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Review: DP Algorithm for Deterministic Problems

......

Permanent trajectory P k Tentative trajectory T k

Control uk Cost gk(xk, uk) xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

Candidate (m+2)-Solutions (ũ1, . . . , ũm, um+1, um+2) (m+2)-Solution

Set of States (u1) Set of States (u1, u2) Set of States (u1, u2, u3)

Run the Heuristics From Each Candidate (m+2)-Solution (ũ1, . . . , ũm, um+1)

Set of States (ũ1) Set of States (ũ1, ũ2) Neural Network

Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)

Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)

Cost G(u) Heuristic N -Solutions

Piecewise Constant Aggregate Problem Approximation

Artificial Start State End State

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ

(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
q−1 r∗

3 Cost Ĵµ

(
F (i)

)

I1 I2 I3 Iℓ Iq−1 Iq r∗
2 r∗

3 Cost Ĵµ

(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
...

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

1
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Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)
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(
F (i)

)

I1 I2 I3 Iℓ Iq−1 Iq r∗
2 r∗

3 Cost Ĵµ
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(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
...

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

1

Permanent trajectory P k Tentative trajectory T k

Stage k Future Stges

Control uk Cost gk(xk, uk) xk xk+1 xN xN x′
N
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1

Go backward to compute the optimal costs J∗k (xk) of the xk -tail subproblems
(off-line training - involves lots of computation)

Go forward to construct optimal control sequence {u∗0 , . . . , u∗N−1} (on-line play)

Start with

u∗
0 ∈ arg min

u0∈U0(x0)

[
g0(x0, u0) + J∗

1

(
f0(x0, u0)

)]
, x∗

1 = f0(x0, u
∗
0 ).

Sequentially, going forward, for k = 1, 2, . . . ,N − 1, set

u∗
k ∈ arg min

uk∈Uk (x
∗
k
)

[
gk(x

∗
k , uk) + J∗

k+1

(
fk(x

∗
k , uk)

)]
, x∗

k+1 = fk(x
∗
k , u

∗
k ).
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Review: Approximation in Value Space with One-Step Lookahead

min
uk

{
gk(xk, uk) + J̃k+1

(
fk(xk, uk)

)}
Step “Future”First

At xk “On-Line Play”

Cost-to-go approximationSimplified minimization

We replace J∗k (xk) with an approximation J̃k during on-line play

Start with
ũ0 ∈ arg min

u0∈U0(x0)

[
g0(x0, u0) + J̃1

(
f0(x0, u0)

)]
.

We set x̃1 = f0(x0, ũ0)

Sequentially, going forward, for k = 1, 2, . . . ,N − 1, set

ũk ∈ arg min
uk∈Uk (x̃k )

[
gk(x̃k , uk) + J̃k+1

(
fk(x̃k , uk)

)]
, x̃k+1 = fk(x̃k , ũk).

Two Challenges

How to construct the approximation J̃k+1 offline?

How to solve the minimization problem online?

Bertsekas & Li Reinforcement Learning 5 / 28



Review: Truncated Rollout with One-Step Lookahead

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

First ℓ Steps
Nonlinear Ay(x) + b φ1(x, v) φ2(x, v) φm(x, v) r x Initial

Selective Depth Lookahead Tree σ(ξ) ξ 1 0 -1 Encoding y(x)

Linear Layer Parameter v = (A, b) Sigmoidal Layer Linear Weighting
Cost Approximation r′φ(x, v)

Feature Extraction Features: Material Balance, uk = µd
k

(
xk(Ik)

)

Mobility, Safety, etc Weighting of Features Score Position Evaluator
States xk+1 States xk+2

State xk Feature Vector φk(xk) Approximator r′
kφk(xk)

x0 xk im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2
N i

s i1 im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2 N
i

u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector φ(x) Approximator φ(x)′r

ℓ Stages Riccati Equation Iterates P P0 P1 P2 γ2 − 1 γ2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k − wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

1

Approximations: Computation of J̃k+ℓ: (Could be approximate)

DP minimization Replace E{·} with nominal values

(certainty equivalent control)

Limited simulation (Monte Carlo tree search)

