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Preface

This monograph is the outgrowth of research carried out at the Uni-
versity of Illinois over a three-year period beginning in the latter half of
1974. The objective of the monograph is to provide a unifying and
mathematically rigorous theory for a broad class of dynamic programming
and discrete-time stochastic optimal control problems. It is divided into
two parts, which can be read independently.

Part I provides an analysis of dynamic programming models in a
unified framework applicable to deterministic optimal control, stochastic
optimal control, minimax control, sequential games, and other areas. It
resolves the structural questions associated with such problems, i.e., it
provides results that draw their validity exclusively from the sequential
nature of the problem. Such results hold for models where measurability
of various objects is of no essential concern, for example, in deterministic
problems and stochastic problems defined over a countable probability
space. The starting point for the analysis is the mapping defining the
dynamic programming algorithm. A single abstract problem is formulated
in terms of this mapping and counterparts of nearly all results known for
deterministic optimal control problems are derived. A new stochastic
optimal control model based on outer integration is also introduced in this

xi
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part. It is a broadly applicable model and requires no topological assump-
tions. We show that all the results of Part I hold for this model.

Part Il resolves the measurability questions associated with stochastic
optimal control problems with perfect and imperfect state information.
These questions have been studied over the past fifteen years by several
researchers in statistics and control theory. As we explain in Chapter 1,
the approaches that have been used are either limited by restrictive
assumptions such as compactness and continuity or else they are not
sufficiently powerful to yield results that are as strong as their structural
counterparts. These deficiencies can be traced to the fact that the class of
policies considered is not sufficiently rich to ensure the existence of
everywhere optimal or e-optimal policies except under restrictive assump-
tions. In our work we have appropriately enlarged the space of admissible
policies to include universally measurable policies. This guarantees the
existence of e-optimal policies and allows, for the first time, the develop-
ment of a general and comprehensive theory which is as powerful as its
deterministic counterpart.

We mention, however, that the class of universally measurable policies
is not the smallest class of policies for which these results are valid. The
smallest such class is the class of limit measurable policies discussed in
Section 11.1. The o-algebra of limit measurable sets (or C-sets) is defined in
a constructive manner involving transfinite induction that, from a set
theoretic point of view, is more satisfying than the definition of the univer-
sal o-algebra. We believe, however, that the majority of readers will find
the universal o-algebra and the methods of proof associated with it more
understandable, and so we devote the main body of Part II to models with
universally measurable policies.

Parts I and II are related and complement each other. Part II makes
extensive use of the results of Part I. However, the special forms in which
these results are needed are also available in other sources (e.g., the
textbook by Bertsekas [B4]). Each time we make use of such a result, we
refer to both Part I and the Bertsekas textbook, so that Part II can be read
independently of Part I. The developments in Part II show also that
stochastic optimal control problems with measurability restrictions on the
admissible policies can be embedded within the framework of Part I, thus
demonstrating the broad scope of the formulation given there.

The monograph is intended for applied mathematicians, statisticians,
and mathematically oriented analysts in engineering, operations research,
and related fields. We have assumed throughout that the reader is familiar
with the basic notions of measure theory and topology. In other respects,
the monograph is self-contained. In particular, we have provided all
necessary background related to Borel spaces and analytic sets.
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Chapter 1

Introduction

1.1 Structure of Sequential Decision Models

Sequential decision models are mathematical abstractions of situations
in which decisions must be made in several stages while incurring a certain
cost at each stage. Each decision may influence the circumstances under
which future decisions will be made, so that if total cost is to be minimized,
one must balance his desire to minimize the cost of the present decision
against his desire to avoid future situations where high cost is inevitable.

A classical example of this situation, in which we treat profit as negative
cost, is portfolio management. An investor must balance his desire to achieve
immediate return, possibly in the form of dividends, against a desire to avoid
investments in areas where low long-run yield is probable. Other examples
can be drawn from inventory management, reservoir control, sequential
analysis, hypothesis testing, and, by discretizing a continuous problem,
from control of a large variety of physical systems subject to random dis-
turbances. For an extensive set of sequential decision models, see Bellman
[B1], Bertsekas [ B4], Dynkin and Juskevi¢ [D8], Howard [H7], Wald [W2],
and the references contained therein.

Dynamic programming (DP for short) has served for many years as the
principal method for analysis of a large and diverse group of sequential
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2 1. INTRODUCTION

decision problems. Examples are deterministic and stochastic optimal con-
trol problems, Markov and semi-Markov decision problems, minimax con-
trol problems, and sequential games. While the nature of these problems
may vary widely, their underlying structures turn out to be very similar. In
all cases, the cost corresponding to a policy and the basic iteration of the
DP algorithm may be described by means of a certain mapping which differs
from one problem to another in details which to a large extent are inessential.
Typically, this mapping summarizes all the data of the problem and deter-
mines all quantities of interest to the analyst. Thus, in problems with a
finite number of stages, this mapping may be used to obtain the optimal
cost function for the problem as well as to compute an optimal or e-optimal
policy through a finite number of steps of the DP algorithm. In problems
with an infinite number of stages, one hopes that the sequence of functions
generated by successive application of the DP iteration converges in some
sense to the optimal cost function for the problem. Furthermore, all basic
results of an analytical and computational nature can be expressed in terms
of the underlying mapping defining the DP algorithm. Thus by taking this
mapping as a starting point one can provide powerful analytical results
which are applicable to a large collection of sequential decision problems.

To illustrate our viewpoint, let us consider formally a deterministic
optimal control problem. We have a discrete-time system described by the
system equation

X+ 1 = [, W), (1)

where x, and x,,, represent a state and its succeeding state and will be
assumed to belong to some state space S; u, represents a control variable
chosen by the decisionmaker in some constraint set U(x,), which is in turn
a subset of some control space C. The cost incurred at the kth stage is given
by a function g(x,,u,). We seek a finite sequence of control functions n =
(Mostys--->un—q) (also referred to as a policy) which minimizes the total
cost over N stages. The functions y, map S into C and must satisfy u,(x)e U(x)
for all xeS. Each function g, specifies the control u;, = y,(x,) that will be
chosen when at the kth stage the state is x; . Thus the total cost corresponding
to a policy 7 = (fo, Uy, - - - » n— 1) and initial state x, is given by

N-1
In,=(x0) = Z g%k ()]s 2
k=0
where the states x;,x,, ..., Xy, are generated from x, and = via the system
equation
Xew 1 = S )], k=0,...,N—=2. 3)

Corresponding to each initial state x, and policy =, there is a sequence of
control variables ug,uy, ..., uy_, where u, = w,(x;) and x, is generated by



1.1 STRUCTURE OF SEQUENTIAL DECISION MODELS 3

(3). Thus an alternative formulation of the problem would be to select a
sequence of control variables minimizing Y ¥4 g(x;, u,) rather than a policy
7 minimizing Jy .(x,). The formulation we have given here, however, is
more consistent with the DP framework we wish to adopt.

As is well known, the DP algorithm for the preceding problem is given by

Jo(x) =0, 4
Jer1(x) = inf {g(x,u) + J,[f(x,u)]}, k=0,...,N—1, (%)

ueU(x)
and the optimal cost J*(x,) for the problem is obtained at the Nth step, i.e.,

J*(xo) = infJy, o(xo) = J(xo)-

One may also obtain the value Jy ,.(x,) corresponding to any 7 = (g, s, - -,
Uy-1) at the Nth step of the algorithm

Jo.x(x) =0, (6)
Jir1,2(%) = glx, iy 1= 1 ()] + Ji <[ f 06, - = 1(x))], k=0,...,N—-1
()

Now it is possible to formulate the previous problem as well as to
describe the DP algorithm (4)-(5) by means of the mapping H given by

H(x,u,J) = g(x,u) + J[ f(x,u)]. (8)
Let us define the mapping T by
T(J)(x)= inf H(x,uJ) ©)

ueU(x)
and, for any function u:S — C, define the mapping T, by
T (J)(x) = H[x, u(x),J]. (10)

Both T and T, map the set of real-valued (or perhaps extended real-valued)
functions on § into itself. Then in view of (6)—(7), we may write the cost
functional Jy_,(x,) of (2) as

JN.?L'(XO) = (T#OTMI. : 'T‘uN_l)(JO)(XOL (11)
where J,, is the zero function on S [J,(x) = 0 VxeS] and (T Ty, Top )
denotes the composition of the mappings T,,, T,,s- - -, T,._,.Similarly the

DP algorithm (4)—(5) may be described by
Ji+1(x) = T(J)(x), k=0,...,N—1, (12)
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and we have

infJy, (xo) = TV(Jo)(Xo),
where TV is the composition of T with itself N times. Thus both the problem
and the major algorithmic procedure relating to it can be expressed in terms
of the mappings T and T ,.
One may also consider an infinite horizon version of the problem whereby
we seek a sequence © = (o, U, - - .) that minimizes

N-1

Jx(xo) = 13151; kzzo glxw ()] = ,JET:O(T“"T“" “Tux-)Jo)(Xo)  (13)

subject to the system equation constraint (3). In this case one needs, of course,
to make assumptions which ensure that the limit in (13) is well defined for
each 7 and x,. Under appropriate assumptions, the optimal cost function
defined by

J*(x) = inf J,(x)

can be shown to satisfy Bellman’s functional equation given by

Jx) = inf {geu)+ T f(x )]}
ueU(x)

Equivalently
J*(x) = T(J*)(x) VxeS,

ie., J* is a fixed point of the mapping T. Most of the infinite horizon results
of analytical interest center around this equation. Other questions relate to
the existence and characterization of optimal policies or nearly optimal
policies and to the validity of the equation

J*(x) = lim TN(J,)(x) VxeS, (14)
N—oo

which says that the DP algorithm yields in the limit the optimal cost function
for the problem. Again the problem and the basic analytical and computa-
tional results relating to it can be expressed in terms of the mappings T
and T,.

The deterministic optimal control problem just described is representa-
tive of a plethora of sequential optimization problems of practical interest
which may be formulated in terms of mappings similar to the mapping H
of (8). As shall be described in Chapter 2, one can formulate in the same
manner stochastic optimal control problems, minimax control problems,
and others. The objective of Part I is to provide a common analytical frame-
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work for all these problems and derive in a broadly applicable form all the
results which draw their validity exclusively from the basic sequential structure
of the decision-making process. This is accomplished by taking as a starting
point a mapping H such as the one of (8) and deriving all major analytical
and computational results within a generalized setting. The results are sub-
sequently specialized to five particular models described in Section 2.3:
deterministic optimal control problems, three types of stochastic optimal con-
trol problems (countable disturbance space, outer integral formulation, and
multiplicative cost functional), and minimax control problems.

1.2 Discrete-Time Stochastic Optimal Control Problems—
Measurability Questions

The theory of Part I is not adequate by itself to provide a complete
analysis of stochastic optimal control problems, the treatment of which is
the major objective of this book. The reason is that when such problems
are formulated over uncountable probability spaces nontrivial measurability
restrictions must be placed on the admissible policies unless we resort to
an outer integration framework.

A discrete-time stochastic optimal control problem is obtained from the
deterministic problem of the previous section when the system includes a
stochastic disturbance wy in its description. Thus (1) is replaced by

X+ 1 = [k, tye, Wi) (15)

and the cost per stage becomes g(x;,, u, w;). The disturbance w, is a member
of some probability space (W, #) and has distribution p(dw,|x,, u,). Thus the
control variable u, exercises influence over the transition from x, to x;.,
in two places, once in the system equation (15) and again as a parameter in
the distribution of the disturbance w,. Likewise, the control u, influences the
cost at two points. This is a redundancy in the system equation model given
above which will be eliminated in Chapter 8 when we introduce the transition
kernel and reduced one-stage cost function and thereby convert to a model
frequently adopted in the statistics literature (see, e.g., Blackwell [B9T;
Strauch [S14]). The system equation model is more common in engineering
literature and generally more convenient in applications, so we are taking it
as our starting point. The transition kernel and reduced one-stage cost
function are technical devices which eliminate the disturbance space (W, )
from consideration and make the model more suitable for analysis. We take
pains initially to point out how properties of the original system carry over
into properties of the transition kernel and reduced one-stage cost function
(see the remarks following Definitions 8.1 and 8.7).
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Stochastic optimal control is distinguished from its deterministic counter-
part by the concern with when information becomes available. In deter-
ministic control, to each initial state and policy there corresponds a sequence
of control variables (u,. . . ,uy—) which can be specified beforehand, and
the resulting states of the system are determined by (1). In contrast, if the
control variables are specified beforehand for a stochastic system, the deci-
sionmaker may realize in the course of the system evolution that unexpected
states have appeared and the specified control variables are no longer
appropriate. Thus it is essential to consider policies © = (tg,. .., Hn-1)
where y, is a function from history to control. If x, is the initial state, u, =
Uo(xo) is taken to be the first control. If the states and controls (xg, ug,. . - ,
U, — 1, X;) have occurred, the control

Uy = Ui(Xo,Ugs- -+ 5 Ug—1, Xg) (16)

is chosen. We require that the control constraint
Pie(Xo,Uos - - - > Ui—1,Xk) € U(xy)

be satisfied for every (xq,uq,. . ., Ux—1,X;) and k. In this way the decision-
maker utilizes the full information available to him at each stage. Rather
than choosing a sequence of control variables, the decisionmaker attempts
to choose a policy which minimizes the total expected cost of the system
operation. Actually, we will show that for most cases it is sufficient to con-
sider only Markov policies, those for which the corresponding controls u,
depend only on the current state x, rather than the entire history (xo, tg,- - - ,
u._1,x;). This is the type of policy encountered in Section 1.1.

The analysis of the stochastic decision model outlined here can be fairly
well divided into two categories—structural considerations and measurability
considerations. Structural analysis consists of all those results which can be
obtained if measurability of all functions and sets arising in the problem is
of no real concern; for example, if the model is deterministic or, more
generally, if the disturbance space W is countable. In Part I structural results
are derived using mappings H, T,, and T of the kind considered in the
previous section. Measurability analysis consists of showing that the struc-
tural results remain valid even when one places nontrivial measurability
restrictions on the set of admissible policies. The work in Part II consists
primarily of measurability analysis relying heavily on structural results
developed in Part I as well as in other sources (e.g., Bertsekas [B4]).

One can best illustrate this dichotomy of analysis by the finite horizon
DP algorithm considered by Bellman [B1]:

Jo(x) =0, 17)
Jer1(x) = inf E{g(x,u,w) + J,[ f(x,u,w)]}, k=0,...,N—1, (18)

ue U(x)
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where the expectation is with respect to p(dw|x,u). This is the stochastic
counterpart of the deterministic DP algorithm (4)—(5).

It is reasonable to expect that J,(x) is the optimal cost of operating the
system over k stages when the initial state is x, and that if u,(x) achieves the
infimum in (18) for every x and k=0,...,N — 1, then 7w = (tg,-- ., Un-1)
is an optimal policy for every initial state x. If there are no measurability
considerations, this is indeed the case under very mild assumptions, as shall
be shown in Chapter 3. Yet it is a major task to properly formulate the
stochastic control problem and demonstrate that the DP algorithm (17)—(18)
makes sense in a measure-theoretic framework. One of the difficulties lies in
showing that the expression in curly braces in (18) is measurable in some
sense. Thus we must establish measurability properties for the functions J,.
Related to this is the need to balance the measurability of policies (necessary
so the expected cost corresponding to a policy can be defined) against a
desire to be able to select at or near the infimum in (18). We illustrate these
difficulties by means of a simple two-stage example.

Two-STAGE PrROBLEM  Consider the following sequence of events:

(a) An initial state x, € R is generated (R is the real line).

(b) Knowing x,, the decisionmaker selects a control u,eR.

(c) Astate x; e Ris generated according to a known probability measure
pldx,|xo,uo) on Zg, the Borel subsets of R, depending on xg, uy. [In terms
of our earlier model, this corresponds to a system equation of the form
Xy = wo and p(dwo|xo,up) = P(dxllxm“o)-]

(d) Knowing x,, the decisionmaker selects a control u; € R.

Given p(dx|x,,u,) for every (xo,u,)€ R? and a function g: R* — R, the
problem is to find a policy & = (ug, 14, ) consisting of two functions py: R — R
and p,: R — R that minimizes

Ja(xo) = fg[xl,/'h(xl)]P(dMlXOaﬂo(xo))- (19)

We temporarily postpone a discussion of restrictions (if any) that must be
placed on g, uo, and yu, in order for the integral in (19) to be well defined.
In terms of our earlier model, the function g gives the cost for the second
stage while we assume no cost for the first stage.

The DP algorithm associated with the problem is

Ji(xy) = infglxy, uy), (20)

Ut

J2lxo) = inf [, 0e1)p(ds o o), @)

and, assuming that J,(x,) > — oo, J;(x;) > —oo for all xoeR, x,; eR, the
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results one expects to be true are:

R.1 There holds
Jz(xo) == iann(xO) VXOGR.
R.2 Given ¢ > 0, there is an (everywhere) ¢-optimal policy, i.e., a policy
7, such that
Jo(x0) < infJ (x0) + ¢ Vxo€R.
R.3 If the infimum in (20) and (21) is attained for all x, e R and x,eR,
then there exists a policy that is optimal for every x, e R.

R.4 If p¥(xy) and p(x,), respectively, attain the infimum in (20) and
(21)forall x; e R and xq € R, then n* = (u§, ut)is optimal for every x, € R, i.e.,

J,,*(xo) = iann(xO) oneR.

A formal derivation of R.1 consists of the following steps:

infJ, (o) = infinf gL, ua(x:)]p(da o, tolxo)) (222)
= inff{infg(xu”1)}P(dxxlxo»#o(xo)) (22b)

= infle(xl)p(dx1|x0,/,t0(x0))

= inf [7,(x)p(dx1 0, o) = J2(xo).

Similar formal derivations can be given for R.2, R.3, and R 4.
The following points need to be justified in order to make the preceding
derivation meaningful and mathematically rigorous.

(a) In(22a),gand y,; must be such that g[x;, u;(x;)] can be integrated in
a well-defined manner.

(b) In (22b), the interchange of infimization and integration must be
legitimate. Furthermore g must be such that J,(x,) [ = inf,, g(x;,u;)] can be
integrated in a well-defined manner.

We first observe that if, for each (xq,u,), p(dxllxo,uo) has countable
support, i.e., is concentrated on a countable number of points, then integra-
tion in (22a) and (22b) reduces to infinite summation. Thus there is no need
to impose measurability restrictions on g, iy, and u,, and the interchange of
infimization and integration in (22b) is justified in view of the assumption
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inf,, g(x,,u;) > — oo for all x;eR. (For ¢ > 0, take y,: R — R such that

glx1,u(xy)] < ilflfg(xplh) +¢ Vxl'eR. (23)
Then

inffg[xls#1(X1)]P(dx1|x0»#o(xo)) < fg[xl’ #s(xl)]P(dx1|x0»#o(xo))

< infg(xuu1)P(dX1lX0,#o(xo)) + &
‘ (24)

Since ¢ > 0 is arbitrary, it follows that

inf [g0x,, 1 (x)]p(dxi o, wolxo)) < | {infg(xl,u1>}p(dxl|xo,ﬂo(xo>>.

The reverse inequality is clear, and the result follows.) A similar argument
proves R.2, while R.3 and R.4 are trivial in view of the fact that there are
no measurability restrictions on p, and y;.

If p(dx,|xo,u,) does not have countable support, there are two main
approaches. The first is to expand the notion of integration, and the second is
to restrict g, uo, and p; to be appropriately measurable.

Expanding the notion of integration can be achieved by interpreting the
integrals in (22a) and (22b) as outer integrals (see Appendix A). Since the
outer integral can be defined for any function, measurable or not, there
is no need to require that g, o, and u, are measurable in any sense. As a
result, (22a) and (22b) make sense and an argument such as the one beginning
with (23) goes through. This approach is discussed in detail in Part I, where
we show that all the basic results for finite and infinite horizon problems of
perfect state information carry through within an outer integration frame-
work. However, there are inherent limitations in this approach centering
around the pathologies of outer integration. Difficulties also occur in the
treatment of imperfect information problems using sufficient statistics.

The major alternative approach was initiated in more general form by
Blackwell [B9] in 1965. Here we assume at the outset that g is Borel- mea-
surable, and furthermore, for each Be % (% is the Borel g-algebra on R),
the function p(B|x,, u,) is Borel-measurable in (x,,uo). In the initial treat-
ment of the problem, the functions u, and u; were restricted to be Borel-
measurable. With these assumptions, g[x;, u;(x;)] is Borel-measurable in
x; when y; is Borel-measurable, and the integral in (22a) is well defined.

A major difficulty occurs in (22b) since it is not necessarily true that
Ji(xq) = inf,, g(x;,u;) is Borel-measurable, even if g is. The reason can be
traced to the fact that the orthogonal projection of a Borel set in R? on one
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of the axes need not be Borel-measurable (see Section 7.6). Since we have
for ceR

{x171(x1) < ¢} = proj{(xy, uy)|g(xy,us) < ¢},
X3

where proj,, denotes projection on the x;-axis, it can be seen that
{x1|J1(x;) < ¢} need not be Borel, even though {(x;,u;)|g(x;,u;) < ¢} is.
The difficulty can be overcome in part by showing that J, is a lower semi-
analytic and hence also universally measurable function (see Section 7.7).
Thus J, can be integrated with respect to any probability measure on %y.

Another difficulty stems from the fact that one cannot in general find
a Borel-measurable ¢-optimal selector y, satisfying (23), although a weaker
result is available whereby, given a probability measure p on %y, the exis-
tence of a Borel-measurable selector p, satisfying

glx1, pulx1)] <infg(xy,uy) + ¢

for p almost every x; € R can be ascertained. This result is sufficient to
justify (24) and thus prove result R.1 (J, = inf, J,). However, results R.2
and R.3 cannot be proved when p, and u, are restricted to be Borel-
measurable except in a weaker form involving the notion of p-optimality
(see [S14]; [H4]).

The objective of Part II is to resolve the measurability questions in
stochastic optimal control in such a way that almost every result can be proved
in a form as strong as its structural counterpart. This is accomplished by
enlarging the set of admissible policies to include all universally measurable
policies. In particular, we show the existence of policies within this class
that are optimal or nearly optimal for every initial state.

A great many authors have dealt with measurability in stochastic optimal
control theory. We describe three approaches taken and how their aims
and results relate to our own. A fourth approach, due to Blackwell et al.
[B12] and based on analytically measurable policies, is discussed in the
next section and in Section 11.2.

I The General Model

If the state, control, and disturbance spaces are arbitrary measure spaces,
very little can be done. One attempt in this direction is the work of Striebel
[S16] involving p-essential infima. Geared toward giving meaning to the
dynamic programming algorithm, this work replaces (18) by

Js 1(x) = p-essential inf E{g[x, u(x), w] + J [ f(x, u(x),w)]},  (25)
"
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k=0,...,N — 1, where the p-essential infimum is over all measurable u
from state space S to control space C satisfying any constraints which may
have been imposed. The functions J, are measurable, and if the probability
measures pg,...,Py—; are properly chosen and the so-called countable
e-lattice property holds, this modified dynamic programming algorithm
generates the optimal cost function and can be used to obtain policies which
are optimal or nearly optimal for py_, almost all initial states. The selection
of the proper probability measures p,,...,py-1, however, is at least as
difficult as executing the dynamic programming algorithm, and the verifica-
tion of the countable e-lattice property is equivalent to proving the existence
of an e-optimal policy.

II The Semicontinuous Models

Considerable attention has been directed toward models in which the
state and control spaces are Borel spaces or even R" and the reduced cost
function

h(x,u) = fg(x, u, w)p(dw|x, u)

has semicontinuity and/or convexity properties. A companion assumption
is that the mapping

x — U(x)

is a measurable closed-valued multifunction [R2]. In the latter case there
exists a Borel-measurable selector u:S — C such that u(x) e U(x) for every
state x (Kuratowski and Ryll-Nardzewski [K5]). This is of course necessary
if any Borel-measurable policy is to exist at all.

The main fact regarding models of this type is that under various com-
binations of semicontinuity and compactness assumptions, the functions J,
defined by (17) and (18) are semicontinuous. In addition, it is often possible
to show that the infimum in (18) is achieved for every x and k, and there
are Borel-measurable selectors pg,...,uy—; such that p(x) achieves this
infimum (see Freedman [F1], Furukawa [F3], Himmelberg, et al. [H3],
Maitra [M2], Schél [S3], and the references contained therein). Such a
policy (1o, - - - , iy —1) is optimal, and the existence of this optimal policy is
an additional benefit of imposing topological conditions to ensure that the
problem is well defined. In Section 9.5 we show that lower semicontinuity
and compactness conditions guarantee convergence of the dynamic pro-
gramming algorithm over an infinite horizon to the optimal cost function,
and that this algorithm can be used to generate an optimal stationary policy.

Continuity and compactness assumptions are integral to much of the
work that has been done in stochastic programming. This work differs from
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our own in both its aims and its framework. First, in the usual stochastic
programming model, the controls cannot influence the distribution of future
states (see Olsen [O1-03], Rockafellar and Wets [R3-R4], and the refer-
ences contained therein). As a result, the model does not include as special
cases many important problems such as, for example, the classical linear
quadratic stochastic control problem [B4, Section 3.1]. Second, assumptions
of convexity, lower semicontinuity, or both are made on the cost function,
the model is designed for the Kuratowski—Ryll-Nardzewski selection theo-
rem, and the analysis is carried out in a finite-dimensional Euclidean state
space. All of this is for the purpose of overcoming measurability problems.
Results are not readily generalizable beyond Euclidean spaces (Rockafellar
[R2]). The thrust of the work is toward convex programming type results,
ie., duality and Kuhn-Tucker conditions for optimality, and so a narrow
class of problems is considered and powerful results are obtained.

I1II The Borel Models

The Borel space framework was introduced by Blackwell [B9] and
further refined by Strauch, Dynkin, Juskevi¢, Hinderer, and others. The
state and control spaces S and C were assumed to be Borel spaces, and the
functions defining the model were assumed to be Borel-measurable. Initial
efforts were directed toward proving the existence of “nice” optimal or
nearly optimal policies in this framework. Policies were required to be
Borel-measurable. For this model it is possible to prove the universal
measurability of the optimal cost function and the existence for every & > 0
and probability measure p on S of a p—e-optimal policy (Strauch [S14,
Theorems 7.1 and 8.1]). A p—¢-optimal policy is one which leads to a cost
differing from the optimal cost by less than ¢ for p almost every initial
state. As discussed earlier, even over a finite horizon the optimal cost function
need not be Borel-measurable and there need not exist an everywhere
e-optimal policy (Blackwell [B9, Example 2]). The difficulty arises from the
inability to choose a Borel-measurable function y,:S— C which nearly
achieves the infimum in (18) uniformly in x. The nonexistence of such a
function interferes with the construction of optimal policies via the dynamic
programming algorithm (17) and (18), since one must first determine at each
stage the measure p with respect to which it is satisfactory to nearly achieve
the infimum in (18) for p almost every x. This is essentially the same problem
encountered with (25). The difficulties in constructing nearly optimal policies
over an infinite horizon are more acute. Furthermore, from an applications
point of view, a p—g-optimal policy, even if it can be constructed, is a much
less appealing object than an everywhere ¢-optimal policy, since in many
situations the distribution p is unknown or may change when the system is
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operated repetitively, in which case a new p—e-optimal policy must be
computed.

In our formulation, the class of admissible policies in the Borel model is
enlarged to include all universally measurable policies. We show in Part II
that this class is sufficiently rich to ensure that there exist everywhere e-optimal
policies and, if the infimum in the DP algorithm (18) is attained for every x and
k, then an everywhere optimal policy exists. Thus the notion of p-optimality
can be dispensed with. The basic reason why optimal and nearly optimal
policies can be found within the class of universally measurable policies may
be traced to the selection theorem of Section 7.7. Another advantage of
working with the class of universally measurable functions is that this class
is closed under certain basic operations such as integration with respect to
a universally measurable stochastic kernel and composition.

Our method of proof of infinite horizon results is based on an equivalence
of stochastic and deterministic decision models which is worked out in
Sections 9.1-9.3. The conversion is carried through only for the infinite
horizon model, as it is not necessary for the development in Chapter 8. It
is also done only under assumptions (P), (N), or (D) of Definition 9.1, although
the models make sense under conditions similar to the (F*) and (F ~) assump-
tions of Section 8.1. The relationship between the stochastic and the deter-
ministic models is utilized extensively in Sections 9.4-9.6, where structural
results proved in Part I are applied to the deterministic model and then
transferred to the stochastic model. The analysis shows how results for
stochastic models with measurability restrictions on the set of admissible
policies can be obtained from the general results on abstract dynamic
programming models given in Part I and provides the connecting link
between the two parts of this work.

1.3 The Present Work Related to the Literature

This section summarizes briefly the contents of each chapter and points
out relations with existing literature. During the course of our research,
many of our results were reported in various forms (Bertsekas [B3-B5];
Shreve [S7-S8]; Shreve and Bertsekas [S9-S12]). Since the present mono-
graph is the culmination of our joint work, we report particular results as
being new even though they may be contained in one or more of the preceding
references.

Part I

The objective of Part I is to provide a unifying framework for finite and
infinite horizon dynamic programming models. We restrict our attention to
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three types of infinite horizon models, which are patterned after the dis-
counted and positive models of Blackwell [B8—B9] and the negative model
of Strauch [S14]. It is an open question whether the framework of Part I
can be effectively extended to cover other types of infinite horizon models
such as the average cost model of Howard [H7] or convergent dynamic
programming models of the type considered by Dynkin and Juskevi¢ [ D8]
and Hordijk [H6].

The problem formulation of Part I is new. The work that is most closely
related to our framework is the one by Denardo [D2], who considered an
abstract dynamic programming model under contraction assumptions. Most
of Denardo’s results have been incorporated in slightly modified form in
Chapter 4. Denardo’s problem formulation is predicated on his contraction
assumptions and is thus unsuitable for finite horizon models such as the
one in Chapter 3 and infinite horizon models such as the ones in Chapter 5.
This fact provided the impetus for our different formulation.

Most of the results of Part I constitute generalizations of results known
for specific classes of problems such as, for example, deterministic and
stochastic optimal control problems. We make an effort to identify the
original sources, even though in some cases this is quite difficult. Some of
the results of Part I have not been reported earlier even for a specific class
of problems, and they will be indicated as new.

Chapter 2 Here we formulate the basic abstract sequential optimization
problem which is the subject of Part I. Several classes of problems of practical
interest are described in Section 2.3 and are shown to be special cases of the
abstract problem. All these problems have received a great deal of attention
in the literature with the exception of the stochastic optimal control model
based on outer integration (Section 2.3.3). This model, as well as the results
in subsequent chapters relating to it, is new. A stochastic model based on
outer integration has also been considered by Denardo [D2], who used a
different definition of outer integration. His definition works well under
contraction assumptions such as the one in Chapter 4. However, many of
the results of Chapters 3 and 5 do not hold if Denardo’s definition of outer
integral is adopted. By contrast, all the basic results of Part I are valid when
specialized to the model of Section 2.3.3.

Chapter 3 This chapter deals with the finite horizon version of our
abstract problem. The central results here relate to the validity of the dynamic
programming algorithm, i.e., the equation J§ = T"(J,). The validity of this
equation is often accepted without scrutiny in the engineering literature,
while in mathematical works it is usually proved under assumptions that
are stronger than necessary. While we have been unable to locate an appro-
priate source, we feel certain that the results of Proposition 3.1 are known



1.3 THE PRESENT WORK RELATED TO THE LITERATURE 15

for stochastic optimal control problems. The notion of a sequence of policies
exhibiting {¢,}-dominated convergence to optimality and the corresponding
existence result (Proposition 3.2) are new.

Chapter 4 Here we treat the infinite horizon version of our abstract
problem under a contraction assumption. The developments in this chapter
overlap considerably with Denardo’s work [D2]. Our contraction assump-
tion C is only slightly different from the one of Denardo. Propositions 4.1,
4.2, 4.3 (a), and 4.3 (c) are due to Denardo [D2], while Proposition 4.3 (b)
has been shown by Blackwell [ B9] for stochastic optimal control problems.
Proposition 4.4 is new. Related compactness conditions for existence of a
stationary optimal policy in stochastic optimal control problems were given
by Maitra [M2], Kushner [K6], and Schél [S5]. Propositions 4.6 and 4.7
improve on corresponding results by Denardo [D2] and McQueen [M3].
The modified policy iteration algorithm and the corresponding convergence
result (Proposition 4.9) are new in the form given here. Denardo [ D2] gives
a somewhat less general form of policy iteration. The idea of policy iteration
for deterministic and stochastic optimal control problems dates, of course,
to the early days of dynamic programming (Bellman [B1]; Howard [H7]).
The mathematical programming formulation of Section 4.3.3 is due to
Denardo [D2].

Chapter 5 Here we consider infinite horizon versions of our abstract
model patterned after the positive and negative models of Blackwell [ B8, B9]
and Strauch [S14]. When specialized to stochastic optimal control problems,
most of the results of this chapter have either been shown by these authors
or can be trivially deduced from their work. The part of Proposition 5.1
dealing with existence of an ¢-optimal stationary policy is new, as is the
last part of Proposition 5.2. Forms of Propositions 5.3 and 5.5 specialized
to certain gambling problems have been shown by Dubins and Savage [D6],
whose monograph provided the impetus for much of the subsequent work
on dynamic programming. Propositions 5.9-5.11 are new. Results similar
to those of Proposition 5.10 have been given by Schil [S5] for stochastic op-
timal control problems under semicontinuity and compactness assumptions.

Chapter 6 The analysis in this chapter is new. It is motivated by the
fact that the framework and the results of Chapters 2—-5 are primarily
applicable to problems where measurability issues are of no essential concern.
While it is possible to apply the results to problems where policies are sub-
ject to measurability restrictions, this can be done only after a fairly elaborate
reformulation (see Chapter 9). Here we generalize our framework so that
problems in which measurability issues introduce genuine complications can
be dealt with directly. However, only a portion of our earlier results carry
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through within the generalized framework—primarily those associated with
finite horizon models and infinite horizon models under contraction
assumptions.

Part 11

The objective of Part II is to develop in some detail the discrete-time
stochastic optimal control problem (additive cost) in Borel spaces. The
measurability questions are addressed explicitly. This model was selected
from among the specialized models of Part I because it is often encountered
and also because it can serve as a guide in the resolution of measurability
difficulties in a great many other decision models.

In Chapter 7 we present the relevant topological properties of Borel
spaces and their probability measures. In particular, the properties of analytic
sets are developed. Chapter 8 treats the finite horizon stochastic optimal
control problem, and Chapter 9 is devoted to the infinite horizon version.
Chapter 10 deals with the stochastic optimal control problem when only a
“noisy” measurement of the state of the system is possible. Various extensions
of the theory of Chapters 8 and 9 are given in Chapter 11.

Chapter 7 The properties presented for metrizable spaces are well
known. The material on Borel spaces can be found in Chapter 1 of Partha-
sarathy [P1] and is also available in Kuratowski [K2-K3]. A discussion
of the weak topology can be found in Parthasarathy [ P1]. Propositions 7.20,
7.21, and 7.23 are due to Prohorov [P2], but their presentation here follows
Varadarajan [ V1]. Part of Proposition 7.21 also appears in Billingsley [B7].
Proposition 7.25 is an extension of a result for compact X found in Dubins
and Freedman [DS5]. Versions of Proposition 7.25 have been used in the
literature for noncompact X (Strauch [S14]; Blackwell et al. [B12]), the
authors evidently intending an extension of the compact result by using
Urysohn’s theorem to embed X in a compact metric space. Proposition 7.27
is reported by Rhenius [R1], Juskevi¢ [J3] and Striebel [S16]. We give
Striebel’s proof. Propositions 7.28 and 7.29 appear in some form in several
texts on probability theory. A frequently cited reference is Loéve [L1].
Propositions 7.30 and 7.31 are easily deduced from Maitra [M2] or Schil
[S4], and much of the rest of the discussion of semicontinuous functions is
found in Hausdorff [H2]. Proposition 7.33 is due to Dubins and Savage [ D6].
Proposition 7.34 is taken from Freedman [F1].

The investigation of analytic sets in Borel spaces began several years ago,
but has been given additional impetus recently by the discovery of their
applications to stochastic processes. Suslin schemes and analytic sets first
appear in a paper by M. Suslin (or Souslin) in 1917 [S17], although the idea
is generally attributed to Alexandroff. Suslin pointed out that every Borel
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subset of the real line could be obtained as the nucleus of a Suslin scheme
for the closed intervals, and non-Borel sets could be obtained this way as
well. He also noted that the analytic subsets of R were just the projections
on an axis of the Borel subsets of R2. The universal measurability of analytic
sets (Corollary 7.42.1) was proved by Lusin and Sierpinski [L3] in 1918. (See
also Lusin [L2].) Our proof of this fact is taken from Saks [S1]. We have also
taken material on analytic sets from Kuratowski [K2], Dellacherie [D1],
Meyer [M4], Bourbaki [B13], Parthasarathy [P1], and Bressler and Sion
[B14]. Proposition 7.43 is due to Meyer and Traki [MS5], but our proof is
original. The proofs given here of Propositions 7.47 and 7.49 are very similar
to those found in Blackwell et al. [B12]. The basic result of Proposition 7.49
is due to Jankov [J1], but was also worked out about the same time and
published later by von Neumann [N1, Lemma 5, p. 448]. The Jankov-von
Neumann result was strengthened by Mackey [M1, Theorem 6.3]. The
history of this theorem is related by Wagner [W1, pp. 900-901]. Proposition
7.50(a) is due to Blackwell et al. [B12]. Proposition 7.50(b) together with
its strengthened version Proposition 11.4 generalize a result by Brown and
Purves [B15], who proved existence of a universally measurable ¢ for the
case where f is Borel measurable.

Chapter 8 The finite horizon stochastic optimal control model of Chap-
ter 8 is essentially a finite horizon version of the models considered by
Blackwell [B8,B9], Strauch [S14], Hinderer [H4], Dynkin and Juskevi¢
[D8], Blackwell et al. [B12], and others. With the exception of [B12], all
these works consider Borel-measurable policies and obtain existence results
of a p—¢e-optimal nature (see the discussion of the previous section). We allow
universally measurable policies and thereby obtain everywhere e-optimal
existence results. While in Chapters 8 and 9 we concentrate on proving
results that hold everywhere, the previously available results which allow
only Borel-measurable policies and hold p almost everywhere can be readily
obtained as corollaries. This follows from the following fact, whose proof
we sketch shortly:

(F) If X and Y are Borel spaces, py,p1,- . . iS a sequence of probability
measures on X, and y is a universally measurable map from X to Y,
then there is a Borel measurable map ' from X to Y such that

wx) = p(x)
for py almost every x, k =0,1,. ...

As an example of how this observation can be used to obtain p almost
everywhere existence results from ours, consider Proposition 9.19. It states
in part that if ¢ > 0 and the discount factor o is less than one, then an &-
optimal nonrandomized stationary policy exists, i.e., a policy = = (u, 4,. . .),
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where yu is a universally measurable mapping from S to C. Given p, on S,
this policy generates a sequence of measures pg, p;,. .. on S, where p, is the
distribution of the kth state when the initial state has distribution p, and
the policy 7 is used. Let y':S — C be Borel-measurable and equal to y for
pr almost every x, k=0,1,.... Let ' = (¢, 1/,. . .). Then it can be shown
that for p, almost every initial state, the cost corresponding to 7’ equals the
cost corresponding to =, so 7' is a py—¢-optimal nonrandomized stationary
Borel-measurable policy. The existence of such a n’ is a new result. This
type of argument can be applied to all the existence results of Chapters 8
and 9.

We now sketch a proof of (F). Assume first that Y is a Borel subset
of [0,1]. Then for re[0,1], r rational, the set

U(r) = {x|u(x) < r}

1s universally measurable. For every k, let pf[ U(r)] be the outer measure of
U(r) with respect to p, and let By, By,,... be a decreasing sequence of
Borel sets containing U(r) such that

p,’f[U(r)] = Pk[ _l Bkj:l'

Let B(r) = m?;l m})o:l Bk} Then

p,’f[U(r)]=pk[B(r)], k=0917 5

and the argument of Lemma 7.27 applies. If Y is an arbitrary Borel space, it
is Borel isomorphic to a Borel subset of [0,1] (Corollary 7.16.1), and (F)
follows.

Proposition 8.1 is due to Strauch [S14], and Proposition 8.2 is contained
in Theorem 14.4 of Hinderer [H4]. Example 8.1 is taken from Blackwell
[B9]. Proposition 8.3 is new, the strongest previous result along these lines
being the existence of an analytically measurable e-optimal policy when the
one-stage cost function is nonpositive [B12]. Propositions 8.4 and 8.5 are
new, as are the corollaries to Proposition 8.5. Lower semicontinuous models
have received much attention in the literature (Maitra [M2]; Furukawa
[F3]; Schal [S3-S5]; Freedman [F1]; Himmelberg et al. [H3]). Our lower
semicontinuous model differs somewhat from those in the literature, pri-
marily in the form of the control constraint. Proposition 8.6 is closely related
to the analysis in several of the previously mentioned references. Proposition
8.7 is due to Freedman [F1].

Chapter 9 Example 9.1 is a modification of Example 6.1 of Strauch
[S14], and Proposition 9.1 is taken from Strauch [S14]. The conversion of
the stochastic optimal control problem to the deterministic one was suggested
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by Witsenhausen [W3] in a different context and carried out systematically
for the first time here. This results in a simple proof of the lower semianaly-
ticity of the infinite horizon optimal cost function (cf. Corollary 9.4.1 and
Strauch [S14, Theorem 7.1]). Propositions 9.8 and 9.9 are due to Strauch
[S14], as are the (D) and (N) parts of Proposition 9.10. The (P) part of
Proposition 9.10 is new. Proposition 9.12 appears as Theorem 5.2.2 of Schél
[S5], but Corollary 9.12.1 is new. Proposition 9.14 is a special case of
Theorem 14.5 of Hinderer [H4]. Propositions 9.15-9.17 and the corollaries
to Proposition 9.17 are new, although Corollary 9.17.2 is very close to
Theorem 13.3 of Schil [S5]. Propositions 9.18-9.20 are new. Proposition
9.21 is an infinite horizon version of a finite horizon result due to Freedman
[F1], except that the nonrandomized e-optimal policy Freedman constructs
may not be semi-Markov.

Chapter 10 The use of the conditional distribution of the state given
the available information as a basis for controlling systems with imperfect
state information has been explored by several authors under various as-
sumptions (see, for example, Astrém [A2], Striebel [S15], and Sawaragi and
Yoshikawa [S2]). The treatment of imperfect state information models with
uncountable Borel state and action spaces, however, requires the existence
of a regular conditional distribution with a measurable dependence on a
parameter (Proposition 7.27), and this result is quite recent (Rhenius [R1];
Juskevi€ [J3]; Striebel [S16]). Chapter 10 is related to Chapter 3 of Striebel
[S16] in that the general concept of a statistic sufficient for control is defined.
We use such a statistic to construct a perfect state information model which
is equivalent in the sense of Propositions 10.2 and 10.3 to the original im-
perfect state information model. From this equivalence the validity of the
dynamic programming algorithm and the existence of ¢-optimal policies
under the mild conditions of Chapters 8 and 9 follow. Striebel justifies use of
a statistic sufficient for control by showing that under a very strong hypothesis
[S16, Theorem 5.5.1] the dynamic programming algorithm is valid and an
e-optimal policy can be based on the sufficient statistic. The strong hypothesis
arises from the need to specify the null sets in the range spaces of the
statistic in such a way that this specification is independent of the policy
employed. This need results from the inability to deal with the pointwise
partial infima of multivariate functions without the machinery of universally
measurable policies and lower semianalytic functions. Like Striebel, we show
that the conditional distributions of the states based on the available in-
formation constitute a statistic sufficient for control (Proposition 10.5), as
do the vectors of available information themselves (Proposition 10.6).

The treatments of Rhenius [R1] and Juskevi¢ [J3] are like our own
in that perfect state information models which are equivalent to the original
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one are defined. In his perfect state information model, Rhenius bases con-
trol on the observations and conditional distributions of the states, i.e., these
objects are the states of his perfect state information model. It is necessary
in Rhenius’ framework for the controller to know the most recent observa-
tion, since this tells him which controls are admissible. We show in Proposi-
tion 10.5 that if there are no control constraints, then there is nothing to be
gained by remembering the observations. In the model of Juskevi¢ [J3],
there are no control constraints and control is based on the past controls
and conditional distributions. In this case, ¢-optimal control is possible
without reference to the past controls (Propositions 10.5, 8.3, 9.19, and 9.20),
so our formulation is somewhat simpler and just as effective.

Chapter 10 differs from all the previously mentioned works in that simple
conditions which guarantee the existence of a statistic sufficient for control
are given, and once this existence is established, all the results of Chapters 8
and 9 can be brought to bear on the imperfect state information model.

Chapter 11 The use in Section 11.1 of limit measurability in dynamic
programming is new. In particular, Proposition 11.3 is new, and as discussed
earlier in regard to Proposition 7.50(b), a result by Brown and Purves [B15]
is generalized in Proposition 11.4. Analytically measurable policies were
introduced by Blackwell et al. [B12], whose work is referenced in Section
11.2. Borel space models with multiplicative cost fall within the framework
of Furukawa and Iwamoto [ F4-F5], and in [ F5] the dynamic programming
algorithm and a characterization of uniformly N-stage optimal policies are
given. The remainder of Proposition 11.7 is new.

Appendix A Outer integration has been used by several authors, but
we have been unable to find a systematic development.

Appendix B Proposition B.6 was first reported by Suslin [S17], but the
proof given here is taken from Kuratowski [K2, Section 38VI]. According
to Kuratowski and Mostowski [K4, p. 455], the limit o-algebra £y was
introduced by Lusin, who called its members the “C-sets.” A detailed discus-
sion of the g-algebra was given by Selivanovskij [S6] in 1928. Propositions
B.9 and B.10 are fairly well known among set theorists, but we have been
unable to find an accessible treatment. Proposition B.11 is new. Cenzer and
Mauldin [C1] have also shown independently that &£y is closed under
composition of functions, which is part of the result of Proposition B.11.
Proposition B.12 is new.

It seems plausible that there are an infinity of distinct o-algebras between
the limit g-algebra and the universal g-algebra that are suitable for dynamic
programming. One promising method of constructing such s-algebras in-
volves the R-operator of descriptive set theory (see Kantorovitch and
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Livenson [K1]). In a recent paper [B11], Blackwell has employed a different
method to define the “Borel-programmable” g-algebra and has shown it
to have many of the same properties we establish in Appendix B for the
limit o-algebra. It is not known, however, whether the Borel-programmable
c-algebra satisfies a condition like Proposition B.12 and is thereby suitable
for dynamic programming. It is easily seen that the limit s-algebra is con-
tained in Blackwell’s Borel-programmable o-algebra, but whether the two
coincide is also unknown.

Appendix C A detailed discussion of the exponential topology on the
set of closed subsets of a topological space can be found in Kuratowski
[K2-K3]. Properties of semicontinuous (K) functions are also proved there,
primarily in Section 43 of [K3]. The Hausdorff metric is discussed in Section
38 of [H2].
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Chapter 2

Monotone Mappings Underlying Dynamic
Programming Models'

This chapter formulates the basic abstract sequential optimization prob-
lem which is the subject of Part 1. It also provides examples of special cases
which include wide classes of problems of practical interest.

2.1 Notation and Assumptions

Our usage of mathematical notation is fairly standard. For the reader’s
convenience we mention here that we use R to denote the real line and R*
to denote the extended real line, ie, R* =R U {—o0,0}. The sets
(—0,0] =R u {0} and [ —o0,00) = R U {—o0} will be written out ex-
plicitly. We will assume throughout that R is equipped with the usual
topology generated by the open intervals (a, ), o, f € R, and with the (Borel)
o-algebra generated by this topology. Similarly R* is equipped with the
topology generated by the open intervals (o, ), o, f€ R, together with the
sets (y, 00 ], [ — 00, 7), y € R, and with the g-algebra generated by this topology.
The Cartesian product of sets X, X,,..., X, is denoted X, X, - X,.

T Parts I and II can be read independently. The reader may proceed directly to Part II if
he so wishes.

25
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The following definitions and conventions will apply throughout Part 1.

(1) S and C are two given sets referred to as the state space and control
space, respectively.

(2) For each xe€S, there is given a nonempty subset U(x) of C referred
to as the control constraint set at Xx.

(3) Wedenote by M the set of all functions u: S — C such that u(x)e U(x)
for all xeS. We denote by IT the set of all sequences © = (g, 41, . .) such
that p, € M for all k. Elements of IT are referred to as policies. Elements of
IT of the form 7 = (u,u,...), where ue M, are referred to as stationary
policies.

(4) We denote:

F the set of all extended real-valued functions J:S — R¥*;
B the Banach space of all bounded real-valued functions J: S — R
with the supremum norm ||-|| defined by

||| =sup|J(x)] VJeB.
xeS

(5) Forall J,J' € F we write
J=J if Jkx)=J(x) VxeS,
J<J if Jix)<J(x) VxeS.

For all JeF and ¢eR, we denote by J + ¢ the function taking the value
J(x) + ¢ at each x€ 3§, i.e.,

(J+e)x)=J(x)+ ¢ VxeS.

(6) Throughout Part I the analysis is carried out within the set of
extended real numbers R*. We adopt the usual conventions regarding
ordering, addition, and multiplication in R* except that we take

00 — 00 = —00 + 00 = 0,

and we take the product of zero and infinity to be zero. In this way the
sum and the product of any two extended real numbers is well defined.
Division by zero or co does not appear in our analysis. In particular, we
adopt the following rules in calculations involving oo and — o0:

o+ 00 =004+ 0= 00 for —oo <a< oo,
6—00=—00+0=—00 for —c0<a< o0;

000 = oo = 00, o(—oc)=(—o0)u = —00 for 0<a< o0,
oo = 000 = — 00, oa(—o0)=(—o0)u =0 for —o0<a<O0;
00 = 00 =0=0(—00) = (—0)0, —(—o00)=00;

inf & = + o0, sup g = — oo,
where (7 is the empty set.
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Under these rules the following laws of arithmetic are still valid:
0C1+0C2=O(2+O(1, (0(1+a2)+a3=051+(012+063),
00y = Xply, (otg005 )0tz = oty (otp03).

We also have
ooy + op) = ooty + oty

if either « > 0 or else (xx; + o) is not of the form + oo — 0.

(7) For any sequence {J,} with J, € F for all k, we denote by lim,_, , J;
the pointwise limit of {J,} (assuming it is well defined as an extended real-
valued function) and by limsup,. . J, (liminf,_, J,) the pointwise limit
superior (inferior) of {J,}. For any collection {J,|ae A} = F parameterized
by the elements of a set A, we denote by inf,. 4 J, the function taking the
value inf, . 4 J,(x) at each x€S.

The Basic Mapping

We are given a function H which maps SCF (Cartesian product of S,
C, and F) into R*, and we define for each p e M the mapping T,: F — F by

T,(J)(x) = H[x, u(x),J ] VxeS. (1)
We define also the mapping T:F — F by
T(J)x)= inf H(x,u,J) VxeS. (2)
ueU(x)
We denote by T*, k= 1,2,..., the composition of T with itself k times.

For convenience we also define T°(J) = J for all Je F. For any n = (uo,
U1, . .)€l we denote by (T, T,, - - T,,) the composition of the mappings
Thps-- s Ty k=0,1,....

The foilowing assumption will be in effect throughout Part I.

B1

Monotonicity Assumption For every xe S, ue U(x), J,J' € F, we have
H(x,u,J) < H(x,u,J") if J<J. 3)
The monotonicity assumption implies the following relations:
J<J=TJ)<TJ) vJ,J' €F,
J<J=>T,J)<T,WJ) vJ,J'eF, upueM.
These relations in turn imply the following facts for all Je F:
J<TWJ)=THJ) < T 1(J), k=0,1,...,
J=>TJ)=THJ)> T 1(J), k=0,1,...,
J<T,WJ) VueM= (T, T, )J) < (T, Ty )
k=0,1,..., 7=y, M, )T,
J=T,J) YueM= (T, T,)J)= (T, Tpu. )J),
k=0,1,..., 7= (o,ty,...)eIl
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Another fact that we shall be using frequently is that for each Je F and
& > 0, there exists a u,€ M such that

TJ)(x)+ ¢ if T(J)(x)> —o0
Tuld)0x) < {—1/8 it T()x) = —o.

In particular, if J is such that T'(J)(x) > — oo for Vxe S, then for each ¢ > 0,
there exists a u,€ M such that

T, ()< T(J)+e

2.2 Problem Formulation

We are given a function J, € F satisfying
Jo(x) > —o0 VxeSs, 4)

and we consider for every policy © = (uo,Us,- . .)€l and positive integer
N the functions Jy € F and J, € F defined by

Nn(x)_(Tuo u MN 1)(J0)(X) VXES, (5)
J(x) = llm(Tuo u T Tun o N 0)(xX) VxeSs. (6)

For every result to be shown, appropriate assumptions will be in effect
which guarantee that the function J, is well defined (ie., the limit in (6)
exists for all xe S). We refer to Jy , as the N-stage cost function for = and
to J, as the cost function for n. Note that Jy , depends only on the first N
functions in = while the remaining functions are superfluous. Thus we could
have considered policies consisting of finite sequences of functions in connec-
tion with the N-stage problem, and this is in fact done in Chapter 8. However,
there are notational advantages in using a common type of policy in finite
and infinite horizon problems, and for this reason we have adopted such a
notation for Part L.

Throughout Part I we will be concerned with the N-stage optimization
problem

minimize Jy .(x)

F
subject to mell, )
and its infinite horizon version
minimize J,(x)
ey

subject to mwell.

We refer to problem (F) as the N-stage finite horizon problem and to problem
(I) as the infinite horizon problem.
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For a-fixed xeS, we denote by J#(x) and J*(x) the optimal costs for
these problems, i.e.,

J¥(x) = inf Jy .(x) VxeS, (7)
nell

J*¥(x) = inf J (x) VxeS. (8)
nell

We refer to the function J3 as the N-stage optimal cost function and to the
function J* as the optimal cost function.

We say that a policy n* eIl is N-stage optimal at x€ S if Jy, (x) = JF(x)
and optimal at xe S if J .(x) = J*(x). We say that n* eIl is N-stage optimal
(respectively optimal) if Jy .. = J% (respectively J. = J*). A policy n* =
(ug, ut,. . .) will be called uniformly N-stage optimal if the policy (u, uf. 1,. . .)
is (N — i)-stage optimal for all i =0,1,...,N — 1. Thus if a policy is uni-
formly N-stage optimal, it is also N-stage optimal, but not conversely. For
a stationary policy n = (u,,...)eIl, we write J, = J,. Thus a stationary
policy ©* = (u*, u*,. . .) is optimal if J* = J ..

Given ¢ > 0, we say that a policy r, € I is N-stage e-optimal if

JH(x) + ¢ if J¥(x)> — o0,

JN.nc(x)S{_l/g if J¥(x)= —oo0.

We say that n, eIl is e-optimal if

Tx)+e  if JHx)> —oo,
Jrl) < {— 1/e if J¥(x)= —o0.

If {&,} is a sequence of positive numbers with ¢, | 0, we say that a sequence of
policies {=,} exhibits {¢,}-dominated convergence to optimality if
hm JN,Ny. = J;s,
and, forn=2,3,..., "OO
JEH(x) + &, if JH(x)> —oo,
IN,z, (X) + &y if J¥H(x)= —c0.

JN. nn(x) < {

2.3 Application to Specific Models

A large number of sequential optimization problems of practical interest
may be viewed as special cases of the abstract problems (F) and (I). In this
section we shall describe several such problems that will be of continuing
interest to us throughout Part I. Detailed treatments of some of these
problems can be found in DPSC.*

T We denote by DPSC the textbook by Bertsekas, “Dynamic Programming and Stochastic
Control.” Academic Press, New York, 1976.
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2.3.1 Deterministic Optimal Control
Consider the mapping H:SCF — R* defined by
H(x,u,J) = g(x,u) + aJ[ f(x,u)] VxeS, ueC, JeF. )
Our standing assumptions throughout Part I relating to this mapping are:

(1) The functions g and f map SC into [ — o0, 00] and S, respectively.
(2) The scalar « is positive.

The mapping H clearly satisfies the monotonicity assumption. Let J,
be identically zero, i.e.,

Jo(x)=0 VxeS.

Then the corresponding N-stage optimization problem (F) can be written as

N-1

minimize Jy .(Xq) = Z o g[ X, (1))
k=0 (10)

subject to X1 = fx, te(xi)], weM, k=0,...,N—1.
This is a finite horizon deterministic optimal control problem. The scalar

o is known as the discount factor. The infinite horizon problem (I) can be
written as

N-1
minimize J.(xo) = lim ) o*g[x;, p(xi)]
N—->w k=0 (11)

subject to X4 = fxp, (1)1, weM, k=0,1,....

This limit exists if any one of the following three conditions is satisfied:

glx,u) >0 VxeS, ueU(x), (12)
glx,u) <0 VxeS, ueU(x), (13)
o<1, 0<g(x,uy<b for some be(0,0)and all xe S, ue U(x). (14)

Every result to be shown for problem (11) will explicitly assume one of these
three conditions. Note that the requirement 0 < g(x,u) <b in (14) is no
more strict than the usual requirement |g(x, u)[ < b/2. This is true because
adding the constant b/2 to g increases the cost corresponding to every
policy by b/2(1 — o) and the problem remains essentially unaffected.
Deterministic optimal control problems such as (10) and (11) and their
stochastic counterparts under the countability assumption of the next sub-
section have been studied extensively in DPSC (Chapters 2, 6, and 7). They
are given here in their stationary form in the sense that the state and control
spaces S and C, the control constraint U(-), the system function f, and the
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cost per stage g do not change from one stage to the next. When this is not
the case, we are faced with a nonstationary problem. Such a problem, however,
may be converted to a stationary problem by using a procedure described
in Section 10.1 and in DPSC (Section 6.7). For this reason, we will not con-
sider further nonstationary problems in Part I. Notice that within our
formulation it is possible to handle state constraints of the form x,eX,
k=0,1,..., by defining g(x,u) = co whenever x ¢ X. This is our reason for
allowing g to take the value oco. Generalized versions of problems (10) and
(11) are obtained if the scalar « is replaced by a function «:SC — R* with
0 < a(x,u) for all xe S, ue U(x), so that the discount factor depends on the
current state and control. It will become evident to the reader that our general
results for problems (F) and (I) are applicable to these more general deter-
ministic problems.

2.3.2  Stochastic Optimal Control—Countable Disturbance Space
Consider the mapping H: SCF — R* defined by
H(x,u,J) = E{g(x,u,w) + oJ[ f(x,u, w)]|x, u}, (15)
where the following are assumed:

(1) The parameter w takes values in a countable set W with given
probability distribution p(dw|x,u) depending on x and u, and E{-|x,u}
denotes expected value with respect to this distribution. (See a detailed
definition below.)

(2) The functions g and f map SCW into [ — 00, o0 ] and S, respectively.
(3) The scalar « is positive.

Our usage of expected value in (15) is consistent with the definition of
the usual integral (Section 7.4.4) and the outer integral (Appendix A), where
the g-algebra on W is taken to be the set of all subsets of W. Thus if w',
i=1,2,..., are the elements of W, (p*, p%...) any probability distribution
on W, and z: W — R¥* a function, we define

<o) oo}
E{Z(W)} = Z Pi2+(Wi) - Z p'z”(w),
i=1 i=1
where
z ¥ (w;) = max {0, z(w;)}, i=12,...,
z7(w;) = max {0, — z(w;)}, i=12,....

In view of our convention co — oo = oo, the expected value E{z(w)} is well
defined for every function z: W — R* and every probability distribution
(p',p% ...) on W. In particular, if we denote by (p*(x,u), p*(x,u),...) the
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probability distribution p(dw|x,u) on W = {w!,w?,...}, then (15) can be

written as

H(x,u,J) = i p'(x, u)max {0, g(x, u, w') + aJ[ f(x,u, w')]}

- i pi(x,w)max {0, —[g(x,u, w') + aJ[ f(x,u, w)]]}.

i=1

A point where caution is necessary in the use of expected value defined
this way is that for two functions z,: W — R* and z,: W — R*, the equality

E{z,(w) + z,(W)} = E{z;(w)} + E{z,(w)} (16)
need not always hold. It is guaranteed to hold if (a) E{z{(w)} < oo and
E{z; (W)} < o0, or (b) E{zj (W)} < o0 and E{z5 (w)} < o0, or (¢) E{z{ (w)} <
oo and E{zy (w)} < co (see Lemma 7.11). We always have, however,

E{z,(w) + z,(w)} < E{z;(W)} + E{z,(w)}.

It is clear that the mapping H of (15) satisfies the monotonicity assump-
tion. Let J, be identically zero, i.e.,

Jo(x)=0 VxeS.

Then if g(x,u,w) > —oco for all x,u,w, the N-stage cost function can be
written as

In.(X0) = E{g[xo0, to(x0), Wo] + E {og[x1, us(x;),wy ]+ E{ -~

W

+ E {7 'g[xnopopv—1(in—1) Wyo 1] [Xy- 1,

WN -1

ﬂN—1(XN—1)H e '}|X0>#o(xo)}

N-1
= E{E{ " E { Z akg[xka:u'k(xk)ywk]lxN—l’

wo wN-1 (k=0

where the states x;,x,,...,Xxy_ satisfy

Xp+1 =f[xka:uk(xk)awk:|a k=0,...,N-2 (18)

#N—l(xN—O} xo’ﬂo(xo)}, (17)

The interchange of expectation and summation in (17) is valid, since
g(x,u,w) > — oo for all x,u, w, and we have for any measure space (Q, 7, v),
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measurable 7:Q — R*, and ie(— o0, + 0],
,1+fhdv=f(z+h)dv.

When Eq. (18) is used successively to express the states x;,x,,...,Xy—;
exclusively in terms of wy, wy,...,wy_, and x,, one can see from (17)
that Jy .(x,) is given in terms of successive iterated integration over
WN—1,...,Wo. For each x, €S and me Il the probability distributions p(x,,
Ho(X0)),- - > P'(Xn— 1, iy~ 1(Xn=1)), i = 1,2,.. ., over W specify, by the prod-
uct measure theorem [Al, Theorem 2.6.2], a unique product measure on
the cross product W" of N copies of W. If Fubini’s theorem [A1, Theorem
2.6.4] is applicable, then from (17) the N-stage cost function J ~.z(X0) can
be alternatively expressed as

N—-1
In=(X0) = E{k—zo O(kg[xka,uk(xk)’ Wk]}, (19)

where this expectation is taken with respect to the product measure on W»
and the states x;,x;,...,Xy_; are expressed in terms of wo, wy,. .., wy_,
and x, via (18). Fubini’s theorem can be applied if the expected value in
(19) is not of the form oo — oo, i.e., if either

E{max{o, Nil a*g[xp, t(xi)s wk]}} < o
k=0

or

E{max{O, —NZ—:I akg[xk’ﬂk(xk)a Wk]}} < .

k=0
In particular, this is true if either
E{max{0,g[x;, m(x),wi]}} <0, k=0,...,N—1,
or
E{max{0, —g[x., u(xi), wi ]} } < 0, k=0,...,N—1

or if g is uniformly bounded above or below by a real number. If Jy ,(xo)
can be expressed as in (19) for each x, € S and = € I1, then the N-stage problem
can be written as

N-1
minimize Jy .(xo) = E{ Z g [xy, plxi), Wk]}
k=0
subject to  x;4 1 = f X, i), wi ], weM, k=0,... N-1,
which is the traditional form of an N-stage stochastic optimal control prob-

lem and is also the starting point for the N-stage model of Part II (Definition
8.3).
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The corresponding infinite horizon problem is (cf. Definition 9.3)

N-1
minimize J,(xo) = lim E{ Y ofg[xe, milxi)s wk]}

N-w (k=0 (20)
subject to X1 1 = f [ Xus sl X)s Wi, WweM, k=0,1,....
This limit exists under any one of the conditions:
g(x,u,w) >0 VxeS, ueU(x), weW, (21)
glx,u,w) <0 VxeS, ueU(x), weW, (22)

a<l1, 0<g(x,u,w)<bh for some be (0, 00)
and all xe S, ue U(x), we W.  (23)

Every result to be shown for problem (20) will explicitly assume one of
these three conditions.

Similarly as for the deterministic problem, a generalized version of the
stochastic problem is obtained if the scalar o is replaced by a function
o:SCW — R* satisfying 0 < a(x, u, w) for all (x,u, w). The mapping H takes
the form

H(x,u,J) = E{g(x,u,w) + o(x,u, w)J[ f(x,u, w)]

X, u}.

This case covers certain semi-Markov decision problems (see [J2]). We
will not be further concerned with this mapping and will leave it to the
interested reader to obtain specific results relating to the corresponding
problems (F) and (I) by specializing abstract results obtained subsequently
in Part I. Also, nonstationary versions of the problem may be treated by
reduction to the stationary case (see Section 10.1 or DPSC, Section 6.7).

The countability assumption on W is satisfied for many problems of
interest. For example, it is satisfied in stochastic control problems involving
Markov chains with a finite or countable number of states (see, e.g., [D3],
[K6]). When the set W is not countable, then matters are complicated by
the need to define the expected value

E{g[x, u(x), w] + aJ [ f(x, u(x), w)]|x, u}

for every pe M. There are two approaches that one can employ to overcome
this difficulty. One possibility is to define the expected value as an outer
integral, as we do in the next subsection. The other approach is the subject
of Part II where we impose an appropriate measurable space structure
on S, C, and W and require that the functions pe M be measurable. Under
these circumstances a reformulation of the stochastic optimal control prob-
lem into the form of the abstract problems (F) or (I) is not straightforward.
Nonetheless, such a reformulation is possible as well as useful as we will
demonstrate in Chapter 9.
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2.3.3  Stochastic Optimal Control—Outer Integral Formulation
Consider the mapping H:SCF — R* defined by
H(x,u,J) = E*{g(x,u,w) + aJ[ f(x,u, w)]|x, u}, (24)
where the following are assumed:

(1) The parameter w takes values in a measurable space (W, #). For
each fixed (x, u)e SC, a probability measure p(dw]x, u) on (W, ) is given and
E*{|x,u} in (24) denotes the outer integral (see Appendix A) with respect
to that measure. Thus we may write, in the notation of Appendix A,

H(x,u,J) = f* {g(x,u, w) + o[ f(x,u, w)]}p(dw|x, u).

(2) The functions g and f map SCW into [ — 0, 0] and S, respectively.
(3) The scalar « is positive.

We note that mappings (9) and (15) of the previous two subsections are
special cases of the mapping H of (24). The mapping (9) (deterministic
problem) is obtained from (24) when the set W consists of a single element.
The mapping (15) (stochastic problem with countable disturbance space) is
the special case of (24) where W is a countable set and % is the g-algebra
consisting of all subsets of W. For this reason, in our subsequent analysis
we will not further consider the mappings (9) and (15), but will focus attention
on the mapping (24).

Clearly H as defined by (24) satisfies the monotonicity assumption. Just
as for the models of the previous two sections, we take

Jo(x)=0  VxeS

and consider the corresponding N-stage and infinite horizon problems (F)
and (I).

If appropriate measurability assumptions are placed on S, C, f, g, and
p, then the N-stage cost

Ina) = (T Typ_ )Jo)(x)

can be rewritten in terms of ordinary integration for every policy 7 = (1o,
My,...) for which y,, k = 0,1,.. ., is appropriately measurable. To see this,
suppose that S has a g-algebra &, C has a ¢-algebra %, and 4 is the Borel
o-algebra on R*. Suppose f is (Y4F, S )-measurable and g is (YE.Z, B)-
measurable, where %% denotes the product g-algebra on SCW. Assume
that for each fixed B e #, p(B|x, u) is #%-measurable in (x, u) and consider
a policy m = (ug, iy,...), where p, is (&, %)-measurable for all k. These
conditions guarantee that T, (J) given by

T = [{gLx, m(x), ] + aILF(x lh W]} pladw

X, U)
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is &-measurable for all k and Je F that are &-measurable. Just as in the
previous section, for a fixed x, € S and 7 = (uo, i3, - . .) € I1, the probability
measures p(-|xo, Lo(Xo)), - - -, P(* |Xy -1, Hn—1(xy—1)) together with the system
equation

xk+1 = f[xk,ﬂk(xk), Wk], k = 0,. .. ,N - 2, (25)

define a unique product measure p(d(wo, . . . , Wy —1)|Xo,7) on the cross prod-
uct WY of N copies of W. [Note that x,, k=0,1,...,N — 1, can be ex-
pressed as a measurable function of (wg,...,wy_;) via (25)]. Using the
calculation of the previous section, we have that if g(x,u, w) > — oo for all
x,u,w, and Fubini’s theorem is applicable, then

N-1
In 2(x0) = E{ Z akg[xknuk(xk)o Wk]}

k=0
N-1

= WN{ Z okg [xi (i), Wk]}p(d(WOw - ,WN—1)|X077T),
k=0

where x;,X,,...,Xy_, are expressed in terms of wy, wy,...,wy_; and
X, via (25). Also, as in the previous section, Fubini’s theorem applies if either

N_
E{max{o, Zl o*g [ X, el Xi)s wk]}} <®
k=0
or
N—-1
E{max{O, — > ofg[xe, mlxe)s wk]}} < .
k=0

Thus if appropriate measurability conditions are placed on S, C, W, f, g,
and p(dw|x,u) and Fubini’s theorem applies, then the N-stage cost Jy, .
corresponding to measurable n reduces to the traditional form

N-1

Iy, o(X0) = E%' Z Ofkg[xk»,uk(xk), Wk]}-
k=0

This observation is significant in view of the fact that

inf Jy .(x) < inf Jy (x) VxeSs,

nell nell

where
= (nel|n = (ko.pi1- - ) € M is (&, €)-measurable, k = 0, 1,. . .}.

Thus, if an optimal (s-optimal) policy 7* can be found for problem (F) and
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n* el (ie., is measurable), then 7* is optimal (¢-optimal) for the problem

minimize Jy .(x)
subject to mell,

which is a traditional stochastic optimal control problem.

These remarks illustrate how one can utilize the outer integration frame-
work in an initial formulation of a particular problem and subsequently
show via further (and hopefully simple) analysis that attention can be
restricted to the class of measurable policies IT for which the cost function
admits a traditional interpretation. The main advantage that the outer
integral formulation offers is simplicity. One does not need to introduce an
elaborate topological and measure-theoretic structure such as the one of
Part II in an initial formulation of the problem. In addition the policy
iteration algorithm of Chapter 4 is applicable to the problem of this section
but cannot be justified for the corresponding model of Part II. The outer
integral formulation has, however, important limitations which become
apparent in the treatment of problems with imperfect state information by
means of sufficient statistics (Chapter 10).

2.3.4  Stochastic Optimal Control—Multiplicative Cost Functional
Consider the mapping H:SCF — R* defined by
H(x,u,J) = E{g(x,u, w)J[ f(x,u, w)]|x, u}. (26)

We make the same assumptions on w, g, and f as in Section 2.3.2, i.e., w
takes values in a countable set W with a given probability distribution
depending on x and u. We assume further that

g(x,u,w) >0 VxeS, ueU(x), weW. (27)

In view of (27), the mapping H of (26) satisfies the monotonicity assumption.
We take

Jo(x)=1 VxeS

and consider the problems (F) and (I). Problem (F) corresponds to the
stochastic optimal control problem

minimize Jy, (o) = E{g[xo, to(xo), wol* glxn— 1, tin—1(xn—y), wy-1]}
(28)
SUbjeCt to Xk+1 = f[xka ,uk(xk)9 Wk]» ,ukEM7 k = O’ lw )

and problem (I) corresponds to the infinite horizon version of (28). The limit
as N — oo 1n (28) exists if g(x,u,w) > 1 for every x,u,w or 0 < g(x,u,w) < 1
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for every x,u,w. A special case of (28) is the exponential cost functional
problem

N-1
minimize E{exp[ Y g [, (X, Wk]]}

k=0
subject to  Xgp1 = f[Xp, tlxi)s Wil weM, k=0.1,...,

where ¢’ is some function mapping SCW into (— o0, c0].

2.3.5 Minimax Control
Consider the mapping H:SCF — R* defined by
H(x,u,J)= sup {g(x,u,w)+ oJ[ f(x,u,w)]} (29)

weW(x,u)
where the following are assumed:

(1) The parameter w takes values in a set W and W(x, u) is a nonempty
subset of W for each xe S, ue U(x).

(2) The functions g and f map SCW into [ — o0, co] and S respectively.

(3) The scalar « is positive.

Clearly the monotonicity assumption is satisfied.
We take

Jo(x)=0 VxeS.

If g(x,u,w) > —oo for all x,u,w, the corresponding N-stage problem (F)
can also be written as

wic e Wixi., pr(xx)] (k=0

N-1
minimize Jy .(Xo) = sup { Y. gL, plx), Wk]}
. (30)
subject to  Xi 1 = f [xi, i), Wi, weM, k=0,1,...,
and this is an N-stage minimax control problem. The infinite horizon
version is

N-1
minimize J,(xo) = lim sup { Y ofgxp, ), wk]}
N—= o0 wie Wlxk, m(xx)) (k=0 (31)
subject to  Xgi1 = f[Xi» ti(Xi) Wi, weM, k=0,1,....
The limit in (31) exists under any one of the conditions (21), (22), or (23).
This problem contains as a special case the problem of infinite time reach-
ability examined in Bertsekas [B2]. Problems (30) and (31) arise also in the
analysis of sequential zero-sum games.



Chapter 3

Finite Horizon Models

3.1 General Remarks and Assumptions

Consider the N-stage optimization problem
minimize Jy o(X) = (T, Tpy_ JJo)(X)
subject to 7w = (ug, 1y,...)eIl,
where for every ue M, J € F, and x € S we have
T ,(J)(x) = H[x, u(x),J ], T(J)x)= inf H(x,u,J).

ueU(x)

Experience with a large variety of sequential optimization problems suggests
that the N-stage optimal cost function J§ satisfies

J§ = inf Jy . = T(U,),

nell

and hence is obtained after N steps of the DP algorithm. In our more general
setting, however, we shall need to place additional conditions on H in order
to guarantee this equality. Consider the following two assumptions.

