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Gors,der 2 rh::_zel for which the mput is as:.mquence of

binary r_.ziﬂ’iIE and for which the output is the same -se-'agmence_with.

-eacn.-f._ 1t 3 ep&ndem 1 modxf;ed in the followmg war=yt with prob-

:Iabl ity ?e, the digit is changed; wzth probabllzt‘* P the digitis

deleted from the seguence; and with probability'?{;‘_:, the digit is

repiaced by two randemly chosen digits. The chanm=el output

' gives no indication )zt_:r,:!: digits were deleted or insserted.

It is shown thet convelutional coding and segguential decoeding
(:an be appléed, ﬁ'itfh_m:lnor modifications', to this ci:‘-‘_-*én:nel a.nd bounds

are derived on c-;..»mpﬁahon and error probability a.la__a.agous to the -

" bounds for the Binary ngmetrxc Channel. Meorespracisely, a

computational cut-cff rate, R n;zp’ is defined as-—

2log, {F+F+F+ﬂ;‘§=' B ]

tomp
For c-'r;\:ie rates less than Rcomp bits per d1g1t,, thes Eaverage decodmg . |

omya...—;tmn n ﬁxe imcorrect subset grows more slsic sy .than Imearly
with the coding consiraint length, and the probab:lltzw of decoding

error decreases exponentially with constr_a.int lenggth. For Pa = Pi =0,

‘the =hove expression for Rcomp reducgs to that deierized by Wozencraft

and Reiffen for the Binzry Symmetric Channel. .

—
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Intfod'ﬁction:. .

- ‘ Cddihg theoi‘y in the p_as£ has dealt almost e_:-;'::'l.u.si;rely w;vith the problem
of correcting errors on.ndi;:‘.y mémory_less.::_hanne}s. Thefc are now in exist-
ence a number of coding schemes that can be implémented_with reéson_a.ble :
e%ficiency to prm—fide virtually .error"frée corﬁmunication on c.ha.nnels that fit

the memoryless model. However, these schemes fail _wheriév_ex_- a t.iming : |
Ie-rror is made, 1. e., when the receiver interprets one position in a -sequénce-

as another. i .

.- In most digital éommunicatxon systems, p&_n{;dic syn.chron'izatioﬁ
pulses are transrhitted_to é.vqx_d timmé e.nfors, but these signals often require
as much as half the tofal tx:-a.nsmitted_powe;_r.. Such systems are not only
inefficient, but also complicated by the synchronization circuitry. Further-
more, these systems still suffer occasional sjmchz onléation errors which
can easﬂy-be the prmgpal source of failure 1f coding is used for_érr-or
cor_re::t.ion. |

In this. paper 1t is shown that convolutional coding and sequeﬁ.txal
decoding can be mociﬁied to correct Ibolth noise errors and timing errors
The modi_ﬁcation increases the decoding complexity somewhat, but it 15
quite possible that r.lhe over-all system cbinplexlty 1s reduced due to the
elimination of synchronization signals. Unfortunately, some deiaanure
from physical reality is required to obtamn an analytically simple model,

but models closer to physical reality can be handied by the same techniques.

Channel Model

We assume a channel for which the input and output are sequences
of binary digits. Each input digit 1s treated by the channel in one of four

ways First, with probability Pe the output digit is the opposite digit from



:..t};e-ioijuili an‘-:cond w1th probablllty P th-sn o‘,_z . is »:E-?:lf:eri, but ﬁ:e .r'o_coivfr :
has 5o mra 1on whlch digits are- deletecf x::_::ﬁ with;r@&aablht‘f Pl the
.Ichanngl willl insert two d1g1ts in pla.ce of tihe topuit ﬁ;g;t h@tiix'ra.néom-on&
indepeﬁdﬂr of Lne input d1g1t. Fourth it ﬁ-omno:v_*}r ? = 1 —P '-Pa FPi’-. :
the transmaiti=d d1g1t will pass through the .n__a_,nﬂﬂ m-.,aitimraﬂ Fmally, we
ass.zme thx=t the channel treats each 1nput digit with s mﬁtmﬁ:al 1nciependence.
This asszmzt:on of 1ndependence is not gomd ;_j-r_'v—'!ca&*: simce, when the
tlmng berwe:::x transm1tter and receiver L.‘s suffiicientiy had to. delete or
insert a winole digit, it is aiso bad enough %o cause Tmany errors in the_
Iv1cm1ty off that digit. If the correlation bBettweem ihés-& erTors dies oui: after
a few dlgﬂﬂ:&., the results should not be gre&‘uﬂ‘r.‘ alitered.

i i;'mknown whether thls model fiits gy Teai c;*aamels closely euough
to--be'useiﬁrﬁ.; On the other ha.nd these resaits wleariy éiu&jiroate that coding
can be e:!zﬁicnenﬂy used on channels when moise distarhs :th.& s:.gnai hor:zonta.lly
along the firme axis as well as vertlcally =long the 2 _mgm‘tmie axis. The
: dlff‘cult. 2 —"*'h_a.t we ha.ve quant1zed the tirme scalie so grossly that a shlfz of
. one unit wzﬂ iake many bauds. In pracnqﬂz, se-.‘ﬁuezztﬁ‘i :ﬁﬁ{:@ding cou}d'be
used to twrack much smaller tlme variatioms, alt*houg& afiat mathematlcal
anaiyszs wrgrplia bﬂcome much more difficuilt. Thiis would Esoentmlly mvolwe
usmg codiimg To track the phase of the mgn:a_i amﬂ*vrm*"i: Emsure a certam

- amount gff Imiependence between additive muise errors and }phase errors.

Sununa.r;r of Results:
We wiil assume that binary iofornﬁaﬁm @zt the chammel in-p;at is .fed
into a comwvalntional coder as describe&'Er.sy Womncraf: Iénodl-Beiffen 2 . The
_output of #his device is then added, mod_uﬂea twm,, o é_psseoﬁusm—random secguence

. of 0's andl I"s to obtain the coded input to tthe chmnnel. Romghly, this random



s
:s'eciue'z}_ée .i'é 'mec_es's_a;ry to prév_it_ie d&S.i]!.'.E;'Lb].Q _di_s'ta_x.n.cé c'n-g;f&c't;aijis&cs:Ibefwéen' .

