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Abstract— We study continuous-time full-order dy-
namic output-feedback H., policy search, a nonconvex
and nonsmooth problem. Direct policy search is a
central paradigm in reinforcement learning and contin-
uous control, but rigorous guarantees remain scarce in
robust output-feedback settings. The H., problem is a
canonical benchmark because it captures disturbance
attenuation and robustness while exposing the hard
nonsmooth geometry of policy-space optimization.
We prove that on the exact identity-gauge slice of
the extended convex lift, e-stationarity yields O(e)-
suboptimality on compact exact slices, which in turn
yields convergence-rate guarantees for nonsmooth
policy-search methods. This result addresses the finite-
time optimality-gap question raised by Guo and Hu
[1] in the more general dynamic output-feedback
H policy-search setting. We further use the estab-
lished value equivalence supplied by extended convex
lifting to formulate a nonstrict-feasibility bisection
method with one final strict-feasibility recovery step,
yielding an explicit e-optimal stabilizing controller.
These results provide a quantitative and algorithmic
strengthening of prior qualitative optimality theory
for nonsmooth H., policy search.

I. INTRODUCTION

Direct policy search, or policy optimization, refers to
optimizing a parameterized controller directly against the
closed-loop performance objective. It is a core paradigm
in reinforcement learning (RL) and continuous control.
The policy-gradient theorem of Sutton et al. [2] made
this viewpoint algorithmic, and later deterministic, trust-
region, and proximal variants became standard tools for
continuous-action RL [3-5]. These methods have driven
influential successes in simulated robotics and continuous
control, including locomotion and end-to-end learning
from high-dimensional observations [6, 7]. From a control
viewpoint, direct policy search is attractive because
it is end-to-end, accommodates richly parameterized
controllers, and is compatible with model-based, model-
free, and data-driven implementations [8, 9].

This viewpoint has recently reshaped parts of systems
and control. A growing literature studies the geometry
and algorithmics of policy optimization for the linear-
quadratic regulator (LQR), linear-quadratic-Gaussian
(LQG) control, output estimation, and robust control,
revealing benign landscapes in some settings and geomet-
ric obstructions in others [8-11]. The partially observed
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case is especially delicate. Dynamic output-feedback
controllers carry their own internal state, and controllers
related by similarity transformations represent the same
input-output law. This redundancy creates degenerate
directions, complicates stationarity, and can obstruct
naive Euclidean descent [12, 13]. Recent work on output
estimation and LQG makes this difficulty explicit and
shows that suitable reparameterizations or quotient-
geometric viewpoints can restore meaningful first-order
analysis [10, 13].

Among robust synthesis problems, H,, control is a
natural stress test for direct policy search. It is classical
and practically central, but in policy space the objective is
nonconvex and nonsmooth. In the state-feedback setting,
Guo and Hu [1] proved that every Clarke-stationary stabi-
lizing gain is globally optimal and showed that Goldstein-
type methods can recover the global solution. For dy-
namic output feedback, Tang and Zheng [14] established
global optimality of Clarke-stationary controllers under a
nondegenerate exact-certificate condition. More broadly,
recent extended convex lifting (ECL) results reveal hidden
convexity behind optimal and robust control problems
and show that nondegenerate first-order stationary points
are globally optimal across several benchmark settings,
including output-feedback H., synthesis [11, 15]. Recent
work established weak convexity and deterministic sub-
gradient rates for discrete-time robust control, although
the weak Polyak—t.ojasiewicz conclusion remains confined
to the state-feedback case [16].

The remaining gap is quantitative and algorithmic. The
theorem of Tang and Zheng [14] is qualitative: it certifies
exact Clarke-stationary points, but it does not convert
an approximate stationarity residual into a value-gap
bound and, consequently, does not provide algorithms
with convergence rates for finding an optimal policy.
Nor does it separate the two roles played by the lifted
variables. One role is global: the full nonstrict lift captures
the closure of strict stabilizing upper-bound certificates
and therefore should be used to compute the optimal
value. The other is local: after exactification and gauge
fixing, an exact identity slice provides the appropriate
chart for first-order certification and, hence, a foundation
for the analysis of nonsmooth optimization algorithms
for policy search. Keeping these roles distinct leads to
sharper geometric insight and a more usable algorithmic
interpretation.

Our main message is that the ECL has complementary
local and global roles; see Figure 1. The stable exact
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identity-gauge slice is the appropriate chart for local
first-order certification and, hence, for analyzing the
convergence rates of nonsmooth optimization algorithms
for policy search, while the full nonstrict convex lifted set
computes the global infimal value through closure and
strict lifted points support stabilizing controller recovery.
Building on this separation, our contributions are fourfold.

