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Multistep Approximation in Value Space - The General Case

Selective Depth Lookahead Tree

Feature Extraction Features: Material Balance, uk = µd
k

�
xk(Ik)

�

Mobility, Safety, etc Weighting of Features Score Position Evaluator

States xk+1 States xk+2

x0 xk im�1 im . . . (0, 0) (N,�N) (N, 0) ī (N, N) �N 0 g(i) Ī N � 2
N i

s i1 im�1 im . . . (0, 0) (N,�N) (N, 0) ī (N, N) �N 0 g(i) Ī N � 2 N
i

u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector �(x) Approximator �(x)0r

` Stages Riccati Equation Iterates P P0 P1 P2 �2 � 1 �2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k � wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

1

Certainty equivalence Monte Carlo tree search Lookahead tree !-Step
Shortest path problem xk

xk States xk+1 States xk+2 Truncated Rollout Terminal Cost Ap-
proximation

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+!

Rollout, Model Predictive Control

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

min
uk

E
{
gk(xk, uk, wk)+J̃k+1(xk+1)

}

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u∗
0, . . . , u∗

k, . . . , u∗
N−1} Simplify E{·}

Tail subproblem Time x∗
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN(xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ "m} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
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Set of States (ũ1) Set of States (ũ1, ũ2) Neural Network

Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)

Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)
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Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)
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bk Belief States bk+1 bk+2 Policy µ m Steps

Truncated Rollout Policy µ m Steps

B(b, u, z) h(u) Artificial Terminal to Terminal Cost gN(xN ) ik bk ik+1 bk+1 ik+2 uk uk+1 uk+2

Original System Observer Controller Belief Estimator zk+1 zk+2 with Cost gN (xN )

µ COMPOSITE SYSTEM SIMULATOR FOR POMDP

(a) (b) Category c̃(x, r̄) c∗(x) System PID Controller yk y ek = yk − y + − τ Object x h̃c(x, r̄) p(c | x)

uk = rpek + rizk + rddk ξij(u) pij(u)

Aggregate States j ∈ S f(u) u u1 = 0 u2 uq uq−1 . . . b = 0 b∗ b∗ = Optimized b Transition Cost

Policy Improvement by Rollout Policy Space Approximation of Rollout Policy at state i

One-step Lookahead with J̃(j) =
∑

y∈A φjyr∗
y

p(z; r) 0 z r r + ε1 r + ε2 r + εm r − ε1 r − ε2 r − εm · · · p1 p2 pm

... (e.g., a NN) Data (xs, cs)

V Corrected V Solution of the Aggregate Problem Transition Cost Transition Cost J∗

Start End Plus Terminal Cost Approximation S1 S2 S3 S! Sm−1 Sm

Disaggregation Probabilities dxi dxi = 0 for i /∈ Ix Base Heuristic Truncated Rollout

Aggregation Probabilities φjy φjy = 1 for j ∈ Iy

Maxu State xk Policy µ̃k(xk, rk) h̃(u, xk, rk) h̃(c, x, r) h̃u(xk, rk) Randomized Policy Idealized

Generate “Improved” Policy µ̃ by µ̃(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

State i y(i) Ay(i) + b φ1(i, v) φm(i, v) φ2(i, v) Ĵ(i, v) = r′φ(i, v)

Deterministic Transition xk+1 = fk(xk, uk)

Aggregate Problem Cost Vector r∗ J̃1 = Corrected V Enlarged State Space

Aggregate States Cost J̃0 Cost J̃1 Cost r∗ *Best Score*

Representative States Controls u are associated with states i Optimal Aggregate Costs r∗
x y1 y2 y3
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Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Heuristic Cost Heuristic “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . . Q-Factors Current State xk

x0 x1 xk xN x′
N x′′

N uk u′
k u′′

k xk+1 x′
k+1 x′′

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

s i1 im�1 im . . .

j1 j2 j3 j4

p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector �(x) Approximator �(x)0r

` Stages Riccati Equation Iterates P P0 P1 P2 �2 � 1 �2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k � wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2
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u

J(1) = min
�
c, a + J(2)
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(x)

