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Abstract

We study variants of the secretary problem, where IV, the number of candi-
dates, is a random variable with distribution p. The decision maker, given
prior distributional information about p, wants to maximize the probability
of success — picking the largest number among the N candidates — using only
the sequentially revealed relative ranks of the candidates.

When p is fully known (full information setting), we show that single-
threshold type of strategies can achieve 1/e-approximation to the optimal
probability of success among all possible strategies. In the sampling setting,
we give an algorithm that finds a strategy with additive suboptimality at
most € and provide its sample-complexity guarantee. We also give a sam-
pling lower bound; for small €, the upper and lower bounds match up to a

logarithmic factor in 1/e.
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1. Introduction

Online optimization has gained increasing attention due to its applica-
tion in a variety of areas such as online revenue management (Elmaghraby
& Keskinocak, 2003; McGill & van Ryzin, 1999), online resource allocation
(Agrawal, Wang, & Ye, 2014; Devanur, Jain, Sivan, & Wilkens, 2019), online
auctions and advertising (Babaioff, Immorlica, Kempe, & Kleinberg, 2008;
Mehta, Saberi, Vazirani, & Vazirani, 2007), to name a few. In the typical

setting, information about a constrained optimization problem is revealed
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sequentially, and a decision maker must make irrevocable decisions (about
some variables of the problem) at each time period, with the final goal to
maximize/minimize the objective function without violating the constraints.
Different models have been proposed to capture this online nature, from
perhaps the purest model of decision making under uncertainty represented
by the classical secretary problem (Buchbinder, Jain, & Singh, 2014; Chan,
Chen, & Jiang, 2015; Correa, Cristi, Feuilloley, Oosterwijk, & Tsigonias-
Dimitriadis, 2021; Kleinberg, 2005), to more elaborate ones such as general
online linear optimization problems (Agrawal et al., 2014; Kesselheim, T6n-
nis, Radke, & Vocking, 2014; Molinaro & Ravi, 2012). However, most of
these models assume that the number of decisions to be made, i.e., the total
number of arrivals, or the time horizon of the problem, is known a priori,
and the (successful) algorithms that have been proposed usually require the
time horizon as an essential part of their input.

The secretary problem captures a fundamental aspect of online decision
making under a hard budget constraint. We believe that results for this
stylized model, especially the block-based learning algorithm developed here,
can provide insight into related applications with uncertain horizons, limited
selection budgets, and historical samples of arrival counts.

In many realistic applications, however, the exact size of the sequence
of arrivals, or the time horizon, is hardly known a priori. For example,
when allocating advertisement slots to online advertisers subject to a daily
budget limit, the decision maker usually does not know the exact number of
advertisers that will show up each day to compete in the successive auctions.
Instead, it would be more natural to model it as an unknown, possibly as a
random variable with some known or learnable distribution.

In this work, we focus on the secretary problem when the number of
candidates, N, is a random variable independent of the process, and the
decision maker is given prior information about its distribution p in the form
of full information of p or i.i.d. samples following p. Due to the randomness
in N, a constant success probability, such as 1/e, which is attainable in the
classical setting, may be impossible, and the optimal strategy may be much

more complex than the classical single-threshold type of strategies: that is,



reject the first [ candidates, then accept the first candidate that is the best
among all candidates that have shown up so far (Presman & Sonin, 1973) for
some [ € N. Nevertheless, in this paper, we provide two positive messages.
a) Full information setting: p is fully known. We show that single-
threshold type of strategies can achieve 1/e-approximation to the maximum
probability of success among all possible strategies.
b) Sampling setting: i.i.d. samples NO o Nm)
show that O (gg max {log(%), elog(%)}) samples suffice to find a strat-
egy whose success probability is within an additive € of the optimal success
probability when N < T, with probability at least 1 — O(¢), and we show a

lower bound of Q(E%)

~ p are given. We

1.1. Comparison with previous work

There have been extensive studies on the secretary problem and its vari-
ants, and interested readers can look at Ferguson (1989) and Samuels (1992)
for a survey. We are particularly interested in the variant where the number
of candidates is a random variable, which was first studied by Presman and
Sonin (1973). In Presman and Sonin (1973), the authors assume that p, the
distribution of the time horizon, is known, and derive an optimal stopping
time that depends on p. Later works under a similar setting look at spe-
cific distributions: A. V. Gnedin (2004) assumes N is uniform among [n],
Kawai and Tamaki (2003) assumes N is uniform and considers choosing ei-
ther the best or the second best as a success, A. Gnedin and Derbazi (2025)
assumes N is negative binomial, to name a few. In a slightly different setting,
the secretary problem with random freeze time is considered (Samuel-Cahn,
1995, 1996), where N is a random freeze time with upper bound n, and
the performance of a stopping time 7 (i.e., the strategy is to pick the 7-th
arriving candidate) is evaluated using the probability that min(r, V) is the
best candidate among all n candidates, rather than only among the first N
candidates as in Presman and Sonin (1973).

Comparison with continuous time model. Another important line
of work studies the continuous time model, where the i-th candidate arrives

at time T;, and 11,..., Ty ~ F are i.i.d. following a known distribution F'.



With the additional information of the arrival times, the 1/e-law — accepting
the first best candidate that arrives after time F(=1(1/e) — succeeds with
probability at least 1/e and is asymptotically optimal (Bruss, 1984; Stewart,
1981). Subsequent works extend these results from various perspectives:
Bruss and Samuels (1987) show that similar results hold for general rank-
based payoffs, Bruss and Rogers (2022) show that the 1/e-law is in fact
not optimal, A. Gnedin (2022) shows the existence of many strategies that
achieve the 1/e success probability asymptotically, to name a few. As a
comparison, our model, following Presman and Sonin (1973), is “harder” in
the sense that any strategy that does not require the arrival times as inputs
can be used in the continuous time model, but not the other way around.
Full information. In Presman and Sonin (1973), with full information
about the distribution p, the problem is reformulated into an optimal stop-
ping problem for a Markov chain whose transition probability and payoff
function depend on the distribution p of the time horizon N. Classical re-
sults from optimal stopping theory then imply an optimal solution of the
form 7 := min{i | the i-th number is the largest seen so far,7 € I'} for some
index set I' C N. When p is a delta, uniform, Poisson, or geometric distri-
bution, I' is of the simple form: {n* n* + 1,...} for some n* that depends
on E[N] and the family of distributions. In addition, the limiting proba-
bility of success under I' as E[N] — oo is strictly positive. However, for
general p, the set I' might be composed of an infinite number of disjoint
intervals, leading to a rather complicated strategy. We show that the much
simpler single-threshold type of strategies, i.e., I' = {n*,n*+1,...} for some
n* € N, already achieves a 1/e-approximation to the optimal, which echoes
a recent line of research on efficient approximations to optimal online algo-
rithms (Anari, Niazadeh, Saberi, & Shameli, 2019; Braverman, Derakhshan,
& Molina Lovett, 2022; Papadimitriou, Pollner, Saberi, & Wajc, 2021).
Another important work on this random time horizon variant is Abdel-
Hamid, Bather, and Trustrum (1982), which studies a particular family of
strategies parameterized by q € [0, 1]V, where ¢; denotes the probability of
selecting the ¢-th candidate given that no candidate has been selected so

far and the current candidate is the best among all that have shown up.



The focus of Abdel-Hamid et al. (1982), however, is conditions under which
q is admissible, i.e., not dominated by another q’, for every p. Although
their goal is different from ours, we adopt their framework and show that
any secretary strategy is dominated by some strategy in this family (Lemma
2.1). Thus, in order to maximize the probability of success (given prior
information), it suffices to consider strategies in this family.

Samples. When prior information about N comes in the form of sam-
ples, the problem resembles a recent line of work on sample-based secre-
tary problems and prophet inequalities (Azar, Kleinberg, & Weinberg, 2014;
Correa, Cristi, Epstein, & Soto, 2024; Correa, Cristi, et al., 2021; Correa,
Diitting, Fischer, & Schewior, 2019; Correa, Diitting, Fischer, Schewior, &
Ziliotto, 2021; Rubinstein, Wang, & Weinberg, 2020). For instance, in the
sample-driven secretary problem in Correa, Cristi, et al. (2021), each candi-
date is, independently, included in the sample set with probability p. Then
the secretary problem restricted to the rest of the candidates is played, with
the only difference being the revealed information: at time t, the relative
ranking of the t-th arriving number among the previous ¢ — 1 numbers to-
gether with the sample set is revealed. Correa, Cristi, et al. (2021) provides
algorithms for each p € [0,1) that succeed with probability 1/e when p =0
and 0.58 as p — 1, matching the optimal probability of success in the clas-
sical and full information® secretary problem respectively. The setting we
consider is different from theirs. We investigate the number of i.i.d. samples
of N needed in order to find a strategy that is e-suboptimal as compared
to knowing the full distribution of N. When N < n, the naive approach
to use the samples to estimate the distribution of N up to accuracy € in [y
norm (details in Section 4) requires O (5%) samples in general (Han, Jiao,
& Weissman, 2015). In contrast, we provide a block-based algorithm that
only requires O (}2 max {log (%) ,elog (@) }) samples, and provide a

sampling lower bound of 2 (}2)

In the full information secretary problem, the numbers are i.i.d. sampled from a known
distribution, and each time the value of the number, instead of its relative rank, is revealed.



