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Abstract

Learning with group invariances is central to many scientific and geometric learning prob-
lems, yet its computational foundations remain poorly understood. Even for classical supervised
regression settings, it has been unclear whether one can efficiently compute a regression func-
tion that is ezactly invariant to a given group action. Recent work (Soleymani et al., 2025b)
showed that exact invariance can be enforced in polynomial time when the underlying group is
finite and known, but left open the cases of infinite groups and unknown symmetries. In this
paper, we resolve both challenges. First, we present the first polynomial-time algorithm for
learning with exact group invariances that applies uniformly to finite and infinite groups. The
runtime is polynomial in the data dimension and sample size, and independent of the group,
while achieving strong generalization guarantees. This provides a computational explanation
for the empirical success of invariant and equivariant methods in geometric machine learning
and partially answers a recent open question in the literature (Diaz et al., 2025). Second, we
study learning in the symmetry discovery setting, where the invariance group is unknown. Fo-
cusing on the subgroup lattice of a finite group, we show that exact symmetries can be identified
from data and exploited for learning in polynomial time. For regression over finite-dimensional
feature spaces, our algorithm provably recovers the underlying symmetry, matches the minimax-
optimal sample complexity of the known-symmetry setting, and runs in time polynomial in the
data dimension and sample size. Our analysis relies on tools from random Cayley graphs and
expander theory, which may be of independent interest.
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1 Introduction

Invariances have been central to learning theory since the earliest days of machine learning, and
their importance has only deepened with modern advances (Hinton, 1987; Kondor, 2008). Mod-
els that explicitly respect underlying symmetries consistently deliver remarkable gains in practice,
combining efficiency with strong generalization (Bronstein et al., 2017; Weber, 2025). This empir-
ical success has fueled an active line of research, though much of the theory remains focused on
classic questions of expressivity, sample complexity, and testing (Elesedy, 2021; Bietti et al., 2021;
Behboodi et al., 2022; Tahmasebi and Jegelka, 2023; Mei et al., 2021; Kiani et al., 2024; Soleymani
et al., 2025a; Chen et al., 2023; Tahmasebi and Jegelka, 2025a; Diaz et al., 2025; Petrache and
Trivedi, 2023; Tahmasebi and Jegelka, 2024). What is still missing is a systematic understanding
of the computational price of incorporating invariances, even in fundamental settings such as the
classical formulation of supervised regression.

How do we actually build invariances into algorithms? The most direct answer is brute force:
expand the dataset through augmentation or sum over symmetries via group averaging. Unfortu-
nately, both become infeasible once the symmetry group is large, sometimes even growing super-
exponentially with input dimension. More “clever” alternatives, like canonicalization or frame
averaging, often replace intractability with discontinuities, poor scalability, or the need for group-
specific designs (Dym et al., 2024; Tahmasebi and Jegelka, 2025b).

1.1 Owur Contributions

In this paper, we advance the foundational understanding of learning under exact group invariances
by establishing the computational tractability of invariant learning beyond the finite-group regime
and by developing provably efficient methods for symmetry discovery from data.



Settling the computational complexity for infinite groups. Given the potentially pro-
hibitive size of the symmetry group, one might expect learning with exact invariances to be com-
putationally intractable, even in classical settings such as kernel regression. Surprisingly, recent
work (Soleymani et al., 2025b) introduced spectral averaging, an exactly invariant algorithm that
achieves favorable population risk with runtime poly(n, d,log|G|), where n is the number of sam-
ples, d is the input dimension, and |G| is the group cardinality. For finite groups, this yields an
effectively polynomial-time procedure, since log |G| is typically polynomial in d.

More precisely, spectral averaging decomposes functions into eigenfunction components, esti-
mates the corresponding coefficients from data, and finally applies a projection onto the invariant
subspace. Crucially, the projection operator is constructed using only O(log|G|) group elements,
leveraging the existence of small generating sets for finite groups.

This result naturally raises the question of whether similar guarantees can be achieved for
infinite groups. In particular, one would hope for algorithms whose runtime is independent of the
group cardinality. However, a key ingredient in the analysis of Soleymani et al. (2025b) is that any
finite group admits a generating set of size O(log |G|), a property that fails dramatically for infinite
groups, which may admit arbitrarily large generating sets or no finite generating set at all. As a
result, existing techniques do not extend to this setting.

Our first contribution is to resolve this gap by proposing a polynomial-time algorithm for
learning with exact group invariances that applies uniformly to both finite and infinite groups.
The runtime of our algorithm is independent of the group size, depending only polynomially on
the sample size n and the input dimension d. In this sense, we provide an affirmative answer to
the question of whether exact invariance can be enforced efficiently in the infinite-group regime.
Our algorithm consists of a randomized preprocessing step that selects a specific small subset S of
the group, followed by a deterministic polynomial-time procedure. Despite its group-independent
runtime, it achieves generalization guarantees comparable to those of spectral averaging.

Theorem 1.1 (Informal version of Theorem 4.2). Consider a supervised regression problem in a
kernel setting with n i.i.d. labeled samples from a d-dimensional domain, where the target function is
invariant under a known group G, which may be finite or infinite. Then, there exists a randomized
algorithm with runtime poly(n, d) such that, with high probability, it returns a G-invariant estimator
with provable excess population risk guarantees. The algorithm uses randomness only in a data-
independent preprocessing step, where it samples a small subset S C G; conditioned on S, the
procedure is deterministic.

The existence of such an algorithm provides a computational explanation for the empirical suc-
cess of invariant and equivariant methods in geometric machine learning. Moreover, a recent open
question in the literature (Diaz et al., 2025) concerns the design of computationally efficient algo-
rithms for finite-dimensional invariant regression over general groups. While prior work proposes
scalable solutions for specific group families, the existence of a polynomial-time algorithm applicable
to arbitrary groups has remained open. This work resolves that question in the affirmative.

Symmetry discovery for learning under invariances. While group invariances arise natu-
rally in many applications, in a range of recent problems, particularly in scientific discovery and the
identification of governing laws from data, the underlying symmetry group is not known a priori
and must itself be inferred from data. This setting gives rise to the problem of symmetry discovery.

In this setting, the learner must simultaneously identify the symmetry group and enforce the
corresponding invariance constraints when learning the target function. This task is fundamentally
more challenging than learning under a known symmetry, as it requires searching over a potentially



large class of candidate groups. Since finite groups may contain exponentially many subgroups,
naive approaches based on enumerating candidate subgroups can be computationally infeasible.

To advance this direction, we study symmetry discovery for learning under exact invariances
within the subgroup lattice of a given finite group, under a bounded-index assumption. Specifically,
we consider a known finite reference group G and assume that the true symmetry group H C G is
an unknown subgroup governing the invariances of the task. Our goal is to recover H by returning
a generating set for it and to learn a regression function that is exactly invariant with respect to
H while achieving strong generalization guarantees.

Surprisingly, we show that exact symmetries can be identified from data and exploited for
learning in polynomial time. For supervised regression problems with finite-dimensional kernels, we
prove a stronger result: our algorithm provably recovers the underlying symmetry group, achieves
the same minimax-optimal sample complexity as in the known-symmetry setting, and runs in time
polynomial in the sample size and data dimension.

