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Decision-makers often have access to a machine-learned prediction about demand, referred to as advice,
which can potentially be utilized in online decision-making processes for resource allocation. However, exploit-
ing such advice poses challenges due to its potential inaccuracy. To address this issue, we propose a framework
that enhances online resource allocation decisions with potentially unreliable machine-learned (ML) advice.
We assume here that this advice is represented by a general convex uncertainty set for the demand vector.

We introduce a parameterized class of Pareto optimal online resource allocation algorithms that strike
a balance between consistent and robust ratios. The consistent ratio measures the algorithm’s performance
(compared to the optimal hindsight solution) when the ML advice is accurate, while the robust ratio captures
performance under an adversarial demand process when the advice is inaccurate. Specifically, in a C-Pareto
optimal setting, we maximize the robust ratio while ensuring that the consistent ratio is at least C. Our
proposed C-Pareto optimal algorithm is an adaptive protection level algorithm, which extends the classical
fixed protection level algorithm introduced in |Littlewood| (2005) and Ball and Queyranne, (2009)). Solving a
complex non-convex continuous optimization problem characterizes the adaptive protection level algorithm.
To complement our algorithms, we present a simple method for computing the maximum achievable consis-
tent ratio, which serves as an estimate for the maximum value of the ML advice.

Additionally, we present numerical studies to evaluate the performance of our algorithm in comparison
to benchmark algorithms. The results demonstrate that by adjusting the parameter C, our algorithms
effectively strike a balance between worst-case and average performance. In fact, they surpass the benchmark
algorithms, including those that solely depend on a single point estimate advice, rather than leveraging the

advantages of an uncertainty set advice.

Key words: Online Resource Allocation, Machine-learned Advice, Convex Uncertainty Set, Pareto Optimal

Algorithms, Robust Ratio, Consistent Ratio




1. Introduction
The problem of allocating a limited inventory of a single resource to sequentially arriving requests
can be examined within the framework of revenue management, a significant discipline in opera-
tions research. Originally developed within the airline industry, revenue management has gained
widespread recognition and applicability across various sectors, including retail, hospitality, online
advertising, and more.

In the context of resource allocation, revenue management aims to optimize a firm’s revenue
by implementing effective policies to control quantities. This concept finds application in various
applications, such as flight seat allocation, online event ticketing, car rental inventory management,
and hotel room reservation. To illustrate this concept, let’s consider an example involving an
airline. Airlines often offer different fare classes to cater to various customer types, including price-
sensitive leisure travelers and business travelers. Each fare class comes with distinct prices and
additional perks, such as seat selection and flexibility in cancellation. In this scenario, the airline
must strategically determine the optimal number of seats to allocate to customers from different
fare classes in order to maximize their overall revenue.

However, firms face the challenge of making real-time decisions to allocate their limited resources
to incoming demand while lacking precise knowledge of future demand. This challenge arises due
to the inherent trade-off between allocating resources, such as seats, to low-reward demand, such
as leisure travelers, and reserving resources for potential high-reward demand, such as business
travelers.

To address this trade-off, researchers have extensively studied two main models. The first model
is the adversarial arrival model (Ball and Queyranne, (2009))), which assumes no forecast about
demand is available. However, in practice, the demand process is typically not the worst-case sce-
nario and may exhibit some level of predictability. Consequently, the resulting algorithms under
this regime tend to be overly conservative, as demonstrated in our numerical studies in Section
[ The second model is the stochastic model, which assumes perfect knowledge of the demand
process, with the assumption that low-reward demand arrives before high-reward demand (Little-
wood 2005). However, demand prediction is often challenging, especially in new and non-stationary
settings that arise due to factors like seasonality or natural crises.

In this work, we aim to bridge the gap between the two models by augmenting the adversarial
model with a demand forecast in the form of a convex uncertainty set. This uncertainty set that we

refer to as machine-learned advice is obtained through data-driven robust optimization algorithms.



Despite the success and ubiquity of these techniques across many domains, leveraging them in

online decision-making, such as the aforementioned resource allocation problem, presents significant

challenges. The key challenge lies in effectively managing errors and biases in the forecast that
inevitably exist.

To account for this challenge, we go beyond having a point estimate for the demand vector
(i.e., the number of customers of different types) as done in Balseiro et al. (2022). (For a detailed
comparison between our work and Balseiro et al. (2022), refer to Sections and [7]) Instead, we
adopt the approach of utilizing an uncertainty set for the demand vector. This modeling choice
that also covers a point estimate as its special case offers several advantages:

e First, it allows us to harness biases that exist in a single point estimate, resulting in a robust
algorithm that does not overfit to a single point estimate. Please refer to our numerical studies
in Section [7] for comparison between resource allocation algorithms with a single point estimate
and those we propose with an uncertainty set.

e Second, the framework of uncertainty sets allows for the consideration of inaccuracies within
the set itself. In other words, the realized demand may fall outside the bounds defined by the
uncertainty set. This level of flexibility greatly enhances the resilience of the allocation process,
empowering it to effectively handle unforeseen variations in demand that may deviate from initial
expectations.

e Third, the introduction of the uncertainty set allows us to capture the variance in demand process
and potential positive or negative correlations between different types of demand. For example,
if the uncertainty set establishes bounds on the total number of demands, we can account for the
expected correlation between the number of high-reward and low-reward customers. In this case,
a large influx of low-reward customers would suggest a corresponding decrease in the number of

high-reward customers.

1.1. Our Contributions and Results
A New Resource Allocation Model with a Convex Uncertainty Set. We introduce a novel
online resource allocation model with machine-learned (ML) advice (Section [2)) that addresses the
challenge of allocating m identical units of a resource to arriving requests, categorized as either
low-reward or high-reward. See extension of our algorithms to settings with more than two types
in Section Bl

At the onset of the allocation period, the decision-maker receives ML advice in the form of

a convex uncertainty set R. This uncertainty set characterizes the total number of high-reward



or low-reward requests expected to arrive during the allocation period. For instance, the advice
may indicate that the total number of requests falls within a specific interval while ensuring that
the total number of high-reward requests remains below a certain threshold. Importantly, the ML
advice does not provide any information regarding the order of arrivals.

Our choice of utilizing a convex uncertainty set is motivated by related works in the robust opti-
mization literature, such as|Bertsimas and Brown| (2009) and |Bertsimas et al.| (2018]). These studies
leverage offline historical data to construct convex uncertainty sets. Additionally, publications like
Cheramin et al| (2021), Bertsimas et al. (2016)), |Jalilvand-Nejad et al.| (2016) have explored the
application of convex uncertainty sets in offline robust optimization problems.

In this work, we do not make any assumptions about the accuracy of the ML advice. Instead,
we present a class of algorithms that demonstrate robust performance regardless of the accuracy
of the advice.

Pareto optimal Algorithms (Section . As previously mentioned, our objective is to incor-
porate ML advice in a robust manner, accounting for potential inaccuracies. To achieve this, we
introduce two performance measures: consistent ratio and robust ratio, which are analogous to the
traditional competitive ratio used in the analysis of online algorithms.

The consistent ratio of an algorithm represents the worst-case ratio of its expected reward to
the optimal hindsight solution under any arrival sequence consistent with the ML advice. On the
other hand, the robust ratio is the worst-case ratio of its expected reward to the optimal hindsight
solution under any arrival sequence that is not consistent with the advice. The formal definitions of
these ratios can be found in Section[2] As one of our main contributions, we present a parameterized
class of Pareto optimal algorithms that strike a balance between robust and consistent ratios.

Let C*(R) denote the maximum consistent ratio achievable by any algorithm under the ML
advice R (see the formal definition in Section [6]). For any C' < C*(R), a C-Pareto optimal algorithm
maximizes the robust ratio among all deterministic or randomized online algorithms, while ensuring
that its consistent ratio is at least C'. By adjusting the parameter C, we can emphasize achieving a
higher consistent ratio when we have greater confidence in the accuracy of the advice. Conversely,
decreasing C' reflects concern about potential inaccuracies, leading to a focus on obtaining a higher
robust ratio.

Our main result fully characterizes C-Pareto optimal algorithms, demonstrating that they belong
to a class of (adaptive) protection level algorithms (PLAs). An adaptive PLA extends the classical

fixed protection level algorithms studied in seminal works of|Littlewood (2005)), Ball and Queyranne



(2009). In fixed protection level algorithms, a certain amount of resources is reserved or protected
for potential high-reward requests that may arrive later, with the protection level remaining fixed
throughout the allocation period. In the adaptive version introduced formally in Section 3| the
protection level is represented by a function that maps the total received low-reward demand so
far to a protection level. In adaptive PLAs, the protection level can vary or decrease over time,
as long as the reduction is not too steep (see the formal definition in Definition . Our designed
C-Pareto optimal algorithms fall within this class, simplifying their implementation.

To fully characterize the C-Pareto optimal algorithm, we present an optimization problem
(referred to as Problem that optimizes over the protection level function, assuming the
algorithm is a PLA. Importantly, our results demonstrate that this assumption is not restrictive,
as the designed algorithm is optimal among all deterministic and randomized algorithms, not just
the PLAs. However, solving the optimization problem is challenging due to its non-convex and

continuous nature.
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Figure 1 = Decomposition of Problem (C-Pareto|) into the right and left problems. Here, z is the total

low-reward demand and T is the maximum total low-reward demand under the ML advice.

Technical Contributions Regarding C-Pareto optimal Algorithms. One of our main
contributions is the development of a polynomial time scheme to solve Problem ((C-Pareto|) for
any convex ML advice R. We achieve this by transforming the consistency constraints into bounds

on the protection level (PL) function and applying similar transformations for the robustness



constraints. This allows us to decompose the problem into “right” and “left” subproblems. The
optimal solution to the right problem coincides with the original problem’s solution when the total
low-reward demand exceeds a certain threshold, while the left problem considers cases where the
demand is below the threshold. The optimal solutions to both subproblems can be fully charac-
terized, resulting in an efficient algorithm for Problem with guaranteed performance
guarantees. See Figure [1| for an outline of our approach.

Characterizing the Maximum Consistent Ratio C*(R) (Section [6]). In Section [6] we
introduce polynomial-time methods to compute the maximum consistent ratio C*(R), which repre-
sents the highest value achievable with the ML advice. For general convex ML regions, we propose a
bisection method (Algorithm that provides an e-accurate estimate of C*(R) in polynomial time,
where € can be chosen within the range (0,1/2]. When the ML region is a polyhedron, we present
a faster approach (Algorithm [5)) based on enumerating the polyhedron vertices. This method com-
putes C*(R) exactly by identifying the worst vertices (bottlenecks) of Problem that
determine C*(R).

Numerical Studies (Section [7)). We perform numerical studies to assess the performance
of our proposed algorithms when the ML advice is derived from a limited number of samples.
Our findings demonstrate that, in the presence of ML advice, our algorithms enhance both the
average and worst-case performance, surpassing other benchmark algorithms. One such benchmark
pertains to resource allocation algorithms based on a single point estimate, which exhibit average
and worst-case compatible ratios that are up to 14% and 40% lower than those achieved by our

resource allocation algorithms considering convex uncertainty sets.

1.2. Other Related Works
Online Decision-making with ML Advice. Our class of algorithms contributes to a recent
literature on using ML advice in the online algorithm design. Examples include |[Lykouris and
Vassilvtiskii (2018)) and Rohatgi (2020)) for online caching problems, |Antoniadis et al.| (2020)) for
online secretary problems, |Jin and Ma, (2022) for online matching problems, Lattanzi et al.| (2020)
for online scheduling with job weight advice, and Balseiro et al.| (2022)) for an online resource
allocation problemﬂ

In the context of single-leg revenue management, the work most related to ours is |Balseiro et al.

(2022). Specifically, |Balseiro et al. (2022) focuses on single-point demand prediction (i.e., point

! See (Mahdian et al.[2012} [Esfandiari et al.| 2015, [Hwang et al|[2021} |Golrezaei et al[[2014, [2022) for other works
that explore the partially known demand models.



ML advice) under any arbitrary number of types, presenting a class of Pareto-optimal algorithms.
The algorithm achieves the highest level of consistency given a required level of competitiveness
in the presence of point advice. To this end, hard instances are identified, and an LP is used
to design an optimal algorithm that switches between two protection level algorithms with fixed
protection levels. They show that this switching, although sacrificing certain practical properties
like monotonicity of the allocation rule, is deemed necessary for optimality. They further focus on
designing an optimal policy with a fixed protection level. They show that as the distance between
realized fare sequences and advice increases, the performance of protection level policies degrades
linearly as the distance increases.

In our work, while we adopt the general framework of a Pareto-optimal tradeoff between consis-
tent ratio and robustness ratio proposed in |Balseiro et al.| (2022), there are important distinctions.
Firstly, we shift our focus to ML advice in the form of an uncertainty set, rather than relying solely
on single point estimates. This strategic shift aims to mitigate potential biases inherent in point
estimates, such as outliers, asymmetric errors, or incomplete data. Additionally, uncertainty sets
furnish valuable insights into demand characteristics, including variance and correlations between
different demand types. Moreover, there are instances where obtaining a point estimate for the
demand vector is unfeasible, such as when dealing with datasets that only provide the total number
of arrivals without specifying the number of arrivals for each type. We delve deeper into some of
these aspects in Section [7], using numerical analyses.

Online Resource Allocation. The allocation of scarce resources in an online setting has been
a subject of extensive research. A large body of work has studied this problem under stochastic
arrival assumptions (e.g., Devanur and Hayes (2009), Feldman et al.| (2010)), Agrawal et al.| (2014))).
One central paradigm in this line of work is to repeatedly re-solve a fluid LP as time and inventory
evolve. Such re-solving heuristics have been extensively analyzed in the revenue management liter-
ature (see, e.g.,|Jasin and Kumar| (2013), [Jasin (2015)), Bumpensanti and Wang] (2020)), |Wang et al.
(2022)), Chen et al.| (2024)), with results showing bounded revenue loss and asymptotic optimality
under stochastic models. Another prominent approach, particularly in the online algorithms com-
munity, is the primal-dual technique, which has been widely applied to design algorithms in both
stochastic and adversarial settings (e.g., Mehta et al.| (2007)), Buchbinder et al.| (2007)), |Golrezaei
et al.| (2014).

In contrast to both the re-solving and primal-dual paradigms, our work adopts a robust optimiza-

tion perspective. Rather than assuming a correct stochastic specification, we allow for potentially



unreliable machine-learned advice, which we encode as a convex uncertainty set. We then design
protection-level algorithms that guarantee Pareto tradeoffs between consistency (when the advice
is accurate) and robustness (under adversarially generated arrivals outside the set). This builds on
the protection-level framework, a well-established approach in single-leg revenue management, but
extends it to advice-augmented robust online allocation.

Single-leg Revenue Management. In this work, we study the single-leg revenue management
problem in the presence of ML advice. Single-leg revenue management is a well-established model
in the field of revenue management. Littlewood| (2005]) proposed an optimal policy for the single-leg
revenue management problem involving two types of customers under stochastic arrival processes.
Brumelle and McGill (1993) extended this problem to include multiple types of customers and
designed an optimal policy using dynamic programming. Ball and Queyranne| (2009) was the first
to address the single-leg revenue management problem under adversarial arrival sequences. They
proposed an optimal protection-level policy for the two types of customers case and then introduced
the concept of “nesting” to generalize to the multiple types case. See also |Jasin| (2015)), Hwang
et al.| (2021)), Ma et al.| (2021)), Golrezaei and Yao| (2021)) for more recent works on single-leg revenue
management. OQur work contributes to this literature by presenting a new model for single-leg

revenue management that bridges the gap between the adversarial and stochastic models.

2. Model

Consider a scenario where a firm has been endowed with m identical units of a divisible resource
to allocate over T rounds, but the number of rounds 7" is unknown to the firm. In each round ¢,
a request with size s; > 0 and type z; € {{,h} arrives, where the size of the request s demands at
most s units of the resource. E| Requests can be categorized into two types based on the normalized
reward or revenue they generate upon receiving one unit of the resource, namely low-reward and
high-reward requests. (See our discussion in Section |§| about handling more than two types of
requests. )

Let the reward for type z € {¢,h} upon receiving one unit of the resource be denoted as r..
Without loss of generality, it is assumed that 0 <7, < rhﬂ Upon the arrival of a request (s, 2;), the
firm observes the size and type of the request and must make an irrevocable decision to allocate
a; € [0, s,] units of the resource to request (s;,2;), and collect a total reward of a; - r,,. At the time
of the decision, the firm has no knowledge of the type and size of future requests.

2 Please refer to Section |8| for an extension of our setting and algorithms to cases with more than two types.

3 Without loss of generality, one can normalize 7, to one.



The goal is to design online allocation algorithms that maximize the cumulative reward of the
firm over the course of T' rounds. The performance of an algorithm is evaluated by comparing it
to the optimal clairvoyant solution, which has complete knowledge of the arrival sequence of the

requests (s, 2¢)e[r) in advance. Further details on the evaluation process will be provided later.

2.1. ML Advice

Let I = (s4,2:)ier) be the arrival sequence of requests, where the type and size of requests, the order
of the requests, and the number of requests T' are chosen by an adversary. For an input sequence
I = (1, 21) ey, we define the total low-reward and high-reward demand in the input sequence I as
U(I) = X sepry yme St A R(I) =30, gy ., ), S1, Tespectively. We assume that at the beginning of round
1, the firm has access to partial knowledge about the arrival sequence I and, more specifically,
about ¢(I) and h(I). This partial knowledge, which we refer to as ML advice, is represented by
a convex region R € R2. The ML advice enforces the demand vector, i.e., (¢(I),h(I)), to fall into
region R. Throughout the manuscript, we refer to region R as the ML region/advice. Then, the

set of arrival sequences that is consistent with the ML advice (denoted by S(R)) is given by:
S(R) ={I:(¢(I),n(I)) e R} . (1)

We refer to the set S(R) as the ML-consistent set. For example, when R = {(x,y) : z € [a1,b1],y €
[az,b2]} for some aj,as,b1,by =0, the ML advice provides lower and upper bounds on the low-
reward and high-reward demands. As another example, when R = {(z,y);x + y € [a,b]} for some
a,b >0, the ML advice gives lower and upper bounds on the total demand. The ML advice does
not provide any information on the order of requests. We refer the reader to Section for further
notation related to ML advice.

The ML advice we examine is general and encompasses any convex uncertainty region. As a
specific instance, the ML advice can be represented by a single point, as studied in [Balseiro et al.
(2022)). However, our numerical studies reveal that relying solely on a single point estimate as ML

advice can result in suboptimal performance due to inherent biases in a single point estimate.

2.2. Performance Measures

In this work, we consider two metrics to measure the performance of any online resource allocation
algorithm that has access to the ML advice R. These two metrics, which are called the consistent
ratio and the robust ratio, are inspired by the fact that the ML advice may not be completely

accurate.
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The consistent ratio of algorithm .4, denoted by CONSsIS(.A), measures how well algorithm A
performs when the ML advice is completely accurate. That is, it measures the performance of
algorithm A on all arrival sequences in the set S(R) that are consistent with the ML advice R.
Similarly, the robust ratio of algorithm .4, denoted by ROBUST(.A), measures the performance of
algorithm A on all arrival sequences. The robust ratio can evaluate the robustness of the algorithm
when the ML advice is misleading.