1.2. Contribution

On a high level, the extra randomness in N makes the problem harder
than the classical problem. However, due to the inherent random permu-
tation, the distribution p of N affects the performance of strategies only
through the sequence \;(p) := ZJO’;Z %pj, i € N, interpreted as the (marginal)
probability that the i-th arriving candidate is the correct one to pick (Lemma
2.2). In particular, this allows us to improve upon previous works from the

following perspectives:

e strategy simplicity: in the full information setting, we “approximate”
the sequence (Ai(p))ien with the sequence (A;(6™));en generated by
the delta distribution supported at n € N (equivalent to the classical
secretary problem with n candidates), and show that single-threshold
type of strategies can achieve at least 1/e of the optimal probability of

success among all strategies;

e sampling algorithm: we provide a “block based” algorithm that can find
an e-suboptimal strategy (as compared to knowing the distribution)
with high probability, using O (}2 max {log (%) ,€log (@) }) iid.
samples of N, where N < T with probability 1 — O(e). Specifically,
the algorithm partitions the possible horizon values into geometrically
growing blocks and moves the probability mass in each block to its
right endpoint. Our algorithm estimates the sequence (i);(P))ic[r)
using this blocked version of the distribution p, thereby reducing the
number of parameters to be estimated from T to log(T"). Fortunately,
due to the random permutation, the performance of any strategy is
insensitive to “local” changes to the distribution and so the bias caused
by the blocked version of the distribution is small. We also provide a
lower bound of 2 (}2), when € = O (m), the upper and lower
bounds match up to a factor of log (%)

1.5. Notations

We use the following notations. |-| and [-] denote the largest integer no

greater than and the smallest integer no less than the variable. 1[€] denotes



the indicator function of the event £, which is 1 when £ happens and 0
otherwise. [n] = {1,2,...,n} for each n € N. H,, := > | 1/i is the n-th
Harmonic number. A := {x = (z1,22,...)| Y soq @i = 1, ; > 0 Vi € N}
and A" = {x € Alz; =0, Vi > n+ 1} represent distributions supported
on N and [n] respectively. For n € N, 6™ e A is the delta distribution
supported at n, i.e., 52(”) = 1[i = n]. X ~ p means X is a random variable

sampled from distribution p. All the log(:) have base e, i.e., log(e) = 1.

2. Preliminary

In the classical secretary problem, a decision maker wants to maximize
the probability of picking the largest number out of n numbers that arrive
in a uniform random order. Each time a number arrives, its relative ranking
among all numbers that have arrived is revealed, and the decision maker
must decide whether to pick it or not immediately and irrevocably. In this
work, we consider the variant where, instead of a fixed, known n, the total
number to be randomly permuted is a random variable N independent of
the random permutation, and the decision maker’s goal is to maximize the
probability of picking the largest number before the process stops (at time N ).
This setup allows us to explore how prior information about its distribution
might help in choosing strategies.

In addition, modeling N as a random variable is more realistic than
some other common ways to model parameter uncertainty; see Section 1
of the supplementary material for a comparison with an adversarial-horizon

formulation.

2.1. Setup

We assume that there is a sequence of numbers (z;);en (assuming no tie)
and a distribution p € A. First, nature generates N according to the distri-
bution p such that P[NV = i] = p;. On the event {N =i}, independent of N,
a permutation o : [i] — [¢] is picked uniformly at random from all permuta-
tions on [i]. At time ¢ =1,2,...,4, Ry, the relative ranking of z,() among

{To(1), To(2)s - To() ) is revealed. That is, Ry = [{i € [t]|z,¢) = T }-



After observing Rj, Rs,..., R, the decision maker using the strategy Str
must decide whether to accept or reject z,(;) immediately, and the decision
cannot be changed in the future. Due to the random permutation, condi-
tioning on N =i, {R;};<; are independent, and R; ~ Uniform([t]).

The goal of the decision maker is to maximize the probability of success,
i.e., picking the candidate with rank 1 among all N candidates before the
process stops. We denote this event under strategy Str as Success(Str) :=

U2, Success; (Str), where Success;(Str) is the following event:

Success;(Str) :={N =i} N {Str picks z,(; for some ¢ € [i]}

N{zw = max To(j)}-

With these notations, the classical secretary problem corresponds to the case
when the decision maker knows, before picking the strategy, that p = 6™ is
the delta distribution supported on {n}, i.e., 52(") = 1[n = i]. By contrast, in
this work, we do not assume that p is a delta distribution, or is fully known.
Instead, the decision maker is given prior information about p in the form
of the distribution p itself or i.i.d. samples under p.

To avoid confusion, we distinguish between strategy and algorithm. By
strategy, we refer to strategies a decision maker can use for the secretary
problem with an unknown time horizon alone. By algorithm, we refer to
learning algorithms that, given prior information about p such as samples,

output a strategy Str that the decision maker can use.

2.2. A parameterized family of strategies

Let S denote all strategies for the secretary problem with random N.
That is, conditioning on N > ¢, the decision whether to pick the ¢-th number
depends only on the first ¢ relative rankings (R;);<; € [['_,[i] and potential
randomness due to the strategy itself. However, it makes no sense to pick
any number whose relative rank is not 1, and the relative ranks of the first
t — 1 numbers give no information about the true rank of the ¢-th number
among all N numbers. Thus, without sacrificing performance, we can in

fact restrict the strategies to a family of strategies Str(q) parameterized by



q €S :={(¢)ien|¢ €[0,1], i € N}, where
q; = P[ pick z5;|N >4, R; =1, no number has been picked].

The strategy Str(q) works in the following way: for ¢t = 1,2,..., if N > ¢,
observe the relative rank R;. If R, = 1, generate Y; ~ Bernoulli(g;) inde-
pendent of any previously generated Yy. If Y; = 1, accept the t-th number
(and the process stops); otherwise continue. In Presman and Sonin (1973),
I" C Nis a set of arrival indices, and the corresponding strategy selects the
first candidate whose relative rank is 1 and whose arrival index belongs to
I". This corresponds to Str(q) where ¢; = 1 if and only if ¢ € T.

With a slight abuse of notation, we write Success(q) for Success(Str(q)).
The proof of the following guarantee is deferred to Appendix A.

Lemma 2.1. For any strategy Str € S for the secretary problem with ran-
dom N, there exists q°" € S, such that for any p € A, and N ~ p,
P[Success(q>")] > P[Success(Str)].

For convenience, for each | € N, we let q¥) € S, qlgl) := 1[I < 4], which
represents the single-threshold strategy that rejects the first [ — 1 numbers,
and accepts the first number ¢ > [ whose relative rank R; = 1.

The family of strategies parameterized by q € S is in fact studied in
Abdel-Hamid et al. (1982), but the focus there is on conditions under which
q is an admissible policy (not dominated by another q’ for every p € A).
Below, we state its performance, which can be found in Abdel-Hamid et al.

(1982), and can be verified by direct calculation.
Lemma 2.2 (Abdel-Hamid et al. (1982)). If N ~ p € A, strategy q € S

satisfies

P[Success(q)] = A(p,q) := Zpi <% Z Ul_1(Q)QI> = Z Ui—1(a)giNi(p),
i=1 1=1 i=1

where Up(q) = 1, U;(q) := Hle(l — qi/1) is the probability that the strategy

has not accepted any number among the first i numbers conditioned on N > 1,
and \i(p) :=2_7Z; pi/l.



For any n € N, Abdel-Hamid et al. (1982) constructs a distribution
supported on [n], which we denote by p&n), such that A(p&n), q) =1/H,(1—
Un(q)) < 1/H, for any q € S, where H, = > | 1/i is the n-th harmonic

number:

1/H,
P\ = ,gf,izl,...,n—l, P =1/H,, p" =0, i>n+1. (1)
b Z b

Together with Lemma 2.1, we get the following result:

Corollary 2.1. When N ~ p&n), as defined in Equation (1), then for any
Str € S, P[Success(Str)] < 1/H,, and the upper bound is achieved by q),

i.e., picking the first number.

3. Full information setting

Motivated by Presman and Sonin (1973), which shows that for many
distributions (such as uniform, Poisson, and geometric) there exist single-
threshold strategies that are optimal, we show that this is approximately
true for general p: the optimal single-threshold strategy gives a 1/e approx-

imation to the optimal algorithm in S, that is,

1
sup P[Success(q))] > = sup P[Success(Str)].
leEN € stres

More precisely, we show the following result.

Theorem 3.1. For anyp € A, let \i(p) := > =, pi/l fori € N, and 0(p) :=
max;en i\ (p) = K*(P)A\k+(p)(P) for some K*(p) € N. Let s7 =1, s3 = 2,
and, for K > 3, let s}, € N satisfy Zfi};{ 1/i <1 and Zfi;;{_l 1/i > 1.
Then

6(p)/e < A(p,q "% ®)) < sup A(p,q) = sup P[Success(Str)] < 6(p).
qes StreS

The proof of Theorem 3.1 is deferred to Appendix B. Here, we clarify
the role of §(p). Since i)\;(p) < O(p) for every i € N, #(p) upper-bounds
the success probability of any strategy. On the other hand, choosing K* €

10



arg max;en ¢A\;(p) and applying the classical secretary threshold for horizon

K* yields a success probability of at least

E*Ag-(p) _ 0(p)

e e

Thus, the optimal single-threshold strategy achieves at least a 1/e fraction
of the optimal success probability.

The lower and upper bounds in Theorem 3.1 are individually tight with
respect to A(p). For p = 6™, we have \;(6() = 11[i < n] and 9(6™) = 1.
As n — oo, the optimal success probability of the classical secretary problem
with n numbers converges to % = %H(p), so the lower bound is asymptotically
attained. For the upper bound, the distribution pfkn) defined in Equation (1)
satisfies i)\i(pgﬁn)) = H;'1[i < n], and hence H(pgﬁn)) = H, ' Corollary
2.1 shows that the optimal success probability is also H !, so the upper
bound is attained. Thus, these two families of distributions show that neither
inequality can be improved individually over the class of all distributions p.
However, this does not preclude tighter upper or lower bounds in terms of

0(p) for restricted families of distributions.

4. Sample setting

In this setting, we assume N ~ p for some unknown distribution p € A,
and m samples N (1), ..., N (m) ~;..d P are given. We investigate learning al-
gorithms and the sample complexity of finding an e-suboptimal (as compared

to knowing p) strategy q € S, such that with high probability,

A(p,q) = sup A(p,q) — ¢ (2)
qES
We take a learning-theoretic approach: the samples are used to construct
an approximation to A(p,-) : S — [0, 1] viewed as a function of the strategy
parameter q € S. If the approximation error is at most €/2 for all q € S,

then any optimal strategy for the approximation function satisfies the goal

11



Inequality (2) (Lemma Appendix C.1). Recall that from Lemma 2.2,

A(p,a) = > _pi (% > Ul—l(Q)Ql) = Ui_i(a)giXi(p),
i=1 =1 i=1

where Up(q) = 1, Ui(q) := [Ti_;(1 — g/1) and \i(p) := >7°. /1 for i € N.
Since %Z;Zl U_—1(q)q < 1 for all q € S, A(-,q) is 1-Lipschitz in p with
respect to the I3 norm. Thus, estimating p up to accuracy of €/2 in [y
norm, which usually requires O(%) samples (Han et al., 2015) (assuming p
is supported on [n]), is enough to find an e-suboptimal strategy. However,
due to the specific structure of the secretary problem, the function A(p,-)
has two nice properties, which we state in Section 4.1. These properties
allow much more efficient sampling algorithms.