Theorem 1.2 (Informal version of Theorem 4.4). Consider a supervised regression problem in a
kernel setting with n i.i.d. labeled samples from a d-dimensional domain, where the target function is
invariant under an unknown group H. Assume that H is a subgroup of a known finite group G and
satisfies |H| > k|G|. Then, there exists a randomized algorithm with runtime poly (n, d, %,log |G|

such that, with high probability, it returns a generating set of size O(log |H|) for H and an ezxactly H -
tmvariant estimator with provable excess population risk guarantees. The algorithm uses randomness
only in a data-independent preprocessing step, where it samples a small subset S C G; conditioned

on S, the procedure is deterministic.

Tools and ideas. Our analysis relies on tools from the theory of random Cayley graphs and
expanders (Alon and Roichman, 1994), which we believe may be of independent interest for the
theoretical study of learning under group invariances.

For settling the computational complexity of learning under exact invariances for infinite groups,
our approach is conceptually simple: we sample a small number of group elements uniformly
at random and show that, with high probability, these samples suffice to construct an accurate
projection onto the space of invariant functions. This idea is formalized in Algorithm 1.

For the symmetry discovery setting, we again leverage random sampling over the reference
group GG. We design a rejection-sampling—type procedure that probabilistically “hits” the unknown
subgroup H, enabling the recovery of a generating set of size O(log|H|). The correctness and
efficiency of this procedure follow from expansion properties of random Cayley graphs, which allow
us to control both the runtime and the probability of success.

2 Related Work

Invariance has long been recognized as a powerful inductive bias in statistical learning. Incorporat-
ing symmetry into models can reduce sample complexity and improve generalization by restricting
hypotheses to symmetry-respecting subsets (Hinton, 1987; Poggio and Vetter, 1992; Haussler, 1999;
Kondor, 2008; Sokolic et al., 2017). A classical way of achieving this is through invariant kernels,
constructed by group averaging (Scholkopf and Smola, 2002; Haasdonk and Burkhardt, 2007). Be-
yond this idea, alternative strategies include frame averaging (Puny et al., 2022), canonicalization
(Kaba et al., 2023; Ma et al., 2024), random projections (Dym and Gortler, 2024), and parameter
sharing (Ravanbakhsh et al., 2017). Each of these methods has distinct strengths, but also draw-
backs. In particular, canonicalization and frame averaging can introduce discontinuities or violate



smoothness assumptions, a limitation highlighted in recent work on equivariant frames (Dym et al.,
2024).

Beyond kernel methods, symmetries have played a central role in the design of specialized
learning architectures. Graph Neural Networks (GNNs) exploit permutation symmetries in graphs
(Scarselli et al., 2008; Xu et al., 2019), Convolutional Neural Networks (CNNs) leverage translation
invariance in image data (Krizhevsky et al., 2012; Li et al., 2021), and PointNet architectures
encode permutation invariance for point clouds (Qi et al., 2017a,b). Symmetry principles have
also been integrated into generative models, including permutation-invariant normalizing flows and
equivariant flows (Bilog and Giinnemann, 2021; Niu et al., 2020; Kohler et al., 2020). For a broad
discussion on geometric invariances across modalities, we refer to the survey of Bronstein et al.
(2017).

Compared with these approaches, our contribution can be seen as a post-hoc invariantization
procedure: starting from (spectral) estimates of regression coefficients, we project onto the fixed-
point subspaces determined by a (randomized) set of group elements. This yields estimators that
are exactly invariant, with statistical guarantees matching standard bounds. Prior work on finite
groups established this using generating sets of size at most log |G| (Soleymani et al., 2025b), while
our randomized subset selection algorithm removes the dependence on |G| altogether, extending
polynomial-time learning with exact invariances to infinite groups (Soleymani et al., 2025b).

Learning under unknown (but existing) symmetries, often referred to as symmetry discovery,
has recently attracted significant attention. A wide range of methods have been proposed, pri-
marily based on deep learning architectures and Lie-algebraic techniques, including approaches for
discovering continuous symmetries (Desai et al., 2022; Yang et al., 2023; Perin and Deny, 2025;
Dehmamy et al., 2021; Romero and Lohit, 2022; Ko et al., 2024; Hu et al., 2025b) as well as
methods tailored to finite groups (Huh, 2025). Related work explores symmetry identification via
gradients of neural network layers (van der Ouderaa et al., 2023), flow-matching techniques for Lie
group symmetries (Park et al., 2025), or joint procedures that simultaneously discover and enforce
symmetries in learned models (Otto et al., 2025), or enforce them approximately (Tahmasebi and
Weber, 2026a). While these approaches demonstrate strong empirical performance, they typically
lack rigorous statistical or computational guarantees.

Symmetry discovery has also been studied beyond the data domain, for example in latent rep-
resentations learned by neural networks (Yang et al., 2024a). In this setting, discovered symmetries
may extend beyond affine transformations and relate to underlying manifold structure (Shaw et al.,
2024; Bhat et al., 2025). Other approaches rely on data augmentation strategies (Santos-Escriche
and Jegelka, 2025) or heuristic procedures (Karjol et al., 2025). We note that symmetry discovery
is distinct from the problem of hypothesis testing for the presence of a given symmetry in data,
which has been studied separately (Soleymani et al., 2025a).

Symmetry discovery is also relevant to dynamical systems arising in scientific applications (Tah-
masebi and Weber, 2026b). For instance, Calvo-Barlés et al. (2025a,b) propose methods for identi-
fying finite group invariances in dynamical systems, while approaches for discovering infinitesimal
Lie group generators have been developed in (Hu et al., 2025¢). Additional related work studies
symmetry discovery in latent or continuous-time dynamical models (Li et al., 2025; Shaw et al.,
2025; Gabel et al., 2024). For further connections between symmetry discovery and differential
equations or partial differential equations, see (Kreider et al., 2025; Hu et al., 2025a; Yang et al.,
2025, 2024b).



3 Problem Statement

We begin by formalizing the learning setting and introducing the problem studied in this paper.

Data generation and function space. We consider a well-specified supervised learning problem
on a smooth, compact, boundaryless Riemannian manifold M of dimension d. Given n independent
samples S = {(z;,y;)}I'_1, the inputs x; € M are drawn uniformly (i.e., with respect to the canonical
Riemannian volume measure), and the labels are generated as

yi = [*(25) + €,

where f* € L?(M) is an unknown continuous regression function and the noise variables ¢; are
independent, zero mean, and have variance at most ¢?. The uniformity assumption is made for
simplicity; our results extend to distributions with bounded densities.

The performance of an estimator f is measured by its population risk

R(f) =K ||J?_ f*H%2(M) )

where the expectation is over the randomness of the data.

Group actions and symmetries. Suppose that a known compact group G acts smoothly and
isometrically on M, with the action denoted by gx for any g € G and any x € M. A function f*
is said to be G-invariant if

[ (gx) = f* () forall g € G, x € M.

In this setting, the goal is to construct an estimator fthat is both accurate and exactly invariant
under the action of G.

Throughout the paper, we work with a Hilbert feature space # C L?(M) that is closed under
the group action, and we assume that this action is isometric (unitary) on H. This is a natural
compatibility condition between the feature space and the transformations: in finite dimensions, it
can be enforced by choosing an invariant inner product, while in geometric settings it is canonically
satisfied by many spectral constructions. In particular, on manifold domains, Laplace—Beltrami
eigenspaces and their finite-dimensional truncations provide natural feature spaces that are com-
patible with both the geometry of M and Sobolev regularity. For example, when M is the sphere,
these eigenspaces are the spaces of spherical harmonics. We denote by H the subspace of G-
invariant functions in H.

