8.08 Statistical Physics II

Fluctuations and BE statistics
(Dated: March 14, 2011)

1. A wire of length [ and mass per unit length p is fixed at both ends and tightened to a tension 7. What is the

rms fluctuation, in classical statistics, of the midpoint of the wire when it is in equilibrium with a heat bath at

. . 2
temperature 77 A useful series is > 0" (2m +1)7% = I
Solution:

The equation of motion of the string is

d2y T d2y

a2~ pda?
The solutions are the linear combinations of
y(x,t) = Apsin(wpt + a)sin(k,x)
2
Where% =7 and k, = %

Only the odd modes contribute to the fluctuation of the midpoint of the midpoint. The kinetic energy of each

2
mode is €, = Ol % (‘2—?) dz and the total energy is the maximum over time of the kinetic energy of the mode.
So
2,2
™meme
E, = 1 Az

In thermal equilibrium F,, = kgT. Solving for the amplitude of each mode, we get

4lkgT
4, = ko

Tm2n?

Finally

1 AlkpgT 1 1 [lkgT
2\ y y 2y _ = 2 — 7B J— = — B
(=) = (( E Ay sin(wpt + a)sin(nm/2))%) = 5 E Az 52 3 = Yrms 2\/ .

. The lattice specific heat of a certain form of carbon has a temperature dependence t2, instead of the more
common T dependence for solids. What can you infer about the structure of this particular phase of carbon?

Solution:
The energy due to lattice vibrations is

hwg(w)dw
U= ehw/kT _ |

where g(w) is the density of states of phonons. At low temperatures, for a three dimensional lattice is

() dw = >k B Ark2dk B drw?dw
T =0m3 = 2n)2 T (2n)3

. So
gw)~w=E~T'=C~T?
If the solid is composed of two-dimensional crystals (like graphite)

gw) ~w=C~T?



3. The surface temperature of the sun is Ty = 5500K, its radius R = 7 - 10'0cm while earth’s radius is r =
6.37 - 108¢m. The mean distance is L = 1.5 - 10'3¢m. Find an approximate expression for earth’s temperature,
assuming both are black-bodies in equilibrium.

Solution: The power given off by the sun is
P = oT; (47 R?)
The power that the earth absorbs is

22
4 L2

P, = oTy (47 R?)
The power that the earth emits is
P, = oT*(47r?)
In equilibrium P; = P53, hence

272

oTy (47 R?) y—

= oT*(47r?) = T = Ty\/R/2L

Plugging in the numbers

T = 5500,/7-1010/2 - 1.5 - 103 = 270K

4. In a ferromagnetic solid at low temperatures spin waves have the dispersion relation w = Ak?. Find the behavior
of the heat capacity.

Solution
o(w)dw ~ w'/?dw. The heat capacity is

eﬂhw
Cv= / (e ) P = Oy ~ T2

5. The heat capacity of crystalline EuO varies as Cy = aT3/? 4+ T for 0 < T < 70K. What state of matter is it
most likely to be?

Solution We can see the Debye result for lattice vibration, as well as the analogous term for spin waves
(magnons). So it is probably a ferromagnet.

6. Assume that phonons are fermions. How would Debye’s theory change in the low and high T limits?
Solution

In the Debye theory with bosons,

B hV /“’m” widw
0

T —1 + ehw/kT

and with fermions

_ hl Wmaz dew
T ne3 0 1+ehw/kT

. At high T bosons give a constant specific heat, while fermions zero. At low T both give ¢ ~ T3