Assumption F.1 If {J,} < F is a sequence satisfying J, ., < J, for all k
and H(x,u,J;) < oo for all xe S, ue U(x), then

lim H(x,u,J,) = H(x, u, lim Jk> VxeS, ueU(x).

k= k= o0

39
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Assumption F.2 There exists a scalar o« e(0, c0) such that for all scalars
re(0, o) and functions J € F, we have

H(x,u,J) < H(x,u,J + r) < H(x,u,J) + ar VxeS, ueU(x).

We will also consider the following assumption, which is admittedly
somewhat complicated. It will enable us to obtain a stronger result on the
existence of nearly optimal policies (Proposition 3.2) than can be obtained
under F.2. The assumption is satisfied for the stochastic optimal control
problem of Section 2.3.3, as we show in the last section of this chapter.

Assumption F.3 There is a scalar fe(0, oo) such thatif Je F, {J,} = F,
and {¢,} = R satisfy

Y &, < o0, e,>0, n=12,...,
n=1
J=1lim J,, J<J,, n=12...,
J(x) < J(x) + ¢, n=12... and xeS with J(x)> — o0,
T T 1(X) + &y, n=273,... and xeS with J(x)= — oo,
H(x,u,J) < o0, VxeS, ueU(x),

then there exists a sequence {u,} = M such that
lim T, (J,) = T(J),

T(J)(x)+ Pe,, n=1,2,..., xe€§ with T(J)(x)>— 0,

Tl Jn)() = {Tun_ (o 1)(X)+ Ben, n=2,3,..., x€S with T(J)(x)=— co.

Each of our results will require at most one of the preceding assumptions.
As we show in Section 3.3, at least one of these assumptions is satisfied by
every specific model considered in Section 2.3.

3.2 Main Results

The central question regarding the finite horizon problem is whether

¥ = TN(J,), in which case the N-stage optimal cost function J¥ can be

obtained via the DP algorithm that successively computes T(J,), T*(Jo),- - - -

A related question is whether optimal or nearly optimal policies exist. The

results of this section provide conditions under which the answer to these
questions is affirmative.

Proposition 3.1 (a) Let F.1 hold and assume that J, .(x) < oo for all
xeS, nell,and k= 1,2,..., N. Then

i = TN(JO)-
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(b) Let F.2 hold and assume that J#(x) > —oo for all xe S and k =
1,2,...,N. Then
T = T"(Jo),

and for every ¢ > 0, there exists an N-stage g-optimal policy, ie., a 7 eIl
such that

J;flSJN,ncSJ?\;'i‘&

Proof (a) Foreachk=0,1,...,N — 1, consider a sequence {y} = M
such that

lim T[TV " 1(Jo)] = TV XJ,), k=0,...,N—1,
Tu;;[TN""l(JO)] ZT,,;-(H[TN"‘”(JO)], k=0,...,N—1, i=0,1,....
By using F.1 and the assumption that J; ,(x) < oo, we have

J¥ < inf--- inf(TM:)o- ~ Tyin-1)(Jo)

io in-1

= in‘ .. .inf (T”:)o‘ .. Tﬂ;’\;{v_-zz)[‘inf T”;zrv_—lx(.]())]
= inf-- - inf (Tﬂgo' . T”;\le_-zz)[T(Jo)]
= TNJ,),

where the last equality is obtained by repeating the process used to obtain
the previous equalities. On the other hand, it is clear from the definitions of
Chapter 2 that TV(J,) < J%, and hence J% = TN(J,).

(b) We use induction. The result clearly holds for N = 1. Assume that
it holds for N =k, ie., J§ = TXJ,) and for a given ¢ > 0, there is a n,eIT
with J, . < J¥ + e. Using F.2 we have for all y e M,

J;f+1 < Tu(‘]k.m;)S Tu( l?)+ xe.

Hence J§,; < T(J¥), and by using the induction hypothesis we obtain
J¥+1 < T*"1(J,). On the other hand, we have clearly T**1(J,) < J¥, ,, and
hence T**(J,) = J§,,. For any g >0, let @ = (i, H;,-..) be such that
Ji.x £ J§ + (2/20), and let i e M be such that Ty(J§) < T(J¥) + (£/2). Con-
sider the policy 7; = (4, Ko, fiy, - - .). Then

vz = TalUin) < TaUH + EF2) < TUH +e=Ji& + &
The induction is complete. Q.E.D.

Proposition 3.1(a) may be strengthened by using the following assump-
tion in place of F.1.
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Assumption F.1’ The function J, satisfies
Jo(x) = H(x,u,J o) VxeS, ueU(x),

and if {J,} = F is a sequence satisfying J, ., < J, < J, for all k, then

lim H(x,u,Jk)=H<x,u, lim Jk> VxeS, ueU(x).
k= o0 k= o0 )

The following corollary is obtained by verbatim repetition of the proof
of Proposition 3.1(a).

Corollary 3.1.1 Let F.1’ hold. Then
JE=TNJ,).

Proposition 3.1 and Corollary 3.1.1 may fail to hold if their assumptions
are slightly relaxed.

COUNTEREXAMPLE 1 Take S={0}, C=U()=(—-1,0], Jo0)=0,
H(Ou J)y=uif =1 < J(0), HO,u,J) = J(0) + u if J(0) < —1. Then (T,
T, )(J0)0) = uo(0) and JF(0) = — 1, while TN(J,)(0) = — N for every N.
Here the assumptlons Ji (0) < oo and JF¥(0) > — oo are satisfied, but F.1,
F.1’, and F.2 are violated.

COUNTEREXAMPLE 2 Take S={0,1}, C=U(0)=U(1)=(—00,0], Jo(0)=
Jo(1)=0, HO,u,J) = u if J( )= —o0, H(O u,J)=0 if J(1) > — o0, and
H(Lu,J) = u. Then (T, Ty J(Jo)(O) = 0. (T -~ Ty N(J)(1) = po(1)
for all N > 1. Hence, J (0) 0, J#(1) = —co. On the other hand, we have
TY(J,)(0) = TN(J,)(1) = — o for all N > 2. Here F.2 is satisfied, but F.1,
F.1’, and the assumptions J; ,(x) < oo and J#(x) > — oo for Vx € S are all
violated.
The following counterexample is a stochastic optimal control problem
with countable disturbance space as discussed in Section 2.3.2. We use the
notation introduced there.

COUNTEREXAMPLE 3 LetN=2,S={0,1},,C=U0)=U(1)=R, W=
{2,3,...}, pw u) =k 2(Y2,n"?)"?! for k=23,..., xS, ueC,
f(O u, w) f(LLu,w) =1 for YueC, weW, g(0,u,w)=w, g(1,u,w) =u for
YueC, we W. Then a straightforward calculation shows that J%(0) =
J%(1) = — oo, while T*(J,)(0) = — o0, T*Jy)(1) = —co. Here F.1 and F.2
are satisfied, but F.1’ and the assumptions J, .(x) < oo for all x,, k, and
J¥(x) > — oo for all x and k are all violated.

The next counterexample is a deterministic optimal control problem as
discussed in Section 2.3.1. We use the notation introduced there.
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COUNTEREXAMPLE 4 Let N=2, S={0,1,...}, C= U(x) = (0, c0) for
VxeS, f(x,u) =0 for Vxe S8, ueC, g(0,u) = —u for Vue U(0), g(x,u) = x for
Vue U(x) if x # 0. Then for eIl and x # 0, we have J, ,(x) = x — p(0), so
that J%(x) = — co for all xe S. On the other hand clearly there is no two-stage
e-optimal policy for any ¢ > 0. Here F.1, F.2, and the assumption J,_.(x) < o0
for all x, m, k are satisfied, and indeed we have J%(x) = T?*(J,)(x) = — co for
VxeS. However, the assumption Jf(x) > — oo for all x and k is violated.

As Counterexample 4 shows there may not exist an N-stage s-optimal
policy if we have Jf(x) = — oo for some k and x € S. The following proposition
establishes, under appropriate assumptions, the existence of a sequence of
nearly optimal policies whose cost functions converge to the optimal cost
function.

Propositioh 3.2 Let F.3 hold and assume J, ,(x) < oo for all xe S, nel,
andk=1,2,...,N. Then

J% = TVN(J,).

Furthermore, if {¢,} is a sequence of positive numbers with ¢, | 0, then there
exists a sequence of policies {r,} exhibiting {, }-dominated convergence to
optimality. In particular, if in addition J¥(x) > — oo for all xe€ S, then for
every ¢ > 0 there exists an ¢-optimal policy.

Proof We will prove by induction that for K < N we have J§ = TX(J,),
and furthermore, given K and {g,} with ¢, 10, &, > 0 for Vn, there exists a
sequence {r,} < II such that for all n,

lim Jg . = JE, 1)
JEX) + ¢, VxeS with JE(x)> — oo, (2)

JK.n: (X) < 3
" Ik n (X)) + &y VxeS with J¥(x)= — 0. (3)

We show that this holds for K = 1. We have
J¥(x) = inf Jy ,(x) = inf H[x, u(x),Jo] = T(Jo)(x) VxeS.
nell neM

It is also clear that, given {¢,}, there exists a sequence {r,} < II satisfying
(1)-(3) for K = 1.

Assume that the result is true for K = N — 1. Let f§ be the scalar specified
in F.3. Consider a sequence {¢,} = R with ¢, > 0 for Vn and lim,_ , ¢, = 0,
and let {#,} < I, &, = (u}, 15, . . .), be such that
lim Jy_y 2, =J%-1 “4)

n= oo

J (Y)<{J1’S_l(x)+/3“sn VYxeS with JE_,(x)> —o0, (5)
N—-1.7,\"M) =

Iyv-1.4,_(x)+ B, VxeS with J§_(x)= —oco. (6)
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The assumption J, .(x) < co for all xe S, neIl, k =1,2,..., N, guarantees
that we have

Hx,u,Jy_1.;,) < ® VxeS, ueU(x) (7

Without loss of generality we assume that ) 22 ¢, < c0. Then Assumption
F.3 together with (4) implies that there exists a sequence {u%} = M such
that, for all n,

lim Tyl 1.) = T 1), ®)
TUS- () + & it TUS )0 > —0, )
T"S“”“”’")"‘)S%T,ig-xuN_l,,,ﬁ_l)(x>+sn it TUE- )0 = —co. (10)

We have by the induction hypothesis J%_; = TV ~*(J,), and it is clear that
TN(J,) < J%. Hence,

T(J§-1)=T(Jo) < J%. (11)
We also have
T < lim Tpp(Iy-y.5,) (12)

Combining (8), (11), and (12), we obtain
§=TU%-1)=T"Jo) (13)
Let 7, = (b, 47, 1%,. . .). Then from (8)—(10) and (13), we obtain, for all n,

lim Jy ., =J%,

J¥(x) + ¢, VxeS with J¥(x)> — oo,
JN.n: (X) < .
" IN,zp, (X) + &4 VxeS with J#(x)= — o0,
and the induction argument is complete. Q.E.D.

Despite the need for various assumptions in order to guarantee J§ =
TN(J,), the following result, which establishes the validity of the DP algo-
rithm as a means for constructing optimal policies, requires no assumption
other than monotonicity of H.

Proposition 3.3 A policy n* = (u§, u¥,. . .) is uniformly N-stage optimal
if and only if

(TMzTN"“l)(JO)= TN k(J,), k=0,...,N—1. (14)
Proof Let (14) hold. Then we have, for k =0,1,...,N — 1,

(Tye Ty o) = TV H(Jo).

*
UN -1
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On the other hand, we have J§_ < (T T,y _ )Jo), while TV 5J,) <
J%-x- Hence,J§_, = (T ;- - Tys,_ )(Jo)and n* isuniformly N-stage optimal.
Conversely, let 7* be uniformly N -stage optimal. Then

T(J,) = uN l( 0)

by definition. We also have for every ueM, (T, T)(Jo) = (T, Ty, _)(Jo),
which implies that

T2(J,) = inf (T,T)Jo) = inf (T, s, )Jo)

2‘]2=('I-';1}"\‘r 2 uN 1)(J0)>T(JO)
Therefore
T*(Jo) =J3 = (Tu, T, JJo) = (Tyx,_, T)Jy).

Proceeding similarly, we show all the equations in (14). Q.E.D.
As a corollary of Proposition 3.3, we have the following.

Corollary 3.3.1 (a) There exists a uniformly N-stage optimal policy
if and only if the infimum in the relation
T Y (Jo)x)= inf H[x,u, T*J,)] 15)
ueU(x)
is attained for each xeSand k=0,1,...,N — 1.
(b) If there exists a uniformly N-stage optimal policy, then

= T"(Jo)-

We now turn to establishing conditions for existence of a uniformly
N-stage optimal policy. For this we need compactness assumptions. If C is a
Hausdorff topological space, we say that a subset U of C is compact if every
collection of open sets that covers U has a finite subcollection that covers U.
The empty set in particular is considered to be compact. Any sequence {u, }
belonging to a compact set U = C has at least one accumulation point
ue U, ie., a point we U every (open) neighborhood of which contains an
infinite number of elements of {u,}. Furthermore, all accumulation points
of {u,} belong to U. If {U,} is a sequence of nonempty compact subsets of
Cand U, o U, for all n, then the intersection (), U, is nonempty and
compact. This yields the following lemma, which will be useful in what
follows.

Lemma 3.1 Let C be a Hausdorff space, f:C — R* a function, and
U a subset of C. Assume that the set U(Z) defined by

U(A) = {ueU|f(u) < A}

is compact for each A€ R. Then f attains a minimum over U.
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Proof If f(u) = oo for all ue U, then every ue U attains the minimum.
If f* = inf{ f(u)lue U} < o0, let {4,} be a scalar sequence such that 4, > 4,
for all n and ,— f* Then the sets U(4,) are nonempty, compact, and
satisfy U(/,) o U(4,+,) for all n. Hence, the intersection ﬂ,‘,":l U(4,) is
nonempty and compact. Let u* be any point in the intersection. Then
u* e U and f(u*) < 4, for all n, and it follows that f(u*) < f* Hence, f
attains its minimum over U at u*. QED.

Direct application of Corollary 3.3.1 and Lemma 3.1 yields the following
proposition.

Proposition 3.4 Let the control space C be a Hausdorff space and
assume that for each xe 8§, .eR, and k=0,1,...,N — 1, the set

Unx, 4) = {ue U(x)|H[x,u, T"(J,)] < A} (16)

is compact. Then

T = TJo),
and there exists a uniformly N-stage optimal policy.

The compactness of the sets Uy(x, 4) of (16) may be verified in a number
of important special cases. As an illustration, we state two sets of assumptions
which guarantee compactness of U,(x, ) in the case of the mapping

H(x,u,J) = g(x,u) + a(x, u)J[ f(x,u)]

corresponding to a deterministic optimal control problem (Section 2.3.1).
Assume that 0 < a(x,u), b < g(x,u) < oo for some be R and all xe S,
u e U(x), and take J, = 0. Then compactness of U,(x, ) is guaranteed if:

(a) S = R"(n-dimensional Euclidean space), C = R", U(x) =C, f, g,
and o are continuous in (x, u), and g satisfies limy_, , g(x;, u;) = oo for every
bounded sequence {x,} and every sequence {u;} for which |uk] — o0 ( || isa
norm on R™);

(b) S=R", C=R"™ f, g, and o are continuous, U(x) is compact and
nonempty for each x € R", and U(-) is a continuous point-to-set mapping
from R" to the space of all nonempty compact subsets of R™. The metric on
this space is given by (3) of Appendix C.

The proof consists of verifying that the functions T*J,), k=0,1,...,
N — 1, are continuous, which in turn implies compactness of the sets U,(x, 1)
of (16). Additional results along the lines of Proposition 3.4 will be given
in Part II (cf. Corollary 8.5.2 and Proposition 8.6).
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3.3 Application to Specific Models

We will now apply the results of the previous section to the models
described in Section 2.3.

Stochastic Optimal Control—Outer Integral Formulation
Proposition 3.5 The mapping
H(x,u,J) = E*{g(x,u,w) + oJ [ f(x,u, w)]|x, u} (17)
of Section 2.3.3 satisfies Assumptions F.2 and F.3.
Proof We have
H(x,u,J) = f*{g(x, u,w) + aJ[ fx, u, w)]}p(dw]x, u),

where [* denotes the outer integral as in Appendix A. From Lemma A3(b)
we obtain for all xe S, ueC, JeF,r > 0,

H(x,u,J) < H(x,u,J + r) < H(x,u,J) + 2or.

Hence, F.2 is satisfied.
We now show F.3. Let JeF, {J,} = F, {¢,} = R satisfy Y, ¢, < oo,
&, > 0, and for all n,

J=1limJ, J<J, (18)
J)+e i J6)> —oo, (19)

ulx) = {J,,_l(x) to  if J0)= —oo, (20)
H(x,u,J,) < oo, VxeS, ueU(x). (21)

Let {f,} = M be such that for all n,

T +6  if TU)X)> — oo, 22)
Ta(J)x) < {— 1/e, it TU)x) = — oo, 23)
Tz (J) < Ty, (J). (24)

Consider the set
A(J) = {x € S|there exists u € U(x) with P*({wI[f(x,u,w)] = — o} |x,u) > 0},
where p* denotes p-outer measure (see Appendix A). Let i € M be such that

P f(x, i(x), w)] = — o} |x, i(x)) > 0 Vxe A(J). (25)
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Define for all n

C(m) i xeAW),
#Axy_{ﬁgx) if x¢A(J) (26)

We will show that {u,} thus defined satisfies the requirement of F.3 with
B=1-+2
For xe A(J), we have, from Corollary A.1.1 and (18)-(21),

limsup T, (J,)(x) = limsup T3(J,,)(x)

n— oo

= timsup [ {gLx, 7Gx, w] + o, [f(x, G, w)])

x p(dw]x, B(x))
= [ {glx.m(x), ] + 2L f (e o) W] b (dw

It follows from Lemma A.3(g) and the fact that T;(J)(x) < co [cf. (18) and
(21)] that

X, f(x))-

limsup T, (J,)(x) = —c0 < T(J)(X). 7)

n—= oo

For x ¢ A(J), we have, for all n,
PH{WI LS, l(x), W)] = — 00} [x, p(x)) = 0.
Take B,e Z to contain {w|J[ f(x, u,(x),w)] = — o0} and satisfy
P(B,|x, () =0 Vn.
Using Lemma A.3(e) and (b) and (19), we have

T, ()00 = [ -5, 09 (g0, 1), W] + 15, a0 W] (], 1)

< [ 1w -5, W {g[x, 10 W] + LIS, a0 W]}
x p(dw|x, py(x)) + 2ae,
=T, (J)x)+ 2ae,. (28)
Hence, for x ¢ A(J) we have from (28), (22), and (23) that
limsup T, (J,)(x) < limsup T, (J)(x) = T(J)(x).

n— oo n=— oo

Combining (27) and this relation we obtain

limsup T, (J,)(x) < T(J)(x) VxeS,

n— o
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and since T, (J,) = T(J) for all n, it follows that
lim T, (J,) = T(J). (29)

If x is such that T(J)(x) > — oo, it follows from (27) and (29) that we
must have x¢ A(J). Hence, from (28), (22), and Lemma A.3(b),
T, (J)x)< T, (J)x)+ 20, < T(J)(x)+ (1 + 20)e, if T(J)(x)> —oo0.
(30)
If x is such that T(J)(x) = — oo, there are two possibilities:
(a) x¢A(J)and
(b) xeA(J).
If x ¢ A(J), it follows from (28), (24), and (18) that

T, (J)Xx)< T, (J)x)+ 20, < T, _ (J)x)+ 2ue,
< T, (Jpo1)(x) + 20,. (31)

If xe A(J), then by (18)—(20) and Lemma A.3(b),
T (00 = [ (gl 60, w] + o[£, 7o), wlpp(awl, 7))

= f " {90 B W] + -y [ S e G, W] S p(dwlx, B(x)) + 20,
=T, (Juo1)(x) + 208,. (32)

It follows now from (29)—(32) that {u,} satisfies the requirement of F.3
with f =1 + 2o Q.E.D.

As mentioned earlier, mapping (17) contains as special cases the mappings
of Sections 2.3.1 and 2.3.2. In fact, for those mappings F.1 is satisfied as
well, as the reader may easily verify by using the monotone covergence
theorem for ordinary integration.

Direct application of the results of the previous section and Proposition
3.5 yields the following.

Corollary 3.5.1 Let H be mapping (17) and let Jy(x) = 0 for VxeS.

(@) If Jy .(x)< oo for all xe$§, nell, and k=1,2,...,N, then J& =
T™(J,) and for each sequence {¢,} with ¢, 10, &, > 0 for Vn, there exists a
sequence of policies {m,} exhibiting {e,}-dominated convergence to
optimality. In particular, if in addition J¥(x) > — oo for all xe S, then for
every ¢ > 0 there exists an e-optimal policy.

(b) IfJ¥(x)> —oo forall xeS, k=1,2,...,N, then J§ = T"(J,) and
for each ¢ > 0 there exists an N-stage e-optimal policy.

(c) Propositions 3.3 and 3.4 and Corollary 3.3.1 apply.
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As Counterexample 3 in the previous section shows, it is possible to have
¥ # TN(J,) in the stochastic optimal control problem if the assumptions
of parts (a) and (b) of Corollary 3.5.1 are not satisfied. Naturally for special
classes of problems it may be possible to guarantee the equality J§ = T"(J,)
in other ways. For example, if the problem is such that existence of a uni-
formly N-stage optimal policy is assured, then we obtain J§ = T"(J,) via
Corollary 3.3.1(b). An important special case where we have J§ = T"(J,)
without any further assumptions is the deterministic optimal control problem
of Section 2.3.1. This fact can be easily verified by the reader by using essen-
tially the same argument as the one used to prove Proposition 3.1(a).
However, if J#(x) = — oo for some x€ S, even in the deterministic problem
there may not exist an N-stage ¢-optimal policy for a given ¢ (see Counter-
example 4).

Stochastic Optimal Control—Multiplicative Cost Functional
Proposition 3.6 The mapping
H(x,u,J) = E{g(x,u,w)J[f(x,u, w)]|x, u} (33)

of Section 2.3.4 satisfies F.1. If there exists a be R such that 0 < g(x,u,w) < b
for all xe S, ue U(x), we W, then H satisfies F.2.

Proof Assumption F.1 is satisfied by virtue of the monotone con-
vergence theorem for ordinary integration (recall that W is countable). Also,
if 0 < g(x,u,w) < b, we have for every Je F and r > 0,

H(x,u,J + 1) = E{g(x,u, w)(J[f(x,u,w)] + 1)
= E{g(x,u, w)J[ f(x,u,w)]|x,u} + rE{g(x,u, w)|x, u}.
Thus F.2 is satisfied with o = b. Q.E.D.

X, u}

By combining Propositions 3.6 and 3.1, we obtain the following.

Corollary 3.6.1 Let H be the mapping (33) and Jo(x) =1 for VxeS.

(@) IfJ, .(x)< oo forall xeS, nell, k=1,2,...,N, then J§ = T"(J,).

(b) Ifthereexistsabe R suchthat0 < g(x,u,w) < bforall xe S, ue U(x),
we W, then J¥ = T(J,) and there exists an N-stage ¢-optimal policy.

(c) Propositions 3.3 and 3.4 and Corollary 3.3.1 apply.

We now provide two counterexamples showing that the conclusions of
parts (a) and (b) of Corollary 3.6.1 may fail to hold if the corresponding
assumptions are relaxed.

COUNTEREXAMPLE 5 Let everything be as in Counterexample 3 except
that C = (0, c0) instead of C = R (and, of course, J,(0) = Jo(1) = 1 instead
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of Jo(0) = Jo(1) = 0). Then a straightforward calculation shows that J%(0) =
o0, J5(1) =0, while T*J,)(0) = T*(Jo)(1) = 0. Here the assumption that
Ji, »(x) < oo for all x, 7, k is violated, and g is unbounded above.

COUNTEREXAMPLE 6  Let everything be as in Counterexample 4 except
for the definition of g. Take g(0,u) = u for Yue U(0) and g(x,u) = x for
Yue U(x) if x # 0. Then for every neIl we have J, .(x) = xu,(0) for every
x # 0, and J}(x) = 0 for Vx € S. On the other hand, there is no two-stage
¢-optimal policy for any ¢ > 0. Here the assumption J, ,(x) < oo for all
x,m, k is satisfied, and indeed we have J%(x) = T*(J,)(x) =0 for VxeS.
However, g is unbounded above.

Minimax Control
Proposition 3.7 The mapping
H(x,u,J)= sup {g(x,u,w)+ aJ[f(x,u,w)]} (34)

weW(x,u)

of Section 2.3.5 satisfies F.2.
Proof Wehaveforr>0and JeF,
H(x,u,J +r)=sup {g(x,u,w)+ aJ[ f(x,u,w)] + ar}

we W(x,u)
=H(x,u,J) + ar. Q.E.D.
Corollary 3.7.1 Let H be mapping (34) and J,(x) = O for VxeS.

(@) IfJE¥(x) > —oo forall xeS, k=1,2,...,N, then J& = TV(J,), and
for each & > 0 there exists an N-stage e-optimal policy.
(b) Propositions 3.3 and 3.4 and Corollary 3.3.1 apply.

If we have J§f(x) = — oo for some xeS, then it is clearly possible that
there exists no N-stage e-optimal policy for a given ¢ > 0, since this is true
even for deterministic optimal control problems (Counterexample 4). It is
also possible to construct examples very similar to Counterexample 3 which
show that it is possible to have J# # TN(J,) if J¥(x) = — oo for some x
and k.



Chapter 4

Infinite Horizon Models under a
Contraction Assumption

4.1 General Remarks and Assumptions

Consider the infinite horizon problem

minimize Jo(x) = im (T, Ty, Tpn_ )Jo0)(X)

N—
subject to = (Lo, Uy, - -) € I

The following assumption is motivated by the contraction property of the
mapping associated with discounted stochastic optimal control problems
with bounded cost per stage (cf. DPSC, Chapter 6).

Assumption C (Contraction Assumption) There is a closed subset B
of the space B (Banach space of all bounded real-valued functions on S with
the supremum norm) such that J, € B, and for all J e B, ue M, the functions
T(J) and T ,(J) belong to B. Furthermore, for every m = (o, s, . . .)€ I, the
limit

im (T, T, - Tuy- JJo)(x) (1)

N—-w

52
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exists and is a real number for each x e S. In addition, there exists a positive
integer m and scalars p, o, with 0 < p < 1, 0 < o, such that

HT(J)—T(J') < H YueM, J,J' eB, (2)
”(Tuon T, 1)(‘]) (Tuon ’ Tum-x)( '
Vg, o s lim—1€M, J, J'eB. (3)

Condition (3) implies that the mapping (T ,, T, " - -T,, _,)isacontraction
mapping in B for all e M, k=0,1,...,m — 1. When m = 1, the mapping
T, is a contraction mapping for each ue M. Note that (2) is required to hold
on a possibly larger set of functions than (3). It is often convenient to take
B = B. This is the case for the problems of Sections 2.3.1, 2.3.2, and 2.3.5
assuming that « < 1 and g is uniformly bounded above and below. We will
demonstrate this fact in Section 4.4. In other problems such as, for example,
the one of Section 2.3.3, the contraction property (3) can be verified only on
a strict subset B of B.

4.2 Convergence and Existence Results

We first provide some preliminary results in the following proposition.

Proposition 4.1 Let Assumption C hold. Then:
(a) Forevery Je B and nell, we have

J. = A}im(Tuo' Ty JJo) = m(T,, -~ T,, )(J)

N-

(b) For each positive integer N and each J € B, we have
inf(T Ty )J)=TJ)
nell

and, in particular,
J?\; = inf(TuO’ ,uN 1 (JO) - ( 0)'

nell
(c) The mappings 7™ and T}, ue M, are contraction mappings in B
with modulus p, i.e.,
|T7(J) — T™(J) vJ,J' €B,
| Tm(J) — I < plld =7 VJ,J'eB, peM.

Proof (a) For any integer k > 0, write k = nm + ¢, where ¢, n are
nonnegative integers and 0 < g < m. Then for any J, J'e B, using (2) and (3),
we obtain

(T ) =Ty Ty )| <

Ko Mk =1

Ko
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from which, by taking the limit as k (and hence also n) tends to infinity, we
have

Em(T,, Ty )Jo) = im(T,, T, )J)  VJEB.
k=0

k— oo
(b) Since TXJ)e B for all k by assumption, we have TXJ)(x) > — o0
for all xe S and k. For any ¢ > 0, let e M,k =0,1,...,N — 1, be such that
T (N)<TU)+
(Tzy_,TU) < TZ(J)+8,

(Tz, TN () s TVJ) + ¢
Using (2) we obtain
TVJ) = (T, TV NJ) —
> Ty [(Tg, TV *)(J) — €] —¢
>(Tp T, TN 3)(J)—oe—¢

Ko~ Ky

k=0
N-1

> inf(T,, Ty JJ) — < oc"a).
nell k=0

Since ¢ > 0 is arbitrary, it follows that
TVJ) = inf(T Ty )
nell
The reverse inequality clearly holds and the result follows.

(c) The fact that T is a contraction mapplng is immediate from (3).
We also have from (3) for all yeM, k=0,. —1,and J,J'€B,

(T Ty ) ATy Ty ) J’)+p||J—J’||.

n
Taking the infimum of both sides over y,e M, k=0, 1,...,m— 1, and
using part (b) we obtain

T™(J) < T"(J") + p|lJ = J|.

po

A symmetric argument yields

™) < T"(J) + p||J — J'|I

Combining the two inequalities, we obtain || T™(J) — T™(J)|| < p||J — J'|I
Q.ED.
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In what follows we shall make use of the following fixed point theorem.
(See [O5, p. 383]—the proof found there can be generalized to Banach
spaces.)

Fixed Point Theorem If Bis a closed subset of a Banach space with norm
denoted by ||| and L: B — Bis a mapping such that for some positive integer
mand scalar pe(0, 1), ||L"(z) — L™(2)|| < p||z — 2|| for all z, 2’ € B, then L has
a unique fixed point in B, i.e., there exists a unique vector z*e B such that
L(z*) = z*. Furthermore, for every ze B, we have

lim [|LY(z) — z*|| = 0.
N- o

The following proposition characterizes the optimal cost function J* and
the cost function J, corresponding to any stationary policy (p, u,...)eIl It
also shows that these functions can be obtained in the limit via successive
application of T and T, on any Je B.

Proposition 4.2 Let Assumption C hold. Then:

(@) The optimal cost function J* belongs to B and is the unique fixed
point of T within B,ie.,J* = T(J*),andifJ'e Band J' = T(J), then J' = J*.
Furthermore, if J'€ Bis such that T(J') < J/, then J* < J', whileif J' < T(J"),
then J' < J*.

(b) Forevery ue M, the function J, belongs to B and is the unique fixed
point of T, within B.

(¢) There holds

lim || TJ) — J¥| =0  VJeB,
N—oo

im||TY(J)—J,/|=0 VJeB, ueM.
N— oo

Proof From part (c) of Proposition 4.1 and the fixed point theorem, we
have that T and T, have unique fixed points in B. The fixed point of T, is
clearly J,, and hence part (b) is proved. Let J* be the fixed point of T. We
have J* = T(J*). For any € > 0, take lie M such that

T,(J*) < J* +7%.
From (2) it follows that Tﬁ(] *) < Tﬁ(] )+ oag < J* + (1 + o). Continuing
in the same manner, we obtain
TrJ) <T*+ (1 +a+- - +a" Ve
Using (3) we have
TZ"(J*)

STL—'I(J*)+p(1+a++OCm—1)8
<J*+(1+p)(l+a+-+am )

™|
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Proceeding similarly, we obtain, for all k > 1,
TZM(J*)SJ*'F(I +p+"'+pk_1)(1 +OC+“'+0('"_1)E.

Taking the limit as k — oo and using the fact that J; = lim,_. T,’;’"(f *), we
have
1

Jﬁs7*+m(1+a+--~+am-l)z. (4)
Takingz= (1 — p)(1 + a + - -+ + «™ )" '¢, we obtain
Jo<T*+e

Since J* < J; and ¢ > 0 is arbitrary, we see that J* < J*. We also have
J* = inf lim (T, Tpy )% = lim TVT*) = J*.

nell N> o N- oo
Hence J* = J* and J* is the unique fixed point of T. Part (c) follows imme-
diately from the fixed point theorem. The remaining part of (a) follows easily
from part (c) and the monotonicity of the mapping 7. Q.E.D.

The next proposition relates to the existence and characterization of
stationary optimal policies.

Proposition 4.3 Let Assumption C hold. Then:
(a) A stationary policy n* = (u*,u*,...)eIl is optimal if and only if
T (J*) = T(J*).
Equivalently, 7* is optimal if and only if
T (J ) = T(J ).
(b) Ifforeach xe S there exists a policy which is optimal at x, then there
exists a stationary optimal policy.

(c) For any &> 0, there exists a stationary e-optimal policy, ie., a
7, = (U, U, - - .)€ such that

”J* - Juc” =&

Proof (a) If n* is optimal, then J,. = J* and the result follows from
parts (a) and (b) of Proposition 4.2. If T,.(J*) = T(J*), then T (J*) = J¥,
and hence J,. = J* by part (b) of Proposition 4.2. If T ,(Jx) = T(J ), then
J»=T(J,) and J,. = J* by part (a) of Proposition 4.2.

(b) Letn* = (ub ., uf «,-..) be a policy which is optimal at xe S. Then
using part (a) of Proposition 4.1 and part (a) of Proposition 4.2, we have

J*(x) = J,,:(x) = ’}Lm (T - Tui,x)(JO)(x)
= lim (T - Ty JI*)(x)

u
k= o0 ke

> lim (T,s _THU¥() = Ty (T¥)x) = TT*)(x) = T*(x).

k= o
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Hence T (J*)(x) = T(J*)(x) for each x. Define u* € M by means of p*(x) =
ué (x). Then T (J*) = T(J*)and the stationary policy (u*, u*,. . .)is optimal
by part (a).

(c) This part was proved earlier in the proof of part (a) of Proposition
4.2 [cf. (4)]. Q.E.D.

Part (a) of Proposition 4.3 shows that there exists a stationary optimal
policy if and only if the infimum is attained for every x e S in the optimality
equation

J*x)= T(J*)(x) = inf H(x,u,J*).
ueU(x)
Thus if the set U(x) is a finite set for each x €S, then there exists a stationary
optimal policy. The following proposition strengthens this result and also
shows that stationary optimal policies may be obtained in the limit from
finite horizon optimal policies via the DP algorithm, which for any given
J € B successively computes T(J), T*(J),. ...

Proposition 4.4 Let Assumption C hold and assume that the control
space C is a Hausdorff space. Assume further that for some J € B and some
positive integer k, the sets

Ui(x,2) = {ue U(x)

H[x,u, TXJ)] < 7} (5)

are compact for all xe S, /e R, and k > k. Then:

(a) There exists a policy n* = (u§, uf,. . .)€ I1 attaining the infimum for
all xe S and k > k in the DP algorithm with initial function J, i.e.,

(T“,*‘T")(J) =T 1(J) Vk > k. (6)

(b) There exists a stationary optimal policy.

(¢) For every policy n* satisfying (6), the sequence {uf(x)} has at least
one accumulation point for each xeS.

(d) Ifu*:S — Cissuch that u*(x)is an accumulation point of { zi*(x)} for
each xS, then the stationary policy (u*, u*,. . .) is optimal.

Proof (a) We have
T**Y(J)(x) = inf H[x,u, T*J)],

ueU(x)

and the result follows from compactness of sets (5) and Lemma 3.1.
(b) This part will follow immediately once we prove (c) and (d).
(c) Let n* = (uf, uf,. . .) satisfy (6) and define

a=sup{|[TWV) = J|iz k. k=0L....
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We have from (2), (6), and the fact that T(J*) = J*,

(T THI) = T = [T 1) = TTH)||
<o||T"(J)-J*| Vnx>Kk
(T THI) = (T T < | TT) = TD)||
< oc||T"(J) - J*|| + oc||T"(J) - J*||
vax>k k=01,....
From these two relations we obtain

H[x, pi(x), T)] < HLx, (), T(J)] + 208
< J*(x) + 3ogy van>k, k>=>k
It follows that p*(x)e U,[x, J*(x) + 3o, ] foralln > kand k > k, and { u(x)}
has an accumulation point by the compactness of U,[x, J*(x) + 3og].

(d) If wp*(x) is an accumulation point of {u¥(x)}, then p*(x)e
Ul x, J*(x) + 30g;] for all k > k, or equivalently,

(TTHI)(x) < J*(x) + 3ug, ~ VxeS, k>k
By using (2), we have, for all k,
T WTHI) = TwJ)|| < of | THI) = T¥|| < 0ty
Combining the preceding two inequalities, we obtain
T W(J*)(x) < J*(x) + dog, ~ VxeS, k>k

Since g, — 0 [cf. Preposition 4.2(c)], we obtain T ,(J*) < J*. Using the fact
that J* = T(J*) < T,(J*), we obtain T,(J*)=J* which implies by
Proposition 4.3 that the stationary policy (u*, u*,. . .) is optimal. Q.E.D.

Examples where compactness of sets (5) can be verified were given at the
end of Section 3.2. Another example is the lower semicontinuous stochastic
optimal control model of Section 8.3.

4.3 Computational Methods

There are a number of computational methods which can be used to
obtain the optimal cost function J* and optimal or nearly optimal stationary
policies. Naturally, these methods will be useful in practice only if they
require a finite number of arithmetic operations. Thus, while “theoretical”
algorithms which require an infinite number of arithmetic operations are of
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some interest, in practice we must modify these algorithms so that they
become computationally implementable. In the algorithms we provide, we
assume that for any Je B and &> 0 there is available a computational
method which determines in a finite number of arithmetic operations func-
tions J,€ B and u,e M such that

J.<TWU)+e T, (J)<TU)+e.

For many problems of interest, S is a compact subset of a Euclidean space,
and such procedures may be based on discretization of the state space or the
control space (or both) and piecewise constant approximations of various
functions (see e.g., DPSC, Section 5.2). Based on this assumption (the limita-
tions of which we fully realize), we shall provide computationally implement-
able versions of all “theoretical” algorithms we consider.

4.3.1 Successive Approximation

The successive approximation method consists of choosing a starting
function Je B and computing successively T(J), T*(J),...,T*J),... . By
part (c) of Proposition 4.2, we have lim,._., || TJ) — J*|| = 0, and hence we
obtain in the limit the optimal cost function J*. Subsequently, stationary
optimal policies (if any exist) may be obtained by minimization for each
x € S in the optimality equation

J¥(x) = inf H(x,u,J*).

xeU(x)

If this minimization cannot be carried out exactly or if only an approximation
to J*is available, then nearly optimal stationary policies can still be obtained,
as the following proposition shows.

Proposition 4.5 Let Assumption C hold and assume that J*e B and
ueM are such that

[T = J*| <&,  T,(J%) < TT*) +e,,
where ¢; > 0, ¢, > 0 are scalars. Then
J* T, S TF 4 [Quey 4+ &)1+ o+ + " H/(1 - p)].
Proof Using (2) we obtain
T (J*) — agy < T,(J*) < T(T*) + &, < TU*) + (e, + &),

and it follows that
T, (J*) < J* + (Qoe; + &)
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Using this inequality and an argument identical to the one used to prove (4)
in Proposition 4.2, we obtain our result. Q.E.D.

An interesting corollary of this proposition is the following.

Corollary 4.5.1 Let Assumption C hold and assume that S is a finite
set and U(x) is a finite set for each x e S. Then the successive approximation
method yields an optimal stationary policy after a finite number of iterations
in the sense that, for a given J e B, if n* = (u§, u¥,. . .)e Il is such that

(T THJ) =T (), k=0,1,...,

then there exists an integer k such that the stationary policy (uf, uf,. . .) is
optimal for every k > k.

Proof Under our finiteness assumptions, the set M is a finite set. Hence
there exists a scalar ¢* > 0 such that J, < J* + ¢* implies that (g, 4,...) is
optimal. Take k sufficiently large so that ||T%(J) — J*|| < for all k >k,
where ¢ satisfies 208(1 + o + - - - + o™~ )(1 — p)~! < &*,and use Proposition
4.5. Q.E.D.

The successive approximation scheme can be sharpened considerably by
making use of the monotonic error bounds of the following proposition.

Proposition 4.6 Let Assumption C hold and assume that for all scalars
r#0, JeB, and xe S, we have

ay < [T(J + r)(x) — T™JI)(x)]/r < oy, (7)

where «,, o, are two scalars satisfying 0 < oy < a, < 1. Then for all JeB,
xeS,and k =1,2,..., we have ’

T (J)(x) + by < T D™()(x) + by 1
< J¥(x) < T*FOI)(x) + byry < T(J)(x) + by, (8)
where

b, = min|: % dk,a—zdk], by = max[a—lﬁ —az——ﬁk],

1—o; T 1=—0, 1—o; ©1—o0,

d = inf[T*"(J)(x) = T*""(U)(x)],  di = sup[ T"(J)(x) — T D"(J)(x)]-

xeS xeS

Note If B = B we can always take o, = p, o; = 0, but sharper bounds
are obtained if scalars o; and «, with 0 < o; and/or o, < p are available.

Proof It is sufficient to prove (8) for k = 1, since the result for k> 1
then follows by replacing J by T*~1™(J). In order to simplify the notation,
we assume m = 1. In order to prove the result for the general case simply



4.3 COMPUTATIONAL METHODS 61

replace T by T™ in the following arguments. We also use the notation
d, =d, d, =d, d,=d, d,=4d.
Relation (7) may also be written (for m = 1) as
T(J) + min[o;r,a,r] < T(J + 1) < T(J) + max[o;r, a,r]. ©)
We have for all xe S,
J(x) +d < T(J)(x). (10)
Applying T on both sides of (10) and using (9) and (10), we obtain
J(x) + min[d + oyd,d + a,d] < T(J)(x) + min[e,d, 0,d]
< TWJ + d)(x) < T*(J)(x). (11)
By adding min[o?d, «2d] to each side of these inequalities, using (9) (with J
replaced by T(J) and r = min[a,d, «,d]), and then again (11), we obtain
J(x)+min[d+ o d+aid, d+o,d+o3d] < T(J)(x)+min[o,d + a?d, 0,d + o3d ]
< T*(J)(x)+min[o3d, o3d]
<T[T(J)+min[o,d,x,d]](x)
<T3J)(x).

Proceeding similarly, we have for every k = 1,2,...,

k k k k
J(x) + min[ Y oid, Y ocizd] < T(J)(x) + minl: Y oid, Y aizd]
i=0 i=0 i=1 i=1

< THJ)(x) + min[ofd, okd]

S .
< T YJ)(x).

Taking the limit as k — oo, we have

1 1
in| ——d
J(x)+m1n{1 Lk g

d] < TU)(x) + min[—ﬂ—d —°‘—2—d]

1—0(1 ’1—0(2

2 2
< TX(J)(x) + min[ L d]
< J*(x). (12)
Also, we have from (11) that
min[o,d, 0,d] < T*(J)(x) — T(J)(x),
and by taking the infinum over x e S, we see that

min[o;d,a,d] < d'.
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It is easy to see that this relation implies

2 2
min| — 2 d —*2 4| < min| -2 —a', 22 g |. (13)
l—oay 1—a, l—a; 1—o,

Combining (12) and (13) and using the definition of b; and b,, we obtain

Also from (12) we have T(J)(x) + b; < J*(x), and an identical argument
shows that T3(J)(x) + b, < J*(x). Hence the left part of (8) is proved for
k=1, m=1. The right part follows by an entirely similar argument. =~ Q.E.D.

Notice that the scalars b, and by in (8) are readily available as a byproduct
of the computation. Computational examples and further discussion of the
error bounds of Proposition 4.6 may be found in DPSC, Section 6.2.

By using the error bounds of Proposition 4.6, we can obtain J* to an
arbitrary prespecified degree of accuracy in a finite number of iterations of
the successive approximation method. However, we still do not have an
implementable algorithm, since Proposition 4.6 requires the exact values
of the functions T*(J). Approximations to T¥J) may, however, be obtained
in a computationally implementable manner as shown in the following
proposition, which also yields error bounds similar to those of Proposition
4.6.

Proposition 4.7 Let Assumption C hold. For a given J eBand ¢>0,
consider a sequence {J,} = B satisfying
TJ)<J, <T(J)+e,
T(Jk)SJk+1ST(Jk)+8, k=1,2,....
Then
|IT*"(J) = Jinl| < &, k=0,1,..., (14)
where
T=ce¢(l+a+ - +a" /(1 =p)
Furthermore, if the assumptions of Proposition 4.6 hold, then for all xe S
andk=1,2,...
Jim(X) + B < J*(x) < Jin(x) + P
where

. o . o . o — o — _
B = mm[l——l— Ok 2 ok} —F, By = max[ L3, 2 ok} +5,

o 1-(12 1_0(1 1—0(2

(Sk = ing[.}km(x) - J(k— l)m(x)] - 25, Sk = Su?[ka(x) - J(k— 1)m(x)] + 25.
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Proof We have

In S T(Up-1) + e < T[T(Jp-2) +¢] +¢
ST*Up2)+ (1 + )
ST T(Up-3)+ ]+ 1 +a)e
< T3 \Jpos) + (14 a + a?)e

< T" M)+ A +a+-+om 2
ST+ +a+-+a™ e
An identical argument yields
Jom S T"Jp) + (L 4+ a4+ o™ Ve,
and we also have
1T™(J,) — T*"(J)|| < p||Jm — T(J)|.
Using the preceding three inequalities we obtain
[am = T2 < [Fom = T"T| + | T ) = T>"()
<(A+pel+oa+--+am Y
Proceeding similarly we obtain, for k = 1,2,. . .,
[Tim = T QL+ p+ -+ o el + o+ -+ - + 1),
and (14) follows. The remaining part of the proposition follows by using (14)
and the error bounds of Proposition 4.6. QE.D.

Proposition 4.7 provides the basis for a computationally feasible algo-
rithm to determine J* to an arbitrary degree of accuracy, and nearly optimal
stationary policies can be obtained using the result of Proposition 4.5.

4.3.2  Policy Iteration

The policy iteration algorithm in its theoretical form proceeds as follows.
An initial function 4 € M is chosen, the corresponding cost function J o 18
computed, and a new function u, e M satisfying T,(,)=TW,) is ob-
tained. More generally, given y, € M, one computes J . and a function py 4 | €
M satisfying T, . (J,,) = T(J,,), and the process is repeated. When S is a
finite set and U(x) is a finite set for each xeS, one can often compute J,,
in a finite number of arithmetic operations, and the algorithm can be carried
out in a computationally implementable manner. Under these circumstances,
one obtains an optimal stationary policy in a finite number of iterations,

as the following proposition shows.
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Proposition 4.8 Let Assumption C hold and assume that S is a finite
set and U(x) is a finite set for each xeS. Then for any starting function
Uo € M, the policy iteration algorithm yields a stationary optimal policy
after a finite number of iterations, i.e., if { 4 } is the generated sequence, there
exists an integer k such that (uy, i, . .) is optimal for all k > k.

Proof We have, for all k,

Tuk+1(‘]#k) = T(Ju )< (J W= #k
Applying Tuk“ repeatedly on both sides, we obtain
ﬂk+ 1( ) < Tﬁk+ll(‘]ﬂk) S T S Tﬂk+ I(J#k) = T(Jllk)
<J,, N=12... (15)

By Proposition 4.2,

llm TII:JIH- 1(Jllk) = J/Jk+ 1?7 (16)

N—owo
SO ‘]Mk+ 1 S Jllk

If (e, g, . -) is an optimal policy, then J,, . =J, =J* and (41,
Wi+ 1,- - -)is also optimal. Otherwise, we must have J,,, ., (x) < J,, (x) for some
xeS, forifJ,, . =J,., then from (15) and (16) we have T(J,,, ) J ., which
implies the optimality of (1, ty., - - .). Hence, either (i, i, - . .) is optimal or
else (41, i+ 1,- - -) i @ strictly better policy. Since the set M is finite under

our assumptions, the result follows. QE.D.

When S and U(x) are not finite sets, the policy iteration algorithm must
be modified for a number of reasons. First, given y,, there may not exist a
e+ such that T, . (J,,) = T(J,,). Second, even if such a y, ., exists, it may
not be possible to obtain T,.. l(J . and J,, ,, in a computationally imple-
mentable manner. For these reasons we consider the following modified
policy iteration algorithm.

Step I Choose a function p,e M and positive scalars y, J, and e.
Step2 Given yze M, find J,, e B such that ||T,, — J#kH < yp-.
Step 3 Find p;,; €M such that ||Tuk+1 =T Spk. If

I T e T = Tl < 2
stop. Otherwise, replace p, by u, -, and return to Step 2.

wl| <

Notice that Steps 2 and 3 of the algorithm are computationally im-
plementable. The next proposition establishes the validity of the algorithm.

Proposition 4.9 Let Assumption C hold. Then the modified policy
iteration algorithm terminates in a finite, say k, number of iterations, and
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the final function gy satisfies
(e+ 001 +a+-+am Y
1—p '

Proof We first show that if the algorithm terminates at the kth iteration,
then (17) holds. Indeed we have

[z = T¥]| < 90" + 17

1Tz = Juel] < 70" (18)
1Tz Tue) — TR < 005, (19)
1Tz ) = Tl < & (20)

For any positive integer n, we have
Wi = T < Ve = T"T ]| + 1T ) — T2 LJH +o
+ | T T ) = T™(T || + | T™(T ) — J*].
From this relation we obtain, for all n > 1,
Vo= P <t p o4 0 = T00l + 17,0 = 74 )
We also have
Wiz = T"Tl| < W oe = T + | TU) = T )] + -
T Tmuuan,
from which we obtain, by using (2),
V= Tl < 0ot 4 = T (22)
Combining (21) and (22), we obtain, for all n > 1,
T =¥ <A +p+-+p N+ o+ + o YT, — T
+ 1T ) = T4
Taking the limit as n — oo, we obtain
W= T4 <@ 4ot 4 e )T = TN - ). (23)
Using (18), we also have
”Juz - J*H = ”Jm: - jMEH + H‘Tmz - J*H = VpE+ ”juz - J*” (24)
From (19) and (20) we obtain
”jm? - T(juu)” =¢e+ (SpE' (25)

By combining (23)—(25), we obtain (17).
To show that the algorithm will terminate in a finite number of iterations,

assume the contrary, ie., assume we have ||T,, . (J,,) — J,|| > ¢ for all k,
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and the algorithm generates an infinite sequence {x,} = M. We have, for all
k,
1T = TUI < T V) = T (T
+ ”Tﬂk+x #k) - T(Jﬂk)“ + ”T(‘]llk) - T(‘]#k)H

< (6 + 2ay)p*.

ﬂk+1 )

This relation yields, for all k,
T i) < TU) + 0 + 20y)p" < T (J,,) + (0 + 2ay)p*
= J oy + (0 + 20p)p". (26)
Applying T,, ,, to both sides of (26) and using (26) again, we obtain

Th ) S T D) + 0 + 2004 < () + (L4 05 + 2)p*
< Ty + (1 + )6 + 200"

Proceeding similarly, we obtain, for all k,

Th )< TU)+ (L +o+- 4+ o™ )5 + 20p)p*
ST+ +a+-+ o™ ) + 20)p

Applying T}, ., repeatedly to both sides, we obtain, for all n and k,

T ) <TU)+0+p+-+p" " Hd+o+-+a™ )5 + 2ay)p*.
@7

Denote

A= +a+-+am 1)+ 2up)/(1 — p).
Then by taking the limit in (27) as n — o0, we obtain
oy < TWU ) + 205, k=0,1,....
By repeatedly app]ymo T to both sides, we obtain

Junm < Tm( en- 1)m) + ﬂ,( m—1 + am 2,0 + 4 pm—l)p(n—l)m. (28)
Let 7= (""" + o™ 2p +---+ p™~1). Then (28) can be written as
J#nm S Tm(']#(n— l)m) + Zp("_l)m9 n= 19 29' .. (29)

Using (29) repeatedly, we have, for all n,
i < T ) + Aptn—m
< Tm[Tm(Ju(n-z)m) + Ip(n—Z)m] -+ 7,0("_ 1)m
< TZm(J )_'_I[p(n—l)m +pp(n~2)m]

Hnm

H(n-2)m

< Tnm(Ju0)+7[p(n—1)m+ pp(n—Z)m +p2p(n—3)m+ .. +pn—1:|-
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Since p*p" k=M < p"~1 for all k = 0,1,...,n — 1, this inequality yields
JE<J, < T™J ) +np"E n=12,....

Since lim,. ,(np""!) =0 and lim,_ ||T"™(J,,) — J*|| = 0, the right side
tends to J* as n — oo, and it follows that

lim|[J,, — J*| = 0.

Since by construction

”Tﬂnm-*l jﬂnm) - jﬂnm” < ”Tﬂnm-l-l ~ﬂnm - T(j ”
T, = T+ TG0 - TU#)|

+ HJ*I ﬂnm” + “Jﬂ‘nm ﬂmn”
<@+oay+ )"+ 1+ o)t

Hnm

we conclude that

11m||T Jo.)=J

unm+1 Knm

|=0.
This contradicts our assumptlon that

IT

~

T=Tul >

Mk+1( uk) -

for every k. Q.E.D.

4.3.3 Mathematical Programming
Let the state space S be a finite set denoted by
S= {xlsx29- .. ,xn}’

and assume B = B. From part (a) of Proposition 4.2, we have that whenever
JeB and J < T(J), then J < J*. Hence the values J*(x,),...,J*(x,) solve
the mathematical programming problem

maximize Y A

subject to  A; < H(x;,u,J;), i=1,...,n, ueU(x,),

where J, is the function taking values J,(x;) =4, i=1,...,n If U(x;) is a
finite set for each i, then this problem is a finite-dimensional (possibly non-
linear) programming problem having a finite number of inequality con-
straints. In fact, for the stochastic optimal control problem of Section 2.3.2,
this problem is a linear programming problem, as the reader can easily verify
(see also DPSC, Section 6.2). This linear program can be solved in a finite
number of arithmetic operations.
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4.4 Application to Specific Models

The results of the preceding sections apply in their entirety to the prob-
lems of Sections 2.3.3 and 2.3.5 if « < 1 and g is a nonnegative bounded
function. Under these circumstances Assumption C is satisfied, as we now
show.

Stochastic Optimal Control—Outer Integral Formulation
Proposition 4.10  Consider the mapping
H(x,u,J) = E*{g(x,u,w) + aJ[ f(x,u, w)]|x, u} (30)

of Section 2.3.3 and let Jo(x) = 0 for Vx e S. Assume that o < 1 and for some
be R there holds

0<g(x,uw)<b VxeS, ueU(x), weW.

Then Assumption C is satisfied with B equal to the set of all nonnegative
functions J € B, the scalars in (2) and (3) equal to 2o and o, respectively, and
m=1.

Note If the special cases of the mappings of Sections 2.3.1 and 2.3.2 are
considered, then B can be taken equal to B, and the scalars in (2) and (3)
can both be taken equal to o.

Proof Clearly Joe Band T(J), T (J)e Bforall Je Band ue M. We also
have, for any @ = (ug, iy, - -) €11,

Jo= T, Jo) < =Ty TpdJo) S (To - Ty JJo) <+,

and hence limy - o, (T, " T,y ,)(Jo)(x) exists for all x € S. It is also easy to
verify inductively using Lemma A.2 that
N-1

(To Ty JI)X) < Y afb<b/(1 —a) VxeS, N=12,...

k=0
Hence limy- o, (T, * Tyuy_,)(Jo)(x) is a real number for every x.
We have for all xe S, J, J'e B, ue M, and we W,

gl w(x), w] + e [£(x, 1), w)] < glx, plx), w]
+ o Lf (%, px) w)] + o[ — T (31)
Hence, using Lemma A.3(b),

E*{g[x, u(x), w] + aJ[ f(x, u(x), w)]
< E*{g[x, u(x),w] + oJ [ f(x, u(x), w)]

X, u}

x,u} +2o|J = J||. (32)
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Hence
T (J)(x) — T, (J")(x) < 2o|J — J||.
A symmetric argument yields T ,(J')(x) — T (J)(x) < 20|J — J'||. Therefore,
|T(J)(x) = T,(J)x)| < 24| — J| Vxes, ueM.
Taking the supremum of the left side over xe S, we have
|T(J)— T ()| < 20|J = J| YueM, J,J'€B, (33)

which shows that (2) holds.
If J,J e B, then from (31), Lemma A.2, and Lemma A.3(a), we obtain
in place of (32)

E*{g[x, u(x), w] + aJ[ f(x, u(x), w)]|x, u}
< E*{g[e u(x),w] + o[£, 0wl ) + ol — I,

and proceeding as before, we obtain in place of (33)
IT(J)— T )| < o] =T VueM, J,J'eB.
This shows that (3) holds with p = a. Q.E.D.

Minimax Control
Proposition 4.11  Consider the mapping
H(x,u,J)= sup {g(x,u,w)+ aJ[ fx,u,w)]} (34)

we W(x, u)
of Section 2.3.5 and let Jy(x) = 0 for ¥x e S. Assume that « < 1 and for some
beR, there holds

0<g(x,u,w)<b VxeS, ueU(x), weW.

Then Assumption C is satisfied with B equal to B, m = 1, and the scalars in
(2) and (3) both equal to a.

Proof The proof is entirely similar to the one of Proposition 4.10.
Q.E.D.

For additional problems where the theory of this chapter is applicable,
we refer the reader to DPSC. An example of an interesting problem where
Assumption C is satisfied with m > 1 is the first passage problem described
in Section 7.4 of DPSC.



Chapter 5

Infinite Horizon Models under
Monotonicity Assumptions

5.1 General Remarks and Assumptions

Consider the infinite horizon problem

minimize J (x) = Um (T, T, - Tyy_)Jo)(x)
N—- o0

1)
subject to 7 = (ug, M1, - - €Il

In this chapter we impose monotonicity assumptions on the function J,
which guarantee that J, is well defined for all zeIl. For every result to be
shown in this chapter, one of the following two assumptions will be in effect.

Assumption I (Uniform Increase Assumption) There holds

Jo(x) < H(x,u,J,) VxeS, ueU(x) )
Assumption D (Uniform Decrease Assumption) There holds

Jo(x) = H(x,u,J ) VxeS, ueU(x). (3)

It is easy to see that under each of these assumptions the limit in (1) is well
defined as a real number or + co. Indeed, in the case of Assumption I we have

70
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from (2) that

Jo < Ty(Jo) (T Ty )Jo) <+ < (T Ty T JJo) < -+,
while in the case of Assumption D we have from (3) that

Jo 2 Ty(Jo) 2 (T Ty)Jo) = - 2 (T, Ty Ty JJo) = - - -

ot py”
In both cases, the limit in (1) clearly exists in the extended real numbers for
each xeS.

In our analysis under Assumptions I or D we will occasionally need to
assume one or more of the following continuity properties for the mapping H.
Assumptions I.1 and I.2 will be used in conjunction with Assumption I, while
Assumptions D.1 and D.2 will be used in conjunction with Assumption D.

Assumption L1 If {J,} = F is a sequence satisfying J, < J, < J,,, for
all k, then

lim H(x,u,J,) = H<x, u, lim Jk> VxeS, ueU(x). 4)
k— oo

k-

Assumption 1.2 There exists a scalar o > 0 such that for all scalars r > 0
and functions J e F with J, < J, we have

H(x,u,J) < H(x,u,J +r) < H(x,u,J) + or VxeS, ueU(x). (5)
Assumption D.1 If {J,} = F is a sequence satisfying J, ., < J, < J, for
all k, then

lim H(x,u,J,) = H<x, u, lim Jk> VxeS, ueU(x). 6)

k-0 k=0

Assumption D.2 There exists a scalar « > 0 such that for all scalars
r > 0 and functions J € F with J < J,, we have

H(x,u,J)—ocrs_H(x,u,J—r)sH(x,u,J) VxeS, ueU(x). (7)

5.2 The Optimality Equation

Wefirst consider the question whether the optimality equation J* = T(J*)
holds. As a preliminary step we prove the following result, which is of inde-
pendent interest.

Proposition 5.1 Let Assumptions I, 1.1, and 1.2 hold. Then given any
¢ > 0, there exists an ¢-optimal policy, i.e., a 7, eI, such that

J*<J, <J*+e 8)
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Furthermore, if the scalar o in 1.2 satisfies o < 1, the policy 7, can be taken
to be stationary.

Proof Let {¢,} be a sequence such that ¢ > 0 for all k and
Z = ©)
For each xe S, consider a sequence of policies {m,[x]} = IT of the form
Ek[X] = (/‘Ll(()[x]’ :uli [X]a' . ')7
such that for k=0,1,...
J o (X) < J*(x) + & VxeS. (10)

Such a sequence exists, since we have J*(x) > — oo under our assumptions.
The (admittedly confusing) notation used here and later in the proof
should be interpreted as follows. The policy m[x] = (ub[x], ui[x], . .
associated with x. Thus [ x] denotes, for each xS and k, a function in M
while [ x](z) denotes the value of yf[x] at an element ze S. In particular,
wi[x](x) denotes the value of uf[x] at x.
Consider the functions fi, € M defined by

I(x) = p[x](x)  VxeS (11)
and the functions J, defined by

jk(x) = H[X, ﬁk(x), llm(Tul;[x] T TMI:[V])(J())} \V/XGS., k = 0, 1,. e (12)

By using (10), (11), I, and 1.1, we obtain
Tux) = lim (T Tot) o))
= Jom(X) < J*(X) + &, VxeS, k=0,1,.... (13)
We have from (12), (13), and .2 forall k = 1,2,...and xe S
Ta_ (J)(x) = H[x, /,t,c 1(x),

—_

<H[x T 10 1m(Tk T 1pa)(Jo)] + gy
= Ji-1(x) + 0‘8k»
and finally,

T) < Ty + o080, k=1,2,.... (14)

ﬂlkl
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Using this inequality and 1.2, we obtain

Tﬁk—z[Tﬁk— 1(‘71»)] < Tﬁk—z(jk—l + O(Ek)
< T/Iz<-3(‘7k—1) + 0(28,( < jk—Z + (OCgk_l + OCZSk).

Continuing in the same manner, we obtain for k = 1,2,. ..
i
(Tay Ta W) < Jo+ (o0&, + -+ obey) < J* + (Z oc"si>.
Since J, < J,, it follows that

k
(Tﬁ(). o Tﬁl<»1)(J0) = J* + <Z ai8i>.

i=0

73

Denote n, = (fiy, f1; - - .). Then by taking the limit in the preceding inequality

and using (9), we obtain

Jo, <J* + 6

If o < 1, we take ¢, = ¢(1 — o) for all k and m,[x] = (uo[ x], u,[x],. .

) in

(10). The stationary policy n, = (& . . .), where [i(x) = po[x](x) for all

xe S, satisfies J, < J* + & Q.E.D.

It is easy to see that the assumption « < 1 is essential in order to be able
to take m, stationary in the preceding proposition. As an example, take
S = {0}, U(0) = (0, 0), J4(0) = 0, H(0,u,J) = u + J(0). Then J*(0) = 0, but

for any u e M, we have J,(0) = oo.

By using Proposition 5.1 we can prove the optimality equation under I,

I.1, and 1.2.
Proposition 5.2 Let I, 1.1, and 1.2 hold. Then
J#E = T(J*).
Furthermore, if J'€ F is such that J' > J,and J' > T(J'), then J’ > J*.
Proof Forevery m = (1o, 1y, ...)eIl and xe S, we have, from 1.1,

Jo(x) = Hm (T, T, - T, )(Jo)x)

k— o0

= T”0|:lim (T,, - Tﬂk)(Jo)](x) > T, (J*)(x) = T(J*)(x).

k— o0
By taking the infimum of the left-hand side over 7= €I, we obtain

JE > T(J*).
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To prove the reverse inequality, let ¢; and ¢, be any positive scalars and
let T = (fiy, Hy,- - -) be such that

TolJ*) < TU*) + 61, Js <JT* + &5,

where 7; = (H;,H,,. . .). Such a policy exists by Proposition 5.1. We have
Jr=1m (T3 Ty, - Tg)Jo)

fo* A1

= T%l;}im(Tﬁl- . Tﬁk)(JO)}
= Ty(Jz) < Tp(J*) 4+ aey < T(J*) + (g1 + ey).
Since J* < J; and ¢; and &, can be taken arbitrarily small, it follows that
J* < T(J*).

Hence J* = T(J*).
Assume that J'eF satisfies J'>J, and J' > T(J'). Let {¢} be any
sequence with ¢, > 0 and consider a policy @ = (fy, Hy,. . .)€l such that

T,(J)<TJ')+ ¢, k=0,1,....
We have, from 1.2,
J* = inf lim(T,,--- T, )(Jo)

rell k=

< inf iminf(T,, - T,)(J")

nell k—o

< liminf(T4, - T5)(J")

k=0

<liminf(T,,- - T, )[T(U’) + &]

k—

<Iiminf(Ty - Ty, Tph JJ' + &)

Prc=27 Hic-1
k— o0

< liminf[(Ty, - Ty JJ') + o]

k— o0

k ©
< lim [T(J’) + <Z oc"a,~>} <J + <Z oc"ai>.
k= o0 i=0 i=0

Since we may choose Y /2, a'e; as small as desired, it follows that J* < J'.
QED.

The following counterexamples show that 1.1 and 1.2 are essential in
order for Proposition 5.2 to hold.
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CouNTEREXAMPLE 1 Take S={0,1}, C=U(0)=U(1)=(—1,0], Jo(0)=
Jo(1)= —1, HO,u,J) = u if J(1)< -1, HO,u,J)=0 if J(1)> —1, and
H(l,u,J)=wu. Then (T,,---T,,_ l)(J(,)(O) Oand (T, - T,,_)Jo)1) =
Uo(1) for N > 1. Thus J*(0) =0, J*(1) = — 1, while T(J*)(0)= — 1, T(J*)(1) =
—1, and hence J* # T(J*). Notice also that J, is a fixed point of T, while
Jo<J* and J, # J*, so the second part of Proposition 5.2 fails when
Jo =J'". Here I and 1.1 are satisfied, but 1.2 is violated.

COUNTEREXAMPLE 2 Take § = {0,1}, C = U(0) = U(1) = {0}, Jo(0) =
Jo(1) =0, H(0,0,J) = 0if J(1) < o0, H(0,0,J) = o0 if J(1) = o0, H(1,0,J) =
JA)+ 1. Then (T, T,y )Jo)0)=0 and (T, T,, )Jo)(l)=N
Thus J*(0)=0, J*(1)= co. On the other hand, we have T(J*)(0)=T(J*)(1)=
co and J* # T(J*). Here I and 1.2 are satisfied, but 1.1 is violated.

As a corollary to Proposition 5.1 we obtain the following.

Corollary 5.2.1 LetI, 1.1, and 1.2 hold. Then for every stationary policy
T =(uu...),wehave

J,=T,J,).
Furthermore, if J'€ F is such that J' > J, and J' > T,(J'), then J' > J,.

Proof Consider the variation of our problem where the control con-
straint set is U,(x) = {u(x)} rather than U(x) for VxeS. Application of
Proposition 5.2 ylelds the result. Q.E.D.

We now provide the counterpart of Proposition 5.2 under Assumption D.
Proposition 5.3 Let D and D.1 hold. Then
* = T(J*).
Furthermore, if J'€ F is such that J' < J, and J' < T(J'), then J' < J*,
Proof We first show the following lemma.
Lemma 5.1 Let D hold. Then
J* = lim J§, (15)

N- o
where J} is the optimal cost function for the N-stage problem.

Proof Clearly we have J* < J} for all N, and hence J* < limy_, , J§.
Also, for all @ = (ug, 1,...)eIl, we have

(T;/.o ’ [,(N 1)(J0)> JN’

and by taking the limit on both sides we obtain J, > limy_, , J%, and hence
J* > limy, o, JF. Q.E.D.



76 5. INFINITE HORIZON MODELS UNDER MONOTONICITY ASSUMPTIONS

Proof (continued) We return now to the proof of Proposition 5.3. An
argument entirely similar to the one of the proof of Lemma 5.1 shows that
under D we have for all xe S

lim inf H(x,u,J%)= inf lim H(x,u,J§).
N—-w ueU(x) ueU(x) N— (16)

Using D.1, this equation yields

lim T(J%) = T<lim J;‘}). (17)
N—-w N-
Since D and D.1 are equivalent to Assumption F.1’ of Chapter 3, by Corollary
3.1.1 we have J& = T¥(J,), from which we conclude that T(J§) =T " 1(J,) =
J%+,. Combining this relation with (15) and (17), we obtain J* = T(J*).

To complete the proof, let J'e F be such that J' < J, and J' < T(J').
Then we have

J*=inf Iim (T, T,\_,)Jo)

nell N=

> lim inf(T,, - Tuy_,)Jo)

N—ow nell

> lim inf(T,, T,y )J") = lim TNJ") > J".
N—-ow nell N-oo

Hence J* > J'. Q.E.D.

In Counterexamples 1 and 2 of Section 3.2, D is satisfied but D.1 is
violated. In both cases we have J* # T(J*), as the reader can easily verify.

A cursory examination of the proof of Proposition 5.3 reveals that the
only point where we used D.1 was in establishing the relations

limy-., T(J%) = T(limy-  J%)

and J§ = TN(J,). If these relations can be established independently, then
the result of Proposition 5.3 follows. In this manner we obtain the following
corollary.

Corollary 5.3.1 Let D hold and assume that D.2 holds, S is a finite set,
and J*(x) > —oo for all xeS. Then J* = T(J*). Furthermore, if J'eF is
such that J' < Jyand J' < T(J), then J' < J*.

Proof A nearly verbatim repetition of the proof of Proposition 3.1(b)
shows that, under D, D.2, and the assumption that J*(x) > — oo for all
xeS, we have J§ = TN(J,) for all N = 1,2,. ... We will show that

lim H(x,u,J§) = H<x, u, lim J,’lj) VxeS, ueU(x).
N-w N-w

Then using (16) we obtain (17), and the result follows as in the proof of
Proposition 5.3. Assume the contrary, i.e., that for some Xe S, fie U(X), and
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& > 0, there holds

H(X,0,J5) — e > H(fc, i, lim J,”:,), k=1,2,....

N- oo

From the finiteness of S and the fact that J*(x) = limy_ ,, J¥(x) > — oo for
all x, we know that for some positive integer k

J¥— (/o)< lim JE¥  Vk>k
N—-owo
By using D.2 we obtain for all k > &
H(X,u,Jf) —e < HX 4,J§ — (g/a)) < H(i,ﬁ, lim J}\",>,
N- o

which contradicts the earlier inequality. Q.E.D.
Similarly, as under Assumption I, we have the following corollary.

Corollary 5.3.2 Let D and D.1 hold. Then for every stationary policy
= (uHu,...),wehave
J,=T,J,).
Furthermore, if J'e F is such that J' < J,and J' < T,(J'), then J' < J,
It is worth noting that Propositions 5.2 and 5.3 can form the basis for
computation of J* when the state space S is a finite set with n elements

denoted by x,,x,,...,x,. It follows from Proposition 5.2 that, under I,
I.1, and 1.2, J*(x,),. . ., J*(x,) solve the problem

n
minimize Y %
i=1

subject to  A; > inf H(x;,u,J,), i=1,...,n
ueU(x;)

A > Jo(x), i=1,...,n

where J, is the function taking values J,(x;)=4;, i=1,...,n. Under D
and D.1, or D, D.2, and the assumption that J*(x) > — oo for ¥xeS, the
corresponding problem is

n
maximize Y
i=1

subject to A, < H(x;,u,J;), i=1,...,n, ueUx)
;viSJo(xi), i=1,...,n.

When U(x;) is also a finite set for all i, then the preceding problem becomes
a finite-dimensional (possibly nonlinear) programming problem.
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5.3 Characterization of Optimal Policies

We have the following necessary and sufficient conditions for optimality
of a stationary policy.

Proposition 5.4 Let I, .1, and 1.2 hold. Then a stationary policy n* =
(u*, u*, . ..) is optimal if and only if

T (J*) = T(J*). (18)

Furthermore, if for each xeS, there exists a policy which is optimal at x,
then there exists a stationary optimal policy.

Proof If n* is optimal, then J .« = J* and the result follows from Prop-
osition 5.2 and Corollary 5.2.1. Conversely, if T ,(J*) = T(J*), then since
J* = T(J*)(Proposition 5.2), it follows that T ,.(J*) = J*. Hence by Corollary
5.2.1, J,» < J* and it follows that n* is optimal.

If n¥ = (u¥ ., u¥ «,...) is optimal at x€ S, we have, from 1.1,

JH) = J(x) = lim(Tyy T )Jo))
k= o0 ' !

- Tuz.x[lim(T,ﬁl.; i T,t;,x)(Jo)i|(X)

k= o0

2 T,y (00 2 TUHE) = J*)

Hence T s (J*)(x) = T(J*)(x) for all xe S. Define u* e M by p*(x) = p§ «(x).
Then T,.(J*) = T(J*) and, by the result just proved, the stationary policy
(p*, u*,...) is optimal. Q.E.D.

Proposition 5.5 Let D and D.1 hold. Then a stationary policy n* =
(u*, u*,. . .)is optimal if and only if

T ,(J ) = T(J ). (19)

Proof 1f n* is optimal, then J . = J*, and the result follows from Prop-
osition 5.3 and Corollary 5.3.2. Conversely, if T,.(J,.) = T(J ), then we
obtain, from Corollary 5.3.2, that J,« = T(J,x), and Proposition 5.3 yields
J« < J*. Hence n* is optimal. Q.E.D.

Examples where n* satisfies (18) or (19) but is not optimal under D or I,
respectively, are given in DPSC, Section 6.4.

Proposition 5.4 shows that there exists a stationary optimal policy if
and only if the infimum in the optimality equation

J*x)= inf H(x,u,J*)

ueU(x)
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is attained for every x € S. When the infimum is not attained for some x e S,
the optimality equation can still be used to yield an e-optimal policy, which
can be taken to be stationary whenever the scalar o in 1.2 is strictly less than
one. This is shown in the following proposition.