We consider two representative regimes. First, in the finite-dimensional regime, H is any finite-
dimensional Hilbert feature space for which the kernel, or equivalently the associated feature map,
can be evaluated, for instance through oracle access. In this setting, Empirical Risk Minimization
(ERM) over H attains the minimax-optimal risk O(dim(#)/n). Second, in the Sobolev regime,
we take H = H*(M) with s > d/2. In this case, Kernel Ridge Regression (KRR) achieves the
minimax-optimal risk rate O(n=%/(+4/2)) albeit with a naive computational cost of O(n3) when
implemented using kernel evaluations (Bach, 2024). These two regimes are chosen for clarity and
cover the main examples of interest; the framework itself applies more broadly to kernels and feature
spaces compatible with the group action.

Note that even when f* is G-invariant, standard learning procedures such as KRR with Sobolev
kernels or ERM do not, in general, return invariant estimators (Soleymani et al., 2025b). As a
result, additional structure must be imposed to enforce invariance. A classical approach is group



averaging, either by averaging the kernel or the learned estimator over the group G. However, such
methods require O(|G|) operations even to evaluate the estimator, rendering them computationally
intractable for large or infinite groups.

A recent breakthrough by Soleymani et al. (2025b) introduced spectral averaging, which achieves
the same minimax-optimal risk rate (that is (’)(n_s/(5+d/2)) in Sobolev spaces and O(dim(#H)/n)
in finite-dimensional settings) while running in poly(n, d,log|G|) time. This yields an exponential
improvement over naive group averaging for finite groups. However, the dependence on log |G|
fundamentally limits the applicability of spectral averaging to infinite groups, such as continuous
rotation groups.

Consequently, any polynomial-time algorithm for learning with exact invariances under infinite
groups must have a runtime that is independent of the group cardinality. The central goal of this
paper is to address this challenge. In the following sections, we provide an affirmative answer
by developing a novel algorithmic framework that enforces exact invariance while maintaining
polynomial-time complexity independent of |G|.

Compactness and sampling from the group Our assumption that G is compact should be
understood as an assumption on the effective transformation group acting on the data domain.
Since our results only depend on the induced action on M, one may always quotient out the kernel
of the action and work with the corresponding faithful action. In this paper, we assume that this
effective group is a compact group acting smoothly on the compact Riemannian manifold M. In
particular, this covers the standard setting of compact Lie group actions, for which there is a unique
Haar probability measure. This measure provides the canonical notion of uniform sampling from
the group G.

We emphasize, however, that sampling from G can be a separate algorithmic problem, depending
on how the group is represented. For example, if M = S! (the unit circle in two dimensions)
and G is a finite subgroup of equally spaced rotations, then even specifying a uniformly random
element requires ©(log|G|) random bits. More generally, for groups specified implicitly, such as
automorphism groups of graphs, uniform generation can itself be computationally nontrivial. We
therefore separate this issue from the statistical and approximation questions studied here, and
assume oracle access to independent Haar-uniform samples from G. This assumption is standard
in many settings of interest and is often mild; for instance, for several explicit matrix groups, finite
cyclic groups, and permutation groups given by suitable generators, uniform or nearly uniform
sampling can be implemented efficiently. For example, for permutation groups given by generators,
this oracle can be implemented in polynomial time using standard Schreier—Sims methods, which
also provide polynomial-time membership testing.

Unknown invariances and symmetry discovery. In many applications arising in scientific
discovery, the symmetry group respected by the target function f* € H is not known a priori and
must be inferred from data. To model this setting, we consider a known finite reference group G
and assume that the true invariance group is an unknown subgroup H C G. The collection of all
subgroups of G forms a subgroup lattice under set inclusion.

The goal of the symmetry discovery problem is to use a labeled dataset & to identify the
underlying symmetry structure and to construct an estimator that is exactly invariant with respect
to H, while achieving provable generalization guarantees and efficient runtime. Note that a naive
brute-force search over all subgroups of G is computationally infeasible, even when |G| is only
moderately large, due to the combinatorial size of the subgroup lattice.

To make the problem tractable, we focus on symmetry discovery within the class of bounded-



index subgroups. Specifically, we assume that the unknown subgroup H satisfies

Gl _1
G:H|=— < - <= |H| > k|G
(G2 H] = g1 < = |H| 2 5G],
for some parameter £ € [0,1]. The index bound controls the size of the search space within the
subgroup lattice: smaller values of x correspond to broader exploration over candidate subgroups,
while larger values restrict attention to subgroups closer to G itself.

4 Main Results

In this section, we present our main results. We begin with the setting of learning under exact
invariances, where the symmetry group is known, and then turn to the more challenging problem
of symmetry discovery, in which the invariances must be inferred from data.

4.1 Learning with Exact Invariances in Polynomial Time

We start by considering the case where the underlying symmetry group is known and acts through
a given representation. A key algorithmic component underlying our results is a randomized subset
selection procedure, which adaptively constructs a small subset of group elements sufficient to
characterize the invariant subspace.

To state our theoretical guarantees, we take a closer look at the spectral averaging framework
of Soleymani et al. (2025b). Throughout, we consider hypothesis classes H that are either finite-
dimensional, or Sobolev spaces of order s > g.

The spectral-averaging algorithm of Soleymani et al. (2025b) shows that, for Sobolev spaces,
the problem of learning with exact invariances can be reduced to solving an infinite collection of
finite-dimensional convexr quadratic programs with linear constraints. Each program corresponds
to an eigenspace of the Laplace—Beltrami operator associated with the data manifold M, and the
reduction relies on tools from differential geometry and spectral theory.

To obtain a computationally efficient procedure, Soleymani et al. (2025b) truncate this infinite
collection and solve only finitely many quadratic programs. This yields an approximation to the
original optimization problem while incurring a negligible approximation error. Concretely, with
a slight abuse of notation, let H denote the subspace of the Sobolev space H*(M) spanned by
the first 7 := n'/(+®) = O(,/n) eigenfunctions, a = %’. This truncation is canonical and reduces
learning in H#*(M) to a finite-dimensional problem in H C L?(M), with approximation error that
vanishes at a polynomial rate in n. Consequently, we can focus on finite-dimensional hypothesis
spaces with r :== dim(#).

Fix an orthonormal basis {¢¢};_; of H. Any function f € H can then be identified with its
coefficient vector f € R". Let D(g) € R™*" denote the matrix representation of the action of g € G
on H, defined by (gf)(x) = f(g~'z),Vf € H. Under this identification, enforcing invariance of f
under the group action amounts to the linear constraints D(g)f = f for all g € G.

The spectral-averaging framework, therefore, leads to the following optimization problem:

r

min S(fi-f)? st D)f=f V9eS Jo=- > yow) Vel
=1

€R”
! (=1

and S C G is a generating set of the finite group G, meaning that every element of G can be
expressed as a finite word over S.