Mathematically speaking, for any arrival sequence I and an online algorithm A, let Rew(.A, I) be
the expected cumulative reward of the algorithm under the arrival sequence I. Further, let opT(I)
be the optimal clairvoyant solution under arrival sequence I. Note that the optimal clairvoyant
solution, which has knowledge of the arrival sequence in advance, starts by allocating resources to
the type h that has the highest reward. If there is any resource remaining after that, it allocates
resources to type ¢ requests. Then, we deﬁneﬂ

Rew(A, 1)

1
in and ROBUST(A) = inf Rew(A, 1)
rres(r) OpPT(I)

CONSIS(A) =
) r1es(Ryus(rR)C  OPT(I)

(2)

It is worth noting that when the set S(R) contains all possible arrival sequences, the consistent
ratio is equivalent to the traditional worst-case competitive ratio notion for online algorithm design
in the absence of ML advice. In this case, the algorithm’s performance is evaluated based on its
worst-case performance over all possible arrival sequences. Similarly, when the ML-consistent set
S(R) is empty, the robust ratio is also equivalent to the traditional competitive ratio notion, where
the algorithm’s performance is measured against the optimal clairvoyant solution that has full
knowledge of the arrival sequence.

In the absence of ML advice, it has been shown in Ball and Queyranne| (2009) that the optimal
competitive ratio for online resource allocation algorithms is 1/(2 —ry/r,), where r, and r, are the

rewards associated with the low- and high-reward types, respectively.

2.3. Objectives
When the ML advice is completely accurate, maximizing the consistent ratio would lead to an
optimal algorithm with the highest worst-case competitive ratio on set S(R). See the details in

Section@ However, such an algorithm may perform poorly when the ML advice is inaccurate (i.e.,

4 In our work, we assume that resources are divisible, allowing for partial acceptance of requests. While this assumption
simplifies the analysis, it preserves key structural properties of the problem. The algorithms developed here also
apply to the non-divisible model and remain accurate as the number of resources m grows large. Specifically, the
hindsight optimal scales linearly with m, while the loss in the numerator of the competitive ratio due to items being
non-divisible remains constant, leading to a reduction in the competitive ratio of order ©(1/m).
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when the ML-consistent set S(R) does not occur). To balance this trade-off, our main goal is to
present a class of parameterized Pareto optimal algorithms.

In a C-Pareto optimal algorithm, we design an algorithm that achieves the highest possible
robust ratio while obtaining a consistent ratio of at least C' for any C < C*(R). Here, C*(R) is the
highest possible consistent ratio for a convex ML region R, in the absence of any constraint on
the robust ratio. We formally characterize C*(R) in Section [6] and suggest an O(|V|?) complexity
algorithm to find the value of C*(R) when R is a polyhedron, where V is the set containing all the
vertices of R.

Mathematically, let II be the set of all online deterministic and randomized algorithms. Then,

the C-Pareto optimal algorithm A solves the following optimization problem:

max ROBUST(A) s.t. CONSIS(A)=C. (3)

Observe that by setting C' to C*(R), we can design an optimal ML-consistent algorithm under
which the ML advice is fully trusted. When R = {(z,y) : x,y = 0}—i.e., the ML arrival set S(R)
contains all possible arrival sequences— the protection-level algorithm of [Ball and Queyranne

(2009) is ML-consistent optimal. In this algorithm, type h requests are always accepted while at

most % type £ requests are accepted. In other words, we protect m — % of the resources
for high-reward requests, and by doing so, we obtain C*(R) of p:= m Overall, the design of

Pareto optimal algorithms lead to a Pareto curve (e.g., Figure that helps us balance the trade-off
between the consistent and robust ratios.
2.4. Notation

In this section, we present a few definitions regarding the ML region R (refer to the figure below

for illustration).
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x= inf x, I= sup x, y= inf vy, and y= sup y. (4)
(z,y)eR (z,y)eR —  (=yeER (z,y)ER

Define

R={(z,y)eR:y= sup min{y’,m}}
(', )eR

as a subset of region R under which the total high-reward demand (more precisely min{y’,m} for
any point (z’,y') € R) is maximized. Similarly, we define

R={(z,y)eR:y= inf min{y’,m}}
(a',y")eR

to be a subset of region R under which the total high-reward demand (more precisely min{y’,m}
for any point (2/,3') € R) is minimized. We then define point L = (z1,y;) € R as the point in set
R that has the lowest total low-reward demand. We further define H = (zy,yy) € R as the point

in set R that has the highest total low-reward demand. Mathematically speaking, we let
L=inf{(z,y): (z,y)eR} and H =sup{(z,y): (z,y)€eR}.

Observe that point L has the lowest reward among all the points in set R and point H has the
highest reward among all the points in set R. Further note that while by definition we have y; <y,
we can have xy, less than or greater than xp.

Then, we define the upper and lower envelop of R as h(-) and h(-), where
h(z) =sup{y: (z,y)e R} and h(z)=inf{y: (z,y)e R} (5)
for x € [x,Z]. As R is a convex set, we have h(z) is convex and h(z) is concave. Finally, let
Ro={(z,h(x)): z €[z, T]} n {(z,y) : 2 +y =m}

be the intersection of the lower envelop h(z) of the region R and line x + y = m. Note than for
any point above (below respectively) this line, the total demand is greater (less respectively) than
the number of resources m. As h(:) is a convex function, we have |Ro| € {0,1,2} because a convex

function and a line can have at most two intersection points.
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2.5. Roadmap

Having presented the model, in Section [3] we introduce the family of adaptive protection level
algorithms and explain their key structural properties. In Section 4] we formulate the optimization
problem that defines the C-Pareto optimal algorithm and transform the consistency and robustness
constraints into more tractable forms. In Section [5} as illustrated in Figure[I, we solve the problem
by decomposing it into two subproblems: (i) the left subproblem (Figure|[l] left side), which handles
sequences consistent with the ML advice; and (ii) the right subproblem (Figure right side), which
handles sequences deviating from the ML advice. Finally, we combine the solutions to construct
the C-Pareto optimal algorithm, achieving the highest possible robust ratio while guaranteeing a

consistent ratio of at least C.

3. Adaptive Protection Level Algorithms
In this section, we introduce the class of adaptive protection level algorithms and establish their
key structural properties. These algorithms form the foundation for the optimization problem
introduced in Section [4] and the solution framework outlined in Figure

Adaptive protection level algorithms (PLAs) have a simple and intuitive structure, making them
easy to implement. They extend the classical protection level algorithms introduced by |Littlewood
(2005), Ball and Queyranne, (2009) by allowing dynamic adjustment of the protection level based

on observed low-reward demand. The formal definition of adaptive PLAs is provided below.

DEFINITION 1 (ADAPTIVE PROTECTION LEVEL ALGORITHMS). A PLA is defined by a contin-
uous non-increasing Protection Level (PL) function p: R, — [0,m], with p'(z) = —1 and p(z) =
p(max{m,z}) for any v = max{m,z}. | Under a PLA with a PL of p(-),

e high-reward requests are fully fulfilled unless we do not have enough resources left. That is, for
any request (s,z = h), we set the allocation a to the minimum of s and the remaining resources
at the time of the decision.

e For low-reward requests, let 5 be the sum of the sizes of the low-reward requests received so far
(excluding the current one) and define a as the total amount of resources we have allocated to
low-reward requests so far. Further, let s be the size of the current low-reward request. Under a
PLA with a PL of p(), we allocate a € [0,s] amount of the resource to the current low-reward
request, where

a =min (7, Proj, 4(m—p(s+s)—a)).

5 For a discussion on the necessity of the validity conditions for the PL functions listed in Deﬁnition please refer
to Appendix E
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Here, Projy, ,(x) = min(max(z,0),y) and m is the remaining number of resources at the time
of the decision. Then, it is guaranteed that a +a < m — p(s+ s), meaning we protect p(s + s)

resources for the high-reward requests.

To gain a better understanding of the definition of PLAs, let us consider a scenario where the size
of all requests is 1, and m — p(x) is an integer. In this case, a PLA will always accept high-reward
agents as long as we have the necessary resources. Moreover, the PLA will reject the z-th low-
reward agent if either the number of low-reward agents already accepted is equal to m — p(x), or
there are no resources left.

It is worth noting that in a PLA, the number of units that we protect for high-reward requests
is solely dependent on the total low-reward demand we have observed so far, which is represented
by 5+ s in Definition [} This property makes PLA a practical and easy-to-implement approach.

Another important observation is that the PLA introduced in [Ball and Queyranne| (2009) can be

m

—mforanyx>0.

represented by a fixed protection level function: p(z) =m

3.1. A Property of PLAs
The following lemma shows that under PLAs, the consistent and robust ratios get minimized under

ordered arrival sequences under which all low-reward requests arrive before high-reward requests.

See Appendix [B] for the proof.

LEMMA 1 (Ordered Sequences). Suppose that we use a valid PLA A with a PL function p(-)
(per Definition . Let Z(x,y) denote the set of all arrival instances that contain a total of x low-
reward requests and y high-reward requests (in any order). Let f(x,y) be the ordered sequence in

which all x low-reward requests arrive first, followed by all y high-reward requests. Then, for any

rew(A,T) rRew(A,1(z,y))
IGI(.I,Z/), opT(I) = OPT(f(x,y% ’

Lemma [1] justifies that, for performance analysis, it suffices to consider ordered instances. In
particular, when we write p(z) from this point onward, the argument x should be understood
not as the cumulative low-reward demand observed dynamically (as in Section , but as the
total low-reward demand in an ordered instance paired with y high-reward demand. This shift is
methodological: the online nature is preserved because ordered instances capture the worst case
for any online policy, and the monotonicity and slope constraints on p(x) ensure that it remains a

valid adaptive protection rule that could be implemented in an online fashion; see Appendix [A]
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In light of Lemma [1, we finish this section with a few definitions. For any point A = (z,y), let
CP(p; A = (z,y)) be the compatible ratio of point A = (z,y) under a PL of p when a total of x
low-reward requests arrive first, followed by y high-reward requests. That is, CP(p;(x,y)) is the
ratio of the obtained reward under ordered arrivals associated with point A = (z,y) and a fixed PL
of p to the optimal clairvoyant solution. When p = min{m, y}, we over-protect high-reward requests

and hence

CP,(p; A= (7,y)) =

min{y, m}r, + min{z, (m — p)
-y

)

e
if p > mi ol 6
min{y, m}r, + min{z, (m +iry’ if p > min{m, y} (6)

(AP}

Here, the subscript “o” in CP, stands for over-protection. Note that in the definition of CP,,
min{y, m}r, + min{z, m — p}r, is the reward at the ordered point A = (z,y) with protection level
p =min{m,y}. Observe that we accept min{y, m} < p high-reward request and min{z, m — p} low-
reward requests.

On the other hand, when p < min{m,y}, we under-protect high-reward requests, and hence

max{p, min{y, (m —x)* }}r, + min{z, m — p}r,

CP.(p; A= (r,y)) = : if p<min{m,y} . (7)

min{y, m}r, + min{x, (m —y)*}r,

Here, the subscript “u” in CP, stands for under-protection. We allocate min{x,m — p} to low-
reward requests. Then, if the total request is less than m, that is, y < (m —x)*, we will accept all y
high-reward type requests. Otherwise, we will accept max{p, (m — )"} high-reward type requests.
In summary, the total reward is max{p, min{y, (m —x)* }}r, + min{z, m — p}r,.

When it is not clear whether we are in under- or over-protecting case, we simply use CP(p; A =
(x,y)) to denote compatible ratio of point A = (x,y). Note that in the definition of CP(p; A), we
considered ordered arrivals where low-reward agents arrive first. This is because of Lemma [l where
we show for any point A, the compatible ratio is minimized by considering its ordered sequence.
Then, by definition, the consistent ratio and robust ratio of a PLA A with PL function p(-) are
given by

CONSIS(A) = inf CP(p(z);(x,y)), ROBUST(A) = inf CP(p(z);(x,y)). (8)

(z,y)eR (z,9)=0

As noted earlier, following Lemma (1, in Equation the argument x of p(z) is interpreted as
the total low-reward demand in an ordered instance (rather than the cumulative demand observed

dynamically), so that the analysis captures the worst case for any online algorithm.
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4. Optimization Problems to Characterize Pareto Optimal Algorithms
Next, we formulate the optimization problem that defines the C-Pareto optimal algorithm. As
shown in Figure [I, we will later simplify the solution process by decomposing the problem into
two subproblems. To make the problem more tractable, we first transform the consistency and
robustness constraints. The solution to this modified problem is presented in Section

A C-Pareto optimal algorithm achieves the highest possible robust ratio while obtaining a con-
sistent ratio of at least C' for any C' < C*(R), where C*(R) is the highest possible consistent ratio
for a convex ML region R (in the absence of any constraint on the robust ratio); see Section [6] for
more details about C*(R). Suppose that the C-Pareto optimal algorithm is a PLA. Then, to design

a C-Pareto optimal algorithm, by Equation (8]), we consider the following optimization problem:

max R
Re[0,1],p(x):x€[0,max{m,z}]
st. CP(p(z);(z,9))=2C,  (2,y)eR, (9)
CP(p(z); (z,y)) = R,  2,y=0, (10)
p(z) =0 is continuous z € [0, max{m, z}], (11)
—1<p'(z)<0 ae., x € [0, max{m, z}] (12)

(C-Pareto)

Recall that T is defined in Equation . The first set of constraints ensures that the compatible
ratio of any point (x,y) € R at p(z) is at least C. The second set of constraints ensures that the
compatible ratio of any point (x,y) in the first quadrant at p(z) is at least R. The third and
fourth sets of constraints, which we refer to as validity constraints, ensure that the protection level
is valid per Definition |1} Note that the optimal solution to Problem only determines
the PL function p(z) for x € [0,maxm,z|. As per the definition of PLAs in Definition |1} for any
x > max{m,z}, we set p(z) = p(max{m,z}).

As we will show later in Theorem |1} the optimal solution to Problem leads to a PLA
that is an optimal C-Pareto algorithm among any deterministic and randomized non-anticipating
algorithms (not only the PLAs).

To solve Problem (C-Pareto]), we first transform its first and second sets of constraints (i.e., the
consistency and robustness constraints). This transformation, which is done in Sections and

plays a key role in our design. We then solve Problem (C-Pareto)) using the properties of the

transformed constraints.
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4.1. Transforming the Consistency Constraints

Here, we transform the consistency constraints in Problem (C-Pareto) that require
CP(p(x);(z,y)) = C for any (z,y) € R. To do so, let us fix z € [z,Z] and its protection level
p(x). Then, the worst points with the minimum consistent ratio occur at the lower and upper
boundaries of the ML region. That is, as shown in Lemma [2] stated below, for any p € [0,m],
Minyepp(z) i) CP(0; (2,9)) is either CP(p; (z,h(x))) or CP(p;(z,h(z))), where h(z) and h(z) are
defined in Equation .

LEMMA 2 (Monotonicity of the Compatible Ratio CP(p;(z,y)) w.r.t. y). Consider any
x € [z,Z] and min{m,y;} < min{m, y,}. For any protection level p with p < min{m,y;}, we have
CP,(p; (z,y1)) = CP.(p;(z,y2)), and for any protection level p with p = min{m,y>}, we have
CP,(p; (x,y2)) = CPy(p; (z,y1)). This further implies that for any x € [x,Z] and p >0, we have

min {OP(p; (,9))} = min { CP(p; (z,h(x))), CP(p; (z,h(z)))} -

yel[h(z),h(z
In light of Lemma we define the following two functions u(z; C') and I(z; C'). Roughly speaking,
under u(z;C), (if possible) the compatible ratio at (the worst over-protected point) (z,h(z)) is
equal to C' while under [(x;C), (if possible) the compatible ratio at (the worst under-protected

point) (z,h(z)) is equal to C.
DEFINITION 2 (UPPER BOUND FUNCTION). For any C € [0,1], we define
u(z;C) =sup{pe[0,m]: CP,(p; (z,h(x))) =C}  zelz,,Z.] (13)
while we set u(x;C) =m for any x€[0,z,] and u(z;C) =u(z,;C) for any € [Z,,z]|. Here,

sup{z € [z, z]: (1 — C):—Zﬂ'(x_) —C <0} Otherwise,
and x,, =sup{z <z <Z,: CP,(m;(x,h(x))) = C}, where H(x) = min{h(x),m}. We set x,, =z when

its defining set is empty. [
DEFINITION 3 (LOWER BOUND FUNCTION). For any C'€[0,1], let
l(ar;C’)zinf{pe[O,m] : CP,(p; (x,ﬁ(m)))zC} x€|ry, ], (15)

while we set l(x;C) = l(xg;C) for any x € [0,25] and I(z;C) =0 for x € [%;,Z]. Here, T; =inf{xy <

x<z:CP,(0;(z,h(z))) = C}. We set T, to & when its defining set is empty.

 We note that Z, is well defined because L is the lowest point, and hence H'(z7) <0, and (1 — C)%jﬂ’(mz) —-C<0.
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— I(x;0)

T x,rH TLiZe T X

Figure 2 The green line represents the upper bound function u(z;C), and the red line represents the lower
bound function [(z;C). The point z, marks the starting point where the upper bound function u(x;C) begins to
decrease. Intuitively, this is the largest value of = where the system can still afford to maintain the maximum
protection level (i.e., m) while satisfying the compatible ratio requirement at the worst over-protected point
(z,h(z)). The point T, represents where the upper bound function stops decreasing and flattens out. This
indicates that decreasing protection beyond this point is no longer necessary due to the large number of
low-reward requests. On the other hand, z; represents the smallest value of = where the system can afford to set

protection to zero while still satisfying the compatible ratio at the worst under-protected point (z,h(z)).

We now discuss the upper and lower bounds, as illustrated in Figure

For the upper bound, at z € [z,z, ), even if we set the protection level to m—which means reject-
ing all low-reward type requests—the compatible ratio at (z,h(z)) exceeds C'. This corresponds to
the first flat part of the green line in the figure.

For x € [z,,Z,], setting the protection level to u(x;C') makes the compatible ratio at the worst
over-protected point (x,h(x)) exactly equal to C. This is reflected in the decreasing section of the
green line. As shown in Lemma [0} for any C € [0,1], u(z;C) is non-increasing in x € [0,Z] and is
convex for z € [z, Z]..

For the lower bound, at x € (z;,Z], even if the protection level is zero, the compatible ratio at
(z,h(x)) exceeds C. For any x € [z;,Z,], setting the protection level to I(x; C') makes the compatible
ratio at the worst under-protected point (x, h(z)) exactly equal to C. This appears in the decreasing
section of the red line in the figure. As shown in Lemmal6] for any C € [0,1], I(z; C) is non-increasing
in z€[0,z] and is concave for z € [z, Z,]. Further, I(z;C) < u(x;C) for any x € [0, z].

We are now ready to present our transformation result.
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LEMMA 3 (Transforming the Consistency Constraints-I). For any C < C*(R), Problem

(C-Paretol) is equivalent to the following optimization problem:

s.t.  U(z;C) <p(x) <u(z;C), ze€]0,z], and (10), (11), (12),
(16)

max
Re[0,1],p(z):x€[0,max{m,z}]
where l(x;C) and u(x;C) are defined in Equations and , respectively.

The proof of all lemmas in this section can be found in Appendix [C] Lemma [3] demonstrates
that enforcing lower and upper bounds on the PL function p(-) satisfies the consistency constraint
of Problem ((C-Pareto|). These bounds, denoted by I(-;C) and u(-;C), respectively, can be easily
computed and depend on the ML region. However, these bounds may not be tight since their slope
can be less than —1. Recall that the optimal solution to Problem should be a valid
PL function, i.e., a non-increasing function with a slope greater than or equal to —1. With this in
mind, the following lemma presents an alternative (valid) lower bound denoted by I(-;C), which is

a non-increasing function with a slope greater than or equal to —1. This lower bound is defined as

follows:

~ {l(ac;C) xe[0,z_,] (17)

O Cata) + o0 weloal

Note that =+ = max{z,0} and z_, = sup{z € [z g, Z]: al(f’;;;c) < —1}. When al(%;;c) > —1 for any

~

x € [xy,Z], we set x_; to Z, and in this case, l(z;C) =(x;C) for any z € [z,z]. We recall that

~

Wz 9 Cﬂ/(m) by Lemma IEI, and that 7(-) = min{h(-),m}. We observe that [(x;C) is a non-

ox
increasing continuous function whose slope is greater than or equal to —1, due to the concavity of
[(z;C) in x as shown in Lemma @ Moreover, we have [(z;C) < [(z;C) for any z € [z,z]. Finally,

~

the following lemma shows that [(-;C) is a tighter lower bound for the PL function p(-).