Proposition 5.6 Let I, 1.1, and 1.2 hold. Then:

(@) Ife>0, {¢} satisfies Y [2ooke =¢,6>0,i=0,1,..., and 7* =
(u¥, u¥,...)ell is such that

T (J*) < T(J*) + ¢, k=0,1,...,

then

J*<Ju<J*+e

(b) Ife> 0, thescalar o in 1.2 is strictly less than one, and w*e M is such
that
T (J*) < T(J*) + e(1 — a),

then

J¥*<Jp<T* +e

Proof (a) Since T(J*) = J* we have T, «(J*) < J* + ¢, and applying

T, toboth sides we obtain

(Tﬂi_ 1T/‘£)(J*) < Tu; _ 1(J*) + oy < J* + (8k_1 + O(Sk).

Applying T, _, throughout and repeating the process, we obtain, for every
k=1,2,...,

k
(T T < J* + ( ) )

i=0

Since J, < J*, it follows that

k
(Tu;;"' )(JO<J*+<Z ) k=1,2,....

By taking the limit as k — oo, we obtain J_. < J* + ¢.
(b) This part is proved by taking ¢, = ¢(1 — a) and g = p* for all k in
the preceding proof. Q.E.D.

A weak counterpart of part (a) of Proposition 5.6 under D is given in
Corollary 5.7.1. We have been unable to obtain a counterpart of part (b) or
conditions for existence of a stationary optimal policy under D.
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5.4 Convergence of the Dynamic Programming Algorithm—
Existence of Stationary Optimal Policies

The DP algorithm consists of successive generation of the functions
T(Jo), T*(Jo), . . . . Under Assumption I we have TXJ,) < T**!(J,) for all k,
while under Assumption D we have T**1(J,) < TJ,) for all k. Thus we
can define a function J, € F by

Jo(x) = lim TN(J,)(x) VxeS. (20)
N- oo
We would like to investigate the question whether J, = J*. When Assump-
tion D holds, the following proposition shows that we have J,, = J* under
mild assumptions.

Proposition 5.7 Let D hold and assume that either D.1 holds or else
J& = TN(J,) for all N, where J# is the optimal cost function of the N-stage
problem. Then

Jo =J*%

Proof ByLemma 5.1 we have that D implies J* = limy_, ., J#. Corollary
3.1.1 shows also that under our assumptions J§ = T"(J,). Hence J* =
limy_ o, TN(J ) = J o - Q.E.D.

The following corollary is a weak counterpart of Proposition 5.1 and
part (a) of Proposition 5.6 under D.

Corollary 5.7.1 Let D hold and assume that D.2 holds, S is a finite set,
and J*(x) > — oo for all xeS. Then for any ¢ > 0, there exists an ¢-optimal
policy, i.e., a € IT such that

Jr<J, <J*+e

Proof For each N, denote ey = ¢/2(1 + o + -+ oV~ 1) and let ny =
{ud, 1Y, uN_1, it ..} be such that ue M, and for k =0,1,...,N — 1,
uy € M and

(T TV K= 1H(Jo) < TN XJo) + ey.

uy
Wehave T,y (Jo) < T(Jo) + ¢y, and applying T,,x _, to both sides, we obtain
(Tuy_,Tuy_ JUo) < (T, T)Jo) + ey < T + (1 + ey
Continuing in the same manner, we have
(T Ty )Jo) < TVJo) + (1 + o+ + oV ey,
from which we obtain, for N =0,1,. ..

J <TN( o) + (¢/2).

N —

( BN -2
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As in the proof of Corollary 5.3.1 our assumptions imply that J# = TV(J,)
for all N, so by Proposition 5.7, limy_,,, T¥(J,) = J*. Let N be such that
TY(Jo) < J* + (¢/2). Such an N exists by the finiteness of S and the fact
that J*(x) > — oo for all xeS. Then we obtain Jog S J* + ¢, and ny is the

desired policy. Q.E.D.

Under Assumptions I, .1, and 1.2, the equality J, = J* may fail to hold
even in simple deterministic optimal control problems, as shown in the
following counterexample.

COUNTEREXAMPLE 3 Let S = [0,0), C = U(x) = (0, c0) for VxS, Jo(x) = 0
for VxeS, and

H(x,u,J) = x + J2x + u) VxeS, ueU(x)
Then it is easy to verify that
J*(x) = inf J, (x) = o0 VxeS,
while "
TV(J)(0) = 0, N=12,....
Hence J,(0) = 0 and J,(0) < J*(0).

In this example, we have J*(x) = co for all xeS. Other examples exist
where J* # J, and J*(x) < co for all xe S (see [S14, p. 880]). The following
preliminary result shows that in order to have J,, = J*, it is necessary and
sufficient to have J, = T(J ).

Proposition 5.8 Let I, 1.1, and 1.2 hold. Then

Jo T ,) < T(J*)=J*. (21)
Furthermore, the equalities
Jo=T(Jg)=TUJ*)=J* (22)
hold if and only if
Jo =T ) (23)

Proof Clearly wehave J,, < J, forall e Il, and it follows that J , < J*.
Furthermore, by Proposition 5.2 we have T(J*) = J*. Also, we have, for all
k>0,

T(J,) = inf H(x,uJ,)> inf H[x,u TJ,)] = T '(Jo).

ueU(x) ueU(x)

Taking the limit of the right side, we obtain T(J ) > J,, which, combined
with J, < J* and T(J*) = J*, proves (21). If (22) holds, then (23) also holds.
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Conversely, let (23) hold. Then since we have J,, > J,, we see from Prop-
osition 5.2 that J, > J*, which combined with (21) proves (22). Q.E.D.

In what follows we provide a necessary and sufficient condition for J,, =
T(J,,) [and hence also (22)] to hold under Assumptions I, I.1, and 1.2. We
subsequently obtain a useful sufficient condition for J,, = T(J,) to hold,
which at the same time guarantees the existence of a stationary optimal
policy.

For any J e F, we denote by E(J) the epigraph of J, i.e., the subset of SR
given by

E(J) = {(x A)J(x) < 4} (24)

Under I we have TXJ,) < T¥*1(J,) for all k and also J, = limy..,, T%(Jo),
so it follows easily that

BU.) = () ELT'00] 2s)
Consider for each k > 1 the subset C, of SCR given by
Cy = {(x,u, )| H[x,u, T*"1(Jo)] < 4, xS, ue U(x)}. (26)
Denote by P(C,) the projection of C, on SR, ie.,
P(Cy) = {(x,4)| Jue U(x) s.t. (x,u, 1)e C.}.t (27)

Consider also the set
P(C,) = {(x, /l)|3{/1,,} s.t. 2, = A (x,2,)€P(C,),n=0,1,...}. (28)

The set P(C,) is obtained from P(C,) by adding for each x the point [x, A(x)]
where 7(x) is the perhaps missing end point of the half-line {1|(x, 1) P(Cy)}-
We have the following lemma.

Lemma 5.2 Let I hold. Then forall k > 1
P(C,) = P(C,) = E[T*(J,)]- (29)

Furthermore, we have
P(Cy) = P(Cy) = E[T"(J,)] (30)
if and only if the infimum is attained for each xe S in the equation

T¥Jo)(x) = inf H[x,u, T*"'(Jo)]. (31)

ueU(x)

* The symbol 3 means “there exists” and the initials “s.t.” stand for “such that.”
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Proof If (x,2)e E[TXJ,)], we have
THJo)(x) = inf H[x,u, T*"1(Jo)] < .
ueU(x)

Let {¢,} be a sequence such that ¢,> 0, ¢, — 0, and let {u,} = U(x) be a
sequence such that

Hx,u,, T*" 1(J)] < THJo)(x) + &, < A + &,.
Then (x,u,,/ + ¢,)€Cy and (x, 1 + ¢,)e P(Cy) for all n. Since 4 + ¢, — 4,
by (28) we obtain (x, 1) e P(C,). Hence
E[T*(J,)] = P(C)). (32)
Conversely, let (x, 1)e P(Cy). Then by (26)— (28) there exists a sequence {4, }
with 2, — 4 and a corresponding sequence {u,} = U(x) such that
T J,)(x) < H[x, ty, T* 1T 9)] < An.

Taking the limit as n — o0, we obtain TXJ,)(x) < 4 and (x, 2)e E[ T*(J,)].
Hence
P(C,) = E[Tk(JO)],

and using (32) we obtain (29).

To prove that (30) is equivalent to the attainment of the infimum in (31),
assume first that the infimum is attained by uj_(x) for each xe S. Then for
each (x,A)e E[TX(J,)],

H[X, )u;ck— 1(X), Tk_ 1(JO)] < l’
which implies by (27) that (x,4)e P(C,). Hence E[T*J,)] = P(C,) and, in
view of (29), we obtain (30). Conversely, if (30) holds, we have [x, T¥J,)(x)] €

(Ck) for every x for which T%J,)(x) < co. Then by (26) and (27), there exists
a uf¥_1(x)e U(x) such that

HIx, - 1 (x), T* " W(Jo)] < T(Jo)(x) = inf H[x,u, T*"}(J,)].

ueU(x)

Hence the infimum in (31) is attained for all x for which TJ,)(x) < co. It
is also trivially attained by all ue U(x) whenever T*(J,)(x) = oo, and the
proof is complete. Q.E.D.

Consider now the set ()2, C; and define similarly as in (27) and (28) the
sets

P<F]Ck> {XA’EIueU (x)s.t.(x,u, /)€ ﬁC} (33)

<(3 ) {x/»)ﬂ/,.,St/—»A (%, A) ((3 )} (34)




84 5. INFINITE HORIZON MODELS UNDER MONOTONICITY ASSUMPTIONS

Using (25) and Lemma 5.2, it is easy to see that

()<,
(N6,

We have the following proposition.

Proposition 5.9 Let I, .1, and 1.2 hold. Then:
(a) We have J, = T(J,) (equivalently J,, = J*) if and only if

P<ﬁ ck> = ﬁ P(Cy). (37)
k=1 k=1

(b) We have J,, = T(J,) (equivalently J,, = J*), and the infimum in
Jo(x)= inf H(x,u,J,) (38)

ueU(x)

s
1~ 8

P(Cy) =

1 k

PC) = () ELTU0)] = EU.). 69

1

0

P(CJ) = () E[T*Jo)] = E(Jo). (36)

1 k=1

18

is attained for each xeS (equivalently there exists a stationary optimal
policy) if and only if

p(kol ck> - (P (39)
Proof (a) Assume J, = T(J,)and let (x,2) bein E(J,), ie.,

inf H(x,u,J )= J,(x) < A
ueU(x)

Let {¢,} be any sequence with ¢, > 0, &, — 0. Then there exists a sequence
{u,} such that
H(x,u,,J ) <A+ &, n=12...,
and so
H[x,u,, T*" ' (Jo)] < A + &, kn=1,2,....
It follows that (x,u,, A + &,)€ C; for all k, n and (x,u,, 4 + &,)€( )iz C; for

all n. Hence (x,/1+a,,)eP(ﬂ,‘§°=1Ck) for all n, and since 1+ ¢, — 4, we
obtain (x, )€ P(["\;~ C,). Therefore

E(J,) < P< N Ck>7
k=1
and using (36) we obtain (37).

Conversely, let (37) hold. Then by (36) we have P([ )i, Cy) = E(J ).
Let xe S be such that J_(x) < co. Then [x,JOo(x)]eP(ﬂ,‘?=1 C,), and there



5.4 CONVERGENCE OF THE DYNAMIC PROGRAMMING ALGORITHM 85

exists a sequence {/,} with 4, — J,(x) and a sequence {u,} = U(x) such that
H{x,u,, T*"*(Jo)] < 4, kn=12,....

Taking the limit with respect to k and using 1.1, we obtain

H(x,u,,J ) < Ay,
and since T(J,.)(x) < H(x,u,,J »), it follows that

T(J o)(x) < 4,.

Taking the limit as n — oo, we obtain

T(J,)(x) < J ()

for all xe S such that J(x) < co. Since the preceding inequality holds also
for all xe S with J ,(x) = oo, we have

T(Jy) < Jg.
On the other hand, by Proposition 5.8, we have
Joo £ T(J o)

Combining the two inequalities, we obtain J, = T(J ).
(b) * Assume J, = T(J,) and that the infimum in (38) is attained for
each x € S. Then there exists a function u* € M such that for each (x, 2)e E(J )

H[x, p*(x),J ] < 4.

Hence H[x, p*(x), T*"(Jo)] < A for k = 1,2,. .., and we have [x, u*(x), 1] €
(=1 Cy. As a result, (x, ) P(( )i, Cy). Hence

E(.,) < P< N ck>,

and (39) follows from (35).
Conversely, let (39) hold. We have for all xe S with J(x) < co that

[x,Jo(x)]€E(J,) = P< N Ck>.
k=1
Thus there exists a u*(x)e U(x) such that

[X, ,u*(x), Joo(x)] € kol Cka

from which we conclude that

H[x, u*(x), T* " 1(Jo)] € Jo(x), k=0,1,....
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Taking the limit and using 1.1, we see that
TU L)) < HLx 150, 0] < T o).

It follows that T(J,) < J,,, and since J, < T(J,,) by Proposition 5.8, we
finally obtain J, = T(J ). Furthermore ‘the last inequality shows that
w¥(x) attains the infimum in (38) when J(x) < co. When J(x) = oo, every
ue U(x) attains the infimum, and the proof is complete. Q.E.D.

In view of Proposition 5.8, the equality J, = T(J ) is equivalent to

the validity of interchanging infimum and limit as follows
J, = lim mf(T - T,)Jo) = inf im(T, - T,)(Jo) = J*.
k—> oo nell nell k— oo

Thus Proposition 5.9 states that interchanging infimum and limit is in fact
equivalent to the validity of interchanging projection and intersection in the
manner of (37) or (39).

The following proposition provides a compactness assumption which
guarantees that (39) holds.

Proposition 5.10 LetI, 1.1, and 1.2 hold and let the control space C be a
Hausdorff space. Assume that there exists a nonnegative integer k such
that for each xe S, 1e R, and k > k, the set

Unx,4) = {ue U(x)|H[x,u, T"(J,)] < 7} (40)

is compact. Then

P(ﬁ ck> - () PG (1)

and (by Propositions 5.8 and 5.9)
Jo =T o) =TUJ*)=J*
Furthermore, there exists a stationary optimal policy.

Proof By (35) it will be sufficient to show that
P( N ck> > PG, ) PCI= () PG (42)
k=1 k=1 k= k=

Let (x, /) be in ﬂ,‘j; 1 P(Cy). Then there exists a sequence {u,} < U(x) such
that

H[x,u,, T"Jo)] < H[x,u,, T"(Jo)] <A  Vn>k,
or equivalently
u, € Up(x, A) Vn>k, k=0,1,....
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Since U,(x, ) is compact for k > k, it follows that the sequence {u,} has an
accumulation point 7 and
e Uyx, 1) Vk > k.
But Uy(x,4) o Uy(x,A) > ...,s0ueU(x,A) for k=0,1,.... Hence
H[x,u,TJ,)] < 4, k=0,1,...,
and (x,7, 1) € (i1 Cy. It follows that (x, A)e P([)i=, C,) and

P<ﬁ ck> > () P(Co).
k=1 k=1

Also, from the compactness of U(x, A) and the result of Lemma 3.1, it follows
that the infimum in (31) is attained for every xe S and k > k. By Lemma 5.2,
P(C,) = P(C,) for k>k, and since P(C,)> P(C,)>--- and P(C,) o
P(C,)> -+, wehave

s

P(C,) = ﬁ 2(eh)

k

Thus (42) is proved. Q.E.D.

1

The following proposition shows also that a stationary optimal policy
may be obtained in the limit by means of the DP algorithm.

Proposition 5.11 Let the assumptions of Proposition 5.10 hold. Then:

(a) There exists a policy n* = (ug,uf,...)ell attaining the infimum
in the DP algorithm for all k > &, ie.,

(TTH(Jo) = T*"'(Jo)  Vk=F (43)

(b) For every policy n* satisfying (43), the sequence { 4f(x)} has at least
one accumulation point for each xe S with J*(x) < co.

(¢) If u*:S— C is such that u*(x) is an accumulation point of {uf(x)}
for all xeS§ with J*(x) < o0 and u*(x)e U(x) for all xeS with J*(x) = oo,
then the stationary policy (u*, u*, . . .) is optimal.

Proof (a) This follows from Lemma 3.1.
(b) Forany n* = (u§,u¥, .. .)satisfying (43) and x € S such that J*(x) <
00, we have

Hx, p(x), TMJo)] < H[x, wf(x), T"(Jo)] < J*(x)  Vk>k, n>k
Hence,

wEx)e Up[x, J¥(x)] Vk>%k n>k
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Since U,[x,J*(x)] is compact, {u¥(x)} has at least one accumulation point.
Furthermore, each accumulation point u*(x) of {u¥(x)} belongs to U(x)
and satisfies

H[x, p*(x), T"J )] < J*(x) vk > k. (44)
By taking the limit in (44) and using I.1, we obtain
H[x, p*(x),J o] = H[x, u*(x), J*¥] < J*(x)

for all xe S with J*(x) < oo. This relation holds trivially for all xeS with
J*(x) = oo. Hence T ,(J¥) < J* = T(J*), which implies that T ,(J*) = T(J*).
It follows from Proposition 5.4 that (u*, u*, .. .) is optimal. Q.E.D.
The compactness of the sets U,(x, A) of (40) may be verified in a number of
special cases, some examples of which are given at the end of Section 3.2.

Another example is the lower semicontinuous model of Section 8.3, whose
infinite horizon version is treated in Corollary 9.17.2.

5.5 Application to Specific Models

We now show that all the results of this chapter apply to the stochastic
optimal control problems of Section 2.3.3 and 2.3.4. However, only a portion
of the results apply to the minimax control problem of Section 2.3.5, since
D.1 is not satisfied in the absence of additional assumptions.

Stochastic Optimal Control—Outer Integral Formulation

Proposition 5.12 Consider the mapping

H(x,u,J) = E*{g(x,u, w) + aJ [ f(x,u, w)]|x, u} (45)
of Section 2.3.3 and let Jo(x) = 0 for VxeS. If
0<glx,u,w) VxeS, ueU(x), weW, (46)

then Assumptions I, 1.1, and 1.2 are satisfied with the scalar in 1.2 equal to
o If

g(x,u,w) <0 VxeS, ueU(x), weW, 47

then Assumptions D, D.1, and D.2 are satisfied with the scalar in D.2 equal
to o.

Proof Assumptions I and D are trivially satisfied in view of (46) or
(47), respectively, and the fact that Jo(x) = 0 for VxeS. Assumptions 1.1 and
D.1 are satisfied in view of the monotone convergence theorem for outer
integration (Proposition A.1). From Lemma A.2 we have under (46) for all
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r>0and JeFwithJ, < J
H(x,u,J + 1) = E*{g(x,u, w) + o [ f(x,u, w)] + or|x, u}
= E*{g(x,u,w) + aJ [ f(x,u, w)]|x,u} + ar
= H(x,u,J) + ar.

Hence 1.2 is satisfied as stated in the proposition. Under (47), we have from
Lemmas A.2 and A.3(c) that for all r > 0 and Je F with J < J,,

H(x,u,J —r)= H(x,u,J) — ar,
and D.2 is satisfied. QE.D.

Thus all the results of the previous sections apply to stochastic optimal
control problems with additive cost functionals. In fact, under additional
countability assumptions it is possible to exploit the additive structure of
these problems and obtain results relating to the existence of optimal or
nearly optimal stationary policies under Assumption D. These results are
stated in the following proposition. A proof of part (a) may be found in
Blackwell [B10]. Proofs of parts (b) and (c) may be found in Ornstein [04]
and Frid [F2].

Proposition 5.13 Consider the mapping

of Section 2.3.2 (W is countable), and let J(x) = O for all xe S. Assume that
§ is countable, J*(x) > — oo for all xe S, and g satisfies

X, u}

b<gxuw<0 VxeS, ueU(x), weW,
where be(— 00,0) is some scalar. Then:

(a) Ifforeach xeS there exists a policy which is optimal at x, then there
exists a stationary optimal policy.
(b) For every ¢ > 0 there exists a u,e M such that

J.()<(1—eJ*x)  VxeS.

(c) If there exists a scalar fe(— c0,0) such that § < J*(x) for all xe S,
then for every & > 0, there exists a stationary ¢-optimal policy, i.e., a y,e M
such that

Jr<J, <J*+e

We note that the conclusion of part (a) may fail to hold if we have J*(x) =
— oo for some x €S, even if S is finite, as shown by a counterexample found
in Blackwell [B10]. The conclusions of parts (b) and (c) may fail to hold if
S is uncountable, as shown by a counterexample due to Ornstein [O4]. The
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conclusion of part (c) may fail to hold if J* is unbounded below, as shown
by a counterexample due to Blackwell [B8]. We also note that the results
of Proposition 5.13 can be strengthened considerably in the special case of
a deterministic optimal control problem (cf. the mapping of Section 2.3.1).
These results are given in Bertsekas and Shreve [B6].
Stochastic Optimal Control—Multiplicative Cost Functional

Proposition 5.14 Consider the mapping

H(x,u,J) = E{g(x,u, w)J [ f(x,u, w)]|x, u}

of Section 2.3.4 and let Jo(x) = 1 for Vxe€S.

(a) If there exists a be R such that

1<g(x,uw)<b VxeS, ueU(x), weW,

then Assumptions I, 1.1, and 1.2 are satisfied with the scalar in 1.2 equal to b.
(b) If

0<gxuw<l VxeS, ueU(x), weW,

then Assumptions D, D.1, and D.2 are satisfied with the scalar in D.2 equal
to unity.

Proof This follows easily from the assumptions and the monotone
convergence theorem for ordinary integration. Q.E.D.
Minimax Control
Proposition 5.15 Consider the mapping
H(x,u,J)= sup {g(x,uw)+oJ[f(x,u,w)]}
)

weW(x,u

of Section 2.3.5 and let Jo(x) = 0 for VxeS.
(a) If
0<g(x,u,w) vxeS, ueU(x), welW,

then Assumptions I, 1.1, and 1.2 are satisfied with the scalar in I.2 equal to a.
(b) If

gx,u,w) <0 VxeS, ueU(x), weW,
then Assumptions D and D.2 are satisfied with the scalar in D.2 equal to o.

Proof The proof is entirely similar to the one of Proposition 5.12.
Q.E.D.



Chapter 6

A Generalized Abstract Dynamic
Programming Model

As we discussed in Section 2.3.2, there are certain difficulties associated
with the treatment of stochastic control problems in which the space W of
the stochastic parameter is uncountable. For this reason we resorted to
outer integration in the model of Section 2.3.3. The alternative explored in
this chapter is to modify the entire framework so that policies 7 = (Lo, t1s---)
consist of functions y, from a strict subset of M—for example, those functions
which are appropriately measurable. This approach is related to the one we
employ in Part II. Unfortunately, however, many of our earlier results and
particularly those of Chapter 5 cannot be proved within the generalized
framework to be introduced. The results we provide are sufficient, however,
for a satisfactory treatment of finite horizon models and infinite horizon
models under contraction assumptions. Some of the results of Chapter 5
proved under Assumption D also have counterparts within the generalized
framework. The reader, aided by our subsequent discussion, should be able
to easily recognize these results.

Certain aspects of the framework of this chapter may seem somewhat
artificial to the reader at this point. The motivation for our line of analysis
stems primarily from ideas that are developed in Part II, and the reader
may wish to return to this chapter after gaining some familiarity with Part II.
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The results provided in the following sections are applied to a stochastic
optimal control problem with multiplicative cost functional in Section 11.3.
The analysis given there illustrates clearly the ideas underlying our develop-
ment in this chapter.

6.1 General Remarks and Assumptions

Consider the sets S, C, U(x), M, I, and F introduced in Section 2.1. We
consider in addition two subsets F* and F of the set F of extended real-
valued functions on S satisfying

F*cFcF

and a subset M of the set M of functions u:S — C satlsfymg ux)e U(x) for
Vx e S. The subset of policies in IT corresponding to M is denoted by 1T, ie.,

= {(ko, P, - Jel|wyeM, k=0,1,...}.

In place of the mapping H of Section 2.1, we consider a mapping
H:SCF — R* satisfying for all xeS, ue U(x), J, J'e F, the monotonicity
assumption

H(x,u,J) < H(x,u,J') if J<J.

Thus the mapping H in this chapter is of the same nature as the one of
Chapters 2-5, the only difference being that H is defined on SCF rather than
on SCF. Thus if F consists of appropriately measurable functions and H
corresponds to a stochastic optimal control problem such as the one of
Section 2.3.3 (with g measurable), then H can be defined in terms of ordinary
integration rather than outer integration.

For ue M we consider the mapping T, :F — F defined by

T (J)(x) = H[x, u(x),J] VxeS.
Consider also the mapping T:F — F defined by
T(J)(x) = inf H(x,u,J) VxeSs.

ueU(x)
We are given a function J,:S — R* satisfying
Joe F*, Jo(x) > — o0 VxeS
and we are interested in the N-stage problem
minimize Jy (%) = (Tyo Ty JJ0)(x)

subject to  mell
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and its infinite horizon counterpart

minimize J.(x)= Im(T,, - T,,_,)(Jo)X)
. - N—o (2)
subject to mell.

We use the notation,

J%=inf Jy ., J* = infJ,,
nell nell
and employ the terminology of Chapter 2 regarding optimal, e-optimal, and
stationary policies, as well as sequences of polices exhibiting {¢, }-dominated
convergence to optimality.
The following conditions regarding the sets F*, F, and M will be assumed
in every result of this chapter.

A.1 Foreach xeS and ue U(x), there exists a ue M such that u(x) = u.
(This implies, in particular, that for every J€ F and x€ S

T(J)(x)= inf H(x,u,J) = inf H[x, u(x),J]).
) reM

ueU(x

A.2 Forall Je F* and re R, we have
T(J)e F*, (J +r)eF*.
A3 ForallJeF, ue]VI, and re R, we have
T(J)eF, (J+reF.
A.4 For each JeF* and ¢ > 0, there exists a u,€ M such that for all
xeS

T(J)(x) + ¢ if TJ)(x)> —o0,

Tu) = {— 1e it TU)x) = —oo.

In Section 6.3 the following assumption will also be used.

A.5 For every sequence {J,} = F that converges pointwise, we have
limy, , J € F. If, in addition, {J,} = F*, then lim,_,, J,€ F*.

Note that in the special case where F* = F = F and M = M, we obtain
the framework of Chapters 2-5, and all the preceding assumptions are
satisfied. Thus this chapter deals with an extension of the framework of
Chapters 2-5.

We now provide some examples of sets F*, F, and M which are useful in
connection with the mapping

H(x,u,J) = f * (g0, w) + ad [ £(x, 1, w)]}p(dw]x, u)
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associated with the stochastic optimal control problem of Section 2.3.3. We
take Jo(x) = Ofor Vx e S. The terminology employed is explained in Chapter 7.

ExaMpLE 1 Let S, C, and W be Borel spaces, # the Borel g-algebra
on W, f a Borel-measurable function mapping SCW into S, g a lower semi-
analytic function mapping SCW into R*, p(dw|x,u) a Borel-measurable
stochastic kernel on W given SC, and « a positive scalar. Let the set

I = {(x,u)eSC|xeS,uc U(x)}

be analytic. Take F* to be the set of extended real-valued, lower semi-
analytic functions on S, F the set of extended real-valued, universally mea-
surable functions on S, and M the set of universally measurable mappings
from S to C with graph in I (i.e., ue M if u is universally measurable and
(x, u(x))eT for VxeS). This example is the subject of Chapters 8 and 9.

EXAMPLE 2 Same as Example 1 except that M is the set of all analytically
measurable mappings from S to C with graph in I'. This example is treated
in Section 11.2.

ExaMPLE 3 Same as Example 1 except for the following: p(dw|x, u) and
f are continuous, g real-valued, upper semicontinuous, and bounded above,
I'" an open subset of SC, F the set of extended, real-valued, Borel-measurable
functions on S which are bounded above, F* the set of extended real-valued,
upper semicontinuous functions on S which are bounded above, and M the
set of Borel measurable mappings from S to C with graph in I'. This is the
upper semicontinuous model of Definition 8.8.

ExaMPLE 4 Same as Example 3 except for the following: C is in addition
compact, g real-valued, lower semicontinuous, and bounded below, I' a
closed subset of SC, F the set of extended real-valued, Borel-measurable
functions on S which are bounded below, and F* the set of extended real-
valued, lower semicontinuous functions on S which are bounded below. This
is a special case of the lower semicontinuous model of Definition 8.7.

All these examples satisfy Assumptions A.1-A.4 stated earlier (see also
Sections 7.5 and 7.7). The first two satisfy Assumption A.5 as well.

6.2 Analysis of Finite Horizon Models

Simple modifications of some of the assumptions and proofs in Chapter 3
provide a satisfactory analysis of the finite horizon problem (1). We first
modify appropriately some of the assumptions of Section 3.1.

Assumption F.2  Same in statement as Assumption F.2 of Section 3.1
except that F is replaced by F.
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Assumption F.3 Same in statement as Assumption F.3 of Section 3.1
except we require that JeF*, {J,} = F, and {u,} = M, instead of JeF,
{J.} = F,and {u,} = M.

It can be easily seen that F.2 is satisfied in Examples 1—4 of the previous
section. It is also possible to show (see the proof of Proposition 8.4) that
F.3 is satisfied in Example 1, where universally measurable policies are
employed.

By nearly verbatim repetition of the proofs of Proposition 3.1(b) and
Proposition 3.2 we obtain the following.

Proposition 6.1 (a) Let Assumptions A.1-A.4 and F.2 hold and assume
that J¥(x) > —oo forall xeSand k=1,2,...,N. Then

J§=TJo),

and for every ¢ > 0 there exists an N-stage ¢-optimal policy, ie., a 7, eIl
such that

J}%SJN‘R‘:SJ)’S‘FS.

(b) Let Assumptions A.1-A.4 and F.3 hold and assume that J ko x(X) < 00
forall xeS, nell,and k= 1,2,...,N. Then
JE =T (J,).

Furthermore, given any sequence {¢,} with ¢, 10, &, > 0 for Vn, there exists a
sequence of policies exhibiting {¢, }-dominated covergence to optimality. In
particular, if in addition J§(x) > —oo for all xe S, then for every ¢ >0
there exists an g-optimal policy.

Similarly, by modifying the proofs of Proposition 3.3 and Corollary
3.3.1(b), we obtain the following.

Proposition 6.2 Let Assumptions A.1-A.4 hold.

(a) A policy n* = (u¥, u¥,...)eIl is uniformly N-stage optimal if and
only if (T, TN ¥~ 1)(Jo) = TV 4Jo),k=0,1,...,N — 1.
(b) If there exists a uniformly N-stage optimal policy, then
F=T"(o)
Analogs of Corollary 3.3.1(a) and Proposition 3.4 can be proved if M
is rich enough so that the following assumption holds.

Exact Selection Assumption For every Je F*, if the infimum in

T(J)= inf H(x,u,J)

ueU(x)

is attained for every x € S, then there exists a u*e M such that T,(J)=T{).
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In Examples 1 and 4 of the previous section the exact selection assump-
tion is satisfied (see Propositions 7.50 and 7.33). The following proposition
is proved similarly to Corollary 3.3.1(a) and Proposition 3.4.

Proposition 6.3 Let Assumptions A.1-A.4 and the exact selection as-
sumption hold.

(a) There exists a uniformly N-stage optimal policy if and only if the
infimum in the relation

T**1(Jo)(x) = inf H[x,u, TJ,)]

ueU(x)

is attained foreach xeSand k=0,1,...,N — 1.
(b) Let the control space C be a Hausdorff space and assume that for
each xe S, 2eR,and k =0,1,...,N — 1, the set

Un(x, A) = {ue U(x)|H[x,u, TJ,)] < 4}
is compact. Then
J% = T"o),

and there exists a uniformly N-stage optimal policy.

6.3 Analysis of Infinite Horizon Models under a
Contraction Assumption

We consider the following modified version of Assumption C of Sec-
tion 4.1.

Assumption C There is a closed subset B of the space B such that:

(@) JoeBnF*

(b) ForallJeBn F*, the function T(J) belongs to BN F*,

(c) For all JeBn F and pue M, the function T,(J) belongs to B F.
Furthermore, for every = = (g, 41,- - .)€ I1, the limit

m (T, T, Ty o))

N-w

exists and is a real number for each x e S. In addition, there exists a positive
integer m and scalars p and a with 0 < p < 1, 0 < o such that

|TLJ) = T I <el|J =J|| VueM, J,J'eBnF,
“(Tuon' Ty, 1)(J) - (TﬂoTﬂl. T, 1)(J,)l = p~HJ - J,“ ~
v:u'(),"'num—leMa J,J’GBQF




6.3 ANALYSIS OF INFINITE HORIZON MODELS 97

If Assumptions A.1-A.5 and C are made, then almost all the results of
Chapter 3 have counterparts within our extended framework. The key fact is
that, since F and F* are closed under pointwise limits (Assumption A.5), it
follows that BN F, BN F, BN F*, and B~ F* are closed subsets of B. This
is true in view of the fact that convergence of a sequence in B (i.e., in sup
norm) implies pointwise convergence. As a result the contraction mapping
fixed point theorem can be used in exactly the same manner as in Chapter 3
to establish that, for each ue M, J, is the unique fixed point of T,in BNF
and J* is the unique fixed point of T in B F*. Only the modified policy
iteration algorithm and the associated Proposition 4.9 have no counterparts
in this extended framework. The reason is that our assumptions do not
guarantee that Step 3 of the policy iteration algorithm can be carried out.
Rather than provide a complete list of the analogs of all propositions in
Chapter 4 we state selectively and without proof some of the main results
that can be obtained within the extended framework.

Proposition 6.4 Let Assumptions A.1-A.5 and € hold.

(@) The function J* belongs to B N F* and is the unique fixed point of
T within BN F*. Furthermore, if J'e B F* is such that T(J') < J’, then
J* < J', whileif J' < T(J'), then J' < J*.

(b) For every pe M, the function J , belongs to BN F and is the unique
fixed point of T, within B F.

(c) There holds

lim ||[TY(J) - J*|=0  VJeBnF*,

N-w

lim||Th(J)—J,/|=0 VYJeBnF, ueM.
N-

(d) A stationary policy n* = (u*, u*,...)eII is optimal if and only if
Tu(J*)=TJ *).‘
Equivalently, 7* is optimal if and only if J .e BN F* and
Tﬂ*(‘]#*) = T(J”*)-

(e) For any ¢ >0, there exists a stationary e-optimal policy, ie., a
T, = (U, U, - - .)€ I such that

”J* - Jﬂa” e

Proposition 6.5 Let Assumptions A.1-A.5 and € hold. Assume further
that the exact selection assumption of the previous section holds.

(a) Ifforeach xeS there exists a policy which is optimal at x, then there
exists an optimal stationary policy.
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(b) Let C be a Hausdorff space. If for some Je B F* and for some
positive integer k the set
Uix, 4) = {ue U(x)|H[x,u, T*(J)] < 4}

is compact for all xe S, Ae R, and k >k, then there exists an optimal sta-
tionary policy.
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Stochastic Optimal Control Theory






Chapter 7

Borel Spaces and Their
Probability Measures

This chapter provides the mathematical background required for analysis
of the dynamic programming models of the subsequent chapters. The key
concept, which is developed in Section 7.3 with the aid of the topological
concepts discussed in Section 7.2, is that of a Borel space. In Section 7.4 the
set of probability measures on a Borel space is shown to be itself a Borel
space, and the relationships between these two spaces are explored. Our
general framework for dynamic programming hinges on the properties of
analytic sets collected in Section 7.6 and used in Section 7.7 to define and
characterize lower semianalytic functions. These functions result from
executing the dynamic programming algorithm, so we will want to measur-
ably select at or near their infima to construct optimal or nearly optimal
policies. The possibilities for this are also discussed in Section 7.7. A similar
analysis in a more specialized case is contained in Section 7.5, which is
presented first for pedagogical reasons.

Our presentation is aimed at the reader who is acquainted with the basic
notions of topology and measure theory, but is unfamiliar with some of the
specialized results relating to separable metric spaces and probability
measures on their Borel g-algebras.
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7.1 Notation
We collect here for easy reference many of the symbols used in Part II.

Operations on Sets

Let A and B be subsets of a space X. The complement of A in X is denoted
by A°. The set-theoretic difference A — B is A~ B°. We will sometimes write
X — A is place of A°. The symmetric difference A/AB is (A — B)uU (B — A).
If X is a topological space, A4 will denote the closure of A. If A;, A,, ... is
a sequence of sets such that 4; c 4, = -~ and A4 = (J7L,4,, we write
A, TATfA; DA, o -and A = (|14, wewrite 4, | A IfX,,X,,...isa
sequence of spaces, the Cartesian products of X,,X,,...,X, and of
X1,X,,... are denoted by X, X,---X, and X, X, - -, respectively. If the
given spaces have topologies, the product space will have the product
topology. Under this topology, convergence in the product space is com-
ponentwise convergence in the factor spaces. If the given spaces have
c-algebras Fy ,Fy,,..., the product o-algebras are denoted by
FxFx, Fx,and Fx Fy, -, respectively.

If X and Y are arbitrary spaces and E < XY, then for each xe X, the
x-section of E is

E.={yeY|x y)eE}. 1)

If 2 is a class of subsets of a space X, we denote by ¢(2) the smallest
o-algebra containing 2. We denote by 2, or 2; the class of all subsets which
can be obtained by union or intersection, respectively, of countably many
sets in 2. If # is the collection of closed subsets of a topological space X,
then #; = &, and the members of &, are called the F_-subsets of X. If 4
is the collection of open subsets of X, the members of ¥, are called the
Gs-subsets of X.

If (X, 2) is a paved space, i.e., 2 is a nonempty collection of subsets of X,
and S is a Suslin scheme for 2 (Definition 7.15), then N(S) is the nucleus of
S. The collection of all nuclei of Suslin schemes for £ is denoted S(2).

Special Sets

The symbol R represents the real numbers with the usual topology. We
use R* to denote the extended real numbers [ — 00, 4+ c0] with the topology
discussed following Definition 7.7 in Section 7.3. Similarly, Q is the set of
rational numbers and Q* is the set of extended rational numbers Q U {+ o0}

If X and Yaresetsand /: X — Y, the graphof f is

Gr(f) = {(x, f(x))]xe X}. )
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If A = X and % is a collection of subsets of X, we define f(A4) = { f(x)|xe 4}
and

f(®)={f(C)|Ce%}. ©)

If BcY and € is a collection of subsets of Y, we define f~!(B)=
{xe X|f(x)e B} and

f71@) = {f"(C)|Ce%}. )

If X is a topological space, # y is the collection of closed subsets of X
and %y the Borel o-algebra on X (Definition 7.6). The space of probability
measures on (X, Bx)is denoted by P(X); C(X) is the Banach space of bounded,
real-valued, continuous functions on X with the supremum norm

111l = ggxplf(x)l;

for any metric d on X which is consistent with its topology, U,4(X) is the space
of bounded real-valued functions on X which are uniformly continuous with
respect to d. If X is a Borel space (Definition 7.7), &y is its analytic o-algebra
(Definition 7.19) and  its universal c-algebra (Definition 7.18).

We let N denote the set of positive integers with the discrete topology.
The Baire null space A" is the product of countably many copies of N. The
Hilbert cube # is the product of countably many copies of [0,1]. We will
denote by X the collection of finite sequences of positive integers. We impose
no topology on . If seX and z = ({;,(,,...)e A, we write s < z to mean
s=(y,¢5,...,¢) for some k.

Mappings

If X and Y are spaces, projy is the projection mapping from XY onto X.
If E is a subset of X, the indicator function of E is given by

1 if xekE,
1) = {0 if x¢E. ©
If f:X — [— o0, + 00], the positive and negative parts of f are the functions
f7(x) = max{0, f(x)}, (6)
f7(x) = max{0, —f(x)}. (7)

If £,:X —Y is a sequence of functions, Y is a topological space, and
lim,_, ,, fo(x) = f(x) for all xe X, then we write f, — f. If, in addition, Y =
[— o0, +00] and fi(x) < fo(x) < - for all x € X, we write f,1 f, while if
f1(x) = f5(x) = - - - for all x € X, we write f, | f. In general, when the argu-
ments of extended real-valued functions are omitted, the statements are to be
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interpreted pointwise. For example, (sup,f,)(x) = sup,f,(x) for all xe X,
f1 < f5 if and only if fi(x) < f5(x) for all xe X, and f + ¢ is the function
(f + &)(x) = f(x) + eforall xe X.

Miscellaneous

If (X, d) is a nonempty metric space, xe X, and Y is a nonempty subset
of X, we define the distance from x to Y by
d(x, Y) = inf d(x, y). 8)

yeY

We define the diameter of Y by
diam(Y) = sup d(x,y). )

x,yeY
If (X, ) is a measurable space and & contains all singleton sets, then for
xe X we denote by p, the probability measure on (X, %) which assigns mass
one to the set {x}.

7.2 Metrizable Spaces

Definition 7.1 Let (X, 7 ) be a topological space. A metric d on X is
consistent with 7 if every set of the form {ye X ]d(x, y)<c}, xeX,c>0,is
in 7, and every nonempty set in J is the union of sets of this form. The
space (X, J) is metrizable if such a metric exists.

The distinction between metric and metrizable spaces is a fine one: In
a metric space we have settled on a metric, while in a metrizable space the
choice is still open. If one metric consistent with the given topology exists,
then a multitude of them can be found. For example, if d is a metric on X
consistent with 7, the metric p defined by

p(x,y) =d(x,y)/[1 +dlx,y)] Vx,yeX

is also consistent with . In what follows, we abbreviate the notation for
metrizable spaces, writing X in place of (X, 7).

If (X, ) is a topological space and Y = X, unless otherwise specified, we
will understand Y to be a topological space with open sets G NY, where G
ranges over 7 . This is called the relative topology. If (Z, &) is another topo-
logical space, ¢:Z — X is one-to-one and continuous, and ¢ ~ ! is continuous
on ¢(Z) with the relative topology, we say that ¢ is a homeomorphism and Z
is homeomorphic to ¢(Z). When there exists a homeomorphism from Z into
X, we also say that Z can be homeomorphically embedded in X. Given a
metric d on X consistent with its topology and a homeomorphism ¢:Z — X
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as just described, we may define a metric d; on Z by

di(21,23) = d(@(z1), @(2,)). (10)

It can be easily verified that the metric d, is consistent with the topology &.
This implies that every topological space homeomorphic to a metrizable
space (or subset of a metrizable space) is itself metrizable.

Our attention will be focused on metrizable spaces and their Borel
c-algebras. The presence of a metric in such spaces permits simple proofs
of facts whose proofs are quite complicated or even impossible in more
general topological spaces. We give two of these as lemmas for later reference.

Lemma 7.1 (Urysohn’s lemma) Let X be a metrizable space and 4
and B disjoint, nonempty, closed subsets of X. Then there exists a continuous
function f:X — [0,1] such that f(a) = 0 for every ae A4, f(b) = 1 for every
beB, and 0 < f(x) < 1 for every x¢ A U B. If d is a metric consistent with
the topology on X and inf,. 4 ,.pd(a,b) > 0, then f can be chosen to be
uniformly continuous with respect to the metric d.

Proof Let d be a metric on X consistent with its topology and define
f(x) = d(x, A)/[d(x, 4) + d(x, B)],

where the distance from a point to a nonempty closed set is defined by (8).
This distance is zero if and only if the point is in the set, and the mapping
of (8) is Lipschitz-continuous by (6) of Appendix C. This f has the required
properties. If inf,_ 4 ,.pd(a,b) > 0, then d(x, A) + d(x, B) is bounded away
from zero, and the uniform continuity of f follows. Q.E.D.

Lemma 7.2 Let X be a metrizable space. Every closed subset of X is a
G5 and every open subset is an F,.

Proof  We prove the first statement; the second follows by complemen-
tation. Let F be closed. We may assume without loss of generality that F is
nonempty. Let d be a metric on X consistent with its topology. The continuity
of the function x — d(x, F) implies that

G, = {xeX|d(x,F) < 1/n}
is open. But F = ;2 G,. Q.E.D.

Definition 7.2 Let X be a metrizable topological space. The space X is
separable if it contains a countable dense set.

It is easily verified that any subspace of a separable metrizable space is
separable and metrizable. A collection of subsets of a topological space
(X,77) is a base for the topology if every open set can be written as a union
of sets from the collection. It is a subbase if a base can be obtained by taking
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finite intersections of sets from the collection. If 4 has a countable base,
(X, ) is said to be second countable. A topological space is Lindelof if every
collection of open sets which covers the space contains a countable sub-
collection which also covers the space. It is a standard result that in metrizable
spaces, separability, second countability, and the Lindelof property are
equivalent. The following proposition is a direct consequence of this fact.

Proposition 7.1 Let (X, .7) be a separable, metrizable, topological space
and 4 a base for the topology 7 . Then % contains a countable subcollection
%, which is also a base for 7.

Proof Let % be a countable base for the topology . Every set Ce¥
has the form C = | J, 1) B.» where I(C) is an index set and B, € 4 for every
a€I(C). Since C is Lindeldf, we may assume I(C) is countable. Let %, =

UCE%’{BaIaEI(C)}- QED

The Hilbert cube # is the product of countably many copies of the unit
interval (with the product topology). The unit interval is separable and
metrizable, and, as we will show later (Proposition 7.4), these properties
carry over to the Hilbert cube. In a sense, # is the canonical separable
metrizable space, as the following proposition shows.

Proposition 7.2 (Urysohn’s theorem) Every separable metrizable space
is homeomorphic to a subset of the Hilbert cube 4.

Proof Let (X,d) be a separable metric space with a countable dense set
{x,}. Define functions

ox) = min{1,d(x, x;)}, k=12,...,
and ¢: X — # by
P(x) = (@1(x), @2(x), - . ).

Each ¢, is continuous, so ¢ is continuous. (Convergence in 2 is component-
wise.) If ¢(x) = ¢(y), then letting x,  — x, we see that lim;_, , d(y, %) = 0, s0
x = y and ¢ is one-to-one. It remains to show that ¢ ! is continuous, ie.,
o(y,) — ¢@(y) implies y, — y. But if ¢(y,) = ¢(»), choose ¢ > 0 and x; such
that d(y, x;) < e. Since d(y,, X)) = d(,x,) as n — co, for n sufficiently large
d(y,,x;) < & Then d(y,y,) < 2e. Q.E.D.

If X is a separable metrizable space and ¢ : X — J# is the homeomorphism
whose existence is guaranteed by Proposition 7.2, then by identifying x € X
with @(x)e #, we can regard X as a subset of #. Indeed, we can regard X
as a topological subspace of #, since the images of open sets in X under the
mapping ¢ are just the relatively open subsets of ¢(X) considered as a sub-
space of #. Note, however, that although X is both open and closed in itself,
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(X)) may be neither open nor closed in #. In fact, it may have no topological
characterization at all. Likewise, a set with special structure in X, say a G;,
may not have this structure when considered as a subset of 2. The next
definition and proposition shed some light on this issue.

Definition 7.3 Let X be a topological space. The space X is topologically
complete if there is a metric d on X consistent with its topology such that the
metric space (X,d) is complete, ie., if {x,} = X is a d-Cauchy sequence
[d(x,,X,) — 0 as n,m — oo], then {x;} converges to an element of X.

Proposition 7.3 (Alexandroff’s theorem) Let X be a topologically com-
plete space, Z a metrizable space, and ¢:X — Z a homeomorphism. Then
©(X) is a G;-subset of Z. Conversely, if Y is a Gs-subset of Z and Z is topo-
logically complete, then Y is topologically complete.

Proof For the proof of the first part of the proposition, we treat X as
a subset of Z. There are two metrics to consider, a metric d on Z consistent
with its topology and a metric d, on X which makes it complete. Define

U, = {zeZ|d(z, X) < 1/n and 3 an open neighborhood ¥(z) of z such that
sup  dy(x,y) < 1/n}.

x,yeV@E)nX

Forn=1,2,...,given ze U, and V(z) as just defined, we have
V(z) 0 {yeZld(y,X) < 1/n} = U,,

so U, is open. We show X = ()=, U,.
For ze X, define

W(z) = {ye X|d,(y,2) < 1/3n}.

Then W(z) is relatively open in X, thus of the form W(z) = V(z) n X, where
V(z) is an open neighborhood in Z of z. Also,
sup dy(x,y) < 1/n,
x,yeV(z)n X
so zeU,. Therefore X = ()72, U,. Now suppose ze( )<, U,. Then
d(z,X) = 0,and since X is closed, we have ze X. There is a sequence {x,} = X
such that x, — z. Let V}(z) be an open neighborhood in Z of z for which
sup  di(x,y) < 1/n. (11)
x,yeVn(z) n X
For each n, there is an index k, such that x, e V,(z) for k > k,. From (11) we
see that d,(x;, x;) < 1/n for i,j > k,, so {x,} is Cauchy in the complete space
(X,d,) and hence has a limit in X. But the limit is z by assumption, so X =
:o= 1 Un'
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For the converse part of the theorem, suppose (Z, d) is a complete metric
space and Y = ﬂ;‘f:l U,, where each U, is open in Z. Define a metric d,
on Y by

dy(y,2) = d(y,2) + ¥, min{1/2"|[1/d(y,Z — U,)] = [1/d(z,Z — U]}
n=1

If { y} is Cauchy in (Y,d,), then it is also Cauchy in (Z,d), and thus has a

limit ye Z. For each n,

asi,j — 0,50 [1/d(yx,Z — U,)] remains bounded as k — oo. It follows that
ye U, for every n, hence yeY. Q.E.D.

As we remarked earlier without proof, the Hilbert cube inherits metriz-
ability and separability from the unit interval. It also inherits topological
completeness. This is a special case of the fact, which we now prove, that
completeness and separability of metrizable spaces are preserved when
taking countable products.

Proposition 7.4 Let X, X,,. .. be a sequence of metrizable spaces and
Y,=X,X, X, Y=X,X, . Then Y and each Y, is metrizable. If each
X, is separable or topologically complete, then Y and each Y, is separable or
topologically complete, respectively.

Proof 1If d, is a metric on X, consistent with its topology, then

d(yui;) = Z min{l/zk’ dk(nkaﬁk)}a
k=1

where y = (1,,72, - - -, § = (i1, 72,- - .), is @ metric on Y consistent with the
product topology. If each (X,,d,) is complete, clearly (Y,d) is complete. If
4, is a countable base for the topology on X, the collection of sets of the
form GG, G,Xn+1X 12"+, Wwhere G, ranges over %, and n ranges over
the positive integers, is a countable base for the product topology on Y. The
arguments for the product spaces Y, are similar. QE.D.

Combining Propositions 7.2-7.4, we see that every separable, topo-
logically complete space is homeomorphic to a Gs-subset of the Hilbert cube,
and conversely, every G,-subset of the Hilbert cube is separable and topo-
logically complete. We state a second consequence of these propositions
as a corollary.

Corollary 7.4.1 Every separable, topologically complete space can be
homeomorphically embedded as a dense Gs-set in a compact metric space.
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Proof Let X be separable and topologically complete and let ¢ be a
homeomorphism from X into #. Since # is metrizable, ¢(X) is a G4-subset

of # (Proposition 7.3) and thus a dense Gj-subset of ¢(X). Tychonoff’s
theorem implies that # is compact, so ¢(X) is compact. Q.E.D.

If X and Z are topological spaces, ¢ a homeomorphism from Z onto X,
and d a metric on X consistent with its topology such that (X, d) is complete,
then d; defined by (10) is a metric on Z consistent with its topology, and
(Z,d,) is also complete. Thus topological completeness is preserved under
homeomorphisms. The same is true for separability, as is well known.
Topological completeness is somewhat different from separability, however,
in that one must produce a metric to verify it. It is quite possible that a space
has two metrics consistent with its topology, is a complete metric space with
one, but is not a complete metric space with the other. For example, let
X = {1,%,},. . .} have the discrete topology,

0 if x=y,
dl(xsy)_{l lf X?éy,
and
dZ(x9y) = [X - y|' .

Then (X, d,) is complete, but (X, d,) is not. A more surprising example is that
the set 4", of irrational numbers between 0 and 1 with the usual topology
is topologically complete. To see this, write A" = ),co([0,1] — {r}), where
0 is the set of rational numbers. It follows that /" is a Gs-subset of [0,1]
and is thus topologically complete by Proposition 7.3. Another proof is
obtained as follows. Let N be the set of positive integers with the discrete
topology and A" the product of countably many copies of N. The space A~
is called the Baire null space and is topologically complete (Proposition 7.4).
The topological completeness of A", follows from the fact that 4" and A",
are homeomorphic. We give the rather lengthy proof of this because it is not
readily available elsewhere. This homeomorphism will be used only to
construct a counterexample (Example 1 in Chapter 8), so it may be skipped
by the reader without loss of continuity.

Proposition 7.5 The topological spaces /", and 4" are homeomorphic.

Proof Let X be the set of finite sequences of positive integers. If ze X U A",
we will represent its components by ;. Similarly, C, will represent the com-
ponents of an element Z of £ U A". The length of zeZ U .4 is defined to be
the number of its components. If z has length greater than or equal to k,
we define z;, = ({t, (kv 1,--.) OF zx = ((k,- - -,Cn), depending on whether z
has infinite length or length m < co.



110 7. BOREL SPACES AND THEIR PROBABILITY MEASURES

For ze X u ., define a sequence whose initial terms are
x(2) = {1,
X(2) =+ D7
x3(2) =+ G+ GH™HT!
If z haslength k < co, we define x,(z), X,(2),. . . , x,(z) as shown, and x, , j(z) =
x(2),j=1,2,....

Claim I The sequence {x,(z)} converges to an element of (0,1] for
VzeX u AN
If z has finite length, the claim is trivial. If z has infinite length, then

0 < X24(2) < X254 2(2) < X2p41(2) < X2,-1(2) < 1, n=12,..., (12)
so for every n

X5,(2) < liminf x,(z) < hm sup Xi(2) < X5,- 1(2). (13)

k= o0
Now
0 < x3,-1(2) = X24(2)
= [{1 + X20-2(22)] 7 = [{1 + x20-1(22)] 71
= [C1 + X2u-2(22)] 7L + X20-1(22)] 7 [X20-1(22) — X30-2(22)]
< [8 + G+ 1717 [xan-1(22) = X20-2(22)]
S [Cl + (G + DTG+ (G + D7 [x20-5(23) = X20-5(23)]

< [Cl GH+HDT2 L+ G+ DT [Gaea + Canmg + D72
Since
okt + Qo+ D772 [on + Cosr + 17172 <5 k=1,...,n—1,
we have
0 < Xg,-1(2) = X2u(2) < )77,

and Claim 1 follows.
Define ¢p:X U A4 — (0,1] by

o(z) = lim x,(z).
k= o0

Note thatif ze A, then 0 < ¢(z) < 1. Also, if z has length at least k, then

@) = o1, Lo, - G- 1, V(1)) (14)
Claim 2 Ifze A/ and ¢(z) = @(2), then z = Z.
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Suppose ¢(z) = go(E)A and z # Z. We can use (14) to assume without loss
of generality that {; # (; or else Z has length one and {; = ¢,. In the latter
case, (12) implies

@) =1/0, = 1/¢; = x1(2) > x3(2) = 9(2),

and a contradiction is reached. In the former case, if Z has length one, then
from (14)

18, = ¢(2) = 0(2) = 1/[{1 + ()],
o)
&=+ 0z2),
which is impossible, since 0 < ¢(z,) < 1. If Z has length greater than one, then
Y[E + 0(E)] = 0@) = 0(2) = 1/[{1 + 9(z2)],
and
L+ 0(E) =0 + olz).
This is also impossible, since 0 < ¢(Z,) < 1 and 0 < ¢(z,) < 1.

Claim 3 Every rational number in (0,1] has the form ¢(Z), where
ZeX,

Let r,/q be a rational number in (0, 1] reduced to lowest terms, r; and ¢
positive integers. Then

ri/q=(q/r)™" = [q1 + (r2/r)]7 7
where g, and r, are positive integers and r, < r;. Likewise,
rafry =(ri/r)) "t =[qa + (r3/r2)] 7%,
where ¢, and r; are positive integers and r; < r,. Continuing, we eventually
obtain r, = 1 and have
rl/q = <P[(411a512,- .. 9qn—1>rn—1)]’

Claims 2 and 3 imply that if ze .4, then ¢(z) is irrational. Put another
way, ¢ maps ./ into 4 y. But given ye .4, it is possible to choose positive
integers {;,{,,. .., such that

G+ <y <
C+EHY ! <y<@G+ G+
GHC+HG+HY™H ) <y<CG+EG+HED™HT
etc., so that defining z = ({,{,,. . .), we have

X5:(2) < Y < Xop-4(2), k=1,2,....
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It follows that ¢(z) = y, so ¢ maps ./ onto A", and, by Claim 2, is one-to-one
on A .

We show that ¢ restricted to 4" is open and continuous. Let V < A" be
open. We may assume without loss of generality that

V={ze N ) = Croe . L))
Then

o) ={l+ G+ +G+o@) ) ) e},

and since {@(z)|ze N} = N, p(V) is open. Since convergence in A" is
componentwise and x,(z) depends only on the first n components of ze A",
continuity of ¢ on 4" follows from (13). Q.E.D.

We now examine properties of metrizable spaces related to the notion
of total boundedness.

Definition 7.4 A metric space (X,d) is totally bounded if, given ¢ > 0,

there exists a finite subset F, of X for which
X = ur {yeXld(x,y) < &}.

A totally bounded metric space is necessarily separable, since U,,°°= 1 Fipm
is a countable dense subset. Total boundedness depends on the metric,
however, and a space which is totally bounded (and separable) with one
metric may not be totally bounded with another. Like separability, total
boundedness is preserved under passage to subspaces, i.e., if (X, d) is totally
bounded and Y < X, then (Y,d) is totally bounded. To see this, take ¢ > 0
and let F,, be a finite subset of X such that

X = {yeXldxy) <e/2}.

xEFc/Z

Choose a point, if possible, in each of the sets
Yn{yeX|d(x,y) <¢2}, xeF,,,
and call the collection of these points G,. Then
Y =) {zeY|d(y,2) < &}.
yeGe
We use this fact to prove the following classical result relating completeness,
compactness, and total boundedness.

Proposition 7.6 A metric space is compact if and only if it is complete
and totally bounded.

Proof 1f(X,d) is a compact metric space, then every Cauchy sequence
has an accumulation point. The Cauchy property implies that the sequence
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converges to this point, and completeness follows. Also, for ¢ > 0, the
collection of sets

{yeX|d(x,y) <e}, xeX,

contains a finite cover of X. Hence, (X, d) is totally bounded.

If (X,d) is complete and totally bounded and S = {s;} is a sequence in
(X,d), then an infinite subsequence S; = S must lie in some set B; =
{ye X|d(x,,y) < 1}. Since B, is totally bounded, an infinite subsequence
S, = S, must lie in some set B, = { ye B,|d(x,,y) < %}. Continuing in this
manner, we have for each n an infinite sequence S,,; = S, lying in B,,, =
{yeB,|d(x,+1,¥) < 1/(n+ 1)}. Let j; <j, <--- be such that s; €S,. Then
{s;,} is Cauchy and thus convergent. Therefore S has an accumulation
point, and the compactness of (X, d) follows. Q.E.D.

Corollary 7.6.1 The Hilbert cube is totally bounded under any metric
consistent with its topology, and every separable metrizable space has a
totally bounded metrization.

Proof The Hilbert cube is compact by Tychonoff’s theorem. Urysohn’s
theorem (Proposition 7.2) can be used to homeomorphically embed a given
separable metrizable space into the Hilbert cube. Q.E.D.

As mentioned previously, total boundedness implies separability. By
combining this fact with Proposition 7.6, we obtain the following corollary.

Coroliary 7.6.2 A compact metric space is complete and separable.

If X is a metrizable space, the set of all bounded, continuous, real-
valued functions on X is denoted C(X). As is well known, C(X) is a Banach
space under the norm

[1f]l = sup| f(x),
xeX

and we will always take C(X) to have the metric and topology corresponding
to this norm. If d is a metric on X consistent with its topology, we denote
by U4(X) the collection of functions in C(X) which are uniformly continuous
with respect to d. We take U,(X) to have the relative topology of C(X).
We conclude this section with a discussion of the properties C(X) and U 4(X)
inherit from X.

Proposition 7.7 If X is a compact metrizable space, then C(X) is
separable.

Proof Thespace X is separable (Corollary 7.6.2). Let {x, } be a countable
dense subset of X and let F,, F,,. .. be an enumeration of the collection of
sets of the form { ye X|d(x,, y) < 1/n}, where k and n range over the positive



114 7. BOREL SPACES AND THEIR PROBABILITY MEASURES

integers. For any disjoint pair F; and F;, let f;; be a continuous function
taking values in [0, 1] such that f;;(x) = 0 for xe F; and f;;(x) = 1 for xe F;.
If F; and F; are not disjoint, let f;; be identically one. Let % consist of the
functions f;; as i and j range over the positive integers. The collection %
clearly separates points in X, ie., given x # y, there exists f €% for which
f(x) # f(y). Let 2 be the collection of finite-degree polynomials over ¥,
i.e., a typical element in £ has the form

. . . a(il»"'9in;j1,"'7jn) {ll {:7

[(FT in)y J1s-ees Jn)
where a(iy,. .., 0 J1,. .- .Jn)€R, fip- .., fi,€%, and the summation is finite.
Then £ is a vector space under addition and the product of two elements in
2 is again in 2. With these operations £ is an algebra, and by the Stone-
Weierstrass theorem, £ is dense in C(X). Let £, be the collection of finite-
degree polynomials over ¥ with rational coefficients. An easy approximation
argument shows that 2 is dense in £, and thus dense in C(X) as well. Since
2, is countable, C(X) is separable. Q.E.D.

Definition 7.5 Let (X,d;) and (Y,d,) be metric spaces. A mapping
@:X — Y is an isometry if

di(x1,x3) = da(@(x1), @(x2)) VX1, x,€X.
In this case we say that (X, d,) and (¢(X), d,) are isometric spaces.

If (X,d,) and (Y, d,) are as in Definition 7.5, we may regard the former
as a subspace of the later, and the distances between points in X are un-
affected by this embedding. Thus an isometry is a metric-preserving
homeomorphism.

Proposition 7.8  Let (X, d) be a metric space. There exists a complete
metric space (X4, d,), called the completion of (X, d), and an isometry ¢: X —
X 4 such that ¢(X) is dense in X ;.

Proof The construction of the completion of a metric space is standard,
so we content ourselves with a sketch of it. Given the metric space (X, d),
define an equivalence relation ~ on the set of Cauchy sequences in (X, d) by

{x,} ~ {x,} = lim d(x,,x;) = 0.

n= oo

Let X, be the set of equivalence classes of Cauchy sequences in (X, d) under
this relation and let d; be defined on X, X, by

dl(x’ y) = llm CI(X,,, yn)a (15)

n— o
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where {x,} and {y,} are chosen to represent the equivalence classes x and y.
It is straightforward to verify that the limit in (15) exists for every pair of
Cauchy sequences {x,} and {y,}, and it is independent of the particular
sequences chosen to represent the equivalence classes x and y. Furthermore,
(X4,d;) can be shown to be a complete metric space, and the mapping ¢
which takes xe X into the equivalence class in X, containing the Cauchy
sequence (X, X,...) is an isometry. The image of X under ¢ is dense in X,.

Q.ED.

We can regard X, as consisting of X together with limits of all Cauchy
sequences in X. We are really interested in the case in which (X, d) is totally
bounded, for which we have the following result.

Corollary 7.8.1 Let (X,d) be a totally bounded metric space. There
exists a compact metric space (X,,d;) and an isometry ¢:X — X, such that
@(X)is dense in X .

Proof In light of Propositions 7.6 and 7.8, it suffices to prove that the
completion (X,,d,) of (X,d) is totally bounded. Choose ¢ > 0. Regarding
(X, d) as a subspace of (X, d,), choose a finite set F, of X for which

X = {yeXld(x,y) <e/2}.

xeFg

Since X is dense in X,;, we have

X,= | {yeX di(x,y)<e}. QED.

xeFg

If X is a separable metrizable space, it is not necessarily true that C(X)
is separable (unless X is compact, in which case we have Proposition 7.7).
For example, let f:R — [0,1] be defined as

0 it |x| >4,
fx)=<1+2x if —-i<
1—2x if 0<x

IA

x <0,
<

[SIES

’

and given an infinite sequence b = (f, f8,, . . .) of zeroes and ones, define

M= 3 fex=n)
(nlfn=1;

We have constructed an uncountable collection of functions f, in C(R) such
that if by # b,, then || f,, — f3,|]| = 1. Therefore, C(R) cannot be separable.

It is true, however, that given a separable metrizable space X, there is a
metric d on X consistent with its topology such that Uy(X) is separable.
This is a consequence of the next proposition and the fact that separability
implies the existence of a totally bounded metrization (Corollary 7.6.1). We
prove this proposition with the aid of the following lemma.
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Lemma 7.3 Let Y be a metrizable space, d a metric on Y consistent
with its topology, and X < Y.Ifge U,(X), then g has a continuous extension
to Y, i.e., there exists §e C(Y) such that g(x) = §(x) for every xe X, and the
extension § can be chosen to satisfy ||g|| = ||g]|. If X is dense in Y, § is unique.

Proof Since g is uniformly continuous on X, given & > 0 there exists
8(¢) > 0 such that if x,, x, € X and d(x,, x,) < 6(¢), then |g(x,) — g(x,)| < &
Suppose yeX. Then there exists a sequence {x,} = X for which x, — y.
Given ¢ > 0, there exists N(¢g) such that d(x,, x,,) < 6(¢) for all n, m > N(e),
so {g(x,)} is Cauchy in R. Define §(y) = lim,, ,, g(x,). Note that n > N(e)
implies |g(x,) — §(y)| < e.

Suppose now that xe X and d(x, y) < d(g)/2. Choose n > N(e) so that
d(x,, y) < 6(¢)/2. Then d(x, x,) < 6(¢) and

l9(x) = (V)| < |g(x) = g(x,)| + lg(xa) — G(¥)| < 2e. (16)

This shows that for any sequence {x,} = X with x, — y, we have §(y) =
lim,_ ., g(x;), so the definition of §(y) is independent of the particular
sequence {x,} chosen. If ye X, we can take x, = y,n=1,2,..., and obtain
g(y) = g(y), so G is an extension of g. If {y,,} is a sequence in X which con-
verges to ye X, then there exist sequences {X,,,} in X with y,, = lim,_, o, Xy
Choose n; < n, <--- so that lim,,_ , X, =y and d(x,,,, y») < 6(1/m)/2.
Then

§03) = lim g, (17
and, by (16),

Letting m — oo in (18) and using (17), we conclude that §(y) = lim,,- o, §(Vm)
and § is continuous on X. It is clear that

suplg(x)| = sup|g(y)].
xeX yeX

If X = Y, § is clearly unique and we are done. If X is a proper subset of Y,
use the Tietze extension theorem (see, e.g., Ash [A1l] or Dugundji [D7]) to
extend g to all of Y so that

lgll = igglé(y)L QED.

Proposition 7.9 If (X, d) is a totally bounded metric space, then Uy(X)
is separable.

Proof Corollary 7.8.1 tells us that (X, d) can be isometrically embedded
as a dense subset of a compact metric space (X;,d,). We regard X as a
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subspace of X ;. Given any g€ U (X ), by Lemma 7.3, g has a unique extension
geC(X,) such that ||g|| = ||4||. The mapping g —§ is linear and norm-
preserving, thus an isometry from Uy(X) to C(X,). The latter space is sep-
arable by Proposition 7.7, and the separability of U,(X) follows. Q.E.D.

7.3 Borel Spaces

The constructions necessary for the subsequent theory of dynamic
programming are impossible when the state space and control space are
arbitrary sets or even when they are arbitrary measurable spaces. For this
reason, we introduce the concept of a Borel space, and in this and subsequent
sections we develop the properties of Borel spaces which permit these
constructions.

Definition 7.6 If X is a topological space, the smallest s-algebra of
subsets of X which contains all open subsets of X is called the Borel g-algebra
and is denoted by #y. The members of %y are called the Borel subsets of
X.

If X is separable and metrizable and & is a g-algebra on X containing
a subbase & for its topology, then & contains %#y. This is because, from
Proposition 7.1, any open set in X can be written as a countable union of
finite intersections of sets in . Thus we have #y = (&) for any subbase
L.

We will often refer to the smallest g-algebra containing a class of subsets
as the g-algebra generated by the class. Thus, %y is the ¢-algebra generated
by the class of open subsets of X. Note that %y is the class of Borel subsets
of the real numbers in the usual sense, ie., the g-algebra generated by the
intervals.

Given a class of real-valued functions on a topological space X, it is
common to speak of the weakest topology with respect to which all functions
in the class are continuous. In a similar vein, one can speak of the smallest
g-algebra with respect to which all functions in the class are measurable.
If X is a metrizable space, it is easy to show that its topology is the weakest
with respect to which all functions in C(X) are continuous. The following
proposition is the analogous result for . In the proof and in subsequent
proofs, we will use the fact that for any two sets Q, ', any collection € of
subsets of ', and any function f:Q — ', we have

olf @] =f""[e(®)]

Proposition 7.10 Let X be a metrizable space. Then %y is the smallest
o-algebra with respect to which every function in C(X) is measurable, i.c.,

Bx = o[Useco f ™ (#Br)]-
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Proof Denote # = o[| Jreconf ™ '(#r)] and let T, be the topology
of R. We have

7= 0[ U _f‘l[a(ﬂ)]J

SeC(X)

= a[ y a[f_l(ﬂ_R)]} c o‘|: U %x} = By.
SeCX) feCX)

To prove the reverse containment #y = & we need only establish that &

contains every nonempty open set. By Lemma 7.2, it suffices to show that

F contains every nonempty closed set. Let 4 be such a set. We may assume

without loss of generality that A # X, so there exists xe X — 4. Let B = {x},

and let f be given by Lemma 7.1. Then 4 = f ~({0})e Z. Q.ED.

We use Lemma 7.2 to prove another useful characterization of the Borel
g-algebra in a metrizable space.

Proposition 7.11 Let X be a metrizable space. Then %y is the smallest
class of sets which is closed under countable unions and intersections and
contains every closed (open) set.

Proof Let 2 be the smallest class of sets which contains every closed
set and is closed under countable unions and intersections, i.e., 2 is the
intersection of all such classes. Then 2 < %y and it suffices to prove that
2 is closed under complementation. Let 2’ be the class of complements of
sets in 2. Then 2’ is also closed under countable unions and intersections.
Lemma 7.2 implies that & contains every open set, so &' contains every
closed set, and consequently 2 = 2'. Given De¥, we have DeZ’, so
D°eg. QED.

Definition 7.7 Let X be a topological space. If there exists a complete
separable metric space Y and a Borel subset Be %y such that X is homeo-
morphic to B, then X is said to be a Borel space. The empty set will also be
regarded as a Borel space.

Note that every Borel space is metrizable and separable. Also, every
complete separable metrizable space is a Borel space. Examples of Borel
spaces are R, R", and R* with the weakest topology containing the intervals
[—c0o, @), (B, o], (o B), o BeR. (This is also the topology that makes the
function ¢ defined by

1 if x= oo,
o(x) = {sgn(x)(1 —e ™) if xeR,
-1 if x=—o0,
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a homeomorphism from R* onto [ —1, 1]). Any countable set X with the
discrete topology (i.e., the topology consisting of all subsets of X) is also a
Borel space. We will show that every Borel subset of a Borel space is itself
a Borel space. For this we shall need the following two lemmas. The proof
of the first is elementary and is left to the reader.

Lemma 7.4 If Yis a topological space and E < Y, then the o-algebra %,
generated by the relative topology coincides with the relative o-algebra,
i.e., the collection {E n C|Ce %y}. In particular, if E € %y, then %, consists
of the Borel subsets of Y contained in E.

Lemma 7.5 If X and Y are topological spaces and ¢ is a homeomor-
phism of X into Y, then ¢(%x) = B,,x)-

Proof 1f Ty is the topology of X, then ¢(7 ) is the topology of ¢(X).
Since ¢ is one-to-one, we have that ¢ is the inverse of a mapping, and

?(#Bx) = ¢[o(Ty)] = a[@(Tx)] = B ox)- Q.E.D.
Proposition 7.12  If X is a Borel space and Be %y, then Bis a Borel space.

Proof Let ¢ be a homeomorphism of X into some complete separable
metric space Y such that ¢(X)e%y. From Lemma 7.5 and the fact that
Be %y, we obtain ¢(B)e B, x,- It follows from Lemma 7.4 that ¢(B)c %y.

Q.E.D.

Like separability and completeness, the property of being a Borel space
is preserved when taking countable Cartesian products.

Proposition 7.13 Let X, X,,... be a sequence of Borel spaces and
Y,=X,X,---X,,Y=X,X,---. Then Y and each Y, with the product
topology is a Borel space and the Borel g-algebras coincide with the product
o-algebras, ie., By, = Bx Bx, - Bx, and By = Bx Bx, -

Proof  Asin Proposition 7.4, we focus our attention on the more difficult
infinite product. Consider the last statement of the proposition. Each X, has
a countable base ¥, for its topology, and the collection of sets of the form
GG, - G, X,41X,4, -, where G, ranges over %, and n ranges over the
positive integers, is a base for the product topology on Y. The o-algebra
generated by this topology is %y . Recall that the product g-algebra % Bx,
is the smallest o-algebra containing all finite-dimensional measurable rec-
tangles, i.e., all sets of the form BB, - - - B,Xp+1, Xp+2 " -, Where B, e By,
k=1,...,n Itis clear that each basic set of the product topology on Y is
a finite-dimensional measurable rectangle, and since each open subset of
Y is a countable union of these basic open sets, every open subset of Y is
%x Px, - measurable. We conclude that By < By By, . (Note that
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this argument relies only on the separability of the spaces X;, X,,....
Without this separability assumption, the argument fails and the conclusion
is false.) The reverse set containment follows from the observation that for
each k and Bye By, , X1 X, X\ 1BiXy1 1" €SBy

To prove that Y is a Borel space, note that X, can be mapped by a
homeomorphism ¢; onto a Borel subset of a separable topologically complete
space X,. The product Y= X,X, - isseparable and topologically complete,
and ¢:Y — Y defined by

O(x1, X2, .. ) = (@1(x1), Pa(x2), - . )

is a homeomorphism from Y onto ¢(X;)p,(X,) - . This last set is in
By Bz, - = By, and the conclusion follows. Q.E.D.