Algorithm 1 Randomized Subset Selection
Input: Query access to D(g) € R™*", Vg € G; number of iterations T' = (’)(7’2 + rlog %)
Output: A subset S C G
1: Initialization: S < {idg} and Bg < {e; : ¢ € [r]} € R", where e; denotes the i-th standard
basis vector.
2: fort=1,...,7 do

3:  Sample g ~ Unif(G)

4 Sample z =37 i Nyv, where N, ~ /\f<07 \8715|> independently for all v € Bg
5. if ||(D(g9) — I)z|3 > 0 then

6: S <+ SuU{g}

7: Bs < an orthonormal basis of span(Bg) N ker(I, — D(g))

8 end if

9: end for

10: return S

This deterministic procedure yields an estimator achieving population risk O(n‘s/ (s+d/ 2)) for
Sobolev spaces, or O(r/n) in finite-dimensional settings, and can be implemented in poly(n, d, log |G|)
time for finite groups.

The poly(log |G|) dependence on the group size arises from the number of linear constraints
imposed by the invariance conditions. Specifically, one constraint is required for each generator
in S. Since any finite group admits a generating set of size at most logy |G|, this accounts for
the polylogarithmic dependence of the computational complexity on |G|. In contrast, for infinite
groups, the cardinality |G| is unbounded, and thus such a method fails to reduce the number of
constraints.

In Algorithm 1, we introduce a new randomized procedure that, with high probability, identifies
a subset S C G imposing a sufficient collection of linear constraints in the quadratic programs
associated with each eigenspace of the spectral-averaging framework. Crucially, this procedure
applies to both finite and infinite groups.

Specifically, the algorithm returns a subset S of size O(r2 log %) with probability at least 1 — 9,
as formalized in Proposition 4.1. The runtime and the size of the subset are entirely independent
of the group cardinality |G|, and therefore remain valid even when G is infinite. The key insight
is that random group elements are sufficient, with high probability, to enforce all necessary in-
variance constraints. This stands in sharp contrast to approaches based on generating sets, which
either do not extend to infinite groups or require preprocessing the entire group, rendering them
computationally infeasible.

Proposition 4.1. For each g € G, define V, := ker(I, — D(g)). If T = O(T2 + rlog %), then with
probability at least 1 — 68, Algorithm 1 returns a subset S C G with |S| < r such that

Ve = (Ve

geSs geG

With the randomized subset selection procedure in place, we are now ready to state our main
algorithmic and statistical guarantee. The resulting method builds upon the spectral-averaging
framework of Soleymani et al. (2025b), while replacing generating sets with random subsets.

Theorem 4.2. Let G be a group, and let {(x;,y;)}; be a labeled dataset sampled from a d-
dimensional manifold M. Suppose the target regression function satisfies f* € H*(M) for some
s >d/2, and define o := 2s/d (Sobolev regression), or alternatively that H is finite-dimensional.



Then, Algorithm 2, achieved via spectral averaging with the randomized subset selection of Algo-
rithm 1, running in poly(n,d,log(1/8)) time, returns, with probability at least 1 — 6, an exactly
G-invariant estimator f The estimator achieves excess population risk R(f) (’)(n‘s/(5+d/2)) for
Sobolev regression, or O(dim(HS) /n) in finite-dimensional settings. Thus, in the finite-dimensional
case, this rate is minimax optimal over the class of G-invariant functions in H.

The above theorem establishes that exact invariance can be enforced in polynomial time without
prior knowledge of the group structure, while simultaneously achieving statistically optimal sample
complexity in finite-dimensional settings.

Proof sketch for Proposition 4.1 A central technical contribution of the paper is Proposi-
tion 4.1, which enables learning with exact invariances for arbitrary groups. The proposition shows
that by randomly sampling group elements, one can construct a subset S C G, whose size is
independent of |G|, such that

N% =N

geSs geG

At first glance, this may seem surprising. The space () sec Vo corresponds exactly to the sub-
space of invariant functions, whereas () ges Vy consists of functlons invariant under the subgroup
generated by S. While any generating set S of G trivially satisfies this equality, a key observation
is that generation of the group is not necessary: since we only observe the action of G through its
representation on R”, distinct group elements may induce redundant linear constraints.

The proof exploits this representation-theoretic viewpoint. Starting from the full space R",
each sampled group element ¢ induces a constraint D(g)f = f, shrinking the feasible subspace to
Vy = ker(I; — D(g)). Whenever the intersection (,cg Vy has dimension strictly larger than that of
N e Vy, a randomly sampled group element has a nontrwlal probability of further reducing this
dimension. Algorithm 1 implements this idea by iteratively sampling group elements and updating
the intersection whenever a new constraint is informative.

Since the dimension of the invariant subspace is at most r, and each successful iteration reduces
the dimension by at least one, after at most r effective reductions, occurring with high probability,
the algorithm identifies a subset S for which

Vo= (Ve

geSs geG

Importantly, the total number of iterations required depends only on r, and not on the size or
structure of the group G. This establishes the main technical ingredient behind our first contribu-
tion.

Remark 4.3. When G is the trivial group, Algorithm 2 reduces to the standard projection estimator
in the chosen feature space. In particular, under the uniform distribution and an orthonormal
feature basis, the population feature covariance is the identity, so the estimator can be viewed as the
ordinary least-squares/projection estimator with the covariance plug-in replaced by its population
value. Thus, in this special case, the algorithm agrees with ordinary linear estimation in the
feature space up to the usual distinction between empirical OLS and projection using the identity
covariance.
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Algorithm 2 Spectral Averaging with Randomized Subset Selection

Input: Dataset S = {(z;,yi)}I~; and a = 2s/d > 1 for Sobolev regression
Output: G-invariant estimator f

1: Set 7 < n/(1+) for Sobolev regression; otherwise set 7 < dim(H)

2: for each / € [r] do

3 fo = 2o vide(wi)

4: end for

5: S <— Randomized Subset Selection for G and ‘H (Algorithm 1)
6:

Solve the linearly constrained quadratic program:

f<— argminZ(fg - ﬁ)Q, st. D(g)f=f VgeSs
FeR™ 5

7. Return f(z) = D1 Foopo(2)

4.2 Sobolev Rates and Computational-Statistical Trade-offs

In the Sobolev setting, our guarantees should be interpreted relative to the computational cost of
enforcing invariance. When G is trivial, our rate reduces to the classical minimax-optimal Sobolev
regression rate. For nontrivial group actions, sharper invariant rates are known information-
theoretically (Tahmasebi and Jegelka, 2023, Theorem 4.1); however, achieving these rates relies
on a group-adapted regularization scheme (Tahmasebi and Jegelka, 2023, Eq. 122) and, in its
kernel implementation, on averaging over the entire group. In our setting, this corresponds to a
potentially large spectral truncation and a computational procedure that is infeasible when full
group averaging is expensive.

Our contribution is different and complementary: we give a polynomial-time procedure that en-
forces exact invariance while attaining the full convergence rate of the corresponding no-invariance
Sobolev problem. Thus, even though our Sobolev guarantee is not claimed to be the sharp in-
variant minimax rate, it achieves a statistically meaningful rate under exact invariance without
requiring full group averaging. Determining the optimal computational-statistical trade-off for
Sobolev spaces with invariances remains open. Resolving this question likely requires a finer un-
derstanding of how the group action interacts with low-frequency Laplace—Beltrami eigenspaces.
In particular, it is currently unclear whether the sharp invariant minimax rate can be achieved in
polynomial time without full group averaging, or whether an inherent computational gap is present.
In contrast, in the finite-dimensional setting, our method achieves the optimal sample complexity
of learning under invariances in polynomial time.