LEMMA 4 (Transforming the Consistency Constraints-II). For any C < C*(R), Problem

(C-Paretol) is equivalent to the following optimization problem:

~

max R s.t.  U(z;C) <p(x) <u(z;C), ze€]0,z], and (10), (11), (12),

Re[0,1],p(z):z€[0,max{m,z}]
(18)

~

where [(x;C) and u(x;C) are defined in Equations and (13)), respectively.
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4.2. Transforming the Robustness Constraints

In this section, we aim to transform the robustness constraints of Problem which man-
date that CP(p(x);(x,y)) = R for any (x,y) = 0. Similar to the previous section, we replace this
constraint with lower and upper bound constraints on the (PL) function p(-). This enables us to

effectively address the robustness constraints while simplifying the optimization problem.

LEMMA 5 (Transforming the Robustness Constraints). For any R € (0,p] with p =
L and for z € [0,m], define

2—rp/rp’
m(R—ry/ry)

i g(z; R) = —Rx + m. (19)

g(x;R) =

For x > m, we have g(z;R) = g(m; R) and g(x; R) = g(m; R). For any C < C*(R), Problem
(C-Paretol) is equivalent to the following optimization problem:

max
Re[0,p],p(z):ze[0,max{m,z}]

st. U(z;C) < p(x) <u(x;C), ze|0,z],
g(z; R)<p(x)<g(z; k),  xe[0,max{m,T}],

Validity Constraints (11)), ([12) . (C-Pareto-Trans)

5. Pareto Optimal Algorithms

We now solve the optimization problem from Section ] As shown in Figure [T} we handle this by
first solving the right subproblem and then the left subproblem, integrating the two solutions to
derive the C-Pareto optimal algorithm.

Let an optimal solution to the transformed problem (C-Pareto-Trans) be denoted by p*(-), which

achieves the optimal robust ratio of R*. The problem decomposes into two subproblems:

Left Problem: Solve for z € [0, ] Right Problem: Solve for z >z
Rleft = max R Rright = max
Re[0,p],p(x):2€[0,Z] Re[0,p],p(z):z€[z,max{m,z}]
s.t. [(z;C) < p(x) <u(z;C), ze[0,7] s.t. 1(z;C) <p(z) <u(z;C),
9(z; R) <p(z) <g(z; R), =€l0,7] g(z;R) <p(x) <g(z;R), e[z, max{m,z}]

Validity Constraints 7 Validity Constraints ,
P(Z) = Prigns (Z) (C-Pareto-right)
(C-Pareto-left)

In the right problem, it is sufficient to satisfy the consistency lower and upper bound constraints
only at Z. Let pyigne () be the optimal solution to the right problem, and define R,z as the optimal

objective value. Theorem (1| proves that p*(z) = pygn (x) for any x> 2.
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After solving the right problem, we solve the left problem by enforcing that p(Z) = pyign(Z). Let

Prefs () be the optimal solution to the left problem and define Ry as the optimal objective value.

Theorem [3| shows that p*(z) = pie(z) for any z € [0,Z]. Finally, the optimal objective value of
Problem (C-Pareto-Trans)) is R* = min{ Ryight, Riefs }-

THEOREM 1 (Optimal Solution to (C-Pareto-Trans) and C-Pareto Optimal Algorithm).
Consider any 0 < C < C*(R).

1.

The optimal objective value of Problem (C-Pareto-Trans|), is R* = min{R, g, Ries},

where R, and Ry are the optimal objective value of Problem (C-Pareto-right|) and
(IC-Pareto-left)), respectively.

. Algom'thmpresents an optimal solution to Problem (C-Pareto-Trans)). That is, at the optimal

solution to Problem (C-Pareto-Trans), denoted by p*(-), for any x €[0,m], we set

cy _  Pep()  w€[0,7]
=00 e R, -

where prigni(-) and piep(-) are the optimal solutions to the right and left problems, respectively.

. A PLA with the PL function of p*(-) is an optimal solution to Problem . That is, among any

online algorithms 11, the aforementioned algorithm maximizes the robust ratio while ensuring

its consistent ratio is at least C.

Algorithm 1 Optimal Solution to Problem (C-Pareto-Trans|) and C-Pareto Optimal Algorithm.

Input: Convex set R, resource capacity m, and parameter C € [0,C*(R)].
Output: Optimal solution to Problem (C-Pareto-Trans)), p*(-) : [0, max{m,z}]— [0,m], and its optimal objec-
tive R*.
For any x € [0, max{m, Z}], set
P(@) = { Z‘;ﬁl) ve g’,ﬂax{m,z}] , 1)

where prignt (+) and piert(+) are defined in Algorithms [2| and [3] respectively.
Let Riight = min{CP,(prignt (Z); (Z,0)), CPu(prignt (m); (max{m, z}, m)), and set

R* = min{Ryight, Ieif(lfi] CPo(prese(v); (x,0))}-

5.1.
The

Proof Sketch of Theorem [1]
proof of Theorem [l is stated in Appendix To show the first statement, as the main step,

we need to argue that p*(Z) = prignt(Z). To do so, we consider two cases, where in the first case

Ryignt = Riesr, and in the second case, Ryignt < Riert- In the first case, the optimality of p*(Z) can be
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argued using Theorem [2], where we present an optimal solution to the right problem. Otherwise,
for the case where Rjeq; < Ryignt, we show the result by contradiction while using properties of the
lower bound lN(, (). The proof of the second statement follows from Theorems 2| and |3|in which we
will present an optimal solution to the left and right problems.

To show the third statement, we first note that the optimal robust ratio R*
is the minimum of three terms: CP,(pignt(Z);(Z,0)), CPu(prignt(m); (max{m,z},m)), and
infefo,5) CPo(prese (2); (2,0))}. Depending on which term attains the minimum, we construct worst-
case arrival sequences to show that no algorithm can perform better than R*. For the purpose
of this discussion, let us assume that R* is equal to the compatible ratio of point (m,m) (i.e.,
CP . (Prignt(m); (max{m, z},m))), which is one of the three aforementioned terms.

For this case, we define two (ordered) input sequences. In the first input sequence, I, low-reward
requests with z,, < z arrive first, followed by high-reward requests with h(Z, ). One can think of I; as
an arrival sequence consistent with the ML advice. In the second input sequence, I, m low-reward
requests arrive first, followed by m high-reward requests. Here, one can think of I, as an arrival
sequence outside with the ML advice. Before receiving z,, low-reward requests, any deterministic or
randomized algorithm cannot differentiate between the two input sequences and must decide how
many low-reward requests to accept in expectation. We then show that, on these input sequences,
to achieve a consistent ratio of C' on I, no algorithm can obtain a robust ratio greater than R* on
I,. This is demonstrated by arguing that, on the arrival sequence I, to achieve a consistent ratio
of at least C, the algorithm must accept at least m — u(Z,;C) low-reward agents. This, in turn,
prevents any algorithm from performing better than R* on I5. For other cases, we also construct

two input sequences, but the contradiction point is different in each case. See Section D] for details.
5.2. Examples
ExXAMPLE 1. Consider the following ML regions:
Ri={4<2<16}n{4<y<16} n{20<z+y <25}
and
Ry={4<2<16}n{4<y<16} n{0<y—x <5}.

The first region, R, represents a scenario where both the low-reward and high-reward requests are
between 4 and 16, and the total number of requests is between 20 and 25. The second region, R,

corresponds to a scenario where both the low-reward and high-reward requests are between 4 and
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16, and the difference between the high-reward and low-reward requests is between 0 and 5. The
regions Ry and Ry are illustrated as the shaded grey areas in the two leftmost plots of Figure[3

Here, we set m =20, r,, =1, and r, = 1/3. In the two leftmost plots, we consider C € {0.8,0.89}.
These two plots in Figure @ display p*(-) for C =0.8 and C =0.89 under the two regions, respec-
tively. We observe that increasing C' leads to an increase in p*(-), which results in protecting more
resources for high-reward requests.

The rightmost plot of Figure @ shows the optimal robust ratio (i.e., the optimal value of Prob-
lem or equivalently, the original Problem ) as a function of C for the two ML regions,
R1 and R,. For each region R, i€ [2], we restrict to C < C*(R;), since Problem
becomes infeasible for any C > C*(R;). As expected, for both ML regions, the optimal robust ratio

decreases as C increases.

p*(z),C =08 p'(x),C =08

— p*(x),C =0.89 — p'(x),C =089
20 : 20
H H

\ Pareto Curve for R: and R:
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: \ 0 0575
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Figure 3  The figure shows the optimal robust ratio (i.e., the optimal value to Problem (C-Pareto]) or the
optimal value to the original Problem ) versus C for the two ML region R; and R>. Here,
Ri={4<x<16}n{4<y<16}n{20<z+y<25}and Ro={4<2<16} n{4<y<16}n{0<y—=z<5}.

In the following sections, we begin by presenting pyign(-), followed by a characterization of pieg(-).

5.3. Optimal Solution to the Right Problem ((C-Pareto-right|)

Algorithm presents the optimal solution to the right problem , Drignt (+), and the
optimal objective value of this problem R,;.p:. First, the algorithm presents the optimal solution at
Z, i.e., Drignt (%), which then determines R,iqn. Second, the algorithm presents the optimal solution
at any z € (Z, max{m,Z}], using pignt(Z) and Ryign:. Notice that if z>m, (z, max{m,z}]| = (z, ],

is not well-defined. So, we skip the second step, and we only need to solve for pyign:(Z).
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Algorithm 2 Optimal Solution to Problem (C-Pareto-right).

Input: Convex set R, resource capacity m, and parameter C € [0,C*(R)].
Output: Optimal solution to the right problem (C-Pareto-right), prignt : [Z, max{m,Z}] — [0, m], and optimal
objective value of the right problem (C-Pareto-right|), denoted by Rright.

e Optimal solution at T Let

Pright(T) = argmin  [p—g(z)],
pell(#0) u(#0)]

) = 1=y and I(+;C) and u(-;C) are respectively defined in Equations

2—rp/rp

where g(z) = g(z; R =

2— r;/'rh

and (13). Further, define
Riignt = min {CPo(prignt (2); (Z,0)), CPu(Prignt (2); (max{m, z},m))} .

e Optimal Solution at z € (Z, max{m,z}]. For any z € (Z,max{m, z}], define

max{—a +Z + prignt(7;C), g(x)}  Prigne() € [g(), §()]
Pright () = { 9(@; Rrignt) Pright (T) < g(Z), (22)
g(w, Rright) pright (f) > g(j)3

where g(-; R), g(-; R) are respectively defined in Equation .

Return. pyignt(z), = € [T, max{m,T}], and Ruight.

Recall that p = 241[ T is the optimal consistent ratio (obtained by Ball and Queyranne, (2009))
when the ML region is {(z,y) : z,y = 0}. With a little abuse of notation, for x € [Z, max{m,z}], we

let
g(x)=g(x;R=p), and g(z)=g(x;R=p),

where g(z; R) and g(x; R) are defined in Equation . Then, in Algorithm [2| we have

Prignt(Z) = argmin  [p—g(z)]. (23)

pe[l(z;C),u(z;C)]

Clearly, prignt(Z) satisfies the first constraint in the right problem; that is, pugn(Z) €
[[(z:C),u(z;C)], as desired. To set Dright(Z), the algorithm compares the feasible interval
[[(z;C),u(z; C)] with g(z) = g(z; R = p). Here, g(x;p) = ;= :"?:hm is the optimal PL in the setting
studied in Ball and Queyranne (2009) when the ML region is {(x,y) : x,y = 0}. At a high level, if
we can set Pugne(Z) to g(Z), the optimal (right) robust ratio Riigne will be equal to p (which is the
maximum robust ratio for any ML region). However, setting prigh: (Z) to g() is not always possible.

In such a case, we either set pyigni(Z) to u(z;C) or I(z;C). The value piign(Z) then determines

Rright3
Riigne = min {CP, (prign (T); (2,0)), CPu(prigne (T); (max{m, z},m))} . (24)

This shows that in the right problem, points (z,0) or (max{m, Z},m) play a crucial role, determining

the optimal objective value.
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Given the optimal objective value of Ry, if T <m, for any x € (z,m], we only need to make

sure that g(z; Rigne) < p(x) < §(; Ryigne). This is achieved by setting

max{—=z + T + Pyignt (T; C),g(x)} Dright (T) € [Q(x)a 9(x)]
Pright (T) = 3 9(%; Rrighe) Prigns (%) < g(Z), (25)
9(7; Rrignt) Prignt (T) > g(7).

As it becomes more clear in the proof of Theorem [2, when pi.n(Z) € [g(Z),g(Z)], the optimal
objective value of the right problem R is indeed p =1/(2 —r,/r),). For the other cases where
either puign(Z) < g(Z) or Prignt(Z) > g(Z), we have Rygny < p. There, we set pugne(x) such that the
compatible ratio at any points (z,0) and (x,m) (with x € (Z,m]) is greater than or equal to Ryignt,

defined in Equation .

THEOREM 2 (Optimal Solution to the Right Problem). Algorithm presents an optimal

solution to Problem (C-Pareto-right|). That is, at the optimal solution to Problem ((C-Pareto-right)),
denoted by prigni(-), we set prg(x) based on Equations and . Furthermore, the optimal

objective value of Problem (C-Pareto-right), R, s given in Equation .
5.4. Optimal Solution to Problem ([C-Pareto-left))

In this section, we present an optimal solution to the left problem (C-Pareto-left)), denoted by
Prets (+) : [0, ] — [0, m]. See Algorithm [3] The algorithm shows that at the optimal solution, we set

~

Drete () = max{l(z; C), prignt(Z)}, x€]0,Z], (26)

~

where pyignt (Z) is the optimal solution to Problem (C-Pareto-right|) at z, and [(x;C) is defined in
Equation ((17)).

Algorithm 3 Optimal Solution to Problem (C-Pareto-left]).

Input: Convex set R, resource capacity m, and parameter C € [0,C*(R)].
Output: Optimal solution to the right problem (C-Pareto-left), piet: : [0, Z] — [0, m].

For any z € [0, Z], define

et (z) = max{l(z; C), prignt (2)}, € [0,2], (27)

where pright (Z) is the optimal solution to Problem (C-Pareto-right|) at Z, and I(x; C) is defined in Equation .

Return. pies(x), x € [0, Z].

The optimal solution to the left problem is obtained by one observation. We show in the proof of
Theoremthat in this problem, one can ignore the lower bound constraint p(z) > g(z; R), z € [0, Z].

Given this simplification, to present an optimal solution to Problem (C-Pareto-left|), we need to find
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~

the largest value of R that satisfies the conditions max{l(z;C), psign(Z)} < p(x) < g(x; R), where
g(x; R) is a decreasing function of R and p(z) is a non-increasing function. Then, considering the
fact that g(z; R) is decreasing in R, to maximize R while ensuring max{l(x; C), Prignt (T)} < p(z) <

~

g(x; R), we set pree(x) = max{l(z; C), Prignt(Z)}-

THEOREM 3 (Optimal Solution to the Left Problem). Algorithm @ presents an optimal

solution to Problem (C-Pareto-left). That is, at the optimal solution to Problem (C-Pareto-left|),
denoted by pies(-), we set prp(x) based on Equation . The optimal objective value of Problem

(C-Pareto-left)) is:

Ryepy = min{ CP, (pies(Z); (T, m))), inf , CP,(piefi(x); (z,0))}.

z€[0,z

6. Optimal Consistent Ratio

In this section, using an optimization problem, we first characterize the optimal/maximum consis-
tent ratio (C*(R)) that any algorithm can achieve under ML region R; see Section For any
convex ML region R, in Section [6.2] we then present a simple bisection method that allows us to
obtain a good approximation for C*(R). Section presents a simpler algorithm to obtain the

exact value of C*(R) when the ML region R is a polyhedron.
6.1. Characterizing the Optimal Consistent Ratio

We begin by the following theorem:

THEOREM 4 (Characterizing Optimal Consistent Ratio). Consider any conver ML

region R. Then, the consistent ratio of any online algorithm under ML region R is at most C*(R)

where
C*"(R) = max C
C=0,p(x):x€[0,z]
st 1(x;0) < p(x) < u(a;0), vz, 7] (C-MAX)

Validity Constraints , x€e|0,z].
Here, lN(a:;C) and u(xz;C) are defined in Equations and , respectively. Furthermore,

C*(R) = p, where p=1/(2—1y/r},).

Theorem [ characterizes C*(R) using an optimization problem (C-MAX) that bears resemblance
with Problem (C-Pareto-Trans). In Problem (C-MAX|), we aim to characterize a valid PL function

under which the consistent ratio is maximized. Note that by the transformation Lemma[4] the first
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~

constraint (i.e., {(z;C) < p(x) < u(z;C)) is equivalent to CP(p(z); (z,y)) = C for any (x,y) € R.
The resulting PL function then leads an optimal PLA that obtains the consistent ratio of C*(R),

which is the maximum consistent ratio that any online algorithms can achieve.

6.2. A Bisection Method to Compute C*(R) for a General Convex Region
Here we present a simple bisection method that allows us to compute an e-accurate estimate of
C*(R). The bisection method (Algorithm [4)) crucially uses the first set of constraints in Problem
([Chiax):

Necessary and Sufficient Conditions for C' < C*(R): By Lemma {4 we have for any C'e
[p,1], C*(R) = C if and only if for any = € [z, Z], we have

~

l(z;C) <u(z; C),

~

where we recall that [(z;C) and u(z; C) are defined in Equations and (13), respectively.

Algorithm 4 A Bisection Method to Compute C*(R).

Input: Convex set R, resource capacity m, and accuracy parameter €€ [0,1/2].

Output: An e-accurate estimate of C*(R).
Initialize Co = p and C1 =1, where p=1/(2 —r¢/rs).
While |Cq — Co| =€

e Compute the mid point Cy,, = (Co + C1)/2.

o If i(x;Cm) < u(x;Cp) for any z € [z, Z], set Co to Ch,.

o If [(x;Cm) > u(x; Cpn) for some z € [z,Z], set C1 to Ch,.
Return: Cy.

In Algorithm we use a bisection procedure that repeatedly checks if [(z; C) < u(z;C), z € [z, 7],
for some given C'. Note that this condition can be easily checked considering the fact that we have

~

a closed form solution for I(z;C') and u(z; C). Furthermore, checking this condition is equivalent to
check if mingep, 71 u(x; C) —lN(ac; C) = 0, where we highlight this optimization can be easily solved.
This is because by Lemma@ we know that u(z;C) is convex in z, and {(x;C) is concave in 2. This

implies that u(z;C) —I(z;C) is convex, and the aforementioned problem is a convex optimization

problem. The following proposition sheds light on the performance of Algorithm [4]

ProposITION 1 (Bisection Method to Compute C*(R)). Consider Algorithm |4 with an
accuracy parameter € € [0,1/2]. Given a general convez set R, Algorithm[f] returns a Cy € [C*(R) —
e,C*(R) + €], where C*(R) is the optimal solution to Problem (C-MAX]). In addition, the compu-
tational complexity of Algorithm 4| is O(log(1/¢€)).
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6.3. A Faster Method to Compute C*(R) for Polyhedron Convex Regions
In the previous section, we presented a bisection method to estimate C*(R) for a general convex
ML region. Here, we present a faster method to compute C*(R) when the ML region is a convex

polyhedron. This method relies on the following theorem.