Definition 7.8 Let X and Y be topological spaces. A function f:X — Y
is Borel-measurable if f ~1(B)e &y for every Be By.

In many respects, Borel-measurable functions relate to Borel o-algebras
as continuous functions relate to topologies. We have already used the fact,
for example, that if f;: X — Y, is continuous from a topological space X to
a topological space Y, k=1,2,...,then F: X - Y, Y, - - - defined by F(x) =
(fi(x), f2(x),. . .) is also continuous. This follows from the componentwise
nature of convergence in product spaces. There is an analogous fact for
Borel-measurable functions and Borel spaces.

Proposition 7.14 Let X be a Borel space, 1;, Y5, . . . a sequence of Borel
spaces, and f;: X — Y, a sequence of functions. If each f; is Borel-measurable,
k=1,2,...,then the function F: X — Y, Y, - - - defined by

F(x) = (f1(x), 2(x), .. .)
and the functions F,: X - Y, Y, - - - Y, defined by

Fy(x) = (fi(x), £(x) - - -, fu(x))

are Borel-measurable. Conversely, if F is Borel-measurable, then each f; is
Borel-measurable, k = 1,2, ..., and if some F, is Borel-measurable, then
fi, f2,- .., f, are Borel-measurable.

Proof Again we consider only the infinite product. The Borel g-algebra
in Y,Y, - is generated by sets of the form B;B,---, where B,e%y,,
k=1,2,.... Now

“}(ByB," ") =fi'B)nfr (BN . (19)

The left side of (19) is in &y for each B, € By, , k = 1,2,.. ., if and only if the
sets f 1(By) are in &y for each B e By, , k = 1,2,. .., and the result follows.
Q.E.D.
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Corollary 7.14.1 Let X and Y be Borel spaces, D a Borel subset of X,
and f:D — Y Borel-measurable. Then

Gr(f) = {(x.f(x))e X Y|xe D}
is Borel-measurable.

Proof The mappings (x,y) — f(x) and (x,y) — y are Borel-measurable
from DY to Y, so the mapping F(x, y) = (f(x), y) is Borel-measurable from
DY to YY. Then

Gr(f) = F'({(nylyeY}).
Since {(y, y)| ye Y} is closed in YY, Gr(f) is Borel-measurable. Q.E.D.

The concept of homeomorphism is instrumental in classifying topological
spaces, since it allows us to identify those which are “topologically equiva-
lent.” We can also classify measurable spaces by identifying those which,
when regarded only as sets with ¢-algebras, are indistinguishable. We
specialize this concept to Borel spaces.

Definition 7.9 Let X and Y be Borel spaces and ¢:X — Y a Borel-
measurable, one-to-one function such that ¢~ ! is Borel-measurable on
@(X). Then ¢ is called a Borel isomorphism, and we say that X and ¢(X)
are Borel-isomorphic (or simply isomorphic).

If X and Y are Borel spaces and ¢:X — Y is a Borel isomorphism, it is
tempting to think of X and ¢(X) as identical measurable spaces. The difficulty
with this is that X is a Borel space, but ¢(X) is not required to be. This
discrepancy is eliminated by the following intuitively plausible proposition,
the rather lengthy proof of which can be found in Chapter I, Section 3 of
Parthasarathy [P1]. We will not have occasion to use this result.

Proposition 7.15 (Kuratowski’s theorem) Let X be a Borel space, Y a
separable metrizable space, and ¢: X — Y one-to-one and Borel-measurable.
Then ¢(X) is a Borel subset of Y and ¢ ™! is Borel-measurable. In particular,
if Y is a Borel space, then X and ¢(X) are isomorphic Borel spaces.

The advantage of classifying spaces by means of Borel isomorphisms
is illustrated by the following result. We need this proposition for the subse-
quent development, but the proof is rather lengthy and is relegated to
Appendix B, Section 2.

Proposition 7.16 Let X and Y be Borel spaces. Then X and Y are
isomorphic if and only if they have the same cardinality.

Proposition 7.16 leads to a consideration of the possible cardinalities of
Borel spaces. Of course, Borel spaces which are countably infinite are
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possible, as are Borel spaces which consist of a given finite number of
elements. In both these cases, the Borel g-algebra is the power set and the
conclusion of Proposition 7.16 is trivial. Because every Borel space can be
homeomorphically embedded in the Hilbert cube, every Borel space has
cardinality less than or equal to ¢. Even if one were to admit the possibility
of an uncountable cardinality strictly less than ¢, the proof of Proposi-
tion 7.16 as given in Appendix B shows that every uncountable Borel space -
has cardinality ¢. By combining this fact with Proposition 7.16, we obtain
the following corollary.

Corollary 7.16.1 Every uncountable Borel space is Borel-isomorphic to
every other uncountable Borel space. In particular, every uncountable Borel
space is isomorphic to the unit interval [0, 1] and the Baire null space A"

7.4 Probability Measures on Borel Spaces

If X is a metrizable space, we shall refer to a probability measure p on
the measurable space (X, %y) as simply a probability measure on X. The
set of all probability measures on X will be denoted by P(X). A probability
measure p e P(X) determines a linear functional [,: C(X) — R defined by

L(f) = [ fdp. (20)

On the other hand, a function f'e C(X) determines a real-valued function
0,;:P(X) — R defined by

0,(p) = [ fdp. @)

These relationships and the metrizability of the underlying space X allow
us to show several properties of P(X). In particular, we will prove that there
is a natural topology on P(X), the weakest topology with respect to which
every mapping of the form of (21) is continuous, under which P(X) is a
Borel space whenever X is a Borel space.

7.4.1 Characterization of Probability Measures

Definition 7.10 Let X be a metrizable space. A probability measure
pe P(X) is said to be regular if for every Be By,

p(B) = sup{p(F)|F = B, F closed} = inf{p(G)|B = G, G open}. (22)

Proposition 7.17 Let X be a metrizable space. Every probability mea-
sure in P(X) is regular.
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Proof Let pe P(X) be given and let & be the collection of Be %y for
which (22) holds. If H = X is open, then H = | J72, F,, where {F,} is an
increasing sequence of closed sets (Lemma 7.2), so

inf{p(G)|H = G, G open} = p(H)
= lim p(F,)

< sup{p(F)|F = H, F closed} < p(H).

Therefore & contains every open subset of X. We show that & is a ¢g-algebra
and conclude that & = %y.
If Be &, then

p(B®) =1 — p(B) =1 — sup{p(F)|F = B, F closed}
= inf{p(G)|B° = G, G open},
and similarly,
p(B°) = sup{p(F)|F = B, F closed},

so & is closed under complementation. Now suppose {B,} is a sequence of
sets in &. Choose ¢ > 0 and F, = B, = G, such that F,, is closed, G, is open,
and p(G, — F,) < ¢/2". Then

UBncUGn—< )u[u -]

n=1 =

"CS

n=1 n
and since ¢ is arbitrary,

p<ﬂ@1 Bn> = inf{p(

It is also apparent from (23) that

Gz )

so for N sufficiently large,

o 0 )=o{ ) 2

SO

8

B,,> + ¢,
1

6| B,=G,G open}.
n=1
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The finite union | J)-, F,, is a closed subset of | J;2, B, and ¢ is arbitrary, so

P(O Bn> = sup{p(F )‘F S D B, F closed}.
n=1

n=1

This shows that & is closed under countable unions and completes the
proof. Q.E.D.

From Proposition 7.17 we conclude that a probability measure on a
metrizable space is completely determined by its values on the open or
closed sets. The following proposition is a similar result. It states that a
probability measure p on a metric space (X, d) is completely determined by
the values j'g dp, where g ranges over U 4(X).

Proposition 7.18 Let X be a metrizable space and d a metric on X
consistent with its topology. If p,, p, € P(X) and

fg dp, = fg dp,  VgeUdX),
then p, = p,.

Proof Let F be any closed proper subset of X andlet G, = {xe X d(x, F)
< 1/n}. For sufficiently large n, F and G; are disjoint nonempty closed sets
for which inf, r ,ceed(x,y) >0, so by Lemma 7.1, there exist functions
fo€ Uy(X) such that f,(x) = 0 for xe G;, f,(x) = 1for xe F,and 0 < f(x) < 1
for every xe X. Then

pu(F) < [fudpy = [fdps < p2(G),

and so

<)

py(F) < p:( N Gn> = py(F).

n=1

Reversing the roles of p; and p,, we obtain p;(F) = p,(F). Proposition 7.17
implies p,(B) = p,(B) for every Be Byx. Q.E.D.

7.4.2 The Weak Topology

We turn now to a discussion of topologies on P(X), where X is a
metrizable space. Given ¢ > 0, pe P(X), and f e C(X), define the subset of
P(X):

Vip:f) = {qu(X)Hfqu — [1dp| < e}. (24)
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If D = C(X), consider the collection of subsets of P(X):

7 (D) = {Vs(p;f)

&> O,peP(X),feD}.

Let 7 (D) be the weakest topology on P(X) which contains the collection
(D), 1.e., the topology for which ¥7(D) is a subbase.

Lemma 7.6 Let X be a metrizable space and D < C(X). Let {p,} be a net
in P(X) and pe P(X). Then p, — p relative to the topology 7 (D) if and only
if { fdp, — | fdp for every feD.

Proof Suppose p, — p and feD. Then, given ¢ > 0, there exists  such
that « > f implies p, € V,(p:f). Hence [f dp, — [f dp. Conversely, if [f dp, —
|fdp for every feD, and Ge 7 (D) contains p, then p is also contamed in
some basic open set ﬂk 1 Volps fi) € G,whereg, > Oand fre D, k = 1,.
Choose f8 such that for all « > B we have || f, dp, — | fi dp] <g,k=1,.

Then p,eG for o > f3, so p, — p. Q.E.D.

We are really interested in .7 [C(X)], the so-called weak topology on

P(X). The space C(X)is too large to be manipulated easily, so we will need a

countableset D = C(X)suchthat 7 (D) = 7 [ C(X)]. Suchaset Dis produced
by the next three lemmas.

Lemma 7.7 Let X be a metrizable space and d a metric on X consistent
with its topology. If fe C(X), then there exist sequences {g,} and {h,} in
U,(X) such that g, 1 f and h, | f.

Proof We need only produce the sequence {g,}, since the other case
follows by considering —f. In Lemma 7.14 under weaker assumptions we
will have occasion to utilize the construction about to be described, so we
are careful to point out which assumptions are being used. If f e C(X), then
f is bounded below by some beR, and for at least one xye X, f(x,) < 0.
Define

= inf[ f(y) + nd(x, )]. (25)

veX

Note that for every xe X,
b < g x) < f(x) + nd(x, x) = f(x),

and

Thus
b<g,<g, <<, (26)
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and each g, is finite-valued. For every x, y,ze X,
f(y) + nd(x, ) < f(y) + nd(z,y) + nd(x, 2),
and infimizing first the left side and then the right over ye X, we obtain
9u(X) < g(2) + nd(x, ).
Reverse the roles of x and z to show that

|gn(x) - gn(Z)‘ < nd(x, Z)’
s0 g, € U,(X) for each n. From (26) we have
lim g, < f. (27)

n— oo

We have so far used only the facts that f is bounded below and not identically
co. To prove that equality holds in (27), we use the continuity of f. For
xeX,and ¢ > 0, let {y,} = X be such that

f(yn) + nd(x,y,) < gu(x) + &

As n — oo, either g, 1 o0, in which case equality must hold in (27), or else
¥, — x. In the latter case we have

f(x) = lim f(y,) < lim g,(x) + ¢, (28)

and since x and ¢ are arbitrary, equality holds in (27). Q.E.D.

Lemma 7.8 Let X be a metrizable space and d a metric on X consistent
with its topology. Then 7 [C(X)] = J [U4X)].

Proof Since UyX)c C(X), we have 7 [UyX)] =7 [C(X)] and
T [UX)] = T[C(X)]. To prove the reverse containment, we show that
every set in ¥ [C(X)] is open in the J [U4X)] topology. Thus, given any
set V,(p;f)e?"[C(X)] and any point p, in this set, we will construct a set
in 7[UyX)] containing p, and contained in V,(p;f). Given V,(p;f) and
po € Vip;f), there exists &, > 0 for which V, (po; f) = Vi(p; f). By Lemma 7.7,
there exist functions g and h in Uy(X) such that g < f < h and

[fdpo < [gdpo +of2,  [hdpo< [ £dpo + (o2
Ifge Vso/z(POQQ) O Ve2(Pos h), then

ffdpo < fgdpo + (80/2) <fgdq+ go < fqu + &

and

f_f'dq < fh dg < fh dpo + (g0/2) < ffa’po + &,
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SO

< &,

‘fqu—ffdpo

Le., geV,(po; f) and
Veoi2(Pos9) 0 Vego(Posh) < Vips f).  Q.E.D.

Lemma 7.9 Let X be a metrizable space and d a metric on X consistent
with its topology. If D is dense in U,(X), then 7 [Uy(X)] = (D).

Proof 1t is clear that (D)<= 7 [U,(X)]. To prove the reverse set
containment, we choose a set V,(p;g)e ¥ [U,(X)], select a point p, in this
set, and construct a set in .7 (D) containing p, and contained in V,(p;g). Let

fgdpo—fgdp

Let he D be such that ||g — h|| < &/3. Then for any ge V, 3(po;h), we have

Ugdq—fgdp fgdq—fhdq'+ fhdq—fhdpo

+ ’fh dpo — fg dpo

80=8_ >O

<

+ 'fgdpo - fgdp’

<(e0/3) + (£0/3) + (e0/3) +

fgdpo - fgdp’ =,

$0 V,./3(pos h) = Vi(p; 9). Q.E.D.

Proposition 7.19 Let X be a separable metrizable space. There is a
metric d on X consistent with its topology and a countable dense subset D
of Uy(X) such that (D) is the weak topology 7 [C(X)] on P(X).

Proof Corollary 7.6.1 states that the separable metrizable space X has

a totally bounded metrization d. By Proposition 7.9, there exists a countable
dense set D in Uy(X). The conclusion follows from Lemmas 7.8 and 7.9.
Q.ED.

From this point on, whenever X is a metrizable space, we will understand
P(X) to be a topological space with the weak topology 7 [C(X)]. We will
show that when X is separable and metrizable, P(X) is separable and
metrizable; when X is compact and metrizable, P(X) is compact and metriz-
able; when X is separable and topologically complete, P(X) is separable and
topologically complete; and when X is a Borel space, P(X) is a Borel space.

Proposition 7.20 If X is a separable metrizable space, then P(X) is
separable and metrizable.



128 7. BOREL SPACES AND THEIR PROBABILITY MEASURES

Proof Let d be a metric on X consistent with its topology and D a
countable dense subset of U,(X) such that (D) is the weak topology on
P(X) (Proposition 7.19). Let R® be the product of countably many copies
of the real line and let ¢: P(X) » R® be defined by

o(p) = <fgl dp, fgz dp, .. >

where {g;,g,,. ..} is an enumeration of D. We will show that ¢ is a homeo-
morphism, and since R® is metrizable and separable (Proposition 7.4), these
properties for P(X) will follow.

Suppose that ¢(p;) = ¢(p,), so that [g,dp, = [g, dp, for every g, eD. If
g€ Uy(X), then there exists a sequence {g; } = D such that ||g,, — g|| - 0 as
j— 0. Then

Ugdpl — [gdps| < timsup| [ (g - g,,) dp,

Finded

+ lim sup

o

fgkj dpy — fgk,. dp,

+ lim sup

Jjo oo

f (9r, = 9)dp2

< 2lim supl|gy, — g =0,

j—o

so fgdp, = [gdp,. Proposition 7.18 implies that p, = p,, so ¢ is one-to-one.
For each g,e D, the mapping p —>jgk dp is continuous by Lemma 7.6, so
¢ is continuous. To show that ¢ ~! is continuous, let {p,} be a net in P(X)
such that ¢(p,) — ¢(p) for some peP(X). Then [g,dp, - [g,dp for every
gr€ D, and by Lemma 7.6, p, — p. Q.E.D.

Proposition 7.20 guarantees that when X is separable and metrizable,
the topology on P(X) can be characterized in terms of convergent sequences
rather than nets. We give several conditions which are equivalent to con-
vergence in P(X).

Proposition 7.21 Let X be a separable metrizable space and let d be a
metric on X consistent with its topology. Let {p,} be a sequence in P(X)
and pe P(X). The following statements are equivalent:

@) p.—p;

(b) [fdp,— [fdp for every feC(X);

(c) [gdp,— [gdp for every ge Uy(X);

(d) limsup,. . pJ(F) < p(F) for every closed set F < X
() liminf, . p(G) = p(G) for every open set G = X.
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Proof The equivalence of (a), (b), and (c) follows from Lemmas 7.6
and 7.8. The equivalence of (d) and (e) follows by complementation.

To show that (b) implies (d), let F be a closed proper nonempty subset
of X and let G, = {xe X|d(x,F) < 1/k}. For k sufficiently large, F and G}
are disjoint nonempty sets, and there exist functions f,e C(X) such that
fux)=1 for xeF, fi(x)=0 for xeG§, and 0 < f(x) <1 for every xeX.
Using (b) we have

limsup p,(F) < lim [ f,dp, = [f,dp < p(Gy).

n=oo n= oo

and letting k — oo, we obtain (d).

To show that (d) implies (b), choose fe C(X) and assume without loss
of generality that 0 < f < 1. Choose a positive integer K and define closed
sets

Fo={xeX|f(x) = k/K}, k=0,... K.
Define ¢:X — [0,1] by

K
o(x) = kgo (k/ K = Fres (),

where Fg., = &. Then f — (1/K) < ¢ < f, and, for any g€ P(X),

K K
Joda= % KKy F~Fio) = (/K) T a(FD.
Using (d) we have

lim sup ffdp,, — (1/K) < limsup f<p dp,

n— oo n— oo

K
= (1/K)lim sup kzl Po(Fy)

K
<(/K) ¥ p(F) = [odp< [fdp.

and since K is arbitrary, we obtain

limsup [ £dp, < [ fdp (29)
for every fe C(X). In particular, (29) holds for —f, so
liminf [ f dp, = —timsup [(=f)dp, > — [(~f)dp = [rap. o)

n— oo n— oo

Combine (29) and (30) to conclude (b). Q.ED.
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When X is a metrizable space, we denote by p, the probability measure
on p(X) which assigns unit point mass to X, i.e., p,(B) = 1 if and only if xe B.

Corollary 7.21.1 Let X be a metrizable space. The mapping §: X — P(X)
defined by é(x) = p, is a homeomorphism.

Proof It is clear that § is one-to-one. Suppose {x,} is a sequence in X
and xe X. If x, » x and G is an open subset of X, then there are two possi-
bilities. Either xeG, in which case x,eG for sufficiently large n, so
liminf,_ , p,,(G) = 1 = p(G), or else x ¢ G, in which case lim inf, _, ;, ps,(G) =
0 = p.(G). Proposition 7.21 implies p, — p,, so d is continuous. On the other
hand, if p,, — p, and G is an open neighborhood of x, then since
liminf, ., p,,(G) = p.(G) = 1, we must have x,eG for sufficiently large n,
ie., x, = x. This shows that ¢ is a homeomorphism. Q.E.D.

From Corollary 7.21.1 we see that p, can converge to p in such a way
that strict inequality holds in (d) and (e) of Proposition 7.21. For example,
let G = X be open, let x be on the boundary of G, and let x, converge to x
through G. Then p, (G) = 1 for every n, but p.(G) = 0.

We now show that compactness of X is inherited by P(X).

Proposition 7.22 If X is a compact metrizable space, then P(X) is a
compact metrizable space.

Proof If X is a compact metrizable space, it is separable (Corollary
7.6.2) and C(X) is separable (Proposition 7.7). Let { f;} be a countable set in
C(X)suchthat f; = 1,||fi]| < 1forevery k,and { f;} is dense in the unit sphere
{feC(X)|||f]| < 1}. Let [—1,1]* be the product of countably many copies
of [—1,1] and define ¢:P(X) - [—1,1]% by

m@)=<fﬁde7ﬂww.>~

A trivial modification of the proof of Proposition 7.20 shows ¢ is a homeo-
morphism. We will show that ¢[P(X)] is closed in the compact space
[—1,1]%, and the compactness of P(X) will follow.

Suppose {p,} is a sequence in P(X) and @(p,) = (g, 0,,...)e[—1,1]%.
Givene > Oand fe C(X) with || f|| < 1, there s a function f, with || f — fi|| <
¢/3. There is a positive integer N such that n,m > N implies | f, dp, — [fidp.| <
¢/3. Then

<

‘ﬁm~ﬁm

ﬂﬂm—hm

ffdpn—ffkdpn

[fedp, — [ dp,

+ <&,
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50 { | fdp,} is Cauchy in [ —1,1]. Denote its limit by E(f). If || f|| > 1, define
E(f) = [I7IIES/A1D-

It is easily verified that E is a linear functional on C(X), that E(f) > 0 when-
ever f >0, |E(f)| < || f|| for every fe C(X), and E(f;) = 1. Suppose {h,} is
a sequence in C(X) and h,(x) {0 for every xe X. Then for each ¢ > 0, the set
K,(e) = {x|h,(x) = &} is compact, and ﬂ;‘,": 1 K,.(e) = &. Therefore, for n
sufficiently large, K, (¢) = &, which implies ||h,|| | 0. Consequently, E(h,) ! 0.
This shows that the functional E is a Daniell integral, and by a classical
theorem (see, e.g., Royden [R5, p. 299, Proposition 21]) there exists a unique
probability measure on o[ ) ;.cx) f ~*(#x)] which satisfies E(f) = [ fdp for
every f e C(X). Proposition 7.10 implies pe P(X). We have

o = lim [fdp, = E(f) = [fidp, k=12,

so @(p,) = @(p). This proves @[ P(X)] is closed. Q.E.D.

In order to show that toplogical completeness and separability of X imply
the same properties for P(X), we need the following lemma.

Lemma 7.10 Let X and Y be separable metrizable spaces and ¢: X — Y
a homeomorphism. The mapping ¥: P(X) — P(Y) defined by

¥(p)(B)=ple~'(B)]]  VBeBy
is a homeomorphism.

Proof Suppose p;, p,€P(X) and p; # p,. Since p, and p, are regular,
there is an open set G = X for which p,(G) # p,(G). The image ¢(G) is
relatively open in ¢(X), so ¢(G) = ¢(X)n B, where B is open in Y. It is
clear that

¥(p1)(B) = pi(G) # p2(G) = Y(p,)(B),

so Y is one-to-one. Let {p,} be a sequence in P(X) and pe P(X). If p, — p,
then since ¢ ~'(H) is open in X for every open set H < Y, Proposition 7.21
implies

lim infy(p,)(H) = liminfp,[¢ ™~ "(H)] = p[e™ ' (H)] = /(p)(H),
so ¥(p,) — ¥(p) and  is continuous. If we are given {p,} and p such that
¥(p,) = Y(p), a reversal of this argument shows that p, — p and Y~ ! is
continuous. Q.ED.

Proposition 7.23 If X is a topologically complete separable space, then
P(X) is topologically complete and separable.
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Proof By Urysohn’s theorem (Proposition 7.2) there is a homeomor-
phism ¢:X — #, and the mapping y obtained by replacing Y by 4 in
Lemma 7.10is a homeomorphism from P(X)to P(#). Alexandroff’s theorem
(Proposition 7.3) implies (X ) is a Gs-subset of J#, and we see that

Y[P(X)] = {pe P(#)|p[# — ¢(X)] = 0}. 31)

We will show /[ P(X)] is a G5-subset of the compact space P(#°) (Proposition
7.22) and use Alexandroff’s theorem again to conclude that P(X) is topo-
logically complete.

Since ¢(X) is a Gs-subset of #, we can find open sets G; > G, > - - - such
that o(X) = ()%, G,. It is clear from (31) that

wwwﬂ=fympwmm%—60=m

= () () {peP(#)p(# — G,) < 1/k}.
n=1k=1
But for any closed set F and real number c, the set {pe P(s#)|p(F) > c} is
closed by Proposition 7.21(d), and {pe P(# )|p(%” — G,) < 1/k} is the com-
plement of such a set. Q.E.D.

We turn now to characterizing the g-algebra %#px, when X is metrizable
and separable. From Lemma 7.6, we have that the mapping 0,:P(X) — R
given by

0,(p) = [fdp

is continuous for every f'e C(X). One can easily verify from Proposition 7.21
that the mapping 05: P(X) — [0, 1] defined by®

05(p) = p(B)

is Borel-measurable when B is a closed subset of X. (Indeed, in the final stage
of the proof of Proposition 7.23, we used the fact that when B is closed the
upper level sets {pe P(X)|0p(p) > ¢} are closed.) Likewise, when B is open,
0p is Borel-measurable. It is natural to ask if 05 is also Borel-measurable
when B is an arbitrary Borel set. The answer to this is yes, and in fact, Zpx,
is the smallest g-algebra with respect to which 0y is measurable for every
Be%y. A useful aid in proving this and several subsequent results is the
concept of a Dynkin system.

' The use of the symbol 0 here is a slight abuse of notation. In keeping with the definition

of 0, the technically correct symbol would be 0,,.
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Definition 7.11 Let X be a set and 2 a class of subsets of X. We say &
is a Dynkin system if the following conditions hold:

(@) Xez.
(b) If 4,Be2 and B < A, then A — Be Z.
(© IfA;,A4,,...€eZ and A, < A, <+, then | X, 4,€2.

Proposition 7.24 (Dynkin system theorem) Let & be a class of subsets
ofa set X, and assume & is closed under finite intersections. If 2 is a Dynkin
system containing &, then & also contains ¢(%).

Proof This is a standard result in measure theory. See, for example,
Ash [A1, page 169]. Q.E.D.

Proposition 7.25 Let X be a separable metrizable space and & a collec-
tion of subsets of X which generates Zy and is closed under finite inter-
sections. Then %py, is the smallest o-algebra with respect to which all
functions of the form

Oc(p) = p(E), Ee€é,

are measurable from P(X) to [0, 1], i.e.,

Brx) = Gl: U 05_1(@}1{'-

Eeé&

Proof Let & be the smallest g-algebra with respect to which 0 is
measurable for every Ee &. To show & < %py,, we show that Oy is Bpx)
measurable for every Be Bx. Let 9 = {Be %x|0p is Bpx,measurable}. It
is easily verified that & is a Dynkin system. We have already seen that 9@
contains every closed set, so the Dynkin system theorem (Proposition 7.24)
implies Z = %By.

It remains to show that Bpx, = #.Let @' = {Be %By|0is #-measurable}
As before, 2’ is a Dynkin system, and since & = &', we have @' = %y. Thus
the function 0,(p) = [ fdp is #-measurable when f is the indicator of a
Borel set. Therefore 6, is % -measurable when f is a Borel-measurable
simple function. If f'e C(X), then there is a sequence of simple functions f,
which are uniformly bounded below such that f, T f. The monotone conver-
gence theorem implies 6,70 ,, so 0, is #-measurable. It follows that for
e >0, pe P(X), and f e C(X), the subbasic open set

< }

is 7 -measurable. It follows that Zpx, = 7 (see the remark following Defini-
tion 7.6). Q.E.D.

Vipsf) = {qu(X)H [rdg— {rdp
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Corollary 7.25.1 If X is a Borel space, then P(X) is a Borel space.

Proof Let ¢ be a homeomorphism mapping X onto a Borel subset of a
topologically complete separable space Y. Then, by Lemma 7.10, P(X) is
homeomorphic to the Borel set {peP(Y)|p[o(X)] =1}. Since P(Y) is
topologically complete and separable (Proposition 7.23), the result fol-
lows. Q.E.D.

7.4.3 Stochastic Kernels

We now consider probability measures on a separable metrizable space
parameterized by the elements of another separable metrizable space.

Definition 7.12 Let X and Y be separable metrizable spaces. A stochastic
kernel q(dy|x) on Y given X is a collection of probability measures in P(Y)
parameterized by xeX. If & is a o-algebra on X and y~!'[Bpy] = Z,
where y: X — P(Y) is defined by

y(x) = q(dy|x), (32)

then g(dy|x) is said to be F-measurable. If y is continuous, g(dy|x) is said
to be continuous.

Proposition 7.26 Let X and Y be Borel spaces, & a collection of subsets
of Y which generates %y and is closed under finite intersections, and q(dy[x)
a stochastic kernel on Y given X. Then g(dy|x) is Borel-measurable if and
only if the mapping Az: X — [0, 1] defined by

Je(x) = q(E|x)
is Borel-measurable for every E€&.

Proof Lety:X — P(Y) be defined by y(x) = ¢(dy|x). Then for E€ &, we
have /gy = O y. If g(dy|x) is Borel-measurable (i.e., y is Borel-measurable),
then Proposition 7.25 implies /g is Borel-measurable for every E€&. Con-

versely, if /; is Borel-measurable for every E€ &, then o[ Jges 4z (%Br)] ©
Ay . Proposition 7.25 implies

I

Eeé&

= G[ U7 ex 1(%))} = o[ U 2z 1(%)} < By,

Eeé& Eeé
so q(d y|x) is Borel-measurable. Q.ED.

Corollary 7.26.1 Let X and Y be Borel spaces and g(dy|x) a Borel-
measurable stochastic kernel on Y given X. If Be %y, then the mapping
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Ap:X —[0,1] defined by

Ap(x) = q(By|x), (33)
where B, = {ye Y|(x, y)e B}, is Borel-measurable.

Proof If Be#yy and xe X, then B, = Y is homeomorphic to Bn
[{x}Y]eByy. It follows that B, € By, s0 q(B,|x) is defined. It is easy to show
that the collection & = {Be%yy|Ap is Borel-measurable} is a Dynkin
system. Proposition 7.26 implies that & contains the measurable rectangles,
S0 D = Bxy. Q.E.D.

We now show that one can decompose a probability measure on a
product of Borel spaces into a marginal and a Borel-measurable stochastic
kernel. This decomposition is possible even when a measurable dependence
on a parameter is admitted, and, as we shall see in Chapter 10, this result
1s essential to the filtering algorithm for imperfect state information dynamic
programming models.

As a notational convenience, we use X to denote a typical Borel subset
of a Borel space X.

Proposition 7.27 Let (X, # ) be a measurable space, let Y and Z be Borel
spaces, and let g(d(y, z)|x) be a stochastic kernel on YZ given X. Assume
that g(B|x) is #-measurable in x for every Be %y;. Then there exists a sto-
chastic kernel r(dz|x, y) on Z given XY and a stochastic kernel s(dy|x) on Y
given X such that r(Z|x,y) is # %y-measurable in (x,y) for every Ze%,,
s(Y|x) is #-measurable in x for every Y e %y, and

a(YZlx) = [ rz

Proof We prove this proposition under the assumption that Y and Z
are uncountable. If either Y or Z or both are countable, slight modifications
(actually simplifications) of this proof are necessary. From Corollary 7.16.1,
we may assume without loss of generality that Y = Z = (0,1].

Let s(dy|x) be the marginal of q(d(y, z)|x) on Y, ie., s(Y|x) = g(YZ
every YeJy. For each positive integer n, define subsets of Y

X) VYeBy, ZeB,. (34)

X, y)s(dy

x) for

M) =((j — 1)/2%j/2"), j=1....2"

Then each M(j,n+ 1) is a subset of some M(k,n), and the collection
{M(j,n)ln=1,2,...; j=1,...,2") generates By. For zeQn Z, define
q(dy(0,z]|x) to be the measure on Y whose value at Y e %y is q(Y(0, z]|x).
Then ¢(dy(0,z]|x) is absolutely continuous with respect to s(dy|x) for every
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zeQ nZand xe X. Define forzeQ n Z

a[M(j, n)(0, z]|x]/s[M(j,n)|x]
G,(z]x,y) = if yeM(j,n) and s[M(j,n)|x] >0,
0 if yeM(jn and s[M(jn)|x]=0.

The functions G,,(z|x, y) can be regarded as generalized difference quotients
of q(dy(0, z]|x) relative to s(dy|x). For each z, the set

B(z) = {(x, y)eXY|lim G,(z

n— oo

X, y) exists in R}

{(x,)e XY|{G,(z

x,y)} is Cauchy}

N U () {&0eXY|[Giexy) = Gulzxy)] < k)

k=1N=1nm2
is & #y-measurable. Theorem 2.5, page 612 of Doob [D4] states that
s[B(2),|x] =1 VxeX, zeQn2Z,
and if we define

lim G,(z|x,y) if (x,y)eB(z),

n— oo

G(z

x,y) =
z otherwise,

then

alY0.2)x] = [, GEx Mstdylx)  VxeX, zeQnZ Yedy. (39)

It is clear that for any z, G(z|x, y) is & #y-measurable in (x, y)."
A comparison of (34) and (35) suggests that we should try to extend
G(z|x, y) in such a way that for fixed (x, y), G(z|x, y) is a distribution function.

' For the reader familiar with martingales, we give the proof of the theorem just referenced.
Fix x and y and observe that for m > n,

aIMGO.Z]x] = [, | Galelx, y)s(dylx). *)

Since {M(j,n)|j =1,...,2"} is the o-algebra generated by G,(z|x, y) regarded as a function of
v, we conclude that G,(z|x, y), n = 1,2, ... is a martingale on Y under the measure s(dy|x). Each
G,(z|x,y) is bounded above by 1, so by the martingale convergence theorem (see, e.g., Ash [Al,
p. 292]), G,,(:[x, y) converges for s(dy|x) almost every y. Thus S[B(Z)x'.\'] = 1 and the definition
of G(z|x, y) given above is possible. Let m — oo in () to see that (35) holds whenever Y = M(j, n)
for some j and n. The collection of sets Y for which (35) holds is a Dynkin system, and it follows
from Proposition 7.24 that (35) holds for every Y € #y.
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Toward this end, for each z,e Q N Z, we define

C(zo) = {(x,y)eXY|3zeQ n Z with z < z, and G(z]x,y) > G(zo|x, y)},
= U {x»eXY|G(z|x,y) > G(z

zeQnZ
z<zo

C= | C)
z0eQnZ

D(zo) = {(x,y)e X Y|G(:

X))},

X, y) is not right-continuous at z,}

=U N U  {x»eXY||G(

z0<z<zp+1/k

D= {J) D(z),

zoeQnZ

E={(x,y)eXY|G(z

x,y) = G(zo

x,y)| = 1/n},

x, y) does not converge to zero as z | 0}

=© N U {»eXY||Gx, )| = 1/n},

n=1k=1zeQnZ
z<1/k

and
F={(x,y)eXY|G(

x,y) # 1}.

For fixed xe X and z,€Q N Z, (35) implies that whenever zeQ N Z, z < z,,
then

fz G(z|x, y)s(dy|x) < L Glzo|x, y)s(dy|x) VY eBy.
Therefore G(z|x, y) < G(zo|x, y) for s(dy|x) almost all y, so S[C(zo),|x] = O and
S(Cxlx) =0. (36)

Equation (36) implies that G(z|x, y) is nondecreasing in z for s(dy|x) almost
all y. This fact and (35) imply that if z | z, (ze Q n Z), then

[, 6telx sty [, Glaol, vty
and
G(z|x, y) L G(zo|x, y)
for s(dy|x) almost all y. Therefore s[D(z,)|x] = 0 and
s(DyJx) = 0. (37)
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Equation (35) also implies thatas z | 0 (zeQ N Z)

fx G(z

Since G(z|x,y) is nondecreasing in z for s(dy|x) almost all y, we must have
G(z|x, y) 0 for s(dy|x) almost all y, i.e.,

s(E,|x) = 0. (38)
Substituting z = 1 in (35), we see that

x, y)s(dy|x) L 0 VYe%By.

[, s = s(xlx) - vYesy,
so G(1|x,y) = 1 for s(dy|x) almost all y, i.e.,
s(F4|x) = 0. (39)

ForzeZ, let {z,,} be a sequence in Q N Z such that z, | z and define, for every
xeX, yeY,

lim G(z,|x,y) if (x,y)eXY—-(CuDuEUF),
F(zlx,y) =" (40)
z otherwise.

For (x,y))eXY—-(CuDUEUF), G(z|x,y) is a nondecreasing right-
continuous function of ze Q N Z, so F(z]x, y) is well defined, nondecreasing,
and right-continuous. It also satisfies for every (x, y)e XY,
0< Flzx,y) <1 VzeZ,
F(llx,y)=1,

and

lim F(z|x, y) = 0.
:.LO

It is a standard result of probability theory (Ash [Al, p. 24]) that for each
(x, y) there is a probability measure r(dz|x, y) on Z such that
r((0,z]|x,y) = F(z]x,y) ~ Vze(0,1].

The collection of subsets Z e %, for which r(Z|x, y) is & %y-measurable in
(x,y) forms a Dynkin system which contains {(0,z]|ze Z}, so r(Z|x,y) is
F By-measurable for every Ze %,. Relations (35)—(40) and the monotone
convergence theorem imply

a[Y(.5)x] = [ FG
= fxr((O,z]

x, y)s(dy|x)

x, y)s(dy|x) VxeX, zeZ, Ye%Ry. (41)
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The collection of subsets Z € 4, for which (34) holds forms a Dynkin system
which contains {(0,z]|ze Z}, so (34) holds for every Ze #,. Q.E.D.

If # = %y, an application of Proposition 7.26 reduces Proposition 7.27
to the following form.

Corollary 7.27.1 Let X, Y, and Z be Borel spaces and let g(d(y, z)|x)
be a Borel-measurable stochastic kernel on YZ given X. Then there exist
Borel-measurable stochastic kernels r(dz|x, y) and s(dy|x) on Z given XY and
on Y given X, respectively, such that (34) holds.

If there is no dependence on the parameter x in Corollary 7.27.1, we
have the following well-known result for Borel spaces.

Corollary 7.27.2 Let Y and Z be Borel spaces and ge P(YZ). Then there
exists a Borel-measurable stochastic kernel r(dz|y) on Z given Y such that

q(E)=Lr(Z|y)S(dy) VYeRBy, ZcB,,

where s is the marginal of g on Y.

7.4.4 Integration
As in Section 2.1, we adopt the convention
— 00 + 00 = +00 — 00 = 00. (42)
With this convention, for a, b, ce R* the associative law
(@a+b)+c=a+b+0)

still holds, since if either a, b, or ¢ is co, then both sides of (42) are oo, while
if neither a, b, nor ¢ is oo, the usual arithmetic involving finite numbers and
— oo applies. Also, if a,b,ce R* and a + b =c, then a = ¢ — b, provided
b # 4 0. It is always true however thatifa + b < ¢, thena < ¢ — b.

We use convention (42) to extend the definition of the integral. If X is a
metrizable space, pe P(X), and f: X — R* is Borel-measurable, we define

[rap=[s*dp—[fap. 43)

Note that if [f*dp < oo or if {f~dp < o, (43) reduces to the classical
definition of | f dp. We collect some of the properties of integration in this
extended sense in the following lemma.

Lemma 7.11 Let X be a metrizable space and let pe P(X) be given.
Let /. g and f,, n=1,2,..., be Borel-measurable, extended real-valued
functions on X.
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(a) Using (42) to define f + g, we have

[(r+gdp<[rdp+ [gdp. (44)

(b) If either
(b1) [f*dp<ocoandfg*dp< co,o0r
(b2) [f~dp < o and g~ dp < 0, or
(b3) [g*dp < ooand g™ dp < o, then

[(r+gdp=[rdo+[qdp. (45)

(c) If0<a< oo, then [(af)dp = of f dp.

(d) Iff <g, then [fdp< [gdp.

() Iff,?fand|f;dp> —co,then [f,dp1t{fdp.
(f) Iff,lfand|f,dp < oo, then [f,dpi fdp.

Proof We prove (b) first and then return to (a). Under assumption (b1),
we have f(x) < oo and g(x) < oo for p almost every x, so the sum f(x) + g(x)
can be defined without resort to the convention (42) for p almost every x.
Furthermore, j fdp < oo and j gdp < o0, so (45) follows from the additivity
theorem for classical integration theory (Ash [Al, p. 45]). The proof of (45)
under assumption (b2) is similar. Under assumption (b3), either j f*dp= o0,
in which case both sides of (45) are oo, or else [f ¥ dp < o, in which case
assumption (bl) holds. Returning to (a), we note that if assumption (b1)
holds, then (45) implies (44). If assumption (b1) fails to hold, then

ffdp+fgdp=oo,

so (44) is still valid. Statements (c) and (d) are simple consequences of (42)
and (43). Statement (e) follows from the extended monotone convergence
theorem (Ash [Al, p. 47])if [ f1 dp < 00. If [ f{ dp = oo, then [ f; dp > — o0
implies { /{ dp = [ f; dp = o0, and the conclusion follows from (d). Statement
(f) follows from the extended monotone convergence theorem. Q.E.D.

We saw in Corollary 7.27.2 that a probability measure on a product of
Borel spaces can be decomposed into a stochastic kernel and a marginal.
This process can be reversed, that is, given a probability measure and one
or more Borel-measurable stochastic kernels on Borel spaces, a unique
probability measure on the product space can be constructed.

Proposition 7.28 Let X, X,, ... be a sequence of Borel spaces, Y, =
X, X, --X,andY = X X, - .Letpe P(X,)begiven,and,forn=1,2,...,
let g,(dx,+|y,) be a Borel-measurable stochastic kernel on X, ., given Y,.
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Then for n=2,3,..., there exist unique probability measures r,e P(Y,)
such that

WX X, X)) = J;_UJ‘L. ’ 'Ln_l4n~1(xn|x1’x2»- ey Xp—1)

X Gn- Z(dxn 1|x15x2"",xn—2).”
X qy(dx,|x)p(dx;)  VX,eBx,...,X,€Bx,. (46)

If /Y, » R* is Borel-measurable and either jf+ dr, < oo or [f~ dr, < oo,
then

f fdr,= fxanz f S, %0500 X0 — 1 (dx, |x1,x2, csXyq)T
X 44 dx2|x1)p dxy). (47)

Furthermore, there exists a unique probability measure ron ¥ = X, X, - -
such that for each n the marginal of r on Y, is r,.

Proof Thespaces Y,,n=2,3,...,and Y are Borel by Proposition 7.13.
If there exists r, € P(Y,) satisfying (46), it must be unique. To see this, suppose
€ P(Y,) also satisfies (46). The collection & = {Be %y, |r(B) = ry(B)} is a
Dynkin system containing the measurable rectangles, so 2 = %y, and r, =
r,. We establish the existence of r, by induction, considering first the case
n = 2. For Be #y,, use Corollary 7.26.1 to define

ra(B) = [, ax(By,x)pdx,). (48)

It is easily verified that r, € P(Y,) and r, satisfies (46). If f is the indicator
of Be %y,, the szf(xl,xz)ql(dxz X,) is Borel-measurable and, by (48),

[ rdrs= [, [ St xaudxalxnpiax,) (49)

Linearity of the integral implies that (49) holds for Borel-measurable simple
functions as well. If f: Y, — [0, o] is Borel-measurable, then there exists an
increasing sequence of simple functions such that f,1f. By the monotone
convergence theorem,

lim [ £y x2)gs(dxalxn) = [ flexaaydxale)  ¥x e,
N¢) szf(xh X2)q1(dx,

llmf Judr, = llmf f Sl 15 %2)q1(dx ) x 1) pldx ;)

n=oo n= oo

= fxl J‘xzf(xl’XZ)ql(dlexl)P(dxl).

X,) is Borel-measurable and
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But jyz fdr, Tfyz fdr,, so (49) holds for any Borel-measurable nonnegative
f.For a Borel-measurable f: Y, » R* satisfying { f * dr, < oo or [ f ™ dr, < o0,
we have

[, 17 dry = [, [, £ x)audxlxpixy),
and
[, 17 dr = [ [ £ 0o x2)audxalxopldx,).
Assume for specificity that [y, f ~ dr, < co. Then the functions
fxzf+(x1axz)%(dx2|x1)
and
_fxzfn(xpxz)‘h(dlexﬂ

satisfy condition (b2) of Lemma 7.11, so
szfer = fy2f+ dry — szf_ dr,
= Xl[fxzf+(x1,><z)f11(dxz|x f £ (xy, X2)q, (dx,|x, ] (dx,)

= fxlfxzf(xlvXz)‘11(dx2lxl)l7(dx1)>

where the last step is a direct result of the definition of [y, f(x;, x5)q;(dx,|x,).
Assume now that r e P(Y;) exists for which (46) and (47) hold when
n=k. For Be Y, let

ree1(B) = [, au(Bylyri(dy).
Then ry 1 €P(Ys). If B= X, X, X; X+ 1, Where X ;€ By, then
T+ 1(B f/(x,xz ()il Xy 1| ¥O)rildye)
_fx,fxz f G X s 1]X1 X2, X ) G- 1 (dxi]x, - 1)

X 41 delxl (dxy) (50)

by (47) when n = k. This proves (46) for n = k + 1. Now use (50) to prove
(47) when n=k + 1 and f is an indicator function. As before, extend this
to the case of f: Y+ —[0,00]. If f: Y+, » R* is Borel-measurable and
either [f* dr,.; < oo or [f~dr..; < oo, then the validity of (47) for non-
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negative functions and the induction hypothesis imply
Yo 1f+ drisr = J‘xlfxz’ T xes lf+(3<1’- .- ’Xk+1)qk(dxk+1|xl?x2" csXg)
X ‘h(dlexl)l’(dxl)
= Jxox Xk+lf+(xla'"sxk+1)qk(dxk+1|x1’x2a-"’xk)drka

and likewise
fYk+ lf_ drk+1 =

Assume for specificity that jy“ f 7 dry+; < co. Then the functions

X1 X JXs lf—(xu- .- ,Xk+1)Qk(dxk+1lx1,xz,- LX) dry.

Xucs l]Nr(xu- o Xt 1) QldXy 4 1'X1,x2,- coa Xp)

and
— JXis lf_(xl»- .. 9xk+1)qk(dxk+1|x1»x2" e Xg)
satisfy condition (b2) of Lemma 7.11, so as before

fyu lfdr"“ -

SOerse oo X 1) qi(do s 1|x1,x2,. X)) dry.

(51)

X1 X J X+

Since

[ Xics lf(xl" e X 1) Gr(dxy 4 1|x1,x2,. .- ,xk):l

= e lf_(x1,~ . ’Xk+1)Qk(dxk+1|xlax2" P
we can apply the induction hypothesis to the right-hand side of (51) to
conclude that (47) holds in the generality stated in the proposition.

To establish the existence of a unique probability measure re P(Y) whose
marginal on Y,isr,,n = 2,3,. .., we note that the measures r, are consistent,
ie, if m > n, then the marginal of r,, on Y, is r,. If each X, is complete, the
Kolmogorov extension theorem (see, e.g., Ash [Al, p. 191]) guarantees the
existence of a unique re P(Y) whose marginal on each Y, is r,. If X, is not
complete, it can be homeomorphically embedded as a Borel subset in a
complete separable metric space X,. As in Proposition 7.13, each Y, is
homeomorphic to a Borel subset of the complete separable metric space
Y, = )?1)?2 - -)~(,, and Y is homeomorphic to a Borel subset of the complete
separable metric space ¥ = X, X, . Each r,e P(Y,) can be identified with
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7,e P(Y) in the manner of Lemma 7.10, and, invoking the Kolmogorov
extension theorem, we establish the existence of a unique 7€ P(Y) whose
marginal on each Y, is 7,. It is straightforward to show that Fassigns prob-
ability one to the image of Y in ¥, so # corresponds to some re P(Y) whose
marginal on each Y, is r,. The uniqueness of 7 implies the uniqueness of
r. Q.E.D.

In the course of proving Proposition 7.28, we have also proved the
following.

Proposition 7.29 Let X and Y be Borel spaces and g(dy|x) a Borel-
measurable stochastic kernel on Y given X. If f: XY — R* is Borel-measur-
able, then the function 2: X — R* defined by

209 = [ ftxv)atayo) (52
is Borel-measurable.
Corollary 7.29.1 Let X be a Borel space and let f:X — R* be Borel-
measurable. Then the function 6 ,: P(X) — R* defined by
0,(p) = [ fdp
is Borel-measurable.
Proof Define a Borel-measurable stochastic kernel on X given P(X) by
g(dx|p) = p(dx). Define f: P(X)X — R* by f(p,x) = f(x). Then
0,(p) = [ fCap(dx) = [Fp.x)a(axlp)
is Borel-measurable by Proposition 7.29. QED.

If feC(XY) and q(dy|x) is continuous, then the mapping A of (52) is
also continuous. We prove this with the aid of the following lemma.

Lemma 7.12 Let X and Y be separable metrizable spaces. Then the
mapping ¢: P(X)P(Y) — P(XY) defined by

a(p,q) = pq,

where pq is the product of the measures p and g, is continuous.

Proof We use Urysohn’s theorem (Proposition 7.2) to homeomorphi-
cally embed X and Y into the Hilbert cube #, and, for simplicity of notation,
we treat X and Y as subsets of . Let d be a metric on # 5 consistent with
its topology. If ge U,(XY), then Lemma 7.3 implies that g can be extended
to a function ge C(A# #). The set of finite linear combinations of the form
Yk_ 1 fi(x)h;(y), where f; and h; range over C(#) and k ranges over the
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positive integers, is an algebra which separates points in J#.#, so given
¢ > 0, the Stone-Weierstrass theorem implies that such a linear combination
can be found satisfying |[Y%_, f;h; — g|| < e. If {p,} is a sequence in P(X)
converging to pe P(X), {g,} a sequence in P(Y) converging to ge P(Y), and
f; and h; the restrictions of fj and ;to X and Y, respectively, then

lim sup

n— o

‘&Ygﬂpﬂﬂ—xﬁygﬂp@|
fxy(g - '21 fjhj>d(l?nqn)

+§nmLﬁ@Jﬂﬂ%—Lﬁ@Lm@

j=1n—-wo
k

fxy< > Sy - g)d(pq)’

=1

< limsup
n— oo

+ lim sup

n— oo
< 2e.

The continuity of ¢ follows from the equivalence of (a) and (c) of Proposition
7.21. Q.E.D.

Proposition 7.30 Let X and Y be separable metrizable spaces and let
q(dy|x) be a continuous stochastic kernel on Y given X. If fe C(XY), then
the function 4: X — R defined by

2 = [ £x, na(dyl)
is continuous.

Proof The mapping v:X — P(XY) defined by v(x) = p,q(dy|x) is con-
tinuous by Corollary 7.21.1 and Lemma 7.12. We have A(x) = (070 v)(x),
where 0,: P(X'Y) — R is defined by 0(r) = [ f dr. By Proposition 7.21, 6, is
continuous. Hence, A is continuous. Q.E.D.

7.5 Semicontinuous Functions and Borel-
Measurable Selection

In the dynamic programming algorithm given by (17) and (18) of Chap-
ter 1, three operations are performed repetitively. First, there is the eval-
uation of a conditional expectation. Second, an extended real-valued
function in two variables (state and control) is infimized over one of these
variables (control). Finally, if an optimal or nearly optimal policy is to be
constructed, a “selector” which maps each state to a control which achieves
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or nearly achieves the infimum in the second step must be chosen. In this
section, we give results which will enable us to show that, under certain
conditions, the extended real-valued functions involved are semicontinuous
and the selectors can be chosen to be Borel-measurable. The results are
applied to dynamic programming in Propositions 8.6—8.7 and Corollaries
9.17.2-9.17.3.

Definition 7.13 Let X be a metrizable space and f an extended real-
valued function on X. If {xe X|f(x) < c} is closed for every ceR, f is said
to be lower semicontinuous. If {xe X | f(x) = ¢} is closed for every ceR, fis
said to be upper semicontinuous.

Note that f is lower semicontinuous if and only if —f is upper semi-
continuous. We will use this duality in the proofs of the following propositions
to assert facts about upper semicontinuous functions given analogous facts
about lower semicontinuous functions. Note also that if f is lower semi-
continuous, the sets {xe X|f(x) = —oo} and {xeX|f(x) < oo} are closed,
since the former is equal to ﬂ,‘?:l{xeX |f(x) < —n} and the latter is X.
There is a similar result for upper semicontinuous functions. The following
lemma provides an alternative characterization of lower and upper semi-
continuous functions.

Lemma 7.13 Let X be a metrizable space and f: X — R*.

(@) The function f is lower semicontinuous if and only if for each
sequence {x,} = X converging to xe X

liminf f(x,) > f(x). (53)

n=co

(b) The function f is upper semicontinuous if and only if for each
sequence {x,} = X converging to xe X

limsup f(x,) < f(x). (54)

n= oo

Proof Suppose f is lower semicontinuous and x, — x. We can extract
a subsequence {x,,} such that x,, — x as k - co and

lim f(x,,) = liminf f(x,).
k=0 n—oo
Given ¢ > 0, define
liminf f(x,) + ¢ if liminf f(x,) > — oo,
0(8) p— n— oo n— oo
—1/e otherwise.
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There exists a positive integer k(e) such that f(x,, ) < 0(e) for all k > k(e).
The set {ye X [ S(y) < 0(e)} is closed, and hence it contains x. Inequality (53)
follows. Conversely, if (53) holds and for some ceR, {x,} is a sequence in
{yeX|f(y) < ¢} converging to x, then f(x) < ¢, so fislower semicontinuous.

Part (b) of the proposition follows from part (a) by the duality mentioned
earlier. Q.E.D.

If f and g are lower semicontinuous and bounded below on X and if
X, — X, then
liminf[ f(x,) + g(x,)] > liminf f(x,) + lim infg(x,)

| (dive] n— o0

= f(x) + g(x),

so f + g is lower semicontinuous. If f is lower semicontinuous and « > 0,
then of is lower semicontinuous as well. Upper semicontinuous functions
have similar properties.

It is clear from (53) and (54) that f:X — R* is continuous if and only
if it is both lower and upper semicontinuous. We can often infer properties
of semicontinuous functions from properties of continuous functions by
means of the next lemma.

Lemma 7.14 Let X be a metrizable space and f: X — R*.

(@) The function f is lower semicontinuous and bounded below if and
only if there exists a sequence { f,} = C(X) such that f,1 f.

(b) The function f is upper semicontinuous and bounded above if and
only if there exists a sequence { f,} = C(X) such that f | f.

Proof We prove only part (a) of the proposition and appeal to duality
for part (b). Assume f is lower semicontinuous and bounded below by
be R, and let d be a metric on X consistent with its topology. We may assume
without loss of generality that for some x,e X, f(x,) < oo, since the result
is trivial otherwise. (Take f,(x) = n for every xe X.) As in Lemma 7.7, define

gulx) = in)f( [f(y) + nd(x, y)].

Exactly as in the proof of Lemma 7.7, we show that {g,} is an increasing
sequence of continuous functions bounded below by b and above by f. The
characterization (53) of lower semicontinuous functions can be used in place
of continuity to prove g, T f. In particular, (28) becomes

f(x) < liminf f(y,) < lim g,(x) + .
Now define f, = min{n,g,}. Then each f, is continuous and bounded and
JuTf. This concludes the proof of the direct part of the proposition. For
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the converse part, suppose { f,} = C(X)and f, 1 f. For ceR,
xeX|f(x) < c} = () {xeX|fulx) < c}
n=1

is closed. QE.D.

The following proposition shows that the semicontinuity of a function of
two variables is preserved when one of the variables is integrated out via
a continuous stochastic kernel.

Proposition 7.31 Let X and Y be separable metrizable spaces, let g(dy|x)
be a continuous stochastic kernel on Y given X, and let f: XY — R* be
Borel-measurable. Define

209 = [ fx, »adyl).

(a) If f is lower semicontinuous and bounded below, then 1 is lower
semicontinuous and bounded below.

(b) If f is upper semicontinuous and bounded above, then 4 is upper
semicontinuous and bounded above.

Proof We prove part (a) of the proposition and appeal to duality for
part (b). If f: XY — R* is lower semicontinuous and bounded below, then
by Lemma 7.14 there exists a sequence { f,} = C(XY)such that f,1 f. Define
n(x) = [ fu(x, )q(dy|x). By Proposition 7.30, we have that 4, is continuous,
and by the monotone convergence theorem A, T . By Lemma 7.14, 1 is lower
semicontinuous. Q.ED.

An important operation in the execution of the dynamic programming
algorithm is the infimization over one of the variables of a bivariate function.
In the context of semicontinuity, we have the following result related to
this operation.

Proposition 7.32 Let X and Y be metrizable spaces and let f: XY — R*

be given. Define
f*(x) = inf f(x, ). (55)
yeY

(@) If f is lower semicontinuous and Y is compact, then f* is lower
semicontinuous and for every xe€ X the infimum in (55) is attained by some
yeY.

(b) If f is upper semicontinuous, then f* is upper semicontinuous.

Proof (a) Fix x and let {y,} = Y be such that f(x,y,){f*(x). Then
{y.} accumulates at some y, € Y, and part (a) of Lemma 7.13 implies that
f(x,y0) = f*(x). To show that f* is lower semicontinuous, let {x,} = X be
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such that x, — x,. Choose a sequence { y,} = Y such that

f(xmyn)=f*(xn), n= 1,2,... .

There is a subsequence of {(x,,y,)}, call it {(x,.,»,)}, such that
liminf,_, , f(X,, y,) = lim;_, o, f(Xy,,Vn,)- The sequence {y, } accumulates at
some y, € Y, and, by Lemma 7.13(a),

liminf f*(x,) = liminf f(x,, y,) = im f(x,,, yn) = (X0, ¥0) = f*(xo),

n— oo n—oo k= o0

so f* is lower semicontinuous.

(b) Let d, be a metric on X and d, a metric on Y consistent with their
topologies. If G = XY is open and x, € projx(G), then there is some y, € Y for
which (xg, yo) € G, and there is some ¢ > 0 such that

N(x0,¥0) = {(x, )€ X Y|d;(x, X,) < &,dy(y, o) < &} = G.
Then

XOEPI'OjX[Ns(Xo»)’o)] = {X€X|d1(xa Xo) < 3} < projx(G),
S0 projx(G) is open in X. For ceR,

{xeX|f*(x) < ¢} = projx({(x,») e X Y| f(x,) < c}).

The upper semicontinuity of f implies that {(x,)|f(x,y) < ¢} is open, so
{xeX|f*(x) < ¢} is open and f* is upper semicontinuous. Q.E.D.

Another important operation in the dynamic programming algorithm
is the choice of a measurable “selector” which assigns to each xe X a yeY
which attains or nearly attains the infimum in (55). We first discuss Borel-
measurable selection in case (a) of Proposition 7.32. For this we will need
the Hausdorff metric and the corresponding topology on the set 2¥ of
closed subsets of a compact metric space Y (Appendix C). The space 2*
under this topology is compact (Proposition C.2) and, therefore, complete and
separable. Several preliminary lemmas are required.

Lemma 7.15 Let Y be a compact metrizable space and let g: Y — R*
be lower semicontinuous. Define g*:2¥ — R* by

min g(y) if A#J,
g*(4) =

ved (56)
0 if A=¢.

Then g* is lower semicontinuous.

Proof Since the empty set is an isolated point in 2¥, we need only
prove that g* is lower semicontinuous on 2¥ — {¢f}. We have already shown
[Proposition 7.32(a)] that, given a nonempty set Ae2”, there exists ye A4
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such that g*(4) = g(y). Let {4,} = 2¥ be a sequence of nonempty sets with
limit 4Ae2¥, and let y, e 4, be such that g*(4,) = g(y,), n = 1,2,.... Choose
a subsequence {y,, } such that

lim g(y,,) = liminfg(y,) = lim infg*(A,).

k= n— oo n— oo

The subsequence { y,, } accumulates at some y, € Y, and, by Lemma 7.13(a),

9(yo) < lim g(y,,) = liminfg*(4,).
k— 0

n—coo

From (14) of Appendix C and from Proposition C.3, we have (in the notation
of Appendix C)

yoem A, = A,

n— o
SO

g*(4) < g(yo) < liminfg*(A4,).

The result follows from Lemma 7.13(a). Q.E.D.

Lemma 7.16 Let Y be a compact metrizable space and let g: Y — R*
be lower semicontinuous. Define G:2YR* — 2Y by

G(A.c)=An{yeY|g(y) <c}. (57)
Then G is Borel-measurable.

Proof We show that G is upper semicontinuous (K) (Definition C.2)
and apply Proposition C.4. Let {(4,,c,)} = 2'R* be a sequence with limit
(4, ¢). If lim, _, , G(A4,,c,) = &, then

im G(A4,,c,) = G(4,c). (58)

n-=*oo

Otherwise, choose yelim,_ ., G(4,,c,). There is a sequence n; < n, < - - - of

positive integers and a sequence ), €G(A4,,,¢,), k=1,2,..., such that
Vn, — y- By definition, y, € A4, for every k, so yelim,_, , 4, = A. We also
have g(y,,) < ¢, k=1,2,..., and using the lower semicontinuity of g,
we obtain

g(y) <liminfg(y,,) < lim ¢, =c.
k—

k= o0

Therefore y € G(4, ¢), (58) holds, and G is upper semicontinuous (K).
Q.E.D.
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Lemma 7.17 Let Y be a compact metrizable space and let g: Y — R*
be lower semicontinuous. Let g*:2¥ — R* be defined by (56) and define
G*:2Y - 2¥ by

G*A)=A n {yeY|g(y) < g*(A)}. (59)
Then G* is Borel-measurable.

Proof Let G be the Borel-measurable function given by (57). Lemma 7.15
implies g* is Borel-measurable. A comparison of (57) and (59) shows that

G*(4) = G[4,g%(A)].
It follows that G* is also Borel-measurable. Q.E.D.

Lemma 7.18 Let Y be a compact metrizable space. There is a Borel-
measurable function ¢:2¥ — {F} > Y such that o(4)ed for every
Ae2' — {7}

Proof Let {g,|Jn=1,2,...} be a subset of C(Y) which separates points
in Y (for example, the one constructed in the proof of Proposition 7.7). As in
Lemma 7.15, define g*:2¥ — R* by

min g,(y) if A#,
gr(4) =474
0 if A=,
and, as in Lemma 7.17, define G¥:2¥ — 2¥ by
G A)=A N {yeY|g.(y) < gi(A)} = {ye Algu(y) = g¥(4)}.
Let H,:2¥ — 2¥ be defined recursively by

Hq(A) = 4,
H(A) = G [H,_(A)], n=12....

Then for A4 # ¢, each H,(A) is nonempty and compact, and
A=HyA) > H{(A)>HyA)>""-.

Therefore, (\;2o H(A) # &. If y,y' € (0 Hy(A), then for n=1,2,..., we
have

gn(y) = g;f[Hn—l(A)] = gn(y/)

Since {g,|n = 1,2,. ..} separates pointsin Y, we have y = , and ()72, H,(A)
must consist of a single point, which we denote by a(A4).
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We show that for 4 # &

lim H,(A4) = ﬂ H,(A) = {a(A)}. (60)
Since the sequence {H,(4)} is nonincreasing, we have from (14) and (15)
of Appendix C that

() HiA4) < lim H,(A) = Tim H,(4). (61)
n=0 n— oo n—ow

If yelim,_ ., H,(A), then there exist positive integers n, <n, <--- and a
sequence y,, € H,,(4), k=1,2,..., such that y,, — y. For fixed k, y, € H,,
for all j >k, and since H,(A) is closed, we have ye H, (A4). Therefore,
ye)ioH,(4) and

lim H,(A ﬂ H,(A). (62)
From relations (61) and (62), we obtain (60).

Since G} and H, are Borel-measurable for every n, the mapping v:2¥ —
{&} - 2" defined by v(4) = {a(A4)} is Borel-measurable. It is easily seen
that the mapping 7:Y — 2¥ defined by t(y) = {y} is a homeomorphism.
Since Y is compact, t(Y) is compact, thus closed in 2¥ and 17 !:7(Y) » Y
is Borel-measurable. Since ¢ = 7~ ! ov, it follows that ¢ is Borel-measurable.

Q.E.D.

Lemma 7.19 Let X be a metrizable space, Y a compact metrizable space,
and let f:XY — R* be lower semicontinuous. Define F: XR* — 2 by

F(x,c) = {ye Y|f(x,y) < c}. (63)
Then F is Borel-measurable.

Proof The proofis very similar to that of Lemma 7.16. We show that F
is upper semicontinuous (K) and apply Proposition C.4. Let (x,,¢,) — (x,¢)
in XR* and let y be an element of Iim,_ ., F(x,,c,), provided this set is
nonempty. There exist positive integers n; < n, <--- and y,, € F(x,,,¢,,)
such that y, — y. Since f(x,,, V,) < ¢, and f is lower semicontinuous, we
conclude that f(x, y) < ¢, so that lim, ., ., F(x,,c,) = F(x, ¢). The result follows.

Q.E.D.

Lemma 7.20 Let X be a metrizable space, Y a compact metrizable space,
and let /: XY — R* be lower semicontinuous. Let f*:X — R* be given by
f*(x) = min, .y f(x,y), and define F*:X — 2¥ by

*x) = {ye Y|f(xy) < f*(x)}. (64)

Then F* is Borel-measurable.
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Proof Let F be the Borel-measurable function defined by (63). Prop-
osition 7.32(a) implies that f* is Borel-measurable. From (63) and (64) we have

F*(x) = F[x, f*(x)].
It follows that F* is also Borel-measurable. Q.E.D.

Weare now ready to prove the selection theorem for lower semicontinuous
functions.

Proposition 7.33 Let X be a metrizable space, Y a compact metrizable
space, D a closed subset of X Y, and let f:D — R* be lower semicontinuous.
Let f*:projx(D) — R* be given by

JHx) = m})n f(x,p). (65)
Yex
Then projx(D) is closed in X, f* is lower semicontinuous, and there exists
a Borel-measurable function ¢:projy(D) — Y such that Gr(¢) = D and

flx 0] =/*x)  Vxeprojx(D). (66)

Proof Wefirst prove the result for the case where D = X'Y. Asin Lemma
7.18,let 6:2" — {} — Y be a Borel-measurable function satisfying ¢(4) e 4
for every Ae2¥ — {¥}. As in Lemma 7.20, let F*:X — 2¥ be the Borel-
measurable function defined by

F*(x) = {ye Y|f(x,y) = f*(x)}.

Proposition 7.32(a) implies that f* is lower semicontinuous and F*(x) # J
for every x€ X. The composition ¢ = g F* satisfies (66).

Suppose now that D is not necessarily X Y. To see that projy(D) is closed,
note that the function g = — yp, is lower semicontinuous and

projx(D) = {xe X|g*(x) < —1},

where g*(x) = min, .y g(x, y). By the special case of the proposition already
proved, g* is lower semicontinuous, projx(D) is closed, and there is a Borel-
measurable function ¢;:X — Y such that g[x,¢,(x)] = g*(x) for every
xe X or, equivalently, (x, ¢(x))e D for every x e projx(D).

Define now the lower semicontinuous function f: XY — R* by

f(X y)={f(x’y) lf (xvy)eDa

o) otherwise.

For all ceR,

{xeprojy(D)| f*(x) < ¢} = {xeX|minf(x, y) < c}.
yeY
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Since min,, .y f(x,y) is lower semicontinuous, it follows that f* is also lower
semicontinuous. Let ¢,:X — Y be a Borel-measurable function satisfying

f[x, P2(x)] = I:leiynf(x, y) VxeX.

Clearly (x, ¢,(x))e D for all x in the Borel set

{xeX{minf(x,y) < oo}.

yeY
Define ¢:projx(D) — Y by
@i(x) if minf(x,y) = oo,

o0 = Lo
@o(x) if min f(x,y) < oo.
yeY

The function ¢ is Borel-measurable and satisfies (66). Q.E.D.

We turn our attention to selection in the case of an upper semicontinuous
function. The analysis is considerably simpler, but in contrast to the “exact
selector” of (66) we will obtain only an approximate selector for this case.

Lemma 7.21 Let X be a metrizable space, Y a separable metrizable
space, and G an open subset of X' Y. Then projx(G) is open and there exists
a Borel-measurable function ¢:projyx(G) — Y such that Gr(¢) = G.

Proof Let {y,Jn=1,2,...} be a countable dense subset of Y. For fixed
ye Y, the mapping x — (x, y) is continuous, so {xe€ X|(x, y)e G} is open. Let
G, = {xe X|(x,,)€ G}, and note that projx(G) = (J;=, G, is open. Define
@:projx(G) » Y by

V1 if xeGy,

— n—1
=9, it xeG— U G n=23....
k

=1
Then ¢ is Borel-measurable and Gr(¢) = G. Q.E.D.

Proposition 7.34 Let X be a metrizable space, Y a separable metrizable
space, D an open subset of XY, and let f:D — R* be upper semicontinuous.
Let f*:projx(D) — R* be given by

Sf*(x) = inf f(x,y). 67)

yeDx

Then projyx(D) is open in X, f* is upper semicontinuous, and for every
¢ > 0, there exists a Borel-measurable function ¢,:projyx(D) — Y such that
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Gr(¢p,) = D and for all xe projy(D)

[ +e > -,
flx 0] s{_l/g if 4= -,

Proof The set projx(D) is open in X by Lemma 7.21. To show that f*
is upper semicontinuous, define an upper semicontinuous function /: XY —
R* by

(68)

, {f(x,y) if (x,y)eD,

Jxy) = 0 otherwise.

For ceR, we have
{xeprojy(D)| f*(x) < ¢} = {xeX]inff(x,y) < c},
yeY

and this set is open by Proposition 7.32(b).
Let ¢ > 0 be given. For k =0, +1, +2,.. ., define (see Fig. 7.1)

A(k) = {(x,y)e D| f(x,y) < ke},
B(k) = {xeprojx(D)|(k — 1) < f*(x) < ke},
B(—o0) = {xeprojy(D)| f*(x) = — 0},
B(c0) = {xeprojx(D)| f*(x) = oo}

The sets A(k), k=0,+1,+2,..., are open, while the sets B(k), k =
0,+1,+2,...,B(— o), and B(co) are Borel-measurable. By Lemma 7.21,

ke

(k-Ne |-

Blk) BK)
FIGURE 7.1
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there exists foreach k = 0, + 1, +2,. . . a Borel-measurable ¢, : projx(4,) = Y
such that Gr(¢,) = Ay, and there exists a Borel-measurable &:projy(D) — Y
such that Gr(@) = D. Let k* be an integer such that k* < —1/¢2. Define
@;:projx(D) —» Y by

@r(x) if xeB(k), k=0,+1,+2,...,

Px) = <p(x) if xeB(w),

@(x) if xeB(—o0).
Since B(k) = projx[A(k)] and B(—c0) = projx[A(k)] for all k, this definition
is possible. It is clear that ¢, is Borel-measurable and Gr(¢,) = D. If xe B(k),
then, since (x, @,(x)) € A(k), we have

fIx 0] = f[x @ux)] < ke < f¥(x) +e.

If xe B(w), then f(x,y) = oo for all yeD, and f[x,¢.(x)] = co = f*(x). If
x € B(— o0), we have

f[X, ¢e(x)] = f[x’ (Pk*(x)] < k*S < - 1/8
Hence ¢, has the required properties. Q.E.D.

7.6 Analytic Sets

The dynamic programming algorithm is centered around infimization
of functions, and this is intimately connected with projections of sets. More
specifically, if f: XY — R* is given and f*:X — R* is defined by

f*x) = ingf (x, ¥),
then for each ce R
{(xeX|f*(x)<c} = projx({(x, »)e X Y|f(x,y) < c}).

If f is a Borel-measurable function, then {(x,y)|f(x,y) <c} is a Borel-
measurable set. Unfortunately, the projection of a Borel-measurable set need
not be Borel-measurable. In Borel spaces, however, the projection of a Borel
set is an analytic set. This section is devoted to development of properties
of analytic sets.

7.6.1 Equivalent Definitions of Analytic Sets

There are a number of ways to define the class of analytic sets in a Borel
space X. One possibility is to define them as the projections on X of the
Borel subsets of XY, where Y is some uncountable Borel space. Another



7.6 ANALYTIC SETS 157

possibility is to define them as the images of the Baire null space .4/~ under
continuous functions from 4" into X. Still another possibility is to define
them as all sets of the form

ﬂ 5(01,0'2,. . 50-n)a

(61,62,...)eN n=1

where ./ is the set of all sequences of positive integers (the Baire null space)
and the sets S(c,,0,, . .. ,0,) are closed in X. All these definitions are equiv-
alent, as we show in Proposition 7.41. We will take the third definition
as our starting point, since this is the most convenient analytically. We first
formalize the set operation just given in terms of the notion of a Suslin scheme
in a paved space.

Definition 7.14 Let X be a set. A paving 2 of X is a nonempty collection
of subsets of X. The pair (X, 2) is called a paved space.

If (X, 2) is a paved space, we denote by () the g-algebra generated by
2, we denote by 2; the collection of all intersections of countably many
members of 2, and we denote by £, the collection of all unions of countably
many members of 2. Recall that N is the set of positive integers, /" is the
set of all infinite sequences of positive integers, and X is the set of all finite
sequences of positive integers.

Definition 7.15 Let (X, 2) be a paved space. A Suslin scheme for £ is a
mapping from X into 2. The nucleus of a Suslin scheme S:X — 2 is

N(S)= U ﬂ S(O-l’O-Zs'"aO-n)~ (69)
(61,62,...)eN n=1
The set of all nuclei of Suslin schemes for a paving 2 will be denoted by & (2).

In order to simplify notation, we write, for s = (¢,0,,...,0,)eZ and
z= (ClaCZP . ')eJV',

s<z lf 0'1=§1, 0'2=C2,...,O'"=Cn.
With this notation, (69) can also be written as

N©S)= U ) S

zeN s<z

We will use both expressions interchangeably.

Note that the union in (69) is uncountable, so if 2 is a g-algebra and S
is a Suslin scheme for 2, N(S) may be outside 2. Several properties of ()
are given below.



158 7. BOREL SPACES AND THEIR PROBABILITY MEASURES

Proposition 7.35 Let X be a space with pavings 2 and 2 such that
# < 2. Then

(@) H(2)<F),
(b) F(2),= ),

© S2), =),
@) 2<92),

@ @) =I[92)]

Proof (a) Obvious.