We defer the proofs of results in Sections 4.1 and 4.2 to Appendix C, and

the results in Section 4.3 to the supplementary material.

4.1. Two properties of A(,-)

First, for any strategy q € S, A(-,q) is insensitive to local variation in
p: if some probability mass that belongs to p; is assigned to p;/, as long as ¢’
is close to i, the resulting change in the function value is small. To be more

precise, notice that by linearity,
A(p.q) =Y _pi- A(6Y, q).
i=1

We show that for any q € S, the coefficients of p; and p; are approximately

the same if 7 ~ ¢’
Lemma 4.1. For anyq € S and any i,7 € N, 1 < ¢,

i i i i i
SA00,q) < ABW),q) < SABY q) + (1 - 5).

Intuitively, for the classical secretary problem with i’ candidates, with

probability % the best candidate is among the first i arrivals, and the prob-

i

ability of success under this event is A(8,q). For the event that the best

12



candidate arrives after the i-th candidate, the probability of success is upper
bounded by 1.

Due to this insensitivity, it suffices to consider the “block” version for p,
where the probability mass in each block (interval) is assigned to the end of

the block.

Definition 4.1. For each p > 1, let I(p) := {[p'], I € {0} UN} be an index
set, with elements (in ascending order) I(p) = {1 = I(p,1) < I(p,2) <
-+ }. Here, I(p,k) denotes the k-th distinct element of I(p); it need not
equal [p*~1] because the sequence ([p!])1>0 may contain repeated values. For
convenience, denote I(p,0) = 0. Let Block : A x (1,00) — A be a mapping
such that for p € A, p > 1, Block(p, p) is a distribution supported only on
I(p), where

0 i & 1(p)

I(p,l .
Zj(:pl()p,z—l)ﬂ pj i=1(p,1),l €N

Block(p, p)i =

Corollary 4.1. For any p € A, any q € S and p > 1, denote p =
Block(p, p), then

|A(p,q) — A(P,q)| < p—1.

The second property we take advantage of is that A(-,-) depends on p
only through the sequence (i\;(p))ien, and is 1-Lipschitz in (iA;(p))ien with
respect to the I, norm. Thus, a good estimation of all the A;’s suffices for a

good function approximation:

Lemma 4.2. Let p € A be a fized distribution, and let € > 0. Let n € N be
such that for i > n+1, iX\i(p) < €. Let G € [0,1]" be a sequence of length
n, and for i € [n], |G; —i\i(p)| < e. Then for anyq € S,

- qi
|A(p,q) ; 1 Ui—1(q) i Gi| <e

Moreover, let k1 < ko € N satisfy p; = 0 for i = ky,..., ko — 1. If

13



|G — kaAg, (p)| < € for some G € R, then

%G—i)\i(p)‘ <e foralli=ky,... ,ko—1.
2

In fact, if the sequence G above is defined as G; = i\;(p) for some
distribution p whose support is a subset of the support of p (for example,
p is the empirical distribution of samples from p), then the conditions in
Lemma 4.2 can be relaxed to |G; —i\i(p)| < € for i € [n] and p; > 0 by the
second part of the lemma. In other words, the number of parameters that
need to be estimated depends only on the number of non-zero terms in the
(truncated) distribution, which makes the block-based technique extremely

efficient.

4.2. Block based learning algorithm

On a high level, our Algorithm 1 uses samples to construct an approx-
imation to A(Block(p, p),-) for p = 1+ €/4. Corollary 4.1 establishes that
the bias due to the use of Block, i.e., the difference between A(Block(p, p),-)
and A(p, -), is small for p close to 1. In addition, Lemma 4.2 establishes that
a good estimation of i)\;(Block(p, p)) for i in the support of Block(p, p) is
sufficient for a good function approximation. Together, we get the following

guarantee:

Theorem 4.1. Let 0 <¢€,0 < 1. Let T € N be such that EfiTJrl pi < €/12.

Suppose either

T=1 and m> §10g<g>,
€ 0

orT > 2 and

- e 08 €d 2 8\ "5 ’
Then, with probability at least 1 — &, Algorithm 1 outputs q satisfying In-
equality (2).

14



Algorithm 1: Block based learning algorithm
Input: m samples N(1)7N(2)7 .. .7N(7”) ~iid P, 0<e<l.
Output: g € S.
p < 1+¢€/4;
lmax < inf{i € N, I(p,i) > max;cp, NV}
ﬁi(— % ;’n:l 1[I(p7l—1)+1 SN(j) SI(pJ)] i:I(p7l)7 lG [lrnax];
0 o.w.
Gi — ’L')\I(p,l)(]f))7 I(p7l — 1) <1< I(p7 l)7 l e [lmax];
4 € arg maxqes >/ 5™ Up-1(a) % - G

We make three additional comments about Algorithm 1. First, due to
the use of Block, Algorithm 1 only requires a much weaker sampling oracle,
where i.i.d. samples from the less refined distribution Block(p, p) are needed.
Second, if T is not known in advance, we can sample N ... N(™1) ~.. . p
where my = (1—62 log(%)], and then, with probability at least 1 — /2, setting
T = maXje[m,) NV (4) will satisfy the requirement in Theorem 4.1. Third, in
the last step, an optimization problem needs to be solved. Due to its special
structure, it can be solved exactly in a backward fashion in O(I(p,lmax))
steps?. If an ¢-suboptimal solution is obtained instead of an exact one, then
q is at most (€ 4 €')-suboptimal for the original problem.

The detailed proof of Theorem 4.1 is provided in the supplementary ma-
terial; below we provide a sketch. The proof consists of two parts. First,
we use concentration bounds to show that with high probability, the tail
of p starting from Nyax := I(p, lmax) is O(e), and for each i = I(p,1) for
some | € [Imax|, Gi is a good estimate of i\;(Block(p, p)). Precisely, we lower

bound the probability of the following good event (£*):

> pi <€/12, and |G; — iXi(Block(p, )| < €/4 i =1(p,1), | € [Imax]-
Z':]Vmax'i‘l
(€)

There are two technicalities. First, the number of G;’s to be bounded is [},

2Notice that each g¢; only appears in the terms Ujfl(q)% - G for j > i, and once g;’s
are determined for all j > i, the objective function is linear in g;.
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a random variable, which depends on how “long” the tail of p is, and which
can potentially be much larger than log(7T'). For example, if p is such that
prr = €/20 for some T' >> T, then if m = Q(%), with constant probability,
NU) = T for some j € [m], and lyay = Q(log T"), which can be much larger
than log 7. We fix this by showing that L POy 1[NU) > pT] = O(e) with
high probability, which implies |G;| = O(e) for all ¢ > T (jointly). Another
issue is that if all of |G; —i\;(Block(p, p))| in (£*) are bounded using Hoeffd-
ing’s inequality, the sample complexity will be O(log—ggﬂ). For fixed 9, the
refined argument improves this bound to O(Z% max{eloglog(T),log(1/€)}).
We upper bound the sum of variances of G;’s, thereby showing that at most
O(e%) of them can have large variances, and the rest of the terms can be
bounded using the tighter Bernstein’s inequality.

For the second part of the proof, we first use the second part of Lemma
4.2 to show that under Event (£*), all |G; — i\;(Block(p, p))| are small for
all ¢ € [Nmax|, which together with Event (£*), implies that the conditions
in Lemma 4.2 hold with p replaced by Block(p, p). With the approximation
bound in Corollary 4.1, we show that A(p,-) is approximated up to accuracy

€/2, and so output q is at most e-suboptimal.

4.8. Sample lower bound

Below, we show that Q(;lg) samples are in fact necessary.

Theorem 4.2. For any n > 3, there exists a threshold ¢, such that for

Cn—¢€

36€2
strategy q with probability at least 2/3. In addition, lim, . ¢, =

0 < e<cp, at least m > samples are needed to find an €/3-suboptimal

1
1+e”

In fact, the hard cases are supported only on {1,n}, with the probability
p1 = ¢, £ e. Here, ¢, is chosen such that the optimal strategy at time 1, i.e.,
q1, switches between 0 and 1. Thus, to output an O(e)-suboptimal strategy,
the algorithm needs to know p;.

As a comparison, the sample complexity of Algorithm 1 matches the
Q(e%) lower bound up to a factor of log(2) in the regime € = O(m),

and remains sublinear in T for all € € (0,1). It is still open whether this
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dimension dependence in the large € regime is necessary. However, we con-
jecture that the sample complexity is at least Q(loglogT"). The result below
shows that, for 0 < e < 0.03, specifying an e-suboptimal strategy for distri-
butions supported on [n] requires (loglogn) bits.

Theorem 4.3. For any 0 < € < 0.03 and all sufficiently large n € N, it
requires at least Q(loglog(n)) bits to specify an e-suboptimal strategy q € S

for distributions supported on [n].

5. Computational study

5.1. Setup

We evaluate the finite-sample performance of Algorithm 1. For sup-
port bounds n = 100, 1000, 10000, we consider the eight horizon-distribution
families and four strategies summarized in Table 1. In the table, k € [n],
rn = min{1/2,4/n}, a, = A*(6™), ¢, = (an — 1/n)/(1 + an — 1/n),
S, = {round(n?/®) : j = 0,...,5}3, and proportional formulas are normal-
ized over [n]. The supplementary material provides explicit formulas for the
eight distribution families and four strategies, together with optimality-gap

and success-rate results for € = 0.10, including detailed tables.