THEOREM 5 (Properties of C*(R) under Polyhedron ML Regions). Let V be the set
containing the x value of all vertices of R and of the set Roy, where Ry = {(x,h(z)):x € [z,Z]} N
{(z,y):z+y=m}. Then, C*(R) = C for some C € |p, 1] if and only if the following two conditions
hold.

1. for any zeV, I(z;C) < u(z; C).

2. there exists €V, such that 1(z;C) = u(z; C).
Here, we recall that lN(a:;C’) and u(xz;C') are defined in Equations and , respectively.

Theorem [5| shows that when the ML region R is a polyhedron, for any x € V, we have

~

[{(z;C*(R)) < u(x;C*(R)) as long as there exists Z € V under which the lower bound I(Z;C*(R)) is
equal to the upper bound u(z;C*(R)). Here, V is the set containing the z value of all vertices of
R, and the x value of Ry. We refer to V as the set of x-vertices. This theorem shows that when the
ML region is a polyhedron, we can simplify the feasibility check in Algorithm [{4] by checking the
condition {(z;C) < u(z; C) only for any x-vertices z € V. While this is an improvement, we present
a faster algorithm that returns the exact value of C*(R) by taking advantage of properties of the
lower and upper bounds I(-;C) and u(-;C), presented in Lemma @

In the faster algorithm, at a high level, we aim to find the z-vertex Z under which [(Z; C*(R)) =
u(z;C*(R)). To do so, we follow an enumeration technique that uses the property of z along with
the first condition in Theorem [5that allows us to only focus on z-vertices to determine C*(R). To
explain the idea behind the algorithm, let us recall that in defining the upper bound u(z;C'), when
possible, we choose the protection level u(z; C) such that the compatible ratio at point (z,h(z)) is
equal to C. That is, for any z € [z,,Z,], we have u(z;C) = sup {pe [0,m] : CP,(p; (z,h(x))) = C}.
Similarly, in defining the upper bound [(z;C') (which we later use to define ~), when possible, we
choose the protection level [(z;C) such that the compatible ratio at point (x,h(z)) is equal to C.
That is, for any x € [zy,Z;], we have [(z;C) = inf {pe [0,m] : CP,(p; (z,h(x))) = C’}.

Now suppose that at Z, we have [(Z;C*(R)) = [(Z; C*(R)). Then, if € [z,,Z.] N [, ], the

condition {(Z;C*(R)) = u(Z;C*(R)) leads to balancing two compatible ratios. That is, we need to
find a protection level p € [h(%),h(Z))] such that

CP,(p; (2, 1(2))) = CPu(p; (2, h(2))) -
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Algorithm 5 An Algorithm to Compute C*(R) for Polyhedron ML region R

Input: Polyhedron ML region R, resource capacity m.

Output: Optimal consistent ratio C*(R).
Initialization: Set S = .
e For any pair of x-vertices x1,z2 € V with h(z1) > h(z2) and z2 < z1, find the following balancing PL p €

[A(z2),h(z1))] such that
CPu(p; (w1, k(1)) = CPo(p; (x2, h(x2)) - (28)

(Note that z;1 can be equal to z2.) Add CP,(p; (x1,h(z1))) to S.
e For any pair of x-vertices x1,z2 € V with 71(3:1) — h(z2) = x2 — z1 and z2 > z1, find the following balancing PL

pe [h(z2) + (z2 — x1), h(z1)] such that

CPu(p; (x1,h(21))) = CPo(p — (w2 — 1); (w2, h(72))) . (29)

Add CP,(p; (z1,h(z1))) to S. That is, update S to S U {CPy(p; (z1, h(z1)))}.

Return: Return the largest C € S under which I(z;C) < u(z;C) for any z€V as C*(R):

C*"(R)=max{CeS:l(z;C) <u(z;C) for any z€V}.

This balancing idea explains Equation in Algorithm Now, suppose that at 7, we have

I(z;C*(R)) # l(z;C*(R)), which only happens when z > z_;, where z_; = sup{z € [zy,T] :

‘%(‘””_;67?(7@) < —1}. By definition of I in Equation (L7), we then know that [(#C*(R)) =

I(z_1;C*(R)) = (2—=z_,). Then, the condition [(Z; C*(R)) = u(Z; C*(R)) leads to a slightly different

balancing procedure in which we need to find a protection level pe [h(Z),h(2))] (i.e., [(Z;C*(R)))

such that

CPu(p; (x-1,M(2-1))) = CPo(p — (Z — x1); (T, (7)) -

This justifies Equation in Algorithm [5| (Note that as we show in the proof of Theorem @ for

any C, x_; is a x-vertex.)

THEOREM 6 (Optimal Consistent Ratio for Convex Polyhedron ML Regions).
Suppose that the ML region R is a convex polyhedron. Algorithm [3 returns the optimal consistent
ratio C*(R) for any given polyhedron R in run time O(|V]?).

7. Numerical Studies

In this section, we present the results of our numerical studies, which highlight the efficiency of
resource allocation achieved through the integration of our algorithms with ML advice. We will
show that thanks to our algorithm, ML advice can significantly improve the average and worst

case performance, outperforming other benchmarks.
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7.1. Setup

Demand/Arrival models. We conduct an analysis of two demand models, one with a uniform
distribution, and the other with a normal distribution. In both models, we introduce random noise
to the demand process using a uniform distribution. Specifically, denoting = and y as the number

of high reward arrivals and low reward arrivals, respectively, in the first demand model, we have:

N Uniform(10,20) with probability 0.9, (30)
¥+¥ ™ Uniform(0,30)  with probability 0.1.
Similarly, in the second model, we have:
_ J Normal(15,3)  with probability 0.9, (31)
Y™ Uniform(0,30)  with probability 0.1 .

We set m =20, r, =1, and r, = 1/3. We analyze both worst-case and uniform arriving orders in
each demand model.

Construction of ML advice. In the first approach, we fix the shape of the ML advice and, given
the shape, determine its parameters. For the uniform demand distribution described in Equation
and illustrated in Figure [4] a box-shaped advice is naturally suited. Conversely, for the normal
demand distribution in Equation , an ellipsoidal shape is more appropriate, as demonstrated
in Figure |4} We use n = {10,100} as the number of samples used to construct the box and ellipsoid
advice. To construct the box (ellipsoid) advice, we identify the smallest rectangle (ellipsoid) that
encompasses at least 2% of the sample points, where 2% € {80%, 90%}. For the ellipsoid advice, we
apply the method in |Gartner and Schonherr| (1997) to construct such an ellipsoid.

In the second approach, we adopt a data-driven method to construct ML advice (uncertainty
sets), as delineated in the work of Bertsimas et al. (2018), particularly in Theorem 5. This method
utilizes statistical hypothesis tests, specifically the Kolmogorov-Smirnov (KS) test, to construct
uncertainty sets. There are two parameters, €, and 6. € sets the allowable sum of relative entropies
across all marginals in the uncertainty set, ensuring that the total divergence from the worst-case
distributions is bounded by log(1/¢). Further, 6 controls the number of vertices of the polyhedron
and thus the computational complexity of the optimization. Figure [5| showcases examples of such
polyhedral advice.

Finally, in the third approach, we leverage neural networks (NN) to construct ML advice. While
NNs typically provide point forecasts, recent ensemble techniques enable probabilistic predictions
in the form of prediction intervals. We adopt the method of [Pearce et al.| (2018), training separate

models for the high-reward and low-reward demand types using n independent samples from the
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demand models in Equations and . Each model produces a prediction interval that we
treat as a box-shaped advice set for Algorithm

To construct the ML advice, we sample n € {10,100} data points K = 1000 times from the
demand models described in Equations and . For each sample set of size n, we then
generate ML advice using one of the following methods: (i) the data-driven polyhedral approach of
Bertsimas et al.| (2018), (ii) NNs to produce box-shaped prediction intervals following

(2018), or (iii) classical geometric constructions in the form of a box or an ellipsoid, depending on
the underlying demand model. Let Sy, where k € [K], denote the k-th sample dataset and R, the

corresponding ML advice.

Example of box advice with n=100, z=90% 30 Example of ellipsoid advice with n=100, z=90%
30
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Figure 4 Constructing the box and ellipsoid advice with n = 100 samples for the uniform and normal demand
model in Equations and , respectively. Here, z = 90% fraction of the samples fall into the constructed

box.

Performance evaluation. To evaluate the performance of our algorithm and the benchmark
algorithms that we will define shortly, we generate a test set which contains 100 instances. Each
test instance corresponds to a point (z,y) drawn from the demand models described in Equations
and . We assess the algorithm’s performance using these test instances under two different
scenarios: worst-case (ordered) arrival sequences and stochastic (uniform order) arrival sequences.

Let T denote the set of test instances. Then, the worst CP and Avg. CP of an algorithm A are
respectively defined as:

1 & 181
WORST CP = 7 ; (fﬂrgﬁgTCPA(x,y; Sk) AVG. CP = 1 kz:ll 7 (I%BGTCPA(x,y; Sk) - (32)

Here, CP 4(z,y;Sk) is the compatible ratio of algorithm A under the sample set S, which is used

to construct the ML advice when algorithm A is, for example, Algorithm
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For the stochastic arrival sequences, for each instance (z,y) € T, we generate 100 random per-
mutations. Similarly, we define:
K

1 _ 1 &1
WORST CP = 174 Z min E[CP 4(z,y;S,)] AvG. cp= 174 ;;1 m E%ZGTIE[CPA(x,y; Sl

o1 (@WET

where the expectation is taken with respect to the randomness in arrival permutations.
Benchmarks. To further assess the effectiveness of our algorithms, we propose several bench-

marks:

— Uncertainty Set Boundary . — Uncertainty Set Boundary .
Data Points <
h ‘ m - . m
10 10
.
.

Figure 5 Examples of convex sets constructed using the data-driven approach of |[Bertsimas et al.| (2018) with

100 samples drawn from the uniform distribution specified in Equation (30). In the first row, we set ¢ = 0.1 with

0 =10 (left) and 6 =30 (right). In the second row, ¢ = 0.3 with § =10 (left) and 6 = 30 (right).

1. Point estimate benchmark. Under this benchmark, we consider a sample set S, with a
size of n € {10,100}. To estimate the central location, we use the point estimate (Z, ) =
+(Xics, Tis 2uies, Yi)- We then use this point estimate to construct a convex set Ry, which

serves as an input for Algorithm [1] []

" Qur algorithm, when given point estimate advice (z,y), mirrors the LP algorithm from Balseiro et al| (2022)) at
a high level. It assigns a constant protection level to high-reward agents until encountering x low-reward agents,
similar to the @1 protection level in Balseiro et al.| (2022). Both our method and the LP algorithm in [Balseiro
et al.| (2022) incorporate adjustments when the decision-maker observes more than x low-reward agents. In |Balseiro
et al.| (2022)), the LP algorithm may reduce Q1 to preserve capacity for additional high-reward agents. The setting of
Q1 is influenced by the worst instances and the values of consistency and competitiveness parameters. In contrast,
our algorithm explicitly derives a closed-form solution for the continuous decreasing protection level function by
dynamically balancing the worst instances with the consistency and competitiveness parameters.
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2. The BQ benchmark (Ball and Queyranne 2009). This benchmark algorithm is the PLA with
a fixed PL function as proposed by Ball and Queyranne (2009). In this benchmark that we
refer to as the BQ, the PL is set to %m =38.

3. PLA with an ML-augmented fixred PL function (Perakis and Roels |2010). Under this bench-
mark, we again have a PLA with a fixed PL function p(x) = p. This benchmark that we refer
to as PR is introduced by Perakis and Roels (2010) and is specifically designed for box ML
advice, assuming that the ML advice is completely accurate. To determine the value of p in
this benchmark, Perakis and Roels (2010) solve a mixed integer programming (MIP) problem
to obtain the optimal consistent ratio. However, their algorithm does not account for inaccu-

rate ML advice or accommodate ellipsoid advice. Thus, we will only consider this benchmark

for the uniform demand model with box ML advice.

7.2. Results

Table [If reports the Avg. CP and Worst CP, as defined in Equation (32)) under adversarial arrival
sequences, using polyhedron advice (constructed following Bertsimas et al.| (2018)) and box ML
advice derived from the uniform demand model in Equation ﬁ We evaluate Algorithm [1|across
various settings: z € {80%,90%} for box advice, and C € {C*(R),0.9C*(R),0.8C*(R)} for all set-
tings. For comparison, we include benchmarks such as point ML advice, BQ, and PR (also evaluated
for z € {80%,90%}).

Regarding the choice of the convex set, both box advice and polyhedron advice perform best. For
box advice, ignoring outliers, the demand distribution—while unknown—is known to be uniform,
allowing for precise calibration of the ML advice shape. However, when such information is not
available, polyhedron advice (with € = 0.3) offers a key advantage as it does not require prior knowl-
edge of the distribution and can adapt to any observed pattern while still achieving comparable
performance to box advice. For instance, with n = 10 and C = C*(R), the average competitive
ratio for polyhedron advice (with € = 0.3 and 6 = 10) is around 0.903, close to the box advice (with
z =90%) performance of approximately 0.902.

For polyhedron advice, the number of vertices (f) has minimal impact on performance—the
average and worst-case competitive ratios are nearly identical for § = 10 and 6 = 30. In contrast,

the fraction of points included in the advice, influenced by e, significantly affects the outcome. Our

& Results under stochastic arrival sequences are shown in Table |§| in Appendix As expected, performance improves
under stochastic arrivals, but the trends remain consistent with those under adversarial arrivals.
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results suggest that ¢ = 0.3 is suitable for this setting, but in general, ¢ should be tuned based on
the instance.

A third comparison point is the NN-based box advice. Its performance is consistently better
than point ML advice but slightly weaker than both the model-based box advice and the poly-
hedron advice across all settings. This is expected: as Table 4] shows, NN performance improves
substantially with more training data, whereas the model-based box and polyhedron constructions
are already highly effective even with small sample sizes. Moreover, the NN method of |[Pearce et al.
(2018)) necessarily outputs a bozx-shaped prediction interval, which limits its flexibility in capturing
the joint geometry of the demand vector. In contrast, the model-based and polyhedron advice
used in our main results are constructed directly from the empirical distribution and can adapt to
the underlying shape of the data. Finally, NN-based boxes do not allow explicit control over the
coverage level z due to its black box nature; the resulting interval may contain substantially more
or fewer than z percent of the samples, particularly when n is small, leading to higher variance in
competitive performance.

Turning to the effect of the number of samples (n), we find that for the geometric advice sets
the impact is relatively limited. Increasing n reduces the variance of the advice, but the PLA
remains effective even with small n. For instance, using polyhedron advice with € = 0.3, 8 = 10,
and C'= C*(R), increasing n from 10 to 100 improves the average CP only from 0.903 to 0.910
and the worst-case CP from 0.633 to 0.674. A similar pattern holds for box advice: with z = 90%
and C'= C*(R), increasing n from 10 to 100 increases the average CP from 0.902 to 0.915 and the
worst-case CP from 0.631 to 0.676. We discuss the impact of the number of samples (n) in more
detail in Section [T.3l

Performance under point ML advice and the BQ benchmark is lower than that under polyhedron
and box advice. Point ML advice dominates the BQ benchmark in terms of average performance
but is dominated by the BQ benchmark in terms of worst-case performance. The PR benchmark
achieves higher average and worst-case performance than point ML advice but remains slightly

weaker than polyhedron and box advice in worst-case performance.

As in Table [1] we find that Algorithm [1], when used with either ellipsoid or polyhedron advice,
achieves the best average and worst-case performance across all settings. Ellipsoid advice performs
particularly well, achieving an average CP of 0.937 and worst-case CP of 0.709 when n = 100 and

C = C*(R). Polyhedron advice remains competitive, especially with € = 0.3 and 6 = 30, where it
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Table 1  Results under ML advice (using the demand model in Equation (30)) and adversarial order. The
standard error of all reported values is less than 0.003. In each column, the top two values of average CP are
highlighted in black, and the top two values of worst-case CP are highlighted in red. Additionally, the highest

average and worst-case CP across all settings for each value of n are shown in bold.

n =10 n =100

Algorithm Metric C*(R) 09-C*(R) 08-C*(R) C*(R) 09-C*(R) 0.8-C*(R)
Mg [} Polyhedton (=010=100 W20 006 oo oew  ools  omm oo
Mg [} Polshedron (c=00.0=30) W p UG 0G0 oer  oas  ooe
Mg [} Polyhedron (=03.0=10) 8 "p U8 ggss  ooa  oe 0712 oo
Mg [} Poyhedron (¢=03.0=30) WE 0o GG o o2 0ora 072 oo
Mg [} Box Advice :=90%)  WECh g gese 0ot 0o omis 066
Mg [} Bos Advice :=80%) R Cp g oass  oel  osl 079 067
Alg [ Box Advice (NN) Wt CP 0617 o672 06w onis  0mi oo
Point ML, Advice Wt CP 0434 030 0G4 o4m  os o6l
BQ Benclmark Wort CP 0600 -  oew - i
PR Benchmark (= = 90%) Wt P 002 - D o - :
PRBenchmatk (=80 klop e e :

achieves an average CP of 0.922 and worst-case CP of 0.650 for n =100 and C' = C*(R). The NN-
based box advice again performs better than point ML advice but remains below both ellipsoid

and polyhedron advice.

7.3. Impact of the Number of Samples
In this subsection, we examine how the number of training samples n affects performance under
different ML-advice constructions.

Polyhedron advice. Table [3| shows the effect of varying n when the ML advice is a polyhedron
(e=10.3,0 =10). The average CP remains stable as n increases, while the worst-case CP improves
modestly. This behavior stems from Algorithm [I} its protection-level selection balances the upper
and lower bounds of the ML advice, so variance in one bound is partially offset by variance in
the other. Consequently, polyhedron advice delivers robust performance even with limited data,

reducing the need for large training sets.
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Table 2 Results under ML advice (demand model in Equation (31)) and adversarial order. The standard error
of all the numbers is less than 0.003. In each column, the top two values of average CP are highlighted in black,
and the top two values of worst-case CP are highlighted in red. Additionally, the highest average and worst-case

CP across all settings for each value of n are shown in bold.

n =10 n =100
Algorithm Metric C*(R) 09-C*(R) 0.8-C*(R) C*(R) 0.9-C*(R) 0.8-C*(R)
Mg [ (Polvhedron, =010 =10) WE 0o 0L 060 onls 0 0o 003
Mg [ (Polvhedron, =010 =30) WETeh 060 g onts oo oo oo
Mg [ (Polvhedron, ¢ =03.0=10) GR T U6 om0 o1 0o 068 0o
Mg [ Polvhedron, <=08.0=30) WA 0o 0G5 oo oo 00 0681 0o
e i =) U7, DT OB g0t
e @ v ) e IO owomon o
Alg [ Box Advice (NN) Wowt CP_ 0605 0633 0307 oG ood 063
o i o A
BQ Benchmark Wt CP_ 0600 - om0 - i

Table 3 Results for varying sample sizes n with corresponding Avg. CP and Worst CP by Algorithm (1| with
input C' = C*(R) (Polyhedron, ¢ =0.3, § = 10) under adversarial order for both demand models in Equations

and . The standard error of all the numbers is less than 0.003.