Simple choices Parametric approximation Problem approximation

Rollout

min
uk

E
{
gk(xk, uk, wk) + J̃k+1(xk+ℓ)

}

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
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}
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N i
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k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

1

b+
k b−

k Permanent trajectory P k Tentative trajectory T k
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Set of States (u1) Set of States (u1, u2) Set of States (u1, u2, u3)

Run the Heuristics From Each Candidate (m+2)-Solution (ũ1, . . . , ũm, um+1)

Set of States (ũ1) Set of States (ũ1, ũ2) Neural Network

Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)

Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)

Cost G(u) Heuristic N -Solutions

Piecewise Constant Aggregate Problem Approximation

Artificial Start State End State

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ

(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
q−1 r∗

3 Cost Ĵµ

(
F (i)

)

I1 I2 I3 Iℓ Iq−1 Iq r∗
2 r∗

3 Cost Ĵµ

(
F (i)

)

1

uk = µk(xk, rk) µk(·, rk) µ̃k(xk) xk

µ̂k(xk) J̃k(xk) xs
k, us

k = µ̂k(xs
k) s = 1, . . . , q µ̃k(xk, rk) µ̃(·, r) µ̃(x, r)

Motion equations xk+1 = fk(xk, uk) Current State x

Penalty for deviating from nominal trajectory

State and control constraints Keep state close to a trajectory

Control Probabilities Run the Base Policy

Truncated Horizon Rollout Terminal Cost Approximation J̃

J∗
3 (x3) J∗

2 (x2) J∗
1 (x1) Optimal Cost J∗

0 (x0) = J∗(x0)

Optimal Cost J∗
k (xk) xk xk+1 x

′
k+1 x

′′
k+1

Opt. Cost J∗
k+1(xk+1) Opt. Cost J∗

k+1(x
′
k+1) Opt. Cost J∗

k+1(x
′′
k+1)

xk uk u
′
k u

′′
k Matrix of Intercity Travel Costs

Corrected J̃ J̃ J* Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature Map

J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r∗
ℓ Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost αkg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

(
F (i)

)
of

F (i) =
(
F1(i), . . . , Fs(i)

)
: Vector of Features of i

J̃µ

(
F (i)

)
: Feature-based architecture Final Features

1

Selective Depth Lookahead Tree

Feature Extraction Features: Material Balance, uk = µd
k

�
xk(Ik)

�

Mobility, Safety, etc Weighting of Features Score Position Evaluator

States xk+1 States xk+2

x0 xk im�1 im . . . (0, 0) (N, N) (N, 0) ī (N, N) N 0 g(i) Ī N 2
N i

s i1 im�1 im . . . (0, 0) (N, N) (N, 0) ī (N, N) N 0 g(i) Ī N 2 N
i

u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector �(x) Approximator �(x)0r

` Stages Riccati Equation Iterates P P0 P1 P2 �2 1
2P

P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n 1 n p11 p12 p1n p1(n�1) p2(n�1)

...

1

uk = µk(xk, rk) µk(·, rk) µ̃k(xk) xk

µ̂k(xk) J̃k(xk) xs
k, us

k = µ̂k(xs
k) s = 1, . . . , q µ̃k(xk, rk) µ̃(·, r) µ̃(x, r)

Motion equations xk+1 = fk(xk, uk) Current State x

Penalty for deviating from nominal trajectory

State and control constraints Keep state close to a trajectory

Control Probabilities Run the Base Policy

Truncated Horizo Rollout

J∗
3 (x3) J∗

2 (x2) J∗
1 (x1) Optimal Cost J∗

0 (x0) = J∗(x0)

Optimal Cost J∗
k (xk) xk xk+1 x

′
k+1 x

′′
k+1

Opt. Cost J∗
k+1(xk+1) Opt. Cost J∗

k+1(x
′
k+1) Opt. Cost J∗

k+1(x
′′
k+1)

xk uk u
′
k u

′′
k Matrix of Intercity Travel Costs

Corrected J̃ J̃ J* Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature Map

J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r∗
ℓ Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost αkg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

(
F (i)

)
of

F (i) =
(
F1(i), . . . , Fs(i)

)
: Vector of Features of i

J̃µ

(
F (i)