1) We prove an exact reconditioning lemma showing
every exact nondegenerate certificate is realization-
equivalent to one with Pjo = 1.

2) On that identity-gauge exact slice, we establish a
pairwise first-order error bound, implying that on
every compact exact slice, e-stationarity yields O(e)-
suboptimality.

3) Building on this suboptimality bound, we study the
convergence rates of off-the-shelf nonsmooth opti-
mization algorithms for finding Goldstein stationary
points to the optimal policy in the dynamic output-
feedback H. policy search problem.

4) Using the established value-equivalence theorem for
extended convex lifting and its dynamic output-
feedback H,., specialization [11, Theorem 2.1 and
Corollary 4.1], we formulate a nonstrict-feasibility
bisection procedure in the present generalized-plant
coordinates. One final strict-feasibility recovery step
returns an explicit e-optimal stabilizing controller.

Relation to classical Hy, synthesis: Classical Riccati and
linear matrix inequality (LMI) methods already solve full-
order H, synthesis in model-based settings [17, 18]. Our
focus is instead the nonsmooth policy-optimization view-
point, where the extended convex lift enables quantitative
first-order guarantees and algorithmic controller recovery.
This perspective is particularly relevant to optimization-
based, certificate-driven and potentially data-driven meth-
ods.

II. PROBLEM DEFINITION

A. Dynamic output-feedback Ho, policy search

We consider the continuous-time linear time-invariant
plant

i(t) = Az(t) + Biw(t) + Bou(t), (1)
(t) = Cliﬁ(t) + an(t) + Dlzu(t), (2)
y(t) = Cox(t) + Dayw(t), (3)

where z(t) € R"= is the plant state, w(t) is the exogenous
input, u(t) is the control input, z(¢) is the performance
output, and y(t) is the measured output. As in Tang
and Zheng [14], we assume that (A, By) and (4, Bs) are
controllable and that (Cy, A) and (Ca, A) are observable.
We restrict attention to full-order dynamic controllers of
the form

£(t) = Ax&(t) + Bry(t), (4)
u(t) = Cré(t) + Dry(t), (5)

where £(¢) € R™ is the controller state. We identify the
controller with the block matrix

_|Dk Ck
o[ ]

Throughout, controller space is viewed as a finite-
dimensional Euclidean space equipped with the Frobenius
inner product and its induced norm.

The closed-loop transfer matrix from w to z is

Tow(8;K) = Ca(K)(sI — Aq(K)) ' Ba(K) 4+ Do (K),
where the closed- loop matrices are the standard ones
induced by (1)—(5); explicitly,

A+ ByDiCy ByCy
BKOQ AK ’
(K) B1+ B2 D Doy
By D21
Ca(K) = [C1 + D12DkCy  D12Ck],
Du(K) = D11 + D12Dg Doy

The stabilizing set is
C:={K: Aq(K) is Hurwitz},

and the H,, objective is

J(K) = [Tow (5 K)|| = [Tow (5 K)o, K €C.
Hence the policy search problem is
J* = inf J(K). (6)

A key fact from Tang and Zheng [14, Proposition 1] is
that J is locally Lipschitz and subdifferentially regular
on C.

Proposition 1. For problem (6), the mapping J : C — R
is locally Lipschitz and subdifferentially regular on C. In
particular, for every K € C and every direction V', the
directional derivative J'(K; V) exists and satisfies

(K V) = Jo(K V) =
JUGV) = PUGV) = s (GV),
where OJ(K) denotes the Clarke subdifferential.

For locally Lipschitz regular functions, the ordinary
directional derivative coincides with the Clarke directional
derivative, which in turn equals the support function
of the Clarke subdifferential; see, for example, [19, Sec-
tion 2.3] or [20, Chapter 8]. We conclude this section with
the definition of the Clarke and Goldstein subdifferential
and stationary points for completeness [19, 21].

Definition 2. Given a locally Lipschitz function f: C —
R, its Clarke subdifferential is defined as

Of(z) = conv {CcliggJ Vf(xr) ‘ Vf(xy) exists, zi € C} ,
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Fig. 1: Two roles of the lift. The full set F computes the global value, while the exact slice £; yields local first-order
certificates and supports the analysis of convergence rates for nonsmooth optimization algorithms.

and its Goldstein subdifferential is defined as

0sf(x) =conve | 9f(y)

y€Ba(x,0)

A point x is called an e-Clarke stationary point if
dist(0,0f(z)) < e, and an (4,&)-Goldstein stationary
point if dist(0,0s5f(x)) < e, where dist denotes the
FEuclidean distance.