(b) Tt is clear that #(2), > #(2). Now choose ()i, N(S,) €S (2)s.
where S, is a Suslin scheme for 2, k =1,2,.... It suffices to construct a
Suslin scheme S for £ such that

N(S) = () N(Sp). (70)
k=1
Fork=1,2,...,letIl, = {2/ — )2*"!|j=1,2,...}. Then I1;, II,, .. .is a
partition of N into infinitely many infinite sets. For each positive integer k,
let @, : A — A be defined by

Pe(C1, a5 o) = (Car-1, 5001, {5 w1, . ),
i.e., ¢, picks out the components of ({;,{,, . . .) with indices in IT,. We want to

construct a Suslin scheme S for which

e8]

NS = () S Vze. (71)

s<z k=1 s < pi(z)

We may rewrite (71) as

S(ClaiZa e aCn)

1

8

n

s

Sk(Czk-l,c:)).zk—l,...,C(zj_l)zk-l) V(CI,CZ,...)G./V. (72)

0
— m |
k=1j

1

Given ({;,(5,...,(,)€Z, we have n = (2j — 1)2¥~! for exactly one pair of
positive integers j and k. Define
S(ClaCZ’ L aCn) = Sk(C2k‘1a£3-2k‘1> LR ’C(Zj—l)Z"“)' (73)

This defines a Suslin scheme S for which (72), and hence (71), is easily verified.
We now use (71) to prove (70). Choose

xeN©S) = |J () Ss).

zeN s<z
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For some z,e .4, we have

xe N S= ) N Ss.

s<zp k=1 s<¢x(zo)
Thus, for every k,

xe () Sus)= U () Sls) = N(S)).

s <@ir(zo) zeN s<z

It follows that x e ()i%; N(S,) and
N(S) = ﬂ N(Sy). (74)
k=1

If we are given xe( ), N(S,), then xe Uzewn (Ns<=Si(s) for every k, so
for every k, there exists z, € A4 such that xe ﬂsqk S,(s). Let zoe A" be such
that ¢4(z0) = 2z, k =1,2,... . Then x€ [ ;% [ )s<ouo) Sk(s)- An application
of (71) shows that

xe () Sts)= |J ) S(s) = N(S)

s<zo zeN s<z
and

N(S)> ﬁ N(Sy). (75)

k=1

Relation (70) follows from (74) and (75).

(c) Itis clear that #(2), > ¥(2). Choose | iz, N(S,) € #(2),, where
Sy 1s a Suslin scheme for 2, k =1,2,.... It suffices to construct a Suslin
scheme S for £ for which

N(S) = kQ N(Sy). (76)

Given ({,(,,...,(,)€Z, we have {; = (2j — 1)2*~! for exactly one pair of
positive integers j and k. Define

S(CI’CZa LS ’Cn) = S((z,/_ l)zk_15€2’ L >Cn) = Sk(j’c27 L aCn)'
This defines a Suslin scheme S for which
() SR — D2 LG, .. 8 =) Sl Can -5
n=1 n=1

VKEN,Y(j, (s .. )eN. (T7)

Returning to (76), we choose xeN(S)=|J.cs [)s<:S(s). For some
(4,45, ... )N, we have xe ﬂ,f‘;l S(y,¢5,---,C,), and choosing j and k so
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that {; = (2j — 1)2~*, we have, from (77),

=g

XE€ Olsk(jaCza'--,Cn)CN(Sk U N(Sy),

SO
N(S) = O N(S,). (78)

If, on the other hand, we choose

xe N6 = U U N80

k=1zeN s<z

then for some ke N and (j,(,,...)e A, we have x& ()& S,(j, {5, - - -, (o)
Equation (77) implies

xe () S(Q = V2710, 8) < N(S),
n=1
SO
N(S) > C) N(S,). (79)

Relation (76) follows from (78) and (79).

(d) For Pe 2, define S(s) = P for every se Z. Then N(S) =

() The proof of this takes us somewhat far afield, so is given as Propo-
sition B.2 of Appendix B. Q.E.D.

It is not in general true that (&) is closed under complementation,
so F(2) is generally not a g-algebra. In order for &(£) to contain ¢(2),
we need one additional assumption.

Corollary 7.35.1 Let (X,%) be a paved space and assume that the
complement of each set in 2 is in (). Then ¢(2) = L ().

Proof The smallest algebra containing £ consists of the finite inter-
sections of finite unions of sets in £ and complements of sets in £. By
Proposition 7.35, these sets are contained in S[L[SL(P)]] = F(£). Since
¥(2) is a monotone class, it contains the g-algebra generated by £ as well
(Ash [A1, p. 19])). Q.E.D.

Definition 7.16 Let X be 2 Borel space. Denote by %, the collection
of closed subsets of X. The analytic subsets of X are the members of #(Z y).

Corollary 7.35.2 Let X be a Borel space. The countable intersections
and unions of analytic subsets of X are analytic.
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Proof  This follows from Proposition 7.35(b) and (c). Q.E.D.

Proposition 7.36 Let X be a Borel space. Then every Borel subset of X
is analytic. Indeed, the class of analytic sets #(F y) is equal to S(By).

Proof  Every open subset of X is an F, (Lemma 7.2), so every open set
is analytic. Corollary 7.35.1 implies #y = S(F ). Proposition 7.35(a) and
(e) implies

AT x) < S(Bx)c L[S (Fy]=S(Fx). QED.

If the Borel space X is countable, then every subset of X is both analytic
and Borel-measurable. If X is uncountable, however, the class of analytic
subsets of X is strictly larger than %y. This is shown in Appendix B, where
we prove the existence of an analytic set whose complement is not analytic.

Note that an immediate consequence of Proposition 7.36 is that if Y is
a Borel subset of the Borel space X, then the analytic subsets of Y are the
analytic subsets of X contained in Y. A generalization of this fact is the
following.

Corollary 7.36.1 Let X and Y be Borel spaces and ¢:X — Y a Borel
isomorphism. Then 4 < X is analytic if and only if ¢(4) < Y is analytic.

Proof 1f ¢:X — Y is a Borel isomorphism and 4 = X is analytic, then
A = N(S), where S is a Suslin scheme for Z . It is easily seen that ¢(4) =
N(¢<S), where @S is the Suslin scheme for %y defined by (¢ S)(s) =
@[S(s)], so ¢(A) is analytic by Proposition 7.36. If ¢(4) = Y is analytic,
A < X is analytic by a similar argument. Q.E.D.

We proceed to the development of several equivalent characterizations
of analytic sets. The general definition of a Suslin scheme is unrestrictive
with respect to the form of the mapping S:= — 2. In the event that X is a
separable metric space and 2 = Z , one can assume without loss of general-
ity that S has more structure.

Definition 7.17 Let (X, 2) be a paved space and S a Suslin scheme for 2.
The Suslin scheme S is regular if for each ne N and (o,,0,,. .. ,O0u+1)EZ,
we have

S$(61,02,...,0,) D 8(01,65,...,0,,0,41).

Lemma 7.22 Let (X,d) be a separable metric space and S a Suslin
scheme for # . Then there exists a regular Suslin scheme R for % such
that N(R) = N(S) and, for every z = ({1,{5,...)e N,

limdiam R({;,(5,...,{)=0 if R(.,Co,....0)#F Vi (80)

n—=oo
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Proof By the Lindeldf property, for each positive integer k, X can
be covered by a countable collection of open spheres of the form By; =
{xeX|d(x,x,;) < 1/k},j=1,2,....For (y,{,05.(5,. . )€ N, define

R(,

I
S

)= Bz,
R(C;,{1) = R(Z) N S(Cy),
R(C4,¢1,05) = R(T, C)ﬁBzzz,
R(1,81,75,85) = R(C1,¢1,02) n S, o),

etc. Thus

0 Ro=| QB o] nsw] 81
§<(C1,81,82: 8200 1) k=1 s<z

where z = ({;,{3;...). It is clear that R is a regular Suslin scheme for & x
and (80) holds. If xe N(R), then there exists ({;,{;,(2,{5,...)€ .4 such that
X€(Vs<@ririnta..y R(S), 50 by 81) x€(Vs<ityta,..S(5) = N(S), and there-
fore N(R) = N(S). If xe N(S), then there exists ({;,{,,...)e.A4" such that
Xe ﬂS<(Cl-Cz---~) S(s). Since for each positive integer k, the collection {By;|j =
1,2,...} covers X, there exists for each k a positive integer ; for which
xeByz,. Then xe (|, By, and, by (81), x€ ( \s<,.¢1.25.05... ) R(5) = N(R), s0
N(R) = N(S). It follows that N(R) = N(S). Q.E.D.

Note that if a regular Suslin scheme R satisfies (80), then for all z in
Ny = {ze./Vlﬂ R(s) # Q},
the set (),< R(s) consists of a single point, say f(z). Thus we have
N(R) = f(N"1),
and this relation provides the basis for an alternative way of characterizing
analytic sets. We have the following lemma.

Lemma 7.23 Let (X,d) be a complete separable metric space. If A = X
is a nonempty analytic set, then there exist a closed subset A", of 4" and a
continuous function f:.A4"; - X such that A = f(A",). Conversely, if
Ny < Nisclosed and f: .47, — X is continuous, then f(.4",) is analytic.

Proof Let A = N(R) be nonempty, where R is a regular Suslin scheme
for & y satisfying (80). Define

Ny = {ze,/ﬂ () R(s) # Q}.

s<z
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Let z = ({y,{;,...) be in A" If for each n we have R((,,{5,...,(,) # &, then
it is possible to chose x,e R({;,{5,. . .,{,). The sequence lx,, } is Cauchy by
(80), and since (X, d) is complete, ‘x,, } has a limit xe X. But for each n the
regularity of R implies {x,,/m > n} = R({;,(,,...,(,), s0 xeR(,C5,...,L).
Therefore xe( ;<. R(s). Now suppose ze 4" — A"1. The preceding argu-
ment shows that for some s, < z, we have R(s,) = (J. The open neighborhood
{we A'[s, < w) contains z and is contained in A" — N1, SO N — Ny is
open and ./, is closed.

For ze /", define f(z) to be the unique point in ﬂK-R(s) If {z,} is a
sequence in A"y converging to zo = ({,{,,...)e A"y, then given ¢ > 0, (80)
implies that there exists s, < zo for which diam R(s,) < e. For k sufficiently
large, z; € {ze AN|s, < z},50 f(z) € R(s,). Therefore d( (f(zx), f(z0)) < diam R(s,)
< ¢, which shows that f is continuous.

For the converse, suppose 4", = A" is closed and f:.4", > X is con-
tinuous. Define a regular Suslin scheme R for %y by

R(s) = f({ze N y|s < z}),

where R(s) = Q if {zeN'|s<z} = @ If ze Ny, then f(z)e( ;<. R(s) =
, SO f(AN R) If xe N(R), then for some z, = ({,{,,...)e N we
have xXe ﬂsqo ( s). Then for each n,

xef.({ze'/’/pll(clyg27- .. ’Cn) < Z})’

so given ¢ > 0, there exists a z,e A", with ({;,{,,...,{,) < z, and d(x, f(z,))
<& But as n— oo, z, must converge to z,. The closedness of .4"; implies
Zo€./ "1, and the continuity of f implies d(x, f(zo ) < a Since ¢ > 0 is arbi-
trary, we have f(zo) = x, xe f(4",), and N(R) < f(AN",). Q.E.D.

We have thus characterized analytic sets as the continuous images of
closed subsets of .#". We will obtain an even sharper characterization, for
which we need the following lemma.

Lemma 7.24 If 4", is a nonempty closed subset of .4, then there exists
a continuous function g: 4" — A" such that 4", = g(A¥).

Proof  Use the Lindeldf property to cover .4, with a countable collec-
tion of nonempty closed sets {S(¢,)|¢; € N} which satisfy

N1=28(),  diamS¢) <1 =12,

where d is a metric on /" consistent with its topology and diam S(,) 1s
given by (9). Cover each S({;) with a countable collection of nonempty
closed sets {S({;,(,)|{,e N} which satisfy

S€)=58.0). diam S, G) <3 =12 ..
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Continue in this manner so that, for any (1, s, - -+ Cnm1):
SCilon - 0D Ga=120., (52
S<c1,«:z,...,c,._1>=CQIS(c1,c2,...,cn), (83)
SCoslarer sl 2 SCinlar s loeol La=L20ns (84
diam S(¢4,¢5,- . .,C) < 1/n, (,=12,.... (85)

The completeness of A" and (82)—(85) imply that for each ze A, (Ns<=S(s)
consists of a single point. Define g(z) to be this point. Then

N(S)=g(N) = N;.

The continuity of g follows by an argument similar to the one used in the
proof of Lemma 7.23. Q.E.D.

Proposition 7.37 Let X be a Borel space. A nonempty set 4 = X is
analytic if and only if 4 = f(4") for some continuous function f: A" — X.

Proof If X is complete, the proposition follows from Lemmas 7.23 and
7.24. If X is not complete, it is still homeomorphic to a Borel subset of a
complete separable space, and the result follows from Corollary 7.36.1.

Q.E.D.

Proposition 7.37 gives a very useful characterization of nonempty ana-
lytic sets in terms of continuous functions and the Baire null space .4". The
Baire null space has a simple description and its topology allows considerable
flexibility. We have already shown, for example, that it is homeomorphic to
N, the space of irrationals in [0, 1]. Another important homeomorphism
is the following.

Lemma 7.25 The space .4 is homeomorphic to any finite or countably
infinite product of copies of itself.

Proof We prove the lemma for the case of a countably infinite product.
Let I1,,I1,,. . . be a partition of N, the set of positive integers, into infinitely
many infinite sets. Define @: A" — A" A A+ - - by

(p(Z) = (211229' . ‘)7 (86)

where z, consists of the components of z with indices in IT,. Then ¢ is one-
to-one and onto and, because convergence in a product space is component-
wise, ¢ is a homeomorphism. Q.E.D.

Combination of Lemma 7.25 with Proposition 7.37 gives the following.
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Proposition 7.38 Let X;,X,,... be a sequence of Borel spaces and A,
ananalyticsubset of X;,k = 1,2,....Thenthesets 4,4, - -and 4,4, - 4,,
n=1,2,...,are analytic subsets of X X, --and X, X, - - X, respectively.

Proof Let f,: /" — X, be continuous such that 4, = fi(A),k=1,2,....
Let ¢ be given by (86) and F: N A"+ — X, X, - - be given by

F(zy,23,.. ) = (fi(z21). o(22), - ).

Then Fo ¢ is continuous and maps .4~ onto 4A;4,- - - . The finite products
are handled similarly. Q.E.D.

Another consequence of Proposition 7.37 is that the continuous image
of an analytic set, in particular, the projection of an analytic set, is analytic.
As discussed at the beginning of this section, this property motivated our
inquiry into analytic sets. We formalize this and a related fact to obtain
another characterization of analytic sets.

Proposition 7.39 Let X and Y be Borel spaces and A4 an analytic subset
of XY. Then projx(A4) is analytic. Conversely, given any analytic set C = X
and any uncountable Borel space Y, there is a Borel set B = XY such that
C = projx(B). If Y = 4, B can be chosen to be closed.

Proof If A= f(#) < XY is analytic, where f is continuous, then
projx(A4) = (projx  f)(A4") is analytic by Proposition 7.37. If C = f(A#) = X
is nonempty and analytic, then

C = projx[Gr(f)],

where Gr(f) = {(f(2),z2)e XA |ze A"} is closed because f is continuous. If
Y is any uncountable Borel space, then there exists a Borel isomorphism
¢ from .4 onto Y (Corollary 7.16.1). The mapping ® defined by

O(x,2) = (x,9(2))
is a Borel isomorphism from X A4 onto XY, and
C = projx(®[Gr(f)]).  QE.D.

So far we have treated only the continuous images of analytic sets. With
the aid of Proposition 7.39, we can consider their images under Borel-
measurable functions as well.

Proposition 7.40 Let X and Y be Borel spaces and f:X — Y a Borel-
measurable function. If 4 = X is analytic, then f(A4) is analytic. If Bc Y
is analytic, then f ~(B) is analytic.

Proof Suppose 4 = X is analytic. By Proposition 7.39, there exists a
Borel set B = X./" such that 4 = projx(B). Define yy: B — Y by y/(x, z) = f(x).
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Then  is Borel-measurable, and Corollary 7.14.1 implies that Gr(y) € % x4y -
Finally, f(A) = projy[Gr(y)] is analytic by Proposition 7.39.

If B < Y is analytic, then B = N(S), where S is some Suslin scheme for
Fy. Then f~Y(B)= N(f ~'<8), where f~*¢S is the Suslin scheme for %y
defined by

(f71eS)s)=f'[S(s)]  VseX.
The analyticity of f ~(B) follows from Proposition 7.36. Q.E.D.
We summarize the equivalent definitions of analytic sets in Borel spaces.

Proposition 7.41 Let X be a Borel space. The following definitions of
the collection of analytic subsets of X are equivalent:

@@ L (Fx)

(b) &(%x);

(c) the empty set and the images of 4" under continuous functions from
N into X;

(d) the projections into X of the closed subsets of X.4";

(e) the projections into X of the Borel subsets of XY, where Y is an
uncountable Borel space;

(f) the images of Borel subsets of Y under Borel-measurable functions
from Y into X, where Y is an uncountable Borel space.

Proof The only new characterization here is (f). If Y is an uncountable
Borel space and f:Y — X is Borel-measurable, then for every Be %y, f(B)
is analytic in X by Proposition 7.40. To show that every nonempty analytic
set A = X can be obtained this way, let ¢ be a Borel isomorphism from Y
onto X/ and let F < XA be closed and satisfy projy(F)= 4. Define
B = ¢~ }(F)e#y. Then (projx o ¢)(B) = A. If A = (¥, then f(F) = A for any
Borel-measurable f: Y — X. Q.E.D.

7.6.2 Measurability Properties of Analytic Sets

At the beginning of this section we indicated that extended real-valued
functions on a Borel space X whose lower level sets are analytic arise natu-
rally via partial infimization. Because the collection of analytic subsets of
an uncountable Borel space is strictly larger than the Borel g-algebra (Ap-
pendix B), such functions need not be Borel-measurable. Nonetheless, they
can be integrated with respect to any probability measure on (X, %x). To
show this, we must discuss the measurability properties of analytic sets.

If X is a Borel space and pe P(X), we define p-outer measure, denoted
by p*, on the set of all subsets of X by

p*(E) = inf{p(B)|E = B, Be By}. (87)
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Outer measure on an increasing sequence of sets has a convergence property,
namely, p*(E,) T p*(\ 5=, E,)ifE; = E, = ---.This is easy to verify from (87)
and also follows from Eq. (5) and Proposition A.1 of Appendix A (see also
Ash [Al, Lemma 1.3.3(d)]). The collection of sets Zy(p) defined by

Bx(p) = {E = X|p*(E) + p*(E°) = 1}
is a g-algebra (Ash [Al, Theorem 1.3.5]), called the completion of %y with
respect to p. It can be described as the class of sets of the form B U N as B

ranges over By and N ranges over all subsets of sets of p-measure zero in
By (Ash [Al, p. 18]), and we have

p*(Bu N) = p(B).

Furthermore, p* restricted to #x(p) is a probability measure, and is the only
extension of p to By(p) that is a probability measure. In what follows, we
denote this measure also by p and write p(E) in place of p*(E) for all E € B(p).

Definition 7.18 Let X be a Borel space. The universal c-algebra Uy is
defined by %y = (), cpx) #x(p). If E€ Uy, we say E is universally measurable.

The usefulness of analytic sets in measure theory is in large degree
derived from the following proposition.

Proposition 7.42 (Lusin’s theorem) Let X be a Borel space and S a
Suslin scheme for % . Then N(S) is universally measurable. In other words,
y(%x} = %X'

Proof Denote A = N(S), where S is a Suslin scheme for #y. For
(61,...,0,)€Z, define

N(oy,...,00 = {((1,85,.. JeN| =04, ., (o= 0y (88)
and
M(oy,...,00 = {({y, 85, . YNl S04, G < 0y
= o U rkqu(‘cl, ) (89)
Define also
Rovo)= Y159 00
Then
R(o4,...,01) = K(Gy,- .. ,00), 91)
where
K(oy,...,0,) = U ﬁ S(ty,....1;). (92)

T1<C1enens <ok j=1
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As 01 T 0, M(O’l)T'/V, SO R(UI)TA leerse, as O-kT o0, M(Gl,. . .,O'k._l,O'k)T
M(oy,...,04-1),50 R(0y,. . .,04—1,04) T R(64,. ..,0,-1). Given pe P(X) and
&> 0, choose {;,C,,. .. such that

p*(A) < p*[R({1)] + (¢/2),
P*[RCy,- -, G- )] < P*[RCy,- - -1, 8] + (629, k=2,3,....
Then
p*(A) < p*[RC,,....0)] +e  k=1,2,.... (93)

The set K(,,. . .,{) is universally measurable, so (91) and (93) imply

1= p[K(Zla .. ’Zk)] + p[X - K(Zb' . 7Zk)]
2 p*[RCy,- -, )] + p[X — K@y, ... L]

> p*(4) — e + p[X — K({y,- .-, 8] (94)
We show that
k(jl K, 8= Ad (.0, . )eN. 95)
If
<9} 0 k
xe (VK- ntd=( U () Sy, -5 1)), (96)
k=1 k=1t;<{y...., <G J=1

an argument by contradiction will be used to show that for some 7; < {;,
we have

o]

xeS(?l)m[ﬂ U (k]sm,rz,...,zj)] 97)

k=212<2, ...,k =lk j=2
If no such 7; existed, then for every 7; < {;, there would exist a positive
integer k(t,) such that

k(z1)

k

xéS(‘cl)n[ﬂ U ﬂ S(rl,‘rz,...,rj)].
k=212<l2,..., <l j=2

If k = max,, ., k(,), then

x¢u{sm>m[ﬁ U Osem ]l

1<) k=212<82, .. kSl j=2

.
> {J () S(ry,15, .. 7) =Ky, )

T1<81n e <k j=1
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and a contradiction is reached. Replace (96) by (97) and apply the same
argument to establish the existence of 7, < {, such that

o

xeS(?l)mS(Tl,?z)m[ﬂ U ﬁ S(TI,TZ,T3,...,‘:J-)].

k=313<83,..., w<{kj=3
Continuing this process, construct a sequence T, < {;,7, < (,, . .. such that

x€ () S(%y,...,%) = N(S) = A.
k=1
This proves (95), i.e., as k — oo, K({,,. . .,{,) decreases to a set contained in
A,and X — K({y,...,{;) increases to a set containing X — A. Letting k — o
in (94), we obtain

1> p*(A4) — ¢ + p*(X — A).
Since ¢ > 0 is arbitrary, this implies that
1> p*(A4) + p*(X — A).
It is true for any E < X that p*(E) + p*(X — E) > 1, so
p*(A4) + p*(X — A) =1,
and A is measurable with respect to p. Q.E.D.

Corollary 7.42.1 Let X be a Borel space. Every analytic subset of X is
universally measurable.

Proof The closed subsets of X are universally measurable, so & (Fy) <
%y by Proposition 7.42. Q.E.D.

As remarked earlier, the class of analytic subsets of an uncountable Borel
space is not a g-algebra, so there are universally measurable sets which are
not analytic. In fact, we show in Appendix B that in any uncountable Borel
space, the universal g-algebra is strictly larger than the o-algebra generated
by the analytic subsets.

7.6.3  An Analytic Set of Probability Measures

In Proposition 7.25 we saw that when X is a Borel space, the function
04:P(X) - [0,1] defined by 6,(p) = p(4) is Borel-measurable for every
Borel-measurable 4 = X. We now investigate the properties of this function
when A is analytic. The main result is that the set {pe P(X)|p(4) = c} is
analytic for each real c.

Proposition 7.43 Let X be a Borel space and A an analytic subset of X.
For each ceR, the set {pe P(X)|p(4) > c} is analytic.
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Proof Let S be a Suslin scheme for #, the class of closed subsets of X,
such that 4 = N(S). For seZX, let N(s), M(s), R(s), and K(s) be defined by
(88)—(90) and (92). Then (91) and (95) hold and each K(s) is closed. We show
that for ce R

(pePX)p(A) = c} = () U N {pePX)|P[K($)] = ¢ — (1/n)}. (98)

n=1zeAN s<z

If 5(A) > c, then for any n > 1, there exists ({;,,, . ..)€.4" such that (93) is
satisfied with p = p and ¢ = 1/n. Then by (91), for k = 1,2, . ..

ﬁ[K(Cl" .. vZk)] = I_J[R(Zu- .- ’Zk)] > p(4) — (1/n) = c — (1/n),
SO

ﬁeﬁ U N{pePX)|p[K(s)] = ¢ — (1/n)}.

n=1zeN s<z

On the other hand, given

o)

pe [V U N{pePX)p[K(s)] = ¢ — (1/n)},

n=1zeAN s<z

we have that for each n there exists ({4, 250 .Je A for which

ﬁ[ﬁ K(Cy, - - ,Ck):| = I}im PLK(y.- >8] = ¢ — (1/n).
k -0

=1
We have then from (95) that
p-(A)ZC—(l/n), n=1’29---a

so p(A) = ¢, and (98) is proved.
Proposition 7.25 guarantees that for each n > 1 and se X, the set

T,(s) = {pe P(X)|p[K(s)] = ¢ — (1/n)}

is Borel-measurable in P(X). We have from (98) that
{peP(X)|p(4) = ¢} = () N(T,),
n=1

and the proposition follows from Proposition 7.36 and Corollary 7.35.2.
Q.E.D.

Corollary 7.43.1 Let X be a Borel space and 4 an analytic subset of X.
For each ceR, the set {pe P(X)|p(4) > c} is analytic.
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Proof Foreach ceR,
{peP(X)|p(4) > ¢} = Ul{peP(X)|p(A) > c + (1/n)}.

The result follows from Corollary 7.35.2 and Proposition 7.43. QE.D.

7.7 Lower Semianalytic Functions and Universally
Measurable Selection

In a Borel space X, there are at least three o-algebras which arise natu-
rally’: the Borel g-algebra &y of Definition 7.6, the universal g-algebra %, of
Definition 7.18, and the analytic g-algebra .o/, which we define now.

Definition 7.19 Let X be a Borel space. The analytic g-algebra </  is the
smallest o-algebra containing the analytic subsets of X. In symbols, &/ =
oL (Fx)]. If Ee o4y, we say that E is analytically measurable.

From Proposition 7.36 and Lusin’s theorem (Proposition 7.42), we have
that for any Borel space X

.%ch(yx)ceﬂxc%x.

If X is countable, each of these collections of sets is equal to the power set
of X (the collection of all subsets of X). We show in Appendix B that if X is
uncountable, each set containment above is strict. This fact will not be used
in the constructive part of the theory, but only to give examples showing
that results cannot be strengthened.

Corresponding to the three g-algebras just discussed, we will treat three
types of measurability of functions. Borel-measurable functions were defined
in Definition 7.8. The other two types are defined next.

Definition 7.20 Let X and Y be Borel spaces and f a function mapping
Dc X into Y. If De oy and f~}(B)e oy for every Be By, f is said to be
analytically measurable. If De Uy and f ~*(B)e Uy for every Be By, f is said
to be universally measurable.

From the preceding discussion, we see that every Borel-measurable func-
tion is analytically measurable, and every analytically measurable function is
universally measurable. The converses of these statements are false.

We begin by stating for future reference the following characterization
of the universal o-algebra.

' A fourth g-algebra, the limit -algebra ¥y, which lies between .o/ and #y, is defined in
Appendix B, and treated there and in Section 11.1.
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Lemma 7.26 Let X be a Borel space and E = X. Then Ee %y if and only
if, given any pe P(X), there exists Be %y such that p(E A B) =0.

We turn now to the question of composition of measurable functions. If
Borel-measurable functions are composed, the result is again Borel-measur-
able. Unfortunately, the composition of analytically measurable functions
need not be analytically measurable (Appendix B). We have the following
result for universally measurable functions.

Proposition 7.44 Let X, Y, and Z be Borel spaces, De %y, and E€ %y.
Suppose f:D — Y and g:E — Z are universally measurable and f(D) = E.
Then the composition ge f is universally measurable.

Proof We must show that given Be %, the set f ~[g~!(B)] is uni-
versally measurable. Since g~ !(B) € %y, it suffices to prove that f~}(U)e %x
for every Uey. For pe P(X), define p’e P(Y) by

P(C)=p[f UC)] VCe%By.
Let Ve %y be such that
/T W ASTH U] =p(VAU)=0.

The set f (V) is in%, so there exists W e 2y for which p[ W A f~ V)] =0.
Then p[WA f~*(U)] = 0. The result follows from Lemma 7.26. QE.D.

The proof of Proposition 7.44 also establishes the following fact.

Corollary 7.44.1 Let X and Y be Borel spaces, De#y, and f:D - Y
a universally measurable function. If Ue %y, then f~ YU)euy.

Since /x < Uy, we can specialize these results to analytically measurable
sets and functions. '

Corollary 7.44.2 Let X, Y, and Z be Borel spaces, De «/x, and E€ «/y.
Suppose f:D — Y and g:E — Z are analytically measurable and f(D) = E.
Then the composition gof is universally measurable. If Ae.o/y, then
Y A)eUy.

We remind the reader that if X and Y are Borel spaces, a stochastic kernel
g(dy|x) on Y given X is said to be universally measurable if the mapping
7(x) = q(dy|x) is universally measurable from X to P(Y) (Definition 7.12).

Corollary 7.44.3 Let X and Y be Borel spaces, let f:X — Y bea func-
tion, and let q(dy\x) be a stochastic kernel on Y given X such that, for each
x, q(dy|x) assigns probability one to the point f(x)e Y. Then g(dy|x) is uni-
versally measurable if and only if f is universally measurable.
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Proof Let 6:Y — P(Y) be the homeomorphism defined by d(y) = p,
(Corollary 7.21.1). Let y:X — P(Y) be the mapping y(x) = q(dy|x). Then
y = dofandf = 6! °y. Theresultfollows from Proposition 7.44. Q.E.D.

If X is a Borel space and f: X — R* is universally measurable, then given
any pe P(X), f is measurable with respect to the completed Borel s-algebra
Bx(p), and [ fdp is defined by

[rap=[r+dp— (1 ap,

where the convention co — 0o = oo is used and the integrations are performed
on the measure space (X, Bx(p),p). If De%y, the integral jD fdp is defined
similarly. Having thus defined [ f dp without resort to p-outer measure, we
have all the classical integration theorems at our disposal, provided that we
take care with the addition of infinities.

We proceed now to show that universally measurable stochastic kernels
can be used to define probability measures on product spaces in the manner
of Proposition 7.28. For this we need some preparatory lemmas.

Lemma 7.27 Let X be a Borel space and f:X — R*. The function f is
universally measurable if and only if, for every pe P(X), there is a Borel-
measurable function f,: X — R* such that f(x) = f,(x) for p almost every x.

Proof Suppose f is universally measurable and let pe P(X) be given.
For reQ*, let U(r) = {x|f(x) <r}. Then f(x)=inf{reQ*|xeU(r)}. Let
B(r)e #x be such that p[ B(r) A U(r)] = 0. Define

fo(x) = inf{re Q*|xeB(r)} = inf ,(x),
reQ*
where ,(x) =r if xeB(r) and y,(x) = co otherwise. Then f,:X — R* is
Borel-measurable, and

X f(x) # f,(x)} = %[B(V) AUr)]
has p-measure zero. -

Conversely, if, given pe P(X), there is a Borel-measurable f, such that
f(x) = f,(x) for p almost every x, then

pUX[f(x) < ¢} A{x[fp(x) < c}) =0
for every ce R*, and the universal measurability of f follows. Q.E.D.

Lemma 7.27 can be used to give an alternative definition of | f dp when
f is a universally measurable, extended real-valued function on a Borel
space X and pe P(X). Letting f, be as in the proof of that lemma, we can
define [fdp = jf;, dp. It is easy to show that this definition is equivalent to
the one which precedes Lemma 7.27.
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Lemma 7.28 Let X and Y be Borel spaces and let q(dy|x) be a stochastic
kernel on Y given X. The following statements are equivalent:

(a) The stochastic kernel g(dy|x) is universally measurable.

(b) For any Be %y, the mapping Az:X — R defined by ig(x) = q(B|x)
is universally measurable.

(c) For any p € P(X), there exists a Borel-measurable stochastic kernel
q,(dy|x) on Y given X such that g(dy|x) = g,(dy|x) for p almost every x.

Proof We show (a) = (b) = (c) = (a). Assume (a) holds. Then the func-
tiony: X — P(Y)given by y(x) = q(dy}x) is universally measurable. If Be %y,
/p is defined as in (b), and 05: P(Y) — R is given by 05(p) = p(B), then iy =
0g° 7y, which is universally measurable by Propositions 7.25 and 7.44. There-
fore (a) = (b).

Assume (b) holds and choose p e P(X). Since Y is separable and metrizable,
there exists a countable base £ for the topology in Y. Let & be the collection
of sets in & and their finite intersections. For Fe &, let fz be a Borel-measur-
able function for which

fr(x) = q(F|x) VxeBy,

where Bre %y and p(Byr) = 1. Such an f; and By exist by assumption (b) and
Lemma 7.27. For x&(\r. 5 B, let q,(dy|x) = q(dy|x). For x¢(\r.5 B, let
q,(dy|x) be some fixed probability measure in P(Y). Then g(dy|x) = q,(dy|x)
for p almost every x. The class of sets Y in %y for which g,(Y|x) is Borel-
measurable in x is a Dynkin system containing & . The class % is closed under
finite intersections and generates %y, so statement (c) follows from the
Dynkin system theorem (Proposition 7.24). Therefore (b) = (c).

Assume (c) holds and choose pe P(X). Let g,(dy|x) be as in assumption
(c) and define y,7,:X — P(Y) by p(x) = q(dy|x), y,(x) = q,(dy|x). If Be Bpx).
then p[y~(B) Ay, '(B)] = 0. Lemma 7.26 implies that y~*(B) is universally
measurable. Therefore (c) = (a). Q.E.D.

Lemma 7.29 Let X, Y, and Z be Borel spaces and let f: XY — Z be a
universally measurable function. For fixed x€ X, define g,: Y — Z by

g:(y) = f(x,y).

Then g, is universally measurable for every xe X.

Proof For fixed x,€ X, let ¢:Y — XY be the continuous function de-
fined by ¢(y) = (x4, y). For Ze 4,,

{yeY|g(VeZ} = ({(x,y)eXY|f(x,y)eZ}),

and this set is universally measurable by Corollary 7.44.1. Q.E.D.
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Itis worth noting that if (Q,, # |, p)and (Q,, F ,, q) are probability spaces,
then there are two natural g-algebras on Q;Q,, namely, % ,%, and the
completion #,%, of #,% , with respect to pq. If f:Q,Q, - R is F,F ,-
measurable, then for every w;eQ,, the function g, (w,) = f(wy,w,) is
7 ,-measurable. However, if f is only %% ,-measurable, then g, (w,) can
be guaranteed to be & ,-measurable only for p almost all w,. The case treated
by Lemma 7.29 is intermediate to these two, since #x%y = Uxy, and if
peP(X), ge P(Y),and %x%y denotes the completion of % %y with respect to
pq, then Uxy < %Ux%y. Note that the stronger result that g.(y) is %y-measur-
able for every x € X holds, although the assumption that f is % y,-measurable
may be weaker than the assumption that f is % y%y-measurable.

We now use the properties of universally measurable functions and
stochastic kernels to extend Proposition 7.28.

Proposition 7.45 Let X,,X,,... be a sequence of Borel spaces, Y, =
XX, --X,andY = X,X,---.Letpe P(X,) be givenand, forn = 1,2,. . .,
let g,(dx, +|y,) be a universally measurable stochastic kernel on X, given
Y,. Then for n = 2,3, ..., there exist unique probability measures r,€ P(Y,),
such that

(X1 Xy X,) = f)_ﬁfx:. ’ 'f)_(.._lq"_l(z("lxl’xz" s Xp—1)

X Qn—Z(dxn—1|xlax23- e Xp—g)
X %(dlexl)P(dxl) VX1 €Bx,. . Xn€Bx,. (99)

If f:Y, — R*is universally measurable and either | f * dr, < oo or [ f ™ dr, <
00, then

fynfdrn = J‘Xxj;h. ’ ‘fxnf(xl’xz" . ',xn)qn—l(dxn|x1>x2$' . ’xn—l)' o
X 41(dX2|x1)P(dx1)~ (100)

Furthermore, there exists a unique probability measure re P(Y) such that
for each n the marginal of r on Y, is r,,.

Proof There is a Borel-measurable stochastic kernel q,(dlexl) which

agrees with g(dx,|x,) for p almost every x,. Define r, e P(Y,) by specifying
it on measurable rectangles to be (Proposition 7.28)

RXX0) = [, Py, VX By, Xedh,.

Assume f:Y, — [0, 0] is universally measurable and let f: Y, — [0, 00] be
Borel-measurable and agree with f on Y, — N, where N € y, and r,(N) = 0.
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By Proposition 7.28,
0=r(N) = [, [, 1t x2)u(dxolxn)p(dx,)

= [ D [xp@x,),

s0 Gy(N, |x;) =0 for p almost every x;. Now f(x;,X;) = f(x;,x;) for
X,¢N,, so

sz [f(xy,x5) = flxy, Xz)]%(dlexﬂ

<f S(x1,%3) = fx1,%,)[g1(dx,|x;) = 0

for p almost every x; . It follows that
fxlﬂxl’ X2)q1(dx,|x1) = szf(xl’ X2)q1(dx;|x1)
= [ fle1 xa(dx]x)

for p almost every x,. The left-hand side is Borel-measurable by Proposition
7.29, so the right-hand side is universally measurable by Lemma 7.27.
Furthermore,

J;,zfd"z = fyzfdrz = fxlfxzf(xl,X2)71(dx2|x1)17(dx1)
= [ Ji fler xan(axalxp(ax,).

This proves (100) forn = 2and f > 0.If f: ¥, — R*is universally measurable
and satisfies |/ dr, < oo or | f ™ dr, < o, then (100) holds for f* and /7,
so it holds for f as well. Take f = yy,x, to obtain (99).

Now assume the proposition holds for n=k. Let gi(dx;+4|y:) be a
stochastic kernel which agrees with qk(dxk+1| yi) for r, almost every x;.
Define ;. ; by specifying it on measurable rectangles to be

M1 (X1 X Xyyy) = f)_(l)_(z'“)_(kq"(‘X"“le’xz" c X)) dry
VX €Bx, s Xks1€Bxys -

Proceed as in the case of n =2 to prove the proposition for n =k + 1.
(See also the proof of Proposition 7.28.)

The existence of re P(Y) such that the marginal of r on X, is r,, n =2,
3,...,1s proved exactly as in Proposition 7.28. QE.D.
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In the course of proving Proposition 7.45, we have also established the
following fact.

Proposition 7.46 Let X and Y be Borel spaces and let f: XY — R* be
universally measurable. Let g(dy|x) be a universally measurable stochastic
kernel on Y given X. Then the mapping 1:X — R* defined by

#) = [1x, natayl)
is universally measurable.

Corollary 7.46.1 Let X be a Borel space and let f:X — R* be uni-
versally measurable. Then the function 6,:P(X) - R* defined by

0,(p) = [fdp
is universally measurable.

Proof Define a universally measurable stochastic kernel on X given
P(X) by g(dx|p) = p(dx). Apply Proposition 7.46. Q.E.D.

As mentioned previously, the functions obtained by infimizing bivariate,
extended real-valued, Borel-measurable functions over one of their variables
have analytic lower level sets. We give these functions a name.

Definition 7.21 Let X be a Borel space, D = X, and f:D — R*. If D
is analytic and the set {xe D|f(x) < ¢} is analytic for every ceR, then f is
said to be lower semianalytic.

It is apparent from the definition that a lower semianalytic function
is analytically measurable. We state some characterizations and basic prop-
erties of lower semianalytic functions as a lemma.

Lemma 7.30 (1) Let X be a Borel space, D an analytic subset of X,
and f:D — X. The following statements are equivalent.

(a) The function f is lower semianalytic, i.e., the set
{xeD|f(x) < c} (101)

is analytic for every ce R.
(b) The set (101) is analytic for every ce R*.
(¢c) The set
{xeD|f(x) < ¢} (102)

is analytic for every ceR.
(d) The set (102) is analytic for every ce R*.
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(2) Let X be a Borel space, D an analytic subset of X, and f,:D — R*,
n=1,2,...,asequence of lower semianalytic functions. Then the functions
inf, f,, sup, f,, liminf,_, ,, f,, and limsup,_, f, are lower semianalytic. In
particular, if f, — f, then f is lower semianalytic.

(3) Let X and Y be Borel spaces, g:X - Y, and f:g(X)— R*. If g is
Borel-measurable and f is lower semianalytic, then f © g is lower semianalytic.

(4) Let X be a Borel space, D an analytic subset of X, and f,g:D — R*.
If f and g are lower semianalytic, then f + g is lower semianalytic. If, in
addition, g is Borel-measurable and g > 0 or if f > 0 and g > 0, then fg is
lower semianalytic, where we define 0 - 00 = 00 - 0 = 0(— 0) = (— )0 = 0.

Proof (1) We show (b)=>(a) = (d)=(c) = (b). It is clear that (b) =>(a).
If (a) holds, then :

{xeD|f(x)< 0} =D

is analytic by definition, while the sets

s

{xeD|f(x)< —oo} = () {xeD|f(x) < —n},

{xeD|f(x) < c} = ﬁ{xele(x)<c+(1/n)}, ceR,

are analytic by Corollary 7.35.2. Therefore (a)=> (d). It is clear that (d) = (c).
If (¢) holds, then the sets

{xeD|f(x) < — o0}

&,

{xeD|f(x) < 0} C) {xeD|f(x) < n},

{xeD|f(x)<c} = (J{xeD|f(x)<c—(1/n)}, ceR,
n=1

are analytic by Corollary 7.35.2. Therefore (c) =(b).

(2) ForceR,
{xeDlinf f,(x) < ¢} = |J {xeD|fulx) <},
n n=1
{xeD[sup f,(x) < ¢} = () {xeD|filx) < ¢},
n n=1

so inf, f, and sup, f, are lower semianalytic by Corollary 7.35.2 and part (1).
Then
liminf f, = sup inf f;

n— oo nz1kZn
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and

lim sup f, = inf sup f;
n—o n>1k>n
are lower semianalytic as well.
(3) The domain g(X) of f is analytic by Proposition 7.40. For ce R,

{xeX|(feg)x) < c} = g7 ({yeg(X)|f(y) < c})

is analytic by the same proposition.
(4) ForceR,

{xeD|f(x)+ g(x) < c} = UQ[{xeD|f(x) <r}n{xeDl|g(x) <c—r}],

and this is true even if f(x)+ g(x) = 00 — 0 = oo for some xeD. From
Corollary 7.35.2 it follows that f + g is lower semianalytic whenever f and
g are. Now suppose g is Borel-measurable and g > 0. For ¢ > 0, we have

{xeD|f(x)g(x) < ¢} = {xeD|f(x) < 0} U {xeDl|g(x) < 0}

u[ U {xeDIf(X)<r,g(X)<C/r}],

reQ,r>0

while if ¢ < 0, we have

{xeD|f(x)g(x) < ¢} = QU . {xeD|f(x) < r,g(x) > c/r}.
reQ,r<
In both cases, the set {xeD| f(x)g(x) < ¢} is analytic by Corollary 7.35.2.
Suppose f and g are both lower semianalytic and nonnegative. For ¢ > 0,
the set {xeD|f(x)g(x) < c} is analytic as before, and for ¢ < 0, this set is
empty. It follows that fg is lower semianalytic under either set of assumptions
on f and g. Q.E.D.

Note in connection with Lemma 7.30(3) that the composition of a
Borel-measurable function with a lower semianalytic function can be guar-
anteed to be lower semianalytic only when the composition is in the order
specified. To see this, let X be a Borel space and 4 = X be an analytic set
whose complement is not analytic (see Appendix B). Define f(x) = — y4(x),
which is lower semianalytic, because {xe X | f(x) < ¢} is either ¥, A4, or X,
depending on the value of ¢. Let g: R* — R* be given by g(c) = —c. Then
Za=4g° f,and this function is not lower semianalytic, since {x € X |y ,(x) <4} =
A°. This also provides us with an example of an analytically measurable
function which is not lower semianalytic.

Proposition 7.47 Let X and Y be Borel spaces, let D be an analytic
subset of XY, and let /:D — R* be lower semianalytic. Then the function
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f*:projx(D) — R* defined by
f¥*(x)= inf f(x,y) (103)
yeDx
is lower semianalytic. Conversely, if f*: X — R* is a given lower semianalytic

function and Y is an uncountable Borel space, then there exists a Borel-
measurable function f: XY — R* which satisfies (103) with D = X'Y.

Proof For the first part of the theorem, observe that if f:D — R* is
lower semianalytic and c € R, the set

{Xeprojx(D)l inf f(x,y) < C} = projy({(x, y) € D|f(x,y) < c})

yeDx
is analytic by Proposition 7.39.

For the converse part of the theorem, let f*:X — R* be lower semi-
analytic and let Y be an uncountable Borel space. For reQ, let A(r) =
{xeX|f*(x) <r}. Then A(r) is analytic and, by Proposition 7.39, there
exists B(r)e Byxy such that A(r) = projx[B(r)]. Define G(r) =  Jscq,s<, B()
and f: XY — R* by

f(x,y) = inf{reQ|(x,y) e G(r)} = in(fz ¥, (x, y),

where V,(x,y) =r if (x,y)eG(r) and ¥,(x,y) = o otherwise. Then f is
Borel-measurable. Let g be defined by g(x) = inf, .y f(x, y). We show that
f*(x) = g(x) for every xe X.

If f*(x) < c for some c€ R, then there exists r € Q for which f*(x) <r <,
and so x € A(r). There exists ye Y such that (x, y)e G(r), and, consequently,
f(x,y) < rand g(x) < r < c. Therefore g(x) cannot be greater than f*(x).

If g(x) < ¢ for some ceR, then there exists reQ and yeY for which
g(x) < r < c and (x, y)e G(r). Thus for some s€ Q, s < r, we have (x, y)e B(s)
and x € A(s). This implies f*(x) < s < r < ¢, which shows that f*(x) cannot
be greater than g(x). Q.E.D.

Proposition 7.48 Let X and Y be Borel spaces, f: XY — R* lower semi-
analytic, and g(dy|x) a Borel-measurable stochastic kernel on Y given X.
Then the function 1: X — R* defined by

20 = [ fx, Madyfx)
is lower semianalytic.

Proof Suppose f >0. Let f,(x,y)=min{n, f(x,y)}. Then each f, is
lower semianalytic and f, 1 f. The set

E, = {(x,y,b)e XYR|f,(x,y) < b < n}

= ﬁ U {3 b)e X YR|fulx,y) < r,r < b + (1/k) < n + (1/k)}

k=1reQ
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is analytic in XYR by Corollary 7.35.2 and Proposition 7.38. Let u be
Lebesgue measure on R, pe P(X'Y), and pu the product measure on X YR. By
Fubini’s theorem,

(Pu)(E,) fxyf 1E, dudp = fxy[n Julx,y)]dp
n— |y y)dp

For ce R we have, by the monotone convergence theorem,

{peP(XY)]ff(x, y)dp < c} = ﬁl{peP(XY)[fxyf,,(x, y)dp < c}

= OuDGPXY |(P(E,) = n — c}.

Hence, by Proposition 7.43 and the fact that the mapping p — pu is con-
tinuous (Lemma 7.12), the function 6,:P(XY)— R* defined by 0,(p) =
j f(x,y)dp is lower semianalytic. We have

Mx) = 0, [q(dy|x)ps]-

Since the mapping x — q(dy]x) is Borel-measurable from X to P(Y) and the
mappings x — p, and [q(dy|x), p.] — q(dy|x)p, are continuous from X to
P(X) and P(X)P(Y) to P(XY), respectively (Corollary 7.21.1 and Lemma
7.12), it follows from Lemma 7.30(3) that 4 is lower semianalytic.

Suppose f < 0. Let f,(x,y) = max{—n, f(x,y)}. Then each f, is lower
semianalytic and f, | f. The sets E, = {(x,y,b)e X YR|f,(x,y) < b < 0} are
analytic and

(P(ED) = [, [ 1z dudp = — [ fitx.y)dp
For ceR,

{peP(XY)|ff(x, Vdp < c} - Ql{peP(XYﬂ S y)dp < c}

Il
s

{pe P(XY)|(pu)(E,) > —c}.

1

n

Proceed as before.
In the general case,

[exatasio = £+ (e natdvx) - [~ v)atayl).

The functions f* and —f~ are lower semianalytic, so by the preceding
arguments each of the summands on the right is lower semianalytic. The
result follows from Lemma 7.30(4). Q.E.D.
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Corollary 7.48.1 Let X be a Borel space and let f:X — R* be lower
semianalytic. Then the function 6 ,: P(X) — R* defined by

0,(p) = [fdp
is lower semianalytic.

Proof Define a Borel-measurable stochastic kernel on X given P(X)
by g(dx|p) = p(dx). Apply Proposition 7.48. Q.ED.

As an aid in proving the selection theorem for lower semianalytic func-
tions, we give a result concerning selection in an analytic subset of a product
of Borel spaces. The reader will notice a strong resemblance between this
result and Lemma 7.21, which was instrumental in proving the selection
theorem for upper semicontinuous functions.

Proposition 7.49  (Jankov—von Neumann theorem) Let X and Y be
Borel spaces and 4 an analytic subset of X'Y. There exists an analytically
measurable function ¢: projx(4) — Y such that Gr(¢) = A.

Proof (See Fig. 7.2.) Let f: 4/ — XY be continuous such that 4 =
f(AN). Let g =projyo f. Then g: 4/ — X is continuous from A" onto
projx(A). For xeprojx(4), g~ *({x}) is a closed nonempty subset of .4". Let
¢,(x) be the smallest integer which is the first component of an element
zy€g 1 ({x}). Let {,(x) be the smallest integer which is the second compo-
nent of an element z, g~ *({x}) whose first component is {;(x). In general,
let {,(x) be the smallest integer which is the kth component of an element
zyeg~*({x}) whose first (k — 1)st components are {y(x),...,{;-1(x). Let
Y(x) = ((1(x),{5(x), . . .). Since z; — Y(x), we have

Yix)eg™ ({x}). (104)
Define ¢:projy(4) = Y by ¢ = projy° f o, so that Gr(¢) = A.

projx(A)

FIGURE 7.2
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We show that ¢ is analytically measurable. As in the proof of Proposition
742, for (64,...,0,)e X let

N(oy,. .. 00) = {((1, ¢, ~)€'/VIC1 =01,..., 0= o),
M(oy,. .. 00) = {1, (as. . JEN | S0y, G < 0y

We first show that  is analytically measurable, i.e., v~ Y4B ,) < oy. Since
{N(s)|seZ} is a base for the topology on .47, by the remark following Defini-
tion 7.6, we have o({N(s)|se Z}) = 8. Then

V(B =y [a(ING)|se Z)] = o[y~ H({N(s)|se 2})],
and it suffices to prove
Y IN(s)] e Ay VseZX. (105)

We claim that for s = (6,,0,,...,0,)eZ

k
W_I[N(S)] =g[M(s)] - .Ul g[M(ay,. .. ,0j-1,0; — 1)], (106)

where M(oy,...,0;-1,0; — 1) = ¥ if o; — 1 = 0. We show this by proving
that ¥ "'[N(s)] is a subset of the set on the right-hand side of (106) and
vice versa.

Suppose x ey~ [ N(s)]. Let y(x) = ({4(x), {(x),. . .). Then

Y(x)e N(s) = M(s), (107)
50 (104) implies
x = g[Y(x)] e g[M(s)]. (108)

Relation (107) also implies {(x) = 4,...,{(x) = 6. By the construction
of i, we have that ¢, is the smallest integer which is the first component
of an element of g~ !({x}), and for j=2,...,k, o; is the smallest integer
which is the jth component of an element of ¢~ '({x}) whose first (j — 1)
components are gy,. . .,0;_ . In other words,

9 ({x}) N M(oy,...,0;-,0; =)=, j=1,... .k

It follows that

xX¢ O g[M(o,,...,0;-1,0;— 1)]. (109)
i=1

J

Relations (108) and (109) imply

k
YN = g[M(s)] — _L_)l g[M(oy,...,0;-1,0;—1)].  (110)
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To prove the reverse set containment, suppose

k
xeg[M)] = | g[M(oy.....0;-1,0;— 1)]. (111)
ji=1
Since x € g[ M(s)], there must exist y = (11,72, ..)€g~ *({x}) such that
N < 0qye e Nk < 0. (112)

Clearly, x e projx(4) = g(A"), so ¥(x) is defined. Let y(x) = ({;(x), {2(x),. . .).
By (104), we have g[¥(x)] = x, so (111) implies

W(X)¢M(O’1,...,O’j_1,0'j—1), j=1a27"'9k'

Since Y(x)¢ M(s, — 1), we know that {;(x) > o;. But {;(x) is the smallest
integer which is the first component of an element of g~ !({x}), so (112)
implies {,(x) < 1, < 7,. Therefore {;(x) = o, . Similarly, since y(x) & M({,(x),
o, — 1), we have {,(x) > ¢,, Again from (112) we see that {,(x) <y, < 0,
s0 {,(x) = 0,. Continuing in this manner, we show that y/(x)e N(s), ie.,
xey "[N(s)] and

Y NE] = g[M(s)] - Lz)l g[M(oy,. .., 05-1,0;— 1)]. (113)

Relations (110) and (113) imply (106).

We note now that M(t) is open in A~ for every t€ Z, so g[ M(t)] is analytic
by Proposition 7.40. Relation (105) now follows from (106), so y is analytically
measurable.

By the definition of ¢ and the Borel-measurability of f and projy, we have

@~ (@By) =¥~ (f " [projy (By]) S ¥ T T [ Bxy]) < ¥ HAB).

We have just proved ¢~ 1(4,) < o/, and the analytic measurability of
¢ follows. Q.E.D.

This brings us to the selection theorem for lower semianalytic functions.

Proposition 7.50 Let X and Y be Borel spaces, D = XY an analytic
set,and f:D — R* alower semianalytic function. Define f*:projx(D) — R* by
fHx) = inf f(x,). (114)

yeDx

(a) For every ¢ > 0, there exists an analytically measurable function
@:projx(D) — Y such that Gr(¢) = D and for all x € projx(D),

f*(x)+ ¢ if f*x)> —o0,

f[x’(p(x)] < {_ 1/e if f*x)= —o0.
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(b) The set
I = {xeprojx(D)|for some y. € D,, f(x,y,) = f*(x)}

is universally measurable, and for every &> 0 there exists a universally
measurable function ¢:projy(D)— Y such that Gr(¢) = D and for all
X € projx(D)

flx o] =r*x) if xel, (115)

fHx) + ¢ if x¢lI, f*x)> —oo,
f[x""(x)]s{—ug it xgl, f*x) = —

Proof (a) (Cf proof of Proposition 7.34 and Fig. 7.1.) The function
[f* is lower semianalytic by Proposition 7.47. For k =0, +1, +2,.. ., define

(116)

A(k) = {(x.y)e D|f(x,y) < ke},
B(k) = {xeprojx(D)|(k — 1)e < f*(x) < ke},
B(— ) = {xeprojx(D)| f*(x) = —o0}.
B(o0) = {xeprojx(D)|f*(x) = o}

The sets A(k), k=0,+1,+2,..., and B(— ) are analytic, while the sets
B(k), k=0,%1,42,..., and B(co) are analytically measurable. By the
Jankov-von Neumann theorem (Proposition 7.49) there exists, for each
k=0,4+1,+2,..., an analytically measurable @r:projx[A(k)] - Y with
(x, p(x))e A(k) for all xeprojy[A(k)] and an analytically measurable
®:projx(D) = Y such that (x,3(x))eD for all xeprojx(D). Let k* be an
integer such that k* < —1/¢%. Define ¢:projy(D) — Y by

?(x) if xeB(w),
Pr(x) if xeB(—o0).

(%) if xeB(k), k=0,+1+2,...,
co(X)={

Since B(k) = projx[A(k)] and B(— o0) = projx[ A(k)] for all k, this definition
is possible. It is clear that ¢ is analytically measurable and Gr(¢) < D.
If xe B(k), then (x, ¢,(x)) € A(k) and we have

ST 0] = fIx, @u(x)] < ke < f*(x) + &

If xe B(oo), then f(x,y) = oo for all ye D, and f[x,(x)] = oo = f*(x). If
x€ B(—o0), we have

fTx0()] = fIx 0ulx)] < K*e < —1/z.

Hence ¢ has the required properties.
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(b) Consider the set E = X YR* defined by
E = {(x,,b)|(x,y) €D, f(x,y) < b}.
Since
E= () U {y.b|(x.y)eD, fx,y) <r,r < b+ (1/k)},
k=1reQ*
it follows from Corollary 7.35.2 and Proposition 7.38 that E is analytic in
X YR¥*, and hence the set
A = projxg«(E)
is analytic in X R*. The mapping T':projx(D) - X R* defined by

T(x) = (x, f*(x))
is analytically measurable, and '
I = {x|(x,f*(x))e A} = T~ }(A).

Hence I is universally measurable by Corollary 7.44.2.

Since E is analytic, there is, by the Jankov—von Neumann Theorem, an
analytically measurable p:4 — Y such that (x,p(x,b),b)eE for every
(x,b)e A. Define y: I — Y by

Y(x) = plx, f¥(x)) = (poT)(x)  Vxel.

Then ¥ is universally measurable by Corollary 7.44.2, and by construction
SIx,¥(x)] < f*(x) for xeI. Hence

flx¥@] =,*x)  Vxel. (117)

By part (a) there exists an analytically measurable ¥, :projy(D) — Y such
that

f*x)+ ¢ if f*(x)> —o0,

B ZCIES {_1/8 0 = — oo, (118)

Define ¢:projy(D) — Y by
o) = W(x) ¥f xel, .
Y.(x) if xeprojy(D)— I
Then ¢ is universally measurable and, by (117) and (118), it has the required
properties. Q.E.D.

Since the composition of analytically measurable functions can fail to
be analytically measurable (Appendix B), the selector obtained in the proof
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of Proposition 7.50(b) can fail to be analytically measurable. The composi-
tion of universally measurable functions is universally measurable, and so
we obtained a selector which is universally measurable. However, there is a
g-algebra, which we call the limit o-algebra, lying between .27y and %y such
that the composition of limit measurable functions is again limit-measurable.
We discuss this g-algebra in Appendix B and state a strengthened version
of Proposition 7.50 in Section 11.1.



Chapter 8

The Finite Horizon Borel Model

In Chapters 8—10 we will treat a model very similar to that of Section
2.3.2. An applications-oriented treatment of that model can be found in
“Dynamic Programming and Stochastic Control” by Bertsekas [B4], here-
after referred to as DPSC. The model of Section 2.3.2 and DPSC has a
countable disturbance space and arbitrary state and control spaces, whereas
the model treated here will have Borel state, control, and disturbance spaces.

8.1 The Model

Definition 8.1 A finite horizon stochastic optimal control model is a nine-
tuple (S, C, U, W, p, f, «, g, N) as described here. The letters x and u are used
to denote elements of S and C, respectively.

S State space. A nonempty Borel space.

C Control space. A nonempty Borel space.

U Control constraint. A function from S to the set of nonempty subsets
of C. The set

I = {(x,u)|xeS, ue U(x)} 1)
is assumed to be analytic in SC.

188
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W Disturbance space. A nonempty Borel space.

p(dw|x,u) Disturbance kernel. A Borel-measurable stochastic kernel on
W given SC.

f  System function. A Borel-measurable function from SCW to S.

o Discount factor. A positive real number.

g One-stage cost function. A lower semianalytic function from I' to R*.

N Horizon. A positive integer.

We envision a system moving from state x; to state x;.,; via the system
equation

xk+1=f(xk>ukawk)’ k=0919~"’N—2’

and incurring cost at each stage of g(x;, u;). The disturbances w, are random
objects with probability distributions p(dw,|x,, ). The goal is to choose u,
dependent on the history (xq, Ug,. - - , Xx—1, Ug~1, X)) SO as to minimize

N-1
E{ Y akg(xk,uk)}. @
k=0

The meaning of this statement will be made precise shortly. We have the
constraint that when x, is the kth state, the kth control u, must be chosen to
lie in U(x,).

In the models in Section 2.3.2 and DPSC, the one-stage cost g is also a
function of the disturbance, i.e., has the form g(x, u, w). If this is the case, then
g(x, u, w) can be replaced by

glx,u) = fg(x, u, w)p(dwlx, u).

If g(x, u, w) is lower semianalytic, so is g(x, u) (Proposition 7.48). If p(dw|x, u)
is continuous and g(x, u, w) is lower semicontinuous and bounded below or
upper semicontinuous and bounded above, then g(x, u) is lower semicontin-
uous and bounded below or upper semicontinuous and bounded above,
respectively (Proposition 7.31). Since these are the three cases we deal with,
there is no loss of generality in considering a one-stage cost function which
is independent of the disturbance.

The model posed in Definition 8.1 is stationary, i.e., the data does not
vary from stage to stage. A reduction of the nonstationary model to this
form is discussed in Section 10.1.

A notational device which simplifies the presentation is the state transition
stochastic kernel on S given SC defined by

t(B

x,u) = p({w| f(x,u,w)e B} [x,u) = p(f "' (B)x,

X, u). (3)
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Thus t(B|x, u) is the probability that the (k + 1)st state is in B given that the
kth state is x and the kth control is u. Proposition 7.26 and Corollary 7.26.1
imply that t(dx’|x, u) is Borel-measurable.

Definition 8.2 A policy for the model of Definition 8.1 is a sequence
T = (lo, h1,- - - » n—1) such that, for each k, w(du|xo,uq,. .., u_y,x;) is a
universally measurable stochastic kernel on C given SC- - - CS satisfying

,uk(U(xk)IxO,MOa- co U1, X)) =1

for every (xq,ug,. . .,uUx—1,X;). If, for each k, y, is parameterized only by
(X0, Xx), 7 1s @ semi-Markov policy. If u, is parameterized only by x,, 7 is a
Markov policy. If, for each k and (xq, tg, - - - , Ug— 1, Xi), ,uk(duk|x0,u0,. R TR
X;) assigns mass one to some point in C, n is nonrandomized. In this case,
by a slight abuse of notation, = can be considered to be a sequence of
universally measurable (Corollary 7.44.3) mappings u:SC- - - CS — C such
that

Ui(Xo, o, + o5 U1, %) € U(Xy)

for every (xq,uq,. . ., ux—1, X)) If & is a type of g-algebra on Borel spaces
and all the stochastic kernel components of a policy are & -measurable, we
say the policy is % -measurable. (For example, & could represent the Borel
g-algebras or the analytic g-algebras.)

We denote by I1' the set of all policies for the model of Definition 8.1
and by II the set of all Markov policies. We will show that in many cases
it is not necessary to go outside Il to find the “best” available policy. In
most cases, this “best” policy can be taken to be nonrandomized. Since
I' is analytic, the Jankov—von Neumann theorem (Proposition 7.49) guar-
antees that there exists at least one nonrandomized Markov policy, so II
and IT" are nonempty.

If © = (po, i1, - -, un—1) is a nonrandomized Markov policy, then = is a
finite horizon version of a policy in the sense of Section 2.1. The notion of
policy as set forth in Definition 8.2 is wider than the concept of Section 2.1
in that randomized non-Markov policies are permitted. It is narrower in
that universal measurability is required.

We are now in a position to make precise expression (2). In this and
subsequent discussions, we often index the state and control spaces for
clarity. However, except in Chapter 10 when the nonstationary model is
treated, we will always understand S, to be a copy of S and C, to be a copy
of C. Suppose pe P(S) and © = (uo, iy, - - - » Uy—1) i @ policy for the model of
Definition 8.1. By Proposition 7.45, there is a unique probability measure
ry(m,p) on SoCy- - Sy-1Cy—; such that for any universally measurable
function h:SoCo - - Sy—Cy - = R* which satisfies either [h™* dry(n,p) < o0
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or [h™ dry(m,p) < oo, we have

fhdrN(rc,p) = J:?ofcofsll : 'J;N_ 1fCN_,h(X°’u°" csXN—1,Un—1)

X #N—1(duN—1|Xo,“o»- cooUn_2, XN 1)

X t(dxy - 1|xN— 2,Un—2) *t(dxq|xo, “o)ﬂo(d“olxo)l?(dxo), (4)
where t(dx’|x, u) is the Borel-measurable stochastic kernel defined by (3).
Furthermore we have from (4) that jhdrN(n, p,) is a universally measurable

function of x (Proposition 7.46), and if h and = are Borel-measurable, then
[hdry(z, p,) is a Borel-measurable function of x (Proposition 7.29).

Definition 8.3 Suppose 7 = (ug, f41,- - - , Un—1) i @ policy for the model
of Definition 8.1. For K < N, the K-stage cost corresponding to m at xe S is

K-1
Jg (X)) = fl: Z ockg(xk,uk):l dry(m, py), (%)
k=0
where, for each neIl’ and pe P(S), ry(m, p) is the unique probability measure
satisfying (4). The K-stage optimal cost at x is
JR(x) = inf Jy o(x). (6)

nell’

If ¢ > 0, the policy « is K-stage ¢-optimal at x provided

JEx) +e  if JEx) > —oo,

‘kﬁm{am it JEx) = —oo.

If Jx o(x) = J§(x), then = is K-stage optimal at x. If = is K-stage ¢-optimal
or K-stage optimal at every x € S, it is said to be K-stage ¢-optimal or K-stage
optimal, respectively. If {¢,} is a sequence of positive numbers with ¢, | 0,
a sequence of policies {,} exhibits {¢,}-dominated convergence to K-stage
optimality provided

lim Jg . =JE,

and forn=2,3,...
JE(x) + &, if JE(x)> —oo,
Ik rn_ (X)) + &, if JE(x)= —o0.

‘]K. nn(x) < {

If K = N, we suppress the qualifier “K-stage” in the preceding terms.

Note that J% is independent of the horizon N as long as K < N. Note
also that Jg .(x) is universally measurable in x. If 7 is a Borel-measurable
policy and g is Borel-measurable, then J (x) is Borel-measurable in x.
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For m# = (uo, 1> - - - »un—1)€Il’ and pe P(S), let g,(r, p) be the marginal

of ry(m,p) on §,Cy. If we take h = ys,...c,_ ,5eCuSis - Cx -, I (4), We Obtain

qi(m, p)(S,Cy) = J;O fCOLl' : .J‘quf& #k(gk|xo,“o,‘ ce s Uge— 15 X)
X t(dxklxk—uuk—1),uk—1(d“k—1|xo,uo,- U, X 1)

x t(dx1|x0, Uo)#o(duolxo)P(dxo)

= JsoCo.. Su- le_lJ;k,uk((_jk‘xO’uO,' cesUk—15 %)
X t(dxk|xk—la“k—l)drk—l(ﬂ:,p) VS eABs,CreBe. (7
From (1) and (7), we see that g,(x, p)(I') = 1. If = is Markov, (7) becomes

4 PS.C) = ||

Sk-1Ck -1

Ji, m(Culxt el - 1) 1 (7, p)
VS.eABs, CreBc. (8)
If either
fskckg_ dgmp) <o Vrell, xeS, k=0,...,N—1, (F*)
or
chkg+qu(n,px) < Vrell, xeS, k=0,...,N—1, (F)

then Lemma 7.11(b) implies that for every reIl’ and xe S

K-1
Tea)= Y o[ gdafmp)  K=1...N. ©)
k=0 K

If (F*) [respectively (F )] appears preceding the statement of a proposition,
then (F ") [respectively (F~)] is understood to be a part of the hypotheses of
the proposition. If both (F*) and (F ™) appear, then the proposition is valid
when either (F*) or (F7) is included among the hypotheses.

If n'eIl’ is a given policy, there may not exist a Markov policy which
does at least as well as 7’ for every xe S, i.e., a policy n € I1 for which

IN(x) < Ty wl(X) (10)

for every xeS. However, if x is held fixed, then a Markov policy = can be
found for which (10) holds.

Proposition 8.1 (F*)(F~) If xeS and =n'eIl’, then there is a Markov
policy = such that

T dx)=Jg o(x), K=1,...,N. (11)
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Proof Letn' = (up,ul,...,uy—1)beapolicy and let xe S be given. For
k=0,1,...,N — 1, let s(duy|x;) be the Borel-measurable stochastic kernel
obtained by decomposing g,(r', p,) (Corollary 7.27.2), i.e.,

qi(m’, p)(SkCi) = f'g‘k ,uk(gk|xk)pk(7tla p)(dx) VSieBs, CreBce, (12)

where p, (', p,) is the marginal of g,(n’, p,) on S,. From (12) we see that

L=, p)(D) = [ w(U ) |x0pelr p)dxy),

so we must have uk(U(xk)lxk) =1 for p,(n’,p,) almost every x,. By altering
14 (+|x;) on a set of p(w, p,) measure zero if necessary, we may assume that
(12)holds and @ = (pg, f4, - - - , iy —1) is & policy as set forth in Definition 8.2.
In light of (9), (11) will follow if we show that g,(n’, p,) = qi(m, p,) for k =
0,1,...,N — 1. For this, it suffices to show that, for k =0,1,...,N — 1,

47, p)(SkCi) = qu(m, p)(SiCr) VS eBs, CreBc. (13)

We prove (13) by induction. For k = 0, Sy e &5 and C,e %, we have, from
(12),

4o, PI(SoCo) = [, 1o(Colo)pldxo) = do(m, P)(SoCo)
If (7', p.) = qi(m, p,), then for S, , € Bs, Cy v 1 € B¢, We have, from (12),
Qe (W P)Sir 1 Cies ) = o s (G sics P (0, )i y). - (14)
From (7) we see that
P s PISics 1) = [ S0 1] w) dayla’, )
so if h:Sy4+; — [0, c0] is a Borel-measurable indicator function, then
Jso Mo dpecr p)@xee ) = [, [ o i i)

X qu(n,a px) (15)
Then (15) holds for Borel-measurable simple functions, and finally, for all

Borel-measurable functions h:S,,; — [0,00]. Letting h(x,.,) in (15) be
Ui+ 1(Cr st 1]xk+ 1), we obtain from (14), the induction hypothesis, and (8)

G+ 1(T, D) (Sk+ 1 Crv 1) = J;kck J;H l#k+ 1(Crs l|xk+ Ddxy + llxka uy,)
X dg(n', py)
= J:Ska fsk L Pt 1(Cr s lek +)Hdxy 1y lxk s up)dg(m, p,)

= Qo+ 1 (T P (S +1Crv 1)
which proves (13) for k + 1. Q.ED.
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Corollary 8.1.1 (F*)(F™) ForK=1,2,...,N, we have
JE(x) = inf Jg (x)  VxeS,

rnell

where IT is the set of all Markov policies.

Corollary 8.1.1 shows that the admission of non-Markov policies to our
discussion has not resulted in a reduction of the optimal cost function. The
advantage of allowing non-Markov policies is that an e-optimal nonran-
domized policy can then be guaranteed to exist (Proposition 8.3), whereas
one may not exist within the class of Markov policies (Example 2).

8.2 The Dynamic Programming Algorithm—Existence of
Optimal and g-Optimal Policies

Let U(C |S) denote the set of universally measurable stochastic kernels
w on C given S which satisfy p(U(x)|x) = 1 for every xeS. Thus the set of
Markov policies is IT = U(C|S)U(C|S)- - - U(C|S), where there are N factors.

Definition 8.4 Let J:S — R* be universally measurable and pe U(C|S).
The operator T, mapping J into T ,(J):S — R* is defined by

T = [ [g0ew +a [T 6 ax | ] utulx)

for every xeS.

The operator T, can also be written in terms of the system function f
and the disturbance kernel p(dwlx, u) as [cf. (3)]

T, (J)(x)= fc [g(x,u) + ocfw J[ S (x, u, w)]p(dw|x, u)] u(dulx).

By Proposition 7.46, T ,(J) is universally measurable. We show that under
(F*) or (F™), the cost corresponding to a policy @ = (uo,. .., uy—1) can be
defined in terms of the composition of operators 7', T, -~ T, _,.

Lemma 8.1 (F*)(F~) Let n = (ug,t1,---,Uy-1) be a Markov policy
and let J,:S — R* be identically zero. Then for K = 1,2,..., N we have

JKJT = (Tuo T T#K - 1)(*]0)7 (16)

where T, - T,, _, denotes the composition of T, ..., Ty, .

KUK

Proof We proceed by induction. For xe S,

J1 (%)= fg dqo(m, py)

= [, 90x uoholduo|x) = T,(Jo)(x).
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Suppose the lemma holds for K — 1. Let T = (uq, fa,. - . , n— 1, M), Where p
is some element of U(C|S). Then for any xe S, the (F*) or (F~) assumption
along with Lemma 7.11(b) implies that (5) can be rewritten as

Jk, (X)) = fco g(x, uo)ﬂo(d“o’x) + aJ‘COJ‘SIfCl. : 'J;,K _1[:2,: ok lg(xka uk):|

X pg - q(dug - llxK—l)t(de—llxK—ZauK—Z)' e
X Hl(du1lx1)f(dxllx, ”o).uo(d”olx)

= f Cog(x,uo)#o(duolx)+ ocfc0 fs IJK_l_ﬁ(xl)t(dxl|x,u0),uo(duo|x), (17)
Under (F—)’ jcog+(x9 uO),uO(duolx) < o0 and
fCo fsl[‘]"‘ 1.a(xX1)Hdx; |x, uo)] +,uo(du0|x) < o,

while under (F*) a similar condition holds, so Lemma 7.11(b) and the
induction hypothesis can be applied to the right-hand side of (17) to conclude

T ) = fCO[gu, o) + 2 [ (T, T W) )e(dxs uo)]uo(duolx)

=(T, Ty Tue )Jo)x). QE.D.

Definition 8.5 Let J:S — R* be universally measurable. The operator
T mapping J into T(J):S — R* is defined by

T(J)(x) = inf {g(x, u) + ocfSJ(x’)t(dx’lx, u)}
ueU(x)

for every xeS.

Similarly as for T,, the operator T may be written in terms of f and
p(dwl|x,u) as
X, u)}.