# of samples n
10 20 30 40 50 60 70 80 90 100
Avg. CP |/ 0.903 | 0.906 | 0.908 | 0.908 | 0.908 | 0.909 | 0.909 | 0.909 | 0.909 | 0.910
Worst CP || 0.633 | 0.641 | 0.648 | 0.654 | 0.659 | 0.663 | 0.666 | 0.669 | 0.672 | 0.674
Avg. CP [/ 0.913 | 0.915| 0.916 | 0.917 | 0.918 | 0.919 | 0.919 | 0.920 | 0.920 | 0.921
Worst CP || 0.638 | 0.640 | 0.642 | 0.644 | 0.645 | 0.646 | 0.647 | 0.648 | 0.648 | 0.649

Demand Model

Demand Model

NN-based advice. We also evaluate the NN-based advice, which produces a box-shaped prediction
interval. Because the NN model contains many parameters, small training sets (n < 100) lead
to underfitting and highly unstable prediction intervals. To capture this effect, we vary n over a
wider range, up to 10,000. As shown in Table [4] both average and worst-case CP improve steadily
as n increases, but at a much slower rate than with polyhedron-based advice. This is because
classical convex-set (polyhedron-based) constructions enjoy statistical convergence on the order
of O(1/4/n), whereas no comparable guarantee holds for NNs. This gap is reflected empirically:
Figure 8], presented in Appendix shows that for small n, the NN-generated prediction intervals

vary substantially, whereas for n > 2000, the intervals stabilize and converge to a consistent range.
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Despite this slower convergence, Algorithm [I] still attains competitive performance even when the

NN advice is trained with as few as n =10 samples[]

Table 4 Results for varying sample sizes n with corresponding Avg. CP and Worst CP for Algorithm [1| with
input C = C*(R) (Neural Network Box Advice Pearce et al.[ (2018)) under adversarial arrival sequences, for the

demand models in Equations and (31).

Number of samples n
10 100 | 1000 | 2000 | 3000 | 5000 | 10000
Avg. CP | 0.875 | 0.884 | 0.893 | 0.906 | 0.907 | 0.909 | 0.910
Worst CP || 0.617 | 0.645 | 0.658 | 0.667 | 0.673 | 0.681 | 0.683
Avg. CP || 0.872 ] 0.878 | 0.881 | 0.892 | 0.898 | 0.902 | 0.904
Worst CP || 0.608 | 0.631 | 0.640 | 0.644 | 0.648 | 0.654 | 0.656

Demand Model

Demand Model

7.4. Guidelines for Practice

Based on our numerical results, we offer the following practical recommendations:

e Uncertainty Set Construction: When the underlying distribution resembles known paramet-
ric families, use a box (for uniform-like data) or an ellipsoid (for Gaussian-like data) covering
2 € {80%,90%} of the training samples. If the distribution is unknown or irregular, polyhedron-
based advice using the data-driven method of |[Bertsimas et al.| (2018]) is a strong default choice;
tune € (and, to a lesser extent, #) to optimize performance. For users who prefer a fully nonpara-
metric approach, the NN method of [Pearce et al.| (2018) can also generate prediction intervals.
However, because it is a black-box model, the resulting interval does not guarantee exact cov-
erage z (the proportion of training samples that should lie inside the constructed interval), and
its stability is more sensitive to sample size.

e Choosing C: To mazimize average performance, use C = C*(R). For better worst-case perfor-
mance, a slightly smaller value like C'=0.9-C*(R) offers a good balance.

e Sample Size n: Increasing the number of samples reduces the variance of the ML advice,
but the gains diminish quickly. Even small sample sizes (e.g., n = 10) are sufficient for strong
performance with box, ellipsoid, and polyhedron advice, making these methods practical in data-
scarce settings. In contrast, NN-based advice requires substantially larger sample sizes (typically
n > 1000) to produce stable and reliable prediction intervals.

9 We expect NN-based advice to become more useful when the relationship between high-dimensional features and

the target variable (i.e., demand in our setting) is complex or highly nonlinear, whereas in lower-dimensional settings
classical polyhedron-based advice remains preferable and effective even with relatively few samples.
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8. Extension to Multiple Types

So far, we have shown that when the number of types is two, an optimal-Pareto algorithm is an
adaptive PLA. In this section, we extend adaptive PLAs to settings with more than two types
using a mixed integer programming (MIP) formulation when the ML advice is a polyhedron.

Suppose there are n types of requests with per-unit rewards r; > 19 > ... >r,. The adaptive PLA

in this case can be characterized by n — 1 functions, ps(-),...,p.(+), where each function p; maps
the vector of requests of types i,i+ 1,...,n, denoted by x; = (z;,%;11,...,%,), to the protection
level for higher-reward types i — 1,9 —2,...,1. Here, x; is the number of requests of type ¢ seen so
far.

Consider an instance I = {r;}]_, where r;, = r; for some j € [n] at time t € [T]. Let a, € [0, s,]
represent the fraction of requests accepted by the PLA at time 7. Then, the fraction a; of r;
accepted by a nested PLA with PL functions p;(-) for i € [n], is given by:

t—1

ay = maX{Z € [O, St] | z+ Z (IT]_{T.,— < 'I"i} <m —pi(xm), W) < j} (33)
T=1
Here, x;; = [Tit,Tit1.45---»Tne], Where x,; ¢ is the total number of requests of type i in the first ¢

rounds (including round ¢ itself). Furthermore, by convention, p;(x;) =0 for any x; = x.

We consider a nested policy, where the protection levels for higher-priority (higher-reward) types
are greater than or equal to the protection levels for lower-priority types. Formally, a policy is
nested if: p,(x,) = pr_1(Xn_1) = ... = p2(x2). Here, p,(x,) represents the number of resources
protected for type 1,2,...,n — 1 when the number of type n requests is x,. Similarly, p,_(x,_1)
represents the number of resources protected for type 1,2,...,n — 2 when the number of type n
and n — 1 requests is x,, 1 = (,_1,2,), and so on. To ensure the validity of the policy, we require

that:

pi(XQ) —pi(x;) < $2 —T; +P¢+1(X2+1) — Pit1(Xit1), (34)

where x; = (z;, Zi11, ..., %,) and X} = (2}, 2, ,,...,2},), with 2} > x;. This validity constraint ensures
that the protection level function decreases appropriately. For example, if x; 1 = x},, and 2} > x;,
we must have: % > —1.

Under any adaptive nested PLA, the compatible ratio is minimized when the arrival sequence is

ordered — that is, when requests with lower rewards arrive before requests with higher rewards.

Let CP(p2(x2),...,pn(2,);x) denote the compatible ratio of a nested PLA with PL functions
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p2(X2),...,pn(x,) under this ordered sequence, where x,, requests of type n arrive first, followed
by x,_1 requests of type n — 1, and so on.

Consider a convex polytope as ML advice with a set of vertices V. Define V' as the set of vertices
associated with the polytope [0,m]". As argued in Section |§|, the consistent ratio is minimized at
the vertices in V, while the robust ratio is minimized at the vertices in V’'. Therefore, to maximize
the robust ratio while ensuring that the consistent ratio is greater than or equal to C, we can set

up the following optimization problem:

max R
Re[0,1],(p; (ie2,...,n)
s.t. CP(p2(x2),...,pn(xn);x) = C, xeV, (35)
CP(pQ(X2)7”-’pn($n);X) >R7 XEV/7 (36)
pa(Xa),. .., pn(x,) are valid per Eq. xeV' uV (37)
P (T0) = D1 (Xn—1) = .. = pa(x2) xeVuV (38)

(C-Pareto-n-Types)

In this optimization problem is not convex due to the structure of the compatible ratio CP. However,

we can convert it into a mixed integer linear program (MILP) using the following result:

PROPOSITION 2. Problem (C-Pareto-n-Types|) can be converted to an MILP with 3n|V uV'| +1

continuous variables and 2n|V 0 V'| binary integer variables.

The proof is provided in Appendix After solving the MILP problem (C-Pareto-n-Types)),

we obtain the optimal values of py(x3),...,p,(X,) for xe V' U V. To the PL functions p;(x;) to the
entire space N"~**! for each i €2,3,...,n, we apply the interpolation heuristic in Algorithm |§| (see
Appendix [F.2)), where N denotes the set of natural numbers. At a high level, the heuristic ensures

that each protection level function remains valid while maintaining the nested property.

8.1. Numerical Studies for the Multiple-Type Case
Here, we present numerical experiments with three types of requests. Let x1, x5, and z3 denote
the number of low-reward, medium-reward, and high-reward arrivals, respectively. We assume the

following demand model, consistent with Equation :

Uniform(10,20) with probability 0.9,

(21,79, 73) ~ { Uniform(0,30) with probability 0.1. (39)
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We set m = 20, with per-unit rewards r, =1, ro = 1/2, and 73 = 1/3, and focus on worst-case arrival
orders under this demand model.

We first consider the boxr ML advice approach. Following the methodology from the previous
section, we construct the ML advice as the smallest-volume box containing at least z = 90% or
z = 80% of the observed data. Examples of the resulting box ML advice are shown in Figure @ in
Appendix

We also implement the data-driven polyhedron construction proposed by [Bertsimas et al.| (2018]).
In three dimensions, the construction depends on one statistical parameter and two geometric
parameters. As in the two-dimensional case, € controls the Kolmogorov—Smirnov (KS) divergence.
However, while a single angular parameter suffices to discretize directions in 2D, in 3D two angular
parameters (6, ¢) are required to index directions on the unit sphere. The values of # and ¢ together
determine the number of vertices used in the polyhedral approximation. More generally, in an n-
dimensional setting, one statistical parameter € and n —1 angular parameters are needed. Examples

of the resulting polyhedron ML advice are shown in Figure [7]in Appendix

Table 5 Results under box ML advice (using the demand model with three types) and adversarial order. In
each column, the top two values of average CP are highlighted in black, and the top two values of worst-case CP
are highlighted in red. Additionally, the highest average and worst-case CP across all settings for each value of n

are shown in bold.

n=10 n =25
Algorithm Metric C*(R) 09-C*(R) 0.8-C*(R) C*(R) 0.9-C*(R) 0.8-C*(R)
. B Avg. CP  0.816 0.793 0.767 0.829 0.811 0.787
Our Alg. (Box Advice, z=90%) Worst CP 0.332 0.396 0.458 0.343 0.400 0.451
. B Avg. CP 0.809 0.797 0.776 0.830 0.805 0.798
Our Alg. (Box Advice, z = 80%) Worst CP 0.317 0.395 0.444 0.316 0.393 0.424
B .. Avg.CP  0.879  0.806 0.785  0.862  0.826 0.768
Our Alg. (Polyhedron, €=0.9, 6 =¢=6) " "op 349 0.420 0.491 0.350 0.369 0.464
B . Avg. CP  0.730 0.703 0.645 0.758 0.711 0.700
Our Alg. (Polyhedron, € =0.1, 0 =¢=6) " "p o446 0.465 0.483 0.471 0.480 0.445
. . Avg. CP 0.821 0.765 0.724 0.835 0.785 0.732
Point ML Advice Worst CP 0.250 0.361 0.388 0.250 0.385 0.403
Avg. CP  0.644 - - 0.644 - -
BQ Benchmark Worst CP 0.545 - - 0.545 - -

Table [5[reports the Avg. CP and Worst CP, as defined in Equation under adversarial arrival
sequences, using polyhedron advice (constructed following |Bertsimas et al. (2018)) and box ML
advice derived from the uniform demand model in Equation . For comparison, we include the

BQ nested protection level and point ML advice as the benchmark.
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From the results in Table [5| we observe that when considering the average CP, the best perfor-
mance is achieved using either the box advice or the polyhedron advice with e = 0.9, outperforming
the point estimate advice. However, when focusing on the worst-case CP, it is preferable to use the
polyhedron advice with € = 0.1, which corresponds to a much larger polyhedron, or to simply adopt
the BQ method, which disregards the sample data entirely. These findings highlight a trade-off

between average and worst-case CP that can be managed by tuning the size of the ML advice.

9. Concluding Remarks and Future Directions

In this work, we have proposed a novel online resource allocation model that addresses the challenge
of integrating machine learned predictions into resource allocation decisions in a robust and efficient
manner. Efficient online resource allocation is essential for entities such as hospitals, governments,
and various industries that often face a trade-off between meeting low-reward and high-reward
demands without precise knowledge of future demand. However, factors such as environmental
fluctuations, data biases, and insufficient data points can impede consistent accuracy, making it
challenging to allocate resources efficiently.

The proposed model is based on the concept of convex uncertainty sets, which use historical data
to construct sets of plausible demand scenarios, allowing for flexibility and robustness in decision-
making. We examine the benefits of utilizing ML advice in online resource allocation problems
by proposing C-Pareto PLAs that balance the robust and the consistent ratios. Compared to
traditional fixed protection level algorithms, we find that adaptive PLAs often manage to obtain
high consistent and robust ratios, highlighting the significance and advantages of adjusting the
protection level.

This work highlights the substantial advantages of employing uncertainty set ML advice, as
opposed to point estimate advice, in sequential decision-making under uncertainty. In our numerical
studies, we used only a few samples to construct the uncertainty sets and demonstrated that even
with limited data, our approach achieves strong performance. When the number of samples is
large, a natural extension would be to consider advice that takes the form of empirical distributions
rather than uncertainty sets. If the underlying distribution remains stable over time, this approach
could be highly effective, as is typical in stochastic settings. However, in practical environments
where distributional shifts or outliers are common, relying on ML-based uncertainty regions—as
we propose—provides a much more robust foundation for decision-making. This is because, while
the underlying distribution may change, the ML uncertainty region often remains stable. As our
results show, the performance of our approach is not highly sensitive to small changes in the ML

region.
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Appendix A: More on Validity Conditions of Protection Level Algorithms

In this section, we justify the necessity of the validity conditions stated in Definition [I| for PLAs.

Non-Increasing PL Function: We argue why the protection level function p(z) must be non-increasing.
At a high level, the goal of a PLA is to reserve or “protect” a certain amount of resources for high-reward
requests. However, these protection levels must be credible—that is, any promise to reserve resources must
be implementable and feasible under the given constraints. Suppose we are at a point where x low-reward
requests have been processed. If the PLA has allocated the maximum allowable resources to low-reward
requests up to this point, then the total amount allocated to low-reward requests is m — p(z), where m is the
total available resource capacity. The remaining p(x) units are thus being reserved for high-reward requests.

Now, suppose that the PL function p(x) increases at z, i.e., p’(x) > 0. This means that as we process more
low-reward requests, we plan to reserve even more resources for high-reward requests than before. But this
leads to a contradiction: we have already allocated m — p(z) units to low-reward requests, so only p(x) units
remain. If we now try to reserve more than p(x), we exceed the total available resource budget m, making
the updated protection level infeasible.

This inconsistency illustrates why the PL function must be non-increasing. By ensuring that p(x) does not
grow with x, we guarantee that the resources promised to high-reward requests are always consistent with
past allocation decisions, thereby preserving feasibility and preventing over-commitment.

Derivative Condition: We also require that the derivative of the protection level function satisfy p’(z) >
—1. This condition ensures that protection levels do not decrease too rapidly.

To illustrate why we impose this condition, consider the same setting as before. Let m denote the total
available resources, and suppose we have processed s units of low-reward requests so far, with a denoting
the total amount of resources allocated to them. Now, a new low-reward request of size € > 0, where € is very
small, arrives. Assume that we have already allocated the maximum amount allowable for low-reward requests
up to this point, i.e., @ =m — p(5+ 1), meaning only p(5 + 1) resources remain protected for high-reward
requests.

According to the PLA rule, the amount we can allocate to the incoming e-sized request is:
min{m —p(5+1+¢€) — a,e}.
Substituting a =m —p(5+ 1), we get:
min{e, —p(5+1+¢€)+p(5+1)}.

If p'(§+ 1) < —1, then for small €, the difference —p(5+ 1+ ¢€) + p(5+ 1) exceeds ¢, and the PLA allows
allocating the full request. In other words, the protection level drops so sharply that it remains ineffective.
One can simply recover the same allocation outcome by setting p’(5+ 1) = —1. Therefore, any steeper decline

in the protection level function is unnecessary. Without loss of generality, we can thus assume that p/(z) = —1.
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Appendix B: Proof of Lemma

Let (z,y) be fixed, and let I be the ordered sequence of arrivals such that 2 low-reward requests arrive first,
followed by y high-reward requests. For any adaptive protection level algorithm A, let Z(A) be the total
number of low-reward requests that are accepted under the ordered sequence I. Then, the algorithm accepts
min{y, m — &(A)} high-reward requests. Observe that algorithm .4 rejects the a-th low-reward request if and
only if

e condition (1): the number of low-reward requests accepted so far is not less than m — p(x), where p(-)

is the protection level function, or

e condition (2): all the resources have been used.
We split the proof into two cases.

Case 1: y <m — Z(A). In this case, we claim that under any other ordering of the arrivals, the number
of high-reward requests that are accepted cannot be smaller than y. We also claim that under any other
ordering of the arrivals, the number of low-reward requests that are accepted cannot be smaller than Z(A).
Showing these claims, complete the proof of this case.

We begin with the first part. First note that £(A) is an upper bound on the total number of low-reward
requests that algorithm A accepts under any ordering of the arrivals. This is because condition (2) never
fails as y <m — Z(A), and hence with even accepting y high-reward requests, there are resources left for Z(A)
low-reward requests, and condition (1) is independent of the order of high-reward requests. Moreover, since
y <m—2Z(A), any arriving high-reward request is accepted. Thus, for any ordering of the arrivals, algorithm
A can accept y high-reward requests.

We now show the second part. Here, we want to show that under any other ordering of the arrivals, the
number of low-reward requests that are accepted is greater than or equal to Z(.A). Contrary to our claim,
suppose that the total number of low-reward requests that algorithm A accepts under any unordered sequence
is strictly less than Z(.A). This means that at some point, condition (2) is not satisfied. Therefore, there
exists a time ¢ such that z(t) + y(t) = m, where z(¢) and y(¢) denote the number of low- and high-reward
requests accepted up to time ¢, respectively. However, we know that z:(t) < Z(A), y(t) <y, and Z(A) +y < m.
Therefore, z(t) + y(t) = m cannot hold, which contradicts the assumption that algorithm A has accepted
fewer than #(A) low-reward requests. This completes the proof of the first case.

Case 2: y = m—Z(A). In this case, we claim that under any other ordering of the requests, the number of
high-reward requests accepted cannot be smaller than m — Z(A). Additionally, we claim that if the number
of low-reward requests accepted under any other ordering is less than Z(.A), then the total reward generated
by the algorithm is larger than the case where the number of low-reward requests accepted is Z(.A).

We begin with the first part. We will show that under any other ordering of the requests, the number
of high-reward requests accepted cannot be smaller than m — Z(A). As we know, high-reward requests are
rejected only when all resources are used up. Therefore, the later a high-reward request arrives, the less
chance we accept the request. Compare any unordered arrival sequence with the ordered arrival sequence,
each high-reward request arrives earlier, which implies that the number of high-reward requests accepted

cannot be smaller than m — Z(A).
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Next, we show the second part, which is if the number of low-reward requests accepted under any other
ordering is less than Z(.A), then the total reward generated by the algorithm is larger than the case where the
number of low-reward requests accepted is Z(.A). If the total number of low-reward requests the algorithm
A accepts is strictly less than Z(.A), then at some point, condition (2) is not satisfied. This means that for
some time ¢, z(t) + y(t) = m, where z(t) and y(¢) denote the number of low-reward and high-reward requests
accepted before time ¢, respectively. Since z(t) < Z(A), we have y(t) > m — Z(A). Therefore, the reward
generated by the algorithm is

y(@)rn +x(t)re = y(t)rn + (m—y(t))re > (m = T(A))ry, + Z(A)re,
which implies that the algorithm generates a larger reward.

Therefore, we conclude that the adversary should choose the first instance where all x low reward requests
arrive first and follow with all y high reward requests.