The Clarke stationary point serves as a primary solution
concept for nonsmooth optimization; however, it suffers
from significant computational intractability (e.g., there
is no algorithm that can find Clarke stationary points in
finite time [22, Theorem 5]). However, recent advances
show that Goldstein stationarity, as a more relaxed
solution concept, offers algorithmic tractability [22, 23].

B. Nondegenerate bounded-real certificates and Fxtended
Convex Lifting

Define the matrix N(K, P,v) :=

Acl(K)TP—I—PACl(K) PBCl(K) Ocl(K)T
Bcl(K)TP —~1 Da(K)T |. (8)
Ccl(K) Dcl(K) —’7[

Following Tang and Zheng [14], let

o p_ P P2 M
Snd = {(K,P,’Y) P = |:P1T2 P22:| eSJrJrv

(9)

Pis € GLn,, N(K,P,7) < o}.
The nonstrict inequality in (9) does not by itself imply
internal stability. If (K, P,vy) € Syq and K € C, then the
nonstrict bounded-real lemma yields J(K) <~ [14]. We
therefore distinguish the algebraic certificate set Spq from
its stabilizing part

Sty = {(K,P,y) € Sua : K €C}.
The associated exact nondegenerate controller set is

Cna :={K €C :3P > 0 such that (K, P, J(K)) € Spa}-

(10)
Tang and Zheng [14] prove that every ezact Clarke-
stationary controller € Cng (0 € 0f(x)) is globally
optimal. Their analysis rests on an extended convex lifting.
Introduce the lifted variable

z=(X,Y,M,H,F,L,),

where X,V € S™, M € R%*ne H ¢ RwXw F ¢
R7uXns [, € R™ X" and v € R. Define the affine matrix
map M(z) as in (7), and the convex lifted feasible set

f::{z: [)j ﬂ -0, M(z)jo}.

Tang and Zheng [14] construct a real-analytic diffeomor-
phism

(11)

®:Spq — GLy, x F, (12)

whose first coordinate is the certificate block P35, and
write ¥ = &~ for its inverse [14, Proposition 2]. We will
use only the following consequence.

Proposition 3 (ECL diffeomorphism). There exists a
real-analytic diffeomorphism ® : Spga — GLp, X F with
inverse U, and the first coordinate of ®(K, P,v) equals
Py>. Equivalently, if

\II<E7Z) = (K’P7’Y)7

then the (1,2) block of P equals Z. In particular, ¥ (2, z) €
Snd for all (E,2) € GL,,, x F. The congruence relation
used to construct ® and ¥ preserves strict definiteness;
thus, if U(2, z) = (K, P,v), then M(z) <0 if and only if
N(K,P,v) < 0.

The result of [14] on the globality of exact Clarke
stationary points is qualitative rather than quantitative,
since exact Clarke stationary points lack algorithmic
tractability, and prior to our work, no connection between
the subdifferentials and the suboptimality gap had been
established. In this work, our goal is to design an
algorithmic framework to find optimal solutions for the
dynamic output-feedback H., policy search problem.

III. EXACT RECONDITIONING AND THE IDENTITY
GAUGE SLICE

The first step is to show that the nondegenerate
exact-certificate geometry can be normalized exactly by
controller-state similarity.

Lemma 4 (Similarity invariance). For S € GL,, define

Dy CK571 :|

Ts(K) = |:SBK SArS~! (13)

Then Ts(K) is realization-equivalent to K. Consequently,

Ts(K)eC < KeC, J(Ts(K)) = J(K).



AX + BoF + (AX + BoF)T
M + (A+ By LCy)T
(B1 + B2LDoy)T
C1X + Do F

M(z) =

M7+ A+ ByLCs
YA+ HCy + (YA+ HCo)T
(YB; + HDy)"

Bi + By LDy (C1X + D12 F)T
YBi+HDy  (Ci+DuLCy)T |
-1 (D11 + D12LD21)T

D1y + D12L Doy -1

Proof. Let 2 = S¢. Under this change of controller
coordinates, (4)—(5) become

u=CxS™ €+ Dgy,

which is precisely the controller Tgs(K). Therefore K and
Ts(K) realize the same controller transfer matrix,

Dy + CK(SI — AK)ilBK.