Type Name Definition/description

distribution fixed pr = 1k =n]

distribution uniform pr=1/n

distribution geometric Pk X ro(l — rn)k’1

distribution Poisson pr o< (n/4)F=1/(k —1)!

distribution bimodal Dk = %1[16 =n/10] + %1[16 =n]

distribution power law pr o< k—3/2

distribution hard two-point Pk =cnllk =1l + (1 — cn)llk = n]

distribution geometric support pr = |Sn| 7 1[k € Si]

strategy block learner optimize after blocking the empirical distribution

strategy empirical plug-in optimize directly for the empirical distribution

strategy mean-horizon thresh- classical threshold for the rounded sample mean hori-
old zon

strategy median-horizon classical threshold for the rounded sample median
threshold horizon

Table 1: Distribution families and strategies used in the computational study.

3Here, round(z) denotes rounding to the nearest integer, with ties rounded to the
nearest even integer, as implemented by NumPy’s rint function.

17



For each distribution, we draw m € {1, 2,5, 10, 20, 50, 100, 200, 500} i.i.d.
training samples. The empirical distribution is formed from the training
samples, and s; denotes the optimal classical-secretary threshold for a fixed
horizon h. We use € = 0.05 and 500 independent training replications for
every (p,n,m) combination. For each learned strategy, we compute A(p, q)
exactly, so there is no test-simulation error. We report the mean optimality
gap A*(p) — A(p,q) and the fraction of replications whose gap is at most
€. The experiments use random seed 20260621 and run in a single Python
process on an Apple M3 MacBook Air (8 CPU cores and 8 GB memory).
The Python code used to generate all computational results, tables, and

figures is provided as supplementary material.

5.2. Results

Figure 1 shows the mean optimality gaps. The computational study

yields the following findings.

e Useful performance with few samples. Averaged over all families
and support bounds, the block learner’s mean gap falls from 0.076 at
m =1 to 0.012 at m = 10 and 0.003 at m = 50.

e A single estimated horizon can retain substantial error. The
mean- and median-horizon threshold strategies perform well for fixed
or concentrated Poisson horizons, but can remain suboptimal for mul-
timodal or heavy-tailed distributions despite more samples. For the
bimodal family at n = 10000 and m = 500, the mean- and median-
horizon gaps are 0.121 and 0.069, whereas the block learner’s gap is
below 0.001.

¢ Blocking and plug-in have similar measured performance. Their
mean-gap difference is below 0.001 for every tested combination, ex-
plaining the nearly coincident blue and orange curves. These experi-
ments do not establish a performance advantage of blocking; its theo-

retical benefit is the sample-complexity guarantee.
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6. Conclusion

In this work, we study variants of the secretary problem with a random
number of candidates. In the full information setting, we show that single-
threshold policies achieve 1/e-approximation to the optimal probability of
success among all possible strategies. In the sampling setting, we propose a

block based learning algorithm. We show that

() (52}

samples suffice to find an e-suboptimal strategy.

A practically relevant direction for future research is to extend our ap-
proach, particularly the block-based approximation and learning techniques,
to other online optimization problems with unknown time horizons, such as

online resource allocation and online matching.
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Appendix A. Proof of results in Section 2

Proof of Lemma 2.1. Let p € A denote the distribution for N. For any
algorithm Str € S, we can consider the following q € S:

q; = P[Str picks x,;)|N >4, R; =1, z,(;) not picked for 1 < j <i—1].
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For this proof, define
Uo(a) =1,  Uia)=]] <1 - i—]> . Alp.a) =) Uisi(@ai(p).
j=1 i=1

For Str, for any 1 < i <, it is easy to show by induction (on ) that

P[z,(;) not picked for 1 < j <N > 1] < U;(q).

Thus,
P[Str picks ,(;)|N > i, R; = 1] < q;U;—1(q).
And so
' : L= N >i R —
P[Str picks 2,3), To(;) 1I§IljaSXN£EO.(])|N >, Ry =1]

= i SN >4, Ry =1]- V<N >, R =
P[Str picks ,(;)|N > i, R; = 1] - Plarg AKX To(j) < i|N >4, R, =1]

> i D; i
<qUi1(q)- ) (= == ) = == qiUi—1(q)Mi(p)-
]Z::i JXj—iPy D ji—i Dy

Since P[N >i,R; =1] =P[R; = 1|N >i] -P[N > i] = Zj/jipj/,

_ S . ' o '
P[Success(Str)] ;P[N > i, Strpicks (), To() 1I§IljaSXN£EO.(])]

< ZQiUi—l(Q))‘i(p) = A(p,q)- O
=1

Appendix B. Proof of results in Section 3

Proof of Theorem 3.1. For convenience, denote §(p) = 6 and \;(p) = A; for
i € N. First, notice that 0 < i\; < Z;’iipj — 0 as ¢ — oo, thus by the
auxiliary maximum-attainment lemma in the supplementary material, there
exists an index K* € N such that

0 = maxi\; = K" \g~.

€N

Due to Lemmas 2.1 and 2.2,

sup A(p,q) = sup P[Success(Str)].
qes StreS
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For the upper bound, since kA, < 6 for all k

o ke k-1
=> H (= a/D))(ar/k) - kXp < 6 - Z 1T = a/D)a/*).
=1 = 1=1

Since for any finite K € N

K k-1 K

Z H (1= a/W)ar/k) =1-[0—a/) <1

k=1 =1

Taking K — oo, we get

A(p,q) <6 lim Z 1:[ L—q/1)(qr/k) <0

klll

For the lower bound, the idea is to compare the sequence of A\; with
the sequence )\,(QT) = %1[k < T] generated by a delta distribution at T, i.e.,
p; = 1[i = T, since we know that for the delta distribution, the problem is
just the classical secretary problem with a known time horizon, and achieves
a probability of success = 1/e.

We first truncate the sum at K € N

- K k-1

iH (1= a/D)aeAs = ZHl—QI/l Qi Ak-

k=1 l= k=1 [=1

Since A is a non-increasing sequence, we have A\ > Ak for all £ < K, and

SO
d 1
A I —=q/D)qr - —.
(p, 221 ll_I @/ 3
For K = 1, taking q = q®*1) = q(V, we have A(p, q) > A\;. For K =2,

taking q = q©*2) = q®, we have A(p,q) > 2\ - 1 >2x -1 For K > 3,
take q = q*%) as defined in the theorem. Then by the auxiliary classical-
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threshold lemma in the supplementary material,

1 K k—1 1 K k—1
53 <H<1 - ql/n) w=7> | IT0- 1/1))
1

k=1 \Il=1 k=s} \l=s%

sy —1 1
= — | >
7| 2 ]2
which implies that for all K € N (and in particular for K*),

* 1 % 1
AP, a"F) > KX - = AP, qi)) > K"\ — =

Appendix C. Proof of results in Section 4

Lemma Appendix C.1. Let p € A be a fized distribution, and let € > 0.
Let fp : S = R be a function such that |A(p,q) — fp(q)| < € for allq € S,
and assume that there erists " € S such that fp(q*) = supges fp(q), then

A(p, q*) > sup A(p7 q) — 2e.
q€ES

Proof of Lemma Appendiz C.1.

A(p,q*) > fp(q") — € = sup fp(q) — € > sup A(p, q) — 2e. O
qes qeS

Lemma Appendix C.2. For any p > 1, we have I(p,1) < p-(I(p,l—1)+1)
for alll € N, and I(p,I') > P53~ - I(p,1) for alll! > 1> 1.

Proof of Lemma Appendiz C.2. Recall that by definition, I(p) := {[p!], I €
{0} U N}, and has elements I(p) = {1 = I(p,1) < I(p,2) < ---}, with
I(p,0) =0.

For 1 =1, I(p,l) =1 and I(p,l — 1) + 1 = 1, the statement holds since
p>1. Forany l € N, 1> 2 let k € {0} UN be the largest integer, such that
I(p,1— 1) = [p*], then

I(p,0) = [P < P 41 < oM 4 p
= p(p" +1) < p([P" T+ 1) = p(I(p,1 = 1) +1).

For the second part, let I(p,1) = [p*] for some k € {0}UN, then I(p,1’) >
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[pk—l—l’—l"_

Ipl) _ _[p" _pr+1 _ 208 2
I(p’ l/) — (pk-i-l’—l"l — pk—l—l’—l — pk-i-l’—l pl’—l'

Proof of Lemma 4.1. For convenience, denote

. 1< .
55 1= A((W),q) = jz U-1(d)a, JeN
=1

For the lower bound, for any j’ > 7, we have

J' J
isi =Y Ua(@a > Ui(@)q = js;.
=1 =1

For the other direction,
N i L1y TR @
Sy = ? ZU1—1(Q)LH = ?Sj + ? Z U—i(q)q < ?Sj + Z Uz—l(Q)T
=1 I=j+1 I=j+1

Recall that U;(q) := []i—;(1 — q;/1), the second term above becomes

-/ -/

J J
a _ . a
Z Ul—l(Q)T =Uj(a) |1 - H (1 - 7)

I=j+1 I=j+1
RN ek SN ik SRR |
J+1 j+2 J’ a

thus we get ' '

si < Lsi4(1-2). O
J J

Proof of Corollary 4.1. For convenience, denote s; := %Zle Ui—1(q)q; and
ki :=1(p,1) for i € N, kg = 0. With these notations,

0o 00 ky
A(p,q) = Zpisi = Z Z Djsj-
i=1 I=1 j=k;_1+1

By Lemma Appendix C.2, p(k;—1 +1) > k; for all [ € N, thus by Lemma
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4.1 we get

oo k;
Q<p>. D pisk

=1 j=k;_1+1
oo k; oo

=pY s | D>, pi| =D skbk = pAB )
=1 j=ki_1+1 =1

For the upper bound, by Lemma 4.1 again,

TR Ek: Pj <S'ﬂ B (1_ %))

=1 j=k;_1+1

)

=1 j=k;_,+1

—ap.a) - (1-7)

Thus we get the following bounds

Mn®2A®®—<b%>2Mﬁ®—@—m

A(p,q) < pA(p,q) < A(p,aq) + (p — 1).

which together implies that for all q,

|A(p,a) —A(p.q)| < p—1. O
Proof of Lemma 4.2. For any q € S, notice that

k

Vk‘ENZ 11 qZ/Z—l—H(l——<1:>Z 11 ql/z

1=1
(C.1)
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Thus for any q € S,

n

A(p,q) — Y Uii(@% - ¢

7

=1
|Z i-1(a)qi/1) - (iXi(p) — Gi) + f: (Ui (a)qi/7) - iAi(p)]
i=n+1
< Z i—1(a)qi/i) - [iAi(p) — Gil + i (Ui—1(a)qi/i) - [ixi(p)]
i=n+1
<e- i(Ui—l(Q)qz’/i) <e
i=1
For the second statement, since p; = 0 for ¢ = ky,...,kos — 1, we have

Ai(P) = Ak, (p) throughout this interval. Therefore,

—G — i\ = — — koA < —¢e<e. O
k2G i (P)‘ " |G — ka2, (P)| < =€

Proof sketch of Theorem 4.1. The detailed proof is provided in the supple-
mentary material; below we provide a sketch.