Improper policy µ

Proper policy µ
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Multistep Lookahead

F (K)x2 = min
u2<

�
qx2 + ru2 + K(ax + bu)2

 

= min
L2<

min
u=Lx

�
qx2 + ru2 + K(ax + bu)2

 

= min
L2<

�
q + rL2 + K(a + bL)2

 
x2

or

F (K) = min
L2<

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) � y G(y) Region of Attraction of y⇤

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) � y G(y)

c(2) c(m�1) c(m) c(m+1) c(M) c(M �1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M � 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K⇤

The longer the lookahead the better

The start of the Newton step must be within the region of stability

Longer lookahead promotes stability of the multistep lookahead policy

Value Policy

1

Multistep Lookahead Base Policy

F (K)x2 = min
u∈"

{
qx2 + ru2 + K(ax + bu)2
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L∈"
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}

= min
L∈"
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q + rL2 + K(a + bL)2

}
x2

or

F (K) = min
L∈"

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

The start of the Newton step must be within the region of stability

Longer lookahead promotes stability of the multistep lookahead policy

Value Policy

1

Special case: No rollout. The general multistep approximation in value space
scheme.

Special case: Pure multistep rollout. No terminal cost and no truncation.

WE TAKE IT AS FACT: Longer lookahead improves performance (but is costly).

OUR STRATEGY: Extend the lookahead as much as the comp. budget allows.

One idea: Truncated rollout (a cheap extension of the lookahead length).

Another computation-saving idea: Selectively prune the lookahead tree.
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We obtain a trajectory {xk , xk+1, . . . , xk+`} that minimizes the shortest distance from xk

to xk+` PLUS J̃(xk+`). We then use the first move xk → xk+1.

All the shortest path problems from xk to xk+` can be solved simultaneously by
backward DP (start from layer ` go towards xk ).

An important alternative is the forward DP algorithm.

It is the same as the backwards DP algorithm with the direction of the arcs
reversed (start from xk go towards layer ` - see the next slide).
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Forward DP Algorithm and Iterative Deepening [J̃(x) is given for all x ]
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1

The “forward" DP algorithm: The shortest distances Dn+1(xn+1) to layer n + 1
states are obtained from the shortest distances Dn(xn) to layer n states as follows:

Dn+1(xn+1) = min
xn

[
(Cost xn → xn+1) + Dn(xn)

]
Solution of the `-step lookahead problem: The shortest path to the state x∗` of
layer ` that minimizes D`(x`) + J̃(x`).

Iterative deepening: Solve the n-step lookahead problem before solving the
(n + 1)-step lookahead problem.

This is an “anytime" algorithm (returns a feasible solution even if it is interrupted).
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to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

The start of the Newton step must be within the region of stability

Longer lookahead promotes stability of the multistep lookahead policy

1

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic) Base Policy

F (K)x2 = min
u∈"

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈"

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈"

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States

F (K) = min
L∈"

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

The start of the Newton step must be within the region of stability

Longer lookahead promotes stability of the multistep lookahead policy

1

xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈#

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈#

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈#

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States Rollout

F (K) = min
L∈#

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

1

Iterative deepening can be “enhanced" by pruning states x̂n such that the n-step
lookahead cost Dn(x̂n) + J̃(x̂n) is “far from the minimum" over xn.

We prune as we go: Prune states in layer n before pruning states in layer n + 1.

Runs the risk of overpruning: Some pruned states may be “good" in hindsight.

Should we go back and check for overpruning? How?
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Incremental Multistep Rollout - Flexible Pruning/Iterative Deepening

Start of the iteration Iteration extends to x7

Iteration backtracks to the previously visited node x̄2

x0 x1 x2 x3 x4 x5 x6 xk x! Layer 1 Layer 2 Layer k ! x J̃(x!)