Appendix C: Proof of Statements in Section [4]

Throughout the proofs, we make use of some preliminary lemmas that are presented in Section [G]

C.1. Proof of Lemma [2]

We first show that for any p < min{m,y;}, we have CP,(p;(x,y1)) = CP,(p; (x,y2)), where we recall that
y1 < y2. Observe that when p <y; and x + y; <m, by Lemma |8) we have CP,(p; (z,y1)) = 1, and hence
1=CP,(p; (z,y1)) = CP,(p; (x,y2)) trivially holds. Now suppose that x + y; = m. By definition, we have

CP (s () = Dtpo L ) Thr 4 minie, o = pjr

min{y;, m}r, + min{x, (m —y;)+}r,
max{p, (m — )" }r, + min{xz, m — p}r
B h I £ :CPu(pa (x7y2))a
min{ys, m}r, +min{x, (m —ya)*}r,
where the inequality holds because y» = y; and y+— yr, + (m — y)r, is increasing in y as rj, > ry.

Second, we show that any protection level p with p = min{m,ys}, we have CP,(p; (z,y2)) = CP,(p; (z,y1))-
To show this, first consider the case where = + y; <m and = + yo < m. Then, by the definition of CP, in

Equation (@, we have
min{ys, m}r, + min{x,m — p}r, Yyary, + min{x, m — p}r,

CPO A\, = . N = 40
(ps (2, 92)) min{ys, m}r, + min{x, (m —y2)*}ry Yol + Ty (40)
Y17 + min{x, m —plr,
> = CP,(p; (x 41
Zhiz (0: (1) (a1)
where the inequality holds because y — W is increasing in y.

Now consider the case where = + yo = m. Next, we show that by fixing an z, for any y such that  +y > m,

CP,(p; (z,y)) is increasing in y. Observe that for any y with x +y >m and p >y, we have
min{y, m}r, + min{z, m — p}r,
CP,(p; (2,y)) = { }

If y = m, the statement is trivial. Otherwise,
0CP,(p; (x,y)) _Th (yrn + (m—y)ry) — (rn, — o) (yry + min{m — p, x}r,)
oy (yrn + (m —y)re)?
< ru(yrn + (m—y)re) — (rpn —re) (yra + (m—p)re)
~ (yra + (m—y)re)?
< (rn—re)(yra + (m—y)re) — (rn —re) (yrn + (M —p)re)
- (yra + (m —y)re)?
_ (rn —710)(yrn + (p—y)7e) >0
(yra + (m—y)re)? ’

min{y, m}r, + min{z, (m —y)*}r,’




48

where the last inequality is because p > y. The chain of inequalities shows that CP,(p; (z,y)) is increasing
in y when z +y >m and p > y. This implies that we have CP,(p; (z,y2)) = CP,(p; (z,y1)) when x +y; = m,
i€{1,2}, as desired.

For the case where z + y, > m and = + y; <m, we have

CP,(p; (z,y2)) = CP,(p; (z,m — x)) = CP,(p; (v, 1)),

where the first inequality holds because %j”‘)) >0 when x + y > m, and the second inequality holds
because of Equation .

Finally, we show that any 2 € [z,Z] and p > 0, we have minycp @) nw{CPW;(z,y))} =
min {CP(p; (z, h(z))), CP(p; (z,h(x)))}. Suppose that p < h(z). Then, CP(p; (z,y)) = CP,(p; (z,y)) for any
ye [h(z), h(x)], and hence by the first result of this lemma, we have

min ]{CP(p; (2,y))} = CP.,(p; (z, h(z))),

ye[h(x),h(x)

as desired. Now, suppose that p = h(z). Then, CP(p;(z,y)) = CP,(p;(z,y)) for any y € [h(x), h(x)], and

hence by the second result of this lemma, we have

min - {CP(p; (2,))} = CPo(p: (2, 4(x))),

ye[h(x),h(z)

as desired. Now, suppose the final case where p e (h(z),h(x)). Then,

wmin {CP<p;<x,y>>}=min{ min {CP,(pi(z.y))}, min {cpu@;(x,y))}}

ye[h(x),h(x)] ye[h(@),p] ye[p,h(x)]

= min {CPo(p; (z,h(x))), CP.(p; (z, E(x)))} )

where the last inequality follows from the first and second results of this lemma.
[m]
C.2. Properties of functions u(-;C) and [(-;C): Lemma [6] and its Proof

LeEMMA 6 (Properties of functions u(-;C) and i(-;C)). The functions u(-;C) and I(-;C), which are
respectively defined in Equations and , have the following properties.
1. For any x € (z,,,) and C€[0,1], let H(x) = min{h(z),m}. When H'(z) exists, we have

Ou(z;C)  ((A1-C)E+ OYH () ifz+H(z)=m; "
o —{(1—0);;}#(90)—0 if 2+ H(x) <m. (42)
2. For any z€ (zg, %) and C€[0,1], let H(x) = min{h(z),m}. When H (z) ezists, we have
ol(z;C) =
Ea CH (). (43)

3. For any C€[0,1], u(z;C) is non-increasing in x € [0,Z] and is convez for x € [z, T].
4. For any C€[0,1], I(x; C) is non-increasing in x € [0,Z] and is concave for x € [z, T,].
5. For any C < C*(R) and any x€[0,Z] , we have l(z;C) < u(x; C).

6. For any x€[0,Z], l(x;C) is continuously increasing in C and u(z;C) is continuously decreasing in C.

Proof of Lemma[f] Here, we will show the following six properties.
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C.2.1. Property 1 We first show Equation . We split the analysis into two cases: Case 1: z+ H(z) =
m and Case 2: z + H(z) <m.

Case 1: (z + H(z) > m). By Lemma we have for any z € (z,,Z,), H(z) = h(x), which implies
that h(z) <m. Then, we take an arbitrary point (x1,h(x)) with x; € (z,,Z,). By definition of u(-;C), we
should have CP,(u(z1;C);(x1,h(z1))) = C, and by Lemma we have such u(z1;C) always exists and
u(x1;C) = h(z;). By Equation (6],

CP (u(ar; O (an o) = Hrt b S ¢, (a4

As in this case, if 21 + h(z1) = m, we have min{z,,m — h(z1)} = m — h(z;). We then argue that min{x;, m —
u(x1;C)} =m —u(x1;C). Suppose that contrary to our claim, min{x;,m —u(z1;C)} = ;. We then have

CP, (u(w1: C)s (21, h(21))) = h(xlﬁif;)f;tngg‘;l)m = CP, (m3 (@1, (1)),

which implies that x; < z,. However, we define z; € (z,, %, ), therefore, this is a contradiction, and we can
only have min{z1,m — u(21;C)} = m — u(x; C). Then, by Equation (44)), we have

h(z)r, + (m—u(z;C))ry
h(xy)rn + (m—h(z1))re

=0,

which is equivalent to

(15 C) = (1 - C) 2 4 C)h(ay) +m(1—C).

Te
This implies that % =((1- C):—’; + C)W'(z) when =+ h(x) =m. As we have H(z) = h(z) for z € [z,,T,],
this implies the desired result.
Case 2 (z+H(x) <m). In this case, as x + H(x) < m, we have 2 (x) < m, which implies that H(z) = h(z).
Let us take a point (z1, h(z1)) with @1 € (z,, Z.,). By definition of u(+; C), we have CP,(u(x1; C); (z1, h(x1))) =

C and by Lemma[14] we have such u(z1;C) always exists and u(z1;C) = h(z1). By Equation (6],

h(x1)r, + min{z,m — u(x;C)}r,

CP,(u(z1;C); (21,h(x1))) = =C.

h(xzq)r, + min{x,,m — h(z)}r,
As in this case 1 + h(z1) <m, we have min{x;, m— h(z1)} = z1. Here, we argue that min{z,,m —u(x1;C)} =
m — u(x1;C). Contrary to our claim, suppose that min{z;,m —u(x;;C)} = 2. We then have

h(z1)ry + z17e
h(zy)r, + 17,

CP,(u(21;C); (w1, h(x1))) = =1>0C,

which is a contradiction. Therefore, we can only have min{x;,m —u(z1;C)} =m —u(x1;C). Then, we have

h(x1)r, + (m—u(xy;0))r,

= C"
h(z1)rn + 170
which is equivalent as
u(@1:C) = (1= 0) =2 h(@y) - Oy 4+ m,
¢

This implies that 245 = (1 — C):—’Zﬁ'(as) — C when z + h(xz) <m. As we have H(z) = h(x) for z € [z,,Z.],

this implies the desired result.
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C.2.2. Property 2 We take a point (z;,H(z1)) with z; € (wvy,%,). By definition of I(-;C),
we have CP,(I(x1;C);(z1,h(z1))) = C. As H(zy) = min{m,h(z;)}, by Lemma we have
CP,(I(z1;C); (z1,H(x1))) = CP,(I(21;C); (21, h(x1))) = C. By Lemma such I(z1;C) always exists and
I(z1;C) < H(zy). By Equation (7)),
CP.(1(z2: C): (1, F(1))) = max{l(xl;C),mjl{ﬁ(xl),m.— 1}y +irlin{x1,m—l($1;0)}rg _c
H(z1)r, + min{zy,m — H(z1)}re
If min{x,,m —H(x,)} =21, by Lemma and the fact that [(z1;C) < H(x1), CP,(I(x1;C); (21, H(xy))) =

1 # C, which cannot happen, and hence min{z;,m —H(z1)} = m—H(z). If min{z,,m—1(z,;C)} = 21, then

OP.U(a13C)s o, e) = M CP (010, (1)

which implies that x; > T,. However, we define x; € (x4, Z,), therefore, this is a contradiction, and we can

only have min{z;,m — H(x,)} = m—H(z,) and min{x,,m — I(x,;C)} = m —(x1;C). Then, we have
zy; C)rp + (m—1(z1;0))ry
ﬁ(xl)rh + (m —g(xl))m

)

which is equivalent to
__ 1—
l(21;C) = CH(z1) — - C)mr, 7

THh—T
and verifies Equation (43). Y
C.2.3. Property 3 We first show that u(z; C) is non-increasing for x € [z, Z]. First, by the definition of
z,, we have u(z;C) =m for x € [z, z,], which is non-increasing.

For xz € (z,,Z,), first recall that

N 75 if xp +yrp =m;
v sup{z €[z, z]: (1— C’)’;—’;ﬂ/(x*) —(C <0} Otherwise,

Case 1 — xi, +yr > m. If x, +y;, =m, we have T, = 2. Since point L = (2, ;) is the lowest point, h(x)
decreases for x <z, increases for x >z, which implies that A'(z) <0 for z <z and h'(z) >0 for = > xr.

Now, recall Property 1 that we just showed:
ou(z;C) ((1—C’):—’2+C)ﬂ'(x) if x+H(x) =m;
oxr (1—C):—’;ﬂ/(1;)—0 if x + H(x) <m.

where by Lemma we have H(z) = h(x) for x € (z,,7,). This property and the fact that h'(z) <0 for
x <z, and h'(z) = 0 for z > z;, imply that u(z;C) decreases for x < x;, and increases for x > x . As we force
u(x;C) =u(zy; C) for x > T, =z, we have u(z;C) is always non-increasing.

Case 2 — xi, +yr <m. If 7 +y;, <m, we have T, =sup{z € [z1,7]: (1 — C):—’;Q’(x) —C <0}. For z e
(z,,%.), by Lemmal[l2] we have H(z) = h(x). As h(x) is convex, we have its subderivative is increasing. Then,
for z < Z,, we have (1 — C):—’Zﬂ’(x) — C < 0. Therefore, Property (1) that we just showed (i.e., Equation
(57)) implies that u(x; C) decreases for x € [z,,,%,]. As we force u(z;C) to be a constant for z € [Z,,,Z], we
have u(z;C) is non-increasing for z € [z, Z].

Finally, we show that wu(z;C) is convex for z € [z,,Z] by proving that its subderivative is increasing.
As h(z) is convex, we have the subderivative of h(z) is increasing for z € [z,,Z,]. By Lemma we have
H(x) = h(z) for z € [z,,T,]. Then, we have the subderivative of H(z) is increasing for z € [z, Z,]. Therefore,
Equation implies that u(x;C') has increasing subderivative, and u(x;C) is convex for z € [z, Z,]. As
u(z;C) is non-increasing and convex for z € [z,,Z,] and constant for z € [Z,,Z], we have u(z;C) is convex

for z €z, T].
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C.2.4. Property 4 Because H is the highest point and R is convex, h(z) increases for x < zy and
decreases for © >z, which implies that h'(z) =0 a.e. for <2y and A'(z) <0 a.e. for x> x. (Recall that
h(-) is concave and point H = (2, yx) € R, which lies on the upper envelope h(-), is the point in set R that
has the highest low-reward demand, where R = {(z,y)e R:y = SUP (s ,er Min{y’,m}} is a subset of region
R under which the high-reward demand (more precisely min{y’,m} for any point (2’,y") € R) is maximized.)

Therefore, Property (2) that we just showed, (i.e., m(”” 9 =

— CH (x)) implies that I(z; C) increases for x < 4.
As we force I(z;C) = l(zy; C) for x = xy, we have I(z;C) is always non-increasing.

Next, we show that I(-; C') is concave. As stated earlier, because R is a convex set, we have h(x) is concave.
Since both h(z) and 3 = m are concave, we have H () = min{h(z), m} is concave. Therefore, the subderivative
of H(z) is decreasing. By Equation (43]), we have the subderivative of {(z;C) decreases for z € [z,,Z,], which

implies that I(z;C) is concave for x € [x,,Z,]. As l(x;C) is a constant for z € [z,z,] and I(z;C) is concave

and non-increasing for z € [z,, Z,], we have [(z;C) is concave for z € [z, Z,].

C.2.5. Property 5 Here, we want to show that for any C' < C*(R) and any x € [z, %], we have [(z;C) <
u(x; C). For x €[z, Z], let py(z) be a function that

CP, (py(2); (, 1(x))) = CP.,(py(); (x, h()))-

Lemma [17| shows that such p,(z) always exists, and CP,(p,(z); (z,h(z))) = CP,(ps(z); (x,h(x))) = C*(R).
Then, by Lemma [9] for any C' < C*(R), we have CP,(I(z;C); (z,h(z))) = C implies that {(z;C

and CP,, (u(z;C); (x,h(x))) = C < C*(R) implies that u(z;C) = p,(x). Therefore, we have I(z;C)
u(z; C).

) <
<p(7) <

C.2.6. Property 6 Here, we would like to show for any z € [z, Z], I(z;C) is continuously increasing in

C and u(z;C) is continuously decreasing in C'. This is because we have showed

l(21;C) = CH (1) — m7
Th — Ty
and
u(e13C) = (1= C) = h(ay) — Oy +m.
y2

From these two equations, we can simply find that for any z € [z, Z], [(x; C) is continuously increasing in
C and u(x;C) is continuously decreasing in C.
[m]
C.3. Proof of Lemma [3]
First Direction. We first show that if [(z;C) < p(x) < u(x; C), we have CP(p(x);x) = C for any = € [z, 7],

where we define
CP(p(x); 2) = min{CP,(p(x); (z, h(x))), CP,(p(z); (x, h(x)))}. (45)

This gives us the desired result because by Lemma [2} for any x € [z, Z]| and p > 0, we have

min  {CP(p; (z,y))} = min {CP(p; (x,h(z))), CP(p; (x, B(x)))} .

ye[h(x),h(x)]
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Part 1: CP,(p(z);(xz,h(x))) = C if p(x) < u(x;C). Here, we show that for any z € [z,Z],
CP,(p(z); (z,h(x))) is greater than or equal to C' as long as p(z) < u(x;C). Let us first focus on z € [z, ]
we have CP,(m; (z,h(x))) = C. By Lemma for any
z € [Z,,z], we have CP,(m; (z,h(x))) = C. By Lemma[d] for any p(z) <m = u(z;C) for z € [z, z,] and [Z,, Z],

and z € [Z,,Z]. By Lemma [[3] for any z <z <z

w)

we have
CP,(p(@); (z,h(x))) = CP,(m; (, h(x))) = C.
Next, we consider z € [z,,,T,]. By Lemma [14] we have
CP,(u(z; C); (x, h(x))) = C,
and by Lemma |§|, we have for any p(z) < u(x;C),
CP, (p(2); (z, h(2))) = CPo(u(x; C); (x, h(x))) = C,
which is the desired result.

Part 2: CP,(p(x);(z,h(zx))) = C if p(z) = l(x;C). Here, we show that for any = € [z,7],
CP.,(p(x); (z,h(x))) is greater than or equal to C as long as p(z) = I(z; C). Let us first consider any z € [z, 2]
and z € [Z;, 7]. By the definition of z; and Lemma|13] for z € [z, 2] and [Z,, Z], we have CP,,(0; (x, h(x))) =
C. By Lemma 9] for any p(z) > 0=(z;C) for z €[z, 2] and [Z,,Z], we then have

CP.,(p(x); (z,h(2))) = CP,(0; (,h(z))) > C,
which is the desired result. Now, let us consider any z € [ry,Z,], By Lemma we have
CP,(I(z;C); (z,h(z))) = C, and by Lemma@, we have for any p(z) = l(x;C),
CP,(p(x); (z,h(2))) = CP,(I(z; C); (z, h(x))) = C,
which is the desired result.

Second Direction. So far we have established that if p(x) € [I(z; C),u(z; C)], we have CP(p(x);z) = C
for any (z,y) € R. Next, we show that if p(z) > u(x; C) or p(x) <l(x;C), we have CP(p(z);z) < C.

Part 1: CP,(p(x); (z,h(x))) < C if p(x) > u(x; C). First, as u(z;C) =m for z € [z,z,] and [T, Z],
and p(x) < m, we cannot have p(x) > u(x; C'). Thus, we need to only consider z € [z,,, T, ]. For any x € [z, Z.],

by definition, u(x;C) is the largest PL value such that
CP,(u(; C); (z, b(z))) = C,
and by Lemma [0} if p(z) > u(z; C), we have
CP,(p(2); (z, h(x))) < CPo(u(w; C); (. h(x))) = C,

which is the desired result.
Part 2: CP,(p(z);(z,h(x))) < C if p(z) <Il(z;C). As I(x;C) =0 for z € [z,24] and [Z,, 7], and
p(z) =0, we cannot have p(z) < l(x;C). Thus, we consider x € [xy,Z,]. For any z € [z, Z,], by definition,

[(x;C) is the smallest PL value such that
CP, (I(w; C); (w, h(2))) = C,
and by Lemma [9] if p(z) <(z;C), we have
CP, (p(2); (w,h(x))) < CP, (I(z; C); (x, h(2))) = C',

which is the desired result.
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C.4. Proof of Lemma [4]

To show the result, we show the optimization problem in Equation is equivalent to that in Equation
(16)). Since the only difference between these two problems is their first set of constraints, we only need
to show that the feasible regions of these two problems are identical. To do so, we show that any feasible
solution to Problem is a feasible solution to Problem and vice versa.

Considering a feasible solution to Problem with p(z) € [[(z; C), u(z; C)] for any z € [z, Z]. By Equation
(T7), we know that for any C € [0,1] and z € [z, 7], [(z;C) = I(x;C). Therefore, I(z;C) < p(z) < u(z;C)
implies that I(x; C) < p(x) < u(x; C), as desired. Recall that I(z;C) < p(z) < u(z; C) is the first constraint in
Problem , and hence the above argument shows that any feasible solution to Problem is a feasible
solution to Problem .

Next, we show the opposite direction. Contrary to our claim, suppose that there exists a feasible solution
p(z) to Problem with I(z1;C) < p(z1) < [(21;C) for some z; € [z, Z]. (This shows that there exists a
feasible solution to Problem , which is not a feasible solution to Problem ) By Equation 7 we
must have z; > x_;, where z_; is defined in Equation . As l(z_1;0) = lN(x_l;C), we have p(x_y) =

~

l(x_1;C)=1(x_1;C). Then, we have

p(e1) —p(e1) _ Uz ) ~lz1;0)

Xr1 —T_q Xr1 —T_q

=1,

~ ~

where the equation holds because by definition of I(x;C), the slope of I(z;C) w.r.t. x is —1 for any z €
[z_1,21]. That % < —1 implies that p’(z) < —1 on a positive measure set, and hence, p(x) is not a

T _

valid PL function, which is a contradiction.