€ = SAKS™IE+ SByy,

Since the plant is unchanged, the closed-loop transfer
matrix T, (+; K) is identical to T, (+; Ts(K)). Internal
stability is preserved by state similarity, and so is the H,
norm of the closed-loop transfer matrix. Hence K € C if
and only if T5(K) € C, and J(Ts(K)) = J(K). O

Lemma 5 (Exact gauge fixing). Let (K, P,7y) € Sna, with

P = |:P11 P12:| , Py € Gan

Pl Py
Set S := P15 and define
K:=Ts(K), P:=T"TPT",

Then (I?,ﬁ,'y) € Sna and the off-diagonal block of P
equals the identity, i.e., Pia = I,,. Moreover, if v = J(K)
then v = J(K) as well.

Proof. By construction, T' is invertible. Because P > 0,

we have P = T-TPT~! = 0. A direct block computation
gives

Py
S—TPL,

B PSS~ ] _ [P 1

o SiTPQQSil B I SiTpgzsil ’
so indeed ]312 = I. Next, since K= Ts(K), Lemma 4 im-
plies that the closed-loop matrices transform by controller-
state similarity: Aq(K) = TAq(K)T! 5 Bcl(K) =

TBu(K), Ca(K) = Cq(K)T™Y, and Dy (K) = Dy(K).
Therefore
N(K,P,y) = diag(T~",1,1) N(K, P,) diag(T~*,1,1).

Since N (K, P,7) =< 0 and congruence by an invertible ma-
trix preserves semidefiniteness, we obtain N (K P, 7) = 0.
Thus (K, P,7) € Spq. Finally, Lemma 1 yields J(K) =

J(K). Hence if v = J(K), then also v = J(K). O

Lemma 5 shows that every exact nondegenerate con-
troller admits a realization-equivalent representative
whose certificate satisfies P15 = I. This motivates the
following slice as a representative of the set C,q4.

Definition 6 (Identity gauge slice). Define
S[ = {(K,P,’Y) (S Snd . P12 = In,}

T := diag(I,,, S).

Let Uy : F — S defined as Vy(z) :=
Ur(z) = (KI(z),PI(z),'y(z)), where
coordinate of z.

U(I,.,z2), and write
~(2) denotes the last

Proposition 7 (Slice chart). The map ¥y is a real-
analytic diffeomorphism from F onto Sy. Define

Fg =1z € F: K(z) € C}, S =8NS

Then Fy ts relatively open in F, and U restricts to a
real-analytic bijection, with real-analytic inverse, between
Fst and S5*. Moreover, for every exact nondegenerate
controller K € Cphq there exists z € Fy such that Ki(z) is
realization-equivalent to K and

\I/](Z> = (K[(Z),P[(2)7J(K)) S S;t

Proof. Because V¥ is a real-analytic diffeomorphism on
GL,, x F, its restriction to the embedded submanifold
{I,,} X F is a real-analytic diffeomorphism onto its image.
By Proposition 3, the first coordinate of ®(K, P, v) equals
Pi5. Hence ¥(I,,,z) has Pjo = I,,, for every z € F, so
the image is contained in Sy.

Conversely, if (K, P,v) € Sy, then ®(K, P,vy) = (I, 2)
for a unique z € F, again because the first coordinate of ¢
is Pj2. Therefore (K, P,v) = ¥(I,,,, 2) = ¥(2), proving
surjectivity onto Sy. Since W; is the restriction of a
diffeomorphism, it is itself a real-analytic diffeomorphism.
Since the Hurwitz set C is open and K is continuous,
Fi = K;'(C) is relatively open in F. The stated
restricted bijection and its analytic inverse follow directly
from the definitions.

Now let K € Cnhq. By definition there exists P = 0
with (K, P, J(K)) € Sna. Applying Lemma 5, we obtain
a realization-equivalent controller K and a matrlx P such
that (K, P, J(K)) € S;. Since U parameterizes Sy, there
exists z € F with U(z) = (K P, J(K)). Because K is
realization-equivalent to K, Lemma 4 gives K €C and
J(K) = J(K). Hence z € Fg and the displayed certificate
belongs to S5*. O

The identity gauge slice contains both exact and
nonexact certificates. We isolate the exact part.

Definition 8 (Exact slice set). Define
Eri={z € Fy :v(2) = J(K1(2))}.
For a subset Z C Fy, write Er(Z) =& N Z.

Lemma 9. The set E; is relatively closed in Fy,. Conse-
quently, if Z C Fy is compact, then E;(Z) is compact.