Subgraph S Tree T TµJ = −µ + (1 − µ2)J K̂

x̄1 x̄2 Path P

Path P Path P x7 Tree T Path P

Terminal Cost Approximation State 1 State 2 Acyclic Graph G

2-State/2-Control Example (a) (b) (c)

Effective Cost Approximation Value Space Approximation State 1
State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Generic stable policy µ TµJ Generic unstable policy µ′ Tµ′J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J∗ J∗(1) J∗(2) (TJ∗)(1) = J∗(1) (TJ∗)(2) = J∗(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

1

x0 Layer 1 Layer 2 Layer `

Region of Stability TµJ = �µ + (1 � µ2)J K̂

State 1 State 2 2-State/2-Control Example
E↵ective Cost Approximation Value Space Approximation State 1

State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Generic stable policy µ TµJ Generic unstable policy µ0 Tµ0J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J⇤ J⇤(1) J⇤(2) (TJ⇤)(1) = J⇤(1) (TJ⇤)(2) = J⇤(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J

TJ Instability Region Stability Region 0 Tm
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K⇤ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = � abK̃

r + ab2K̃
K1 L̃ = � abK1

r + ab2K1

F (K) =
a2rK

r + b2K

J⇤(1) = 0 J(1) (TJ)(1) = min{J(1), 1}

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stability Region F (K) = arK
r+b2K + q FL̃(K1) K̂ = a2 � 1

1

x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

1

Expansion

x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

1

Expansion x∗ minimizes D(x) + H(x) over x ∈ S x∗ minimizes D(x) + H(x) over x ∈ S

x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

1

Expansion x∗ minimizes D(x) + H(x) over x ∈ S x∗ minimizes D(x) + H(x) over x ∈ S

x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

1

Expansion x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S

x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

1

x0 Layer 1 Layer 2 Layer `

Region of Stability TµJ = �µ + (1 � µ2)J K̂

State 1 State 2 2-State/2-Control Example
E↵ective Cost Approximation Value Space Approximation State 1

State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Generic stable policy µ TµJ Generic unstable policy µ0 Tµ0J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J⇤ J⇤(1) J⇤(2) (TJ⇤)(1) = J⇤(1) (TJ⇤)(2) = J⇤(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J

TJ Instability Region Stability Region 0 Tm
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K⇤ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = � abK̃

r + ab2K̃
K1 L̃ = � abK1

r + ab2K1

F (K) =
a2rK

r + b2K

J⇤(1) = 0 J(1) (TJ)(1) = min{J(1), 1}

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stability Region F (K) = arK
r+b2K + q FL̃(K1) K̂ = a2 � 1

1

xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈#

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈#

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈#

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States Rollout

F (K) = min
L∈#

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

1

We use a less regular graph, which is expanded at each iteration based on a
shortest path computation

At the start of an iteration, we have an acyclic connected subgraph S rooted at x0.

We compute the shortest distance D(x) from x0 to all x ∈ S, going through S.

We find a leaf node x∗ ∈ S that minimizes D(x) + H(x), where H(x) is a “heuristic
distance" from x to layer `.

Expand x∗ to enlarge S and start the next iteration (or stop if x∗ is in layer `).
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Incremental Multistep Rollout - Some Details

Start of the iteration Iteration extends to x7

Iteration backtracks to the previously visited node x̄2

x0 x1 x2 x3 x4 x5 x6 xk x! Layer 1 Layer 2 Layer k ! x J̃(x!)

Subgraph S Tree T TµJ = −µ + (1 − µ2)J K̂

x̄1 x̄2 Path P

Path P Path P x7 Tree T Path P

Terminal Cost Approximation State 1 State 2 Acyclic Graph G

2-State/2-Control Example (a) (b) (c)

Effective Cost Approximation Value Space Approximation State 1
State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Generic stable policy µ TµJ Generic unstable policy µ′ Tµ′J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J∗ J∗(1) J∗(2) (TJ∗)(1) = J∗(1) (TJ∗)(2) = J∗(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

1

x0 Layer 1 Layer 2 Layer `

Region of Stability TµJ = �µ + (1 � µ2)J K̂

State 1 State 2 2-State/2-Control Example
E↵ective Cost Approximation Value Space Approximation State 1

State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Generic stable policy µ TµJ Generic unstable policy µ0 Tµ0J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J⇤ J⇤(1) J⇤(2) (TJ⇤)(1) = J⇤(1) (TJ⇤)(2) = J⇤(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J

TJ Instability Region Stability Region 0 Tm
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K⇤ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = � abK̃

r + ab2K̃
K1 L̃ = � abK1

r + ab2K1

F (K) =
a2rK

r + b2K

J⇤(1) = 0 J(1) (TJ)(1) = min{J(1), 1}

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stability Region F (K) = arK
r+b2K + q FL̃(K1) K̂ = a2 � 1

1

x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen
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1

At the start of an iteration, we have an acyclic connected subgraph S rooted at x0.