)
: Feature-based architecture Final Features

1

uk = µk(xk, rk) µk(·, rk) µ̃k(xk) xk

µ̂k(xk) J̃k(xk) xs
k, us

k = µ̂k(xs
k) s = 1, . . . , q µ̃k(xk, rk) µ̃(·, r) µ̃(x, r)

Motion equations xk+1 = fk(xk, uk) Current State x

Penalty for deviating from nominal trajectory

State and control constraints Keep state close to a trajectory

Control Probabilities Run the Base Policy

Truncated Horizon ollout

J3 (x3) J∗
2 (x2) J∗

1 (x1) Optimal Cost J∗
0 (x0) = J∗(x0)

Optimal Cost J∗
k (xk) xk xk+1 x

′
k+1 x

′′
k+1

Opt. Cost J∗
k+1(xk+1) Opt. Cost J∗

k+1(x
′
k+1) Opt. Cost J∗

k+1(x
′′
k+1)

xk uk u
′
k u

′′
k Matrix of Intercity Travel Costs

Corrected J̃ J̃ J* Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature Map

J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r∗
ℓ Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost αkg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

(
F (i)

)
of

F (i) =
(
F1(i), . . . , Fs(i)

)
: Vector of Features of i

J̃µ

(
F (i)

)
: Feature-based architecture Final Features

1

uk = µ̃k(xk, rk) Current State xk µ̃k(·, rk) Approximate Q-Factor
Q̃k(xk, uk)

Min Approximation E{·} Approximation Cost-to-Go Approximation

System: xk+1 = 2xk + uk Control constraint: |uk| ≤ 1 Training Data

with π Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

Rollout Control ũk Rollout Policy µ̃k Base Policy Cost

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

min
uk

E
{
gk(xk, uk, wk)+J̃k+1(xk+1)

}

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u∗
0, . . . , u∗

k, . . . , u∗
N−1} Simplify E{·}

1

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk

xk States xk+1 States xk+2 Truncated Rollout Terminal Cost Ap-
proximation

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

min
uk

E
{
gk(xk, uk, wk)+J̃k+1(xk+1)

}

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u∗
0, . . . , u∗

k, . . . , u∗
N−1} Simplify E{·}

Tail subproblem Time x∗
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN(xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

Candidate (m+2)-Solutions (ũ1, . . . , ũm, um+1, um+2) (m+2)-Solution

Set of States (u1) Set of States (u1, u2) Set of States (u1, u2, u3)

Run the Heuristics From Each Candidate (m+2)-Solution (ũ1, . . . , ũm, um+1)

Set of States (ũ1) Set of States (ũ1, ũ2) Neural Network

Set of States u = (u1, . . . , uN ) Current m-Solution (ũ1, . . . , ũm)

Cost G(u) Heuristic N -Solutions u = (u1, . . . , uN−1)

Candidate (m + 1)-Solutions (ũ1, . . . , ũm, um+1)

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Heuristic Cost Heuristic “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . . Q-Factors Current State xk

x0 x1 xk xN x′
N x′′

N uk u′
k u′′

k xk+1 x′
k+1 x′′

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead

Approximation in Policy Space Heuristic Cost Approximation

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

Rollout Control ũk Rollout Policy µ̃k Base Policy Cost

1

Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead

Approximation in Policy Space Heuristic Cost Approximation for

Stages Beyond Truncation

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

1

Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead

Approximation in Policy Space Heuristic Cost Approximation for

Stages Beyond Truncation

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

1

Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead for stages

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

1

Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead for stages

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

1

Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead for stages

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control
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Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible
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for Stages Beyond Truncation
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Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
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E
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+J̃k+2

(
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)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

1

Base Policy Rollout Policy Approximation in Value Space n n � 1
n � 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation

Approximate Q-Factor Q̃(x, u) At x

min
u2U(x)

E
w

n
g(x, u, w) + ↵J̃

�
f(x, u, w)

�o

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk|  1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (`� 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (`� 1)-Stages State xk+` = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+`�1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+12Uk+1(xk+1)

E
n

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

�
fk+1(xk+1, uk+1, wk+1)

�o
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree `-Step
Shortest path problem xk xk States xk+1 States xk+2 u u0

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+`

Rollout, Model Predictive Control

1

Truncated rollout encompass all key ingredients: a base policy π and a terminal cost
approximation Ĵ: J̃k+1(xk+1) = Ĵ(xk+m+1) +

∑k+m
ℓ=k+1 gℓ(xℓ, µℓ(xℓ)).