4.3 Symmetry Discovery for Learning with Exact Invariances

We now extend the previous setting to the case where the invariance group is unknown. Specifically,
we assume that there exists an unknown subgroup H C G such that the target function f* € H is
invariant under H and under no larger subgroup. Here, G denotes a known reference finite group.

More precisely, to ensure that information about the subgroup H is sufficiently present in the
target function, we assume that f* is drawn isotropically from the subspace of H-invariant functions
within H. In the Sobolev setting, isotropy is defined with respect to the truncated function class
of dimension r := O(y/n). This assumption rules out pathological target functions for which the
underlying symmetry would be statistically undetectable. Moreover, to avoid identifiability issues,
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we identify any two subgroups that induce the same invariant function class.

A key observation is that, once a generating set S C G for H is identified, learning reduces
immediately to the exact-invariance setting studied in the previous section by simply running
Algorithm 2 with this set of constraints. The central challenge in symmetry discovery is therefore
to identify a generating set for H using only labeled data.

To make this problem tractable, we assume that H has bounded index in G, namely that

|H| > k|G| for some « € (0,1].

Under this assumption, a uniformly random element g ~ Unif(G) lies in H with probability .
Consequently, by sampling

N — Q(log |G| + 10g(1/5)>

K

independent elements from G, we obtain, with probability at least 1 — ¢, a subset of size O(log |H]|)
contained in H. Classical results on random Cayley graphs (Alon and Roichman, 1994) imply that
such a random subset generates H with high probability.

The remaining question is therefore algorithmic: given a fixed g € G, can we test from data
whether f* is invariant under g, i.e., whether f*(gz) = f*(x) holds almost surely?

Our approach answers this question via a data-driven hypothesis test. For each candidate
element g € G, we compare two estimators obtained via spectral averaging: one unconstrained
estimator, and one estimator constrained to be invariant under g. Using a held-out test set, we
evaluate whether imposing the constraint D(g)f = f reduces the empirical test error. Elements for
which this constraint leads to improved generalization performance are retained. Collecting such
elements yields a candidate generating set for H.

This procedure leads to the following guarantee for symmetry discovery.

Theorem 4.4. Let G be a finite reference group, and consider the family of subgroups H < G
satisfying |H| > k|G| for some k € (0,1]. Let {(xi,yi)}i'_, be a labeled dataset sampled from a d-
dimensional manifold M. Assume the unknown H-invariant target function satisfies f* € H*(M)
for some s > d/2, and define o := 2s/d (Sobolev regression), or alternatively that H is finite-
dimensional. Moreover, f* € H is drawn isotropically, according to the definition above.

Then Algorithm 8 returns, with probability at least 1 — §, an exactly H-invariant estimator f
e
excess population risk R(f) = O(n_s/(s+d/2)) for Sobolev regression, or O(dim(HY)/n) in finite-
dimensional settings. Thus, in the finite-dimensional case, it achieves the minimax optimal rate
over the class of H-invariant functions in H.

together with a generating set for H, in poly (n, d, =, log |G|, log %) time. The estimator achieves

Theorem 4.4 shows that even when the symmetry group is unknown, exact invariances can
be discovered and enforced in polynomial time while retaining statistically optimal rates. This
establishes a sharp statistical-computational trade-off for learning under exact invariances and
provides theoretical justification for the empirical success of symmetry discovery methods.

Scope of the results. Our symmetry-discovery guarantee is stated for finite groups. The present
approach relies on finite-group tools, including random Cayley graph constructions, and therefore
does not directly extend to infinite groups. An extension to compact Lie groups would likely
require different techniques, possibly exploiting the local and representation-theoretic structure of
Lie groups; we leave this direction for future work.
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Algorithm 3 Symmetry Discovery via Spectral Averaging
Input: Training set S = {(z;, i)} ,; test set 8" = {(a},vy})}",; parameter o = 2s/d > 1 for
Sobolev regression; number of trials T'; threshold 7
Output: H-invariant estimator f and a generating set .S for H
. Set < n'/(17®) for Sobolev regression; otherwise set r < dim(#)
: for each /£ € [r] do
fo 2570 yidbe(s)
end for
: Compute the unconstrained estimator: f@ — feRr’
. Initialize S < ()
fort=1,...,7 do
Sample g ~ Unif(G)

Compute the g-invariant estimator: fg —argmin ,_,(fe — ]?g)Z st. D(g)f=1f
feRrr

100 T IS (fy(@h) —ui)® < S0 (fo@)) — )" +n then S« S U {g}.
11: end for R B
12: Compute the final estimator: f < argminsepr Yy, (fo — fo)? st. D(g)f=f VgeS

13: Return f(:x) =3 fé@(fﬁ)

© X NPT R

The isotropy assumption on f* is also necessary for discovery. Without a separation condition,
the target function may be invariant, or nearly invariant, under several distinct subgroups, making
it impossible to identify a unique underlying group from data. Our assumption rules out this
ambiguity and ensures that the relevant group is statistically identifiable.

Importantly, this assumption is needed only for symmetry discovery, not for invariant regression
itself. Once a candidate subgroup H is specified, even if several subgroups are compatible with the
data, Algorithm 2 can be applied to enforce H-invariance and obtain the convergence guarantee of
Theorem 4.2 for that subgroup.

5 Conclusion

We presented the first randomized polynomial-time algorithm for learning with exact invariances
under general group actions, accommodating both finite and infinite groups. This result represents
a substantial step toward understanding the computational complexity of learning with symme-
tries, and clarifies the algorithmic boundary between tractable and intractable instances of invariant
learning. For finite groups, prior work showed that spectral averaging combined with group gener-
ators yields a deterministic polynomial-time algorithm (Soleymani et al., 2025b). In contrast, for
infinite groups no such deterministic procedure is currently known. Our results demonstrate that
randomization suffices to overcome this barrier: spectral averaging with randomized subset selec-
tion enforces exact invariance in polynomial time without any dependence on the group cardinality.
Whether a fully deterministic polynomial-time algorithm exists for learning with exact invariances
under infinite groups remains an intriguing open question.

We further addressed the problem of symmetry discovery, where the invariance group is un-
known. Under a bounded-index assumption, we showed that a simple sampling strategy, grounded
in the theory of random Cayley graphs, enables efficient identification of the underlying symmetry
group directly from data. Combining symmetry discovery with invariant learning yields estimators
that are both computationally efficient and statistically optimal.
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Taken together, our results provide the first rigorous statistical-computational guarantees for
learning with exact invariances and for discovering unknown symmetries, offering a theoretical
foundation for the growing empirical success of symmetry-aware learning methods.
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A Preliminaries on Groups and Manifolds

We collect here the basic notions from group actions and Riemannian geometry used throughout
the paper. Our data domain is a smooth, compact, boundaryless manifold M. This assumption
is made for clarity of presentation and to avoid technicalities related to boundary conditions,
noncompactness, or singularities. The same ideas extend to other sufficiently regular data domains,
provided that the corresponding function spaces, measures, and group actions are well defined.