Proof. By Proposition 7, K; is continuous on Fg. Since
J is locally Lipschitz on C, it is continuous on C. The



map z — y(z) is continuous because it is just the last
coordinate projection. Therefore

h(z) :=~(2) = J(K1(2))

is continuous on Fy, and & = h~1({0}) is relatively
closed there. If Z C F is compact, then £;(Z) is closed
in Z and hence compact. O

IV. QUANTITATIVE FIRST-ORDER ERROR BOUNDS ON
THE EXACT SLICE

Now, we present our main result, which connects the
suboptimality of an exact slice member to its set of Clarke
subdifferentials, thereby providing a backbone for the
analysis of nonsmooth optimization algorithms.

Theorem 10 (Suboptimality Gap). Let z,z* € &, and

U(z) = (K, P, J(K)), Ur(2*) = (K*, P*, J(KY)).
Then
J(K)—J(K*) < dist(0,0J(K)) - |DK;(2)[z* — 2] |. (14)

In particular,

J(K) = J(K*) < [ DE1(2)]yp [l — 2] dist(0, 07 (K)).

Proof. Fix z,2* € £ and define the segment

z =z +t(z" — 2), t € [0,1].

Since F is convex, z; € F for every t € [0,1]. Let ¥;(z;) =
(Kt, P, fyt). Since z € &5 C Fy and Fy; is relatively open
in F, there exists ¢ty € (0,1] such that z; € Fy for every
t € [0,%g]. For such ¢, Ky € C and ¥;(2) € St C Sna, SO
the nonstrict bounded-real lemma yields

Moreover, the y-coordinate is affine along the segment:

Y= (1= 1)v(2) + ty(27).

Since z,z* € &r, exactness gives y(z) =

J(K),~v(z*)

J(K*). Combining this with (15), we obtain
lim sup J(K) — J(K) < lim Y —(2)
10 t tl0 t
( ) —(2)
J(K™) = J(K).  (16)

Next, since K7 is real analytic on F, it is differentiable
at z and Ky = K +tV +r(t), with

V= DK[(2)[z* — 2], I <)H -0

(t10).

Because J is locally Lipschitz at K, there exist L > 0
and a neighborhood of K on which

|J(K1) — J(K2)| < LKy — Kaf|.

For all sufficiently small ¢ > 0 we therefore have

J(K+tV) - J(K) <J(Kt)—J( ) |J(K+tV) J(Ky)|
t - t
K;) — K K
BELIERLs +LH +t¥ 1
I - JE) | )]
t t

Taking the limit superior as ¢t | 0 and using (16) yields
K+tV)—JK

I V) = lim TR+ Vt) TE) _ Jx—g(K), (17)

where the existence of the directional derivative follows
from Proposition 1. Again, by Proposition 1,

J (K V) =

max

(G, V).
GedJ(K)

The Clarke subdifferential of a locally Lipschitz function
is nonempty, compact, and convex, so there exists G, €
OJ(K) with |G| = dist(O,aJ(K)). Hence

J(K;V) > (Guin, V)

> = |Guinl| V]|

= —dist(0, 0J(K)) ||V (18)
Combining (17) and (18),

J(K) — J(5*) < dist(0, 2.7 (K) V]
which is (14). Finally,
VIl = [|DE;(2)[z* = 2]|| < IDK1(2)]lop 2% — =],

which completes the proof. O

Theorem 10 is the quantitative refinement of the
landscape argument in Tang and Zheng [14] on the
reconditioned exact slice. It becomes especially useful
on compact convex slices.

Corollary 11. Let Z C Fg be compact and convex, and
assume that £1(Z) # &. Define

ex .,
JE =

zergfl?Z) J(KI(Z))’

which is well defined by Lemma 9. Also define

Lz :=sup |DK;(2)]|
zEZ

DZ = dlam(Z), CZ = LzDz.

op’
Then for every z € E1(Z),

Proof. By Lemma 9, the set £;(Z) is compact. Since z
J(K1(2)) is continuous on &r(Z), there exists z* € £7(Z)
such that

— Jg < Cz dist(0,0J(K(2))).  (19)

J(Kj(z*)) =J¥
Applying Theorem 10 to z and z* gives
J(K1(2)) — JE < | DK1(2)]|

op Iz = 2*]| dist(O,@J(KI(z))).



Since z,z* € Z, we have |z — 2*|| < Dz and
[DK;(2)|,, < Lz. Substituting these bounds yields (19)
and proof is concluded. O

This result can serve as a core for the analysis of
nonsmooth optimization algorithms for output-feedback
H, policy search. If £;(Z) contains a globally optimal
controller for (6), then Jg* = J* = infgec J(K), and
every Clarke-stationary z € £;(Z) is globally optimal.
In addition, as we will show in the next section, the
convex lift v(z) attains values arbitrarily close to J*. As
a result, we can establish a similar connection between
global suboptimality and the Clarke subdifferential. We
do not include this result in the interest of space.