We minimize D(x) + H(x) over all leaf nodes x ∈ S.

We expand the minimizing node x∗ to form the new subgraph.

The computation of the shortest distances D(x) is done progressively with the
forward DP algorithm as the subgraph S expands.

Example of H(x): The cost of a base heuristic that starts from x and ends at some
node x` of layer `, plus J̃(x`), plus an extra term that favors paths with few hops
that encourages backtracking e.g., δ · (number of hops from x0 to x), where δ > 0.

For δ = 0, we get max pruning: S ends up being “long and skinny". For δ ≈ ∞, we
get min pruning: S ends up being as “fat" as possible.
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Constrained Rollout - Main Ideas

Applies to problems with additional constraints on the entire optimal trajectory
Greatly expands the range of applications of rollout

For example it applies to intractable discrete optimization problems (e.g., shortest
path problems with a limit on the number of hops).

It is similar to unconstrained rollout: As we expand the rollout path, we exclude
from consideration the Q-factors that correspond to constraint violation.

Guarantees cost improvement over the base heuristic under appropriate
conditions (modified versions of sequential consistency, sequential improvement,
or use of a fortified version).
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Traveling Salesman: Example of a Trajectory Constraint
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

1

ABCDA ABDCA ACBDA ACDBA ADBCA ADCBA

Safety Costs of Complete Tours ABCDA

6-Dimensional Assignment Problem 15

Termination State Constraint Set X X = X X̃ ỹ0 = x̃0 = x0
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution Constraint: Tour Safety ≤ 10

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

1

ABCDA ABDCA ACBDA ACDBA ADBCA ADCBA

Safety Costs of Complete Tours ABCDA

6-Dimensional Assignment Problem 15

Termination State Constraint Set X X = X X̃ ỹ0 = x̃0 = x0
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(
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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Deterministic Rollout with Trajectory Constraint: Basic Idea
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TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ

Optimal Base Rollout Terminal Score Approximation

Trajectory Rk Trajectory Rk+1 Cost of rollout policy µ̃

Simplified minimization

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step Value Network Policy Network

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation
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3 ũ0 x̃1 ũ1 x̃1
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1

Review of the unconstrained rollout algorithm:
Construct sequence of trajectories {T0,T1, . . . ,TN} with monotonically
nonincreasing cost (assuming a sequential improvement condition).

For each k , the trajectories Tk ,Tk+1, . . . ,TN share the same initial portion
(x0, ũ0, . . . , ũk−1, x̃k ).

The base heuristic is used to generate candidate trajectories that correspond to
the controls uk ∈ Uk (xk ).

The next trajectory Tk+1 is the candidate trajectory that has min cost.

To deal with a trajectory constraint T ∈ C, we discard all the candidate trajectories that
violate the constraint, and we choose Tk+1 to be the best of the remaining trajectories.
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Deterministic Problems with Constraints: Definition

Consider a deterministic optimal control problem with system xk+1 = fk (xk , uk ).

A complete trajectory is a sequence

T = (x0, u0, x1, u1, . . . , uN−1, xN)

Problem:
min
T∈C

G(T )

where G is a given cost function and C is a given constraint set of trajectories.

State augmentation idea for rollout
Redefine the state to be the partial trajectory

yk = (x0, u0, x1, . . . , uk−1, xk )

Partial trajectory evolves according to a redefined system equation:

yk+1 =
(
yk , uk , fk (xk , uk )

)
The problem becomes to minimize G(yN) subject to the constraint yN ∈ C.
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(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN�1) . . .