If u is nonrandomized, the operators T, and T of Definitions 8.4 and 8.5 are,
except for measurability restrictions on J and p, special cases of those
defined in Section 2.1. In the present case, the mapping H of Section 2.1 is

TU)(x) = inf {g(x, u) + o fWJ[ £0x,u, w)]p(dw

ueU(x)

H(x,u,J) = g(x,u) + ocfSJ(x')t(dx’lx, u)

=g(x,u) + afWJ[f'(x, u, w) |p(dw

We will state and prove versions of Assumptions F.1 and F.3 of Section 3.1
for this function H. Assumption F.2 is clearly true. Furthermore, if ue U(C|S),

X, u).
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J1,J,:S - R*areuniversally measurable,and J, < J,,then T (J,) < T,(J,)
and T(J,) < T(J,). Ifre(0, 00), then T (J, +¥) = T ,(J;) + arand T(J, +r) =
T(J,) + or. We will make frequent use of these properties. The reader should
not be led to believe, however, that the model of this chapter is a special case
of the model of Chapters 2 and 3. The earlier model does not admit measur-
ability restrictions on policies.

By Lemma 7.30(4) and Propositions 7.47 and 7.48, T(J) is lower semi-
analytic whenever J is. The composition of T with itself k times is denoted
by T ie., TXJ) = T[T* *(J)], where T°(J) = J. We show in Proposition
8.2 that under (F*) or (F~) the optimal cost can be defined in terms of T".
Three preparatory lemmas are required.

Lemma 8.2 Let J:S — R* be lower semianalytic. Then for ¢ > 0, there
exists pe U(C|S) such that

T,(J)x)< TU)X) + e VxeSs,
where T(J)(x) + ¢ may be — o0

Proof By Proposition 7.50, there are universally measurable selectors
Un:S — Csuch that form = 1,2,. .. and xe S, we have p,(x)e U(x) and

T(J)(x) + ¢ if T(J)x)> — oo,
Tun(D) < {—2'" it TU)(x) = — .
Let p(dulx) assign mass one to p,(x) if T(J)(x) > —oo and assign mass

12" to uu(x), m=1,2,...,if T(J)(x) = — 0.
For each Ce %,

Xg[#1(x)] if T(J)(x) > — oo,

w(Clx) =< = .
21(1/2"'))(g[#m(x)] if T(J)(x)= — o0,

is a universally measurable function of x, and therefore y is a universally
measurable stochastic kernel [Lemma 7.28(a),(b)]. This p has the desired
properties. Q.E.D.

Lemma 8.3 (F*) If J,:S — R* is identically zero, then TX(J)(x) >
— o for every xeS, K =1,...,N, where T¥ denotes the composition of T
with itself K times.

Proof Suppose for some K < N and Xe S that
TiJo)(x)> —o0, j=0,...,K—1,
for every xe S, and

TX(Jo)(X) = — o0.
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By Proposition 7.50, there are universally measurable selectors u;:S — C,
j=1,...,K — 1, such that u;(x)e U(x) and

Ty, T HUIX) S TU)X) +1,  j=1....,K~1,

UK -

for every xe S. Then

(Tﬂl' .. Tﬂx— l)(JO) < (T/ll. .. #K , [T 0) + l]
STy, T JIT?Uo) + 1 + 0]

ST ')+ 14a+ 40572

where the last inequality is obtained by repeating the process used to obtain
the first two inequalities. By Lemma 8.2, there is a stochastic kernel uo € U(C|S)
such that

(T T H)Io)E) = — 0.
Then

(T, T, JJ)X) < T, [TX o)+ 1+oa+ -+ a5 2](x)= —

Ho ux ﬂl\ 1

Choose any pe U(C|S) and let @ = (Uo,. . -, hk—1, M- - - » 1), SO that mell
By Lemma 8.1,

K-1

Y o [daymp) = Tk oD = (T T JIQF) = =00,

k=0
so for some k<K —1, {9~ dgyn, ps) = co. This contradicts the (F)
assumption. Q.E.D.

Lemma 8.4 Let {J,} be a sequence of extended real-valued, universally
measurable functions on S and let u be an element of U(C|S).

(@) If T,(J;)(x) < oo for every xe S and J, ! J, then T, (J,) L T ,(J).

(b) IfT,J7)(x) < ccforeveryxeS,g=0,andJ,TJ,then T, (J)T T, (J)

() If {J,} is uniformly bounded, g is bounded, and J, — J, then
T,(Jy) = T,J).

Proof Assume first that T,(J,) < oo and J, { J. Fix x. Since

f[gx u)+osz Ye(dx'

we have
g(x,u) + ochl(x’)t(dx’lx, ) < o0

for u(du|x) almost all u. By the monotone convergence theorem [Lemma
7.11(f)],

95, 1) + o [ TN, w) 4 g () + o [T, w)
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for u dulx) almost all u. Apply the monotone convergence theorem again to
conclude T ,(J,)(x)$ T ,(J)(x).

If T(J7)< o,g>0,and J,1J, the same type of argument applies. If
{J,} is uniformly bounded, g bounded, and J,, — J, a similar argument using
the bounded convergence theorem applies. QE.D.

The dynamic programming algorithm over a finite horizon is executed
by beginning with the identically zero function on S and applying the
operator T successively N times. The next theorem says that this procedure
generates the optimal cost function. In Proposition 8.3, we show how
e-optimal policies can also be obtained from this algorithm.

Proposition 8.2 (F*)(F~) Let J, be the identically zero function on S.
Then

JE = TXJ,), K=1,...,N. (18)
Proof It suffices to prove (18) for K = N, since the horizon N can be

chosen to be any positive integer. Forany &= = (gg,. . . , uy-1)€Iland K < N,
we have

Tkon = (Tuy T JJ0) = (Ty" - T, TIU0) 2 TH(Jg),  (19)
where the last inequality is obtained by repeating the process used to obtain

the first inequality. Infimizing over eIl when K = N and using Corollary
8.1.1, we obtain

JE = TVJ,). (20)
If (F*) holds, then, by Lemma 8.3, T%J,) > —, k=1,...,N. For
¢ > 0, there are universally measurable selectors f;:S - C,k=0,...,N — 1,
with fi,(x)e U(x) and
—®© < TuN k[Tk_l(JO)](X)
<TYJ)x)+e/l+a+a+---+a" 1), k=1,...,N,

for every x € S (Proposition 7.50). Then
(TaoTay Tan - )Jo) < (T T,

Ko ﬂl

uN 2 [T JO
+e/(l+a+o?+ -+ ]
(TﬂoTul ) TﬁN—a)[TZ(JO)
el +a)f(l +a+oa®+- +a¥ )]
< TV(Jo) + &, 21)
where the last inequality is obtained by repeating the process used to obtain
the first two inequalities. It follows that

J§ < TV(Jo). 22)



8.2 THE DYNAMIC PROGRAMMING ALGORITHM 199

Combining (20) and (22), we see that the proposition holds under the (F*)

assumption.

If (F7) holds, then Jg .(x) < oo for every xe S, nelIl, K =1,..., N. Use
Proposition 7.50 to choose nonrandomized policies ' = (b, . . ., uiy_,)ell
such that

(T TV *"H(Jo) L TN KU ), k=0,...,N—1,
as i — oo. By (19) and Lemma 8.4(a),
Ji< inf (T o - -T”;'J«_-ll)(Jo)

=inf-- - inf (T io- - T yiw-1)(Jo)
io ey 0 N-1
=inf-- - inf (T, 0" - Tu;v__zz)[jnf Tin-iJ o):l
=inf- - inf (T o~ - Tyin-2T)(Jo)
= TY(Jo), (23)

where the last equality is obtained by repeating the process used to obtain
the previous equality. Combining (20) and (23), we see that the proposition
holds under the (F~) assumption. Q.E.D.

When the state, control, and disturbance spaces are countable, the model
of Definition 8.1 falls within the framework of Part I. Consider such a model,
and, as in Part I, let M be the set of mappings u:S — C for which u(x)e U(x)
for every xe S. In Section 3.2, it was often assumed that for every xe S and
pieM,j=0,...,K —1, we have

(T, Ty JJJx) <0, K=1,...,N, (24)

o' HK -1
or else for every xe S
inf (T

njeM,0<j<K-1 llo.
Under the (F*) assumption, Lemma 8.3 implies that
-0 < T, < inf (Ty " Tux- )Jo),

ujeM,0<j<K-1
s0 (25) is satisfied. Under (F ~), we have from Lemma 8.1 that
(Too " Ty~ ) o) = Jg.z < 0,

Ko

ST, JJ)x)> -0, K=1,...,N. (25

where © = (Ko, . . . , g - 1), 80 (24) holds. The primary reason for introducing
the stronger (F*) and (F ) assumptions is to enable us to prove Lemma 8.1.
If one chooses instead to take (16) as the definition of Ji . (as is done in
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Section 3.1), then (24) or (25) suffices to prove Proposition 8.2 along the
lines of the proof of Proposition 3.1 of Part I.

Proposition 8.2 implies the following property of the optimal cost
function.

Corollary 8.2.1 (F*)(F™) For K=1,2,...,N, the function J% is
lower semianalytic. \

Proof As observed following Definition 8.5, T(J) is lower semianalytic
whenever J is. Since J§ = TX(J,) and J, = 0 is lower semianalytic, the
result follows. Q.E.D.

We give an example to show that even when I' = SC and the one-stage
cost g:SC — R* is Borel-measurable, J¥ can fail to be Borel-measurable.

ExaMPLE 1 Let 4 be an analytic subset of [0, 1] which is not Borel-
measurable (Appendix B). By Proposition 7.39, there is a closed set F <
[0,1].4" such that A = projy, 1,(F). Let S=1[0,1], C= A", T = SC, and
g = Jpe. Then

Ji(x) = infg(x,u) = y4c(x)  VxeS,

ueC
which is a lower semianalytic but not Borel-measurable function. We could
also choose C =[0,1], I' = SC, B a G,-subset of the unit square SC, and
g = ype. This is because 4" and A, the space of irrational numbers in
[0, 1], are homeomorphic (Proposition 7.5). But

N o= (1([0,1] = {r})

reQ

is a G;-subset of [0,1], so there is a homeomorphism ¢:.4" — [0,1] such
that (A7) is a Gs-subset of [0,1]. Let ®:[0,1]4" — [0,1][0,1] be the
homeomorphism defined by

(x,2) = (x,0(2)).

Then ®([0,1]47) =[0,1]¢(A4") is a Gssubset of SC =[0,1][0,1], and
since F is a Gy-set in [0,1].47, B = ®(F) is a Gs-subset of SC which satisfies
projs(B) = A. If g = xpe, then again JF = y4..

We now use Proposition 8.2 to establish existence of ¢-optimal policies.

Proposition 8.3

(F*) For each ¢ > 0, there exists a nonrandomized Markov ¢-optimal
policy.

(F7) For each ¢ > 0, there exists a nonrandomized semi-Markov &-
optimal policy and a (randomized) Markov ¢-optimal policy.

Proof If (F*) holds, then the policy (fo,- - - » iy 1) constructed in the
proof of Proposition 8.2 is ¢-optimal, nonrandomized, and Markov.
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Assume (F7) holds. We show first the existence of an e-optimal, non-

randomized, semi-Markov policy. Let ©t = (ub,. . ., piy_,) be as in the proof
of Proposition 8.2. Then
J;\k, = TN(JO) = inf (Tuio TMiN— 1)(J0)
(f0s v v en in-1) ° N-1
= inf JN.n(lo ----- iN-1)»
(i0s -+ s in-1)
where qlo--- i =0 = (ylo - yiv-1) Choose ¢ > 0 and define
JH(x) + ¢ if J¥(x)> —oo,
0(x) = . o
—1/e if J¥x)= —oo0.

Order linearly the countable set {mGo-—™-9ljo .. iy_, are positive
integers} and define 7(x) to be the first 7t --¥- 1 such that

JN.ﬂ:(l'O """ iN- 1)(x) < G(X)
Let the components of 7(x) be

(u6(x0)s i(x1), -+« s - 1(Xy—1))-
The set {x|r(x) = nlo--» -9} is universally measurable for each (iy, ..., iy - 1),
o)
(o(Xo), 11(X0,X1)s - - s Uy —1(X0> XN -1))s

where uo(Xo) = ug’(xo) and w(xo,x,) = wi°(x), k=1,...,N — 1, is an &
optimal nonrandomized semi-Markov policy.

We now show the existence of an e-optimal (randomized) Markov policy.
By Lemma 8.2, there exist uy_,€ U(C|S) such that fork=1,... N

(T T NI S TJ) + /(1 + o+ o+ + o7,

Proceed as in (21). Q.E.D.

If the (F~) assumption holds and ¢ > 0, it may not be possible to find

a nonrandomized Markov ¢-optimal policy, as the following example
demonstrates.

ExampLE 2 LetS={0,1,2,...},C={1,2,...}, W= {w;,w,},[ = SC,
N = 2 and define

(x.u) = —u if x=1,
9 =10 it x#£1,
0 if x=0orx=1o0rw=w,,

_f(«\'wusw)={l if x#O’x;é],andW=qu

x,u)=1-—1/x if x#0, x#1,
x,u) = 1/x if x#£0, x#1.

p({wy}

P({Wz}
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The (F~) assumption is satisfied. Let © = (uq,u;) be a nonrandomized
Markov policy. If the initial state x, is neither zero nor one, then regardless
of the policy employed, x; =0 with probability 1 — (1/x), and x; =1
with probability 1/x,. Once the system reaches zero, it remains there at no
further cost. If the system reaches one, it moves to x, = 0 at a cost of — u,(1).
Thus Jy x(x0) = —p1(1)/x if xo # 0, xo # 1, and JF(xo) = — o0 if xo # 0,
Xo # 1. For any ¢ > 0, = cannot be g-optimal.

In Example 2, it is possible to find a sequence of nonrandomized Markov
policies {r,} such that Jy . | J¥. This example motivates the idea of policies
exhibiting {¢,}-dominated convergence to optimality (Definition 8.3) and
Proposition 8.4, which we prove with the aid of the next lemma.

Lemma 8.5 Let {J,} be a sequence of universally measurable functions
from S to R* and p a universally measurable function from S to C whose
graph lies in I. Suppose for some sequence {¢,} of positive numbers with
Yy & < oo, we have, for every x€S§,

f T (x)e(dx’

and fork =2,3,...
J(x) < Jp(x) < J(x) + & if J(x)> —oo,

X, u(x)) < o0, lim Jy(x) = J(x)

k=

Ji(x) < Jp—1(x) + & if J(x)= —o0.
Then
lim T,(J,) = T, (J). (26)
k= o0

Proof Since J < J, for every k, it is clear that
T,(J) < liminf T,(J). (27)
k= o0

For xe§,

J(x)t(dx’

X, u(x))

{x'|J(x")> — o0}

limsup T ,(J,)(x) < g[x, u(x)] + «limsup
k— o0

k= o

+ o liin SUP | sy = — oy Je(X)t(dx'|x, p(x)).
Now
timsup [ T u(0)

< limsup D‘{x,lm,) — J(xX)t(dx’

k= o0

X, .u(x)) + gk]

= }J (x")t(dx’

{XNJ(x")> —

X, p(x)).
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If J(x') = — o0, then

Ju(x') + i en L J(X),

n=k+1

and since [[J{(X) + Y225 &, ]e(dX|x, u(x)) < oo, we have

lim sup
k=

< lim ﬁ x,mx,F_w}[Jk(x/) + Y 8,,]t(dx’

k= oo =k+1

= f(x'uu')= - oo} J(Ye(dx|x, p(x)).
If follows that

T (x|, ()

{x'IJ(x")= — o0}

X, u(x))

limsup T ,(J,) < T,(J). (28)
k—

Combine (27) and (28) to conclude (26). QED.

Proposition 8.4 (F~) Let {¢,} be a sequence of positive numbers with

&, 1 0. There exists a sequence of nonrandomized Markov policies {r,}

exhibiting {¢,}-dominated convergence to optimality. In particular, if

Hi(x) > —oo for all x € S, then for every ¢ > 0 there exists an e-optimal
nonrandomized Markov policy.

Proof For N =1, by Proposition 7.50 there exists a sequence of non-
randomized Markov policies 7, = (u3) such that for all n

T(Jo)(x) + &, if T(Jo)(x)> — o0,

TugJo)x) < {_ /e, if T(Jo)(x) = — 0.

We may assume without loss of generality that
T5(Jo) < Tpn-2(Jo)

Therefore {r,} exhibits {¢,}-dominated convergence to one-stage optimality.
Suppose the result holds for N — 1. Let &, = (u},. . ., iy — ) be a sequence
of (N — 1)-stage nonrandomized Markov policies exhibiting {e,/20}-
dominated convergence to (N — 1)-stage optimality, i.e.,
lim JN—l.nn = Jﬁ—la
JR-1(x) + (en/20) if JR-i(x)> —o0, (29)
IN-timo (X)) + (60200 f TR (x) = —o0.  (30)

We assume without loss of generality that Y 7 ; ¢, < 0o. By Proposition 7.50,
there exists a sequence {u"} of universally measurable functions from S to

JN—I.n,.(x) S{
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C whose graphs lie in I such that
JRx) + (e/2)  if JR(x) > — oo,

%
Tu"(JN—l)(x) < {_2/8,, lf J[’l\;(x) = —o0. (31)
We may assume without loss of generality that

TlJ5-1) < Tyn-1(JF-1), n=273.... (32)

By Proposition 7.48, the set
A(J%-1) = {(x,wel|t({x|J§-1(x) = —oo}|x,u) > 0}

- {(x, WeT| [~ Ziwus 2= (X)) < 0} (33)

is analytic in SC; and the Jankov-von Neumann theorem (Proposition 7.49)
implies the existence of a universally measurable u:projs[A(J%-,)] —» C
whose graph lies in A(J¥ - ;). Define

i = [HO) i xeproi[AUE-))
# 1(x) otherwise.

Then 7, = (g",7,) is an N-stage nonrandomized Markov policy which will
be shown to exhibit {¢,}-dominated convergence to optimality.
For xeprojs[A(J%-,)], we have, from Lemma 8.5 and the choice of ,

limsup Jy ; (x) = limsup T ,(Jy—;,)(X)

n—oo n=oo

= T,(J§-1)(x) = — .

For x¢projs[A(J%-,)], we have #({x|J¥_(x)) = — o0}
ue U(x), so by (29)

IN X)) = Tyl Iy - 1,2)(%) < Tyl T ¥ - 1)(X) + 4/2, (34)

x,u) = 0 for every

and

limsup Jy ; (x) < limsup T ,(J % - 1)(x) < J§(x)

by (31). It follows that
lim Jy ;, = J§. (35)

n= oo

Suppose for fixed xe S we have J¥(x) > — co. Then x¢ projs[A(J%-1)],
and we have, from (31) and (34),

IN20) S Tl JF-)(X) + 62/2 < TR(X) + &5 (36)
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Suppose now that J§(x) = —oo. If x¢projs[A(J%-,)], then (32) and (34)
imply, for n > 2,

JN.ftn(x) < Tu"(‘];\kl— 1)(X) + 8n/2
ST pn-1(JF-1)(x) + &,/2
< Tu"“(JN—l.nn_ 1)(x) + 8,,/2
SN (X) + 6/2,

while if x e projs[ A(J¥-)], we have, from (29) and (30),

Iy 7 (X) = Tu(JN— 1, 7)(X)
S TuIN-1.m,- )(X) + &/2
= JN. 7, (%) + /2.

In either case,
In 2X) < Iy 70 (X) + & (37)

From (35)—(37) we see that {#,} exhibits {¢,}-dominated convergence to
optimality. Q.E.D.

We conclude our discussion of the ramifications of Proposition 8.2 with
a technical result needed for the development in Chapter 10.

Lemma 8.6 (F*)(F~) Forevery peP(S),

[T%(Ip(dx) = inf [y Lp(d)

nell

Proof ForpeP(S)and nell,
[I5(x)p(dx) < [Ix L0pldo),
which implies
[7eaptan) < int [y Copa). (38)
Choose ¢ > 0 and let eIl be e-optimal. If p({x|J%(x) = —oo}) =0, then

[ s0px) < [TxGap(dx) + e
and it follows that

inf [Jy Lopdx) < [T5(xIp(d) (39)

nell
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If p({x|J%(x) = —o0}) > 0, then
[Ix.pidx) < —p(X|T5(x) = — o0 })e
[ -y JRCOP(X) + 2. (40)

If [xirt 0> - ayJ §(x)p(dx) = oo, then [ J¥(x)p(dx) = co and (39) follows.
Otherwise, the right-hand side of (40) can be made arbitrarily small by letting
¢ approach zero, so inf, . | Jy, .(x)p(dx) = — oo and (39) is again valid. The
lemma follows from (38) and (39). Q.ED.

We now consider the question of constructing an optimal policy, if this
is at all possible. When the dynamic programming algorithm can be used to
construct an optimal policy, this policy usually satisfies a condition stronger
than mere optimality. This condition is given in the next definition.

Definition 8.6 Let 7 = (o, ..., uy—,) be a Markov policy and =" 7% =
(M- -+ » y—1), k=0,..., N — 1. The policy = is uniformly N-stage optimal if

JN_k'nN—k=J1>s_k, k=0,...,N—- 1.
Lemma 8.7 (F*)(F~) The policy n = (uo,. .- ,uy—1)€Il is uniformly
N-stage optimal if and only if
(T, TV HJo) =TV MJy), k=0,...,N—1
Proof Ifm = (ug,--.,un—y)I1s uniformly N-stage optimal, then
TN_k(Jo) =J{ k= Inkar-e = T/Ak(JN—k—l,nN"k“)
= Tuk(J;s—k—l)=(TukTN—k_1)(JO)7 k=09aN_ 17
where Jo 0o=J§=0. If (T, TV * )(Jo)=T""¥ Jo),k=0,...,N —1,
then for all k
JITI—k = TN_k(Jo) = (T[-lkTN_k—l)(JO)
= (TukTuk+1TN_k_2)(J0)
= (Tﬂk T T#N—l)(‘IO)
= JN an-xs
where the next to last equality is obtained by continuing the process used to
obtain the previous equalities. Q.E.D.

Lemma 8.7 is the analog for the Borel model of Proposition 3.3 for the
model of Part I. Because (F*) or (F ) is a required assumption in Lemma 8.1,
one of them is also required in Lemma 8.7, as the following example shows.
If we take (16) as the definition of J,_,, then Lemma 8.7, Proposition 8.5, and
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Corollaries 8.5.1 and 8.5.2 hold without the (F*) and (F~) assumptions. The
proofs are similar to those of Section 3.2.

ExaMmpLE 3 Let S = {s,1} U {(k,j)]k=1,2 ; j=12}, C={ab},
U(s) = {a, b}, Ut) = k]) {b} k=1,2,. ,] 1,2,W= ,and o =1
Let the disturbance kernel be given by p(s]s a) =1,

© 1 -1
pl(k, 1)|s,b] = p[(k,2)|(, 1),b] = k‘2< D n_2> kil=12...,

=1

p , and p(t|t,b) = 1. Let the system function be
f(x,u,w) = w. Thus if the system begins at state s, we can hold it at s or allow
it to move to some state ([, 1), from which it subsequently moves to some
(k,2) and then to t. Having reached ¢, the system remains there. The relevant
costs are ¢g(s,a) = g(s,b) = g(t,b) = 0, g[(k,1),b] =k, g[(k,2),b] = —k, k =
1,2,.... Let @ = (1o, 11, U4>) be a policy with uo(s) = b, u(s) = u,(s) = a
Then

0 if x,=s,

k if x,=(k1),
—k if x,=1(k?2),

0 if x,=t,

T(Jo)(x,) = Tuz(Jo)(xz) =

0 if x,=s,
— o0 if X1 =(k,l),

T*(Jo)(x;) = (T ur L) (Jo)(xq) —k if x,=(k2)

0 if x;,=t,
— o0 if Xo = S,
s )= 0 if Xo = (ka 1)7
TUo)xo) = (Tu Ty T)Jo X0 =y 4 (2,
0 if Xg = L.

However, J, 3(s) = o0 > J; 3(s) =0, where T = ([o,M1,H,) and Ho(s) =
Tiy(s) = Tiy(s) = a, so 7 is not optimal and T3(J,) # J%. It is easily verified
that 7 is a uniformly three-stage optimal policy, so Corollary 3.3.1(b) also
fails to hold for the Borel model of this chapter. Here both assumptions (F*)
and (F7) are violated.

Proposition 8.5 (F*)(F~) If the infimum in

inf{ (x, u)+cfo* t(dx’

ueU(x)

} k=0,...,N—1, (41)
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is achieved for each xe S, where J§ is identically zero, then a uniformly N-
stage optimal (and hence optimal) nonrandomized Markov policy exists.
This policy is generated by the dynamic programming algorithm, i.., by
measurably selecting for each x a control u which achieves the infimum.

Proof Let m=(ug,...,Uy-1), Where uy_,—;:S — C achieves the
infimum in (41) and satisfies uy _,— ;(x)€ U(x)foreveryxe S,k =0,...,N — 1
(Proposition 7.50). Apply Lemma 8.7. Q.E.D.

Corollary 8.5.1 (F*)(F~) If U(x) is a finite set for each xeS, then a
uniformly N-stage optimal nonrandomized Markov policy exists.

Corollary 8.5.2 (F*)(F~) IfforeachxeS,AieR,andk=0,...,N — 1,
the set

Upx,2) = {ue U(x)|g(x,u) + o fJ,’f(x’)t(dx’ X, u) < /"}
is compact, then there exists a uniformly N-stage optimal nonrandomized
Markov policy.

Proof Apply Lemma 3.1 to Proposition 8.5. Q.E.D.

8.3 The Semicontinuous Models

Along the lines of our development of lower and upper semicontinuous
functions in Section 7.5, we can consider lower and upper semicontinuous
decision models. Our models will be designed to take advantage of the
possibility for Borel-measurable selection (Propositions 7.33 and 7.34), and
in the case of lower semicontinuity, the attainment of the infimum in (55)
of Chapter 7. We discuss the lower semicontinuous model first.

Definition 8.7 The lower semicontinuous, finite horizon, stochastic,
optimal control model is a nine-tuple (S,C, U, W,p, f,a,g9,N) as given in
Definition 8.1 which has the following additional properties:

(a) The control space C is compact.
(b) The set T defined by (1) has the form I' = ( )72, TV, where T'! =
I'?c---,each I'Vis a closed subset of SC, and

lim inf g(x,u) = 0.

jooo (xou)elV -1V -t
(c) The disturbance kernel p(dw|x, u) is continuous on T

* By convention, the infimum over the empty set is oo, so this condition is satisfied if the
I/ are all identical for j larger than some index k.
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(d) The system function f is continuous on I'W.
(¢) The one-stage cost function g is lower semicontinuous and bounded
below on T

Conditions (c) and (d) of Definition 8.7 and Proposition 7.30 imply that
t(dx'|x, u) defined by (3) is continuous on T, since for any he C(S) we have

fh(x’)t(dx/]x, u) = fh[ f(x, u, w)]p(dw

Condition (e) implies that the (F*) assumption holds.

X, U).

Proposition 8.6 Consider the lower semicontinuous finite horizon model
of Definition 8.7. For k= 1,2,..., N, the k-stage optimal cost function J}
is lower semicontinuous and bounded below, and J¥ = T*J,). Furthermore,
a Borel-measurable, uniformly N-stage optimal, nonrandomized Markov
policy exists.

Proof Suppose J: S — R* is lower semicontinuous and bounded below,
and define K: I" - R* by
K(x,u) = g(x,u) + o fJ(x’)t(dx'lx, u). 42)
Extend K to all of SC by defining
K(x,u) if (x,u)el,
0 if (x,u)¢l.

By Proposition 7.31(a) and the remarks following Lemma 7.13, the function
K is lower semicontinuous on I'. For ceR, the set {(x,u)e SC|K(x,u) < c}
must be contained in some I'* by Definition 7.8(b), so the set

{(x,u)e SC|K(x,u) < c} = {(x,u)e T¥|K(x,u) < ¢}

is closed in I'* and thus closed in SC as well. It follows that K(x, u) is lower
semicontinous and bounded below on SC and, by Proposition 7.32, the
function

R(x,u) =

T(J)(x) = inf K(x, u) (43)
ueC
is as well. In fact, Proposition 7.33 states that the infimum in (43) is achieved
for every x€ S, and there exists a Borel-measurable ¢: S — C such that

T(J)(x) = K[x, ¢(x)] VxeS.

Forj=1,2,...,let ¢;: projs(I'/) — C be a Borel-measurable function with
graph in I'/. (Set D = I' in Proposition 7.33 to establish the existence of such
a function.) Define u: § — C so that u(x) = @(x) if T(J)(x) < o0, u(x) = @,(x)
if T(J)(x) = oo and xeprojg(I'"); and for j = 2,3, ..., define u(x) = @;(x) if
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T(J)(x) = co and x e projs(I'Y) — projs(T/~1). Then u is Borel-measurable,
u(x)e U(x) for every xe S, and T,(J) = T(J).

Since J, =0 is lower semicontinuous and bounded below, the above
argument shows that J¥ = T*(J,) has these properties also, and furthermore,
for each k=0, ..., N — 1, there exists a Borel-measurable y,: S — C such
that p(x)e U(x) for every xeS and (T, TN *"1)(J,) = TV %J,). The
proposition follows from Lemma 8.7. Q.E.D.

We note that although condition (a) of Definition 8.7 requires the com-
pactness of C, the conclusion of Proposition 8.6 still holds if C is not compact
but can be homeomorphically embedded in a compact space C in such a way
that the image of IV, j = 1,2, .. ., is closed in SC. That is to say, the conclu-
sion holds if there is a compact space C and a homeomorphism ¢:C — C
such that for j = 1,2, ..., ®(IV) is closed in SC, where

O(x,u) = (x, @(u)).

The continuity of f and p(dw|x,u) and the lower semicontinuity of g are
unaffected by this embedding. In particular, if I'V is compact for each j, we
can take C = # and use Urysohn’s theorem (Proposition 7.2) and the fact
that the continuous image of a compact set is compact to accomplish this
transformation. We state this last result as a corollary.

Corollary 8.6.1 The conclusions of Proposition 8.6 hold if instead of
assuming that C is compact and each I'V is closed in Definition 8.7, we assume
that each I'V is compact.

Definition 8.8 The upper semicontinuous, finite horizon, stochastic,
optimal control model is a nine-tuple (S,C,U,W,p, f,a,g,N) as given in
Definition 8.1 which has the following additional properties:

(a) The set I defined by (1) is open in SC.

(b) The disturbance kernel p(dw|x,u) is continuous on I,

(c) The system function f is continuous on I'W

(d) The one-stage cost g is upper semicontinuous and bounded above
onT.

As in the lower semicontinuous model, the stochastic kernel #(dx’|x, u)
is continuous in the upper semicontinuous model. In the upper semicon-
tinuous model, the (F~) assumption holds. If J:S — R* is upper semicon-
tinuous and bounded above, then K:I' » R* defined by (42) is upper
semicontinuous and bounded above. By Proposition 7.34, the function

T(J)(x) = inf K(x,u)

ueU(x)

is upper semicontinuous, and for every ¢ > 0 there exists a Borel-measurable
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u:S = C such that pu(x)e U(x) for every xe S, and

TUX)+e if TU)(x)> —o0

T,(J)x) < {_ 1/e if T(J)(x)= —o0.

Since J, = 0 is upper semicontinuous and bounded above, so is J¥ = T*Jo),
k=1,2,..., N. The following proposition is obtained by using these facts
to parallel the proof of the (F~) part of Proposition 8.3.

Proposition 8.7 Consider the upper semicontinuous finite horizon
model of Definition 8.8. Fork = 1,2,. .., N, the k-stage optimal cost function
J§ is upper semicontinuous and bounded above, and J§ = T¥J,). For each
¢>0, there exists a Borel-measurable, nonrandomized, semi-Markov,
¢-optimal policy and a Borel-measurable, (randomized) Markov, e-optimal
policy.

Actually, it is not necessary that S and C be Borel spaces for Proposition
8.7 to hold. Assuming only that S and C are separable metrizable spaces, one
can use the results on upper semicontinuity of Section 7.5 and the other
assumptions of the upper semicontinuous model to prove the conclusion of
Proposition 8.7.

It is not possible to parallel the proof of Proposition 8.4 to show for the
upper semicontinuous model that given a sequence of positive numbers {e.}
with ¢, 0, a sequence of Borel-measurable, nonrandomized, Markov policies
exhibiting {¢, }-dominated convergence to optimality exists. The set A(J%_ 1)
defined by (33) may not be open, so the proof breaks down when one is
restricted to Borel-measurable policies.

We conclude this section by pointing out one important case when the
disturbance kernel p(dw|x, u) is continuous. If W is n-dimensional Euclidean
space and the distribution of w is given by a density d(w|x, u) which is jointly
continuous in (x, u) for fixed w, then p(dw|x, u) is continuous. To see this, let
G be an open set in W and let (x,, u,) — (x, u) in SC. Then

lim inf p(G|x, u,) = lim inf fG (W], 1) dw
k— o0

k= o0
> f(; d(w

by Fatou’s lemma. The continuity of p(dw

X, u)

x,u)dw = p(G

x, u) follows from Proposition 7.21."

' Note that by the same argument,

lim inf p(G®|x,, uy) > p(G|x. u),
k=
$0 p(G|x,.u) = p(G|x,u). Under this condition, the assumption that the system function is
continuous in the state (Definitions 8.7(d) and 8.8(c)) can be weakened. See [H3] and [S5].
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In fact, it is not necessary that d be continuous in (x, u) for each w, but
only that (x,,u,) — (X,u) imply d(w|x,,u,) — d(w|x,u) for Lebesgue almost

all w. For example, if W = R, the exponential density

d(w

_ exp[—(w - m(x? u))] if w> m(x’ u)a
%W =10 it w < m(x,u),

where m:SC — R is continuous, has this property, but need not be con-
tinuous in (x, u) for any we R.



Chapter 9

The Infinite Horizon Borel Models

A first approach to the analysis of the infinite horizon decision model
is to treat it as the limit of the finite horizon model as the horizon tends to
infinity. In the case (N) of a nonpositive cost per stage and the case (D) of
bounded cost per stage and discount factor less than one, this procedure has
merit. However, in the case (P) of nonnegative cost per stage, the finite
horizon optimal cost functions can fail to converge to the infinite horizon
optimal cost function (Example 1 in this chapter), and this failure to converge
can occur in such a way that each finite horizon optimal cost function is
Borel-measurable, while the infinite horizon optimal cost function is not
(Example 2). We thus must develop an independent line of analysis for the
infinite horizon model. Our strategy is to define two models, a stochastic
one and its deterministic equivalent. There are no measurability restrictions
on policies in the deterministic model, and the theory of Part I or of Bertsekas
[B4], hereafter abbreviated DPSC, can be applied to it directly. We then
transfer this theory to the stochastic model. Sections 9.1-9.3 set up the two
models and establish their relationship. Sections 9.4-9.6 analyze the sto-
chastic model via its deterministic counterpart.

9.1 The Stochastic Model

Definition 9.1 An infinite horizon stochastic optimal control model,
denoted by (SM), is an eight-tuple (S,C, U, W,p, f,a,g) as described in

213
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Definition 8.1. We consider three cases, where I' is defined by (1) of
Chapter 8:

P) 0<g(x,u)forevery (x,u)el.
(N) g(x,u) <0 forevery (x,u)el.
(D) 0<a<1,and for some beR, —b < g(x,u) < b for every (x,u)eT.

Thus we are really treating three models: (P), (N), and (D). If a result is
applicable to one of these models, the corresponding symbol will appear.
The assumptions (P), (N), and (D) replace the (F*) and (F~) conditions of
Chapter 8.

Definition 9.2 A policy for (SM) is a sequence . = (uq, i1, - -) such that
for each k, u(du|xo, g, . . . ,ux—1,%;) is a universally measurable stochastic
kernel on C given SC- - - CS satisfying

:uk(U(xk)IXOaan' .. auk—lsxk) =1

for every (xq,uq,- - - , Ug—1,Xx). The concepts of semi-Markov, Markov, non-
randomized, and & -measurable policies are the same as in Definition 8.2.
We denote by I1' the set of all policies for (SM) and by Il the set of all Markov
policies. If = is a Markov policy of the form = = (g, u,. . .), it is said to be
Stationary.

As in Chapter 8, we often index S and C for clarity, understanding S, to
be a copy of S and C, to be a copy of C. Suppose pe P(S) and © = (ug, iy,- - -)
is a policy for (SM). By Proposition 7.45, there is a sequence of unique prob-
ability measures ry(m,p) on SoCo- - *Sy—1Cn-1, N =1,2,.. ., such that for
any N and any universally measurable function h:SqCqy- - - Sy_;Cy_; — R*
which satisfies either [h* dry(m, p) < oo or [k~ dry(r, p) < oo, (4) of Chapter
8 is satisfied. Furthermore, there exists a unique probability measure
r(m,p) on S4Co,S;C,- - such that for each N the marginal of r(x,p) on
SoCo " Sy—1Cy_1 is ry(m,p). With ry(r,p) and r(x,p) determined in this
manner, we are ready to define the cost corresponding to a policy.

Definition 9.3 Suppose = is a policy for (SM). The (infinite horizon) cost
corresponding to w at xeS is

Jn(x) = fl: i akg(xka uk):] dV(TE, px)

k=0

= oc"fg(xk,uk) dry(m, p,).t (1)
k=0

* The interchange of integration and summation is justified by appeal to the monotone
convergence theorem under (P) and (N), and the bounded convergence theorem under (D).
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If #=(u,p...)Is stationary, we sometimes write J, in place of J,. The
(infinite horizon) optimal cost at x is

J*(x) = inf J (x). (2)
nell’

If ¢ > 0, the policy = is ¢-optimal at x provided

J*(x) + ¢ if J*(x)> — o0,
Jalx) < {—1/8 it J*x) = —oo.

If J(x) = J*(x), then = is optimal at x. If 7 is ¢-optimal or optimal at every
x €S, it is said to be e-optimal or optimal, respectively.

It is easy to see, using Propositions 7.45 and 7.46, that, for any policy =,
J(x) is universally measurable in x. In fact, if © = (uo,ps,...) and 7* =
(o, - - - » tx— 1), then J;_(x) defined by (5) of Chapter 8§ is universally measur-
able in x and

lim Jj (x) = J(x) VxeS. (3)
k=0
If = is Markov, then (3) can be rewritten in terms of the operators T, of
Definition 8.4 as
Hm (T, T - )T 0)(X) = Jo(x) VxeS§, 4)
k=
which is the infinite horizon analog of Lemma 8.1. If 7 is a Borel-measurable
policy and g is Borel-measurable, then J,(x) is Borel-measurable in x (Pro-
position 7.29).

It may occur under (P), however, that lim,., ,, J#(x) # J*(x), where J¥(x)
is the optimal k-stage cost defined by (6) of Chapter 8. We offer an example
of this.

ExampLE | Let S={0,1,2,...}, C={1,2,...}, Ux)=C for every
xesS, =1,

u if x=0, (x. ) = 1 if x=1,
x—1 if x#0, ICYTl0 i x#1.

The problem is deterministic, so the choice of W and p(dw|x, u) is irrelevant.
Beginning at x, = 0, the system moves to some positive integer u, at no cost.
It then successively moves to u, — 1,u, — 2,. . ., until it returns to zero and
the process begins again. The only transition which incurs a nonzero cost
is the transition from one to zero. If the horizon k is finite and u, is chosen
larger than k, then no cost is incurred before termination, so Jif(0) = 0. Over
the infinite horizon, the transition from one to zero will be made infinitely
often, regardless of the policy employed, so J*(0) = 0.
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Form = (ug, uy,. . .)€ 1" and pe P(S), let g,(r, p) be the marginal of r(x, p)
on S,C,, k=0,1,.... Then (7) of Chapter 8 holds, and if 7 is Markov, (8)
holds as well. Furthermore, from (1) we have

=% [ gdaimp) e, 5)
k=

which is the infinite horizon analog of (9) of Chapter 8. Using these facts
to parallel the proof of Proposition 8.1, we obtain the following infinite
horizon version.

Proposition 9.1 (P)(N)(D) If xeS and =’ eIl’, then there is a Markov
policy @ such that

Jﬂ:(x) = Jn'(x)'
Corollary 9.1.1 (P)Y(N)(D) We have
J*(x) = inf J (x) VxeS§,
mell

where IT is the set of all Markov policies for (SM).

9.2 The Deterministic Model

Definition 9.4 Let (S, C, U, W, p, f,o,g) be an infinite horizon stochastic
optimal control model as given by Definition 9.1. The corresponding infinite
horizon deterministic optimal control model, denoted by (DM), consists of
the following:

P(S) State space.
P(SC) Control space.
U Control constraint. A function from P(S) to the set of nonempty
subsets of P(SC) defined for each pe P(S) by
U(p) = {ge P(SC)|q(T") = 1 and the marginal of g on S is p}, (6)

where I is given by (1) of Chapter 8.
f System function. The function from P(SC) to P(S) defined by

T@(s) = f,.us

where t(dx'|x, u) is given by (3) of Chapter 8.
o Discount factor.
g One-stage cost function. The function from P(SC) to R* given by

9(9) = [ 9(x.Wg(d(x,w) ®)

x,u)g(d(x,u))  VSeAs, )
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The model (DM) inherits considerable regularity from (SM). Its state and
control spaces P(S) and P(SC) are Borel spaces (Corollary 7.25.1). The
system function f is Borel-measurable (Proposition 7.26 and Corollary
7.29.1), and the one-stage cost function g is lower semianalytic (Corollary
7.48.1). Furthermore, under assumption (P) in (SM), we have g > 0, while
under (N), g <0, and under (D), 0<a<1and —b<g<b.

Definition 9.5 A policy for (DM) is a sequence of mappings 7 =
(HosHy,. - .) such that for each k, fi,: P(S) - P(SC) and (p)e U(p) for every
pe P(S). The set of all policies in (DM) will be denoted by 1. We place no
measurability requirements on these mappings. A policy % of the form
T=(WW,...)is said to be stationary.

Definition 9.6  Given p, e P(S) and a policy 7 = (T, iy, . . .) for (DM),
the cost corresponding to T at p, is

£

Jx(po) = Y. o*g(qy), )

k=0
where the control sequence {g,} is generated recursively by means of the
equation
qx = ﬁk(pk)’ k = 0713 ) (10)

and the system equation
Pi+1 = f(qx), k=0,1,.... (11)

If T = (@ g, ..) is stationary, we write Jz in place of J,. The optimal cost
at pg is

J*(po) = _mg Jz(po)-

The concepts of e-optimal and optimal policies for (DM) are the same as those
given in Definition 9.3 for (SM).

Definition 9.7 A sequence (py,qo,9;,- - )EP(S)P(SC)P(SC)- - - is ad-
missible in (DM) if qo € U(p,) and g, ; € U[f(q)], k = 0,1,. . .. The set of all
admissible sequences will be denoted by A.

The admissible sequences are just the sequences of controls 40,91, - -
together with the initial state p, which can be generated by some policy for
(DM) via (10) and (11). Except for p,, the measures p, are not included in the
sequence, but can be recovered as the marginals of the measures g, on
S [cf. (6)].

Definition 9.8 Let J:P(S) - R* be given and let fi: P(S) - P(SC) be
such that fi(p)e U(p) for every pe P(S). The operator T, mapping 7 into
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T.(J):P(S) > R* is defined by

Ty () =3[aP)] + J[f(@EP)]  VpeP(S)
The operator T mapping J into T(J): P(S) — R* is defined by

T(J)(p) = inf {g(g) + «J[F(g)]} Vpe P(S).
qeU(p)

Because (DM) is deterministic, it can be studied using results from Part I,
Chapters 4 and 5 or from DPSC. This is because there is no need to place
measurability restrictions on policies in a deterministic model. The operators
T, and T of Definition 9.8 are special cases of those defined in Section 2.1.
In the present case, we take H(p, g, J) to be

The monotonicity assumption of Section 2.1 is satisfied by this choice of H.
The cost corresponding to a policy @ = (Hg,H;,- - -) as given by (9) is easily
seen to be of the form (cf. Section 2.2)

Jz = lim (T, _)Jo),
N- o

where J,(p) = 0 for every pe P(S). It is a straightforward matter to verify
that under (D) the contraction assumption of Section 4.1 is satisfied when
B is taken to be the set of bounded real-valued functions on P(S), m is taken
to be one, and p = «. Under (P), Assumptions I, 1.1, and 1.2 of Section 5.1
are satisfied, while under (N), Assumptions D, D.1, and D.2 of the same
section are in force.

9.3 Relations between the Models

Definition 9.9 Let 7w = (ug, iy,. . .)€ Il be a Markov policy for (SM) and
7 = (o, Hi, - - .) € II a policy for (DM). Let p, € P(S) be given. If for all k

[sm(Clopidx) = BlpI(SC)  VSeds, Cee, (12)

where p, is generated from p, by 7 via (10) and (11), then = and 7 are said
to correspond at p,. If m and @ correspond at every pe P(S), then n and
7 are said to correspond.

If # and 7 correspond at p,, then the sequence of measures [gq(m, po),
q:(m, po), - - -] generated from p, by © via (8) of Chapter 8 is the same as
the sequence (9o-41,- - -) generated from p, by 7 via (10) and (11). If = and
7 correspond, then they generate the same sequence (qo,4;,--.) for any
initial p,.



9.3 RELATIONS BETWEEN THE MODELS 219

Proposition 9.2 (P)(N)(D) Given a Markov policy nelIl, there is a
corresponding Te 1. If 7e I1 and p, € P(S) are given, then there is a Markov
policy n eIl corresponding to 7 at p,.

Proof 1Ifm = (ug,u;,...)eIlis given, then for each k and any p, e P(S),
there is a unique probability measure on SC, which we denote by 7,(py),
satisfying (12) (Proposition 7.45). Furthermore,

AP = [ m(UC9[x)pdx) = 1, (13)

$0 @ = (fig, fi1,- - .) is in IT and corresponds to 7. If T = (Hy, &y, . . .)€ I and
Po € P(S) are given, let (po, py, P2, . . .) be generated from p, by 7 via (10) and
(11). For each k, choose a Borel-measurable stochastic kernel z(du|x) which
satisfies (12) for this particular p, (Corollary 7.27.2). Then (13) holds, so

mUX)|x) =1 (14)

for p, almost every x. Altering p,(du|x) on a set of p,-measure zero if necessary,
we may assume that (14) holds for every xeS and (12) is satisfied. Then
7 = (Uo, U1, - .)EII corresponds to T at pg. Q.ED.

Proposition 9.3 (P)(IN)(D) Let pe P(S), neIl, and well be given. If
7 and 7 correspond at p, then

= [ (x)p(ax).

Proof We have from (7) of Chapter 8, (5), (8), (9), and the monotone or
bounded convergence theorems

[00piax) = |, [2 ‘o gqunpx>]p(dx>

ffs ¢, 9497, px)p(dx)

u[\/]g

= Z a"fskckgqu(n,p)

= ZO g qu(m, p)]

7.{p. QED.

Corollary 9.3.1 (P)(N)(D) Let xeS, nell, and 7e Il be given. If = and
7 correspond at p,., then

Telps) = J ().
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Corollary 9.3.2 (P)(N)(D) For every x€S,
J*(py) = J*(x).

Proof Corollaries 9.1.1, 9.3.1, and Proposition 9.2 imply that, for every
x€eSs,

J*(p,) = inf Jo(p,) = inf Jo(x) = J*(x). Q.E.D.
rell nell

Corollary 9.3.2 shows that J* and J* are related, but in a rather weak
way that involves J* only on S = {p,e P(S)|xeS}. In Proposition 9.5 we
strengthen this relationship, but in order to state that proposition we must
show a measurability property of J*. This is the subject of Proposition 9.4,
which we prove with the aid of the following lemma.

Lemma 9.1 The set A of admissible sequences in (DM) is an analytic
subset of P(S)P(SC)P(SC)- - -.

Proof The set A is equal to 4o N [ )iz Bi], where

Ao = {(Po#lo»‘h,- . -)|(10€ U(Po)},
B = {(P0-40-491;- - ')le+l€ U[T(Qk)]}'

By Corollary 7.35.2, it suffices to show that 4, and B, k=0,1,..., are
analytic. Using the result of Proposition 7.38, this will follow if we show
that

A ={(p1,q91)€ P(S)P(SC)|g1 € U(py)},
B {(‘10,41)€P(SC)P(SC)|‘11€ U[ f(q0)]}

are analytic. Let P(I') = {ge P(SC)|q(I') = 1}, where T is given by (1) of
Chapter 8. Then P(I') is analytic (Proposition 7.43). Equation (6) implies that
A is the intersection of the analytic set P(S)P(I') (Proposition 7.38) with the
graph of the function ¢:P(SC) — P(S) which maps ¢ into its marginal on S.
It is easily verified that ¢ is continuous (Proposition 7.21(a) and (b)), so
Gr(o) is Borel (Corollary 7.14.1). Therefore, A is analytic. The set B is the
inverse image of A4 under the Borel-measurable mapping (¢o,41) = [ f(q0).91],
so is also analytic (Proposition 7.40). Q.E.D.

Proposition 9.4 (P)(N)(D) The function J*:P(S) —» R* is lower semi-
analytic.

Proof Define G:A — R* by

G(pO’quqlr' . ) = z akg(qk)7 (15)

k=0
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where A is the set of admissible sequences (Definition 9.7). Then G is lower
semianalytic by Lemma 7.30(2), (4) and Lemma 9.1. By the definition of J*
and A, we have

j*(pO) = lnf G(pOaCIO7QI5' . ) vaGP(S)’ (16)
(90,41, . . .)€Apo
so J* is lower semianalytic by Proposition 7.47. Q.E.D.
Corollary 9.4.1 (P)(N)(D) The function J*:S — R* is lower semi-
analytic.

Proof By Corollary 9.3.2,
J*(x) = J*[6(x)] VxeS,

where 6(x) = p, is the homeomorphism defined in Corollary 7.21.1. Apply
Lemma 7.30(3) and Proposition 9.4 to conclude that J* is lower
semianalytic. Q.ED.

Lemma 9.2 Given pe P(S) and ¢ > 0, there exists a policy 7 for (DM)
such that

®)D) ~ Tup) < [THp(@x) + 2,
f JHpdx) +¢  if f JHX)p(dx) > — oo,

(N) Jap) <
e if f JHx)p(dx) = — 0.

Proof As a consequence of Corollary 9.4.1, j J*(x)p(dx) is well defined.
Let pe P(S)and ¢ > 0 be given. Let G:A — R* be defined by (15). Proposition
7.50 guarantees that under (P) and (D) there exists a universally measurable
selector ¢:P(S) = P(SC)P(SC)- - - such that (p,¢(p))€eA for every pe P(S)
and

Glp.o(p)] <JT*pp)+¢  VpeP(S).

Let 6:S — P(SC)P(SC)- - - be defined by a(x) = ¢(p,). Then ¢ is universally
measurable (Proposition 7.44) and

G[ps,0(x)] < J*(x) + ¢ VxeS. 17)

Under (N), there exists a universally measurable ¢:S — P(SC)P(SC)- - - such
that for every xS, (p.,o(x))eA and

J*(x) + ¢ if J*x)> —oo,
Glpss o] = {—(1 + ) epn(J*) i THX) = —oo,

where p.,(J*) = p({x|J*(x) = — 00})if p({x|J*(x) = —c0}) > Oand p,(J¥) =
1 otherwise.

(18)
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Denote O'(X) = [qO(d(x0= Uo)lX), 611(d(x1a“1)|x),~ . ] Each qk(d(xk?uk)lx) is
a universally measurable stochastic kernel on S,C, given S. Furthermore,

qo(d(xo,uo)|x)e U(py) ~ VxeS§,
and, fork=0,1,...,
Qe+ 1 (X4 1, gt 1)|x)€ U(f[qk(d(xk’ uk)]x)]) VxeSs.
Fork=0,1,..., define g,e P(SC) by
9uB) = [aBlop(dx)  VBeBsc.

Theng(I') = 1,k =0,1,. ... We show that (p,g,,q;,. . .)€ A. Since the mar-
ginal of go(d(xo,uo)|x) on S, is p,, we have

Go(S0Co) = [ a0(SoColx)p(dx) = [[ 15,()p(dx) = p(So) ~ ¥See s,
s0 goe U(p). For k = 0,1,. .., we have
i+ 1Sk 1 Cier 1) = fsqk+1(§k+1ck+1|x)p(dx)
= fs fskck H(Sk+ 1|k, w)qi(d(xy, we)| x)p(dx)
= Jo.c. (ks 1]Xe uqdCxe, w) - Vs s €Bs.

Therefore G, € U[ f(g,)] and (p, 9o, 1, - - ) EA.

Let @ be any policy for (DM) which generates the admissible sequence
(P,90,Gy5- - -)- Then under (P) and (D), we have from (17) and the monotone
or bounded convergence theorem

jﬁ:(p) = G(paqOqu' . )

= kZO ot fskck 9 (X, w) oAl )
= o (X, U Gi(d(xie, )| x)p(d)
o IS ISkl

= fs[kgo o fskc,\_g(xk,uk>qk(d<xk,uk);x)]p<dx>

= [, 6lpe otp(ax)

< J;J*(x)p(dx) + e
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Under (N), we have from the monotone convergence theorem
To(p) = [ Glpe o (x)]p(d). (19)
If p({x|J*(x) = —o0}) = 0, (18) and (19) imply
p) < [T*(p(dx) +

where both sides may be —oo. If p({x|J*(x) = —c0}) >0, then [J*(x)
p(dx) = — oo and we have, from (18) and (19),

TaD) < [ys -, 7700 + ]pdx) = (1 + £)/e
<e—(1+e)e=—1/t. QED.
Proposition 9.5 (P)(N)(D) For every pe P(S),
T*(p) = [T#0p(ax).
Proof Lemma 9.2 shows that
T*(p) < fJ* dx)  VpeP(S).

For the reverse inequality, let p be in P(S) and let 7 be a policy for (DM).
There exists a policy = € IT corresponding to T at p (Proposition 9.2), and, by
Proposition 9.3,

fJ p(dx) > fJ* x)p(dx).

By taking the infimum of the left-hand side over % e I1, we obtain the desired
result. Q.E.D.

Propositions 9.3 and 9.5 are the key relationships between (SM) and (DM).
As an example of their implications, consider the following corollary.

Corollary 9.5.1 (P)(N)(D) Suppose neIl and Tell are corresponding
policies for (SM) and (DM). Then = is optimal if and only if 7 is optimal.

Proof 1If m is optimal, then
fJ p(dx) = fJ* Xpldx) = T*p)  VpeP(S).
If 7 is optimal, then
Jo(x) = To(pe) = T*(p,) = J*(x) VxeS. Q.ED.

The next corollary is a technical result needed for Chapter 10.
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Corollary 9.5.2 (P)(N)(D) For every pe P(S),
f J*(x)p(dx) = inf f J(x)p(dx).
nell
Proof By Propositions 9.2 and 9.3,
T*(p) = inf f J)p(dx)  VpeP(S).

nell
Apply Proposition 9.5. Q.E.D.

We now explore the connections between the operators T, and T and
the operators T and T. The first proposition is a direct consequence of the
definitions. We leave the verification to the reader.

Proposition 9.6 (P)(N)(D) Let J:S— R* be universally measurable
and satisfy J >0, J <0, or —c < J < ¢, ¢ < 00, according as (P), (N), or
(D) is in force. Let J: P(S) — R* be defined by

T(p) = [Jopax)  ¥peP(s)
and suppose f: P(S) — P(SC) is of the form
A(P)SC) = [(u(Clop(dx)  VSeBs, Cede
for some pe U(C|S)". Then f(p)e U(p) for every pe P(S), and
T(J)(p) = f T,(J)(X)p(dx)  VpeP(S).

Proposition 9.7 (P)(N)(D) Let J:S— R* be lower semianalytic and
satisfy J > 0, J<0,0or —c<J<¢ c< o, according as (P), (N), or (D)
is in force. Let J: P(S) — R* be defined by

J(p) = [Jpd)  vpeP(s) 20)
Then
TP = [TU)Ipdx)  ¥peP(S).
Proof For peP(S)and ge U(p) we have
9(9) + T[T @] = [ [ote.w) + x [ J6)ax | w)]a(d(x, w)
> [ TU)p(dx),

 The set U(C|S), defined in Section 8.2, is the collection of universally measurable stochastic
kernels u on C given S which satisfy u(U(x)|x) = 1 for every x€S.
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which implies
TA)(p) 2 [ TU)(x)p(dx).
Given ¢ > 0, Lemma 8.2 implies that there exists ue U(C |S )such that
fc [g(x,u) + o fs JO)(dx |, u)]u(dilx) < TU)(x) + .

Let ge U(p) be such that

4(SC) = [(u(Clp(dx)  VSeBs, Cee.
Then

TO)(p) < | C[g(x, u) + o L J()dxx, u):lq(d(x, W)

= fs fc [g(x, u) + ocJ;J (x’)t(dx’lx, u):l ,u(dulx)p(dx)

< [T + ¢,
where [T(J)(x)p(dx) + ¢ may be — co. Therefore,

TT)(p) < f TU)x)p(dx). QED.

9.4 The Optimality Equation—Characterization of
Optimal Policies

As noted following Definition 9.8, the model (DM) is a special case of
that considered in Part I and DPSC'. This allows us to easily obtain many
results for both (SM) and (DM). A prime example of this is the next
proposition.

Proposition 9.8 (P)(N)(D) We have
J* = T(J*), (21)
J¥ = T(J*). (22)
Proof  The optimality equation (21) for (DM) follows from Propositions
4.2(a), 5.2, and 5.3 or from DPSC, Chapter 6, Proposition 2 and Chapter 7,

" Whereas we allow g to be extended real-valued, in Chapter 7 of DPSC the one-stage cost
function is assumed to be real-valued. This more restrictive assumption is not essential to any
of the results we quote from DPSC.
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Proposition 1. We have then, for any xe S,
J¥(x) = J*(p) = T(J*)(py) = T(J*)(x)
by Propositions 9.5 and 9.7, so (22) holds as well. Q.E.D.

Proposition 9.9 (P)YN)(D) If @ = (& . ..) is a stationary policy for
(DM), then J; = T;(Jp). If m=(p,u,...) is a stationary policy for (SM),
then J, = T(J,).

Proof For (DM) this result follows from Proposition 4.2(b), Corollary
5.2.1, and Corollary 5.3.2 or from DPSC, Chapter 6, Corollary 2.1 and
Chapter 7, Corollary 1.1. Let = = (u, 14,. . .) be a stationary policy for (SM)
andlet T = (4,4, . . .) be a policy for (DM) corresponding to n. Then for each
xes,

Ju(x) = Jﬁ(px) = Tﬁ(jﬁ)(px) = Tu(‘]u)(x)
by Propositions 9.3 and 9.6. Q.E.D.

Note that Proposition 9.9 for (SM) cannot be deduced from Proposition
9.8 by considering a modified (SM) with control constraint of the form

U, (x) = {u(x)} VxeSs, (23)

as was done in the proof of Corollary 5.2.1. Even if y is nonrandomized
so that (23) makes sense, the set

I, ={(x,u)|xeS,ueU,(x);

may not be analytic, so U, is not an acceptable control constraint.

The optimality equations are necessary conditions for the optimal cost
functions, but except in case (D) they are by no means sufficient. We have
the following partial sufficiency results.

Proposition 9.10

(P) IfJ:P(S)—[0,c0] and J > T(J), then J > J*.

If J:S - [0,00] is lower semianalytic and J > T(J), then J > J*.
(N) IfJ:P(S) > [ - o0,0] and J < T(J), then J < J*.

If J:S — [ — o0,0] is lower semianalytic and J < T(J), then J < J*.
(D) IfJ:P(S)—[—c,c],c < oo,and J = T(J), then J = J*.

If J:S - [—¢,c], ¢ < o0, is lower semianalytic and J = T(J), then

J =J*%

Proof We consider first the statements for (DM). The result under (P)
follows from Proposition 5.2, the result under (N) from Proposition 5.3,
and the result under (D) from Proposition 4.2(a). These results for (DM)
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follow from Proposition 2 and trivial modifications of the proof of Proposi-
tion 9 of DPSC, Chapter 6.

We now establish the (SM) part of the proposition under (P). Cases (N)
and (D) are handled in the same manner. Given a lower semianalytic function
J:S — [0, co] satisfying J > T(J), define J: P(S) — [0, co] by (20). Then

J(p) = fJ (x)p(dx) = fT(J )(x)p(dx) = T(J)(p) ~ VpeP(S)
by Proposition 9.7. By the result for (DM), J > J*. In particular,
J(x) = J(p,) = T*(p,) = J*(x)  VxeS. QED.

Proposition 9.11 Let 7= (& &...) and n = (u,pu,...) be stationary
policies in (DM) and (SM), respectively.

(P) IfJ:P(S)—[0,00] and J > Ty(J), then J > J,.
If J:S—[0,00] is universally measurable and J > T,(J), then
J>1J,.

(N) IfJ:P(S)—[—o0,0] and 7 < Ty(7), then T < 7.
If J:S - [—0,0] is universally measurable and J < T,(J), then
J<J,

(D) IfJ:P(S)—[—c,c],c < oo,and J = TyJ), then J = 7J,.
If J:S > [—c,c], ¢ < o, is universally measurable and J = T,(J),
then J = J,.

Proof The (DM) results follow from Proposition 4.2(b) and Corollaries
5.2.1 and 5.3.2 or from DPSC, Corollary 2.1 and trivial modifications of
Corollary 9.1 of Chapter 6. The (SM) results follow from the (DM) results
and Proposition 9.6 in a manner similar to the proof of Proposition 9.10.
Q.E.D.

Proposition 9.11 implies that under (P), J, is the smallest nonnegative
universally measurable solution to the functional equation

J=T,J)

Under (D), J, is the only bounded universally measurable solution to this
equation. This provides us with a simple necessary and sufficient condition
for a stationary policy to be optimal under (P) and (D).

Proposition 9.12 (P)(D) Let # = (g, %...) and 7= (u,pu,...) be sta-
tionary policies in (DM) and (SM), respectively. The policy 7 is optimal if
and only if J* = T,(J*). The policy = is optimal if and only if J* = T (J*).

Proof 1f @ is optimal, then J, = J*. By Proposition 9.9, J* = Ty (J*).
Conversely, if J* = T,(J*), then, by Proposition 9.11, J* > J; and 7 is
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optimal. The proof for (SM) follows from the (SM) parts of the same
propositions. Q.E.D.

Corollary 9.12.1 (P)(D) There is an optimal nonrandomized station-
ary policy for (SM) if and only if for each x€ S the infimum in

inf {g(x, W)+ o f TH(x)t(dx|x, u)} (24)

ueU(x)

is achieved.

Proof Ifthe infimum in (24) is achieved for every x € S, then by Proposi-
tion 7.50 there is a universally measurable selector u:S — C whose graph
lies in I" and for which

glx, u(x)] +a fJ*(x’)t(dx’

= inf {q(x, u) + o fJ (X )e(dx|x, u)} VxeS.

ueU(x)

X, u(x))

Then by Proposition 9.8
T,(J*) = T(J* =J%

so T = (i, 14, . . .) is optimal by Proposition 9.12.
If © = (u, 4, . .) is an optimal nonrandomized stationary policy for (SM),
then by Propositions 9.8 and 9.9

T(J*=TJ,)=J,=J*=T{J%,
so u(x) achieves the infimum in (24) for every x€ S. Q.E.D.

In Proposition 9.19, we show that under (P) or (D), the existence of any
optimal policy at all implies the existence of an optimal policy that is non-
randomized and stationary. This means that Corollary 9.12.1 actually gives a
necessary and sufficient condition for the existence of an optimal policy.

Under (N) we can use Proposition 9.10 to obtain a necessary and suffi-
cient condition for a stationary policy to be optimal. This condition is not
as useful as that of Proposition 9.12, however, since it cannot be used to
construct a stationary optimal policy in the manner of Corollary 9.12.1.

Proposition 9.13 (N)(D) Let @ = ([, f,...) and @ = (u,4,...) be sta-
tionary policies in (DM) and (SM), respectively. The policy 7 is optimal if
and only if 7, = T(J,). The policy = is optimal if and only if J, = T(J,).

Proof If 7 is optimal, then J, = J*. By Proposition 9.8
J,=T*=TJ* =T
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Conversely, if J; = T(J;), then Proposition 9.10 implies that J; < J*and ©
is optimal.

If 7 is optimal, J, = T(J,) by the (SM) part of Proposition 9.8. The
converse is more difficult, since the (SM) part of Proposition 9.10 cannot be
invoked without knowing that J, is lower semianalytic. Let 7 = (K, i, . - .) be
a policy for (DM) correspondmg to 7 = (i, &, - -), so that Jy(p) = [J, (x)p dx)
for every pe P(S). Then for fixed pe P(S) and ge U(p),

gla) + o7, Fa)] = fsc[gu, W) + o [ T, ()], u)},(du, )

f inf {q (x,u) + ocf J(x)e(dx'|x, u} (dx),
ueU(x)

provided the integrand
T(J,)(x) = inf %’g(x, W)+ o fs J(x)t(dx’|x, u)}

ueU(x)

is universally measurable in x. But T(J,) =J, by assumption, which is
universally measurable, so

@)+ o[ T@] 2 [1,p(dx) = Tulp).

By taking the infimum of the left-hand side over ge U(p) and using Proposi-
tion 9.9, we see that
TJ)=J;=TyJp).

The reverse inequality always holds, and by the result already proved for
(DM), 7 is optimal. The optimality of 7 follows from Corollary 9.5.1.  Q.E.D.

9.5 Convergence of the Dynamic Programming Algorithm—
Existence of Stationary Optimal Policies

Definition 9.10 The dynamic programming algorithm is defined recur-
sively for (DM) and (SM

) by
Jo(p)=0  VpeP(S),

Jee1(p)=TWJ)(p)  VpeP(S), k=0,1,...,
Jo(x) =0 VxeS
Jir1(x) = T(J)(x) vxeS, k=0,1,....

We know from Proposition 8.2 that this algorithm generates the k-stage
optimal cost functions J§. For simplicity of notation, we suppress the x here.
At present we are concerned with the infinite horizon case and the possibility
that J, may converge to J* as k — oo.
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Under (P), Jo, < Jy and so J, = T(J,) < T(J,) = J,. Continuing, we see
that J, is an increasing sequence of functions, and so J, = lim,_, ,, J, exists
and takes values in [0, + c0]. Under (N), J, is a decreasing sequence of
functions and J, exists, taking values in [ — 00, 0]. Under (D), we have

Jo < b+ T(Jo)
0<b+TWUy)<b+T[b+ T{Jo)] =1+ )b+ T*J,),
0<b+T[b+TU)]=0+ab+ T*To)<b+ T[(1 + )b+ T*(J,)]
=1 +a+a®b+ T3J,),

and, in general,

k-2 k—1

0<b) of+ T+ 1(J)<bz o + T(T,).

j=0 i=
Ask — co,weseethatb) %25 o + TH(J,)increases to a limit. But b /2 g o/ =
b/(1 — «),so0 J, = lim,_, , T*(J,) exists and satisfies

-b/l —a)<JT,.
Similarly, we have
< b/(1 — a).
Now if J:P(S) » [ —c¢,¢], ¢ < oo, then
Jo<J +e¢ TJ) < TJT +¢)=ac+ TJ),

and, in general,

T*(T,) < oc + TJ).

It follows that
< lim inf T%J),

k=0
and by a similar argument beginning with J — ¢ < J,,, we can show that
limsup,_.,, TXJ) < J .. This shows that under (D), if J is any bounded real-
valued function on P(S), then J , = lim,_, , T*(J).

The same arguments can be used to establish the existence of J, =
lim,_, , J;. Under (P), J,:S - [0, 4+ c0]; under (N), J:S - [—00,0]; and
under (D), J, = lim,_,, T%J) takes values in [ —b/(1 — o), b/(1 — )] where
J:S = [—c,c], ¢ < 0, is lower semianalytic. Note that in every case, J, is
lower semianalytic by Lemma 7.30(2).

Lemma 9.3 (P)(N)(D) For every pe P(S),
ka pdx), k=0,1,..., k=oo.
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Proof For k=0,1,..., the lemma follows from Proposition 9.7 by
induction. When k = oo, the lemma follows from the monotone convergence
theorem under (P) and (N) and the bounded convergence theorem under (D).

Q.ED.

Proposition 9.14 (N)(D) We have
Joo = J*, (25)
J, = J% (26)

Indeed, under (D) the dynamic programming algorithm can be initiated
from any J:P(S)—[—c,c], ¢ < oo, or lower semianalytic J:S — [—c¢,c],
¢ < o0, and converges uniformly, i.e.,

lim sup |T*(7)(p) — T¥(p)| = 0. 27)
k=0 peP(S)
lim sup|T"(J)(x) *(x)| = 0. (28)
k= xeS

Proof The result for (DM) follows from Proposition 4.2(c) and 5.7 or
from DPSC, Chapter 6, Proposition 3 and Chapter 7, Proposition 4. By
Lemma 9.3,

Jux)=T(py)  VxeS, k=0,1,..., k= o0,

s0 (25) implies (26). Under (D), if a lower semianalytic function J:S — [ — ¢, c],
¢ < 0, is given, then define J:P(S) - [ —c,c] by (20). Equation (28) now
follows from (27) and Propositions 9.5 and 9.7. Q.E.D.

Case (D) is the best suited for computational procedures. The machinery
developed thus far can be applied to Proposition 4.6 or to DPSC, Chapter 6,
Proposition 4, to show the validity for (SM) of the error bounds given there.
We provide the theorem for (SM). The analogous result is of course true
for (DM).

Proposition 9.15 (D) LetJ:S—[—c,c],c < o0, be lower semianalytic.
Then forall xeSand k=0,1,...,

THI)(X) + b < T HI)(X) + b 1
S THx) < T HI)X) + s < TU)X) + By, (29)

where
= [a/(1 — )] mf[T" )(x) — T HJ)(x)], (30)

by = [o/(1 — )] sup[ T*(J)(x) — T*~ 1(J)(x)]. (31)
xeS
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Proof  Givenalower semianalytic functionJ:S — [ —¢, c], ¢ < o, define
J:P(S) — [ —c,c] by (20). By Proposition 9.7,

T*(J)(p) = fT"(J)(x)p(dx) VpeP(S), k=0,1,....

Therefore
= [o/(1 — )] ir;(fs)[T"(j)(p) T 'J)(p)],

= [o/(1 — )] Sl;l(bs)[T"(j )p) = T~ 1T)(p)],

where b, and b, are defined by (30) and (31). Taking o; = &, = & in Proposi-
tion 4.6 or using the proof of Proposition 4, Chapter 6 of DPSC, we obtain

T“U)(p) + b < T* 1 (JT)(p) + by
< J¥p) < T J)P) + besy < TI)(p) + by
Substituting p = p, in this equation, we obtain (29). Q.E.D.

It is not possible to develop a policy iteration algorithm for (SM) along
the lines of Proposition 4.8 or 4.9. One difficulty is this. If at the kth iteration
we have constructed a policy (p, y,...), where u, e U(C|S), then J,,
universally measurable but not necessarily lower semianalytic. We would
like to find yy ., € U(C|S) such that T, (J,,) < T(J,) + & where ¢ > 0 is
some prescribed small number, but Proposition 7.50 does not apply to this
case.

We turn now to the question of convergence of the dynamic programming
algorithm under (P). Without additional assumptions, we have only the
following result.

Proposition 9.16 (P) We have

Jo < T, (32)
Jo < J* (33)
Furthermore, the following statements are equivalent:
@ To=T(0,)
(b) J,=J%
© Jo=TUy)
d Jo=J%

Proof 1Tt is clear that (32) holds and, by Proposition 9.10, implies the
equivalence of (a) and (b). Lemma 9.3, Proposition 9.5, and (32) imply (33).
Conditions (a) and (c) are equivalent by Lemma 9.3 and Proposition 9.7.
Conditions (b) and (d) are equivalent by Lemma 9.3 and Proposition 9.5.

Q.E.D.
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In Example 1, we have J(0) = 0 and J*(0) = oo, so strict inequality in
(32) and (33) is possible. We present now an example in which not only is
J ., different from J*, but J , is Borel-measurable while J* is not.

ExampLE 2 (Blackwell) Let X be the set of finite sequences of positive
integers and H the set of functions h from X into {0,1}. Then H can be
regarded as the countable Cartesian product of copies of {0,1} indexed by
2. Let {0,1} have the discrete topology and H the product topology, so H
is a complete separable metrizable space (Proposition 7.4). A typical basic
open set in H is {he H|h(s) = 1 VseZ,, h(s) = 0 Vse Z,}, where £, and Z,
are finite subsets of X. Consider a Suslin scheme R:X — %y defined by

R(s)={heHh(s)=1}  VseX.
Then
N(R) = {he H|3((;,(,,. . .) e 4 such that h({,(5,...,(,) = 1Vn}

is an analytic subset of H (Proposition 7.36). We show with the aid of
Appendix B that N(R) is not Borel-measurable. Let Y be an uncountable
Borel space and Q:%X — %y a Suslin scheme such that N(Q) is not Borel-
measurable (Proposition B.6). Define : Y — H by

_ 1 if yeQ(s),
w(w(s)—{o it ye0(s).

If 2, and X, are finite subsets of X, then
“!({heH|h(s) = 1VseZ, h(s) = 0 Vse Z,})

= [ N Q(s)]m[ N (Y- Q(S))]
sex, seX,

is in %y. The collection & of subsets E of H for which " }(E)e %y is a
o-algebra containing a base for the topology on H, so, by the remark following
Definition 7.6, & contains %y and y is Borel-measurable. For each se X,
we have Q(s Y [R(s)], so

= U New=U Ny 'RE)]

zeN s<z zeN s<z
[ U &6 - pm

Since N(Q) is not Borel-measurable, N(R) is also not Borel-measurable.
Define the decision model by taking S = HXZ*, where £* =X U {0},
C=1{1,2,...}, Ux) = C for every xe S, and
[h 0],u) = (h,u),
f([h (CI’CZ, . ] [h ClaCZ? "’cnsu)]'
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The system transition is deterministic,l so the choice of W and p(
is irrelevant. Choose o = 1 and

,u)

0 if hw=1,
g([h’oj’”)={1 i hEZ;=O

lf h(Cl,CZa- . ’Cmu) = 19

if h(y,C5,...,8,u)=0.