In turn, we discuss algorithmic consequence of the value
gap bounds.

Corollary 12. Let Z C Fg be compact and convex with
E1(Z) # @, and let {z} >0 C E1(Z2) be any sequence.
Define the stationarity residual

&k = diSt(O, 8J(K[(Zk)))
Then

J(K[(Zk)) — J%X < Czeg, vk > 0. (20)

In particular, if e, — 0, then
J(K](Zk)) — J%X.

If £1(Z) contains a globally optimal controller, then (20)
s a global optimality-gap estimate.

Proof. This is an immediate specialization of Corollary 11
to the points zg. O

Corollary 12 is deliberately abstract. It does not prove
that a particular Goldstein, gradient-sampling, or bundle
method generates exact iterates in a compact slice, nor
does it establish a complexity bound for driving ej to
zero. These are separate algorithmic questions. What
the corollary does provide is the missing bridge from
approximate stationarity to value suboptimality once a
reconditioned method is analyzed on the exact slice. This
is the dynamic output-feedback counterpart (and hence
more general) of the value-gap open problem explicitly
raised in the state-feedback case by Guo and Hu [1],
now considered on the nondegenerate ECL manifold
introduced by Tang and Zheng [14].

It is widely known that even e-Clarke stationarity faces
computational intractability [1, 22]. Therefore, in order
to obtain concrete convergence rates, we turn to more
relaxed solution concepts such as (6, £)-Goldstein station-
arity. While in general dist(0, 05J(K)) < dist(0, 8J(K)),
under an outer continuity assumption on the Clarke
subdifferential map K +— 0J(J), we can recover a reverse
inequality up to an additive term. This, in turn, allows
us to connect off-the-shelf convergence guarantees of
nonsmooth optimization algorithms such as Zhang et al.
[22], Davis et al. [23] for finding Goldstein stationary

points to convergence of the objective value for the H,
policy search problem. We formalize this result in the
following.

Assumption 13. The Clarke subdifferential map K —
0J(K) is one-sided Hausdorff continuous; that is, for
each K € Cyq, there exists a nondecreasing modulus Yy :
[0,00) — [0, 00), with wk(r) = 0 as r ] 0, such that

0J(K') C 0J(K) + ¢ (|K' — K|))B2(0, 1),
for all K’ near K.

A commonly used special case of Assumption 13 is
the linear one, where ¥k (|| K’ — K||) = a||K' — K| for a
positive constant a, which Kong and Lewis [24] refer to
as upper Lipschitzness of the subdifferential.

In turn, we relate Assumption 13 to a relationship
between dist(0,9s.J(K)) and dist(0, 8J(K)).

Proposition 14. Under Assumption 13, we have
dist(0, 0J(K)) < dist(0, s J(K)) + 1x (9).

Proof. Because the set 0J(K)+ ¢k (|| K'— K|[)B2(0,1) is
convex and contains every 0J(K') for all K’ € Bo(K,0),
we have

0J5(K) C 9J(K) + i (6)B2(0,1).
Therefore,
dist(0, 0.J(K)) — vk (6) < dist(0, 95J (K)),
and the proof is complete. O

Theorem 15 (Convergence rate). Under Assumption 13,
the Interpolated Normalized Gradient Descent (INGD)
algorithm [22] takes (5(5%) gradient and function val-
uations to find a z € & such that Ky(z) is an (g,9)-
Goldstein stationary point and more importantly Ky(z) is
Cz (g + ¥k (0))-suboptimal on the set Z,

J(K(2)) = JZ < Cz (¢ + ¥ (5)).

Proof. The proof follows immediately by combining
Proposition 14, Corollary 12, and the analysis of INGD
from Davis et al. [23, Theorem 3.2]. O

V. GLOBAL VALUE COMPUTATION AND STRICT
CONTROLLER RECOVERY IN THE CONVEX LIFT

The exact-slice argument of Section IV is intrinsically
local as it converts first-order information at an exact
point into a value gap relative to an exact comparison
point. The value equivalence used in this section is
an established consequence of extended convex lifting
(ECL). In particular, Zheng et al. [11, Theorem 2.1] show
that a policy objective equipped with an ECL has the
same infimum as its convex lifted problem, and Zheng
et al. [11, Corollary 4.1] state this conclusion explicitly
for dynamic output-feedback H., control. We use this
identity to distinguish nonstrict value computation from
strict stabilizing-controller recovery and to formulate



the resulting feasibility-bisection procedure. Although a
nonstrict point of F need not decode to an internally
stabilizing controller, strict lifted points do support
stabilizing controller recovery.