Groups. A group is a set G equipped with a binary operation (g, h) +— gh satisfying the following
three axioms: (I) associativity, (gh)k = g(hk) for all g, h, k € G; (II) existence of an identity element
e € G such that eg = ge = g for all g € G; and (III) existence of inverses, meaning that for every
g € G there exists g7! € G with gg~! = g~'g = e. Standard examples include finite cyclic groups,
permutation groups such as the symmetric group Sy, finite groups of rotations, matrix groups such
as the orthogonal group O(d) and the special orthogonal group SO(d), and compact Lie groups
acting by smooth transformations.

Group actions on manifolds. A left action of a group G on M is a map
GXxM— M, (g,2) — gz,

such that ex = x and (gh)z = g(hx) for all g, h € G and © € M. Throughout the paper, we assume
that the action is smooth, meaning that each map x — gz is a smooth diffeomorphism of M, and,
when G is a Lie group, the joint map (g, x) — gz is smooth.

The kernel of the action is

ker(G~ M) :={ge€ G: gz = forall z € M}.

Elements in the kernel act trivially on all data points and hence have no statistical or computational
effect in our setting. Therefore, without loss of generality, one may replace G by the effective
quotient

Gegt := G/ ker(G ~ M),

which acts faithfully on M. Thus, throughout the paper, we identify G with its effective action
and assume that the action is faithful (i.e., no non-identity element acts trivially on all of M).

Compactness and Haar measure. Our results are stated for compact groups GG. More pre-
cisely, after quotienting out the kernel of the action, we assume that the effective transformation
group acting on M is compact. This assumption covers the main examples of interest, including fi-
nite groups, compact matrix groups, and compact Lie group actions. Compactness gives a canonical
probability measure on the group: the normalized Haar measure, which is the unique probability
measure invariant under left and right multiplication. This measure is the natural notion of the
uniform distribution on G and is used whenever we sample random group elements.

Group representations. A representation of a group G on a finite-dimensional vector space V
is a map D : G — GL(V) such that

D(gh) = D(g)D(h), ~ D(e) = 1I.
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Thus, a representation realizes each abstract group element g € G as an invertible linear operator
D(g) acting on V, in a way that preserves the group law. If V' is equipped with an inner product
and each D(g) preserves this inner product, then the representation is called orthogonal over R and
unitary over C; equivalently,

D(g)'D(g)=1 or D(g9)*D(g)=1, VgeG.

In this paper, such representations arise by restricting the action of G on functions to a finite-
dimensional feature space H: after choosing a basis of H, the operator T,f(z) = f(g ') is

represented by a matrix D(g), and the identity T,, = T4T}, becomes D(gh) = D(g)D(h).

Invariant Riemannian metrics and isometric actions. The compactness assumption also
allows us to regard the action as isometric without loss of generality. Indeed, starting from any
Riemannian metric go on M, we may average it over the group:

9:(u,v) == /G 80.9-12(Dgy 'u, Dg; 'v) duc(g).

The resulting metric g is smooth, positive definite, and G-invariant. Consequently, every trans-
formation x — gx is an isometry of (M,g). The corresponding Riemannian volume measure is
therefore also G-invariant. In this sense, assuming that the group acts isometrically with respect
to the canonical volume measure is not restrictive for compact group actions; it can always be
enforced by choosing an invariant Riemannian metric.

Once such a metric is fixed, the isometry group

Iso(M)

is the group of all diffeomorphisms of M preserving the metric. By the Myers—Steenrod theorem,
Iso(M) is a Lie group, and for compact M it is compact. Thus, after choosing a G-invariant metric,
the group G may be viewed as a compact subgroup of Iso(M). This provides the geometric setting
used throughout the paper: a compact group acting smoothly, faithfully, and isometrically on a
compact Riemannian manifold, equipped with the corresponding invariant volume measure.

Setting and notation for Sobolev-space regression. Let (M, g) be a smooth, compact, con-
nected, boundaryless d-dimensional Riemannian manifold, and let G act smoothly and isometrically
on M, so that z — gz is an isometry for every g € G. We observe i.i.d. samples S = {(z;, vi)}I' 1,
where x; is drawn uniformly from the Riemannian volume measure on M and

yi = f*(xi) + &

Here f* € H*(M) for some s > d/2, and the noise variables ¢; are independent, mean zero, and
have variance 2.

Let Apq denote the Laplace-Beltrami operator. By spectral theory, there exists an L2(M)-
orthonormal basis {¢y ¢} ¢ of eigenfunctions, grouped by eigenvalues

O=X <A <A<

with multiplicities my, such that every f € L?(M) admits the expansion

f(z) = Z Z Faeoxne(z).

A =1
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In these coordinates, the Sobolev space H*(M) is defined spectrally as
my mx
HI (M) = {f =3 huere: 1 By = DD DR < 00} ;
A =1 A =1

where a = 2s/d where o = 2s/d and D) denotes the cumulative spectral dimension up to eigen-
value A\, namely

D), = Z my.

M<A
For each eigenvalue A, let
Vy = span{py ¢}, .
Since the action is isometric, the induced operator
Tyf(x) = f(g~ ")

is unitary on L?(M) and commutes with A, Hence each eigenspace Vy is G-invariant, and the
action restricts to an orthogonal representation

D)\(g) G = O(m)\)

on the coefficient space of V). This commutativity and the resulting blockwise orthogonal action
are discussed in detail by Soleymani et al. (2025b). Writing

= ()i,

the invariance condition on the A-th eigenspace is
D)\(g)f)\ = fi for all g € G.

Invariant subspaces in finite-dimensional feature spaces. Let H C L?(M) be a finite-
dimensional Hilbert feature space that is closed under the action of G. The induced action on
functions is given by

Tyf(z) = flg"'z), g€Gq,

so that TyH C H. After choosing a basis of H with dim(#) = r, each T} is represented by a matrix
D(g) € R™". The subspace of G-invariant functions is

HE = {feH T,f=f, Vgc G}
Equivalently, defining
Vo={feH :Tyf =f},

we have

HE = () V,
geG
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In coordinates, this is the common fixed subspace

1Y = () ker(D(g) - I).

geG

Thus, in the finite-dimensional setting, enforcing invariance amounts to representing this intersec-
tion of fixed spaces. A central goal of our analysis is to identify small subsets S C G for which

ﬂV:ﬂVg,

geSs geG

or for which the corresponding approximation is sufficient for the desired statistical guarantees.

B Proofs

B.1 Proof of Proposition 4.1

For any subset S C G, let us define a probability measure ug as follows. Consider the set Bg, which
is an orthonormal basis for the subspace () ges Vg We construct pg as the distribution of random
linear combinations of vectors in this basis:

us = law of Z Nyv,

vEBg

where the coefficients N, are independent Gaussian random variables, each drawn as N, ~ N (0, IBilsl)
This choice ensures that pg is isotropic in the span of Bg, i.e., the covariance of the distribution is
proportional to the identity restricted to span(Bg). Intuitively, this means that ug places uniform
weights along all directions in the subspace () ses Vo

Now define the functional

A(S) 1= By Boryg[|(D(g) — Ln)2l3, (1)

where g € GG is sampled uniformly at random. This quantity measures, in expectation, how much
the action of D(g) deviates from the identity transformation on vectors x sampled from pg. In
other words, A(S) introduces some kind of discrepancy between invariance under the full group G
and invariance under the restricted subset S.