SC ` Stages Riccati Equation Iterates P P0 P1 P2 �2 � 1 �2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k � wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

1

(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN�1) . . .

x0 x̃1 x̃2 x̃k�1 x̃k xk+1 xk+2 xN�1 xN ũ0 ũ1 ũk�1 uk uk+1 uN�1
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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G
(
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)
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Wp0 : Functions J � Ĵp0 with J(xk) ! 0 for all p0-stable ⇡

W+ =
�
J | J � J+, J(t) = 0

 

VI converges to J+ from within W+

Cost: g(xk, uk) � 0 VI converges to Ĵp from within Wp
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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3 ũ0 x̃1 ũ1 x̃1
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3 ũ1 x̃2 ũ2 x̃3
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min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

1

ABCDA ABDCA ACBDA ACDBA ADBCA ADCBA

Safety Costs of Complete Tours ABCDA

6-Dimensional Assignment Problem 15

Termination State Constraint Set X X = X X̃ ỹ0 = x̃0 = x0
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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x1
k, u1

k u2
k x2

k dk τ

I0 Info Vectors Ik+1 Stages Beyond Truncation Rollout Choice

Rollout with Base Policy Using an Acquisition Function

Heuristic Partial Tour from A from AB from AC from AD

Truncated Horizon RNAfold Expert ENTRNA Dot ·
Possible Base Policy Unconstrained Min Cost Tour

Current Info Vector Ik Using an Acquisition Function
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(
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Rollout at A: Considers partial tours AB, AC, and AD; Obtains the complete tours
ABCDA, ACBDA, and ADCBA; Discards ADCBA as being infeasible; Compares
ABCDA and ACBDA, finds ABCDA to have smaller cost, and selects AB.

Rollout at AB: Considers the partial tours ABC and ABD; Obtains the complete
tours ABCDA and ABDCA; Discards ABDCA as being infeasible; Selects the
complete tour ABCDA.
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(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN�1) . . .

SC ` Stages Riccati Equation Iterates P P0 P1 P2 �2 � 1 �2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k � wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

1

(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN�1) . . .

x0 x̃1 x̃2 x̃k�1 x̃k xk+1 xN�1 xN ũ0 ũ1 ũk�1 uk uk+1 uN�1
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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�
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The notions of sequential consistency and sequential improvement apply. Their
definition includes that the set of “feasible" controls Ũk (ỹk ) is nonempty for all k .

Sequential improvement condition: The min heuristic Q-factor over Ũk (ỹk ) is no
larger than the heuristic cost at ỹk (see the “Course in RL" textbook).
Fortified version (if sequential improvement does not hold; see the notes):

I Maintains the “tentative best" trajectory, and follows it up to generating a better
trajectory through rollout.

I Has the cost improvement property, assuming the base heuristic generates a feasible
trajectory starting from the initial condition ỹ0 = x0.

Multiagent version: Selects one-control-component-at-a-time (apply constrained
rollout to the equivalent reformulation, i.e., the one with control space “unfolded").
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Example of Sequential Consistency and Sequential Improvement
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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3 ũ0 x̃1 ũ1 x̃1
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x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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x1
k, u1

k u2
k x2

k dk τ

I0 Info Vectors Ik+1 Stages Beyond Truncation Rollout Choice

Rollout with Base Policy Using an Acquisition Function

Heuristic Partial Tour from A from AB from AC from AD

Truncated Horizon RNAfold Expert ENTRNA Dot ·
Possible Base Policy Unconstrained Min Cost Tour

Current Info Vector Ik Using an Acquisition Function
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3 ũ1 x̃2 ũ2 x̃3
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3 ũ1 x̃2 ũ2 x̃3
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The heuristic is not sequentially consistent at A, but it is sequentially improving.

If we change the D→A cost to 25, the heuristic is not sequentially improving at A,
and the cost improvement property is lost.