A. Strict lifted points
Define Fy, := {z € F : M(z) < 0}.
Lemma 16. For every z € Fgiy,
U;(z) = (Kf(z),PI(z),’y(z)) € Sy C Sua,
and K1(z) € C with

J(K1(z)) <7(2).

Proof. By Proposition 7, ¥;(z) € St C Sna. The strict-
definiteness correspondence in Proposition 3 gives

N(KI(Z)7 PI(Z)a ’Y(Z)) < 0.
Its leading principal block therefore satisfies
ACI(K](Z))TP](Z) + P[(Z)Acl(K](Z)) < 0.

Since Pr(z) > 0, the Lyapunov theorem implies K;(z) €
C. The strict bounded-real lemma then gives J(K;(2)) <
7(2). O

B. Strict nondegenerate approximation of stabilizing con-
trollers

Lemma 17. Let K € C and let 4 > J(K). Then there
evists P € S¥'¢ such that

N(K,P,7) < 0.

Proof. This is the standard strict bounded-real lemma in
continuous time; see also the lemma invoked in the proof
of Proposition 4 in Tang and Zheng [14]. O

Lemma 18 (Strict nondegenerate approximation). Let
K € C and let n > 0. Then there exists z € Fgy such that
K;(z) is realization-equivalent to K and

1(2) < J(K) + 1.
In fact, one may arrange y(z) = J(K) +n.
Proof. Set 4 := J(K) + 7. By Lemma 17, there exists
P > 0 such that
N(K,P,7) < 0.

Because positive definiteness and strict negative definite-
ness are open conditions, there exists § > 0 such that
whenever E € R™*"= gatisfies ||E|| < ¢, the symmetric
perturbation

still obeys

Since G L, is open and dense in R"=*"=, we may choose
such an F with Py = Pio+ E € GL,,,. Hence

(K,ﬁ,’_}/) € Sna-

Applying Lemma 5, we obtain a controller K
realization-equivalent to K and a matrix P such that

(I?,ﬁ,’?)GS], N(I?vﬁvﬁ/)'<07

where strictness is preserved by the congruence in the
proof of Lemma 5. Now Proposition 7 yields a unique
z € F satisfying

U;(2) = (K, P,7).

By Proposition 3, M(z) <0, so 2z € Fy,. Thus K;(2) =
K is realization-equivalent to K, and

v(z) =7 =J(K) +n,
which proves the claim. O

C. Value identity

Now, we reiterate the value identity of ECL which
indicates that inf,c 7 v(z) = infgec J(K).

Proposition 19 (Lifted-value identity). Assume C # @.
Then the global optimal value of (6) satisfies

J* = inf J(K) = inf =: Jitt - 21
Jnf J(K) = inf 7(2) = Jige (21)
No attainment assumption on a prescribed exact slice is
required.

Proof. This is an application of the general extended-
convex-lifting value theorem of Zheng et al. [11, Theo-
rem 2.1]; its dynamic output-feedback H, specialization
is stated in Zheng et al. [11, Corollary 4.1]. For the
generalized-plant coordinates used here, Proposition 3
supplies the lifting diffeomorphism and preserves the ~y
coordinate. Lemma 18 supplies strict lifted certificates
arbitrarily close to every stabilizing-controller cost, while
convex interpolation between any point of F and a strict
point of Fg, supplies the required closure inclusion for
the nonstrict lift. Thus the hypotheses of the cited value
theorem hold and yield (21). O

Corollary 20. Suppose there exists z* € Fy such that
v(z*) = mingery(z) = Jug. Then Ki(z*) is globally
optimal and J(K](Z*)) =(z%) = J*.

Proof. Since z* € Fy, Ki(z*) € C. Also ¥ (2*) € §; C
Snd, so the nonstrict bounded-real lemma gives
J(K1(z%) <(z*) = Jug = J*.

Since J* is the infimum of J over C, the reverse inequality
is automatic. Hence equality holds throughout. O

Remark 21. Proposition 19 records a statement about
the optimal value, not about pointwise stable decoding of
the full nonstrict lift. A minimizer in F need not lie in
Fst- If such a boundary minimizer z* exists, then convez



combinations with any z° € Fg, yield strict lifted points
whose decoded stabilizing-controller costs converge to J*.
Degeneracy may also prevent the infimum from being
attained by a point of F, but neither phenomenon affects
the value identity J* = Jyg. Nondegeneracy and exactness
re-enter when one wants local first-order certificates on
the identity slice.