Step 1. The case A(S) = 0. If A(S) = 0, then for every g € G and every x in the support of ug
we must have

(D(g) = 1)z =0,

i.e., D(g)z = x. This means that x € (| ¢ Vy-

Since the support of pg is exactly span(Bg), it follows that the entire subspace span(Bg) is fixed
by the group G. We claim that span(Bg) = (),cg Vg, which follows from the way we update it in
Algorithm 1. This implies

geS

AVvacNVe = NVa=()V

ges geG ges geqG

so in this case the invariant subspace with respect to G is already fully captured by the smaller
intersection over S.
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Step 2. The case A(S) > 0. Suppose now that A(S) > 0. We will prove a quantitative lower
bound on A(S). Namely, we prove that

2
A(S) > —.
() >
Expanding the square inside the definition of A(S) gives
A(S) = ByBamyg [I2113 + 1 D(9)2]13 — = D(g)w — 2" D(g)Ta]. (2)
Since the representation D(g) is orthogonal, we have ||D(g)z||3 = ||«||3. This allows us to rewrite
the expression as:
A(S) = EgEonps [12l13 + l[2]3 — = " D(g)z — " D(g) "«] 3)
=2 —EyBpys [z D(g)x + 2" D(g) 2], (4)

where in above we used the fact that Ey,.[||z]|3] = 1, according to the definition of yug.
But since D(g) is orthogonal, averaging D(g) or D(g)" over g € G yields the same expectation.
We therefore obtain

A(S) =2 — 2B, 5[z " Dal,

where we define the average

Step 3. Structure of D. From basic representation theory, the matrix D is the orthogonal projec-
tion onto the subspace of invariant vectors (Schur’s lemma). Equivalently, there exists an orthogonal
change of basis U such that

D =UPU",

where P is the projection matrix onto the first rj,, coordinates, with ri,, = dim <ﬂgEG Vg) In

other words,

N — Irinv O '|'
DU[O O}U.

Thus, D corresponds to selecting exactly those elements invariant under the full group.
Moreover, since S C G, we automatically have

Avac Ve
geG ges

That is, the invariant subspace for the full group is always contained within the invariant subspace
defined by any subset of group elements. Therefore, span(Bg) contains the true invariant subspace,
and the expectation E;~ [T D] reflects the fraction of L?-norm of the elements in the support
of pg lying in this smaller subspace.

Step 4. Dimension ratio interpretation. Since pg is isotropic over [ ges Vg, the expectation of the
quadratic form z " Dz is equal to the ratio

dim(ﬂgeG Vy)
dim((,es Vo) '
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Substituting this back, we find

. dim(mgeG Vg))
dim(ﬂges Vg) .

Step 5. Lower bound on A(S). If A(S) > 0, then necessarily
dim((] V) > dim( () V).

ges geqG

A(S) = 2(1

The smallest possible difference between the two dimensions is exactly one, so

dim (e Vo) _r—1
dim(ﬂges ‘/g) N r

Therefore,

A(S)22(1—r_1> 2

==, (©)

r
This establishes the claimed lower bound.

Step 6. Probabilistic argument. It remains to control the number of random trials needed to
detect all strict dimension decreases. By the previous step, whenever a strict discrepancy remains,

namely
VoS Ve
geG ges

a fresh random draw succeeds in detecting it with probability at least 2/r. Indeed, if X € [0, 1]
denotes the corresponding detection statistic, then EX > 2/r, and hence

2

P(X >0)>EX > —.

r
Let Z be the number of successful detections among T independent trials. Then Z stochastically
dominates a binomial random variable Bin(7',2/r). Therefore, by a standard Chernoff bound,

P(Z<r)<$§

provided that

1
T>Cr <r—|—log5>

for a universal constant C' > 0. Since the dimension can decrease at most r times, r successful
detections suffice to certify that no further strict discrepancy remains. Thus, with probability at
least 1 — §, the procedure terminates succesfully after

T:(’)<r2+rlog(1$>

independent trials.

Conclusion. Putting everything together, with T iterations we guarantee that, with probability
at least 1 — 9§, the subspace defined by S coincides with the true invariant subspace:

ﬂV:me

geG ges

while |S| < r since at each iteration at most one group element is chosen. This completes the proof.
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B.2 Proof of Theorem 4.2

The proof follows the structure of the finite-group proof (Soleymani et al., 2025b, Theorem 1) and
differs only in how the constraint set S is chosen and analyzed; the statistical analysis is mostly
unchanged.

Step 1: Spectral reduction and decoupled convex programs. Because A, commutes with
all isometries (hence with the G-action), G preserves each eigenspace V) and acts on it through an
orthogonal matrix D)y (g). Therefore f is G-invariant if and only if Dy(g)fy = f) for all A and all
g € G. As in the finite-group analysis, minimizing the population risk E|| f — f *H%Q over G-invariant
f reduces to independent quadratic problems (QP) on the retained eigenspaces V) with linear
constraints Dy (g)u = u. Replacing the intractable population coefficients by their empirical means
]/C\)\’g yields the empirical QPs mentioned above; their minimizers are the orthogonal projections of
f,\ onto the fixed-point subspaces (Soleymani et al., 2025b).

Step 2: A single random subset S suffices for all retained eigenspaces. Define the
block-diagonal representation

R(g) = @ Dy (g) € O(r), ro= Z my = D.
A:DA<D A: DA<D
Let V, := ker(I, — R(g)) be its fixed-point subspace. Run Algorithm 1 (Randomized Subset
Selection) once on the representation R(-) with 7' = ©(r2 + rlog(1/4)) iterations to obtain a set
S C G of size |S| < r such that, with probability at least 1 — 4,

Ve =) Va

geSs geG

This result follows from Proposition 4.1 and its proof is discussed in Section B.1: the statistic
A(S) == EgEyugll(R(g) — I)z||3 either vanishes (in which case the intersections coincide) or is
bounded below by a positive constant depending on r; a standard concentration argument then
shows that each time A(S) > 0 one detects it in r trials and reduces the candidate basis dimension
by 1, hence O(r? + rlog(1/4)) trials suffice.

Because R(g) is block-diagonal, V; = @,. p, <p ker (Irn, — Dx(g)) and therefore

NVa= B [)ker(Im, — Dalg)), Vo= B [)ker(Im, — Dalg)).
ges X: D <D geS geG A D) <D geG
Thus the equality of intersections at the block level implies, for every retained A, that

ﬂ ker(Im, — Da(g)) = ﬂ ker (I, — Da(g)).

ges geG

Consequently, projecting ]/”:\ onto the fixed-point subspace defined by S is the same as projecting
onto the G-invariant subspace of V). Hence the resulting estimator fvis exactly G-invariant with
probability at least 1 — §.

Finally, note that by construction r = D. Since o > 1, we have D = nt/(+e) < p1/2 hence
r = O(y/n), matching the choice of r in Proposition 4.1.

Step 3: Risk bound (classic bias-variance analysis). Write f* = fZ,+ fZ, for the orthogonal
decomposition into the retained and discarded spectral parts. Exactly as the proof of Soleymani
et al. (2025b, Theorem 1), we decompose

E[If - 3] < 2E[IF - £2pll3a] + 20142 pl132.
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The bias term obeys || f2 |2, < D_a|]f*\|12qS(M) by f* € H*(M) and the spectral definition of the

Sobolev norm. This is because,

Hf;DH%2: Z Z(ff,z)z

ADy>D =1

= Y > DD

AX:Dy>D (=1

<D= 3 S DY(A)?