The proof consists of two parts. First, we show that the good event £*
holds with high probability. Then, we show that under this event, the output
q is at most e-suboptimal.

For the first part, write p = Block(p, p) and Nyax = I(p, lmax)- The tail
condition in £* follows from the fact that Ny,.x is at least the largest sampled
horizon. To control the errors |G;—iA;(P)|, we split the block indices into two
ranges. For ¢ < pT', each G; is an unbiased estimate of i)\;(p); a variance-
sum bound, together with Hoeffding and Bernstein inequalities, gives the
required uniform concentration over the relevant block indices. For ¢ > pT,
the assumption Z;‘;T 1P < €/12 and a Chernoff bound imply that both
the empirical and blocked tails are small, so the corresponding errors are also
at most €¢/4. Combining these bounds gives P[E*] > 1 — § under the stated
sample-size condition.

For the second part, on the good event, the sequence G uniformly ap-
proximates (i);(P))ien on all relevant indices. Lemma 4.2 then implies that
the empirical objective optimized in Algorithm 1 approximates A(p, -) within
¢/4. Corollary 4.1 gives another €/4 between A(p,-) and A(p,-). Therefore
the objective optimized by Algorithm 1 is a uniform €/2 approximation to
A(p,-), and Lemma Appendix C.1 implies that the output q is at most
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e-suboptimal. [l
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Supplementary Material for “Secretary Problems with
Random Number of Candidates: How Prior Distributional
Information Helps”

1. Adversarially picked N

In the main paper, we model N as a random variable. This section con-
trasts that model with an adaptive adversarial-horizon formulation. Con-
sider the setting where N has an upper bound n, and N is picked by an
adversary who has access to the same “rolling” information as the decision
maker. That is, at time ¢, the adversary is given the relative ranking of the
t-th arriving number, as well as the decision maker’s decision at time ¢ — 1,
and then needs to decide immediately and irrevocably if N = t. We show
that the adversary has a strategy such that the decision maker cannot suc-
ceed with probability more than in As a comparison, if N < n is a random
variable, as opposed to being picked by such an adversary, the decision maker
has a strategy that guarantees a 2(1/log(n)) probability of success (Abdel-
Hamid, Bather, & Trustrum, 1982; Hill & Krengel, 1991; Oveis Gharan &
Vondrak, 2013).

Assume that N < n has an upper bound, and NV is picked by an adversary.
At time t, the adversary is given the relative ranking of the t-th arriving
number together with the decision maker’s decision at time £ — 1, and needs
to decide if N = t. Consider the following strategy for the adversary: for
t=1,2,...,[v/n], the adversary chooses N > t. At time t = [\/n]|+1, if the
decision maker has picked a number (among the first | y/n] arrivals), then the
adversary chooses N = n, otherwise, the adversary chooses N = |\/n| + 1.

Lemma 1.1. Under the above strategy of the adversary, for any decision
maker, the probability that he picks the largest number among the N numbers

that arrive is no more than —=.
vn

Proof of Lemma 1.1. We consider two cases. If the decision maker picks
some number among the first [\/n] arrivals, then the probability that he
picks the largest one among N = n numbers is upper-bounded by the prob-
ability that the largest one of n numbers is among the first |\/n| arrivals,



which due to the random permutation has probability upper-bounded by
Wl - 1
o ST
If no number is picked among the first |y/n| arrivals, if the decision maker
does not pick the [/n|+ 1-th number, he automatically fails, and if he picks,

due to the random permutation, the probability that the L\/_ |+1- th number

is the largest one among the first [/n] + 1 arrivals is W < %.
In both cases, the decision maker cannot succeed with a probability more
than % O

2. Proof of Theorem 4.1

Proof of Theorem 4.1. The proof consists of two parts. First, we show that
the good event £* holds with high probability. Then, we show that under
this event, the output q is at most e-suboptimal.

For convenience, denote p = Block(p, p), and k; = I(p,i) for i € N,
ko =0, and Nyax = I(p, lax)-

Step 1: Recall that we say the following event is good (denoted by £*),

> pi<€/12, and |Gi — iX(P)| < €/4 i =1(p,1), | € [Imax]-
i:anax‘f‘l

For the first part of the event, since Nmax > max;ep,, NV (),

e8] o €
| Z pi > €/12] <P Z ST
1=Nmax+1 L i=maX;c[m] NG +1

o0
=P Z pi > % for every j € [m]
Li=N@+1

< (1—¢/12)™ < emm/12,

For the second part, we consider two cases: ¢ < pT, for which we apply
the standard Hoeffding or Bernstein concentration bound, and i > pT (if
Nmax > pT'), which we handle by bounding the tail of p.

For ¢ < pT': first, notice that we can rewrite p in the following way:

m

1 & , 1
pzaz k1 +1< N9 < k] - 60 :EZ lock(6™N", p).
j=1 1=1 j=1



Then, for any i = I(p,1) for some [ € [Imax|, by linearity of \;
N\ n 1 ®)
s =iN(p) = — Block(6V™) p)).
Gi = iXi(p) m;m i(Block(8, p))
By linearity of the mapping Block, if N ~ p for all j € [m],
E[G;] = E[z‘)\i<Block(5(N),P)>]
= X (Block (B[5™)], p) ) = iXi(Block(p, p)) = iAi(P).

Thus, G; is an unbiased estimator for i\;(p) for ¢ = I(p,1), | € [lmax)-
Next, we show that G;’s are concentrated around their means. To do so, we
first notice that for any distribution p’ € A and any ¢ € N,

iAi(p') ZPJ<ZPJS1
7=t
Since G; = i\(p), we have 0 < G; < 1 for all i = I(p,l), | € [lmax].- By
Hoeftfding’s inequality,

P[|G; — iXi(P)] > €/4] < 26718,

Next, we will bound Zf’g? Var|[G;], thereby showing that most of the
G’s have small variance, which allows tighter concentration bounds such as
Bernstein’s inequality.

To be precise, for i = k; for some [ € [lax], and j € N where ks_1 < j <
ks for some s € N,

iAi(Block(84), p)) = %1[8 > ).

S

Since for N ~ p, by our definition that p = Block(p, p), we have P[ky_1+
1 < N < ky] =Dy, thus

E[(i\i (Block(8™), p)))?] = Z Z 2(5 D)
s=l =

where the last step is by the ratio bound for consecutive block indices. In
particular, we get

E|:<k1)\k1(B|ock(5(N)’p))>2:|
+ <1 - i) ZEKkMkl(Block( ) } Z% B

'0 =2



which implies that

lmax lmax

Y Var [klAkl(Bmck(a(N),p))} <Y E [(k:l/\kl(Block(d(N), p)))z}
=1 =1
4 25

<—— < —.
T 1-1/p% 7 ¢

In particular, at most min(300/¢2, l;ax) of them can have variance larger
than €/12. For the rest of these terms, we use Bernstein’s inequality

P[|G; — iXi(D)| > €/4] < 2e7™</5,

Next, we consider the second case where ¢ > pT'. Notice that

m [e.e]
STUND > T4 1] ~ Bino(m, S py),
= j=T+1

Under the assumption, ZJO’;T 11 Pj < €/12, thus by the Chernoff bound, we
have

iZuv(J > T +1] > e/6] < e ™36,
=1

3

In addition, for any i = k; for some [ € [ljhax], by the triangle inequality,
o o o

DI =Bl <D pi ) P < %Z”NU) Zhotlls ) 7

j=i j=i  g=i i=1 j=ki-1+1

However, for any k; > p1', we have k;_1 > T. This is because k; >
pT implies | > 2, in particular [ — 1 > 1, and so k1 € I(p). Now let
lp be the largest integer such that k;_; = [p'], then k = [plot1]. By
assumption, [plot1] > pT. If [p] < T, then plo < T — 1, which implies
[plot1] < [pT — p] < pT — p+1 < pT contradiction. Thus, under the event
{1 Py 1[NU) > T +1] < £}, which has probability at least 1 — e~™¢/36,
for all ¢ € I(p) such that ¢ > pT,

S pl < AN 2T D s

j=T+1

Thus

o . o . o
\ i B i, _ L
Gi — 1A Z— Pj)!SZ;’PJ'—P]'\SZ’PJ—PHSG/‘L
j=i j=i j=i

%



The indices in the first case satisfy i < pT and i € I(p), i.e., i = [p] for
some | € {0} UN. If T > 2, since [p] = [p*] = 2, the number of terms in
the first case is upper bounded by

log(T") <1 5log(T) < 101og(T)

1
T Tog(p) = c T e

where we use log(p) = log(14€/4) > 0.2¢ for 0 < € < 1 and log(14+z) > 0.8z
for z € [0,0.5]. Thus, if m > max(2 log(%%g)), £ log(2R)),

P[E*] >1-— e—em/12 _ @ . e—m62/8 _ 2010g(T) . e—em/S _ e—em/36 >1-—4.
€ €
If T'=1, since [p] > p- T, the only term in the first case is ¢ = 1, also
controlled by the event {m~! > 1[NU) > 1] < €/6} used in the second
case. With m > 38log(2)

]P[g*] >1— e—em/12 o e—em/36 >1-94.