C.5. Proof of Lemma [5l
First Direction. We first show the ‘if” statement. That is, if g(z; R) < p(x) < g(z; R), we have CP(p(z);z) >

R for any x € [0, max{m, Z}], where with a slight abuse of notation, we define
CP(p(x); x) = min{CP, (p(z); (x,0)), CP.(p(z); (x,m))}. (46)

Notice that by Lemma [L0] we have CP,(p(z); (z,m)) = CP,(p(z); (z,y)) for any y >m. Then, by Lemma|2]
it suffices to show CP(p(z);x) = R when g(z; R) < p(x) < g(x; R).

Part 1: CP,(p(z);(z,0)) = R if p(x) < g(x; R). First observe that, by Definition of CP, in Equation
(@), if we set p(x) = g(x; R), we have

CP, (gla: B): (1, 0)) = Lot gt P wine gt R

07y, + min{z, m — 0}r, min{x, m}r,
If £ < m, we have g(z; R) = —Rx +m, and we can obtain
min{z,m — g(z; R)}r, _ min{z,m — (—Rx +m)}r, _ Rar, _ R
min{z, m}r, Ty, Tr, '
Otherwise, if > m, we have g(z; R) = g(m; R) = —Rm +m, and we can obtain
min{z, m — g(z; R)}ry _ min{z,m — (=Rm+m)}r, _Rmr, _ R

mry mry mry
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Then, by Lemma [0} we have for any p(z) < g(x; R), we have
CP,(p(x); (2,0)) = CP,(g(x; R); (x,0)) = R,

which is the desired result.
Part 2: CP,(p(x); (x,m)) > R if p(x) > g(x; R). By Definition of CP,, in Equation (7)), we have

max{p(x), min{m, m — z}}r;, + min{z, m — p(z)}r,

CP.(p(z); (z,m)) = mry, +min{z, m —m}r,

_ max{p(z),m — x}r, + min{x,m —p(z)}r, .

mry,
We would like to show that if p(z) > g(x; R), we have CP,(p(z); (x,m)) = R, where g(z; R) = % for
x € [0, max{m,z}]. If p(x) =m — x, we have
m(R—ry/rp) _ m(R—ry/rp)
CP. (p(a): (2, m)) = P+ (m=p@)re P+ = i f M)re
mnry mry

m(R—rg/rp)
1—rg/rp

where the inequality holds because p(x) > g(z; R) = . Otherwise, if p(x) <m —x, as p(x) = g(z; R),

we have g(x; R) <m — x. Then,

CP. (p(2); (z,m)) = (m —x)r, + 7, > p(x)r, + (m—p(x))r, >R,

mry, mry

(m—z)ry+xry

where the first inequality is because is decreasing in « and = < m — p(z). The last inequality,

which is the desired result, is because

p(@)rs + (m—p(2))re = p(@)(rn — 1) + Mo = g(25 R) (ry, — 1) +mre,

g(z;R) (rp—re) +mry
YeiR)rn—re)tmre _ p
mrp

and by some calculations, we have

Second Direction. So far, we have established that if p(z) € [¢g(z; R), §(x; R)], we have CP(p(x);z) = R

for any (x,y) € R. Next, we show that if p(x) > g(x; R) or p(x) < g(x; C), we have CP(p(z);x) < R.
If p(z) > g(z; R) for some z € [0, max{m,z}], by Equation (19)), we have if z € [0,m], §(z; R) = —Rz +m >
—z +m and hence p(z) + z > m. If £ > m, we have g(z; R) = g(m; R). Then, we have
_ 0.7, + min{z,m —p(x)}r, min{z,m—p(z)}r,

CPo(p($)7(x?0)) - O'Th +min{x’m_0}7"e - min{x,m}’re

If © <m, we have

min{z,m —p(x)}r, min{z,m—p(x)}r, - (m—g(z; R)) e

- = =R,
min{z, m}r, Tr, Tr,
where the inequality is because p(x) > g(x; R). Otherwise, if > m, we have
min{z,m —p(@)jre _ (m—p(@))re _m-plx) m-gmR) _,

min{z, m}r, mr m m
If p(x) < g(z; R) for some x € [0,max{m,Z}], as a valid PL function p(z) is non-increasing, we have
p(max{m,z}) < g(x; R). Therefore,

p(max{m,Z})r, + (m — p(max{m, Z}))r,

CP,(p(max{m,z}); (max{m,Z},m)) = p—
m(Rry/ry) ).

m(R—rp/rp)
1—ry/ry ¢ =R

T Tt (m—

<

mry
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C.6. Proof of Theorem [2|

Algorithm [2| presents an optimal solution to Problem ([C-Pareto-right|). That is, at the optimal solution to
Problem (C-Pareto-right|), denoted by prighs (), We set prigns(z) based on Equations and . Further-
more, the optimal objective value of Problem (C-Pareto-right|), R,ignt, is given in Equation .

We split the proof into three cases, in each case, we first figure out the robust ratio under the PL function

Drigns (+) and check the feasibility and optimality of pyign¢(-):

~ ~

o Case 1: [I(z;C),u(z;C)] n [g(Z),§(T)] # &. In this case, if I(Z;C) < g(Z),

Prignt(Z) =arg  min |p—g(7)| = g(2).
pell(#:0),u(z:0)]

~

It T(i‘, C) = g(z), we have prignt(Z) = [(Z;C). If = m, then as the right problem is only defined on z,
by definition, we have g(z) = g(z) = 1=re/"h iy Then, Dright () = 1=re/rnpy  which is feasible. By Lemma

2—ry/rp 2—ry/ry
we have

Rright =min {CPO(pright (f)v ('fa 0))7 Cp, (pright (.’i‘), ('@ m))}
= min{CPo(l_”/mm; (m70)),CPu(mm; (mJn))} =3 !

2 =1/ 2—ry/rh —re/Th’
which matches the upper bound of the robust ratio in the absence of ML advice. Therefore, prign(Z) is

optimal in this case.

Otherwise, if Z < m, by Equation (22)), prignt(z) = max{—z + Z + prigne(z; C), g(x)} for z € [Z,m]. By
definition, we have g(z) < prignt (). For the part where prignt () = g(), we have prigne(z) < g(x) because
by Equation (19)), g(z) < g(z) for any z € [0,m]. Then, we check that —z + Z + prigne(2; C) < g(x)
for x € [Z,m]. Notice that —z + T + prignt(Z;C) is a line with slope —1 and by Equation (19), g(z)

is a line with slope —R > —1. Moreover, —Z + & + Pright(Z; C) = Pright(T; C) = max{g(z),1(z;C)} <

~

g(x) since [I(Z;C),u(z;C)] n [9(Z),§(T)] # &. We have pyigni(z) < g(x). By taking R = p in Prob-

lem (C-Pareto-Trang), we can find pyigns(-) is a feasible solution, and therefore, it achieves a robust
ratio of at least p. By Ball and Queyranne| (2009), we know p is the upper bound among all algo-

rithms, and therefore, prignt(-) is optimal. In addition, notice that pyigni(m) = g(m) and we can check

CPu (pright (j)v (m7 m)) = p7 and hence Rright = mil’l {CPo(pright ("E)v (i.7 0))u CPu (pright (‘f)a (mv m))}

e Case 2: u(z;C) < g(z). In this case, we first show prigne(-) achieves a robust ratio of Ryigne =
CP. (Pright (Z); (max{m, z},m)) and CP,(prignt(Z); (Z,0)) = CP, (Prignt(Z); (max{m,z},m)). Then, we
ShOW Prigns(+) is feasible, and finally, we show it is optimal among all PL functions.

In  this case, prigns(z) = argmin, jz.oyumenl? — 9@)| = u(@C), and by definition,
Dright () = Drignt(T) for x € [Z,max{m,Z}]. By Lemmas and we know the worst
case is achieved on (z,0) or (z,m) for some x € [Z,max{m,Z}]; that is, Rygn =
inf e[z maxim,zp MIN{CP, (Prignt (); (€, m)), CP o (Prignt (2); (2,0))}. As we have pyign(2) < m, by Lemma
we have

CP. (Pright (2); (x,m)) = CP,, (Prignt (max{m, Z}); (max{m, Z},m)).
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AS Prignt(max{m, T}) = prigne(T) < 9(T) = g(max{m,z}) = m(1 — r,/r)/(2 — r¢/r),), where the first
inequality is because puignt(Z) < u(z;C) < g(z), by Lemma@ we have

CP (prignt (max{m, z}); (max{m, z},m)) < CP,(g(max{m,z}); (max{m,z},m)) = p.

AS Dright (T) < g(Z), we also have prigni(x) < g(7) for any z € [#,m]. This is because by definition, for
any x € [Z,m], g(z) < g(z). Then, by Lemma |§|, for x € [Z,m], we have

CPO(pright (x)’ (xv 0)) = CPO(g(x); (267 0)) =p> CpP, (pright (m)7 (m7 m))7

where the equality is because g(z) = —px +m and one can easily check CP,(—px + m;(x,0)) = p for
any x € [0,m].

Therefore, the robust ratio of pygns(z) for € [Z,m] is Ryight = CPy(Prignt (m); (m,m)), and by Lemma
we have g(x; Right) < Pright () < §(2; Rrigne). AlSo, prigne(+) is a constant function and is valid. We
obtain prigns(+) is feasible.

Finally, we show that pigns(-) is optimal among all PL algorithms. We prove by contradiction. Suppose

that a valid p;(x) can achieve a robust ratio greater than R,igh:. Then, we have

inf min{CP,(p1(z); (z,0)),CP,(p1(x); (x,m))} > CP,(Prigns (M); (M, m)),

ze[z,m]
which implies that CP,(pi(m); (m,m)) > CP,(prignt(m); (m,m)). By Lemma [0} we have pi(m) >
Dright (M). As pq(-) is valid, it is non-increasing, we have p;(Z) = p1(m) > prignt (M) = u(Z; C), which is

a contradiction because p; (T) > u(Z; C') means it is infeasible.

Case 3: 1(z;C) > g(z). In this case, Pright(T) = argmin,jz.c) wzey [P — 9(T)] = [(z;C), and
we have prignt () = §(x; Ryignt) for z € [Z,max{m,Z}] where Rz = CP, (Z( C);(z,0)). Observe

that prgne(-) is continuous at Z because prignt(T ) = §(Z; Ryignt) = g(7;CP, (I(z;C); (,0))), and

if £ <m, we have g(z;CP,(I(z;C);(z,0)) = — nAED g +m = = 1(z;C). Similarly, if z > m,
we have g(z;CP,(I(z;C);(z,0))) = wm + m = l(z;C). By Lemmas [2| and for z €
[Z, max{m,Z}], the worst over- and under-protected points are (z,0) and (z,m), respectively; that
is, Rright = Inf ez max{m,zy) MIN{CP, (Prignt (z); (x,0)), CP, (Prignt (x); (x,m))}. So, we first claim that
Dright (+) achieves a robust ratio of Ryight = cP,((z;0); (z,0)) by showing that for any x € [Z, max{m, Z}],
CP, (Prigns (%); (x,0)) = Ryight and CP., (prignt (%); (x,m)) = Ryight. Then, we show its feasibility and opti-
mality.

By Equation (), we have for any z € [, max{m,z}],

07y +min{x, m — prigne (@) }7 _ min{z, m — Prignt () }ry
07y, +min{z, m —0}r, min{xz, m}r, '

CPo(pright( ) (IE 0))

If x <m, we have

min{x, m — Prighe (2) 170 (M — Prigne (7)) 77

min{x, m}r, B xr,
(m — g(; Ryignt))7e
T,
_ m— g(w; Ruignt)

= ————""= Rijgnt
x eub




o7

where the second equality is because Dright (€) = §(@; Ryight) = — Rright® + m and m — (—Ryigne® +m) =

Riignez < z. If 2 >m, we have

min{x, m — Prighe (£) 170 (M — Prigne (7)) 70

min{x, m}r, B mry
(m - Q(ZE; Rright))ré
mr,
— g(m; Ruigns)

= ———— = Rijgne.
m

For any z € [Z,max{m,Z}], by Lemma [7| we have
CPu(prignt (2); (,m)) = CP. (prigni (max{m, 7}); (max{m, z},m)).

As we have CP,(g(max{m,z});(max{m,z},m)) = p, and pugn(max{m,z}) = g(max{m,z}) >

g(max{m,z}), by Lemma@ we have
CPu (pright (maX{m7 j})7 (max{m7 i‘}u m)) > p 2 Rright .

Therefore, the robust ratio of pygnt(2) is Rright- AS Prigne(2) = §(2; Ruigne), we have g(x; Rugne) <
Dright () < §(%; Ryignt). Also, since prignt(T) = ~ @, we have ;@ < Dright (Z) < w(Z;C). In addition,
Dright (T) has slope —Ryigns < —1, which means it is valid. We have pigne(-) is a feasible solution.

Finally, we show that pigns () is optimal among all PL algorithms. We prove by contradiction. Suppose

that a valid p; (z) can achieve a robust ratio greater than Rigne. Then, we have

inf  min{CP,(p1(z); (x,0)), CP,(p1(z); (x,m))} > CP,(prignt (Z); (Z,0)),

ze[z, max{m,z}]
which implies that CP,(p1(Z);(Z,0)) > CP,(prignt(Z); (Z,0)). By Lemma |§|, we have p1(Z) < Dright (T).
However, as we have Dright(T) = 1(#;C), we obtain p;(z) < [(z;C), which means p,(-) is infeasible and
forms a contradiction.

o
C.7. Proof of Theorem [3]

We first show that (piesi(-), Riert) is a feasible solution to Problem , where pies(z) =
max{l(z; C), Prignt ()}, € [0,Z] and Rier, = min{CP,, (piert (Z); (Z,m))), inf1e0,2) CPo (press (2); (z,0))}. Under
the PL pieg(+), we first note that by Lemma[2] we only need to consider the points (z,0) and (z,m) for any
2 €[0,Z]. That is,

Rleft = min {zgl[%fz] CPO (pleft (l’), ({)37 0))7 zEl[I(l)fi] CPu (pleft (l‘), (.’)37 m)) } 9
By Lemma [7] we then have

CP.(prete (7); (2, m)) = CPy(pres (T); (T,m)) = inf CP.,(prere (7); (2, m)) = CPy(pres (T); (T, m)).

z€[0,z]
This implies that Rieg = min{CP., (pies (Z); (Z,m)), infe0,7) CPo (Pres (2); (2,0))}, as desired.
Ryes; is feasible because the range of compatible ratio is [0,1]. To show that pieg () is feasible, first, as we

have shown it achieves a robust ratio of Ry, by Lemma we have g(z; Riegt) < Plest (1) < g(2; Riegt ). Second,
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~ ~

we show that pieg (+) is a valid PL function and peg () € [I(2; C), u(x; C)]. Observe that I(x;C') is a valid PL
function by definition, and hence we have per () is also valid. Third, we show that l~x; C < prei(x) < u(z;C)
for z € [0,Z]. AS preg(x) = max{l(z; C), Prignt (Z)}, we have (2 C) < prege(2) for any z € [0,Z]. In addition, we
have piest (T) = Pright (T) < u(Z; C), and by Lemma@ we have u(z; C) is a non-increasing function in z. This
implies that u(x; C) = pregs () for any z € [0,Z]. Also, as C is assumed to be less than C*(R), by Lemma
we have [(z;C) < u(z;C) for x €[0,Z]. Therefore, we have pieg () = max{pieg (), [(z; C)} < u(z; C), which
is the desired result.

Second, we show that p () is optimal. To do so, we argue that (i) by Lemma [5| we have
(x5 Ruege) < Prese (7) < g(2; Rier)

and (ii) there does not exist any other valid PL function that achieves a higher robust ratio than Rjee while

satisfying the consistency lower and upper bounds.

Recall that Riere = min{CP, (pies(Z); (Z,m)),inf,c0.5) CP,(pree (2); (,0))}. As Problem (C-Pareto-left

restricts the value of p(Z), we have any PL algorithm has the same worst under-protected ratio, i.e.
CP.,(press (Z); (Z,m)). Then, we show that any PL algorithm cannot get a larger worst over-protected ratio.

For over-protected case, we let

Rio = wei[l(l)’fi] CP,(prett (2); (2,0)),
and let the infimum is achieved on x, i.e. CP,(piess(21); (21,0)) = Riore. If there exists a PL algorithm p(x)
such that inf,c(0 z CP,(p(2); (z,0)) > Rieg, then CP,(p(z1);(x1,0)) > CP,(prese(21); (21,0)). By Lemma |§|,
we have p(1) < pies(#1). This implies that either p(z1) < Peigne(E) or p(z1) < £(z; C). However, if p(x;) <
Deignt (T), as p(-) is non-increasing, we have p(Z) < Prignt (Z), which implies p(-) is infeasible. If p(z,) < £(x; C),
this immediately contradicts to £(z;C) < p(z) < u(z; C). Therefore, such p(x) does not exist.

o
Appendix D: Proof of Theorem
The proof is naturally divided into three parts.
D.1. Result 1: R* = min{ Ry ight, Riott }
First, we show that R* = min{R,ign¢, Riest }, where Theorems |2| and [3| show that
Riege = min{CP, (prere (Z); (T, m)), gcei%(l)a,c] CP,(prete(2); (2,0))} .

and

Riigne = min {CPo (Prignt (7); (2,0)), CP . (prigne (2); (max{m, z},m))} .
Let wus denote ﬁ;}; = inf,cj0,7) CPo(Prert(z); (2,0)), and mnote that by Lemma we have

CP. (prign (2 (5:m)) > CPu(pusgn (@)s (max{m,a},m)),  where by construction, we have
CP. (prigni (); (2,m)) = CP,, (press (&); (Z,m)). Therefore, we have

min{ Ryight, Riest }

= mit { CP. (prighs (2): (7,0)), CP (Prigns (7): (max{m, &}, m)), CP., (prse(2): (7.m),_inf CP.(pres (¢): (,0)) |
= min {CPo(pright(:’c); (7,0)), CP.u(Prigne (7); (max{m, 2},m)), CP . (Prigns (); (z,m)), _inf CPo (prete(2); (=, 0))}

= min {CPo(pright (-i')y (i.a 0))7 CPu(pright (j)v (maX{m7 j}y m))y zel[r(l)fi] CPo (pleft (.’L’), ((E7 0))} = min{Rright; ‘/é;_f;}a
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where the second equality is because prignt(Z) = press(Z), and the third equality is because
CP . (prgt () (,11)) > CP (rigne (); (max{m, 7}, m)).

Therefore, showing R* = min{Ryigns, Riett } is equivalent to show that R* = min{R,ignt, E;E} As Theorems
and [3 show, if we set p(Z) optimally, our p*(-), presented in Algorithm [I] achieves an optimal robust ratio.
Therefore, it suffices to show that for any valid p(z) such that p(ZT) # prignt(Z), we have ROBUST(p(-)) <
ROBUST(p*(-)). Here, with a slight abuse of notation, ROBUST(p(-)) is the robust ratio of a PLA with PL of
p(+). We split the analysis into two cases based on the value of ]f%:?; and Ryignt, where in case 1, we have
Riigns < ]/%I;f;, and in case 2, we have Ryign¢ > ]/%;;

® Rignt < ﬁf;_f; In this case, ROBUST(p*(-)) = min{f%;};,Rright} = Ryignt- By Theorem [2} we know that

no PL can achieve a robust ratio greater than Ry for x € [Z,max{m,z}]. Therefore, we have

ROBUST(P(+)) < ROBUST(p*(+)) = Ryignt, which is the desired result.