: 'éme coaed éet{ueﬁée an'.c'll.shifted: -v‘e.rsitrans of ofher c‘bcied sec.;‘ue'nce's' ' Af.te.r this .
coded input 15 passed t*zrough the t}pe of r.hanne‘z described in- the prex mus
section, a sequentiai decoder is used in much the same way as des-::nbed in

_ Reference 1. The prmmpai dlfferences are thaf i‘te -decoder tests for possible -
deletlons and insertions and that it mcorporates the pseudo-random sequences
used by the coder into its generatmn of test coded sequences The decoder-
is described in n1ofe detail in the next section. Using a typicall ;;onvol'utio.na'l

code wit_h this decoding sr:'heni_e_'.on the t?pe of channel described above, we
can pr;aire the £oll§wing results. |

. For transmlsswn rates sma.ller thé.n a computa.txonal cut- off rate, :
Rcomp’ =1-2log, [\f_ + VP L \/__ + F ]. the avera.ge amount of comi)u-
tatmn per digit rﬁ-qmred to rEJQCt the incorrect subset of the code structure
grows more slowly than Imearly_ with the constraint length of the cq_de. It
is interesting- to observe tha.t if Pd I.= .0 and Pi = 0, this ?ﬁiuation for Rcomp

-reduces to that derived in'(l) for the Binary Syrﬁmétric Chanpe’l.' i

_Fof transmission rates srﬁaller than a lo“;'er bcn;nd to the cha.nnel__.
capacity, R<1+P_log, P_+P, dog,, B, + P log, /Ply PC log, P_, the
probability of.er_ror decreases ekponentially with the constraint length and

this exponent approaches that for the Binary Symmetric Channel as Pd and

'Pi approach 0.

Numerical Example

To prov1de an idea of the nlumbers involved in thls work, assume a cha,n-
nel for whwch TS =001, Pd = Pi'“0.0016 and Pe =0.9868. Also assume a
transmission rate of 1/4 bit per digit and a constraint length of 500 digits..
.Rcon.lp fo1; this. channel .is then_q. 534 bit per digi_t. and the bound on compu-

tion derived in Equation 33 gives an average computation on the incorrect
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S‘ut)b"‘t of 60"3 computetloﬁs per dlglt This is not very encoeragmg. BILE
: _1.f one applzes the bound in Reference 1.1:0 a bmary symmetnc channel with
the- came rate and the same_ Rco.r'np’.' one gets 090 conll,utatmns pe.r. d1g1t.
E#aemmental data. on the Binary Symmetrlc Cba.nnel mdlcates that the actual
: average cmnputatlon is smaller by a factor of over 100. Thus,. in _pra.ctice,_
we might ex;)e:ct.a;.?.)qut 60 computations .per.digit on the chanﬁel with timing
er;rox;s._ Furthermore, the bounds derived here are considerably looser
than those in Wozencraft and Reiffen, 1. so that 20 computations per digit
might be a more realistic figure. -
Let ue compare these figures with a system in ;a.rhich synchronizat.on
signals are used to avoid sync ei‘fors and .coding is used to correct errors.
If ha,lf the pow‘er is used for syr-lchronization, then we must use é. transm_iseien
rate of 1/2 bit per dig_it in theleocie instead of 1/4. Applying the bound in
Reference .l' to such a code, we get 3400 computatioﬁs per digit, or perhaps
in actual practice 34 eorﬁputations per digit, Even a.fter taking into account.
the n1o're__involved unit of computation for channels ﬁith'timing errors, it is
seen that roﬁghly. the same amount of computation is .required in both cases.
The probabilities of decoding'e._rror in.the two cases a;'e cempletely negligible
(about 10_30 wit-hoult synehronizatien and about IO-ZIS with synehronization.).
bgf sﬁlchronieation ei'rers may cause trouble in the system with synchroniza-
tion signals.
-These figures are sufficiently ‘promising_to indicate that the 'correctioﬁ
of timing errors by seciuential deccding is a possibility that should at least
b.e conlsidered'in a system using sequential decoding for error correction.
To eﬁswer t_he.qilest_ion of_seecific application, 1‘10wever,. some experimentai

"simulation of such a 'systern will undoubtedly be required.
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'DEC'Od“-.n.g Stl'a.tegy ;

S w1li be assumed in wnat fcllows that the reader is reasonably
fa.mlLar with the thu:ary cf sequen..la.i decodmg as descrlbed by Wozencraft o

-
and Reiffen. = Assume, as in Reference 1, that the decoder ha.s decod_ed the

transmitted message correctly up to a certain point and isattempting to

decode the next digit in the sequence. Assume further that the decoder

.knows which digit (or deletion) in the received sequence corresponds to

the last digit decoded. This assumpt.ion will be discussed later. .

- Consider the .set of possible transmitted seguences consistent with
the already decoded digits as a tree ..s tructure bfa.rﬁ:hing out from the last
decoded digit_. -The decoder now starts at the last decoded digig é._nd'traces
out the various branches of the tree.‘ At each length, ﬁ-, the decoder com-
pares the sequence it has generated with tﬁe received sequence. Whenéver
the transmission of this generated sequence appears too uﬁli_kely,‘ in a sense
to be defined later, the computer rejects the sequeﬁce, back tracks, anci

starts tracing out another sequence. The amount of computation does not

‘become prohibitive in this procedure because whenever a sequence is rejected,

all the code sequences that branch out from that set of initial digits are re-

jected. .The.principal-difference between decdding for channels with sync

errors and for simple Binary Syrhrnetric C.hannels lies in the determination

of when é s'e.querice_ .is too unlikely. Ideally, we woulcl.like to compute the
probébility of receiving the actual received sequence conditional on the
transmission of the hypothesized transmitted sequence. However, this is
Computati_onally.unattractive since rﬁé.ny different combinati;}n's of deletions,
insertions, and errors can transform a given sequence into the same received
selquenCe. On the other hand, it is casy to calculate the probability of ob-

taining particular configurations cf errors, deletions and insertions; and
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1t turns mt that it is easy to ca’i:ulafé the ma:{-imi.\m olf t.hi.s'.ll;r.o-bé..’l')ilit.y.over
all conﬁguraﬁons that.translorm a g1lven transm;tted sequence 1nto a given
recewed s:,quence The decoder compares a.h‘s maximum probablhty a.gamst _
a criterion at each lenéth n, and chects the sequence when it falls below .

the gritcrion. CAl of the results here are based on this criterion and it is m_1-.
known how much better the_probability of deccdi:xg error would be if_ma}iimunil
.1ikeli.hood decodi'lg were used instead.