D. Bisection over the convex lift

For a fixed scalar 7 € R, consider the feasibility
problems

Feas(y): 3(X,Y,M,H,F,L) such that
X I _
1 y|m0 and M(X,Y,M,H,FL7) =<0,
and
StrictFeas(y) :  3(X,Y, M, H, F, L) such that
X 1 _
L Y} =0, and M(X,Y,M, H,F,L7) < 0.

These are convex feasibility problems because the
constraints are affine in the decision wvariables
(X,Y,M,H,F,L).

Proposition 22 (Monotone feasibility threshold). The
feasibility predicate Feas(¥) is monotone nondecreasing in
7: if Feas(¥) holds and 4" > 7, then Feas(¥') also holds.
Moreover,

Feas(y) = 7 > J~,
¥ > J* = StrictFeas(y) = Feas(¥).

Proof. If Feas(¥) holds, let (X,Y, M, H,F,L) be a fea-
sible point. Replacing 5 by a larger value 7' > %
only subtracts the positive semidefinite block (¥ —
~) diag(0,0, I, I) from M, so feasibility is preserved. This
proves monotonicity.

If Feas(y) holds, then some z € F has 7(z)
Proposition 19 therefore gives

5> inf 4(3) = J*.
zEF

= 7.

Conversely, suppose v > J*. By the definition of the
infimum, there exists K € C with J(K) < 7. Applying
Lemma 18 with n = 4 — J(K) produces z € Fy, with
v(2) = 4. Hence StrictFeas(7) holds, and strict feasibility
trivially implies nonstrict feasibility. O

Theorem 23 (Convex-lift bisection algorithm). Assume
C # @ and fir e > 0. Consider the following procedure.
1) Starting from m = 0, test Feas(2™) until the first
feasible index m = myg is found.
2) Set Ly := 0 and Uy := 2™,
3) Given [L;,Uj], form G; := (L; + U;)/2.
o IfFeas(G;) holds, set Lj11 := L; and Uj11 := Gj;.
o If Feas(G;) fails, set Lj11 := G; and U1 = Uj.

4) Stop when Uj — L;j < €/2, set

€
yi=U; + -
8l jT 2
solve StrictFeas(¥) to obtain z € Fg,, with v(Z) =7,
and output
K. :=K;(2)
Then the procedure wuses at most mg + 1 —+
max {O, ﬂogg (%ﬂ } nonstrict  feasibility  tests
and ome  strict-feasibility  test. In  particular,
the total number of feasibility-oracle calls s
O(1 + logmax{1, J*} + logmax{1,e7}) . On
termination,
J*nggJ*Jrg, K.eC,  JK.)<A<J +e.

Hence K. is an e-optimal stabilizing controller.

Proof. Since C # @, Proposition 19 gives J* < oo.
Therefore 2™ > J* for all sufficiently large m, and Propo-
sition 22 guarantees that the doubling phase terminates
after mg + 1 feasibility tests.

Every interval [L;,U;] constructed by the algorithm
satisfies L; < J* < Uj;. The base case follows from
Ly = 0 < J* and feasibility of Uy. If Feas(G;) holds,
Proposition 22 gives J* < G; = Ujy1; if it fails, the
implication ¥ > J* = Feas(y) gives G; < J*, so
L;y1 = G;. Thus the invariant is preserved.

After n bisection steps, the interval length is Uy/2".
Hence the stopping condition is reached after at most
max {0, ﬂogQ (%ﬂ } bisection steps. The algorithm then
performs one final strict-feasibility test.

At termination, J* < U; < L +§ < J* + 5.
Consequently, ¥ = U; + § > J* and 7 < J* + ¢,
Proposition 22 guarantees StrictFeas(¥). Lemma 16 ap-
plied to the recovered strict point gives K. € C and
J(K.) <7 < J*+e¢e. Thus K. is an e-optimal stabilizing
controller. O

VI. CONCLUSION

We gave a quantitative and algorithmic treatment of
nonsmooth dynamic output-feedback H,, policy search
via the extended convex lift. On the stable exact identity-
gauge slice, we proved that approximate stationarity
controls suboptimality on compact exact slices. For global
computation, we used the established lifted-value identity
to combine nonstrict-feasibility bisection with one strict-
feasibility recovery step, producing an explicit e-optimal
stabilizing controller. Future work includes weakening the
outer-continuity assumption on the Clarke subdifferential,
analyzing concrete algorithms that operate near the exact
slice without requiring exact iterates, and extending the
framework to structured or reduced-order controllers and
data-driven robust control.
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