Step 2: If the event £* holds, the following series of approximation
results hold.

e The sequence G approximates the sequence (i\;(P))ien well. Notice
that under £*, this is already true for i € I(p) N [Nmax], and here we
show that this is true for all i € N. First, notice that p is supported
only on I(p) N [Npax). Thus, for i € [Nyax] but i ¢ I(p), let i’ be the
smallest index such that ¢/ > i and i’ € I(p), then ¢/ < Npax, and by
the second part in £*, |Gy —i' Ay (P)| < €/4. By the second part of the
approximation lemma,

o > ™ Ui—1(q)% - G; approximates A(P,q) well. This follows by ob-
serving that the sequence G satisfies the conditions in the approxima-
tion lemma with n = Nyay, which implies that for any q € S,

Nmax .
AP.a) — Y Uil - Gil < ¢/4.
i=1

e A(P,q) approximates A(p,q) well since P is the blocked version of p:
by the blocking-error corollary,

|A(p,q) — A(P,q)| < p—1=¢/4



Given these approximations, by the triangle inequality,

- Z Uz’—1(<1)7Z yen
i—1
NII\aX

< |A(p,q) — AP, q)| + |A(P,q) — Ui_1<q>% L Gy| < ¢/2.
=1

By the approximation-to-optimality lemma, ¢ is at most e-suboptimal. [

3. Proof of Theorem 4.2
Proof of Theorem 4.2. For convenience, define A* : A — [0, 1] as

A*(p) = sup A(p,q)-
q€EeS

For n > 3 and s € [0,1], let w(™*) be the distribution supported on {1,n}

with wgn’s) = s and wSL"’S) =1 —s. For any q € S, by linearity,

Aw™) q) = g5+ (1 — 5)A(6™, q)
1—s n i1—1 4
=qs+—|a+1—q) < ——?)%
n ‘ J

Let qfkn) be an optimal strategy for 6™, with A, = A(a(n),qgn)). From

Gilbert and Mosteller (1966), for n > 3, we have qinl) =0, and so

n i—1 n i— 1
q2;.- J]n€0112j 2 =2 = 2

Thus

sup AW, q) = qus+ (1= s)(q1/n+ (1 — 1) An).
QZw"v‘Jne[O,l}

To maximize the above expression over q1 € [0,1], it is easy to see that for

* . " ~
§ > sy = 1+A7L—L% ~ 1+e, taking ¢q; = 1 is optimal, otherwise ¢; = 0 is

optimal. Take 0 < € < min(s},1 — s}), using 4,, > 1/e,

" 1 1
*(o(n,shte)y _ - * il
A" (w ) (1 n> (sn+e)+n

= A*(W(nvs:)) + <1 _ l) € > A*(W(n,s;i)) + ¢/e,

n



A (W m9)) = (1 — 5% + ) A, = A" (Wn)) 4 ed, > A*(w™0)) 4 ¢/e.
Thus for any q € S,
S, ) + 4w, q)
= A(w™n) q) < A*(wmsn))
(A*(wmsnt ) 1 A (wmsnm9)) — e /e

IN

1
2
That is, there is no q € §, such that at the same time
AW q) 2 A7 (w4 — e/,
A(w™5279) q) > A*(wmsn=9) — ¢/3.

As a result, consider S ~ Uniform{s} + ¢,s* — €}, and suppose the
algorithm is given m i.i.d. samples from w5 If an algorithm can find a
q € S that is €/3-suboptimal for w(™%) with probability at least 2/3, using
m samples, then this algorithm can correctly predict which value S takes
with probability at least 2/3 using m samples.

For simplicity, for any distribution p, use ®p to denote p X - -+ X p the
m-product distribution of p. Then from classical results (textbook reference
Wainwright (2019)), the optimal test for S makes mistake with probability

DPe;
1 - «
pe = 5(1 - DTV(@mW(n78n+E), ®mw(n,sn—e))).

To achieve p. < 1/3, the sample size must satisfy

)

Dry <®mW(n’s:§+E), ®mw(n,s,’;—e)) >

Wl

QD%V((@mW(n’S;H—E), ®mw(n,sfl—e))
< Dgp(@mw(5nF9)|| @™ w2 =) Pinsker’s inequality
= mDg (W™ +9||w(™*n=9))  tensorization for KL-divergence.

Since Dpy (w(™51+€) w(n52-€)) = 2¢, by reverse Pinsker inequality (Sason,
2015), we have for € < s,

2D%V (W(nvs:ﬂ'ﬁ), W(nﬁ;_ﬁ))
min(s} —e,1 — s} +¢€)
82

min(sy —e,1— s +¢€)

Dici (w55 || wl5i-9) <




An_% 1

However, for any n > 3, we have An—% <A, <1l andsos; = AT <2
simplifying the above to !
. ._ 82
DKL(W(nvsn—i_e)Hw(nvsn 6)) < .
T8y —€
Thus we have the following bound:
sy —¢€
> I .
= 362
Taking
4,1
p =58 =——"—|
R TR F
and using lim,,_,~, A, = 1/e, we obtain lim, o ¢, = 1/(e + 1). O

4. Proof of Theorem 4.3

Proof of Theorem 4.3. For convenience, define A* : A — [0,1] as

A*(p) = sup A(p, q).
q€EeS

First, notice that for any ki, ks, k3 € N where for some p > 1, ky > pky,
ks > pks, and the mixture py, ky ks = %zg’zl 6% we have

1 1 1 S
_+k_2+k_3’ Z—l,...,kl

3
Ay

1 1 .
— + = Z:kil—l—l...kg
3.\ _ )R T s AN
Z(pkl,k27k3) %7 i:kg—l—l,...,kg
0, 1> ks
Thus, it is easy to check that
ki ki ko 2
3-0 = 1+—=+—=14+=1)<1+-.
(pklka,kS) maX( + k:2 + k’g + k:3 ) — + p

In particular, by Theorem 3.1, this means that for any strategy q € S,

3

. 2
> A6, q) = 3A(Pry kaks @) < 1+ >
=1



The bound 1 + 2/p is on the sum of the three success probabilities. Thus,
for every strategy q € S, there is at least one i € {1,2,3} such that

1 2
A% q) < =
(07 a) < 3+

Since A*(6%1)) > 1/e, for this index we have

() ~ A", q)

v
|
|
|
|
|
Y
(e

whenever 0 < e < 1/e —1/3 and p > (2/3)/(1/e — 1/3 — €). Consequently,
no single strategy is e-suboptimal for all three fixed-horizon distributions.
Now for any 0 < € < 0.03, take p = _— < 220. Consider the sequence

(ki)ien where k1 = 1 and ki1 = [ pk;] for all 1 € N. Then from the argument
above, for any triplet (ki , ki,, ki, ), there is no single q that is e-suboptimal for
all three of them. Thus, to specify e-suboptimal strategies for {d (k) 4 € (L]},
one needs at least [L/2] strategies q. This requires Q(log(L)) bits to specity.

Taking n = k, = O(p*~1), we have L = Q(ﬁigz))), and so the total number

of bits required is (loglog(n)). O

5. Auxiliary results
Lemma 5.1 (Classical- threshold lower bound). For T > 3, let sh € N be
such that ZT : 1 <1 butz 13 >1, then

T-1

sp—1 1

vl
t=sp—1

Proof of Lemma 5.1. For T' < 9, Gilbert and Mosteller (1966) list the values
of ST—T_l(ZT__;_l 1), which are all > 1/e. Below we assume that 7' > 10.

1=Ss

Since ZT_l 1 2 1, if S;_l >1 /e the result holds. Below we consider

the case whe

—=1_1
>Z—>/ —da;—log ):>ST Zg

ZST

Since for any a > 1, we have

1 at+l 1 1/1 1
_2 —dZ+— - 9
a o z 2\a a+1




we obtain

ST— a
T 1 T
=1 — —1).
°g<s*T—1>+2T <s;—1 )

LT R P et
T 10 T 7

i
1=sp—1

Since gr(2) = 14+ (1-1)/2T > 1, and gr(x) is concave in z, as long as
1

gT(%—%) > ct we have that gr(z) > % forall x € [e T —] So it remalns to

show gp(L — ) > 1. Let’s define h(y) = —(2 —y)log(2 —y) + sy(1 — 1 +y)
for y € [0, &1, then gr(L — 4) = h(4). Notice that

I=a |

=

1000
1 1 1 1
W (y) = log(= — 1 —-(1--), R'(y)=- 1<o0.
(y) =log(z —y) +1+y+5-(1—-7), A(y) Te—y T1S
And so for y € [0, %],
1 1 1 1 1 1
/ > B L Lt L
W(y) 2 W(55) =log(; — 7o) + 1+ 35+ 5 - (1= ) > 009> 0,
Thus h is non-decreasing on [0, %], and so for all y € [0, %],
1
h(w) > h(0) = *.
This ends the proof of the lemma. O

Lemma 5.2 (Maximum-attainment lemma). Let (a;)ien and (b;)ien be two
sequences in R such that

0 <a; <b;, i €N.

In addition, suppose that lim,_ .~ b, = 0. Then there exists an index i* € N
such that a; > a; for all j € N.

Proof of Lemma 5.2. If a; = 0 for all i+ € N, then taking ¢* = 1 works.
Otherwise, let [ € N be the first index such that a; > 0. Since lim,,_o b, = 0,
there exists I’ € N such that for all n > I, a, < b, < a;. Thus taking
i* € argmax;ey] aj works. O

10



Lemma 5.3 (Hoeffding inequality). Let Xi,...,X, be a sequence of inde-
pendent random variables such that 0 < X; <1 for all i € [n] almost surely.
Then for all t > 0,

P [ZH:XZ-—E ZH:X] zt] < e 2/n
=1 =1

Lemma 5.4 (Bernstein’s inequality). Let Xi,...,X, be a sequence of in-
dependent random wvariables. Suppose that there exists M € R such that
|X; —E[X;]| < M for alli € [n] almost surely. Then for all t > 0,

n n tg/z n
P [Z X, —E [Z XZ-] > t] <e VAR, V=Y "Var[X,].
=1 =1 i=1

Lemma 5.5 (Chernoff bound). Let X1,..., X, be a sequence of independent
Bernoulli random variables. Denote X = > " | X; and p = E[X]. Then for
all t >0,

PIX > (14 t)u] < e P12+,
Forall0 <t <1, ,
PIX < (1 —t)u] < et M2
6. Computational-study setup

For completeness, we give the exact formulas used for the computa-
tional study in Section 5 of the main paper. For each support bound n €

{100, 1000, 10000}, let k € [n], r, = min{1/2,4/n}, H, 3/5 = 2?21(]‘—25/27

11



and a, = A*(8"). The eight distribution families are

fixed: pp = 1[k =n],
uniform: pg = 1/n,
(1 —rp)kt
1—(1—=ry)"’
(n/4)*/(k - 1)!
> (n/4)=1/ (G =1
bimodal: pj, = $1[k = n/10] + 31[k = n],

geometric: pr =

Poisson: pp =

power law: pp = k:_3/2/Hn73/2,
hard two-point: pg = ¢, 1[k = 1]+ (1 — ¢,,)1[k = n],
an —1/n
14+a,—1/n’
geometric support: py = |S,| " 1[k € S,],
S, = {round(n?/®) : j =0,...,5}.