If we change the D→A cost to 25 and we add fortification, the rollout algorithm at
A sticks with the initial tentative best trajectory ACDBA, and rejects ABCDA.
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A Retrospective Summary on Deterministic Constrained Rollout

Structural components
(1) Trajectories T consisting of a sequence of decisions defined by a layered/optimal

control graph

(2) A cost function G(T ) to rank trajectories

(3) A constraint T ∈ C to determine feasibility of trajectories

(4) A base heuristic that starts from a partial trajectory and generates a complete
trajectory

Given (1)

The choices of (2), (3), and (4) are independent of each other

In particular, given (1)-(3):

We can try several different base heuristics or a superheuristic
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Multiagent Problems: Review
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Ĵµ Approximation to Jµ

Approximate Jµ Multiagent Sensor Info State Info

1

Jk+1(x) = Kk+1x2 = F (Kk)x2

m-Component Control u = (u1, . . . , um) u1 um

Bellman Equation on Space of Quadratic Functions J(x) = Kx2 KS

Tube Constraint Cannot be Satisfied for all x0 2 X if a > 1 F (K) 45
20 40 18 2 6 22 Unstable System xk+1 = 2xk + uk

Terminal Cost Approximation J̃ Rollout Policy Network µ

Value Network µ

R0 R1 R2 T2 Cost 28 Cost 27 Cost 13 Lookahead

Value Space Approximation J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Newton iterate starting from K K LK̃ = � abK̃
r+b2K̃

a �a

L̃ = � abK̃
r+b2K̃

Slope = 1

J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J K̃ µK

TJ Instability Region Match Win Probability 1 0 pw (Sudden death)
Stability Region Slope=1

also Newton Step Value Iteration: Kk+1 = F (Kk)

Optimal Policy Riccati Equation: K = F (K)

J(x) = Kx2 = F (K)x2 = Jk(x) or Kk+1 = F (Kk) from

Jk+1(x) = Kk+1x2 = F (Kk)x2 = Jk(x) or Kk+1 = F (Kk) from

using an Corresponds to One-Step Lookahead Policy µ̃

1

Jk+1(x) = Kk+1x2 = F (Kk)x2

m-Component Control u = (u1, . . . , um) u1 um

Bellman Equation on Space of Quadratic Functions J(x) = Kx2 KS

Tube Constraint Cannot be Satisfied for all x0 2 X if a > 1 F (K) 45
20 40 18 2 6 22 Unstable System xk+1 = 2xk + uk

Terminal Cost Approximation J̃ Rollout Policy Network µ

Value Network µ

R0 R1 R2 T2 Cost 28 Cost 27 Cost 13 Lookahead

Value Space Approximation J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Newton iterate starting from K K LK̃ = � abK̃
r+b2K̃

a �a

L̃ = � abK̃
r+b2K̃

Slope = 1

J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J K̃ µK

TJ Instability Region Match Win Probability 1 0 pw (Sudden death)
Stability Region Slope=1

also Newton Step Value Iteration: Kk+1 = F (Kk)

Optimal Policy Riccati Equation: K = F (K)

J(x) = Kx2 = F (K)x2 = Jk(x) or Kk+1 = F (Kk) from

Jk+1(x) = Kk+1x2 = F (Kk)x2 = Jk(x) or Kk+1 = F (Kk) from

using an Corresponds to One-Step Lookahead Policy µ̃

1

2-Step Lookahead Case No Rollout xk+1 xk uk · · · x1 u1 um

F (K) =
a2rK

r + b2K
+ q

State FL(K) for an Unstable and a Stable L KL

Current Text Window Next Text Window Next Word Prompt

J*
N (xN ) = gN (xN ) J*

N−1(xN−1) J*
2 (x2) J*

1 (x1) J*
0 (x0)

J*
k (xk) = min

uk∈Uk(xk)

[
gk(xk, uk) + J*

k+1

(
fk(xk, uk)

)]
, for all xk.