When no rollout is involved, the terminal cost approximation Ĵ serves as J̃

When there is no truncation, we use Jπ as J̃

However, the challenge of computing the minization remains!
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Focus of This Lecture: Solving the Minimization in
Approximation in Value Space Efficiently

min
uk

{
gk(xk, uk) + J̃k+1

(
fk(xk, uk)

)}
Step “Future”First

At xk “On-Line Play”

Cost-to-go approximationSimplified minimization

We will consider multiagent coordination and multi-object tracking problems.

The computational demand can be reduced by leveraging the problem structure, as
in multiagent rollout, still yielding a legitimate Newton’s step.

The terminal cost approximation J̃ can be suitably designed to enhance the
minimization calculation.
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Outline

1 Review: Approximation in Value Space - Truncated Rollout

2 Multiagent Rollout for Warehouse Robots Path Planning

3 Approximation in Value Space for Multiple Object Tracking/Data Association Problem
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Ĵµ Approximation to Jµ

Approximate Jµ Multiagen Sensor Info State Info

1

xk, u1
k xk, u1

k, u2
k xk, u1

k, . . . , um−1
k Control um

k u3
k um−1

k

u1 u2 um x, u1 x, u1, u2 Agent 1 Agent m

Approximation µ̂ to Multiagent Rollout Policy µ̃
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Jk+1(x) = Kk+1x2 = F (Kk)x2

m-Component Control u = (u1, . . . , um) u1 um

Bellman Equation on Space of Quadratic Functions J(x) = Kx2 KS

Tube Constraint Cannot be Satisfied for all x0 2 X if a > 1 F (K) 45
20 40 18 2 6 22 Unstable System xk+1 = 2xk + uk

Terminal Cost Approximation J̃ Rollout Policy Network µ

Value Network µ

R0 R1 R2 T2 Cost 28 Cost 27 Cost 13 Lookahead
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Newton iterate starting from K K LK̃ = � abK̃
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a �a

L̃ = � abK̃
r+b2K̃

Slope = 1

J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J K̃ µK

TJ Instability Region Match Win Probability 1 0 pw (Sudden death)
Stability Region Slope=1

also Newton Step Value Iteration: Kk+1 = F (Kk)
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J(x) = Kx2 = F (K)x2 = Jk(x) or Kk+1 = F (Kk) from

Jk+1(x) = Kk+1x2 = F (Kk)x2 = Jk(x) or Kk+1 = F (Kk) from

using an Corresponds to One-Step Lookahead Policy µ̃

1

Jk+1(x) = Kk+1x2 = F (Kk)x2

m-Component Control u = (u1, . . . , um) u1 um

Bellman Equation on Space of Quadratic Functions J(x) = Kx2 KS

Tube Constraint Cannot be Satisfied for all x0 2 X if a > 1 F (K) 45
20 40 18 2 6 22 Unstable System xk+1 = 2xk + uk
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R0 R1 R2 T2 Cost 28 Cost 27 Cost 13 Lookahead

Value Space Approximation J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Newton iterate starting from K K LK̃ = � abK̃
r+b2K̃

a �a

L̃ = � abK̃
r+b2K̃

Slope = 1

J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J K̃ µK

TJ Instability Region Match Win Probability 1 0 pw (Sudden death)
Stability Region Slope=1

also Newton Step Value Iteration: Kk+1 = F (Kk)

Optimal Policy Riccati Equation: K = F (K)

J(x) = Kx2 = F (K)x2 = Jk(x) or Kk+1 = F (Kk) from

Jk+1(x) = Kk+1x2 = F (Kk)x2 = Jk(x) or Kk+1 = F (Kk) from

using an Corresponds to One-Step Lookahead Policy µ̃

1

At each time: Agents have exact state info; choose their controls as a function of state