Cp =

Throughout this section, round(z) denotes rounding to the nearest integer,
with ties rounded to the nearest even integer, as implemented by NumPy’s
rint function. The Poisson distribution is that of 1 + X, where X ~
Poisson(n/4), conditional on 1+ X < n. The hard two-point distribution
places its mass at the value where the optimal first-period decision switches.
For training samples NV @, ..., N™_ define the empirical distribution

PP =m™ Y 1N = k],
j=1
The four compared strategies are
block: §"* € arg max A(Block(p“™P 1+ €/4),q),
q¢

plug-in: q“"P € arg max AP, q),

qeE
m
mear. qmean = q(sﬁmca“), Nmean = round m_l Z N(j) ’
=1
median: g™ = q*mea),  fiypeq = round (medianje[m} N (j)> .

Here s} is the optimal classical-secretary threshold for a fixed horizon h.

12



7. Additional computational results for ¢ = 0.10

This section repeats the computational study in Section 5 of the main
paper with ¢ = 0.10; all other distributions, support bounds, sample sizes,
random seed, and replication counts are unchanged. Averaged over all eight
families and three values of n, the block learner’s mean optimality gap is
0.076, 0.021, 0.012, and 0.003 at m = 1, 5,10, 50, respectively. The empiri-
cal plug-in again performs almost identically. The simpler horizon-threshold
baselines are competitive with one sample but do not consistently improve
with more data because a single estimated horizon cannot represent multi-
modal or heavy-tailed horizon distributions.

13
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Figure 1: Mean optimality gaps for ¢ = 0.10. Colors identify strategies and markers
identify support bounds. The blue block-learner and orange empirical plug-in curves
nearly coincide.
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Table 1: Mean additive optimality gap A*(p) — A(p, q) over the training repli-

cations.
Distribution n Method m=1m=2m=5m=10 m =20 m =50 m = 100 m = 200 m = 500
Bimodal 100  Block learner 0.095 0.048 0.031 0.012 0.006 0.001 0.001 0.000 0.000
100  Empirical plug-in 0.095 0.048 0.031 0.012 0.006 0.001 0.001 0.000 0.000
100 Mean-horizon threshold 0.077 0.106 0.134 0.137 0.137 0.135 0.135 0.135 0.135
100  Median-horizon threshold 0.077 0.106 0.080 0.093 0.085 0.086 0.083 0.080 0.080
1000 Block learner 0.090 0.042 0.025 0.010 0.007 0.003 0.002 0.002 0.002
1000 Empirical plug-in 0.090 0.041 0.024 0.008 0.005 0.001 0.001 0.000 0.000
1000 Mean-horizon threshold 0.069 0.096 0.124 0.125 0.124 0.123 0.123 0.122 0.122
1000 Median-horizon threshold 0.069 0.096 0.069 0.082 0.077 0.075 0.072 0.073 0.070
10000 Block learner 0.090 0.046 0.025 0.009 0.005 0.002 0.001 0.001 0.001
10000 Empirical plug-in 0.090 0.046 0.024 0.008 0.004 0.002 0.001 0.000 0.000
10000 Mean-horizon threshold 0.070 0.095 0.123 0.123 0.123 0.121 0.121 0.121 0.121
10000 Median-horizon threshold 0.070 0.095 0.067 0.081 0.078 0.076 0.073 0.071 0.069
Fixed 100  Block learner 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
100  Empirical plug-in 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
100  Mean-horizon threshold 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
100  Median-horizon threshold 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1000 Block learner 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1000 Empirical plug-in 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1000 Mean-horizon threshold 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1000 Median-horizon threshold 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10000 Block learner 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10000 Empirical plug-in 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10000 Mean-horizon threshold 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10000 Median-horizon threshold 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Geometric 100  Block learner 0.094 0.064 0.041 0.024 0.016 0.007 0.003 0.001 0.000
100  Empirical plug-in 0.094 0.064 0.041 0.024 0.016 0.007 0.003 0.001 0.000
100  Mean-horizon threshold 0.052 0.039 0.033 0.033 0.034 0.033 0.033 0.033 0.033
100  Median-horizon threshold 0.052 0.039 0.025 0.019 0.017 0.014 0.013 0.012 0.011
1000 Block learner 0.096 0.066 0.036 0.022 0.011 0.005 0.002 0.001 0.001
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Distribution n Method m=1m=2m=5m=10 m =20 m =50 m = 100 m = 200 m = 500
1000 Empirical plug-in 0.096 0.066 0.036 0.022 0.010 0.005 0.002 0.001 0.001
1000 Mean-horizon threshold 0.046 0.034 0.028 0.025 0.024 0.023 0.024 0.024 0.024
1000 Median-horizon threshold 0.046 0.034 0.022 0.015 0.010 0.008 0.008 0.008 0.007
10000 Block learner 0.100 0.068 0.033 0.019 0.011 0.005 0.003 0.001 0.001
10000 Empirical plug-in 0.100 0.068 0.033 0.019 0.011 0.005 0.003 0.001 0.001
10000 Mean-horizon threshold 0.055 0.032 0.026 0.025 0.023 0.024 0.023 0.023 0.023
10000 Median-horizon threshold 0.055 0.032 0.020 0.014 0.010 0.009 0.007 0.007 0.007

Geometric support 100  Block learner 0.122 0.083 0.038 0.037 0.022 0.013 0.007 0.003 0.000
100  Empirical plug-in 0.122 0.083 0.038 0.037 0.022 0.013 0.007 0.003 0.000
100  Mean-horizon threshold 0.093 0.108 0.116 0.122 0.122 0.119 0.118 0.117 0.117
100  Median-horizon threshold 0.093 0.108 0.089 0.093 0.089 0.087 0.089 0.086 0.087
1000 Block learner 0.118 0.078 0.040 0.039 0.024 0.015 0.008 0.002 0.000
1000 Empirical plug-in 0.118 0.078 0.040 0.039 0.024 0.014 0.008 0.002 0.000
1000 Mean-horizon threshold 0.098 0.108 0.116 0.121 0.122 0.125 0.127 0.127 0.127
1000 Median-horizon threshold 0.098 0.108 0.103 0.106 0.106 0.105 0.104 0.105 0.104
10000 Block learner 0.106 0.067 0.042 0.036 0.025 0.014 0.008 0.002 0.000
10000 Empirical plug-in 0.106 0.067 0.042 0.036 0.025 0.014 0.008 0.002 0.000
10000 Mean-horizon threshold 0.090 0.125 0.118 0.116 0.114 0.111 0.109 0.109 0.108
10000 Median-horizon threshold 0.090 0.125 0.099 0.111 0.107 0.104 0.103 0.102 0.102

Poisson 100  Block learner 0.036 0.019 0.006 0.003 0.001 0.001 0.000 0.000 0.000
100  Empirical plug-in 0.036 0.019 0.006 0.003 0.001 0.001 0.000 0.000 0.000
100  Mean-horizon threshold 0.007 0.004 0.002 0.001 0.001 0.001 0.000 0.000 0.000
100  Median-horizon threshold 0.007 0.004 0.002 0.001 0.001 0.001 0.000 0.000 0.000
1000 Block learner 0.011 0.005 0.002 0.001 0.000 0.000 0.000 0.000 0.000
1000 Empirical plug-in 0.013 0.006 0.002 0.001 0.000 0.000 0.000 0.000 0.000
1000 Mean-horizon threshold 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1000 Median-horizon threshold 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10000 Block learner 0.002 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10000 Empirical plug-in 0.004 0.002 0.001 0.000 0.000 0.000 0.000 0.000 0.000
10000 Mean-horizon threshold 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10000 Median-horizon threshold 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
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Distribution n Method m=1m=2m=5m=10 m =20 m =50 m =100 m = 200 m = 500
Power law 100  Block learner 0.198 0.137 0.025 0.009 0.001 0.000 0.000 0.000 0.000
100  Empirical plug-in 0.198 0.137 0.025 0.009 0.001 0.000 0.000 0.000 0.000
100 Mean-horizon threshold 0.189 0.239 0.343 0.380 0.417 0.426 0.430 0.430 0.432
100  Median-horizon threshold 0.189 0.239 0.154 0.110 0.096 0.061 0.034 0.010 0.000
1000 Block learner 0.203 0.142 0.027 0.013 0.001 0.000 0.000 0.000 0.000
1000 Empirical plug-in 0.203 0.142 0.027 0.013 0.001 0.000 0.000 0.000 0.000
1000 Mean-horizon threshold 0.194 0.249 0.361 0.408 0.439 0.456 0.462 0.464 0.464
1000 Median-horizon threshold 0.194 0.249 0.175 0.143 0.098 0.099 0.080 0.054 0.025
10000 Block learner 0.207 0.133 0.036 0.010 0.001 0.000 0.000 0.000 0.000
10000 Empirical plug-in 0.207 0.133 0.036 0.010 0.001 0.000 0.000 0.000 0.000
10000 Mean-horizon threshold 0.198 0.261 0.361 0.413 0.456 0.472 0.478 0.481 0.484
10000 Median-horizon threshold 0.198 0.261 0.164 0.142 0.138 0.102 0.098 0.077 0.052
Two-point hard 100  Block learner 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
100  Empirical plug-in 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
100 Mean-horizon threshold 0.000 0.015 0.016 0.013 0.013 0.011 0.011 0.011 0.011
100  Median-horizon threshold 0.000 0.015 0.000 0.002 0.001 0.000 0.000 0.000 0.000
1000 Block learner 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1000 Empirical plug-in 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1000 Mean-horizon threshold 0.000 0.016 0.018 0.014 0.014 0.011 0.011 0.011 0.011
1000 Median-horizon threshold 0.000 0.016 0.000 0.003 0.001 0.000 0.000 0.000 0.000
10000 Block learner 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10000 Empirical plug-in 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
10000 Mean-horizon threshold 0.000 0.017 0.018 0.014 0.013 0.011 0.011 0.011 0.011
10000 Median-horizon threshold 0.000 0.017 0.000 0.002 0.000 0.000 0.000 0.000 0.000
Uniform 100  Block learner 0.086 0.059 0.032 0.016 0.009 0.003 0.002 0.001 0.000
100  Empirical plug-in 0.086 0.059 0.032 0.016 0.009 0.003 0.002 0.001 0.000
100 Mean-horizon threshold 0.040 0.022 0.012 0.010 0.009 0.009 0.008 0.008 0.008
100  Median-horizon threshold 0.040 0.022 0.020 0.014 0.011 0.009 0.009 0.008 0.008
1000 Block learner 0.086 0.056 0.025 0.015 0.007 0.003 0.002 0.001 0.000
1000 Empirical plug-in 0.086 0.056 0.025 0.015 0.007 0.003 0.002 0.001 0.000
1000 Mean-horizon threshold 0.041 0.022 0.011 0.010 0.008 0.007 0.007 0.007 0.007
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Distribution