If the system begins at x, = [h,0] and the horizon is infinite, a positive cost
can be avoided if and only if there exists ({1,{,,...)such that h((,,{5,...,{,) =
1 for every n, ie., J*([h,0]) = 0 if and only if h€ N(R). Therefore, J* is not
Borel-measurable. Over the finite horizon, we have

Jee1(x) = T()(x) = ing{g(x, u) + Sl f(x, w)]},

0
g([h’(CI’CZP .. ’Cn)], u) = {1

and since C is countable and f, g, and J, are Borel-measurable, J, is
Borel-measurable for k = 0,1,2,. ... It follows that J,, is Borel-measurable.

The equivalent conditions of Proposition 9.16 are not easily verified in
practice. We give here some more readily verifiable conditions which imply
that J , = J*.

Proposition 9.17 (P)(D) Assume that there exists a nonnegative integer
%k such that for each xe S, 1e R, and k > k, the set
< } (34)

is compact in C. Then J * J,, = J*, and there exists an optimal non-
randomized stationary pOlle r (SM).

Proof Under(P), wehave, foreachk,J, <J,,s0J,., =T, ) < T(J,),
and letting k — co we obtain

Un(x, 1) = {ue U)|g(x, u) + o f T (<)t (dx’

< T(J ) (35)

Let xeS be such that J_(x) < co. By Lemma 3.1 for k > k there exists
u, € U(x) such that

Jer1(x) = g(x,u,) + ochk e (dx’

):

Since J, < Jy41 <7+ < J,, it follows that for k > k

g(x,u;) +ochk t(dx'|x, u;) < g(x,u;) +o<fJ )t(dx’|x, u;)

Therefore, {u;|i > k} = U,[x,J,(x)] for every k > 7€. Since U, [x,J(x)] is
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compact, all limit points of the sequence {u;|i > k} belong to U,[x,J .(x)],
and at least one such limit point exists. It follows that if @ is a limit point of
the sequence {u;|i > k}, then

te kﬁﬁ Ui[x,J(x)].
Therefore, for all k > k,
Jo(x) = g(x,7) + aka(x’)t(dx’[x, ) > Jp s ().
Letting k — co and using the monotone convergence theorem, we obtain

Jo(x) = g(x,7) + ochoo(x’)t(dx’|x, u) > T(J,)(x) (36)

for all xe S such that J, (x) < oo. We also have that (36) holds if J_.(x) = o,
and thus it holds for all xeS. From (35) and (36) we see that J, = T(J )
and conditions (a)—(d) of Proposition 9.16 must hold. In particular, we have
from (35) and (36) that for every x e S, there exists e U(x) such that

J¥*(x) = g(x,7) + afJ*(x’)t(dx’|x, 7)) = T(J*)(x).

The existence of an optimal nonrandomized stationary policy for (SM)
follows from Corollary 9.12.1.

Under (D), conditions (a)-(d) of Proposition 9.16 hold by Proposition
9.14. If we replace g by g + b, we obtain a model satisfying (P). This new
model also satisfies the hypotheses of the proposition, so there exists an
optimal nonrandomized stationary policy for it. This policy is optimal for
the original (D) model as well. Q.ED.

Corollary 9.17.1 (P)(D) Assume that the set U(x) is finite for each
xeS. Then J, = J* J, = J* and there exists an optimal nonrandomized
stationary policy for (SM). In fact, if C is finite and g and T are Borel-
measurable, then J* is Borel-measurable and there exists a Borel-measurable
optimal nonrandomized stationary policy for (SM).

Corollary 9.17.2 (P)(D) Suppose conditions (a)—(e) of Definition 8.7
(the lower semicontinuous model) are satisfied. Then J, = J*, J_ = J*,
J* is lower semicontinuous, and there exists a Borel-measurable optimal
nonrandomized stationary policy for (SM).

Proof From the proof of Proposition 8.6, we see that J, is lower semi-
continuous for k = 1,2,. .., as are the functions
~ {g(x, u) + ochk(x’)t(dx’lx, u) if (x,uerl,

37
0 if (x,u)¢rl. (37)
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For AeR and k fixed, the lower level set

{(x,u)e SC|Ky(x,u) <2} =T
is closed, so for each fixed xe S

Ui(x,2) = {ue C|K;(x,u) < i}

is compact. Proposition 9.17 can now be invoked, and it remains only to
prove that the optimal nonrandomized stationary policy whose existence is
guaranteed by that proposition can be chosen to be Borel-measurable. This
will follow from Proposition 9.12 and the proof of Proposition 8.6 once we
show that J, = J* is lower semicontinuous. Under (P), J, 1 J*, so

{xeS|J*x) < 1} = () {xeS|Ju(x) < 2}
k=0
is closed, and J* is lower semicontinuous. Under (D),
Je—b Y o1 J¥
i=k

so a similar argument can be used to show that J* is lower semicontinuous.
Q.ED.

By using the argument used to prove Corollary 8.6.1, we also have the
following.

Corollary 9.17.3 The conclusions of Corollary 9.17.2 hold if instead of
assuming that C is compact and each I is closed in Definition 8.7, we
assume that each I'V is compact.

Proposition 9.17 and its corollaries provide conditions under which the
dynamic programming algorithm can be used in the (P) and (D) models to
generate J*. It is also possible to use the dynamic programming algorithm to
generate an optimal stationary policy, as is indicated by the next proposition.

Proposition 9.18 (P)(D) Suppose that either U(x) is finite for each
xeS or else conditions (a)—(e) of Definition 8.7 hold. Then for each k > 0
there exists a universally measurable p,:S — C such that y(x)e U(x) for
every xe S and

T, Ji) = T (38)

If {w is a sequence of such functions, then for each xeS the sequence
{w.(x)} has at least one accumulation point. If u:S — Cis universally measur-
able, u(x) is an accumulation point of { ;4,(x)} for each x € S such that J*(x) <
o0, and p(x)e U(x) for each xe S such that J*(x) = oo, then = = (u, 4, . .) is
an optimal stationary policy for (SM).
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Proof 1If U(x) is finite for each xe S, then the sets U,(x, ) of (34) are
compact for all k > 0, xe S, and A€ R. The proof of Corollary 9.17.2 shows
that these sets are also compact under conditions (a)—(e) of Definition 8.7.
The existence of functions y,:S — C satisfying (38) such that yw(x)e U(x) for
every x €S is a consequence of Lemma 3.1 and Proposition 7.50.

Under (P) we see from the proof of Proposition 9.17 that {,(x)} has at
least one accumulation point for each x €S such that J*(x) < co and every
accumulation point of { ,(x)} is in U(x). If u: S — C is universally measurable
and p(x) is an accumulation point of { y,(x)} for each x € S such that J*(x) <
o0, then from (35), (36), and Proposition 9.17 we have

J#) = g%, u00] + o [ T#0)Hax|x, u(x) (39)

for all xe S such that J*(x) < oo. If u(x) e U(x) for all x€ S such that J*(x) =
00, then

T*(x) = TU*)(x) < g[x, u(x)] + o f THx)(dx’

for all xe S such that J*(x) = co. From (39) and (40) we have J* = T, (J*),
and the policy © = (u, 44, . . .) is optimal by Proposition 9.12.

Under (D) we can replace g by g + b to obtain a model satisfying (P) and
the hypotheses of the proposition. The conclusions of the proposition are
valid for this new model, so they are valid for the original (D) model as
well. Q.E.D.

x, p(x)) < 00 = J*(x) (40)

A slightly stronger version of Proposition 9.18 can be found in [S12].

~ Corollary 9.18.1 If conditions (b)—(e) of Definition 8.7 hold and if each
I'V of condition (b) is compact, then the conclusions of Proposition 9.18 hold.

9.6 Existence of e-Optimal Policies

We have characterized stationary optimal policies and given conditions
under which optimal policies exist. We turn now to the existence of e-optimal
policies. For fixed xe S, by definition there is a policy which is ¢-optimal
at x. We would like to know how this collection of policies, each of which is
e-optimal at a single point, can be pieced together to form a single policy
which is e-optimal at every point. There is a related question concerning
optimal policies. If at each point there is a policy which is optimal at that
point, is it possible to find an optimal policy ? Answers to these questions are
provided by the next two propositions.

Proposition 9.19 (P)(D) For each ¢ > 0, there exists an e-optimal non-
randomized Markov policy for (SM), and if o < 1, it can be taken to be
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stationary. If for each xe S there exists a policy for (SM) which is optimal -
at x, then there exists an optimal nonrandomized stationary policy.

Proof Choose ¢ >0 and ¢ > 0 such that Y 2ok, = ¢ If o < 1, let
& = (1 — a)efor every k. By Proposition 7.50, there are universally measurable
functions y,:S— C, k=0,1,..., such that u(x)e U(x) for every xe S and

T, (¥ <J* +¢.
If o < 1, we choose all the g, to be identical. Then

(T T )I*) S T, (J*) + ag < T* + g5y + gy

M- 1% i

Continuing this process, we have

(T,

Ho

k
Ty, T IIHST*+ Y odg; < T* + ¢,
j=0

and, letting k — oo, we obtain

Iim (T, T,, - T, )J*) < J* +e.

k= 0
Under (P) we have
Jo=1m(T, T, - T,)Jo) < im(T, T,, - T,)J*), (41)
k— k= o0

SO 7 = (lo, U1, - .) is e-optimal. Under (D),

Jo < J* + [b/(1 — a)],
(TuoTuy* TuJo) < (T Ty - TW)I* + [B/1 = )]

[ b1 — )] + (T Ty, Ty )%,

0

so (41) is valid and 7 = (uo, iy, . . .) is e-optimal. This proves the first part of
the proposition.

Suppose that for each xe S there is a policy for (SM) which is optimal
at x. Fix x and let @ = (ug, us,...) be a policy which is optimal at x. By
Proposition 9.1, we may assume without loss of generality that = is Markov.
By Lemma 8.4(b) and (c), we have

J*(x) = J(x)
= im(T,,T,, - T, )(Jo)(x)
k— o0

= Tuo[lim(TM~ x Tuk)(Jo)J(x)

k—

> T, (J*)(x) = T(J*)(x) = J*(x).
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Consequently,
T ,(J*)(x) = T(J*)(x).

This implies that the infimum in the expression
inf {g(x, u) + o f T )t(dx|x, u)}
ueU(x)
is achieved. Since x is arbitrary, Corollary 9.12.1 implies the existence of an

optimal nonrandomized stationary policy. Q.E.D.

Proposition 9.20 (N) For each ¢ > 0, there exists an ¢-optimal non-
randomized semi-Markov policy for (SM). If for each xe S there exists a
policy for (SM) which is optimal at x, then there exists a semi-Markov
(randomized) optimal policy.

Proof Under (N) we have J, | J* (Proposition 9.14), so, given & > 0,
the analytically measurable sets
Ay = {xeS|JH(x) > — o0, Ji(x) < J¥(x) + ¢/2}
U {xeSJ¥(x) = — o0, Ji(x) < —(2 + £%)/2¢}

converge up to S as k — co. By Proposition 8.3, for each k there exists a
k-stage nonrandomized semi-Markov policy n* such that for every xe S

J(x) + (¢/2) if J(x)> —oo,
Tiwl) < {— 1/e if Jx)= —oo0.

Then for x e A, we have either J*(x) > — oo and
Ji X)) < Ji(x) + (6/2) < J*(x) + &,
or else J*(x) = —o0. If J*(x) = — o0, then either J(x) = — o0 and
i (X)) < —1/e,
or else Jy(x) > — oo and
T n(X) < JW(x) + (/2) < —[(2 + £7)/2e] + (¢/2) = —1/e.

Choose any pe U(C|S) and define #* = (uf,. . ., ti— 1, 4 1, . .), Where 7“ =
(uk,... uk_)). For every x€ A4,, we have

JHx)+ ¢ if J¥(x)> —o0,

J;,;k(x) < Jk‘rrk(x) < {_ 1/8 lf J*(X) = -0,

so 7¥ is a nonrandomized semi-Markov policy which is ¢-optimal for every
x € A,. The policy © defined to be #* when the initial state is in A, but not
in A; for any j < k, is semi-Markov, nonrandomized, and ¢-optimal at every
xel Jiz, A4y =S.
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Suppose now that for each xe S there exists a policy =* for (SM) which
is optimal at x. Let 7T* be a policy for (DM) which corresponds to 7%, and let
(px» 90,493, - .) be the sequence generated from p, by &~ via (10) and (11). If
G:A — [ —0,0] is defined by (15), then we have from Proposition 9.3 that

JHX) = J(X) = Joelpx) = G(Py, 45, G35 - - (42)
We have from Proposition 9.5 and (16) that
J*(X) = j*(px) = lnf G(p:u do0-91- - ) (43)

(go,q1,...)€Ap,

Therefore the infimum in (43) is attained for every p. € S, where S = {p,| ye S},
so by Proposition 7.50, there exists a universally measurable selector /:S —
P(SC)P(SC)- - - such that y(p,)eA,_ and

J*(x) = J*(px) = G[px,¥(p)]  Vp.€S.

Let 6:S — S be the homeomorphism d(x) = p, and let ¢(x) = Y[5(x)]. Then
¢ is universally measurable, ¢(x)eA,_, and

J*(x) = G[ ps, @(x)] VxeSs. (44)
Denote
(P(X) = [qO(d(XO’ u0)|x), ql(d(xl,ul)lx)s' . ]

For each k > 0, g,(d(x,, u,)|x) is a universally measurable stochastic kernel
on §,C, given S, and by Proposition 7.27 and Lemma 7.28(a), (b), g;(d(x;., ;)| x)
can be decomposed into its marginal p,(dx,|x), which is a universally measur-
able stochastic kernel on S, given S, and a universally measurable stochastic
kernel p,(duy|x, x;) on C; given SS,. Since po(dxo|x) = p,(dx,), the stochastic
kernel po(duy|x, x,) is arbitrary except when x = x,. Set

Tio(duo|x) = po(duo|x,x)  VxeS.
The sequence 7 = (fo, U, U2,- - -) i @ randomized semi-Markov policy for
(SM). From (7) of Chapter 8, we see that for each xe§
qk(n’ px) = qk(d(xk’ uk)’x) VXES, k= 05 19' R
From (5), (15), and (44), we have
Jox) = Gy, 407 P2), 417, ps), - ] = TH(x)  V¥xeS,

so 7 is optimal. Q.E.D.

Although randomized polcies may be considered inferior and are avoided
in practice, under (N) as posed here they cannot be disregarded even in
deterministic problems, as the following example demonstrates.
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ExaMPLE 3  (St. Petersburg paradox) Let S={0,1,2,...}, C={0,1},
U(x) = Cfor every xe S, a =1,

foou) = x+1 if u=1, x#0,
0 otherwise,
w72 x#0 u=0,
gixu) = 0 otherwise.

Beginning in state one, any nonrandomized policy either increases the state
by one indefinitely and incurs no nonzero cost or else, after k increases, jumps
the system to zero at a cost of —2**!, where it remains at no further cost.
Thus J*(1) = — oo, but this cost is not achieved by any nonrandomized
policy. On the other hand, the randomized stationary policy which jumps the
system to zero with probability + when the state x is nonzero yields an
expected cost of — oo and is optimal at every x€S.

The one-stage cost g in Example 3 is unbounded, but by a slight modifica-
tion an example can be constructed in which g is bounded and the only
optimal policies are randomized. If one stipulates that J* must be finite, it
may be possible to restrict attention to nonrandomized policies in Proposition
9.20. This is an unsolved problem.

If (SM) is lower semicontinuous, then Proposition 9.19 can be strength-
ened, as Corollary 9.17.2 shows. Similarly, if (SM) is upper semicontinuous,
a stronger version of Proposition 9.20 can be proved.

Proportional 9.21 Assume (SM) satisfies conditions (a)—(d) of Definition
8.8 (the upper semicontinuous model).

(D) For each ¢ > 0, there exists a Borel-measurable, ¢-optimal, non-
randomized, stationary policy.

(N) For each ¢ > 0, there exists a Borel-measurable, e-optimal, non-
randomized, semi-Markov policy.

Under both (D) and (N), J* is upper semicontinuous.

Proof Under (D) and (N) we have lim,_, , J, = J* (Proposition 9.14),
and each J, is upper semicontinuous (Proposition 8.7). By an argument
similar to that used in the proof of Corollary 9.17.2, J* is upper semi-
continuous.

By using Proposition 7.34 in place of Proposition 7.50, the proof of
Proposition 9.19 can be modified to show the existence of a Borel-measurable,
e-optimal, nonrandomized, stationary policy under (D). By using Proposition
8.7 in place of Proposition 8.3, the proof of Proposition 9.20 can be modified
to show the existence of a Borel-measurable, e-optimal, nonrandomized,
semi-Markov policy under (N). Q.E.D.



Chapter 10

The Imperfect State Information Model

In the models of Chapters 8 and 9 the current state of the system is known
to the controller at each stage. In many problems of practical interest, how-
ever, the controller has instead access only to imperfect measurements of
the system state. This chapter is devoted to the study of models relating to
such situations. In our analysis we will encounter nonstationary versions
of the models of Chapters 8 and 9. We will show in the next section that
nonstationary models can be reduced to stationary ones by appropriate re-
formulation. We will thus be able to obtain nonstationary counterparts to
the results of Chapters 8 and 9.

10.1 Reduction of the Nonstationary Model—State
Augmentation

The finite horizon stochastic optimal control model of Definition 8.1
and the infinite horizon stochastic optimal control model of Definition 9.1
are said to be stationary, i.e., the data defining the model does not vary from
stage to stage. In this section we define a nonstationary model and show how
it can be reduced to a stationary one by augmenting the state with the time
index.

242
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We combine the treatments of the finite and infinite horizon models.
Thus when N = oo and notation of the form S,,S;,...,Sy-;ork=0,...,
N — 1 appears, we take this to mean S, S;,...and k =0, 1,. . ., respectively.

Definition 10.1 A nonstationary stochastic optimal control model, de-
noted by (NSM), consists of the following objects:

N Horizon. A positive integer or co.

Sy, k=0,...,N —1 State spaces. For each k, S, is a nonempty Borel
space.

Ci, k=0,...,N —1 Control spaces. For each k, C, is a nonempty
Borel space.

Uy, k=0,...,N—1 Control constraints. For each k, U, is a function
from S, to the set of nonempty subsets of C,, and the set

[ = {(xkauk)lxkesk: u€ Uk(xk)} (1)

is analytic in S,C,.

W, k=0,...,N—1 Disturbance spaces. For each k, W, is a nonempty
Borel space.

pldwilx,,w), k=0,...,N —1 Disturbance kernels. For each Kk,
Pi(dwy|x,, 1) is a Borel-measurable stochastic kernel on W given S,C,.

fi,k=0,...,N—2 System functions. For each k, f; is a Borel-measur-
able function from S, C W, to S, ;.

o Discount factor. A positive real number.

g, k=0,...,N —1 One-stage cost functions. For each k, g, is a lower
semianalytic function from I'; to R*.

We envision a system which begins at some x; € S, and moves successively
through state spaces S;.,S¢+2,... and, if N < co, finally terminates in
Sy—1- A policy governing such a system evolution is a sequence 7* =
(Mi> Mi+15- - - »Un—1), Where each p; is a universally measurable stochastic
kernel on C; given §,C,- - - C;_S; satisfying

,uj(Uj(xj)|xkeuka~ cotog,x) =1

for every (x,uy,. ..,u;—1,X;). Such a policy is called a k-originating policy
and the collection of all k-originating policies will be denoted by IT*. The
concepts of semi-Markov, Markov, nonrandomized and & -measurable policies
are analogous to those of Definitions 8.2 and 9.2. The set I1° is also written
as [T, and the subset of I1’ consisting of all Markov policies is denoted by I1.
Define the Borel-measurable state transition stochastic kernels by

Sk + 1|xk7 )

= p{wi € m|.ﬁc(xk»ukvwk)€§k+1}|xk7uk) VSk+1€%s,. '
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Given a probability measure p, € P(S,) and a policy 7% = (u,. - . , uy—1) € IT%,
define forj=kk+1,...,N—1

Y Y A '

X tj—l de|Xj_1,1/lj_1)
X Hj—l(duj—1|xkauka' .- ,uj—z,xj—l)' : '#k(duk|xk)l7k(dxk)
V_Sjegsj, Qjeﬁcj. )

There is a unique probability measure g;(z*, p,) € P(S;C)) satisfying (2).
If the horizon N is finite, we treat (NSM) only under one of the following
assumptions:

J;jcjgjf(xj,uj)dqj(n",pxk) <o  Vakell*, x,eS8,, k<j<N-1, (F%)
‘ k=0,...,N—1.
fsjcjg;(x,.,uj)dq,.(nk,pxk) <o  Vitell), xS, k<j<N-—1, (F7)
k=0,...,N—1
If N = oo, we treat (NSM) only under one of the assumptions:
(P) 0<gulx,u) forevery (x,u)el;, k=0,...,N—1

(N)  gi(xp, ) <0 forevery (x,u)el, k=0,...,N - L

(D) 0<a<1, and for some be R, —b < gi(x;, u) < b for every
(xg,u)ely, k=0,...,N — 1.

As in Chapters 8 and 9, the symbols (F ™), (F7), (P), (N), and (D) will be used
to indicate when a result is valid under the appropriate assumption.
We define the k-originating cost corresponding to n* at x, € S to be

nk xk,k) Z (xjf gj(xj7 j)dqj(n pxk)

and the k-originating optimal cost at x, € Sy to be

J*(xg, k) = inf J(xy, k). (3)

nk e Ik
A policy neIl° is e-optimal at xy€ S, if
J*(xo, if J*(x¢,0)> — o0,
(%.0) < (x0,0) + ¢ 1 *(xo )i 0
—1/e if J*(xq,0) = —o0.
The policy 7 is optimal at xq if J (x,,0) = J*(x,,0). We say ne [1° is e-optimal

(optimal) if it is e-optimal (optimal) at every xo€S,. Let {gn} be a sequence
of positive numbers with ¢, 0. A sequence of policies {r,} = I1° is said to
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exhibit {¢,}-dominated convergence to optimality if

lim J, (X0,0) = J*(x0,0)  Vxo€So,

n— oo

and forn=2,3,...
% . " _
hwmmsf”%”+% if  J*(xo,0)> — o0,

Jnn_ I(XO’O) + & if J*(-xO’O) = — 0.

Definition 10.2 Let a nonstationary stochastic optimal control model
as defined by Definition 10.1 be given. The corresponding stationary sto-
chastic optimal control model, denoted by (SSM), consists of the following
objects. (T is both a terminal state and the only control available at that
state. If N = oo, the introduction of T is unnecessary.):

S= V= {(xk. k)|x,e S} U {T} State space.

C = Lo {(uy, k)|me Ci} v {T} Control space.

U Control constraint. A function from S to the set of nonempty subsets
of C defined by U(x,k) = {(uy, k)|up€ Up(xp)}, U(T) = {T}.

W = Lo {wp, k)|wee Wi} Disturbance space.

dw[x, u) Disturbance kernel. If W, € By, , we define

P[{(Wk, k)|Wk€ H/k} |(Xk: k), (uy, k)] = pk(ﬂlklxka Uy). 4)
f  System function. We define for k =0,...,N —2
f[(xk ,k), (Uk, k), (Wk > k)] = [fk(xk > Ups Wk)’ k+ 1], (5)
and for the remaining two stages
f[(xN—l’N_1)7(“N—1aN_1)’(WN—17N_1)]=T’ (6)
AT, T,w)=T. (7

o Discount factor.
g One-stage cost function. We define

gL0xk, k), (e, )] = gieXies ), (®)
. g(T, T)=0. 9)
N Horizon.
Consider the mapping ¢ :S; — S given by @,(x,) = (x, k). We endow §
with the topology that makes each ¢, a homeomorphism, and we endow C
and W with similar topologies. The spaces S, C, and W are Borel. The set

T = {(x,u)|xeS,ue U(x)}

N-1
= U { [(xkv k)’ (ukv k)]'(xkvuk)erk} Y {(T7 T)}

k=0
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is analytic, and g defined on I" by (8) and (9) is lower semianalytic. The dis-
turbance kernel p(dw|x, u) is not defined on all of SC by (4), but it is defined
on a Borel subset of SC containing I' — {(T, T}, which is all that is necessary.
Likewise, the system function f is not defined on all of SCW by (5)—(7), but
the set of points where it is not defined has probability zero under any policy
governing the system evolution. Both p(dw|x,u) and f are Borel-measurable
on their domains. Thus (SSM) is a special case of the stochastic optimal
control model of Definition 8.1 (N < o0) or Definition 9.1 (N = c0).

If N < oo, the (F*) and (F ) assumptions on (SSM) are given in Section
8.1. These are equivalent to the respective (F*) and (F~) assumptions on
(NSM) given earlier in this section. If N = co, the (P), (N), and (D) assumptions
on (SSM) of Definition 9.1 are equivalent to the respective (P), (N), and (D)
assumptions on (NSM) given earlier in this section.

The reader can verify that there is a correspondence of policies between
(NSM) and (SSM), and the optimal cost at (x;, k)€ S for (SSM) is J*(x;, k)
given by (3). Because of these facts, results already proved for (SSM) with
either a finite or infinite horizon have immediate counterparts for (NSM).
An illustration of this is the nonstationary optimality equation.

Proposition 10.1 (P)(N)(D) Let J*(x,, k) be defined by (3). For fixed k,
J*(xy, k) is lower semianalytic on S, and

J*(x,k) = inf {gk(xkauk) + WLH‘J*(ka,k + l)tk(dxk+l‘xk,uk)}'

ug € Up(xx)

We do not list all the results for (NSM) that can be obtained from (SSM).
The reader may verify, for example, that the existence results of Propositions
8.3 and 8.4, are valid for (NSM) in exactly the form stated. From Proposi-
tions 9.19 and 9.20 we conclude that, under (P) and (D), an ¢-optimal non-
randomized Markov policy exists for (NSM), while under (N), an ¢-optimal
nonrandomized semi-Markov policy exists. In what follows, we make use
of these results and reference only their stationary versions.

10.2 Reduction of the Imperfect State Information
Model—Sufficient Statistics

Before defining the imperfect state information model, we give without
proof some of the standard properties of conditional expectations and prob-
abilities we will be using. For a detailed treatment, see Ash [A1]. Throughout
this discussion, (Q, #, P) is a probability space and X is an extended real-
valued random variable on Q for which either E[X *] or E[X "] is finite.

If 2 =« 7 is a g-algebra on Q, then the expectation of X conditioned on
2 is any Z-measurable, extended real-valued, random variable E[ X |2](")
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on Q which satisfies
fD X(w)P(dw) = fD E[X |£2](w)P(dw) VDe 9.

It can be shown that at least one such random variable exists. Any such
random variable will be called a version of E[X|Z]. If X(w) > b for some
be R and every w € Q, then it can be shown that for any version E[ X |@](‘) the
random variable E[ X|2](-) defined by

E[X|2](w) = max{E[X|2](w), b},

is also a version of E[X|2]. If & = 2 is a collection of sets which is closed
under finite intersections and generates the g-algebra 2 and if Y is an ex-
tended real-valued, 2-measurable, random variable satisfying

fD X(w)P(dw) = fD Y(@)P(dw) VDeé, (10)
then Y satisfies (10) for every De &, and Y is a version of E[X|2]. If § = @
is a g-algebra, then

E{E[X|2]|6}(w) = E[X|¢](®) (11)
for P almost every w.
Suppose now that (Q,% ;) and (Q,, % ,) are measurable spaces and

Y;:Q - Q,; and Y,:Q — Q, are measurable. Let g:Q,Q, — R* be measurable
and satisfy either E[g* (Y, Y;)] < oo or E[g~(Y;, Y>)] < co. We define

E[X]Y,](w) = E[X|7(Y))](o),
where
F(Y) = {Y{(F)|FeZ,}.
We define for y, €Q,
E[X[Y; = y1] = E[X|Y1)(@(y1)),

where w(y,) is any element of Y7'({y}). Since E[X|Y;] is Z(Y,)-
measurable, it is constant on Y1 '({ y, }), and this definition makes sense. Note
that E[X|Y, = y,] is a function of y;, not of w. We have for any y, € Y,

E[Q(Yb Y2)|Y1 = ,Vl] = E[Q()’l’ Yz)] (12)

for P almost every y,. We use the phrase “for P almost every y,” to indicate
that, in this case,

P({weQ|(12) fails when y, = Y;(w)}) = 0.
For Fe # ,, define

P[Y,e F|Y,](w) = E[xp(Y2)|Y1](w),
P[Y2€F|Y1 =y]= E[XF(Y2)|Y1 =yl
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Suppose t(dy,|y,) is a stochastic kernel on (Q,, % ,) given Q, such that for
every FeF,

P[Y,eF|Y; = y,] = t(F|y)

for P almost every y,. Then (12) can be extended to

E[Q(Yu Yz)|Y1 = J’1] = E[g(y1, Yz)] = fg(yl,yz)t(d,\’zlh) (13)

for P almost every y;. We will find (11) and (13) particularly useful in our
treatment of the imperfect state information model. They will be used
without reference to this discussion.

Definition 10.3 The imperfect state information stochastic optimal con-
trol model (ISI) is the ten-tuple (S, C, (Uy,...,Un-1), Z, 0, ¢, t, Sg, S, N)
described as follows:

S,C,a,9,t State space, control space, discount factor, one-stage cost
Sfunction, and state transition kernel as given in Definition 8.1 and (3) of
Chapter 8. We assume that g is defined on all of SC.

Z Observation space, A nonempty Borel space.

U, k=0,...,N—1 Control constraints. Define for k=0,... , N — 1,

Iy =2ZyCo" Cooy Z. (14)

An element of I is called a kth information vector. For each k, U, is a mapping
from I, to the set of nonempty subsets of C such that

= '\f(ikau)likEIkvue Uk(ik)} (15)

is analytic.

So Initial observation kernel. A Borel-measurable stochastic kernel on
Z given S.

s Observation kernel. A Borel-measurable stochastic kernel on Z given
CS.

N Horizon. A positive integer or co.

For the sake of simplicity, we have eliminated the system function,
disturbance space, and disturbance kernel from the model definition. In
what follows, our notation will generally indicate a finite N. If N = oo, the
appropriate interpretation is required.

The system moves stochastically from state x, to state x, ., via the state
transition kernel #(dx; . ,|x,.u,) and generates cost at each stage of g(x;, ).
The observation z, , is stochastically generated via the observation kernel
$(dzy+ 1|ty X+ 1) and added to the past observations and controls (z, g, - - - ,
Zi, ) to form the (k + 1)stinformation vector iy, ; = (Zg, Ug,- - - » Zk» Ugs Zg s 1)-
The first information vector i, = (z,) is generated by the initial observation
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kernel so(dzoyxo), and the initial state x, has some given initial distribution p.
The goal is to choose u; dependent on the kth information vector i, so as
to minimize

E{Nil ok g(xy, uk)}.
K=0

Definition 10.4 A policy for (ISI) is a sequence © = (yg, . . . , uy—,) such
that, for each k, p(du|p; i) is a universally measurable stochastic kernel on
C given P(S)I, satisfying

wUiilpsi) =1 ¥(psi)e P(S),.

If for each p, k, and i, u(du,
7 1S nonrandomized.

p; i) assigns mass one to some point in C,

The concepts of Markov and semi-Markov policies are of no use in (ISI),
since the initial distribution, past observations, and past controls are of
genuine value in estimating the current state. Thus we expect policies to
depend on the initial distribution p and the total information vector. In the
remainder of this chapter, IT will denote the set of all policies in (ISI).

Just as we denote the set of all sequences of the form (z, ug, . . . ,uy_ 4, z,) €
ZC---CZ by I, and call these sequences the kth information vectors, we
find it notationally convenient to denote the set of all sequences of the form
(X0,Z0,Ugs- -+ » X, 2y, ) ESZC - - - SZC by H, and call these sequences the
kth history vectors. Except for u,, the kth information vector is that portion
of the kth history vector known to the controller at the kth stage. Given
peP(S)and @ = (uy,. .., uy—)€Il, by Proposition 7.45 there is a sequence
of consistent probability measures P(r,p) on H,, k= 0,..., N — 1, defined
on measurable rectangles by

Py(m, p)(S0Z0Co - - - SkZiCy)

= J;o on fgo T f&- Lk #k(leP? Zo,Ugs- - - 5 Uk—1, Zk)S(de|“k— 15 Xk)

P; Z0)So(dzo|Xo)p(dxo). (16)

Definition 10.5 Given pe P(S), a policy n = (ug,- .., uy~;)€Il, and a
positive integer K < N, the K-stage cost corresponding to  at p is

X t(dX e 1, Xk— 1) " poldug

K-1

Jk.+(p) = fHK— 'I: Z O‘kg(xhuk)JdPK—l(n’p)- (17)

k=0
If N < oo, the cost corresponding to n is Jy. ., and we assume either

N-1

fHN—l[ Y oz"g'(xk,uk)JdPN_l(n,p) < 0 Vrell, peP(S) (F")

k=0
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or

N-1

[ [ > akg*(xk,uk)]dPN_1<n,p) <w  Vrell, peP(s). (F)
“1Lk=o0
If N = oo, the cost corresponding to © is J, = limg_,, Jx ., and to ensure
that this limit is a well-defined extended real number, we impose one of
the following conditions:

(P) 0<g(x,u) forevery (x,u)eSC.
(N) g(x,u) <0 forevery (x,u)eSC.
(D) 0<a<1,andforsomebeR, —b < g(x,u) < b forevery (x,u)e SC.

The optimal cost at p is
J%(p) = inf Jy ().

nell
The concepts of optimality at p, optimality, e-optimality at p, and e-optimality
of policies are analogous to those given in Definition 8.3.

If N < oo and (F*) or (F ) holds, then by Lemma 7.11(b)

N-1
InAp)= Y akfﬂkg(xk,uk)de(n,p) Vrell, peP(S).  (18)

k=0

If N = co and (P), (N), or (D) holds, then

TP = % o [l gsou)dPimp)  vrell peP(S)  (19)

To aid in the analysis of (ISI), we introduce the idea of a statistic sufficient
for control. This statistic is defined in such a way that knowledge of its
values is sufficient to control the model.

Definition 10.6 A statistic for the model (ISI)is a sequence (19, - - - ,iN—1)
of Borel-measurable functions #,: P(S)I; — Y, where Y, is a nonempty Borel
space, k =0,...,N — 1. The statistic (1,. - - ,x~1) 1S sufficient for control
provided: ‘

(a) For each k, there exists an analytic set I, = Y,C such that
projyk(f"k) = Y, and for every pe P(S)

L= {(Q, “)[[”Ik(l’; i) ule fk}‘, (20)
where T’ is defined by (15). We define
Uk(yk) = (fk)yk- (21)

(b) There exist Borel-measurable stochastic kernels f,(dy; + 1|y, ) on
Y, given Y,C such that for every pe P(S), nell, Y s1€By,. ., k=0,...,
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N — 2, we have

Py (7, )M+ 1 (D3 s 1)€Zc+1l”lk(l’§ik) =TV, U = Ty ] = fk(l/;c+llykaak) (22)

for Py(m, p) almost every (¥, %,)." .
(c) There exist lower semianalytic functions g,:I'; — [ — o0, c0] satis-
fying for every pe P(S), eIl k=0,..., N — 1,

E[g(xi, w)|mu(ps i) = T the = W] = Gi P> Uy) (23)

for P,(m,p) almost every (¥,,%,;), where the expectation is with respect to
Pk(n, p)

Condition (a) of Definition 10.6 guarantees that the control constraint
set U(i,) can be recovered from #,(p;i,). Indeed, from (15), (20), and (21),
we have for any pe P(S), j,el;, k=0,...,N — 1,

Uilix) = Uk[”k(p;ik)]' (24)

IfU,(i,) = Cforevery i, eI,k =0,...,N — 1, then condition (a) is satisfied
with T, = %;C. This is the case of no control constraint. Condition (b)
guarantees that the distribution of y,,,; depends only on the values of y,
and u,. This is necessary in order for the variables y, to form the states of a
stochastic optimal control model of the type considered in Section 10.1.
Condition (c) guarantees that the cost corresponding to a policy can be
computed from the distributions induced on the (y,,u,) pairs.

We temporarily postpone discussion on the existence and the nature of
particular statistics sufficient for control, and consider first a perfect state
information model corresponding to model (ISI) and a given sufficient
statistic.

Definition 10.7 Let the model (ISI) and a statistic sufficient for control
(Mo, .- -.ny-1) be given. The perfect state information stochastic optimal
control model, denoted by (PSI), consists of the following (we use the notation
of Definitions 10.3 and 10.6):

Y,k=0,...,N—1 State spaces.

C Control space.

U,,k=0,...,N—1 Control constraints.

o Discount factor.

g, k=0,...,N —1 One-stage cost functions.
t, k=0,... N —2 State transition kernels.
N Horizon.

" In this context “for P,(m, p) almost every (J,,%,)” means that the set {(X0sZ0sUgy -+ + s Xp
zk,uk)er] (22) holds when ¥, = n,(p;ix). B, = ;) has P,(r, p)-measure one.
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Thus defined, (PSI) is a nonstationary stochastic optimal control model
in the sense of Definition 10.1." The definitions of policies and cost functions
for (PSI) are given in Section 10.1. We will use () to denote these objects
in (PSI). For example, I is the set of all (0O-originating) policies and IT is
the set of all Markov (0-originating) policies for (PSI). If # = (&, . - - , Ax—1)
is a policy for (PSI), then by (24) and Proposition 7.44 the sequence

(ﬁo[duolﬂo(P; io)],- .- ,ﬁN—1[duN—1|”lo(P§io), Ugs -+ Uy—2, My 1(P3in- 1)]),
where
ik=(20,u0,...,uk_1,2k), k=0,...,N—1, (25)

is a policy for (ISI). We call this policy 7 also, and can regard I1’ as a subset
of IT in this sense. If # is a nonrandomized policy for (PSI), then it is also
nonrandomized when considered as a policy for (ISI). We will see in Proposi-
tion 10.2 that 7 results in the same cost for both (PSI) and (ISI).

Define ¢: P(S) — P(Y;) by

o(P)Yo) = [sol{zolnolps o) Yo} [xopldxe)  VYoeBy,  (26)

Thus defined, ¢(p) is the distribution of the initial state y, in (PSI) when the
initial state x, in (ISI) has distribution p. By Corollary 7.26.1, for every
Y, € By, the mapping

Vy(X0,P) = 30({20|’70(P§Zo)€ Xo}lxo)
is Borel-measurable. Define a Borel-measurable stochastic kernel on S given
P(S) by g(dx,|p) = p(dx,). Then (26) can be written as

@(p)(Yo) = [Wyo(xo0, P)q(dxo|p).

It follows from Propositions 7.26 and 7.29 that ¢ is Borel-measurable. For
p€ P(S), define the mapping V, ,: H, = Y,Co - - - Y,C, by

I/;), k.(xO’ Zo,UQs- o 5 Xg5 Zps uk) = [’70(17, i0)9 Ugy- - Vlk(p’ ik)9 uk]s (27)

where (25) holds. For ge P(Yy) and # = (f,. . ., fiy_1) €I/, there is a se-
quence of consistent probability measures P,(7, g) generated on Y,Cy - - - V,C,
k=0,...,N — 1, defined on measurable rectangles by

A~

P a)(YoCo  %C) = [, [ [, B(Cilyo.uon. w1

X - 1(d,VkIJ’k— 1 Uk—1)"" 'ﬁo(duo|YO)Q(d,Vo)~ (28)

" The disturbance spaces, disturbance kernels, and system functions in (PSI) can be taken
to be W, = Yiy 1» Prldwil v, u) = Teldyis o | th), and fil( v, ue, wy) = wy, respectively.
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For a Markov policy #eIl, these objects are related to the probability
measures P,(7, p) defined by (16) in the following manner.

Lemma 10.1 Suppose pe P(S)and #eIl. Thenfork=0,...,N — l and
for every Borel set B = Y,Cy - - - Y,C,, we have

Py(#,p)[V 5 1(B)] = P[# o(p)](B). (29)

Proof It suffices to prove that if YoeBy,, Co€%Bc,,- - - » Yu€ By,
C,e%c,, then

Pk(ﬁ,P)({no(P§io)E Yo, ugeCo,. .., mlpsix)€ X, ukEQk})
= P [#, 0(0)](X%Co - - %Cy).' (30)

For k = 0, (30) follows from (16), (26), and (28). If (29) holds for some k < N,
then using (16), (22), (28), and (29), we obtain

Pk+1(775,P)({’10(P;i0)€ Yo, uo€Cos - Mk 1(Psik+1) € Y1, e 1 € Cres 1})

= i C
J;rlo(p;io)el’o,uoego ..... k(P ix) € Yk, uk € Ci} f!’m 1‘uk+ 1(—k+ 1|y"+ 1)

X ?k(dyk+1‘77k(p;ik)» uy) dP(#, p)
= l’oQo...XkaLk+ lﬁk+1(.€k+Ilyk+l)fk(dyk+l|yk’uk)dpk[ﬁ’ (P(P)]
= Pk+ 1[ﬁ,¢(P)](YoQo' © Yer1Cis) Q.E.D.

As noted earlier, (PSI]) is a model of the type considered in Section 10.1.
The (F*) and (F~) conditions of Section 10.1, when specialized to the (PSI)
model, will be denoted by (F*) and (F), respectively. These conditions are
not to be confused with the (F*) and (F~) conditions for the ISI model
given in this section. In a particular problem it is often possible to see the
relationship between these finiteness conditions on the two models. In the
general case, the relationship is unclear. We point out, however, that if g is
bounded below or above, then (F*) or (F ) is satisfied for (ISI), respectively,
and given any statistic sufficient for control, the corresponding g, can be
chosen so as to be bounded below or above, respectively. If a particular
result holds when we assume (F*) on the (ISI) model and (F*) on the (PSI)
model, the notation (F*,F*) will appear. The notation (F~,F~) has a
similar meaning.

' In this context, we define
no(psio)e Yo, uoe Co.. - -, NP3 i) € Yoo ui € Cie)
= {(X0,Z0,Uos- - - ~xk~-’k~uk)|710(P1io)€XO~uo€§o~~ i) € Yi o ue Cu

where i; = (2. o, . . . 4;_1,z;). We will often use this notation to indicate a set which depends
on functions of some or all of the components of a Cartesian product.
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If N = o0, we consider conditions (P), (N), and (D) for (ISI) and the
corresponding conditions (P), (N), and (D) for (PSI). In this case, however,
if (P) holds for (ISI) and lower semianalytic functions g,:T, — [— o0, 0]
satisfying (23) exist, there is no loss of generality in assuming that §, >0
for every k, ie., (P) holds for (PSI). Likewise, if (N) or (D) holds for (ISI),
we may assume without loss of generality that (N) or ), respectively, holds
for (PSI). As in the finite horizon case, we adopt the notation (P, P), (N, N),
and (D, D) to indicate which assumptions are sufficient for a result to hold.

From Section 10.1, we have that when (E*), (F~), (P), (N), or (D) holds,
then the (0-originating) cost corresponding to a policy 7 for (PSI) at ye Y, is

N-1
T — k -~ 2] ~
Tnad) = T 0 [y op, 900 ) PR ), (31)

where N may be infinite. The (0-originating) optimal cost for (PSI) at ye Y, is
J4(y) = Ainffl Ty ). (32)
The remainder of this section is devoted to establishing relations between

costs, optimal costs, and optimal and nearly optimal policies for the (ISI)
and (PSI) models.

Proposition 10.2 (F*,F*)(F~,F~)(P,P)(N,N)(D,D) Forevery peP(S)
and 7ell, we have

Ty d0) = [, Tn (300 (p)dyo) (33)
Proof From (31), (28), (23), (18), (19), and Lemma 10.1, we have

[, TNy = Z Lo 80w AP D)o ()d)

1
MI

fYoCo ch e Vis Uk de[TC o(p ]

zZ =
I Il
- O

I
|| M
‘—:

g(xy, u) AP (R, p) = Jy 4(p),

where the (F*) or (F‘) assumption is used to interchange integration and
summation when N < oo, and the monotone or bounded convergence
theorem is used when N = co. Q.E.D.

Corollary 10.2.1 (F* F*)(F~,F)(®,P)(N,N)(D,D) Forevery peP(S),

we have

750 < [, Ta(vo)e(p)dyo). (34
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Proof The function J%(y,) is lower semianalytic, so the integral in (34)
is defined. From Proposition 10.2, we have

J4(p) = inf Jy (p) < inf [ Ty ((yo)o(p)dyo)
nell fell V'O
so it suffices to show that
in [ Ty {000 ()dvo) = [, Tr(rolo(p)dyo). (35)
gellv'o0 o
This follows from Lemma 8.6 and Corollary 9.5.2. Q.E.D.

We wish now to establish a relationship similar to (33) between the
optimal cost functions for (ISI) and (PSI). In light of Corollary 10.2.1, it
suffices to show that given any policy for (ISI), a policy for (PSI) can be
found which does at least as well. This is formalized in the next lemma, and
the analog of (33) is given as part of Proposition 10.3.

Lemma 10.2 (F*,F*)(F~,F7)(P,P)N,N)(D,D) Given peP(S) and
well, there exists 7 e IT such that

InAD) = [, I syo)o(p)dyo). (36)

Proof LetpeP(S)and n = (ug,...,uy—~1)€Il be given. Fork=0,...,
N — 1, let Q,(r, p) be the probability measure on Y,C, defined on measurable
rectangles to be

Ou(m, p)(XCi) = Pi(m, p)({mi(p; i) € Yi, € Cic}). (37)

There exists a Borel-measurable stochastic kernel g (du|y,) on C, given Y;
such that for every Borel set B = Y;C, we have

0 P)(B) = [, . Fu(B,,|9) dQulr, p). (38)
In particular,

1= Pk(n,p)({(ik’uk)erk})
= Pu(m, p)({ [m(ps i) ] € Tu})

= 0u(m P = [, . AO3)] 1) 40l p),

so, altering ﬁk(dukl ¥,) on a set of measure zero if necessary, we may assume
that (38) holds and 2, (U, (y.)|yx) = 1forevery y,€ Yi. Let & = (fio, . . ., in—1)-
Then 7 is a Markov policy for (PSI).

We show by induction that for Y€ By,, C,e%c, k=0,...,N — 1,

Oi(m, p)(KCy) = Pk[itq)(p)]({ykel/k’uke Qk}) (39)
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We see from (26) and (37) that the marginal of Q(x, p) on Y, is ¢ (p). Equation
(39) for k = 0 follows from (28) and (38). Assume that (39) holds for k. From
(38), (37), (22), and the induction hypothesis, we have

Ok+1(m, P)(Ye+ 1Civ 1)

= ﬁk+1(Qk+1IYk+1)ko+1(TE,P)

Y+ 1Ci+ 1

= [ s venes s Baea(Co i s(P3 s ) APy s ()

= fHk LH . Br+1(Cre+ 1’)’k+ Di(dyy+ 1|7’Ik(P§ i), uy) APy (7, p)

= fYka Lk+ l,ak+ 1(Crt 1])’k+ I)fk(dyk+ 1|J’k, uy) dQy(m, p)

YoCo- - - YxCr J;,H lﬁk+ 1(Cis 1|yk+ Di(dyy+ 1|,Vk, uk)dpk[ﬁa (0(17)]

= Pk+1[ﬁ,(0(p)]({J’k+1 €Yt 1, u€Cyr 1})

Taken together, (37) and (39) imply that for ¥, € By, , C,€ B¢, k=0,...,N —1,
we have

Pk(”al’)({’?k(l’?ik)GZk»“keCk}) = Pk[ﬁ: @(P)]({Yke X;n“kegk})- (40)

If (40) is used in place of Lemma 10.1, the proof of Proposition 10.2 can
now be used to prove (36). Q.E.D.

Definition 10.8 Given ge P(Y,) and ¢ > 0, a policy #e [T’ is said to be
weakly g-e-optimal if

[, T80y + e it [, Ta(rolatdye) > oo,

—1/e if f )q(dy,) =
The policy 7 is said to be g-optimal if q({ yo € Yo|Tx. (o) = JE(yo)}) = 1.

fyo Tn.4(yo)a(dyo) <

Equation (35) shows that given any pe P(S) and ¢ > 0, a weakly ¢(p)-¢-
optimal Markov policy exists. The next proposition shows that such a policy
is e-optimal at p when considered as a policy in (ISI).

~

Proposition 10.3 (F*,F*)(F~,F7)(P,P)N,N)(D,D) We have

J50) = [, Tt(roo(p)dye)  ¥peP(S). (41)

Furthermore, if 7 is optimal, ¢(p)-optimal, or weakly ¢(p)-¢-optimal for
(PSI), then 7 is optimal, optimal at p, or g¢-optimal at p, respectively, for
(ISI). If # is ¢-optimal for (PSI) and (F*,F*), (P, P), or (D, D) holds, then
7 is also e-optimal for (ISI).
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Proof Equation (41) follows from Corollary 10.2.1 and Lemma 10.2.
Let 7 be e-optimal for (PSI). It is clear that under (P, P) and (D, D), we have

j?fr(}’o) > —®© Vyo€ Yo, (42)
SO
jN.f:(J’o) < J%(yo) + ¢ VyoeYo. (43)

Under (F*,F"), (42) follows from Lemma 8.3 and Proposition 8.2, so again
(43) holds. We have from (41) and Proposition 10.2 that

=Ji(p)+¢&  VpeP(S),

so # is e-optimal for (ISI). The remainder of the proposition follows from
(41) and Proposition 10.2. Q.E.D.

We shall show shortly that a statistic sufficient for control always exists,
and indeed, in many cases it can be chosen so that (PSI) is stationary. The
existence of such a statistic for (ISI) and the consequent existence of the
corresponding model (PSI) enable us to utilize the results of Chapters 8
and 9. For example, we have the following proposition.

PN

Proposition 10.4 (F*, F*)(F~,F7)P,P)(N,N)Y(D,D) If(no,...,Mn-1)
is a statistic sufficient for control for (ISI), then for every & > 0, there
exists an e-optimal nonrandomized policy for (ISI) which depends on
i = (29, Ug,- - - » Ug—1, Z;) Only through #,(p; i), i.e., has the form

= (uo[pino(p;io)),- - -, in—1lP: v - 1(Psin-1)]). (44)

Under (F*,F7), (P,P), or (D, D), we may choose this e-optimal policy to
have the simpler form

= (flo[no(p3io))s- - - An—1[Mv-1(Psin-1)])- (45)

Proof Under (F*,F*), (P,P), or (D,D), there exists an e-optimal, non-
randomized, Markov policy # = (fly,. - - , iy 1) for (PSI) (Propositions 8.3
and 9.19). This policy 7 is e-optimal for (ISI) by Proposition 10.3, and the
second part of the proposition is proved.

Assume (F~,F~) holds and let {¢,} be a sequence of positive numbers
with Y2, ¢, < 00 and ¢, 1 0. Let &, = (15, . . , fiy-1) be a sequence of non-
randomized Markov policies for (PSI) exhibiting {e,}-dominated conver-
gence to optimality (Proposition 8.4). By Proposition 10.2 and the (F~, F)
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assumption, we have

[y, I 2 70)0(P)dy0) = Jx s (p) < 00 VpEP(S).
Since

jN,ﬁ,.(yO) + Z & L T5(3o) Vyo€ Yo,
k=n+1
we have

lim fyo Iy, 2(70)9(P)(dyo) = fyo T*(yo)o(p)dye)  YpeP(S).
Let ¢ > 0 be given and let n(p) be the smallest positive integer n for which

;
[, 7*ro)e(p)dyo) + ¢

it [, T*(vo)e(p)dyo) > — oo,
—1/e

it [, T*oe(p)dye) = — oo.

Define p,(p; yi) = B3P (y), k = 0,...,N — 1. Then by Propositions 10.2 and
10.3, 7 given by (44) is an e-optimal nonrandomized policy for (ISI).
Assume (N, N) holds. Consider the nonstationary stochastic optimal
control model (NPSI) for which the initial state space is P(Y,), the initial
control space is a singleton set {u,}, the initial cost function is go(g, u,) = 0
for every ge P(Y,), and the initial transition kernel is given by #(dyo|q, uo) =
q(dy,) for every ge P(Y,). For k > 0, the (k + 1)st state and control spaces,
control constraint, cost function, and transition kernel are Y;, C, U,, g,
and (dyy+ 1| yi, u) of (PSI), respectively. The discount factor is « and the
horizon is infinite. By definition, the optimal cost for (NPSI) at ge P(Y,) is

inf [ Tiyo)adyo).

fyo T, 1Y) (p)(dyo) <

which, by Corollaries 9.1.1 and 9.5.2, is the same as

[, T*(vo)atdyo)

Now (NPSI) has a nonpositive one-stage cost function, so, by Proposition
9.20, for each ¢ > 0 there exists an ¢-optimal, nonrandomized, semi-Markov
policy

T = (B(q), Fo(q; Yo), B1(q3 Y1)s- - )

For fixed g€ P(Yy), let 72(q) be the policy for (PSI) given by
(q) = (Ho(q; Yo), H1(q3 V1) - - )
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Then
[T ety +e it [, H(vo)atdye) > — oo,

~1/s it [, P*oadyo) = — o,

ie., 7i(q) is weakly g-e-optimal for (PSI). By Proposition 10.3, the policy =
defined by (44), where w,(p; ) = W@ (p); yi), is e-optimal for (ISI). Q.E.D.

The other specific results which can be derived for (ISI) from Chapters 8
and 9 are obvious and shall not be exhaustively listed. We content ourselves
with describing the dynamic programming algorithm over a finite horizon.

By Proposition 8.2, the dynamic programming algorithm has the follow-
ing form under (F*,F*) or (F~,F~), where we assume for notational
simplicity that (PSI) is stationary:

J§»=0 Vyey, (46)
Tt = inf Q(nu)+o [TEREY W), k=0 ,N-1 @)

ueU(y)

fyo jﬁ(q)( Y0)q(dyo) <

If the infimum in (47) is achieved for every y and k=0,...,N — 1, then
there exist universally measurable functions fi,: Y — C such that for every y
and k=0,...,N — 1, fi(y)e U(y) and fi,(y) achieves the infimum in (47).
Then & = (fly,. . . , fiy—1) is optimal in (PSI) (Proposition 8.5), so 7 is optimal
in (ISI) as well (Proposition 10.3).

If (F*,F*) holds and the infimum in (47) is not achieved for every y
andk =0,..., N — 1, the dynamic programming algorithm (46) and (47) can
still be used in the manner of Proposition 8.3 to construct an g-optimal,
nonrandomized, Markov policy # for (PSI). We see from Proposition 10.3
that 7 is an e-optimal policy for (ISI) as well.

In many cases, 7+ 1(p;ix+1) is a function of #,(p;iy), , and z,. ;. The
computational procedure in such a case is to first construct (fg,. .., Ay-1)
via (46) and (47), then compute y, = #,(p; i) from the initial distribution
and the initial observation, and apply control u, = fig(yo). Given y;, 4, and
Zx+ 1, compute y,.; and apply control w1 = fdx+1(Ve+1), k=0,...,N — 2.
In this way the information contained in (p; i) has been condensed into y,.
This condensation of information is the historical motivation for statistics
sufficient for control.

10.3 Existence of Statistics Sufficient for Control

Turning to the question of the existence of a statistic sufficient for control,
it is not surprising to discover that the sequence of identity mappings on
P(S)I,,k=0,...,N —1,is such an object (Proposition 10.6). Although this
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represents no condensation of information, it is sufficient to justify our
analysis thus far. We will show that if the constraint sets I', are equal to I,C,
k=0,...,N — 1, then the functions mapping P(S)I, into the distribution
of x, conditioned on (p;iy), k =0,...,N — 1, constitute a statistic sufficient
for control (Proposition 10.5). This statistic has the property that its value
at the (k + 1)st stage is a function of its value at the kth stage, u, and z; .,
[see (52)], so it represents a genuine condensation of information. It also
results in a stationary perfect state information model and, if the conditional
distributions can be characterized by a finite set of parameters, it may
result in significant computational simplification. This latter condition is
the case, for example, if it is possible to show beforehand that all these
distributions are Gaussian.

10.3.1 Filtering and the Conditional Distributions of the States
We discuss filtering with the aid of the following basic lemma.

Lemma 10.3 Consider the (ISI) model. There exist Borel-measurable
stochastic kernels rq(dx,|p; zo) on S given P(S)Z and r(dx|p;u,z) on S given
P(S)CZ which satisfy

Loso(Zo!xo)p(dxo)=J;J'Zoro(go

p; Zo)So(dZo|xo)P(dx0)
VSo€Bs, Zoe#Bz, peP(S), (48)

[y5@luxp(ax) = [, [, r(s|p;u, 2)s(dzlu x)p(dx)

VSe%s, ZeB,, peP(S), ueC. (49)

Proof For fixed (p;u)e P(S)C, define a probability measure g on SZ
by specifying its values on measurable rectangles to be (Proposition 7.28)

9(8Zlp;w = [ s(z

By Propositions 7.26 and 7.29, g(d(x, z)|p; u) is a Borel-measurable stochastic
kernel on SZ given P(S)C. By Corollary 7.27.1, this stochastic kernel can be
decomposed into its marginal on Z given P(S)C and a Borel-measurable
stochastic kernel r(dx|p;u,z) on S given P(S)CZ such that (49) holds.
The existence of ry(dxy|p; zo) is proved in a similar manner. Q.E.D.

u, x)p(dx).

It is customary to call p, the given distribution of x,, the a priori distribu-
tion of the initial state. After z, is observed, the distribution is “up-dated”,
ie., the distribution of x, conditioned on z, is computed. The up-dated
distribution is called the a posteriori distribution and, as we will show in
Lemma‘10.4, is just ro(dxo|p; zo). At the kth stage, k > 1, we will have some
a priori distribution p}, of x; based on i, _; = (zg, Ug,. - -, Ug—2,2;—1). Control
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u,_, is applied, some z, is observed, and an a posteriori distribution of x;
conditioned on (i_ 1, Ux— 1, z) is computed. We will show that this distribu-
tion is just r(dx\ PiiUx—1,2)- The process of passing from an a priori to an a
posteriori distribution in this manner is called filtering, and it is formalized
next.

Consider the function f: P(S)C — P(S) defined by

Fpw(s) = [us

Equation (50) is called the one-stage prediction equation. If x, has an a
posteriori distribution p, and the control u, is chosen, then the a priori
distribution of x; . ; is f(py, u). The mapping f is Borel-measurable (Proposi-
tions 7.26 and 7.29).

Given a sequence i€ I, such that iy, ; = (i, U, Zx+1), k=0,. .. ,N =2,
and given pe P(S), define recursively

Pol(p;io) = roldxo|P; Zo), (51)
Pr+1(psig+1) = r(dx f[pk(p;ik)a uk];uk9zk+1)a k=0,...,N—=2. (52)

Note that for each k, p,: P(S)I, — P(S) is Borel-measurable.

Equations (48)—(52) are called the filtering equations corresponding to
the (ISI) model. For a given initial distribution and policy, they generate
the conditional distribution of the state given the current information, as
the following lemma shows,

x, u)p(dx) VS eXBs. (50)

Lemma 10.4 Let the model (ISI) be given. For any peP(S), n =
(Mo» -+ -» Uuy-1)€Il and S, € B, we have

Py(m, p)[xke*_gk‘ik] = p(p5i)(Sk) (53)
for P,(r, p) almost every i,, k =0,...,N — L.

Prooft We proceed by induction. For any S, € %5 and Z,€ #,, we have
from (51), (16), and (48), that

Joar ooy P300S0 dPo(m.p) = [ rofSo

= J [, rolSo

= [;, so(Zolxolp(dxo)
= Po(n, p)({x0€S0,20€ Zo})- (54)

Equation (53) for k = 0 follows from (54) and the definition of conditional
probability.

pizo)dPo(m, p)

p; Zo)so(dzolxo)l?(dxo)

* In this and subsequent proofs, the reader may find the discussion concerning conditional
expectations and probabilities at the beginning of Section 10.2 helpful.
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Assume now that (53) holds for k. For any I,e %,,, C,e B¢, Zi+1€ B,
and S, ; ; € Bs, we have from (16), the induction hypothesis, Fubini’s theorem,
(50), (52), and (49) that

ﬁike!k,ukegk,z“ Ve Zis l}pk+l(p;lkvuk’zk+1)(§k+1)de+1(n»p)

= {ike!k}LkLk+1fzk+lPk+1(}7;ik,Zk+1)(§k+1)5(d2k+1|uk»xk+1)
x t(dxk+1|xk,“k):uk(duk,p;ik)de(Tcap)
= ﬁike!k) fsk ﬁ_:k _I;k+1fgk+ lPk+ l(p;ik7ukazk+1)(§k+1)5(d2k+1|uk’xk+ 1)

X t(dx 4 1|xk> uk)ﬂk(duklp§ i) [ Pe(p; i )(dxy)] dPy(m, p)

= .ﬁikelk}Lk J;k Lk+ 1sz<+ lPk+1(P;ik,“k,Zk+ 1)(Sk+1)s(dzy 4 lluka Xg+1)

X t(dxy s 1%, ) [Pe(P3 ) (@) J (A P i) APy (m, p)
= ﬁike!k)fgk LMLHlr(§k+1|f[pk(p;ik),uk];uk,zkﬂ)
X Az 1 [thes Xier )T LPR(P5 i), ] (X 1 )pe(dit| P ) APy (, p)
= Jover Jo S 5l xea DT [pps i ) @)
X wdu| p; i) dP(m, p)
= Jover S o Lo 5@aa i X 0051 s ) L3 ()]
Xty (dw| ;i) dPy(m, p)
= Joena S Jo Jor 5@l X D0t s i w3 )
x [pu(p; ik)(dx,)] dP(m, p)
- ﬁike_zk, J;_‘k f% S(Zies sl i DA 1| X wdpa(du|p3 i) APy (. p)

= Pys (0, p)({ix€ Ly, ttx € Cpoy Xps 1 €Sk 15 k4 1€ L 1)- (55)

It follows from (55) and the definition of conditional probability that

Pyiy(m, p)[xk+ 1E S+ 1|ik+ 1] = Pr+1(Ps i+ J(Sk+1)
for P, 1(m, p) almost every i,, and the induction step is completed. Q.E.D.

Proposition 10.5 Consider the (ISI) model and assume that U,(x) = C
for every xeS and k=0,...,N — 1. Then the sequence [po(p;io),.. .,
Pn-1(p;iy-y)] defined by (51) and (52) is a statistic sufficient for control,
and the resulting perfect state information model is stationary.
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Proof Let Y, in Definition 10.6 be P(S), k=0,...,N — 1. We have
already seen that the mappings p,: P(S)I, — P(S) are Borel-measurable, so
(Po,- - . ,Pn—1) is a statistic. Condition (a) of Definition 10.6 is satisfied with
I,=P©S)C, k=0,...,N—1.

For ye P(S), ue C and Y € Bps,, define

Z(y’ u, X) = '{Z€Z|l"[dX|f(y, u);u,z]e X}’
Y|y, u) = fsfss[g(y, u, Y)|u, xJt(dx’ | x,u)y(dx). (56)

Note that Z(y,u, Y) is the (y,u)-section of the inverse image of Y under a
Borel-measurable function. The stochastic kernel

uzlxuw = [is(z

is Borel-measurable by Propositions 7.26 and 7.29, so the stochastic kernel

Azl = [, [ sz

is Borel-measurable by the same propositions. It follows from Proposition
7.26 and Corollary 7.26.1 that #(dy'|y,u) is a Borel-measurable stochastic
kernel on P(S) given P(S)C.ForneIl,pe P(S), Ye Bpsyand k=0,... ,N —2,
we have from Lemma 10.4

u, x")t(dx’'

X, u)

, X )e(dx'|x, u)y(dx) = fs Mz

x, u)y(dx)

Pk+1(7T,P)[Pk+1(p§ik+1)€ X|Pk(l7;ik) = T, U = Ty
= Py, 1(7T,P)[Zk+1€Z(7k,ﬁk, Y)lPk(PQik) =V, U = ﬁk]

= E{Py1(m,p)[ zk+ 1 € Z(T» T X)'ikauk]lpk(p;ik) = Vi, U = ﬁk}

B E{J‘SLS[Z(ykvﬂIw X)luk, Xy + 1]t(dxk+ llxk, uk)

X [p(p; i) dx ) ]| iP5 i) = Fio thy = ﬁk}

= f(ZWkﬂk)

for P(m, p) almost every (3, %), where the expectations are with respect to
P+ 1(m, p). Thus (22) is satisfied.
For nell, pe P(S),and k =0,...,N — 1, we have from Lemma 10.4

E[Q(Xm“k”l’k(l’;ik) = Vi, ty = Ty
= E'{E[g(xkvuk) im“k]'l’k(p;ik) =V, Uy = ﬁk}

= E{J;g(xk, uk)pk(p;ik)(dxk)|pk(p; i) = Vi, Uy = ak}

= [{gtxe mTAx,) (57)
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for P,(m, p) almost every (¥, %), where the expectations are with respect to
Py (m, p). The function §: P(S)C — R* defined by

33,7 = [ g(xW7(ax) (58)
is lower semianalytic (Proposition 7.48), and, by (57), g satisfies (23). Q.E.D.

If the horizon is finite, then the transition kernel 7 and the one-stage cost
function § defined by (56) and (58) can be substituted in the dynamic pro-
gramming algorithm (46)—(47) to compute the optimal cost function J# for
(PSI). The optimal cost function J¥ for (ISI) can then be determined from
(41). If the horizon is infinite, in the limit the dynamic programming algorithm
(46)—(47) yields J* under (N) and (D) and under (P) in some cases (Proposi-
tions 9.14 and 9.17). The determination of J* from J* is again accomplished
by using (41).

10.3.2 The Identity Mappings

Proposition 10.6 Let the model (ISI) be given. The sequence of identity
mappings on P(S)I;, k =0,...,N — 1, is a statistic sufficient for control.

Proof Let Y, in Definition 10.6 be P(S)I,, k =0,...,N — 1, and let #,
be the identity mapping on P(S)I,. Then (5,,. . . ,nx-1) is a statistic. Condi-
tion (a) of Definition 10.6 is satisfied with ', = P(S)[,, k=0,...,N — 1.

If Y1 €PBpsir. ,» Vi€ P(S)I,, and 7, € C,, we adopt the notation

— (- 5.5 7 7 5 3 !
Y+ Do = 'x4k+1€Z‘(P,40au0»- oo U= 15 Zk> Upy Zi 4 1) € Y 1

where 3, = (P;Zo,Ug.. . . - Uy—1,Zx)- Using this notation, we define for k =
0,...,N — 2 the stochastic kernel £,(dyy + 1| ¥x, %) on P(S)I, , , given P(S)I,C
by
fk(!k-r— 1|7k7uk) = fs o S[(XH 1)(?,(.W1¢)’—aks X+ l]t(dxk+ llxk?ﬁk)pk(yk)(dxk)
VYr 1€ Bpsincs > (59)

where p,(7,) is given by (51) and (52). By an argument similar to that used in
Proposition 10.5, it can be shown that f, is Borel-measurable. For pe P(S),
nell, Y+ 1€Bpsyr,. ,»and k=0,...,N — 2, we have from Lemma 10.4

Ik

Pk+1(7fﬁp)[”lk+1([7;ik+1)€ Xk+1|77k(p;ik) = Vi, Uy = Uk:l
= Pk+1(7T~P)[(?k»ﬁk»3k+1)€ﬂ+1]

i S[(_YH l)(}_‘l\'~ﬁk)|—l’_‘k7 Xk + 1][(‘lxk+ 1lxk» T )pi (i) (dxy)

= fk(Xk+ 1 |Tk,ﬁk),

for P,(m, p) almost every (7, 4,), so (22) is satisfied.
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Fork=0,...,N — 1, define §,: P(S)[,C — R* by

5T ) = [ 905 TIpT)(dx,). (60)
By Proposition 7.48, g, is lower semianalytic for each k. For pe P(S), nell,
and k=0,...,N — 1, we have from Lemma 10.4

E[g(xk’ uk)[”l(lﬁ ) = Vi, Uy = Hk] = fsk 9(Xk, T )pr(Fi)(dxy.)

= Gi( V> Uk)
for P,(m, p) almost every (¥, %), where the expectation is with respect to
P, (m, p), so (23) is satisfied. Q.ED.

The transition kernels 7, and one-stage cost functions §, defined by (59)
and (60) can be used in the nonstationary version of the dynamic program-
ming algorithm (46)—(47). See the discussion following Proposition 10.5.



Chapter 11

Miscellaneous

11.1 Limit-Measurable Policies

In this section we strengthen the results of Section 7.7 concerning
universally measurable functions. In particular, we show that these results
are still valid if limit-measurable functions (Definitions B.2 and B.3) are
used in place of universally measurable functions. This allows us to replace
all the results on the existence of universally measurable policies in Chapters 8
and 9 by stronger results on the existence of limit-measurable policies.

We now rework the main results of Section 7.7 with the aid of the concepts
and results of Appendix B.

Proposition 11.1 Let X, Y, and Z be Borel spaces, De ¥y, and E€ ¥y.
Suppose f:D — Y and g:E — Z are limit-measurable and f(D) < E. Then
the composition g f is limit-measurable.

Proof This follows from Corollary B.11.1. QED.

Corollary 11.1.1 Let X and Y be Borel spaces, let f: X — Y be a function,
and let g(dy|x) be a stochastic kernel on Y given X such that, for each x,
q(dy|x) assigns probability one to the point f(x)e Y. Then g(dy|x) is limit-
measurable if and only if f is limit-measurable.

Proof  See the proof of Corollary 7.44.3. Q.E.D.

266
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Proposition 11.2 Let X and Y be Borel spaces and let q(dy|x) be a
stochastic kernel on Y given X. The following statements are equivalent:

(2) The stochastic kernel g(dy|x) is limit-measurable.
(b) Forevery Be %y, the mapping Az: X — R defined by

75(x) = q(Bx) ()

is limit-measurable.
(c) For every Qe %y, the mapping 4, of (1) is limit-measurable.

Proof We prove (a)=(c) = (b) = (a). Suppose (a) holds and Qe .¥y.
Now 4y = 047y, where y: X — P(Y) is given by
7(x) = q(dylx) 2
and 0,:P(Y) — R is given by
0o(q) = 4(Q)- 3)

We have assumed that y is limit-measurable, and 6, is limit-measurable by
Proposition B.12. Therefore (c) holds.
It is clear that (c) = (b). Suppose now that (b) holds. Then

0'|: U ,151(%2)} < Y.
Be Ry
Letting y and 6 be defined by (2) and (3), we have from Proposition 7.25

7 [ By = ?_1[0 < U 05 1(%))]

Be By

=0[ U ?_1(951(@R))]=0[ U /‘Ll;l(f@R)}C Ly,

BeRBy Be By
50 g(dy|x) is limit-measurable. Q.E.D.

Proposition 11.3 Let X and Y be Borel spaces and let f: XY — R* be
limit-measurable. Let g(dy|x) be a limit-measurable stochastic kernel on
Y given X. Then the mapping A: X — R* defined by

70 = [ £, y)a(dylx)
is limit-measurable.

Proof The mapping d(x) = p, is continuous (Corollary 7.21.1), as is
the mapping ¢: P(X)P(Y) — P(XY) defined by o(p, q) = pq, where pq is the



268 11. MISCELLANEOUS

product measure (Lemma 7.12). Suppose Q€ Lyy and f = y,. For every
xeX,

)1(Q) = Og(a[d(x), (x)]), 4)

where y and 0, are given by (2) and (3). Since all the functions on the right-
hand side of (4) are limit-measurable, / is limit-measurable. It follows that
/ 1s limit-measurable when f is a limit-measurable simple function. The
extension to the general limit-measurable, extended real-valued function
f is straightforward. Q.E.D.

(x) = [ pxq(dy

Corollary 11.3.1 Let X be a Borel space and let f: X — R* be limit-
measurable. Then the function 6 :P(X) —» R* defined by

0,(p)=[fdp
is limit-measurable.

We have the following sharpened version of the selection theorem for
lower semianalytic functions.

Proposition 11.4 Let X and Y be Borel spaces, D « XY an analytic
set,and f: D — R* a lower semianalytic function. Define f*: projy(D) — R* by

JHx) = iri)f J(x. ).

The set
I = {xeprojx(D)| for some y, e D, f(x,y,) = f*(x)}

is limit-measurable, and for every ¢ > 0 there exists a limit-measurable
function ¢:projy(D) — Y such that Gr(¢) = D and for all x e projy(D)

fIx 0(x)] = f*(x) if xel,

50 +e  if xél, fHx)> —oo,
f[x’@(x)]s{—ug if xél, f¥x)= —oo.

Proof The proof is the same as in Proposition 7.50(b), except that at
the points where Corollaiy 7.44.2 is invoked to say that the composition of
analytically measurable functions is universally measurable, we use Proposi-
tion 11.1 to say that the composition is limit-measurable. Q.E.D.

By the remark following Corollary B.11.1, we see that I and the selector
obtained in Proposition 11.4 are in fact ¥%-measurable. This remark further
suggests that the constructions in Chapters 8 and 9 of optimal and ¢-optimal
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policies can be done more carefully by keeping track of the minimal £§
with respect to which policies and costs are measurable. We do this to some
extent in the next section, but do not pursue this matter to any great length.

Propositions 11.1-11.4 are sufficient to allow us to replace every reference
to a “(universally measurable) policy” in Chapters 8 and 9 by the words
“limit-measurable policy.” It does not matter which class of policies is con-
sidered when defining J% and J*; the proof of Proposition 8.1 together
with Proposition 11.5 given below can be used to show that these functions
are determined by the analytically measurable Markov policies alone.
Corollary 11.1.1 tells us that the nonrandomized limit-measurable policies
are just the set of sequences of limit-measurable functions from state to
control which satisfy the control constraint (cf. Definition 8.2). This fact and
Proposition 11.2 are needed for the proof of the limit-measurable counter-
part of Lemma 8.2. From Proposition 11.3 we can deduce that the cost
corresponding to a limit-measurable policy is limit-measurable (cf. Defini-
tions 8.3 and 9.3). This fact was used, for example, in proving that under (F™)
a nonrandomized, semi-Markov, e-optimal policy exists (Proposition 8.3).
Proposition 11.4 allows limit-measurable ¢-optimal and optimal selection.
The e-optimal selection property for universally measurable functions is
used in practically every proof in Chapters 8 and 9. The exact selection
property is used in showing the existence under certain conditions of optimal
policies (Propositions 8.5, 9.19, and 9.20).