Model: A discrete-time (possibly stochastic) system with state x and control u

Decision/control has m components u = (u1, . . . , um) corresponding to m “agents”

“Agents” is just a metaphor - the important math structure is u = (u1, . . . , um)

For every policy π = {µ0, µ1, . . . , µN−1}, the functions µk , k = 0, . . . ,N − 1 take
the form

µk(x) =
(
µ1
k(x), µ

2
k(x), . . . , µ

m
k (x)

)
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Standard (Truncated) Rollout for Multiagent Problem
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ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

1

Initial City Current Partial Tour Next Citie Next States

Nearest Neighbor Heuristic

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

min
uk

E
{
gk(xk, uk, wk)+J̃k+1(xk+1)

}

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u∗
0, . . . , u∗

k, . . . , u∗
N−1} Simplify E{·}

Tail subproblem Time x∗
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN(xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x′
N
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x pxj1(u) pxj2(u) pxj3(u) �j1y1 �j1y2 �j1y3 �jy with Aggregation Probabilities �jy = 0 or 1

Relate to Rm r⇤m�1 r⇤m x0
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Figure 1.2.9 Schematic illustration of rollout with one-step lookahead for a de-

terministic problem. At state xk, for every pair (xk, uk), uk ∈ Uk(xk), the base

heuristic generates an approximate Q-factor

Q̃k(xk, uk) = gk(xk, uk) + Hk+1

(
fk(xk, uk)

)
,

and selects the control µ̃k(xk) with minimal Q-factor.

and the corresponding cost

Hk+1(xk+1) = gk+1(xk+1, uk+1) + · · · + gN−1(xN−1, uN−1) + gN (xN ).

The rollout algorithm then applies the control that minimizes over uk ∈
Uk(xk) the tail cost expression for stages k to N :

Equivalently, and more succinctly, the rollout algorithm applies at
state xk the control µ̃k(xk) given by the minimization

µ̃k(xk) ∈ arg min
uk∈Uk(xk)

Q̃k(xk, uk), (1.14)

where Q̃k(xk, uk) is the approximate Q-factor defined by

Q̃k(xk, uk) = gk(xk, uk) + Hk+1

(
fk(xk, uk)

)
; (1.15)

see Fig. 1.2.9. Rollout defines a suboptimal policy π̃ = {µ̃0, . . . , µ̃N−1},
referred to as the rollout policy, where for each xk and k, µ̃k(xk) is the
control produced by the Q-factor minimization (1.14).

Note that the rollout algorithm requires running the base heuristic
for a number of times that is bounded by Nn, where n is an upper bound
on the number of control choices available at each state. Thus if n is
small relative to N , it requires computation equal to a small multiple of N
times the computation time for a single application of the base heuristic.
Similarly, if n is bounded by a polynomial in N , the ratio of the rollout
algorithm computation time to the base heuristic computation time is a
polynomial in N .

uk Base Policy

Base Policy

Base Policy

Q-factors

Standard (truncated) rollout for multiagent problem

Suppose for simplicity that control constraint set Uk(xk) has a Cartesian product
structure:

Uk(xk) = U1
k × U2

k × · · · × Um
k .

Standard rollout, which considers all agents at once, involves the following
minimization:

(ũ1
k , . . . , ũ

1
m) ∈ arg min

(u1
k
,...,um

k
)∈U1

k
×U2

k
×···×Um

k

Qk(xk , u
1
k , . . . , u

m
k ).

Computing each Q-factor requires simulation: Infeasible even for modest m!
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Multiagent Rollout - One Agent at a Time

...

Iteration Index k PI index k Jµk J⇤ 0 1 2 . . . Error Zone Width (✏ + 2↵�)/(1 � ↵)2

Policy Q-Factor Evaluation Evaluate Q-Factor Qµ of Current policy µ Width (✏ + 2↵�)/(1 � ↵)

xk+1 = fk(xk, uk, wk) Random cost gk(xk, uk, wk)

Control v (j, v) Cost = 0 State-Control Pairs Transitions under policy µ Evaluate Cost Function

Variable Length Rollout Selective Depth Rollout Policy µ Adaptive Simulation Terminal Cost Function

Limited Rollout Selective Depth Adaptive Simulation Policy µ Approximation J̃

u Q̃k(xk, u) Qk(xk, u) uk ũk Qk(xk, u) � Q̃k(xk, u)
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Multiagent rollout requires much less computation

At xk , multiagent rollout solves sequentially m minimization problems:
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The computational demand is reduced from nm to n ·m!