A:Dy\>D (=1

<D D3 ()

X =1
= D™ 11 ompy-

In turn, we focus on the variance term,

Elfep - fpld] = > %E[\fu—figﬂ.

Dy\<D ¢=1

By definition, we obtain

Fe = Ea[f"(@)pre(2)] = Eaylydn ()], (7)

for every A, £. In addition, ]?)\75 denotes the empirical estimate derived from the data:

Fae = % > yidae(i). (8)

=1

Thus, we get

B[ fae — £30’] = =E [Jyre(z) — Elyeae(2)][’]
E [Jexe(x) + 1*(@)6r.e(2) — E[f*@)or e@)]?]
(®E[g3.d + E [|1*(2)6re(2) — BIf*(@)ore(@)])
(0% + E[f*(2)°03 ()
(o + 1 B nn)) -

since the @) ’s are orthonormal and f) , are empirical means. Summing over dimensions up to D,
we obtain

IN
I=3I—3I=3~3=

<

~ D .
Bl — £2plecng] < = (02 + 15 Wmqnr)) -

Because fis the orthogonal projection (in each V)) of fonto a linear subspace, the projection
can only reduce squared error, so

E[IF - £2013:) <E[IFep — fpl] < 2 (o2 15 oan))
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Putting the two parts (bias and variance) together and taking D = n!/(1+®) yields

BIF = Pl < (o 417 ) 5+ (1) D7 = O(n77%).

exactly as for the finite group settings. All the calculations of this step are borrowed verbatim from
the proof of for finite groups in Soleymani et al. (2025D).

Step 4: Running-time bound. Computing the primary coefficients ]/‘:\,g for D), < D takes
O(nD) = O(n%) time. Forming the constraint matrices {Dx(g)}ges costs O(]S| > D\<D m3) <
O(|S| D?) oracle calls, because Y- m3 < (3 my)? = D?. Solving the QPs by the closed form uses
a pseudoinverse of a matrix of size (|S|my) x (|S|m,) and hence time O(|S|*m3) per A; summing
gives O(|S[>Y-m3) < O(|S[>D?). By Step 2, with probability at least 1 — § we have |S| = O(D),
and since D = n!/(14®) < p1/2_ this is polynomial in n (and independent of |G|). Thus the total
running time is poly (n, d, log(l/é)).

Combining Steps 1-4 concludes the proof: the estimator ]? is exactly G-invariant (with prob-
ability > 1 — d), achieves the same excess-risk rate as in the finite-group case, and the algorithm
runs in time polynomial in n,d,log(1/9), independent of the cardinality of G.

Remark B.1. The proof for the finite-dimensional setting proceeds analogously (except that we do
not need to cap the dimension and bound the tail), since the basis is projected onto the quotient
space. From this point onward, the minimax optimality argument follows standard lines.

B.3 Proof of Theorem 4.4

In this section, we present a proof of the main result of the paper on symmetry discovery.

We begin by noting that, in light of the proof of Theorem 4.2, it suffices to show that Algorithm 3
returns a set S C G that generates the true symmetry group H with high probability. Once such
a generating set is obtained, exact H-invariance of the final estimator follows immediately from
the construction of the algorithm, and the stated statistical guarantees then follow from standard
results on invariant regression.

Sampling a generating set for H. We first argue that sampling
1
T = Q(R(log\G] + log (15))

elements uniformly at random from G is sufficient to ensure that, with probability at least 1 — 4,
the sampled elements contain a generating set for H.

It is a classical result in the theory of random Cayley graphs that, for any finite group H,
drawing

Ty = Q(log|H| +log })

elements uniformly at random from H produces a generating set for H with probability at least
1 — 0; see, e.g., (Alon and Roichman, 1994).

Since |H| > k|G|, each draw from Unif(G) lands in H with probability at least . By standard
concentration bounds for binomial random variables, after

1
T:Q(H(log|H —|—log(15)>

samples, the number of draws falling inside H is at least Ty with probability at least 1 — 4.
Consequently, with high probability, the sampled elements contain a generating set for H.
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Acceptance and rejection of sampled elements. Having ensured that a generating set for
H appears among the sampled group elements, it remains to show that Algorithm 3 correctly
distinguishes elements of H from elements in G \ H, where the latter denotes transformations
g € G for which T,f* # f* (assuming that H denotes the largest subgroup under which f* is
invariant, to resolve any ambiguity arising from identifiability issues).

For each randomly sampled element g € G, there are two types of errors to control:

e If g € H, we must ensure that the algorithm accepts g with high probability.
o If g ¢ H, we must ensure that the algorithm rejects g with high probability.

The remainder of the proof is devoted to establishing these two guarantees by comparing the
population and empirical risks of the unconstrained estimator and the estimator constrained to
be invariant under g. We show that invariance constraints corresponding to elements of H do
not increase the population risk, while invariance constraints corresponding to elements outside H
introduce a detectable bias with high probability under the isotropy assumption on f*.

For a candidate element g € G, let

we=H" W, =H1HED =WnH,

and let P, denote the orthogonal projector from W onto W,. Since f* € W, imposing invariance
under ¢ introduces the population-level bias

by = (I — Py) f* -

If g € H, then Wy = W and hence b, = 0. If g ¢ H, then, under the identifiability convention that
H is the maximal invariance subgroup of f*, we have W, C W, and therefore b, > 0.

The key point is that this separation holds uniformly over the finitely many candidate elements
inspected by the algorithm. Let Giest € G denote this candidate set, with |Giest| = 7. Conditional
on Giest, the subspaces {Wy : g € Giest \ H} are fixed strict subspaces of W. Under the isotropy
assumption, we may write f* = Ru, where u is uniformly distributed on the unit sphere in W and
R = [|f*l2(m)- If dg = dim(W), then for any fixed strict subspace U C W and any 7 € (0, 1),

P(dist(u, U)? < 7) < C\/dyT,

for a universal constant C' > 0; the worst case is codimension one. A union bound over the at most
T tested elements gives

P(3g € Grest \ H : by < R?7) < CT+/dpr.
Thus, choosing

cd?

T T4y

for a sufficiently small universal constant ¢ > 0, we obtain, with probability at least 1 — 4, the
simultaneous separation

by =0 forallgeH, by >~ forall g € Giest \ H,

where
R252
2
= = Q p=e— .
v = R"T <T2dH>
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In particular, when T' = poly(d) and dg < r = poly(d), this gap is inverse-polynomial in d.

It remains to ensure that the empirical comparisons resolve this population gap. Using an
independent validation sample, standard concentration bounds imply that, for all candidates in
Giest simultaneously, the empirical losses of the unconstrained and g-constrained estimators are
within o(7y) of their corresponding population losses, provided the validation size is polynomial in
r, 1/7, and log(7'/d§). On this event, a thresholded comparison with tolerance, say n = ~/4, is
correct: elements g € H introduce no bias and are accepted, whereas elements g ¢ H introduce
bias at least v and are rejected. Consequently, with high probability over the isotropic draw of f*,
Algorithm 3 correctly distinguishes all sampled elements of the group H from all sampled elements
outside H.
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