11.2 Analytically Measurable Policies

Some of the existence results of Chapters 8 and 9 can be sharpened to
state the existence of e-optimal analytically measurable policies. This is due
to Proposition 7.50(a) and the following propositions. Proposition 11.5 is
the analog of Corollary 7.44.3 for universally measurable policies and of
Corollary 11.1.1 for limit-measurable policies.

Proposition 11.5 Let X and Y be Borel spaces, let f: X — Y be a function,
and let g(dy|x) be a stochastic kernel on Y given X such that, for each x,
q(d y|x) assigns probability one to the point f(x)€ Y. Then g(dy|x) is analyti-
cally measurable if and only if f is analytically measurable.

Proof We sharpen the proof of Corollary 7.44.3. Let y(x) = g(dy|x) and
5(y)=py, so that y=35°f and f =67 'oy. Now é is a homeomorphism
from Yto Y= {p,|yeY}, sodand 6~ ':Y — Y are both Borel-measurable.
If f is analytically measurable and Ce %py,, then

yHCO) = fTH T HO) ey
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because 6 1(C)e By. If y is analytically measurable and Be %y, then

fTUB)=y""[d(B)] e #x
because 6(B) € Bp(y)- Q.E.D.

Proposition 11.6 Let X and Y be Borel spaces and let g(dy|x) be a
stochastic kernel on Y given X. The following statements are equivalent:

(a) The stochastic kernel g(dy|x) is analytically measurable.
(b) For every Be 4y, the mapping Az: X — R defined by

/p(x) = q(B|x) ®)
is analytically measurable.

Proof Assume (a) holds and define y(x) = g(dy|x). Then for Be %y,
Ce%Bg, and 05: P(Y) - R defined by (3), we have

/51 (C) =705 1(C)] e x

because 05 (C) e Bpy, (Proposition 7.25). Therefore (b) holds.
If (b) holds, we can show that (a) holds by the same argument used in
the proof of Proposition 11.2. Q.E.D.

We know from Corollary B.11.1 that the composition of analytically
measurable functions need not be analytically measurable, so the cost
corresponding to an analytically measurable policy for a stochastic optimal
control model may not be analytically measurable. To see this, just write out
explicitly the cost corresponding to a two-stage, nonrandomized, Markov,
analytically measurable policy (cf. Definition 8.3).

A review of Chapters 8 and 9 shows the following. Proposition 8.3 is
still valid if the word “policy” is replaced by “analytically measurable policy,”
except that under (F~) an analytically measurable, nonrandomized, semi-
Markov, e-optimal policy is not guranteed to exist. However, an analytically
measurable nonrandomized e-optimal policy can be shown to exist if g < 0
[B12]. The proof of the existence of a sequence of nonrandomized Markov
policies exhibiting {¢,}-dominated convergence to optimality (Proposition
8.4) breaks down at the point where we assume that a sequence of one-stage
policies {up} exists for which

Tyr(Jo) < Tr-1(Jo).

This occurs because Tﬂg—l(Jo) may not be analytically measurable. In the
first sentence of Proposition 9.19, the word “policy” can be replaced by
“analytically measurable policy.” The e-optimal part of Proposition 9.20
depends on the (F 7) part of Proposition 8.3, so it cannot be strengthened in
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this way. Under assumption (N), an analytically measurable, nonrandomized,
g-optimal policy can be shown to exist [B12], but it is unknown whether
this policy can be taken to be semi-Markov. The results of Chapters 8 and 9
relating to existence of universally measurable optimal policies depend on
the exact selection property of Proposition 7.50(b). Since this property is
not available for analytically measurable functions, we cannot use the same
arguments to infer existence of optimal analytically measurable policies.

11.3 Models with Multiplicative Cost

In this section we revisit the stochastic optimal control model with a
multiplicative cost functional first encountered in Section 2.3.4. We pose
the finite horizon model in Borel spaces and state the results which are
obtainable by casting this Borel space model in the generalized framework
of Chapter 6. This does not permit a thorough treatment of the type already
given to the model with additive cost in Chapters 8 and 9, but it does yield
some useful results and illustrates how the generalized abstract model of
Chapter 6 can be applied. The reader can, of course, use the mathematical
theory of Chapter 7 to analyze the model with multiplicative cost directly
under conditions more general than those given here.

We set up the Borel model with multiplicative cost. Let the state space S,
the control space C, and the disturbance space W be Borel spaces. Let the
control constraint U mapping S into the set of nonempty subsets of C be
such that

I = {(x,u)|xeS,ue U(x)}

is analytic. Let the disturbance kernel p(dw|x,u) and the system function
f:SCW — S be Borel-measurable. Let the one-stage cost function g be Borel-
measurable, and assume that there exists a be R such that 0 < g(x,u,w) < b
for all xe S, ue U(x), we W. Let the horizon N be a positive integer.

In the framework of Section 6.1, we define F to be the set of extended
real-valued, universally measurable functions on S and F* to be the set
of functions in F which are lower semianalytic. We let M be the set
of universally measurable functions from S to C with graph in I'. Define
H:SCF - [0,0] by

H(x,u,J) = fw g(x, u, w)J[ f(x, u, w)] p(dw]x, u),

where we define0-c0 = 00-0=0(—0) = (—00):0=0. We take J,:5 — R*
to be identically one. Then Assumptions A.1-A.4, F.2, and the Exact Selection
Assumption of Section 6.1 hold. (Assumption A.2 follows from Lemma 7.30(4)
and Propositions 7.47 and 7.48. Assumption A.4 follows from Proposition



272 11. MISCELLANEOUS

7.50.) From Propositions 6.1(a), 6.2(a), and 6.3 we have the following results,
where the notation of Section 6.1 is used.

Proposition 11.7 In the finite horizon Borel model with multiplicative
cost, we have
J% = TJo)

and for every ¢ > O there exists an N-stage ¢-optimal (Markov) policy. A
policy n* = (u¥,...,uf-1) is uniformly N-stage optimal if and only if
(T TN ¥ 1) Jo) = TV "¥Jy), k=0,...,N — 1, and such a policy exists if
and only if the infimum in the relation

T Y (Jo)(x) = inf H[x,u, TXJ,)]

ueU(x)

is attained for each xeS and k=0,...,N — 1. A sufficient condition for
this infimum to be attained is for the set

Ui(x,4) = {ue Ux)|H[x,u, T(J,)] < 4}
to be compact for each xe S, leR,and k=0,...,N — 1.



Appendix A

The Outer Integral

Throughout this appendix, (X, 4, p) is a probability space. Unless other-
wise specified, f, g, and h are functions from X to [ — 0, co].

Definition A.1 If f > 0, the outer integral of f with respect to p is defined
by

J‘*fdp = inf{fg dp|f <g,gis @-measurable}. 1)
If f is arbitrary, define
[*rdp=[*frdp— "1 dp. @
where

f7(x) = max{0, f(x)},  f7(x) =max{0, —f(x)},

and we set 00 — 00 = 0.

Lemma A.1 If /> 0, then there exists a #-measurable g with g > f,
such that

f* fdp = fg dp. (3)

273
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Proof Choose g, = f, g, #-measurable, so that

[a.apL [*1ap.

We assume without loss of generality thatg, > g, >---.Letg = lim,_ , g,..
Then g > f, g is #-measurable, and (3) holds. Q.ED.

Lemma A.2 If f > 0and h > 0, then
[*+map< [“rap+ ["hap. (4)
If either f or h is #-measurable, then equality holds in (4).

Proof Suppose g, > f, g, > f, g, and g, are %-measurable, and
{*fdp=[g,dp, [*hdp=(g,dp. Then g, +g,>f+h and (4) follows
from (1). ‘

Suppose h is #-measurable and [hdp < co. [If [hdp = co, equality is
easily seen to hold in (4).] Suppose f + h < g, where g is Z-measurable and

7 +mdp = [gap.
Then f < g — hand g — h is #-measurable, so
[*rdp < [gdp— [nap,
which implies
[*rdp+ [ndp< [*(f + wap.
Therefore equality holds in (4). Q.E.D.

We provide an example to show that strict inequality can occur in (4),
even if f 4 h is #-measurable. For this and subsequent examples we will
need the following observation: For any E < X,

f “ 1z dp = pH(E). (5)
where p*(E) is p-outer measure defined by
p*(E) = inf{p(B)|E = B, Be }

and y; is the indicator function of E defined by

/o) = 1 if xekE,
=90 i xeE.
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To verify (5), note that if yz < g and g is #-measurable, then { x\g(x) > 1}
is a #-measurable set containing E and consequently

f gdp = p*(E).
Definition A.1 implies
f* xedp = p*(E). (6)

On the other hand, if {B,} is a sequence of #-measurable sets with E = B,
and p(B,)| p*(E), then p(( )& B,) = p*(E). By construction, xn=_ 5, = Xz
But y=_ g, is #-measurable, and

f %Nz 8.dp = P*(E).

The reverse of inequality (6) follows. Note that the preceding argument shows
that for any set E, there exists a set Be 4 such that E = B and p(B) = p*(E).

ExampPLE 1 Let X = [0, 1], let # be the Borel g-algebra, and let p be
Lebesgue measure restricted to 4. Let E < X be a set for which p*(E) =
p*(X — E) =1 (see [H1, Section 16, Theorem E]). Then

f(xE + tx-p)dp = fl dp=1,
f* xedp + f* Ax-gdp =2,

and strict inequality holds in (4).

Lemma A.2 cannot be extended to (possibly negative) bounded functions,
even if h is #-measurable, as the following example demonstrates.

ExaMPLE 2 Let (X, 4,p) and E be as before. Let f = yz — yx—g, h=1.
Then :

[r +mdp = [*27dp =2,
[*rdp+ [hdp = [*wdp = [*rxpdp+1=1.

Lemma A.3

(a) Iff <g, then [*fdp < [*gdp.
(b) Ife>0and f<g<f+e then

J‘*fa’p < f*gzlp < f*fdp + 2e. (7)
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(c) Iff*f*dp<ooor|*f~dp< oo,then
[*=pydp=—[*rap.
(d) If A, Be 4 are disjoint, then for any f
f* Xausf dp = f* 1afdp + f* 78S dp.
() If E c X satisfies p*(E) = 0, then for any f
[*rdp=["zx-sfdp.
(f) If p*({x| f(x) = c0}) > 0, then for every g, [*(g + f)dp = 0.

(@) If p*({x|f(x) = —o0}) > 0, then for every g either [*(g + f)dp

or [*(g + f)dp = — c0.
Proof (a) If f<g,thenf* <g*andf~ >g~.By(l),
[*reav<(*g*dp,  [*f do=["g dp

The result follows from (2).
(b) Inlight of (a), it remains only to show that

[ +adp< [*rdp+2e
"Forg, > f*, g, #-measurable, and
f*f+dp=fgldp,
we have
(f+e " <g,+¢
sO
[*r+ardp< [gidp+e=["r*dp+e

Forg, > (f + ¢)~, g, #-measurable, and
f*(f +e) dp= fgz dp,

we have
gr+e=>(f+e +e=max{f” —¢&0} +e>f",
o)
e+ J‘*(f +e¢) dp=¢+ fgzdp = f(gz + ¢)dp > f*f_ dp.
Combine (11) and (12) to conclude (10).

= 0

(10)

(12)
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We have
[*=hdp = [*=p*dp— ["(=1)"ap
=[*rap-[*r*ap= —[f*f+dp—f*f‘dp]

©

where the assumption that [*f ¥ dp < oo or [*f~ dp < oo is necessary for the

= —f*fdp,

Suppose f > 0. Let g be a #-measurable function with g > y, 5 fand

next to last equality.
(d)
f* Xaosfdp = fg dp.

Then y49 > xaf, 189 = 1S, 50
f “taonf dp = f Xa9 dp + fxsg dp
> f* xafdp + f* xs.f dp. (13)

Now suppose g; = x.f, 9> = xpf are #-measurable and
[grdp=["rardp.  [g2dp=[*ssfap.

Then g, + g2 = yaus/f’ 80
[*ratdp+ [*1sfdp = [(g, + g2)dp
> " 1anf dp. (14)

Combine (13) and (14) to conclude (9) for f > 0. The extension to arbitrary

f is straightforward.
(e) Suppose f = 0. Choose Be % with p(B) = p*(E) = 0, B o E. By (d),
[*fdp=["sxsfdp< ["axsfdp < [*rap.
Hence [*f dp = [*yx_pf dp. The extension to arbitrary f is straightforward.
(f) We have (g + f)™(x) = oo if f(x) = o0, so that
p*({x|(g + f)*(x) = o0}) > 0.

Hence [*(g + /)" dp = oo, and it follows that [*(g + f)dp

) Consider the sets E = {x|f(x) = —o0} and E,

o
t=)

(
g(x) < oo}. If p*(E,) = 0, then
p*(E — E,) = p*(E — E,) + p*(E,) = p*(E) > 0
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Since we have f(x) + g(x) = w0 for xeE — E,, it follows from (f) that
[¥(g + f)dp = 0. Tf p¥(E,) > 0, then p*({x|(g + £)~(x) = 00}) = p*(Ey) > 0
and hence, by (f), [*(g + f)~ dp = co. Hence, if [*(g + f)* dp = oo, then
[*(g + f)dp = oo, while if [*(g + f)* dp < o, then [¥(g + fHdp = — 0.

QED.

The bound given in (7) is the sharpest possible. To see this, let f be as
defined in Example 2, g = f + 1, and ¢ = 1. Despite these pathologies of
outer integration, there is a monotone convergence theorem, which we now
prove.

Proposition A.1 If {f,} is a sequence of nonnegative functions and

f.1f, then
[* fudpt [* fap. (15)

If { f,} is a sequence of nonpositive functions and f, | f, then

[*fdpL [*1ap.

Proof We prove the first statement of the theorem. The second follows
from the first and Lemma A.3(c). Assume f, >0 and f,7f. Let {g,} be a
sequence of #-measurable functions such that g, > f, and

[*fudp = [g.ap. (16)
If, for some n, {g,dp = j*f,, dp = oo, then (15) is assured. If not, then for
every n,
f gndp < 0. (17)
Suppose (17) holds for every n and for some n,
p({X|gn(X) > In+ l(x)}) > 0
Then since g,+; > f,+, = f,, we have that g defined by
-g-(x) — {gn(x) lf gn(x) < In+ l(x)a
Gn+1(x) if gu(x) > gns1(x),

satisfies g, > g > f, everywhere and g < g, on a set of positive measure.
This contradicts (16). We may therefore assume without loss of generality
that (17) holds and g, < g, --. Let g = lim,_ . g,. Then g > f and

lim f*f,,dp= lim fg,,dp=fgdp2f*fdp.

n— oo n— oo

But f, < f for every n, so the reverse inequality holds as well. Q.E.D.
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One might hope that if { f,} is a sequence of functions which are bounded
below and f, 1 f, then (15) remains valid. This is not the case, as the following
example shows.

ExampPLE 3 Let X = [0, 1), # be the Borel g-algebra, and p be Lebesgue
measure restricted to 4. Define an equivalence relation ~ on X by

X ~ y<=>x — y is rational.

Let F, be constructed by choosing one representative from each equivalence
class. Let Q = {go.4;,. . .} be an enumeration of the rationals in [0, 1) with
qo = 0 and define

F,={x+g/[mod1]|xeFy} = Fy + g, [mod1]  k=0,1,....

Then Fy, Fy,...1s a sequence of disjoint sets with

F, = [0, 1). (18)

T

k
If for some n < oo, we have p*({ i, F;) < 1, then E = | J{Z} F, contains
a #-measurable set with measure 6 > 0. Fork=1,...,n— 1,let g, = /s,

where r, and s, are integers and r,/s, is reduced to lowest terms. Let {p;,
P2,. ..} be a sequence of prime numbers such that

max s, <p;<p,<--:

I<k<n—1

Then the sets E, E + p; ' [mod 1], E + p; * [mod 1], . .. are disjoint, and by
the translation invariance of p, each contains a Z%-measurable set with
measure 6 > 0. It follows that [0,1) must contain a %-measurable set of
infinite measure. This contradiction implies

p*(@ Fk> —1 (19)
k=n

for every n. Define

f;l= _XU;?:an’ n=0,1,....
Then £,10, but (5) and (19) imply that for every n

[*fudp=—1.

By a change of sign in Example 3, we see that the second part of Theorem
A.1 cannot be extended to functions which are bounded above unless addi-
tional conditions are imposed. We impose such conditions in order to prove
a corollary.
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Corollary A.1.1 Let {¢,} be a sequence of positive numbers with
Y2y e, < 0. Let { f,} be a sequence with

lim f, = f, (20)
f<f., n=12..., 1)
Fi(x) < f(x) + &, if f(x)> —oo, (22)
F)< fuisix)+&  if f(x)=—o00, n=23,..., (23
f*fl dp < o0. ‘ (24)
Then
lim f*f,,dp= f*fdp. (25)

n—oo

Proof From (20) we have lim,_ ., ff = f* and lim,_ ., f, = f . Now
infyo, fr <f, <f andinf,,,f; 1/ asn — oo. By Proposition A.1,

f*f'dp=limf*inff{dpslimf*f,,‘dpsf*f‘dp,

k=n n— o

SO
lim f* frdp =f*f- dp. (26)
Let A = {x|f(x) = — o0}.Ifp*(4) = 0, then (1), (22), (24), and Lemmas A.3(b)
and (e) imply

[Frao< [*ridp<2e,+ [T dp< o,
SO
1imf*f,,+dp=f*f+dp<oo. 7

Combine (26) and (27) to conclude (25). If p*(4) > 0, then [*/ " dp = —o0
and (26) will imply (25) provided that

f*f Tdp < (28)
and

lim sup f *frdp < co. (29)

n—oo

Conditions (21) and (24) imply (28). Conditions (21)—(23) imply for every
xeX

Julx) < fro (%) + &, n=23,...,
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)
* ot * e+
[*frdp<2e,+ [*fi-sdp
and
[*ridp<2 ¥ et ["f7 dp.
k=2

The finiteness of Y i, & and (24) imply (29). Q.E.D.



Appendix B

Additional Measurability Properties of Borel Spaces

This appendix supplements Section 7.6. The notation and terminology
used here is the same as in that section and, in most cases, is defined in
Section 7.1.

B.1 Proof of Proposition 7.35(e)

Our first task is to give a proof of Proposition 7.35(¢). To do this, we
introduce the space N* = {1,2,...} U {c0} with the topology induced by
the metric

J 1 1
(x’ y) - ’x y’a
where we define 1/00 = 0. Let A#™* = N*N* - - - with the product topology.
The space .4 of sequences of positive integers is a topological subspace of
A7*. The space A"* is compact by Tychonoff’s theorem, while .4 is not.
If (X,2) and (Y, 2) are paved spaces, we denote by 22 the paving of XY:

292 ={PQ|Pe?, Qe 2). (1)

Proposition B.1 Let (X,Z) be a paved space and 4 the collection of
compact subsets of .4/*. Then the projection on X of a set in #(2.%) is in
F(2). Conversely, every set in F(2) is the projection on X of some set in
[(2A),]s-

282
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Proof Let S be a Suslin scheme for 2. Then for every s Z, S(s) has
the form S(s) = S,(s)S,(s), where S,(s)e # and S,(s)e #". Now
N©S)= [ ) S0

zeN s<z

= U 0[51(3)52(5)]

zeN s<z

u{lnse]nsel

projx[N($)] = U ) Si(s),

zeAs<z

SO

where

A= {zemm S(s) # g}.

s<z

Since each S,(s) is compact, we have

A= {(CI,CZ:' . -)E'/Vlkél S:(01,80 0D #F D Vn}.

Define a Suslin scheme R for 2 by

51,6 if kOI Salis- -0 # O,

IN(CTRIN RS
(%) otherwise.
Then
projx[N($)1 = U () 519
= | () R(s) = N(R),
zeN s<z
s0 projx[ N(S)] e #(2).

For the second part of the proposition, suppose S is a Suslin scheme
for 2. Define a Suslin scheme R for " by

R(oy,...,0,) = {(Cu(z»- . .)e./V*|C1 =01,...,(,= O'n}-
For fixed zoe A", we have (,<., R(s) = {20}, s0

Qomen=[ ) s0] 0 #o)

N [SERG)]
=%&mheﬂ5®} @

s<zg
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Therefore,
N(S)

U () Ss)

zeN s<z

iy projx{ﬂ [S(s)R(sﬂ}

zeN s<z

= Projx{ Un [S(s)R(s)]},

zeN s<z

and it remains only to show that

U NISORE]e[(@H),]s- 3)

zeN s<z

If we can show that

U NSOREI = () U [SORG] @

zeN s<z k=1 seZx

where Z, is the set of elements in ¥ having k components, then (3) will
follow. Let xe X and z, = ({3,{9,...)e A#"* be given. Suppose

(x,z0)e () () [S()R(s)].
zeN s<z
We see from (2) that zoe A" and (x, zo) € [ )s<z,[ S()R(s)], so for every k > 1,

(x,20)€S8(3,. .. ,LDR(Y, . . ., &). This implies (x, zo) € (i 1 Uses [SOR(S)],
and

U NISeReT< () U [SERE)] 5
zeN s<z k=1 seZx
On the other hand, if (x,zo)€ ()71 Uses [S(R(s)], then for each k > 1,
(x,20)€ s [S(S)R(s)]. This can happen only if zoe A" and (x,zy)e
SE2,...,CORS,. . ., D). Therefore,

(x7 ZO)ekél[S(C(l): R I?)R(C?’ LI I(c))]
= () [SO)R(s)]

s<zo

= U NISE)RE)],

zeN s<z

which proves the reverse of set containment (5). Equality (4) follows.
Q.ED.
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If (X, ) is a paved space, Y is another space, and Q < Y, we define a
paving of XY by

2Q = {PQ|PeZ}.
Lemma B.1 Let (X,2) and (Y, 2) be paved spaces. Then:

(@) L(P)Q = F(2Q)forevery Q = Y;
(b) F(P)2 < F(22).

Proof Part (a) is trivial and part (b) follows from (a). Q.E.D.

We are now in a position to prove part (e) of Proposition 7.35.
Proposition B.2 Let (X, %) be a paved space. Then #(2) = ¥ [F(2)].
Proof Inlight of Proposition 7.35(d), we need only prove

HP) > L[S (P)). (6)

Let 4 * and # be as in Proposition B.1. If 4 € [ ¥ (2)], then by the second
part of Proposition B.1, 4 = projx(B) for some set Be([#(2?)A],);- By
Lemma B.1(b) and Proposition 7.35(b) and (c), we have

Be([SP) A ))s = ([F(PH))o)s = S PA).

The first part of Proposition B.1 implies that 4 = projx(B)e ¥(#) and (6)
follows. Q.ED.

B.2 Proof of Proposition 7.16

In Proposition 7.16 we stated that Borel spaces X and Y are Borel-
isomorphic if and only if they have the same cardinality. A related result is
that every uncountable Borel space is Borel-isomorphic to every other
uncountable Borel space. We used the latter fact in Proposition 7.27 to
assume without loss of generality that the Borel spaces under consideration
were actually copies of (0,1], we used it in Proposition 7.39 to transfer a
statement about ./ to a statement about any uncountable Borel space, and
we will use it again in Proposition B.7 to allow our treatment of the limit
c-algebra to center on the space .#". The proofs of Proposition 7.16 and
Corollary 7.16.1 depend on the following lemma, which is an immediate
consequence of Propositions 7.36 and 7.37. The reader may wish to verify
that these propositions depend only on Propositions 7.35, B.1, and B.2, so
no circularity is present in the arguments.

Lemma B.2 Let X be a nonempty Borel space. There is a continuous
function f from .4 onto X.
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Define .# to be the set of infinite sequences of zeroes and ones. We can
regard ./ as the countable product of copies of {0,1} and endow it with
the product topology, where {0, 1} has the discrete topology. By Tychonoff’s
theorem, ./ is compact with this topology. It is also metrizable as a complete
separable space.

Our proof of Proposition 7.16 consists of three parts. We show first that
every uncountable Borel space contains a Borel subset homeomorphic to
M, we show second that every uncountable Borel space is isomorphic to a
Borel subset of .#, and we show finally that these first two facts imply that
every uncountable Borel space is isomorphic to ..

Lemma B.3 Let X be an uncountable Borel space. There exists a
compact set K = X such that .# and K are homeomorphic.

Proof Let f:/">X be the continuous, onto function of Lemma B.2.
For each xe X, choose an element z, e .4 such that x = f(z,). Let
S = {z,|xe X}, so that f is a one-to-one function from S onto X. For z€S,
if possible choose an open neighborhood T(z) of z such that § n T(z) is
countable. Let R be the set of all ze S for which such a T(z) can be found.
Since separable metrizable spaces have the Lindelof property, there exists a
countable subset R’ of R such that | ..z T(z) = (). T(2), so

RCSmI:U T(z):l= U [Sn T()],
zeR zeR’

and R is countable. Since S is uncountable, S — R must be infinite. Further-
more, if zeS — R, then every open neighborhood of z contains infinitely
many points of S — R.

Let d be a metric on 4" consistent with its topology for which (A", d) is
complete. For ze A", the closed sphere of radius r centered at Z is the set
{ze A|d(z,Z) < r}. The interior of this sphere, denoted Int {ze .A4"|d(z,Z) < 1},
is the set {ze./"|d(z,Z) < r}. Let z(0) and z(1) be distinct points in S — R.
Then f[z(0)] # f[z(1)], so there exist disjoint open neighborhoods U and
V of f[z(0)] and f[z(1)] respectively. Let S(0) and S(1) be disjoint closed
spheres of radius no greater than one centered at z(0) and z(1) and contained
in f~(U) and f~'(V) respectively. We have that f[S(0)] and f[S(1)] are
disjoint. Note also that for every ze(S — R) n Int S(0), every open neighbor-
hood of z contains infinitely many points of (S — R) n Int S(0), and the
same is true of S(1). By the same procedure we can choose distinct points
z(0,0) and z(0,1) in (S — R) n Int S(0) and distinct points z(1,0) and z(1,1)
in (S — R) n Int S(1), and we can also choose disjoint closed spheres S(0,0),
S5(0,1), S(1,0) and S(1, 1) of radius no greater than  centered at z(0, 0), z(0, 1),
z(1,0) and z(1,1), respectively, so that f[S(0,0)], f[S(0,1)], f[S(1,0)] and
SfS(1,1)] are all disjoint. We can choose these spheres so that $(0,0) and
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S(0,1) are contained in S(0), while S(1,0) and S(1,1) are contained in S(1).
At the kth step of this process, we choose a collection of disjoint closed

spheres S(uy, ..., i) of radius no greater than 1/k centered at distinct
points z(uy, . .., i) in S — R, where each ; is either zero or one. Further-
more, we can choose the spheres so that for each (uy, . .., 1)

(1) f[S(ulv .. ',:uk—l’o)] ﬂf[S(/Jl, v v:u'k—lal)] =@’
(1)  S(uys -5 Mem1o i) < S(Hys - oy Mg 1), e =0,1.

For fixed m = (uy, 1y, .. .)EM, the sets {S(uy, ..., )} form a decreasing
sequence of closed sets with radius converging to zero, so {z(uy, . .., &)} is
Cauchy and thus has a limit p(m)e ()& S(ys - - -5 M)

We show that ¢:.# — .4 is a homeomorphism. If (u;,p,,...) and
(v4,V,5,...) are distinct elements of .#, then for some integer k, we have
U # Vi Since @(py, tay o )ES(Uys - - vy i), @(V1, Ve, .. JES(VY, ..., V), and
S(uq, ..., u) is disjoint from S(vq,...,v,), we see that @(uy, 4y, ...) #
©(v;,v5,...), SO @ is one-to-one. To show ¢ is continuous, let {m,} be a
sequence converging to me .. Choose ¢ > 0 and let k be a positive integer
such that 2/k < &. There exists an 7 such that whenever n > 7, the elements
m, and m = (uy, U4,, . . .) agree in the first k components, so both ¢(m,) and
@(m) are in S(t41, - . . , 4 ). This implies d(¢(m,), p(m)) < 2/k < ¢, s0 ¢ is con-
tinuous. To show that ¢~! is continuous, it suffices to show that ¢(F) is
closed in @(.#) whenever F is closed in .#. This follows from the fact that
A is compact and ¢ is continuous. Define A", < 4" to be the compact
homeomorphic image of .# under ¢.

We now show that f:.A4"; — X is a homeomorphism. To see that f is
one-to-one, choose distinct points z and Z in 4#7,. Then there exist distinct
points m = (yy, Ky, - - .) and m = (fiy, fi,, . . .) in .4 such that z = ¢(m) and
2 = @(m). For some k, we have p # fiy, so by (1), f[S(to,...,m)]N
fI[S(fo, - - -, )] = &. Since z € S(yo, - - -, i) and Z € S(flo, . . ., fiy), We see
that f(z) # f(2), so f is one-to-one. Just as in the case of ¢, the continuity of
f 7! follows from the fact that f is continuous and has a compact domain.

The set K = f(./4",)is a compact subset of X homeomorphicto.#. Q.E.D.

Lemma B.4 Let X be an uncountable Borel space. There exists a Borel
subset L of .4 such that X and L are Borel-isomorphic.

Proof By definition, X is homeomorphic to a Borel subset B of a com-
plete separable metric space Y. By Urysohn’s and Alexandroff’s theorems
(Propositions 7.2 and 7.3), Y is homeomorphic to a Gs-subset of the Hilbert
cube #, so B and hence X are homeomorphic to a Borel subset of #. It
suffices then to show that # is Borel-isomorphic to a Borel subset of ./Z.

The idea of the proof is this. Each element in # is a sequence of real
numbers in [0,1]. Each of these numbers has a binary expansion, and by
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mixing all these expansions, we obtain an element in .#. Let us first define
Y:[0,1] — .# which maps a real number into a sequence of zeroes and ones
which is its binary expansion. It is easier to define ¥ ~ !, which we define
on ./ v {0,0,0,...)}, where

My = {(y, Us, .. .)€ M|y = 1 for infinitely many k}.
It is given by

lp—l(/"lla .u27 .. ) = Z lu’k/zkv
k=1

and it is easily verified that Y ~! is one-to-one, continuous, and maps onto
[0,1]. Since 4 — . , is countable, the domain of Y ~ ! is a Borel subset of .Z,
and Proposition 7.15 tells us that ¥ is a Borel isomorphism. Since we have
not proved Proposition 7.15, we show directly that s is Borel-measurable.
Consider the collection of sets

R(k)={(:u1::u2’)6%’:uk=0}, k=1a2a---:

Rk) = {(uy, g, .. JeM|p, =1},  k=12,....
These sets form a subbase for the topology of .#, so by the remark following
Definition 7.6, we need only prove that y ~'[R(k)] and ¥ ~*[R(k)] are Borel-
measurable to conclude that ¥ is. Since one of these sets is the complement

of the other, we may restrict attention to ¥ ~'[ R(k)]. Remembering that the
domain of y "1 is 4, U {0,0,0,...)}, we have

29

v RM) = { > o

j=1

(#17#2?"')6%15 :uk=0}u{0}y

and

3

Jj=1

1
O<XS§;},

.....

which is a finite union of Borel sets.

The proof that # ./ - - - and .# are homeomorphic is essentially the
same one given in Lemma 7.25, and we do not repeat it here. Let § mapping
MM - - - onto .4 be a homeomorphism and define ¢: # — .4 by

QD(XI,Xz, .. ) = O[lp('xl)a lp('X:Z), .. :l
Then ¢ is the required Borel-isomorphism. Q.E.D.

Lemma B.5 If K, and L are Borel subsets of .#, K, = L, and K, is
Borel-isomorphic to .#, then L is Borel-isomorphic to .#.

Proof For Borel subsets A and B of .#, we write A ~ B to indicate
that 4 and B are Borel-isomorphic. Note that 4 ~ B and B ~ C implies
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A=~ C. Also, if A;,A4,, ...1s a sequence of disjoint Borel sets, if B,,B,, . ..
is another such sequence, and if 4; & B, for every i, then U{“’: 1A = U 2. B;.
We note finally that if A = 4, U A, and A ~ B, then B = B, U B,, where
A; =~ B; and A, ~ B,. If A; and A, are disjoint, then B; and B, can be
taken to be disjoint.

Under the hypotheses of the lemma, let D, = .# — K. Since .4, ~ K,
and ./ = K; v D,, there exist disjoint Borel sets K, and D, such that
Ki=K,uD,,K;~K,and D, ~ D,.Since K, ~ K, and K, = K, U D,,
there exist disjoint Borel sets K3 and D; such that K, = K5 U D3, K, ~ K3,
and D, ~ D;. Continuing in this manner, at the nth step we construct dis-
joint Borel sets K, and D, such that K,_, =K, uD,, K,_; ~ K,, and
D,_y=D,. Let K, = ()2, K,. Then # =K, v [(J=,D,], and all the
sets on the right side of this equation are disjoint.

Let A4y =.# — L and B, = L — K. Then A, and B, are disjoint and
D,=A4, v B,.Foreachn, D, ~ D,,s0D,=A, u B,, where 4, and B, are
disjoint Borel sets and 4, ~ 4,, B, ~ B,. In particular, 4, ~ A4,,, for
n=1,2,...,and we have

M=K, [U D,,] —K, U [U A,,] ¥ [U B,,]
S

={Kw u{@ Dn]}_Al — M —4,=L  QED.
n=1

We can now prove Proposition 7.16, and the proof clearly shows that
Corollary 7.16.1 is also true.

Proposition B.3 Let X and Y be Borel spaces. Then X and Y are
isomorphic if and only if they have the same cardinality.

Proof If X and Y are isomorphic, then clearly they must have the same
cardinality. If X and Y both have the same finite or countably infinite
cardinality, then their Borel o-algebras are their power sets and any one-
to-one onto mapping from one to the other is a Borel-isomorphism.

If X is uncountable, then by Lemma B.4 there exists a Borel isomorphism
¢@:X — M such that L = ¢(X) is a Borel subset of M. By Lemma B.3,
X contains a compact set K which is homeomorphic to .#, so ¢(K) is
Borel-isomorphic to .# and ¢(K) = L. Set K, = ¢(K) and use Lemma B.5
to conclude that L and .# are isomorphic. It follows that X and .# are
isomorphic. If Y is uncountable, the same argument shows that Y and .#
are isomorphic, so X and Y are isomorphic. Q.E.D.
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B.3 An Analytic Set Which Is Not Borel-Measurable

Suslin schemes can be used to generate a strictly increasing sequence of
g-algebras on any given uncountable Borel space X. The first o-algebra in
this sequence is the Borel g-algebra £, and the second is the analytic o-
algebra .27y, and, as a result of the following discussion, we will see that
o y is strictly larger than Zy. The proof of this depends on a contradiction
involving universal functions, which we now introduce.

Let ./, be the set of sequences of zeroes and ones for which one occurs
infinitely many times. If the nonzero components of me .4, are in positions
m;,m,,. .., then we can think of m as a mapping from ./ to .4 defined by

m(CbCZ»' . ) = (Cmpsz’ .. )

Definition B.1 - Let 2 be a paving of A". A universal function L for 2 is
a mapping from .4 onto 2. If 2 is another paving of 4" and

{zeN|zeL[m(z)]}e2  Vme M, (7)
we say L is consistent with 2.

Proposition B.4 Let ¢ be the collection of open subsets of .4 There
exists a universal function for & consistent with .

Proof The space ./ is separable, so its topology has a countable base
{G(1),G(2),. ..}, where the empty set is included among these basic open
sets. Define L:. A" — % by

L(Cl? CZ, . ) = Ql G(Cn)

Itis clear that Lis a universal function for 4. Now choose m € .4, and suppose
the nonzero components of m are in positions my,m,,.... Choose zo =
(€9,¢9,...) in the set

{zeN|zeL[m(z)]} = {(Cl,cfz,. L)eN|(E, 8o, .)ekg1 G(ka)}.

Then for some k, we have zye G({Z,). Let

Uil(zo) = {(C17C2,~ . -)e’/V|Cmi = Vr?z:}-

Then G((5) = L[m(z)] for every ze Ug(zo), so ze L[m(z)] for every ze
U(zo) 0 G((3,). Therefore Ui(zo) N G({y,) is an open neighborhood of z,
contained in {ze .A#|ze L[m(z)]}, so this set is open. Q.E.D.
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Given a paved space and a universal function for the paving which
satisfies a condition like (7), it is possible to construct similar universal
functions for larger pavings. We show first how this is done when the given
paving is extended by the use of Suslin schemes.

Proposition B.5 Let 2 be a paving for .#"and suppose that there exists
a universal function for 2 consistent with #(2). Then there exists a universal
function for ¥ (2) consistent with % (£).

Proof  Fix a partition {P,se X} of the positive integers into countably
many countable sets, and define for each se X a corresponding m, =

(u1(5), u2(5), - . .)€ M | by

(5) = 1 if keP,,
HSI=0  if kep,, (8)

Let L be a universal function for 2 consistent with #(2). Define K: A" —
S (P) by
K(zo) = |J ) L[myzo)]. ©)
zeN s<z
To show that K is onto, we must show that given any Suslin scheme S for
#, there exists z, € 4" such that

S(s) = L[my(zo)] VseZX. (10)

If S:2 — 2 is given and se X, then S(s)e 2. Since L is a universal function
for 2, there exists z;e A" for which S(s) = L(z,). If z, is chosen so that
my(zo) = z, for every se X, then (10) is satisfied, and such a choice of z, is
possible because my(z,) depends only on the components of z, with indices
in P;. Therefore K is a universal function for #(2).

If m,ne.# ,, then there is an element in .#,, which we denote by mn, such
that (mn)(z) = m[n(z)] for every ze 4. In fact, if the nonzero elements of m
are (my,m,,...) and the nonzero elements of n are (ny,n,,...), then the
nonzero elements of mn are (n,, ,n ..). Now suppose me.#,. We have

mi>"'ma> *

‘{Zoe-/V|ZOGK[m(Zo)]} = {Zoe'/ﬂzoe U ﬂ L[(msm)(zo)]}

zeN s<z

= J () {zoe N|zo€ L[(mgm)(z,)]},
zeN s<z
which, since L is consistent with #(2), is the nucleus of a Suslin scheme for
Z(2). It follows from Proposition B.2 that K is consistent with #(2).
Q.E.D.

Corollary B.5.1 There is a universal function for &(% ,) consistent
with (7).
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Proof Let % be the collection of open subsets of .#". By Propositions
B.4 and B.5, there is a universal function for &(%) consistent with ¥ (%),
and it remains only to show that #(¥) = #(Z ). Since 4 < A 4, it follows
from Proposition 7.36 that (%) = &(Z 4). Since every closed subset of &/
is a G4-set and, by Proposition 7.35, 4; < #(%9); = (%), we see that F
F(%). Proposition B.2 implies that # (& ) = L[L(@)] =L (D). Q.ED.

Corollary B.5.2 Let L be a universal function for S (F ,) consistent
with #(Z ). The set

Ao = {ze N|ze L(2)} (11)
is analytic but not Borel-measurable, and ./~ — 4, is not analytic.

Proof The set A, is analytic because L is consistent with & (Z ;). We
have ’

N — Ay = {zeN|z¢ L(2)}, (12)
and if this set is analytic, then there exists zo€ /" such that
./V - AO = L(Zo).

If zoe Ay, then zo¢ L(zo), and (11) is contradicted. If zoe A" — 4,, then
zo€ L(z,) and (12) is contradicted. Therefore A" — A, is not analytic, thus
not Borel-measurable, so A4, is also not Borel-measurable. Q.E.D.

Proposition B.6 Let X be an uncountable Borel space. There exists an
analytic subset 4 of X such that 4 is not Borel-measurable and X — A is
not analytic.

Proof Let @:.4" — X be a Borel isomorphism from 4" onto X (Corol-
lary 7.16.1), and let 4, = A" be as in Corollary B.5.2. Then 4 = @(Ap) is
analytic, but since A" — 4y = ¢~ (X — A) is not analytic, neither is X — 4.
It follows that A4 is not Borel-measurable. Q.ED.

B.4 The Limit ¢-algebra

We construct a collection of g-algebras indexed by the countable ordinals,
and at the end of this process we arrive at the limit s-algebra, denoted by
. The proofs of many of the properties of £, and indeed the definition
of Zy, proceed by transfinite induction. We also make frequent use of the
fact that if {«,} is a sequence of countable ordinals, then there exists a
countable ordinal # such that «, < @ for every n. In keeping with standard
convention, we denote by Q the first uncountable ordinal.
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Definition B.2 Let X be a Borel space and %y the collection of open
subsets of X. For each countable ordinal «, we define

L% = a(%x), (13)
- [y(ﬁu gg)]. (14)
The limit o-algebra is |
Px= ) #%. (15)
a<Q

We prove later (Proposition B.10) that % is in fact a g-algebra. Note
that 3 = By and ¥} = o/x. When X is countable, Zy = &% for every
o < Q. If X is uncountable, there is no loss of generality in assuming X = A~
when dealing with the g-algebras #% and #y. This is the subject of the
next proposition.

Proposition B.7 Let X be an uncountable Borel space and let ¢ : /" — X
be a Borel isomorphism from .4 onto X. (Such an isomorphism exists by
Corollary 7.16.1.) Then for every a < Q,

o(L%) = L%, % =0 (L%, (16)
and
(&L y) =Ly, f.y=¢_1(gx)' (17)

Proof We prove (16) by transfinite induction. For « = 0, (16) clearly
holds. If (16) holds for all § < o, where o < Q, then we have

o(Uer)-Uet  Yen-o(y=)
B<a B<a B<a B <a
Let S be a Suslin scheme for ( J;, %% . Then
@[N(S)] = N(@-S),
where

(@oS)(s)=o@[S(s)]  VseZ.

Since ¢ o S is a Suslin scheme for ( J;<, %%, we see that

Luelodus)

On the other hand, if R is a Suslin scheme for ( J; <, #%, then
N(R) = ¢[N(¢~' = R)],
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where

(@ 'eR)s)= @ '[R(s)]  VseZ.

This shows that N(R)e o[ S (| s<.%%)], which proves the reverse of set
containment (18). Therefore,

I R T

Since ¢ is one-to-one, we also have

Age)=e A=) ®

Now by (19), (£%) is a o-algebra containing (| )<, £%). s0

o(Z%) > L. 21)
By (20), ¢ ~1(&%) is a s-algebra containing (| Jp<, L%, so
Ly <" NLY. (22)
Since ¢ is one-to-one, (21) implies
% > @~ (L) (23)
and (22) implies
(&%) = Z%. (24)
Relations (21)—(24) imply (16). Relation (17) follows from (15) and (16).
Q.E.D.

We have already seen that in an uncountable Borel space X, £% is
properly contained in .#% (Proposition B.6). We would like to show more
generally that if f <o < Q, then %% is properly contained in #%. Our
method for doing this is to generalize Corollary B.5.1 and then generalize
Corollary B.5.2. The following lemmas are a step in this direction. If 2 is
a paving for a space X, we denote by 2 the paving

P =20 {X - P|Pe?}. (25)
Lemma B.6 Let £ be a paving for ./” which contains the open subsets

of ., and suppose there exists a universal function for £ consistent with
2. Then there exists a universal function for & consistent with ¢(2).

Proof Let L be a universal function for £ consistent with 2. Define
K: N - 2 by
L(CZﬂC3»C4ﬂ o ) lf Cl iS Odda

K(,,(,,.. )= PR e
(1,625 {/V_L(Qz,g3,§4,...) if {, iseven.
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It is clear that K is a universal function for 2. As in the proof of Proposition
B.4, choose me ./ and suppose that the nonzero components of m are in
positions my,m,,. ... Then

{ze V|ze K[m(2)]}
{(¢1,85,. . )|Cm, s odd and ({4, (5, . . JEL( oy, Cmys- - )}
V(1,80 )|, is even and ($1, 85, - )& LConys Cnss- - )

N '{(C17C2,- . ')'(ClaCZ" . ')EL(szaCmy‘ . )})

o (LO (Colan o = 2k}]

=1

N {(CDCZ" . ')’(CleZ’- . ‘)¢L(Cm29Cm3" . )}) (26)

Since L is consistent with 2 and 2 contains every open set, we have that
every setin (26)is in 6(2). It follows that K is consistent with (). Q.E.D.

Lemma B.7 Let o be a countable ordinal. For each § < «, let 2, be a
paving for .#" which contains the collection % of open sets, and assume that
there exists a universal function L; for 2, consistent with 2,. Then there
exists a universal function for { J, ., %, consistent with #(| J;<, 2;).

Proof The set of ordinals {f|B < a} is countable whenever o < Q, so
there exists a partition {P()|8 < «} of the positive integers such that P(f)
is nonempty for each f < . Define a universal function for | J; <, P(B) by

L(Q»Cz»-u):Lp(CzAvsa--') if { eP(p).
Let me .4, have nonzero components m,, m,, . ... Then

{zeN|zeL[m(2)]}

= U {(C17C29)|leep(ﬁ) and (CDCZ"")ELﬁ(cmpCmp'“)}

B<a

= U [{(Cl?CZV"')|Cm1 GP(B)} N {(CDCZV")I(CI’CZV")ELﬁ(CmpCmy-")}]’

B<a

and this set is in F/’(U,,q?},,) by Proposition 7.35(b), (c), and the fact that
each L; is consistent with 2. Q.E.D.

Proposition B.8 For each o <Q, there is a universal function for & (%%
consistent with &(.£%.).



296 APPENDIX B

Proof For simplicity of notation, we suppress the subscript .4#". The
proof is by transfinite induction. When « = 0, the result follows from
Corollary B.5.1. Assume now that the result holds for every f < «, where
o < Q. We prove it for a.

By Lemma B.7 and the induction assumption, there is a universal func-
tion for | Jp<, #(£?) consistent with [ J; <, #(£*)]. Now

U £l se)e y(u 3”), (27)
B<a B<a p<a
and applying & to both sides of (27) and using Proposition B.2, we obtain
9( U 3") = 5”|: U y(,?”)]. (28)
B<a B<a

From Proposition B.5 and (28) we have the existence of a universal func-
tion for F(| )<, £?) consistent with L p<aZ"), and Lemma B.6 implies

existence of a universal function for (| J;<, £*) consistent with £* From
Corollary 7.35.1 we have

T T

so we have a universal function for (| J;<, £”) consistent with
)
B<a

s y[s#( U gﬁ)} = AL,

B<a

But from (29),

and applying & to both sides, we see that
L (L) = 5”[5”( U 3”)}. (30)
B<a

From Proposition B.5 and (30) we have the existence of a universal function
for #(#%) consistent with & (Z*). Q.E.D.

Proposition B.9 Let X be an uncountable Borel space. If f <o <Q,
then £% is properly contained in #%.

Proof We assume without loss of generality that X = 4" (Proposition
B.7) and suppress the subscript .4". It is clear that for § < o we have ¥* <
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£*. Let L be a universal function for #(£*) consistent with #(#*) and
define

A= {zeN|zeL(z)}.
Then Ae S(LP). If ¥ — Ae F(LP), then for some z,€ .4 we have
N — A =L(z).

If zge A4, then zy¢ L(z,) and a contradiction is reached. If zoe 4" — A, then
zo€L(zo) and again a contradiction is reached. It follows that 4" — 4¢
L (&P). But &/ — Ae #? so £* is properly contained in £~ Q.E.D.

Proposition B.10 Let X be a Borel space. The limit s-algebra #Zy is
contained in %y and

Indeed, #y is the smallest g-algebra containing the open subsets of X which
satisfies (31).

Proof The result is trivial if X is countable, so assume that X is un-
countable. It is clear that ¢f e ¥y and Ly is closed under complementation,
so we need only verify that %y is closed under countable unions in order
to show that it is a g-algebra. If Q,,0,,. . . is a sequence of sets in £, then
for some a« < Q, we have Q, € #% for every k. Then ( Ji%; Qre X% = ZLy.

We prove by transfinite induction that #% < %y for every o < Q. This
is clearly the case if « = 0. If % < %y for every B < o, where o < Q, then
by Lusin’s theorem (Proposition 7.42), #(| Js<, £%) = %x. It follows that

% < %x. Therefore ¥y = Uy.

We now prove (31). As a result of Proposition 7.35(d), it suffices to prove
that £y o ¥ (Fx). Let S be a Suslin scheme for #y. Since T is countable,
there exists o < Q such that S(s)e #% for every se Z. Then N(S)e %! <
ZFx,and (31) is proved.

Suppose 2 is a g-algebra containing the open subsets of X which satisfies
P = S (P).Clearly, By = L% = P.If ¥4 < P forevery f < o, where o < Q,
then (14) implies that #% = 2. Therefore & contains %y, which must be
the smallest g-algebra containing the open subsets of X and satisfying (31).

Q.E.D.

A major shortcoming of the analytic g-algebra is that the composition
of analytically measurable functions is not necessarily analytically measur-
able (cf. remarks following Proposition 7.50). However, the composition of
limit-measurable functions is limit-measurable. We first give a formal defini-
tion of these terms and then prove the preceding statements.



298 APPENDIX B

Definition B.3 Let X and Y be Borel spaces, D = X, and £ a g-algebra
on X. A function f:D — Y is said to be #-measurable if f ~*(B)e £ for every
Be®By. If ? = ¥y, we say that f is limit-measurable. The g-algebra 2 is
said to be closed under composition of functions if, whenever f:X — X is
P-measurable and Pe 2, then f ~}(P)e 2.

In Definition B.3 there is no mention of a #-measurable function g
mapping X into a Borel space Y with which to compose f. If there were
such a g, then to check that go f: X — Y is #-measurable, we would check
that £~ ![g~*(B)] is #-measurable for every Be %y. Since g~ '(B)e 2, it
suffices to check that f~}(P)e 2 for every Pe#, which is the condition
stated in Definition B.3. The stipulation in Definition B.3 that f have the
same domain and range space is inconsequential as long as # = ¥% for
some o < Q or 2 = ¥y (see Proposition B.7). These are the only cases we
consider. The closure of a g-algebra under composition of mappings and
the satisfaction of an equation like (31) are intimately related, as the follow-
ing lemma shows.

Lemma B.8 Let X be a Borel space and let £ be a ¢-algebra on X. If
2 contains the analytic subsets of X and is closed under composition of
functions, then

P = F(P).

Proof If X is countable, the result is trivial, so we assume that X is
uncountable. In light of Proposition 7.35(d), we need only prove that under
the assumptions of the lemma we have 2 > ¥(£). To do this, for an arbi-
trary Suslin scheme S for £ we construct a #-measurable function f: X —» X
and a set Pe £ such that

f7H(P) = N(S). (32)
Let ¢: 4 — X be a Borel isomorphism from ./* onto X (Corollary

7.16.1), and let Y be a one-to-one onto function from the set of positive
integers to . For k = 1,2,. .., define f,: 4" — {1,2} by

1 if e(2)eS[Y(R)],
Jda) = {2 otherwise,

and define f: A" — A" by
f(2) = [fi(2, fa2), . - ).

Finally, let f:X — X be given by f = ¢ o fc¢~'. We show that f is #-mea-
surable. This is equivalent to showing that fo ¢~ : X — 4" is Z-measurable.
But f o ¢~ ! takes values in {({;,(s, - ..)€A|{, < 2Vn} which has as a sub-
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base the collection of open sets {R(k), ﬁ(k)|k =1,2,...}, where

R(k) = {({1,¢s,.. )y <2Vnand {, = 1}, (33)
R(k) = {({1,5,. . )|Ey <2 Vnand {, = 2}.
By the remark following Definition 7.6, the -measurability of the sets

o(F'[R()]) = S[Y(k)], k=12,...,
o(F '[RK]) =X - S[y(k)], k=12,...,

implies the #-measurability of f o ¢~ 1. It follows that f is Z-measurable.

Define P = X by
P={) () oRY )],
zeN s<z
where R(k) is given by (33). Then P is an analytic subset of X, so Pe 2.
We have

[Py = 40[ U 7"(R[¢"1(S)])]

zeN s<z

= U ) S =N,

zeN s<z

0 (32) holds. Q.E.D.

Proposition B.11 Let X be a Borel space. The limit o-algebra # is the
smallest g-algebra containing the analytic subsets of X which is closed under
composition of functions.

Proof We show first that # is closed under composition of functions.
It suffices to show that if f:X — X is #y-measurable, « < Q, and Qe %%,
then f~1(Q)e L. If o = 0, this is true by definition. Suppose that for some
o < Q and for every f < o and Ce ¥4 we have f ~}(C)e £y. We show that
fHQ)e &y for every Qe F(| <, L%), and this implies that f~1(Q)e Ly
for every Qe #%. Choose Qe (| J;<,%%) and let S be a Suslin scheme for
(Up<«Z% such that Q = N(S). Then

f7HQ) = N(f71e8), (34
where f~! oS is the Suslin scheme defined by

(f~teS)s)=f"'[S(s)]  VseZ.

By the induction hypothesis, f ~! < S is a Suslin scheme for .#y, and we have
from Proposition B.10 and (34) that f ~}(Q)e Zy.

The fact that &y is the smallest g-algebra containing the analytic subsets
of X which is closed under composition of functions follows from Proposition
B.10 and Lemma B.8. Q.ED.
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Corollary B.11.1 Let X, Y, and Z be uncountable Borel spaces. If
f:X - Y and ¢g:Y — Z are limit-measurable, then gof:X — Z is limit-
measurable. In particular, if f and g are analytically measurable, then
go f is limit-measurable. It is possible to choose f and g to be analytically
measurable so that go f is not analytically measurable.

Proof Proposition B.9 implies that /y, &y, and &/, are properly
contained in ¥y, ¥y, and ¥, respectively. Apply Proposition B.7 to the
results of Proposition B.11. Q.E.D.

Using an argument similar to the first part of the proof of Proposition
B.11, the reader may verify that if f:X — Y and g:Y — Z are analytically
measurable, then gof is in fact #%-measurable. Indeed, one can show by
induction that if f is #F-measurable and g is #y-measurable, where m and
n are integers, then go f is #% *"-measurable.

Let X be a Borel space, and for Q€ %y define 0,:P(X) — [0,1] by

0o(p) = p(Q). (35)

Then 0, is universally measurable (Corollary 7.46.1). If Q is Borel-measur-
able, then 6, is Borel-measurable (Proposition 7.25), and if Q is analytically
measurable, then 6, is analytically measurable (Proposition 7.43). We con-
sider the case when Q is #%-measurable.

Proposition B.12 Let X be a Borel space. If Qe %y, then 0, defined
by (35) is Zpx-measurable. In fact if o <Q and Qe L%, then O, is
Z%xy-measurable.

Proof The last statement is true when o = 0. Ifit is true for every f < «,
where o < Q, and S is a Suslin scheme for | J; <, #%, then for any ce R, (98)
of Chapter 7 holds, where A = N(S) and K(s) is defined by (92) of Chapter 7.
For each seZ, K(s)e| Jp<.£%, so by the induction hypothesis, the set
{pe P(X)|p[K(s)] = ¢ — (1/n)} is in |Jp<aLhwx)- It follows from (98) of
Chapter 7 and Proposition 7.35(b) that

{pe P(X)|p[N(S)] = ¢} €y<ﬁU «%m) < Lo

Thus, if Qe #(| Jp<a P8 x), then 0, is Lpx-measurable. The collection of
sets Q for which 6, is #px,-measurable forms a Dynkin system, so by the
Dynkin system theorem (Proposition 7.24), 0, is £ x)-measurable for every
Qe ¥%. This completes the induction step.

If Qe #y, then for some a < Q, Q€ ¥%, s0 0y is L5 x-measurable, and
therefore 0, is % px-measurable. Q.E.D.
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B.5 Set Theoretic Aspects of Borel Spaces

The measurability properties of Borel spaces are closely linked to several
issues in set theory which we have for the most part skirted. These issues
are presented briefly here.

There is some controversy concerning the propriety of the axiom of
choice and Cantor’s continuum hypothesis in applied mathematics. The
former is generally accepted and the latter is regarded with suspicion. The
general axiom of choice says that given any index set 4 and a collection of
nonempty sets {S,Jac A}, there is a function f:A4 — | J,.4S, such that
fl@)e S, for every e A. We have used this axiom in Appendix A to construct
examples. In particular, the set E of Example 1 of that appendix for which
both E and E° have p-outer measure one is constructed by means of the
axiom of choice. We have also used this axiom to construct the set S in
the proof of Lemma B.3, and this lemma was instrumental in proving that
every uncountable Borel space is Borel-isomorphic to every other uncount-
able Borel space (Proposition B.3 and Corollary 7.16.1). However an alter-
native proof of Lemma B.3 which does not require the axiom of choice is
possible, but is quite lengthy and will not be given.

The countable axiom of choice is the same as the general axiom except
that the index set A is required to be countable. A paraphrase of this axiom
is that given any countable collection of nonempty sets, one element can
be chosen from each set. We have made extensive use of this axiom, such as
in the choice, for each k, of a selector ¢, in the proof of Proposition 7.50(a).
Indeed, much of real analysis and topology rests on the countable axiom
of choice.

Solovay [S13] has shown that if the general axiom of choice is replaced
by the weaker “principle of dependent choice,” which is still stronger than
the countable axiom of choice, then every subset of the real line may be
assumed to be Lebesgue-measurable. A slight extension of this result shows
that under these conditions every subset of any Borel space may be assumed
to be universally measurable. Therefore, by choice of the proper axiom
system, the measurability difficulties which are the subject of Part II can be
made to disappear.

It is possible to show without the use of the axiom of choice that every
uncountable Borel space X contains universally measurable sets which are
not limit measurable. An unpublished proof of this is due to Richard
Lockhart. If both the axiom of choice and the continuum hypothesis are
adopted then it follows that %y has a larger cardinality than #,. Since
for each o < Q, By = L% and By has cardinality at least ¢, so does £%. On
the other hand, .£% is contained in & (¥%) and there is a universal function
for #(£%), so the cardinality of #% is ¢. Now Fy = UMQ L%, and the
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cardinality of the set of countable ordinals is less than or equal to ¢, so £x
has cardinality ¢. In contrast, under the assumption of the axiom of choice
and Cantor’s continuum hypothesis, y contains a set F of cardinality ¢
which has measure zero with respect to every nonatomic probability measure
[H5,Chapter III, Section 14]. Thus every subset of F is also in %y, and the
cardinality of %y is at least 2¢. It follows that %y must be properly contained
in%y.

Another relevant set theoretic work is that of Godel [G1], who showed
that it is consistent with the usual axioms of set theory to assume the existence
of the complement of an analytic set in the unit square whose projection
on an axis is not Lebesgue-measurable. This means that it is consistent
with the usual axioms to assume the existence of an analytically measurable
function f:[0,1][0,1] — R such that f*(x) = inf,f(x,y) is not Lebesgue
measurable. This places a severe constraint on the types of strengthened
versions of Proposition 7.47 which might be possible.



Appendix C

The Hausdorff Metric and the
Exponential Topology

This appendix develops a metric topology on the collection of closed
subsets (including the empty set @) of a compact metric space (X, d). We
denote this collection of sets by 2*. For Ae2* and xe X, define

d(x, A) = mind(x, a) if A4#y, (1)
d(x, &) = diam(X) = max d(y, z). (2)
v.zeX

Definition C.1 Let (X,d) be a compact metric space. The Hausdorff
metric p on 2% is defined by

p(A,B) = max{max d(a, B), max d(b,A)} if A,B# &, 3)

acA beB
p(4, &) = p(, A) = diam(X) if A+#g, 4)
p(, &) = 0. )
We have written max in place of sup in (3), since every set in 2% is com-

pact and d(x, A) is a continuous function of x for every 4e2X. To see this
latter property, consider a set Ae2*. If 4 = (¥, then the function d(x, A) is

303
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constant and hence continuous. If 4 # (¥, then for x, ye X and ae 4 we have
d(x,a) < d(x,y) + d(y,a).
By taking the infimum of both sides over a € A, we obtain
d(x,A) — d(y, A) < d(x, y).
By reversing the roles of x and y, we have
ld(x,4) — d(y,A)| < d(x,y)  Vx,yeX, (6)

which shows that d(x, A) is a Lipschitz continuous function of x.

It is a tedious but straightforward task to verify that (2%, p) is a metric
space, and this is left to the reader. We will prove that (2%, p) is a compact
metric space. We first show some preliminary facts.

If A is a (not necessarily closed) subset of X, define

21 = (Ke2¥K < A}.
We define two classes
% ={29G is an open subset of X}, (7)
# = {2%¥ — 2K|K is a closed subset of X}. (8)

To aid the reader, we will continue to denote points of X by lowercase Latin
letters and subsets of X by uppercase Latin letters. Uppercase script letters
will be used for subsets of 2%, except for subsets of the form 24 as defined
above. In keeping with this practice, we denote open spheres in the two spaces
as follows:

Si(x) = {ye X|d(x,y) < e},
L (A) = {Be2¥|p(4,B) < ¢}.

Finally, classes of subsets of 2* will be denoted by boldface script letters, as
in the case of ¢ and ¢ defined above.

The topology obtained by taking & U A~ as a subbase in 2% is called the
exponential topology and an extensive theory exists for it [K2,K3]. It can
be developed for a nonmetrizable topological space X, but we are interested
in it only when X is compact metric. In this case, the exponential topology
is the topology generated by the Hausdorff metric, as we now show.

Proposition C.1 Let(X,d)be acompact metric space and p the Hausdorff
metric on 2%. The class @ U ¢ as defined by (7) and (8) is a subbase for the
topology on (2%, p).

Proof We first prove that when G is open and K is closed in X, then
26 and 2% — 2K are open in (2%, p). If G or K is empty, then 2¢ or 2% — 2K,
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respectively, is easily seen to be open, so we assume G and K are nonempty.
Suppose A is a nonempty closed subset of X and 4e2°. (The proof for
A = I is trivial.) Since A4 is compact, is a subset of G, and X — G is closed,
there exists ¢ with 0 < ¢ < diam(X) such that

mind(a, X — G) > e. 9)

aecA

For Be ¥ (A), we have B # & and
max d(b, A) < e. (10

beB
From inequalities (9) and (10) we have that B = G. Hence %,(4) = 2¢, and
2% must be open. Turning to the case of 2X — 2K for K closed, we let A€ 2% —
2% be nonempty. By definition, 4 ¢2X so 4 — K contains at least one point
a,. Since X — K is open, we can find ¢ > 0 for which S,(a,) = X — K. For
Be ¥ (A), we have
d(ag,B) < maxd(a, B) < ¢,
acA

which implies B N S,(ao) # & and Be2X — 2K Therefore &,(A4) < 2% — 2K,
and 2% — 2X is open.
Having thus shown that the sets 2¢ and 2* — 2¥ are open in (2%, p) when
G is open and K is closed, we must now show that given any open subset ¥
of (2%, p) and any nonempty 4 € %, we can find open sets G,,G,,. .., G,, and
closed sets K, K,,...,K, in X for which
Ae2lin--- A2 A (X =2y A (X =28 c @

Since ¥ is open in (2%, p), there exists ¢ > 0 such that &,(4) < %. Since 4
is closed in the compact set X, there exist points {x;,...,x,} in 4 such that
Ac Ul"<=1 S./2(x). Let

G, = {xe X|d(x, A) < &}
and
Kk=X—SE/2(Xk)9 k=1,...,n.

By construction, 4€2°* and, since for each k, A N S,5(x,) # &, we have
Ae2X — 2K« Therefore

A2 A (2X = 2Ky A - A (2 — 2K,

Suppose B is another set in 291 A (2X — 2K ~ -+ ~ (2% — 2%%). The fact
that Be 29! implies

maxd(b, A) < . (11)

beB
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If for some a,€ A we had d(aq, B) > ¢, then we would also have S,(a,) =
X — B. But for some x; € A4, ag € S,5(x;) and this would imply in succession
Sy2(x) € X — B, B < K,, and B¢2* — 2%« This contradiction shows that

maxd(a, B) < e. (12)

acAd

Inequalities (11) and (12) establish that p(A4, B) < ¢, and as a consequence
260 AR =28~ A (2X =2k =S5 (4) =@ Q.E.D.

If a cover of a space contains no finite subcover, we say the cover is
essentially infinite. To show that (2%, p) is compact when X is compact, we
must show that no essentially infinite open cover of 2% exists. As a consequence
of the following lemma, this will be accomplished if we can show that the
subbase ¢ U A contains no essentially infinite cover. We remind the reader
that a topological space in which every open cover has a countable subcover
is called Lindeldf, and in metrizable spaces this property is equivalent to
separability.

Lemma C.1 Let Q be a Lindeldf space and let & be a subbase for the
topology on Q. If there exists an essentially infinite open cover of Q, then
there exists one which is a subset of &.

Proof Let % be the base for the topology on Q constructed by taking
finite intersections of sets in & and let ¥ be an essentially infinite open cover
of Q. Each Ce% has a representation C = | ), 4¢c)B,, Where B,e % for
every o€ A(C). The collection | Jc.4{B,|o€ A(C)} is an essentially infinite
open cover of Q, and, by the Lindelof property, it contains a countable,
essentially infinite, open subcover 2 = {B,,B,,...}. Each B, has a repre-
sentation B, = (7%, S,;, where S;;€ &, j = 1,. .., n(k). If for each j the cover
2;={S:j,B,,Bs,...} is not essentially infinite, then there exists a finite
subcollection Z; which also covers Q. But then

n(l)
{Bij v .QI (@; - {Su})} cg

is a finite subcover of Q. This contradiction implies that for some index j,,
the cover Z;  is essentially infinite. Denote R; = S,; . In general, given
Ri,R;,...,R, in & such that B, < R, k=1,...,n,and {R,,R,,...,R,,
B,+1,B,+3,. ..} is an essentially infinite open cover of Q, we can use the
preceding argument to construct R,,,e% for which B,,, = R,., and
{Ry,R,,...,R,,Ry+1,Bys2,B,43,...} is an essentially infinite open cover
of Q. The collection {R;, R,, ...} is an essentially infinite open cover con-
tained in &. Q.E.D.

Proposition C.2 Let (X,d) be a compact metric space and p the
Hausdorfl metric on 2*. The metric space (2%, p) is compact.
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Proof We first show that (2%, p) is separable. Since (X, d) is compact,
it is separable. Let D be a countable dense subset of X and let

% = {Syux)|xeD,n=1,2,...}.

Let 2 consist of finite unions of sets in 4. Then 2 is countable and, as we
now show, is dense in (2%, p). Given A€2* and ¢ > 0, choose a positive
integer n satisfying 2/n < e. The collection of sets {S;,(x)|xe D} covers the
compact set A, so there is a finite subcollection {S,,(x)|xeF} which also
covers 4 and which satisfies S;,(x) N A # & for every xe F. The set B =
UxerS1/x(x) is in @ and satisfies p(4, B) < ¢.

As a result of Proposition C.1, Lemma C.1, and the separability of (2%, p),
to show that (2%, p) is compact we need only show that every open cover of
2% which is a subset of ¢ U 2 contains a finite subcover of 2%. Thus let
{G,|oe A} be a collection of open sets and {K4|fe B} a collection of closed
sets in X, and suppose

2% = LLGJA 2G°‘] v LUB(ZX - 2"”)].

Define the closed set Ko = (). K. By definition, Ko ¢ | ;. 5(2* — 2%%), so
Ko €| Jye 429 Thus for some o€ A, we have K, €29, ie, Ko, = G,,. This
means that
X—G,cX-Ko=|J(X—Kp),
peB

and since X — G,, is compact, there exists a finite set {f,,5,,...,5,} =< B
for which

X — G, < O(X - Kp). (13)

To complete the proof, we show
2X — 9Ga0 !: U (2X _ 2K/ik)i|'
k=1

If C € 2%, then either C = G, , in which case C € 29«0, or else C N (X — G,,) #
. In the latter case, (13) implies that for some k, C n (X — K;) # &,
ie, Ce2¥ — 2%, Q.E.D.

We now develop some convergence notions in (2%, p). Let {4,} be a
sequence of sets in 2%. Define

li_mA,,={xeX

liminfd(x, A,) = 0}, (14)

[dmdive)

li_mA,,:{xeX

n— o

limsup d(x, A,) = 0}. (15)

n— oo
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Forexample,if X = [—1,1]and 4, = {(—1)"}, we havelim,_ , 4, = {—1,1}
and lim,,, A, = . If X =[—1,1] and 4, = [—1/n,1/n], we have

lim 4, = lim 4, = {0}.
n— oo n— oo
Clearly we have lim, . ,, 4, = [im,_ , 4,. It is also true that lim,_., 4, and
lim,, ,, 4, are closed. To see this for lim,_, 4,, let {x,} be a sequence in
lim,_, ,, A, converging to x. Then from (6) we have for each m
liminfd(x, 4,) < d(x, x,,) + liminfd(x,,, A,) = d(x, x,,),
n—= oo n= oo
and since d(x, x,,) can be made arbitrarily small by choosing m sufficiently
large, we conclude that xelim,_,,, 4,. Replace liminf,_ by limsup,_ . in
the preceding argument to show that lim,_, ., 4, is closed.
If lim,_,, 4, = lim,_ A,, we denote their common value by lim,_, A4,.
This notation is justified by the following proposition.

Proposition C.3 Let (X, d) be a compact metric space and p the Haus-
dorff metric on 2*. Let {4,} be a sequence in 2*. Then

Iim A4, =lim 4, = 4 (16)
if and only if
lim p(A4,,A) = 0. (17)

Proof Assume for the moment that A # & and suppose (16) holds.
Then for each x in the compact set A, d(x, A,) = 0 as n — oo. Given ¢ > 0,
let {x,, ..., x;} be points of A such that the open spheres S, 5(x;),j = 1,..., k
cover 4. Choose N large enough so that for all n > N

dix;,A,) <¢/2, j=1,...,k

Now use the Lipschitz continuity [cf. (6)] of the function x — d(x, 4,) to
conclude that

d(x,A4,) <e VxeA.
This implies that

lim max d(x, A,) = 0.

n—>o xeA

This equation and (3) imply that (17) will follow if we can show

lim maxd(y, A) = 0. (18)

n—ow yeAn
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If (18) fails to hold, then for some ¢ > 0 there exists a sequence y, € 4,, such
thatnl <n2<"'al’1d

Ay, A) = ¢ Vk. (19)

The compactness of X implies that { y,} accumulates at some y,€ X which,
by (19) and the continuity of x — d(x, A), must satisfy d(y,,4) > e. But
yo€lim,_, ., 4, by (14), and this contradicts (16). Hence (18) holds.

Still assuming A # &, we turn to the reverse implication of the prop-

osition. If (17) holds, then
lim d(x,A4,) =0 VxeA, (20)

n— oo

and

lim max d(y, A) = 0. (21)

n—ow yeAdn
Equation (20) implies that
Ac lim A, < Tim 4,. (22)

If xelim,_  A4,, then by definition there exists a sequence Vi€ Ay, such that
n; <n, <---and
lim d(x, y,) = 0. (23)

k—

We have from (6) that
d(x’ A) < d(x7 yk) + d(yluA)a

and, letting k — oo and using (21) and (23), we conclude d(x, 4) = 0. Since A
is closed, this proves xe A and

lim 4, < A. (24)
Combine (22) and (24) to obtain (16).

Assume finally that 4 = (. If (16) holds, then all but finitely many of
the sets 4, must be empty, for otherwise one could find y, e 4, ,n; <n, <-- -,
and {y,} would accumulate at some y,elim,_,, 4,. If all but finitely many
of the sets A, are empty, then (5) implies that (17) holds. Conversely, if (17)
holds and 4 = &, then (4) implies that all but finitely many of the sets A,
are empty. Equation (16) follows from (2), (14), and (15). Q.E.D.

For the proof of Proposition 7.33 in Section 7.5 we need the concept of
a function which is upper semicontinuous in the sense of Kuratowski, or
in abbreviation, upper semicontinuous (K).
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Definition C.2 Let Y be a metric space and X a compact metric space.
A function F:Y — 2% is upper semicontinuous (K) if for every convergent
sequence {y,} in Y with limit y, we have lim,, ., F(y,) = F(y).

The similarity of Definition C.2 to the idea of an upper semicontinuous
real or extended real-valued function is apparent [ Lemma 7.13(b)]. Although
we will not discuss functions which are lower semicontinuous (K), it is
interesting to note that such a concept exists and has the obvious definition,
namely, that the function F:Y — 2% is lower semicontinuous (K) if for every
convergent sequence {y,} in Y with limit y, we have lim, ., F(y,) 2 F(y)-
It can be seen from Proposition C.3 that a function F:Y — 2% is continuous
in the usual sense (where 2* has the exponential topology) if and only if it
is both upper and lower semicontinuous (K). We carry the analogy with
real-valued functions even farther by showing that an upper semicontinuous
(K) function is Borel-measurable, and the remainder of the appendix is
devoted to this.

Lemma C.2 Let Y be a metric space and X a compact metric space. If
F:Y — 2% is upper semicontinuous (K), then for each open set G = X, the
set

{ye Y|F(y) = G} = F71(2%) (25)
is open.

Proof The openness of F~*(2%) for every open G is in fact equivalent
to upper semicontinuity (K), but we need only the weaker result stated. To
prove it, we show that for G open, the set F~*(2* — 29) is closed. If {y,} is
a sequence in this set with limit ye Y, then

F(y)n(X — G) # O, n=12,...,

and so there exists a sequence {x,} in the compact set X — G such that
x,€ F(y,), n=1,2,. ... This sequence has an accumulation point xe X — G,
and, by (14), xelim,_,, F(y,). The upper semicontinuity (K) of F implies
xeF(y), and so F(y) n (X — G) # &, ie, ye F712¥ -29.  QED.

Proposition C.4 Let Y be a metric space, (X,d) a compact metric space,
and let 2¥ have the exponential topology. Let F:Y — 2* be upper semicon-
tinuous (K). Then F is Borel-measurable.

Proof IfF:Y — 2¥is upper semicontinuous (K) and G is an open subset
of X, then F~!(2°) is Borel-measurable in Y by Lemma C2. If K is a closed
subset of X, define open sets G, = {x|d(x,K) < 1/n}. We have K = ey Gy,
and so a closed set 4 is a subset of K if and only if 4 = G,, n=1,2,....
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This implies 2% = ()2, 2%, and
[ee)
F7'2%= () F~1(2%)
n=1

is a G;-set, thus Borel-measurable in Y. It follows that for any set ¢ in the
subbase% U A for the exponential topology on 2%, F~1(%) is Borel-measur-
able in Y. By Proposition 7.1, any open set in 2* can be represented as a
countable union of finite intersections of sets in 4 U 24 and so its inverse
image under F is Borel-measurable. Q.E.D.
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