Optimal Policy K∗ = F (K∗) KL = FL(KL) for µ̃ and µ

Opt. Cost-to-Go J∗
k+1(xk+1)

Opt. Cost-to-Go J∗
k (xk)

Opt. Cost-to-Go J∗
k+1(x

′
k+1)

Opt. Cost-to-Go J∗
k+1(x

′′
k+1)

{u∗
0, . . . , u

∗
k−1, u

∗
k, . . . , u∗

N−1}

x0 x1 x2 xN−1 xN xk+1 = fk(xk, uk) Cost g1(x1, u1) x2 = f1(x1, u1)

State Transition x0 x∗
1 x∗

2 x∗
N−1 x∗

N x2 = f1(x1, u1) u∗
1 xN−1 xN u∗

0

u∗
N−1

6 1 3 2 9 5 8 7 10 Stage 0 tail subproblem (c omplete problem)

Player Corrected J̃ J̃ J*

Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature Map

J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

1

2-Step Lookahead Case No Rollout xk+1 xk uk · · · x1 u1 um

F (K) =
a2rK

r + b2K
+ q

State FL(K) for an Unstable and a Stable L KL

Current Text Window Next Text Window Next Word Prompt

J*
N (xN ) = gN (xN ) J*

N−1(xN−1) J*
2 (x2) J*

1 (x1) J*
0 (x0)

J*
k (xk) = min

uk∈Uk(xk)

[
gk(xk, uk) + J*

k+1

(
fk(xk, uk)

)]
, for all xk.

Optimal Policy K∗ = F (K∗) KL = FL(KL) for µ̃ and µ

Opt. Cost-to-Go J∗
k+1(xk+1)

Opt. Cost-to-Go J∗
k (xk)

Opt. Cost-to-Go J∗
k+1(x

′
k+1)

Opt. Cost-to-Go J∗
k+1(x

′′
k+1)

{u∗
0, . . . , u

∗
k−1, u

∗
k, . . . , u∗

N−1}

x0 x1 x2 xN−1 xN xk+1 = fk(xk, uk) Cost g1(x1, u1) x2 = f1(x1, u1)

State Transition x0 x∗
1 x∗

2 x∗
N−1 x∗

N x2 = f1(x1, u1) u∗
1 xN−1 xN u∗

0

u∗
N−1

6 1 3 2 9 5 8 7 10 Stage 0 tail subproblem (c omplete problem)

Player Corrected J̃ J̃ J*

Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature Map

J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

1

2-Step Lookahead Case No Rollout xk+1 xk uk · · · x1 u1 um Control

F (K) =
a2rK

r + b2K
+ q

State FL(K) for an Unstable and a Stable L KL

Current Text Window Next Text Window Next Word Prompt

J*
N (xN ) = gN (xN ) J*

N−1(xN−1) J*
2 (x2) J*

1 (x1) J*
0 (x0)

J*
k (xk) = min

uk∈Uk(xk)

[
gk(xk, uk) + J*

k+1

(
fk(xk, uk)

)]
, for all xk.

Optimal Policy K∗ = F (K∗) KL = FL(KL) for µ̃ and µ

Opt. Cost-to-Go J∗
k+1(xk+1)

Opt. Cost-to-Go J∗
k (xk)

Opt. Cost-to-Go J∗
k+1(x

′
k+1)

Opt. Cost-to-Go J∗
k+1(x

′′
k+1)

{u∗
0, . . . , u

∗
k−1, u

∗
k, . . . , u∗

N−1}

x0 x1 x2 xN−1 xN xk+1 = fk(xk, uk) Cost g1(x1, u1) x2 = f1(x1, u1)

State Transition x0 x∗
1 x∗

2 x∗
N−1 x∗

N x2 = f1(x1, u1) u∗
1 xN−1 xN u∗

0

u∗
N−1

6 1 3 2 9 5 8 7 10 Stage 0 tail subproblem (c omplete problem)

Player Corrected J̃ J̃ J*

Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature Map

J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

1

2-Step Lookahead Case No Rollout xk+1 xk uk · · · x1 u1 um Control

F (K) =
a2rK

r + b2K
+ q

State FL(K) for an Unstable and a Stable L KL

Current Text Window Next Text Window Next Word Prompt

J*
N (xN ) = gN (xN ) J*

N−1(xN−1) J*
2 (x2) J*

1 (x1) J*
0 (x0)

J*
k (xk) = min

uk∈Uk(xk)

[
gk(xk, uk) + J*

k+1

(
fk(xk, uk)

)]
, for all xk.