: Actually, 1nstead of calcula,tmg the proba.b111ty of the most probable

conf1gurat1on, we w111 ca.ln:.ulate ‘the negative of the 10gar1thm of thls quantlty
; For a conﬁguration of E errors, D deletions, I insertions, and C correct
digits, define. | .

H = Ean P - Din P - TlnP-—CiniP o = {1
n, m e S d 1 c. Sty

where n = E + D + 1 + C is the number of considered transmitted digits and
m=n+1 - D is the number of considered received digits. Note that m
depends on I and D as well as n and can range from 0 to 2n. Suppose, for
a given transmitted sequence and a given received sequence, that we know
the 1ﬁinimur’n value of H , denoted MIN (H : ) for a pa'rticular _n' and
n~1,m n-1,m _ :
for allm, 0<m<2n - 2. Then MIN (H - ) will be the smallest of the

»

following three quantities: :
MIN(H,_, ) -1n Py < i3 e

MIN (H e -1In P, (2-b)

Lo e : _
MNGEL: o L i) = : o (2-¢)

where In Pc is to be used if the m th received digit is the same as the nth
transmitted digit, and In P is to be used otherwise.
Thls rule is verified by noting that Equatlon 2-a is the minimum of

Hn s for all configurations ending with a deletion. L1kew1se,Equat1on 2-b
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.~ is the minimum of Hn = for all conflgurauons ﬂndlng W1th an insertion, and

3

. £ 2 cis the minimum of H = for all conflgurahons ending w1th e1t11er a correct

: transmission or an-error. Note that we must not assume a fmal error 1£

. the n th transmitted digit is the same as the m th received digit, and we

must not assume a final correct transznission otherwisé. " Then Z-a' -2-b,

and 2-c exhaust all posmbrhtres and MIN (H ) is the smallest of the three

3

Thus the decoder at each 1ength n wﬁl use Equatxon 2 to compute

MIN {Hn m-} for each m: compare this wi‘th the criterion and store MIN (Hn n'l)

11, 3 1

for each m that satisfies the criterion. F’or cnnvenience we will define this
corvbmatron of 3 addxtmn , a 4- ey comparison, and a store as one computa -

tion. Note that MIN (H ) need only be com“"fed for those n, m,such that

not all of the quar:tities MIN (H ) MIN (H

n,m-’ n-1, -1)_ and MIN (Hn

)
have been rejected.

In the secti_onc. that foii’ow, we will f.inri bounds on t}re .nurn.be.r ci dif -
ferent MIN {Hm m) that have to be computed as a fmlct_i.on o:f n and use thiS'.
to boﬁn._d the average computation on the entire incorrect subset. Finally,

these same_.b'ounds will be used to bound the probability of decoding error

with such a scheme.

Bound on Computatiori

It is obvious that the nu.rr.lber. of complrtations that rnu_st be per'forrned
to reject a sequence in the incorrect subset depends very strongly on the
criterion f'orJ rejection of MIN {-Hn, m)‘ The smaller this -criterion.,
thc faster the sequences in the incorrect subset will be rejectcd,.- and the

smaller the overall amount of computation will be. Unfortunately, a small

criterion also increases the probability of rejecting the correct sequence.



: To a{.roid this _difficulf:\}, : we define 'é.n ordered set of cfiter’ia. }'-Ij(n)_e_at'h-'

: defmed for eaeh n lens tha.n the constramt length 5 sm.h that

Lo
ST {n)<H1(n) <H (n)< o for a11n<nt
.Irlx _decodmg a digit, the decoder stalrts at the 0 th crlterlon.and if both
subsets a.re reje_cted on t}lns criterion, th_e decoder moves. to the fllrst cr;ter}.on
a.ﬁd so_forﬂi until some seqﬁenee i.s accepted out to ].Bi"ig.ﬂl_l_.lt. .At this pemt
the fifst digit.of'tha.t sequence is decoded and the deeeder moves on to the
next branch point of the tree to decode the next digit. Let N be the a{rerage :
number of eomputatmns necessary on the anorrect subset befox‘e decodlng
a digit, and let NJ be the average number of cornputatlons to reJect the jth
'critericn_inthe incorrect subset. Then,. -
jrnalx S
N =.f\Iﬂo +Z : ﬁj Pr [Both'sub:fsets rejecte.d. on j -1 criterion]. .
il :
The probability of .rejecting the f;ansmitted seduence is an-upper -Bound to
: the.t of rejecting both subée_ts so that |
. Imax
TN 4 z N B [rlejecting transmitted séciuence'on
= B 2 j =1 criterion]. (3)
: F;rst a bound will be found for the proba.b-lhty of re;ectlﬁo the trans-
.mltted sequence in terms of the criteria. Then this bou.nd wﬂl be used to
set the criteria in terms of a desired pr obability of reJectmn Flna.lly. N
terms of these criteria, ﬁj_will- be bounded by averaging over the ensemble
of all convolution codes. |
Let Ht(n} be the value of Hn, S for the set_of errors, deletions, and .

insertions that actually occur in transmission. Ht{n) is then the sum of n

identically c_l'istributed independent random variables. This random variable



5 3
-is - In Pe with probability Pe’ - In Pd with probability Pd.-,- in Pi with
probability Pli’ ahd'-lnPc with probability Pc.' - The Chernov bound A then S
states that for s > 0, B
.'Pr [Ht(n) >, Hj{n)] < exp -n [s'(s) -p.(s)] : Sk (4)

when p{s) is the semi-invariant generating function of the above random

variable, : : c e ' :
' - == in Pe -s In Pd -5 ln-Pi
.p_(s}z.ln{Pe.e +Pd..e | +Pie
-8 1n.P. ;
Tl SRy e C]
c
P cep R Bee Loy b
Hie d i c
and where_:- :
| ey = dnls) _ 1 s e
pie) S=== == Hj(n} ) (6)

