability distribution of xo
@ Commonly solved by forms of incremental gradient and random search methods
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Pitfalls of Policy Optimization - An a-Discounted Two-State Example

Single Parameter r

Parametrized Policy
r

b ‘em, '
Cost 1 Cost 2 Cost 0

Optimal DP policy: L —+ R and R — R (assuming « > 1/2)
r = 1 yields the optimal DP policy J

,,,,, —— — a=0.80
25 ot e ~-- @=090
e -~ —- a=095

Parametrized cost function (concave!! with two local minimal!) J
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Thank you!
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