Multiagent rollout is standard rollout applied to the reformulated problem - A
legitimate Newton step!
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A Fifteen-Minute Break

Catch our breath and think about issues relating to the first half of the lecture. Ask
questions when you return.
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Multiagent Path Finding Example: Modeling

warehouse robots path planning =⇒ grid world representation

There are m = 3 agents (solid circles) moving in 4 directions or standing still with
perfect vision

The agents have been assigned to some targets (open circles with the same color).

The objective: reaching their respective targets in minimum time while avoiding
collision with each other

Simple heuristic: each agent follows the shortest path to the respective target,
assuming other agents are not present (arrows in the figure)
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Multiagent Path Finding Example: DP Formulation and Standard Rollout

States: current positions of all agents and their respective targets

Control: each agent has at most 5 choices, their combination grows exponentially
with m

Stage cost: related to the number of collisions and the number of reached targets

When applying standard rollout, we must evaluate ≈ 5m approximate Q-factors
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Multiagent Rollout for Multiagent Path Finding

u

case 1warehouse robots pathgcase 2warehouse robots path case 3

Multiagent rollout reduces it to 5 ·m (while maintaining good properties)

Key idea: Break down the control into a sequence of one-agent-at-a-time moves

Each stage involves the following sequence of operations:
▶ Minimizing Q-factors associated with the first agent, while the remaining two agents

follow base heuristics
▶ Minimizing Q-factors associated with the second agent, while the last agent follows

base heuristics
▶ Minimizing Q-factors associated with the last agent

We allow a change of the order in which the agents are selecting their controls, at
every stage
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Multiagent Rollout for Multiagent Path Finding: Animations

Will be presented in class
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Implementation Variants of Multiagent Rollout

...
Random Transiti Random cost

) Random

3
k

x
um um-1 um-2 u2 

Cost g(x, u)

Stage

Control u1

x-
 x- =f(x, u)

(x,um) (x, )u2 ,(x, um)um-1 ,   ...       ,      u       m 

Transition

Reshuffling the order of agents results in a different, yet still equivalent problem

Multiagent rollout allows parallel computation of Q-factors

Multiple base heuristics can be applied to enhance the performance further

All those ideas are independent of each other and can be combined

See textbook for additional material for order optimization and other variants
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Multiagent Rollout for Multiagent Path Finding: Animation For A Large
Scale Problem

Will be presented in class

Base policy is computed offline and stored in a lookup table

Can adapt to changing environment: some robots may breakdown halfway

Tested up to 200 robots in simulation, required computational time less than 1 sec

Code can be found at https://github.com/will-em/multi-agent-rollout

Paper: “Multiagent Rollout with Reshuffling for Warehouse Robots Path Planning”,
by W. Emanuelsson et al., IFAC World Congress. Also see arXiv:2211.08201
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Outline

1 Review: Approximation in Value Space - Truncated Rollout

2 Multiagent Rollout for Warehouse Robots Path Planning

3 Approximation in Value Space for Multiple Object Tracking/Data Association Problem
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ĝ(f, u) =

n∑

i=1

dfi

n∑

j=1

pij(u)g(i, u, j)

Representative Feature States Feature Space F F (j) φjf1 φjf2 φjf3

φjf4

i1 i2 iℓ r∗
1 r∗

q r∗
ℓ . . . iq

Disaggregation Sets If Aggregate Optimization Feature States

Neural Network Features Approximate Cost J̃µ Policy Improvement
Sampling

Neural Network Features Approximate Cost J̃µ Policy Improvement

1

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ
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(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
2 r∗

3 Cost Ĵµ

(
F (i)

)

I1 I2 I3 Iℓ Iq−1 Iq r∗
2 r∗

3 Cost Ĵµ

(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j
...