Equa..ticns 4,5, and 6 relate Hj{n) and Pr [-Ht(n} > Hj(n)] parametrically
through s. It can be shown : that for s > 0, both u'(s) and sp'(s) -u(s) are
inéreasing with s, and thus increaéing with each other. Furthermore,

Ll = _l. F n ! = - i : I- .
n'(0) = = Ht{ni a-Td () . In (Pmirl} where Pmin is the smallest of the 4

probabilities {see Figure 1).

sp'(s) - g(s)

Figure 1
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We now specify I--I.(n) so that the probability .of' féje'ctling the 'cori‘ect
IS

Isequence at lc.ng”q nis lcss t*'lan some number mdependent of n, say e J
We do thl‘-‘: by relating Kj and H {n} parametrlcally b'y
Kj = n[sp'(s) - p(s)]. e (8)

If the decoder decodes on the baéis of n, transmitted digits, theﬁ thére are
qait n.los.t ny opporéun'ities to reject the transmitted sequence, and the probability
of rej.ecting the transmitted 'sequencel is at most -
noe b s )

Next, in terms of the‘_s_e Hj(n), we must find a bound for ﬁj’ the airerage'
number of computations required to reject the jth criterion in the incorrect
subset. ﬁj is ther.efore the sum of the average number of computations,
N_j(m, neceésary at each length n to go ton + 1. |

n

Crad o

N, = ﬁ(
5
: 1

-....-

(10)

"

n
- We now find two bounds for N?‘IT)I, one valid for large n and the other fo_r small
. : : :
In order to bound N _—‘T*) for large n, consider the ensemble in which
each dlglt of the convolutlon generator and each chgxt of the added random
éequence are 1ndependent equlprobable binarv dizite It can be shown that

over this ensemble each sequence of length n,, in the incorrect subset is

T
statistically independent of the received sequence. Using this it is shown
in the Appendix, Equation A-25, that the expected number of values of m,
for which a given sequence in the incorrect subset will have NHN[I—Irl m] < H_(n)

3

is bounded by,



s Ul

H (n)} <48XP -0 [1n2+{s l)p.(s) ;J.(S}]

R
e
e : Blies a1y
validiferioici < 1, whére_p(s) is defined in Equ;ation 5, and
BGlaacn o0 0 Bl ey

'Equati.on Rty 'proiréd in t}ié'f&péendix Ifo-r a wide class .of conditiéns which
include -the cases of practical inte.rest. ”_O.nlyuthe -:c'oefficier;t must be modified
inoffies taces . .

. Equatioﬁ 1115 .inc'onvenient due to the inipliuii. depéhdence of s on'n;
but using Equatipn 8, 11 becomes; . |

E[Hinc < Hj(n}] = ex.p_ {Zj -n [1n 2 + (Zs—l)_y.'{s) .

—4(@9 v aER L
By differentiatir;g thé c'oe;ff'icien't of -n in Equation 13 with respect to's, i
2 minimum is found at s = 1/2. S lhus, . i . : | e
E[Hinc EH.(n)] E 4 exp G(j?n {11'1”3 = 2-}!-(.1/2)9 (14).
The guantity In 2= 2(1/2) is an. upper bound to the rates in nats pér .

digit for winch we wﬂ! prove that the average computation on the incorrect

subset grows more slowly ‘than lmearly with constlamt iength Define:

1;12-2911/2)-1:12-2111[{_ +f‘ +\/§+J‘:T

comp

((1'5)-
where the last expression comes from Equation 5. = This expression is the
sarne as R;:omp by Wozencraft and Reiffen : except for the appearance of

v‘Pd and V'Pi and the use of nats instead of biis. Substituting Equatidn 15
into 14,

E[Hin'c < Hj(n)] < 4 exp (Kj = Rco-m'p) o (16)

For n < —-l-————- » the exponent in Equation 16 becomes positive, so we will
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find a tighter boundwhenn<s*—— For a very simple bound, we observe .
it ; . Reorn . B SE RS T
that the length of réceived sequence, m, {'ha_'t must be considered can range °
_only from 0 to 2n, giving

oK

EfH <HMm]<2n+1< K——J—-..'..i'l
[. e -] % i Tcotnpy ' G :
e ' : : (17)
'_fDr n< i T ; : : :
comp

For a tighter bound in this range, we observe thatn - D e

< T e 4
max — . — m

where I and D are the maximum number of insertions and deletions
: max Lot :
‘possible while satisfying i:h'é jth criterion at length n. From Equation 1,

2 < = np'(s "s) i ea it
I oan Pli Hm n_Hj{n) np'(s). np'(s) increases with n and can be

ma H
- evaluated atn = - with the help of Equation 8.
comp ' Sk i
e ;K el e
Imaxf-R e for ni.._L——-R * : {.18}
comp . 1

where s,, from Equation 8, is the solution of

.Rcomp: slp'(sl} -pls)) '_ e . 11.9)
.'Sirr.kila.rly- i : :

.ij‘(sl) 23 ' KJ : o
= B el SOF U C 20

N COEIPE ] comp %
E{Hinc < Hj{n}] S A3 Kj for n< —-J-———R | (21)

ok : comp :

where A3', from Equé;ion 18 and 20,

e : TPl o o dne = R 7 (22)
comp 1 d : comp
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It is simw-ﬁ.bf Wozencra*'t aﬁd'P{:éiffen 5 that the u;mbez of d1£ferent
__sequen.ces in the incor rect snnset at length n+ 1 is- bounded by AenR, where .
Ris the transm1551on rate of thé code in- nats per.dlgﬂ: and A is a small
constant required by the d1surete pomts “here the tree structure branches.