Optimal Policy K∗ = F (K∗) KL = FL(KL) for µ̃ and µ

Opt. Cost-to-Go J∗
k+1(xk+1)

Opt. Cost-to-Go J∗
k (xk)

Opt. Cost-to-Go J∗
k+1(x

′
k+1)

Opt. Cost-to-Go J∗
k+1(x

′′
k+1)

{u∗
0, . . . , u

∗
k−1, u

∗
k, . . . , u∗

N−1}

x0 x1 x2 xN−1 xN xk+1 = fk(xk, uk) Cost g1(x1, u1) x2 = f1(x1, u1)

State Transition x0 x∗
1 x∗

2 x∗
N−1 x∗

N x2 = f1(x1, u1) u∗
1 xN−1 xN u∗

0

u∗
N−1

6 1 3 2 9 5 8 7 10 Stage 0 tail subproblem (c omplete problem)

Player Corrected J̃ J̃ J*

Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature Map

J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

1

Classical information pattern
At each time: Agents have exact state info; choose their controls as function of state

Model: A discrete-time (possibly stochastic) system with state x and control u

Decision/control has m components u = (u1, . . . , um) corresponding to m “agents"

“Agents" is just a metaphor - the important math structure is u = (u1, . . . , um)

We will reformulate the problem so that rollout can be done much faster
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Reformulation Idea: Trading off Control and State Complexity
(B+T NDP Book, 1996)
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1

An equivalent reformulation - “Unfolding" the control action
The control space is simplified at the expense of m − 1 additional layers of states,
and corresponding m − 1 cost functions

J1(x , u1), J2(x , u1, u2), . . . , Jm−1(x , u1, . . . , um−1)

Allows far more efficient rollout (one-agent-at-a-time). This is just standard rollout
for the reformulated problem (so it involves a Newton step)

The increase in size of the state space does not adversely affect rollout (only one
state and its successors are looked at each stage during on-line play)

Complexity reduction: The one-step lookahead branching factor is reduced from
nm to n ·m, where n is the number of possible choices for each component u i
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Spiders-and-Flies Example
(e.g., Vehicle Routing, Maintenance, Search-and-Rescue, Firefighting)
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)
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem
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Consider an undiscounted infinite horizon deterministic problem, involving the System: Cost:

The system can be kept at the origin at zero cost by some control i.e.,

xk+1 = f(xk, uk)

and the cost per stage

g(xk, uk) ≥ 0, for all (xk, uk)

f(0, uk) = 0, g(0, uk) = 0 for some control uk ∈ Uk(0)

(ℓ − 1)-Stages Minimization Control of Belief State

x x̄ x̄ = f(x, u, w) g(x, u, w) u1 (x, u1) u2 (x, u1, u2)

xk+1 = fk(xk, xk−1, uk, uk−1, wk)

u3 um−1 (x, u1, . . . , um−1) Control um Stage m-Component Control u = (u1, . . . , um)

J1 J2 J∗ = TJ∗ xk+1 = max(0, xk + uk − wk)

TETRIS An Infinite Horizon Stochastic Shortest Path Problem Optimal

x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

Belief Estimator TJ = minµ TµJ Cost 0 Cost g(x, u, y) System State Data Control Parameter Estima-

tion

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ

Objective is to Catch the flies in minimum time

Cost E
{
g(x, u, y)

}
Cost E

{
g(i, u, j)

}
“On-Line Play”

Value Network Current Policy Network Approximate Policy
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In the original problem, at each time we must consider ≈ 515 joint moves

In the reformulated problem, we break down the control into a sequence of
one-spider-at-a-time moves

Thus, we need to consider only 5 · 15 = 75 (while maintaining the rollout cost
improvement property)

For more discussion, including illustrative videos of spiders-and-flies problems,
see https://www.youtube.com/watch?v=eqbb6vVlN38&t=1654s Also Section 2.6 of
the course textbook
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Final Notes

The material of today’s lecture is covered in the "Lessons from AlphaZero ..."
monograph as well as the “Course in RL" textbook

In the next lecture we will cover:
Stochastic Rollout.

Monte Carlo Tree Search.

Rollout for infinite spaces problems.
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