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

φjf̄ =

{
1 if j ∈ If̄

0 if j /∈ If̄

1 10 20 30 40 50 I1 I2 I3 i J̃1(i)

(May Involve a Neural Network) (May Involve Aggregation)

dℓi = 0 if i /∈ Iℓ

φjℓ̄ = 1 if j ∈ Iℓ̄

p̂ff̄(u) =

n∑

i=1

dfi

n∑

j=1

pij(u)φjf̄
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k + 1
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Artificial Terminal Node Terminal Arcs with Cost Equal to Ter-
minal Cost AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n 1 n p11 p12 p1n p1(n 1) p2(n 1)

...
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3 5 2 4 6 2

10 5 7 8 3 9 6 1 2
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⇠k yk+1 = Akyk + ⇠k yk+1 Ck wk

Stochastic Problems

Perfect-State Info Ch. 3
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1

Minimize G (u) subject to u ∈ U

Assume that each solution u has N components: u0, . . . , uN−1

View the components as the controls of N stages

Define xk = (u0, . . . , uk−1), k = 1, . . . ,N, and introduce artificial start state x0 = s

Define just terminal cost as G(u); all other costs are 0

This formulation typically makes little sense for exact DP,
but often makes a lot of sense for approximate DP/approximation in value space

Bertsekas & Li Reinforcement Learning 20 / 28



DP and Approximation in Value Space

DP solution to the discrete optimization problem

Start with
J∗
N(xN) = G(xN) = G(u0, . . . , uN−1) for all xN ∈ U

For k = 0, . . . ,N − 1, let

J∗
k (xk) = min

uk∈Uk (xk )
J∗
k+1(xk , uk) for all xk

where Uk(xk) need to be suitably defined.

Construct the optimal solution (u∗
0 , . . . , u

∗
N−1) by forward calculation

u∗
k ∈ arg min

uk∈Uk (xk )
J∗
k+1(xk , uk) for all xk

Approximation in value space

Use some J̃k+1 in place of J∗
k+1

Starting from the artificial initial state, for k = 0, . . . ,N − 1, set

ũk ∈ arg min
uk∈Uk (xk )

J̃k+1(xk , uk) for all xk

Bertsekas & Li Reinforcement Learning 21 / 28



Multiple Object Tracking

t 

k − 1Multiple Object tr kMultiple Object tr k + 1
Figure source: [CGI22]1

Multiple object tracking (MOT) aims to match the same objects over various frames

Nontrivial: occlusion, changes in object appearance, and real-time computation
constraint

Important problem with many applications: traffic monitoring, robotics, consumer
analytics, augmented and virtual realities ...

1[CGI22] Chumachenko et. al., Object Detection and Tracking
Bertsekas & Li Reinforcement Learning 22 / 28



Multidimensional Assignment Problem

Three-Dimensional Assignment Problem 3 Node Layers Jobs

6-Dimensional Assignment Problem

MOT can be modeled as a multidimensional assignment problem

There are (N + 1) layers (frames) of nodes

A grouping consists of N + 1 nodes (i0, . . . , iN) where ik belongs to kth layer, and N
corresponding arcs

For each grouping, there is an associated cost depending on the entire grouping

Our goal: find m groupings so that each node belongs to one and only one grouping
and the sum of the costs of the groupings is minimized

Bertsekas & Li Reinforcement Learning 23 / 28



Approximation in Value Space
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1

Approximation in value space involves the following key ideas:
▶ One-step lookahead minimization
▶ Truncated rollout
▶ Cost approximation J̃ with structure that matches the assignment problem

Q-factor minimization reduces to solving a 2-dimensional assignment problem

Results: robust and consistent matching against occlusion

Paper: “An Approximate Dynamic Programming Framework for Occlusion-Robust
Multi-Object Tracking”, by P. Musunuru et al., arXiv:2405.15137
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Exact Rollout for MOT: Animation

Will be presented in class
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MOT Example: Base Heuristic
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MOT Example: Approximation in Value Space
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About Next Lecture

In the next lecture we will cover:

Most likely sequence generated by n-grams and HMM

Rollout algorithm for approximate solution

Application to large language models
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