From Equatlons 16 and’ 21 we get:

thn)g-@.‘a exp (K -n[R_ - “RI) .. i (23)

Nifaic Al t A Kjewmar,  ns T e
] — : 35 : _ comp :
From Equations 16,23, and 24 we get

e

o : : :
N. Z A {l + A K ) exp nR + S\ 4 A exp _(Kj_n[Rcomp

n1+1

for any n, s .
: comp

Note that for R < R dmp both the sums in Equation 25 are partial

We choose n

'.geometrlc series with the terms. decreasing’ a.wa.y from n,- L

to apprommately equalize the first term in each series

K. —dn(l ¥ Ay K) : TE
L & J J Zigl e {26)
L= 1 ST
: comp : ; :

Subst1tutmg Equation 26 into 25, and further boundmg by replacmg the partxal

geometric series with infinite series, after some mampulatlon we get
Kj)l'B exp BKJ. : (27)

-where

(25) -

-R.] ;



' The average computation in ‘the incorrect subset cannow be evalupted.

by substi_tuti-ﬁg Equationé 27 and 9 iﬁtd 5 :

l'-

Ni..’?&é(l +A3%_K{;)l' exp BK_+n Z A, (1 t A, K Ji
e .{28)
exp (BKj - Kj—l) :

To fﬁrther simplify N, the values of KJ must be specified,.a.nd it is unknown
how to do th.is .so as to minimize N for a given HT Even if this. couid be ..
done, 1t \VOuld be pointless since we are 1gnor1ng the computatmn in the
correct su‘c:-_s-s:ltT We could evaluate the average computatxon over the good
subset by changing the deé:oding strategy somewhat, but for the Binary
Symmetric _Channel, thﬁ bound achieved in this way is many orders of
magnitude higher ‘than the experimentally me;sured values.

The. most senslibie procedurg is to uée the same c-fiteria as used by
Wozen.craft and Reiffen : a.nd compare the r'esuiting answer with their
answer. Th.en, since the bounding procedure here is more érude tﬁan their
pr:ocedure', we can expect the corﬁpa.risbn between this channel and the -
Binary Symmetric Cha,nnel to be more favorable ex_peri'me_nta'lly tﬁen theoreti-
caliy. .

Following Wozencraft and Reiffen, et

__KJ. =K AR el _ : = 29)
B A

AK = Bl (30)

Ko: 1nnT+.&K o : ; _(31)

Substituting Equation 29 into 28, after some rearrangment we get

‘ 1-B : : e
N <Arz (1+A;K ) exp BK_ + npA, exp [AE:(-!—(B—!I;K.O]F

(32)



=y
" -Z exp €{B-1}AK + (1-B) In (1 + A3K0+jA3AK_}]
> @Al R e e
= 3o SFE ND : I+A31(0j

N

Tz ol :
: (1 + ASKO) exp {B 1)"—\1{ {2 ”'K_‘}} (33)

P 1 - exp QB—I}AK (1 -—K—-)j}

Substituti_ng Equations33, 30 and 29 'intq Equation 32 and rearranging terms,

£ A ln B i AZB B/l -5 TI?

NS (e = R ) " (39)
e Bl 3 5 l-l/].

e 1-B i

For comparison purposes, the bound on computation in the incorrect

subset for the Binary Symmetric Channel : is,

5 AZ’ BB/l_B n? :
Aige = s (35)
A= A(—g + ——0 ) 36y
l-e l-e comp

Note that AZ is at most 4 times lé.rger than Aé. and that the principal
difference between the bounds is the initial factor of Equation 34, containing
a[lnn T] term.

Probability of Decoding. Error

A decoding error can be made if for some j éome sequence Iin the
incorrect subset satisfies the ;crite'rion .j while the transrﬁit'ted_ sequence has
failed criterion j - 1. The prebability of this event can be upper bounded
by the probability that for some j some sequence in the incorrect subset

satisfies the ._jth criterion at length 0o while the transmitted sequence fails



_ 16 =
criterion j - 1 at some 1é;igth. > Sincé_ tz—_;e p_fc')ha'bili.t'y-df a union of events is
bounded by the sum of tb.é ‘individual probabilities, =

R

: S . SN . n
?r{e)li .P-r [Hinc iHo(nT)] +_E' P_I‘[Hinc‘ :‘-I-_lj(nT}] R
Pr [transmitted sequ'ex'jlce fails j - HiEra )

Equation 8 can be used to bound Pr {Hi;lc i I—IJ..(nT)] since the
probability of 1 or more occurrences of an event is bounded by the expected
number of occurrences of the éve_nt. For sufficiently large j, however, the
‘bound given byEgquation 8 to Pr[HmC = Hj_{n',li)} Ae nR S mges fhan '_1, s
probabil}fy of error on these high criteria is bounded by the probability

' that the transmitted sequence fails the first of them. Thus -

Pr(e) i 4A exp - n[(so - 1} }L'(Soj - }J.(so} +1n 2 =R]

a
)i ,
. : L 4 S G
sdEd i e (38)
. o 18 - -Ka !
+In2-R +n.r_é s
where : ' g : : _
L= ) e T e 3
3 = Bp [SJi-'- (s) ‘J.’_(SJ)] _ - _ (39)

Sy I t < + i P z x (]
(s?_ Ul (s?.? iJ-(SE\)_ In 2 33 0> gs?ﬂ ”H(_S?“)
e dnz R S caaiaa
H(S'J"’f_lJ S _ ok (29
- By multiplying and dividing the first term of Equation 38 by e = npe
‘and introducing Equation'39 into both the .fir st and second terms of Equé.tion'

38 wé oeths
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c.}<§: { 4A e&fop nT[(Zs - I)p {s )= ;..p.{s }
+1n2~—_|f+r1 R , (41)
: From Equation 39, as j increases_,. sj increases from 0 f.owar_d'_ i
.-Furthermore, ‘as shown in Equation 14 ! (Zs_j - 1) p.'(sj) _—'Zp{sj)'+_ by 2 s 15t
reaches its minimum value at s = 1/? Thus, i s';\ > %, the maximum
term in the summation in Equatmn 41 w111 be at that j for which aj~%. it
. s?< é, the maximum term wﬂl be at _} ' From Equation 40, Sj ‘decreases

with increasing R.