n Method

m=1m=2m=5m=10 m =20 m =50 m =100 m = 200 m = 500

1000 Median-horizon threshold
10000 Block learner

10000 Empirical plug-in

10000 Mean-horizon threshold
10000 Median-horizon threshold

0.041
0.086
0.086
0.040
0.040

0.022
0.058
0.058
0.023
0.023

0.017
0.028
0.028
0.012
0.019

0.012
0.014
0.014
0.009
0.012

0.010
0.008
0.008
0.008
0.010

0.008
0.003
0.003
0.008
0.008

0.008
0.002
0.002
0.007
0.008

0.007
0.001
0.001
0.007
0.007

0.007
0.000
0.000
0.007
0.007
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Table 2: Fraction of training replications with additive optimality gap at most

e=0.1.
Distribution n Method m=1m=2m=5m=10 m =20 m =50 m = 100 m = 200 m = 500
Bimodal 100  Block learner 0.52 0.76 0.78 0.95 0.99 1.00 1.00 1.00 1.00
100  Empirical plug-in 0.52 0.76 0.78 0.95 0.99 1.00 1.00 1.00 1.00
100 Mean-horizon threshold 0.52  0.26 0.03 0.01 0.00 0.00 0.00 0.00 0.00
100  Median-horizon threshold 0.52 0.26 0.46 0.37 0.44 0.42 0.45 0.49 0.48
1000 Block learner 0.49 0.79 0.81 0.96 0.99 1.00 1.00 1.00 1.00
1000 Empirical plug-in 049 0.79 0.81 0.96 0.99 1.00 1.00 1.00 1.00
1000 Mean-horizon threshold 0.49 0.25 0.03 0.01 0.00 0.00 0.00 0.00 0.00
1000 Median-horizon threshold 0.49 0.25 0.50 0.38 0.41 0.45 0.48 0.46 0.49
10000 Block learner 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Empirical plug-in 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Mean-horizon threshold 1.00 0.51 0.07 0.02 0.00 0.00 0.00 0.00 0.00
10000 Median-horizon threshold 1.00 0.51  1.00 0.74 0.82 0.87 0.93 0.94 0.96
Fixed 100  Block learner 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
100  Empirical plug-in 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
100  Mean-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
100  Median-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Block learner 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Empirical plug-in 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Mean-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Median-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Block learner 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Empirical plug-in 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Mean-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Median-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Geometric 100  Block learner 0.61 0.85 0.87 0.95 0.97 0.99 1.00 1.00 1.00
100  Empirical plug-in 0.61 0.85 0.87 0.95 0.97 0.99 1.00 1.00 1.00
100  Mean-horizon threshold 0.77 0.88 0.98 1.00 1.00 1.00 1.00 1.00 1.00
100 Median-horizon threshold 0.77 0.88 0.97 1.00 1.00 1.00 1.00 1.00 1.00
1000 Block learner 0.65 0.85 0.96 0.99 1.00 1.00 1.00 1.00 1.00
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Distribution n Method m=1m=2m=5m=10 m =20 m =50 m =100 m = 200 m = 500
1000 Empirical plug-in 0.65 0.85 0.97 0.99 1.00 1.00 1.00 1.00 1.00
1000 Mean-horizon threshold 0.83 0.93 0.99 1.00 1.00 1.00 1.00 1.00 1.00
1000 Median-horizon threshold 0.83 0.93 0.99 1.00 1.00 1.00 1.00 1.00 1.00
10000 Block learner 0.61 0.80 0.99 1.00 1.00 1.00 1.00 1.00 1.00
10000 Empirical plug-in 0.61 0.81 0.99 1.00 1.00 1.00 1.00 1.00 1.00
10000 Mean-horizon threshold 0.77 0.93 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Median-horizon threshold 0.77 0.93 0.98 1.00 1.00 1.00 1.00 1.00 1.00

Geometric support 100  Block learner 0.34 0.55 0.86 0.93 0.97 1.00 1.00 1.00 1.00
100  Empirical plug-in 0.34 0.55 0.86 0.93 0.97 1.00 1.00 1.00 1.00
100 Mean-horizon threshold 0.52 041 0.21 0.06 0.03 0.00 0.00 0.00 0.00
100  Median-horizon threshold 0.52 0.41 0.53 0.56 0.59 0.54 0.52 0.54 0.52
1000 Block learner 0.16 0.50 0.89 0.96 0.99 1.00 1.00 1.00 1.00
1000 Empirical plug-in 0.16 0.50 0.89 0.96 0.99 1.00 1.00 1.00 1.00
1000 Mean-horizon threshold 0.53 0.34 0.10 0.02 0.00 0.00 0.00 0.00 0.00
1000 Median-horizon threshold 0.53 0.34 0.51 0.39 0.43 0.45 0.49 0.42 0.47
10000 Block learner 0.16 0.77 091 0.96 0.99 1.00 1.00 1.00 1.00
10000 Empirical plug-in 0.16 0.77 0.91 0.96 0.99 1.00 1.00 1.00 1.00
10000 Mean-horizon threshold 0.50 0.07 0.19 0.05 0.01 0.00 0.00 0.00 0.00
10000 Median-horizon threshold 0.50 0.07 0.49 0.26 0.33 0.43 0.47 0.52 0.47

Poisson 100  Block learner 0.97 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
100  Empirical plug-in 097 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
100  Mean-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
100  Median-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Block learner 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Empirical plug-in 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Mean-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Median-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Block learner 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Empirical plug-in 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Mean-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Median-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Distribution n Method m=1m=2m=5m=10 m =20 m =50 m =100 m = 200 m = 500
Power law 100  Block learner 0.56 0.66 0.94 0.97 1.00 1.00 1.00 1.00 1.00
100  Empirical plug-in 0.56 0.66 0.94 0.97 1.00 1.00 1.00 1.00 1.00
100 Mean-horizon threshold 0.56 0.44 0.19 0.09 0.02 0.00 0.00 0.00 0.00
100  Median-horizon threshold 0.56 0.44 0.60 0.70 0.73 0.82 0.90 0.97 1.00
1000 Block learner 0.53 0.64 0.93 0.96 1.00 1.00 1.00 1.00 1.00
1000 Empirical plug-in 0.53 0.64 0.93 0.96 1.00 1.00 1.00 1.00 1.00
1000 Mean-horizon threshold 0.53 0.41 0.15 0.06 0.01 0.00 0.00 0.00 0.00
1000 Median-horizon threshold 0.53 0.41 0.54 0.60 0.71 0.70 0.75 0.83 0.92
10000 Block learner 0.52 0.66 0.90 0.97 1.00 1.00 1.00 1.00 1.00
10000 Empirical plug-in 0.52 0.66 0.90 0.97 1.00 1.00 1.00 1.00 1.00
10000 Mean-horizon threshold 0.52 0.38 0.14 0.05 0.00 0.00 0.00 0.00 0.00
10000 Median-horizon threshold 0.52 0.38 0.56 0.59 0.58 0.68 0.69 0.76 0.84
Two-point hard 100  Block learner 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
100  Empirical plug-in 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
100 Mean-horizon threshold 1.00 1.00 0.98 1.00 1.00 1.00 1.00 1.00 1.00
100  Median-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Block learner 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Empirical plug-in 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Mean-horizon threshold 1.00 1.00 0.99 1.00 1.00 1.00 1.00 1.00 1.00
1000 Median-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Block learner 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Empirical plug-in 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
10000 Mean-horizon threshold 1.00 1.00 0.98 1.00 1.00 1.00 1.00 1.00 1.00
10000 Median-horizon threshold 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Uniform 100  Block learner 0.75 0.84 0.94 0.99 1.00 1.00 1.00 1.00 1.00
100  Empirical plug-in 0.75 0.84 0.94 0.99 1.00 1.00 1.00 1.00 1.00
100 Mean-horizon threshold 0.93 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
100  Median-horizon threshold 0.93 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 Block learner 0.77 0.84 0.99 1.00 1.00 1.00 1.00 1.00 1.00
1000 Empirical plug-in 0.76 0.84 0.99 1.00 1.00 1.00 1.00 1.00 1.00
1000 Mean-horizon threshold 0.94 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Distribution

n Method

m=1m=2m=5m=10 m =20 m =50 m =100 m = 200 m = 500

1000 Median-horizon threshold
10000 Block learner

10000 Empirical plug-in

10000 Mean-horizon threshold
10000 Median-horizon threshold

0.94
0.75
0.75
0.94
0.94

0.99
0.85
0.84
0.99
0.99

1.00
0.98
0.98
1.00
1.00

1.00
1.00
1.00
1.00
1.00

1.00
1.00
1.00
1.00
1.00

1.00
1.00
1.00
1.00
1.00

1.00
1.00
1.00
1.00
1.00

1.00
1.00
1.00
1.00
1.00

1.00
1.00
1.00
1.00
1.00
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