Define,
=L __1__ :
cait s ek Bl i) tine e R e

For R >R __. , from Equation 40,

— Teoly : ; :

i t=aA) - >
(Sj 1) . {93\} }L(sjsx} +In2>R> Rcrit
so that sN< % :
J

Two bounds are now demved for Pr {e), the flrst valid for R < R'cru

and the second vahd for R > R rit". For suffxcxently noisy channelb, Rcrit

turns out te be negative, and then the one bound is valid for all R. It can
be shown that R .. is always less than R S0 that the vanishing of :
crit COTRPS

R .. is no serious problem. ¥or R<R

(Erorie crit’

P < {j ' - =
r(e)<(j+2)np4Ae exp {nT [Rcomp R§ {43}
Equation 43 is derived {rom Eguation 41 by noting that the j + 1 terms in the

summation and the last term are all bounded by using 85 = i in the summation

Furthermore, to bound 3, usmg Equations29, 39 and 40




e T
AR = AR A R - R
.-J__ s _an.T [ comp. ] |
; : b e AK
Brtel sl s ] el
e.xp g [RCO?T_‘P"R] R<Rérit_ o {44)

For R > Rcr-it' each exponent in Equation 41 is bounded by .

SR : :
e "J= axp-n {sa}il'(s-.'j‘;' -P(S/j‘)_]-

where R < {5?7'1)_91{5?] -p(s{j\) + In 2. Thus

Pr(e) _<._ 4A(T+F 2) N e exp -nT[S’i\M'(SG\)—};{Q.?.)]- {£5)
S fon .
R < (sAn-1) (s + In2: : (46)

CaGl IR IR
— (el

Eliminating'j as before we get _

A (sA) -u(sh)

Pr(e) < 4A {n‘:‘ K +2n.]
exp -n_ [s_,j\i;a{ SA)-1(s )] ' ' (47)

Equations 46 and 47 give a parametric repreéentati_on of Pr{e) and
‘R in terms of 55 for R>R_ ... As _'Pd and Pi apprloa.ch 0, the relaticon
between exponents and rates in these bounds .approach_es those of Wozenclt-a-ft
and Reiffen. - . |

Ull'liortuna._tely, these pr_obabil.it).r' of error expr.e.ssmx;ns do not take
into é.ccount the possibility of the decoder recén.struc'tmg the correc£ trans-
mitted sequence witH an incorrect set o.f deletions, ins.ert.ions, and errors.

This is unimportant except that we started out by assuming that the decoder

knew_whith received symbol corresponded to the last digit decoded. To satisfy



: thi-fi%assumption,. the decpdér must deter'r_nir}e whether the digits being decoded

TR

cori‘espoﬁd tﬁ deletions, in-se.rtic')ris,: _e_rr;_i";s, -o.r.correlct' {ransmis_sio_r_ls; =
Cléérl'y'. this connot be,. dbne pta_l;-fe;tly siﬁg:_e, ;‘;or i’n_st;cxn-ce,.. if .t\-!r_'o.C]'s. ina row
o are tr.ansmit_ted_and one of them c.h.a'l'eted, th'erelis_no way to gﬁess which one
was deleted. The -c:omp‘uter can easily choose one of the most likely gombin.a-—f :
-tions of errors, deletions,. and insertions,however. Furthermore, \'irith: high' :
probability, the acéepted. s.equence will be the sarﬁe as the tr'a.nsmitted .
seqﬁer.xce for many digits. Thus, even if an incorrect decision is made re-
garding the actual pattern of déletions, insertions, and .erx'-o.rs, this incorrect
;;)attern ove-; the initial pa'r.t qf the sequence will be more Iike_ly than the
actual pattern, and will a_é;tually reduce the amount of computation required

to decode the next digit.
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. APPENDIX

T_he. fi;ét p'rhoblem in .t.his Aﬁéehdix is to find aﬁ ﬁppef bo.»u.'n.d.-to how '
many dilffe rent seQﬁence_s can be e.t.c.hievéd };y a cofnbina'tion':o;': D deletiéps,_
i insertions; a.n.d. E errors on a given n Iength'sequencé. i véry simple
' upper bound is the multin'omia‘l. cceffi.cient. (D, ?" E)' but this is a poo;:_ Eomd
since many different combinations of.deleti(ms, insertions, and er.rors' give .
rise to the sarhe sequence. A better bound is f.;ompl_ica.ted‘by the fact that the
: ﬁumber of sequences that can be achieved depends on t-:he sequence one starts
with. .For example, delefing D digits from n consecutiye 0's can oniy give
: ﬁse_-to one sequence, namely, N - D 0's. As a fesuit, we -conéide‘r the average
r;umber of 'sequenceé that cé.n' be achieved over the eﬁser;*xble Qf equiprobable
n length sequences. .
Theorem 1

The average numbexr of different séquences that can be formed by
deleting D digits from an n-length sequence and then inseft'mg on I digits_is
bqqnded by D 1 : o
' NDo=2 = Z _z 2hr el dyet o L
. J=0 L=0 | ' '
forD+1<n, D>0, I>0

2l

N@nD,I)=2" forD+1=n, D.E'-O_

o Gl T

Proof of Equation A-2 in Theorem -

Recall that an inéertion was defined as the Ireplacen‘_xent of a digit
with any combination of 2 digits. Thus, when D + I =n, each IOf the I digits
remaining after d-'-:létions_ is replaced by an arbitrary. pair of digits so that
every secjue.nce of length 2I can be formed, proving Equation A2 To prove

Equation A-1, we first need a lemma.



Lemtji%z.a:-::___'.' i :
e _ _ N .{n,'.D,i): Is.at_i-sfi.e's_ _the rec.ursioh.-l.inequal'ity,-_ e - EA{é)
"I‘?(n.,D_,-I'}g_fI'{n_.-'iz, D, I) + %T\T{n-l, 3:3'»_41., I+ _zﬁ('n-.x;_p, I-1) for
. n > D +1, D _‘J:- 0, and I i.O. By'cpnv.éxjition, ‘sét 5 {(fay, 1D, )= @ for bi< 0, or
: : 0?. : : i : e - o :

Pi‘obf of Lemma

First the lemma will be proved for D > -0, >0 anéide_r listing
Call b.inary'séquences of\__lehgth.n—l, a-,:;ld beside ea.ch sequence list first.ali
.séquences formed fron; that sequencelby D deleti.ons_. and I inéertions_, then
all seqﬁeﬁces formed by D-—l deletions and I insertions, then sequénces formed
by D deletions and I-1 inaerti_c‘ulns. We call these list A, list B, and _list' G
Nowlplace a 0 in front of all the length n-1 sequences, a 0 in front of éll
members of 1_;'s't A, and writc eé.éh me'mber of list C four times, inSer_ting
“in turn 00, 01, 10, and 11 in front §£ cach  We call these o oibedil ot
OA, B, and IC. For any n length sequence stéftir_;g with 0, .these lists contain
é_lli.s'e'quences ‘of D deletions and I i_nse_rtibns_ since the fir.st_ list contains all .
sequences formed without changing the first digit; Ithe second contains all
sequences ﬁeleting the i‘irét digit; and the third, all seq'uehces with an ;insertio_
on the first digit. Now we show by construction that every sequénce in B and
IC that starts{vithao is alréady contained in OA.
Pick an arbitrary sequence in B starting with 0, and & con;binaticm
of D deletions and I_insertions.for forming it fro_fn the n length éequence;.
The first digit is a deletion, and let us suppose that there '.are K insertions
B ) occur.'r'xng. before the fir:st unchaﬁge&:digit, _ These first 2K + 1 digits |
ih the sequ.ence in B can also be £drrr_xed from the n length sequence by deleting

the first digit previously undeleted, not deleting the first digit of the n length
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.' .-seqaence and Lﬁualiy;rxgl the 1ﬁse1 ted chéﬂs for.the K insertions to corre -:pond %
to d;szts 2 fo ZK + 1 m the sequence in B ratner than 1 to ZK Th;a d1g1ts :

_Im B’ from ZK + Z on can bﬂ formed as before gzvmg us a- Iormatﬁon of the

sequence with D deletlons, T 1ﬁsert10ns, ‘and the first dlglt unc.hanged Thus,_

this qequénce is in list OA The same argumept g.pphes to a sequence in .1('_;-

Sta.rtl_ng_wﬁh 0. . I L -

' Next observe that.O's aﬁd 1's are .syﬁimetrica-l-ove.r the in’sertion and
deletion .opera.tions so tllat on the avcrage (over the n- 1 length sequences)
half the CETEEnCE S in list B start with 0 and do not reqwre counting. Fu_rther—
more, two times the':. -.ber of sequences in hst < have 10 or il ins.e_rted in
: front. of thez;n in .lis't IC and must be countéd But since N (n- 1 "D, I) is the
average number of sequences in hst Ar N1, D-1, 1) is the averagé number
e sequences in _iist_ B, and N (n-l,'-D, 1-1) is the aver.ag.e number in iiSt C,

.we have t-he statement of the lem:ﬁa for n length seq'u;ences. starting with 0.
: B)-r symmetry (or repetition of the a'rgu‘mi_ant}, the lemma is also true for
n I'éngth sequences startix.l'g' with 1, .th'us completing the proof of the ?em;-na
for D> 0, 1> 0. ' o '
.Fin.ally, if D = 0, the Iproéf the ]e:nn;;a .éan bé repeated c.mit.tmg J1st:
B, and 1f I = 0, the proof can be reéeated oxﬁitting list C. .One term in _Eq.ua_taoz:'
A-3 drops out for each of these cases due to the convention N (n;D,1) = 0 for

1D) "= ((F oye 1<% (o)

Proof of Equation A-1 in Theorem:
Consider the recursion ré]ationship

M(n D,1) = M(n-1, D, D - M@l D ) Ml DT
S . . Fon

Fornt s DEET DR ST S0 subject to the boundary conditions M(n, D, I) = 2 &




_23;
for . ' .
S S0 o0 and M D, 1) = 0 tor D0} T=0

e b bl (A-5)

Using t‘*e lemma, 'w‘n';éh has tﬁe_ &_;a*fzte boundary conditio.n_s, 1t can be seen that
: N (n, D, 1) < M{n,. D, 10} - . . = : Sk .(.A.-())

We ‘no\a. fmd a generating function f01 M(n, D, I) and expand it to get Equation

A(n.ﬁ.tp)zz Z Z M(n,D,1) v 62 ¢' (A-7)

:DDI-

A-1. Deﬁn_e : o« : —ln-D-l

Substituting Equation A-4 into Equatwn A-T7 we get

B = w5 10) o _
Sl .00
Aln, 8, ¢)~Z z z nM(nl DI Lo
=) i*O : :
ol s s D) ol

Z z z an(n 1 B R G L
n-1ln-D-1

3 Z Zznq.tM{n—lDIl)nlDll
0 ,

Ms_

n=1 D=0 I= e
; ] k o .
= nA(n, 6,4) + nz Z Mk, kL Iin 0 b
== 1= -
+ 26 Aln, 6,0) + 200 Aln, 6,4) (A-9)

The second term in Equatioﬁ A-9 results from the first term 1n Equation A-8.
When k is substituted for n-1 in the first term, all terms in A(n, 6,y) appear
along with terms in which k = D + I. Rearranging Equation A-9, and using

Equaticn A-5, we get




ol T

e 10 R, @

Etpandmg the denemulaaar of E-qua.tlon A- 10 in a power series

oo k : :
"Aiﬁaéu‘-l:.ﬂz z Zzlnk 61(-1 Q}I

Lz f1 (1+_5+z¢)

Substituting h for I and expanding the last term

A m g .
7 sk-h b
Afn.d,.Y) = Z b k htlj

h=0

Em sl
S ae e e
Z Z S 50y 2 S horllion )

=6 =0 £=0

Fma]ly dftﬁ“ makmg the subshmtmns of fhe dummy variables:

n = 1% k-i'l
e
D= k-hk+]j
Y=k —h
= h
we get'
= n-1 n-1-D
Ain. 5 m—nz z S
= P=0 I=0
D 1 : g e _
: Tt e ne i) , :
Z z 2 ‘D-._I. I—L} {A-12)




T
._T'nis sﬁBétitﬁtiOn is q-u.i_te te:di‘éus due _to. the rﬁ_&;;_y h. mterchanges of _si:nifnatioﬁs_‘-'
feﬁuired, with t'hé assoc.iéte'd. _(I:h'z.s,.r}ge :of. li'rni-;‘.s_. and is not repé’ated h.e..re"-_ :
Term;b-y-ter?'n associa t.ion of Eq'uaié'i'on A-12 and Ec.;u_ati'on A—'e’.a;f_.d the use of
E.c.;uatiox'l A;_é give Equation’ :A'—l', thus proving the thec-)r.'.em..
Theorem 2 | v .

I__.ét X be a random binary sequénce of length n and Y. be an iﬁdependent
random binarv sequence of leng.th 2n. Then the expected number of values of
m, for whlch X can be converted into the first m d1g1ts of Y by a set of deletions,

1ns_ert10ns_, and_errors such that H < 15 (n} is bounded by

BEE. < H_(n)] < eXP -n[ln 2 + (s-1} u.'{s ) ~e(s)]
ln‘?_ - = {].-ZPd_ -= & - S)][}'zPii =] .E_p.{s)].
' {A-13)

where Hn m'is defined in Equation 1, p(s) in Equation 5, © 595_ 1, and’
(Hjln) = np'(s). ' (A-14)
Note that this bound is in parametric form and is similar to .Equation 4.

" Proof

De{me N (n { O E) as the average number of dlfferent sequences
that can be formed by D deletions, I insertions, and E errors on a rqndo'nh,
chosen n length sequence. Theorem 1 bounded the number of sequ.cnces that

could be formed by D deletions and I insertions, and for each of them there

are {n_g_-l} combinations of e‘rrors. Thus,

I-D N L+J nwl -J -D I
L=0 J=0
I-D L+J n-L-J :
e z E 2 ¢ hist plgoenl
J=0 L=0 ' :
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.- The expecrr-ar number of these to be coznerted mm the fll‘.‘bt

m'n~D+Id1g1taonxs

1

i e

§ . (A-15)
We can now bound EiH s H (n)] by summmg the rlght 51de of Equation

A- 15 over all values of B, I, and E satzsfy ing H E Hj(n). This W111 be

done by a technique _Sn"nllar to the Chernov bound. First,défine the generating

function
-1 = . tHﬁ m -. :
G _(t) =_Z » 2 iNi(n, DS Tohied o ' (A-16)
Br o
' : 2
= 2" Nm.D I Bl T A

where the second summation is just over the D, I, E Satisfying Hn m'iHJ.{n),

tH ;H_.(n}

For t negapive, e e J for every term in Equation A-17. Thus, -

tH.(n)

Gi(tj > e ) E[H
st =

s H(n>] o ; IA‘xs_..

Combining Equation A -15, A-16, and A-18, we get

pohe | : .-tH m) . D %
E[Hn iH_j{n” ie_ § E :
7=0

» ITL

: el
ilEn I n-L-J Bl il ) _ .
= Clowing e } . A1)
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In order to ge* a convenlent e\cpressmn for the sun in "'_'c‘udtlon g 19,
: consuier the mu1t1110m1a1 expansmn of e np( ), with u(s) ngen in Equatlon 5

en-pfﬂ} X Jte
n n-DT o :

= z Z Z (D 1 ) EXPEI*S)
D=0 E=0 nt
ﬁHnP%iHﬁP%meJ{mE@JHn?}

e d i : s

n _nDnDI

=.§ § z (D I E)e.xp.-.(l s)H’m'

D=0. 1=0. E=0, 'A-20)

'Notice_that if we sett= -(1 -s), Equatmn A-20 is the term in Equa.tlon A- 19

with J = 0, L = 0. In the same way.

D n-D-I

2J+14Fh(1-s}JIH(1-s}L- o (B-J-Lip(s) _ ZE . EE Ea :

.D=J

dfar n- J' L ' :
(D 7w E) exp -_{_I—s)Hn e fA. 21

¥

2

Summi.ng the 'right.side of Equation A-21 over 0< J<n and 0 f. L<n- ] ana
inferchanging the summations, we get the quaﬁ'tity within t'he_'bracket_.ﬂ. in
Equation A—19'f6_r t= -(l-s). We upper bound this by the left side of Equation
hAfZ_l sufhmed'over' all J > 0 and L_:: 0 to gife'a double geofne:ric nj'erig-.e‘ :

.Thus, Equation A-19 becomes .

EMH < H. (n)] < o o H.im) -n _np(s)

: = A -ZPd 21 ”45H [1 z;Pll"S e*“sﬁ

feris <l i : : - (A-22)
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The reqtrﬁchon s < 11s reqmre\d by the r&.btrlctmn t 0 in Eauatmn =

CA-19. Furthe"mc*e s 55 l insures that the geomei.rlc serms represents-c{ by
‘the denommator ‘of Equation A-22 converge for P < P P < P Since .

eq.a.tion A- 22 is valid for any s <1, we can choose s to satisfy Equation

i. ;
A- 14 As 11—”'c zi-txs S becomes arbltrarﬂy close to the s xnmnn'mnu the

bound. Finally, bubstltuhr qaatlon A-14 into A- 22, we have the statement

of the tz1eorem, Eguation A i3, Q 1%, 1B

he deno.a__na.tor of Eguation A-13 is still in a somewhat inc 'anvement

form, but it can be demonst*ated dlrex,tly that if

-in P{1 > Pd 1n Pd = Pi In Pi - Peln Pe —. Pc ey 122 =5 hip)

C
(A 23)
then
. ; *{)I.;iz_forS'(l'
1.2p, 1-5 B(s = 8=
Likewise, if =
= Pig:'H?p') s e Sk (A-24)

then

: ' £ 2 fonisicil
1 opite i) 0
T
Conseqguently, subject to EquationsA-23 and A-24, which are satisfied in any

practical case, we have

-

E[Hn s Hj{n)] <4exp -n[ln 2+ (s-1) r'(s) -p(s)]

for 0<s<1 s s
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