. T%;?t < Ryignt- As is shown in Theorem 3] by fixing p* (%) = prigns(Z), no PL can achieve a robust ratio
greater than Rior,. Then, in this part, we show that if a valid and feasible PL function p(z) for z €0, Z]
does not have restriction on Z, it can still not achieve a robust ratio greater than E;; . To show this,
we define € [0,Z] as such that [(7;C) = Pright (Z). We start with showing that such Z always exists,
and then we show that pieg (-) achieves Riege in [0,Z] and no PL function p(x) can outperform Riege in
[0,Z].

To show the existence, we use a contradiction argument. Contrary to our claim, suppose that there
does not exist any 7 € [0,z] such that [(Z;C) = Pright (Z). Observe that pignt(Z) is a constant and is
greater than (z; C') by feasibility of Pright (+). Further, note that by Lemma I(x; C) is non-increasing
in z. Then, when Z does not exist, we must have pyight(Z) > lN(z:;C') for any z € [0,Z]. By Theorem

in this case, Dieft () = Pright (T) is a constant function. (Recall that pies (z) = max{l(z; C), prignt ()} for

any z €[0,z].) By Lemma [18] we have

R = Inf CPo(puighe(7); (7,0)) = CPo (prigna (7); (7,0)).
However, as CP,(Dright(Z); (Z,0)) = min{CP, (prignt (Z); (,0)), CPy (Prignt (Z); (max{m, Z},m))}, we have
E;{:; = Ryignt, which is a contradiction. Therefore, such Z exists.

Then, plest () = Prigns (Z) for z € [Z,Z] and pres () = l~(av7 C) for z € [0,Z]. By definition of R;;, we have

~

]CPO(l(x; O); (z, 0)),9061[19132] CP, (prignt (7); (x,0))}.

Rjey = min{ inf
z€[0,z

By Lemma [I8] we have

inf ] CP, (Prignt(7); (2,0)) = CP o (Prignt (7); (%,0)) = Rrigns-

ze([z,z

Given that ff; < Ryight, we have
Rt = i[%fA]CPo(T(ﬂc;C);(x,O))
z€|0,z

Finally, we show that no valid and feasible PL p(x) can outperform Riere in [0,Z]. Suppose that x; =
argmin, g 4 CP,(I(z;C); (2,0)), which means that CP,(I(z;C); (z1,0)) = Riere. If p(z) outperforms
If%;_f; , we have

inf CP,(p(x); (z,0)) > EE,

z€[0,z]
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which implies that CP,(p(z1); (21,0)) > Rige. By Lemma@ we have p(z1) < I(x1;C), which shows that
p is not a feasible PL function and forms a contradiction.

o

D.2. Result 2: p* is an Optimal Solution

Second, it is trivial that Algorithm [1| presents an optimal solution to Problem ((C-Pareto-Trans). The reason
is by Theorem we have pyigni(2) achieves Ryigny for Problem (C-Pareto-right) and by Theorem we

have pie; () achieves Ry, for Problem (C-Pareto-left)). By Equation (20, we know that ROBUST(p*(-)) =
min{ Ryight, Riet }, and we just showed that min{Ryignt, Riere} = R*. The remaining thing is to show that p*(-)

is feasible and valid. As we have shown in Theorems [2| and (3| that pyignt(-) and pies(-) are both feasible
and valid for any = > Z and x € [0, Z], respectively. Further, pright(Z) = piets(Z), which means that p*(-) is

continuous. Therefore, p*(+) is feasible.

D.3. Result 3: No Algorithm Can Outperform p*
Here, we show that a PLA with the PL function of p*(-) is an optimal solution to Problem . That is,

among any online algorithms II, the aforementioned algorithm maximizes the robust ratio while ensuring its

consistent ratio is at least C. Recall that we just showed

R* = min{Ryight, Rlet } = min{CP,, (p" (max{m, Z}); (max{m,z},m)), CP,(p*(Z), (Z,0)), zgi%%,fi] CP,(p*(z); (,0))}.

(47)
Then, we split the proof into three parts, where in each parts, we discuss each term in Equation is the
minimum value.

Part 1: R* = CP,(p*(max{m,z}); (max{m,z},m)). Here, we show that no deterministic or randomized
algorithm can achieve a robust ratio more than CP,, (p* (max{m, z}); (max{m,z}, m)). We define two (ordered)
input sequences: In the first input sequence, I;, T, < T low-reward requests arrive first, followed with h(Z,)
high-reward requests. In the second input sequence, I, max{m,z} low-reward requests arrive first, followed
m high-reward requests. Before receiving z, low reward requests, any deterministic or randomized algorithm
cannot differentiate the two input sequences and has to decide to accept how many low-reward requests in
expectation. If there exists a deterministic or randomized algorithm A, which can achieve a consistent ratio
of at least C', and a robust ratio higher than CP,(p*(max{m,Z}); (max{m,Z},m)), it should satisfy

E[Rew(A, I )]

=0,
opT(Iy) ¢

Let the expected total amount of high-reward, low-reward requests being accepted by A be h(A, I1), £(A, ),

respectively. Then,

E[RQW(A, Il)] . h(A, Il)rh +€(./4, Il)’/’g
opT(I;) B h(Z,)r, +min{z,,m—h(z,)}r, ~
By the definition of u(z,;C), we have u(Z,;C) = sup{p : CP,(p; (Z,,h(Z,))) = C}, and by Equation (6,
min{h(Fu),m}ry +min{zym—u@wiC)re _ min{h(#y),mira+(m—u@aiCre  _
i {(Za ), m )Ty +min e, (m—h(@u )t re C, and by Lemma v we have Min{h(Fa),m)ry, +min{ze, (m—h(Fe))FJre c

Therefore, we have

h(A, I )r, + L(A I)r, - min{h(Z, ), m}r, + (m —u(Z,; C))r,

min{h(Z,), m}r, + min{z,, (m — h(z,))*}r, = min{h(Z,), m}r, + min{z,, (m — h(z.))*}r,’




61

as h(A, I;) < min{h(Z,),m}, we have £(A,I) = m — u(Z,;C), which implies that we should accept at least
m— u(fu; C) low-reward requests in expectation.
However, to achieve a robust ratio higher than CP,,(p*(max{m,z}); (max{m,Z},m)) for sequence Iy, we

have
W > CP,, (p*(max{m, z}); (max{m,z},m)).
By Equation (7), we have
E[Rew(A, )] h(A L)r, + (A, L),
OPT(I3) mry,
p*(max{m,z})r, + (m — p*(max{m,z}))r,

> CP,(p*(max{m,z}); (max{m,z},m))

mry, ’

as h(A,I;) < (m — £(A),I5), we have £(A,I;) < m — p*(max{m,z}), which implies that we should
accept less than m — p*(max{m,z}) low-reward requests in expectation. However, when R* =
CP,(p*(max{m,z}); (max{m,z},m)), Part 1 of the proof of Theorem [2| shows that p*(max{m,z}) =
Dright (max{m, z}) = u(z;C). By Equation , we have u(Z;C) = u(Z,;C). Therefore, under sequence I,
we have £(A, I,) <m —u(Z,;C), which is a contradiction because once we observed Z, low-reward requests,
we have already accept at least m — u(Z,; C) of them in expectation.

o

Part 2: R* = CP,(p*(Z),(Z,0)). To show the result, we split the analysis into two sub parts based on the
value of p*(z) and I(z_y;C). First, we show that when I(z_1;C) > p*(Z), no deterministic or randomized
algorithm can achieve a robust ratio more than CP,(p*(Z), (Z,0)). Here, we recall that x_; =sup{z € [xx,Z] :
M€ < —1}. Then, we show the same result when I(z_;C) < p*().

For the case where {(z_1;C) > p*(ZT), we again define two (ordered) input sequences: In the first input
sequence, I;, z_; low-reward requests arrive first, followed with h(z_;) high-reward requests. In the second
input sequence, I, T low-reward requests arrive first, followed by 0 high-reward requests. Before receiving x_;
low reward requests, any deterministic or randomized algorithm cannot differentiate the two input sequences
and has to decide to accept how many low-reward requests in expectation. If there exists a deterministic or
randomized algorithm A, which can achieve a consistent ratio of at least C, and a robust ratio more than

CP,(p*(Z),(Z,0)), it should satisfy
E[Rew(A,I)] S0
orr(l;) ~

Let the expected total amount of high-reward, low-reward requests being accepted by A be h(A, 1), £(A, 1),

respectively. Then,
E[ReW(A7 Il)] _ h(A) Il)rh +€<A7 II)TZ

= = i =C.
optT([4) h(x_1)r, + min{z_1,m —h(z_1)}r,
By Equation (I5)), we have CP,(I(z_1;C); (z_1,h(z_1)) = C. By Equation (7), we have

17h
CP (1 O): (31, h(z_1)) = max{l(z_1;C),min{h(z_1),m —x_1}}r, + min{x_;,m — l(x_l;C)}n.

h(z_1)r, +min{z,,m — h(z_1)}r,
By Lemma we have max{l(z_1;C),min{h(x_,),m —z_1}} = l(x_1;C) and min{z_;,m — l(z_1;C)} =
m —1l(x_q;C). Therefore, we have
- (x_q; —l(z_q;
CP, (1 13C)s (21, hla)) = it = He s,

}_z(x_l)rh + min{z,,m — f_L(ili_1)}7’4 B
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which implies that
h(A, L)r, + 0(A I)r, < Wz_1;C)rn + (m —(z_1;C))ry
h(z_1)r, + min{Z,,m —h(z_1)}r, ~ h(z_1)r, +min{Z,,m —h(z_1)}r,

As h(A, I;) <m —¥€(A, 1), we have ¢(A,I;) <m —Il(xz_1;C), which implies that it should accept no more

than m — l(z_1;C) low-reward requests in expectation. However, to achieve a robust ratio more than
CP,(p*(Z), (Z,0)) for sequence I, we have

E[Rew(A,I)]

orr(l,) CPew (@), (&,0)).

Let the expected total amount of low-reward requests being accepted under I, by A be ¢(A, I,), respectively.

Then,
E[Rew(A, )] _U(A)

opr(l;) Z > CP,(p*(z), (2,0)).

By Equation @, we have

e min{z, m — p*(x
CP,(p*(z),(z,0)) = { - ( )}
If £ <m—p*(Z), we have CP,(p*(Z), (Z,0)) = 1, which means no algorithm can achieve a higher robust ratio.

Otherwise, we have
m—p (T
CP, v (@), (7,0)) = "D,

and we have
E[Rew(A,1,)] (4(A L) - m — p*(Z)

— — )

orr(l,) & T
which implies that ¢(A) > m — p*(Z), and we should accept more than m — p*(Z) low-reward requests in

expectation. However, when R* = CP,(p*(Z), (z,0)), by the proof of Theorem [2] we have in this case p*(zZ) =
Pright(T) = I(z; C). However, given that [(z_1;C) > p*(Z) = [(z;C), we have z_; < Z. Otherwise, [(z_;C) =

l(z;C) = 1l(z;C). Between xz_; and Z, there are at most T — z_; low-reward requests arriving, and any
algorithm can accept at most T — z_; low-reward requests. But we accept no more than m — l(z_;;C)

low-reward requests in expectation under I; and more than m — p*(z) low-reward requests in expectation
under I, and since I(z;C) is a line with slope —1 for 2 > z_;, we have m — p*(z) — (m — l(z_1;C)) =

~ ~

l(x_1;C)—1l(z;C) =T — x_q, which is a contradiction.
Now, let us consider the case where l[(x_;;C) < p*(Z), where we recall that here by assumption R* =

CP,(p*(Z), (z,0)). By the proof of Theorem [2], when Rizny = CP,(p*(Z),(Z,0)), we have p*(Z) = prignt(Z) =
I(z;C). In addition, we have I(z_1;C) = (z_1;C), and I(z_1; C) < p*(Z) is equivalent to I(z_1;C) < 1(z; C).

Due to I(-; C) is non-increasing, we have x_; = Z in this case.

To show the result, we again define two (ordered) input sequences: In the first input sequence, Iy, Z
low-reward requests arrive first, followed by h(Z) high-reward requests. In the second input sequence, I,
T low-reward requests arrive first, followed by 0 high-reward requests. If there exists a deterministic or
randomized algorithm .4, which can achieve a consistent ratio of at least C, and a robust ratio more than

CP,(p*(%),(,0)), it should satisfy
E[Rew(A, 1,)]

=C.
opT(I;)
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Let the expected total amount of high-reward, low-reward requests being accepted by A be h(A, I1), £(A,I1),

respectively. Then,
E[ReW(A,Il)] B h(A, Il)T'h'f‘é(A, 11)7"2
opt(l,)  h(Z)r, +min{z,m —h(z)}r, "

By Equation (I7), we have CP,(I(z;C);(z,h(z))) = C. By Equation (),

CP.(I(7;C); (7, h(7))) = max{l(z; C), min{h(z), m — z}r), + min{z, m — I(z; C)}r

h(Z)ry + min{z,m — h(Z)}r,

As we have shown Z = x_; at the beginning of this case, by Lemma we have
max{l(Z; C), min{h(Z),m — z} = 1(7;C) and min{z,m —1(z;C)} = m — I(7; C). Therefore, we have

7l(i‘; C)yrp + (m— l(i;ﬁC’))m _
h(Z)ry, + min{Z, m — h(Z)}r,

)

and this implies
h(A,Il)T’h‘FE(A,Il Ty - Z(J_C,C)Th+(m*l(i',c))ri
h(Z)r, + min{z,m — h(z)}r, ~ h(Z)r, +min{z, m— h(z)}r,

As h(A,I;) =m —U(A, 1), we have ((A,I;) < m — I(Z;C), which implies that we should accept no more

than m — I(Z; C') low-reward requests in expectation. However, to achieve a robust ratio more than the
CP,(p*(Z),(Z,0)) for sequence I, we have

E[Rew(A,I>)]
orT(I,)

> CP, (5" (), (7,0).

This implies that we should accept more than m — p*(z) low-reward requests in expectation, which is shown
in the previous case. However, as is shown at the beginning of this case, here, T =z_;, and p*(z) = I(z; C),
which shows that upon receiving Z low-reward requests, we should accept no more than m — p*(z) low-reward
requests and more than m — p*(Z) low-reward requests, which is obviously a contradiction.

Part 3: R* = inf,c(o.z) OPo(p*(v); (7,0)). Define ¥ = argmin, r, 1CP,(p*(2); (x,0)). If Z is not unique,
we randomly the one with smallest x value. Let us first consider the case where [(x_;;C) > p*(Z) and
Zelx_1,2 1 +1(z_1;C) —p*(Z)]. In this case, we replace I in the proof of Part 2 under the case where
l(x_1;C) > p*(Z) by: we define I3 as T low-reward requests arrive first, followed 0 high-reward requests, and
we can have p*(z) is optimal among all algorithms in this case.

For any other cases, we replace I, I5 in the proof of Part 2 under the case where I(z_1;C) < p*(Z) by:
we define I; as I low-reward requests arrive first, followed h(Z) high-reward requests; we define I, as &
low-reward requests arrive first, followed 0 high-reward requests, and we can have p*(x) is optimal among
all algorithms in this case.

Therefore, we have p*(z) for x € [0,m] is optimal among all deterministic and randomized algorithms.

o

D.4. Lemma [T and its Proof

LEMMA 7. Given an arbitrary valid PL function p(-), we have for any z € [0,max{m,z}], CP,(p(z); (x,m))

is a non-incresing function in x. That is, for any x € [0, max{m,Z}]|, with p(x) < m,

CP,(p(m); (max{m,z},m)) < CP,(p(z); (z,m)).
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Proof of Lemma[l] Take any valid PL function p(z) for z € [0,m], by Equation ,

max{p(x), min{m, m — z}}r;, + min{z, m — p(z)}r,

CP.(p(z); (z,m)) = mry, +min{z,m —m}r,

_ max{p(z),m — x}r, + min{z, m — p(z)}r, .

mry,
Let z1 = sup{x : p(x) + < m}, first, as a valid PL function satisfies that p'(x) > —1 a.e., and the line
x +y =m has slope —1, once = + p(x) = m, we have for all 2’ >z, we have 2’ + p(z’) = m. Therefore, for
x € [0,z1], we have p(z) + x <m, and

CP,(p(z);(z,m)) = W7

mry
which is a monotone decreasing function with x.

For x € [x1,m],

CcP, (p(x); (.I, m)) _ p(l’)rh + (m _ p(x))re |

mry

which is also a non-increasing function with z due to p(z) is non-increasing. Therefore, it is monotone

decreasing, and we have for any valid PL function p(z),
CP.,(p(m); (m,m)) < CP,(p(z); (z,m)),
for z € [0,m]. If # > m, by Lemma [0} we have CP, (p(2); (z,m)) = CP,(p(z); (z,m)). Therefore, we have
CP.(p(m); (max{m, z},m)) < CP,(p(z); (z,m)),

for any x € [0, max{m,Z}]. o
Appendix E: Proof of Statements in Section [6]

In this section, we provide the proof of statements in Section [BlIn Section [E.I} we prove Proposition [I]
and shows the computational complexity and accuracy of the bisection algorithm. In Section we prove
Theorem |5, which provides several properties of an optimal C*(R). In Section we prove Theorem @
which states that Algorithm [5|returns C*(R). Finally, in Section [E.4] we prove Theorem [4 which shows that

the optimal PL function is optimal among all deterministic and randomized algorithms.

E.1. Proof of Proposition

We first show that the feasibility (i.e., determining if for any z € [z,Z], and a given C, we have u(z;C) =
T(x;C)) check can be performed by a polynomial time algorithm. For any C € [0,1], checking whether for

any z € [z, ], u(x; C) = l(z; C) is equivalent to checking the following condition

~

xrerﬁr}:] u(z;C) —i(z;C) = 0. (48)
Notice that by definition, for z € [z,z,], u(z;C) = m and u(z;C) — I(z;C) is always non-negative and for
z€[&,7], [(2;C) = 0 and u(z; C) — (2;C) is always non-negative, where Z, = inf{z_; <2 <z :(z;C) = 0}.
Therefore, in Equation , we can ignore these two intervals. For any z € [z,, %], by Lemmas |§| and

u(+;C) is convex and I(-;C) is concave, which implies that u(z;C) — I(x;C) is convex. Therefore, Problem

is a convex optimization problem on a compact set, which can be solved by polynomial-time algorithms.
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With this result, Algorithm [4] has exactly the same structure with the classical bisection method which
is a root-finding method that applies to any continuous function. Here, we make an analogy to the classical
bisection method for finding the root (a single zero point). Compare to the classical bisection method
for finding a single zero point, we can treat C*(R) as the zero point, and treat the feasibility check as
whether the value is positive or negative. It is well known that the classical bisection method can return a
z€[zg—€,x0+€] in O(log(1/e)) time, where zy is the zero point. Therefore, we have Algorithm [4] can return
a Coe[C*(R)—¢€,C*(R) + €] in O(log(1/e)) time.

E.2. Proof of Theorem [5

~

We split the proof into three parts. In part 1, we show that if for any x € V, we have I(x; C) < u(x;C), then
such a C' is feasible. That is, C*(R) < C. In part 2, we show that a feasible C'= C*(R) is optimal if and only
if there exists 7 € [z, Z], such that [(Z;C*(R)) = u(Z;C*(R)). In part 3, we show that such # must belong to
V.

Part 1: Feasibility of C. By Lemma 4l C is feasible if and only if u(z;C) > I(z;C) for any z € [z, Z].
Here, we show that by only checking u(z;C) and lN(x, C) on z €V is enough to check the feasibility of C' given
that R is a polyhedron. As R is a polyhedron, we have both h(-) and h(:) are piece-wise linear functions. By
the first two properties of Lemma, |§| and Equation , we have both lN(, C) and u(-;C) are also piece-wise
linear functions. We want to show that I(z;C) < u(z;C) for any x € V, implies that I(z;C) < u(a; C) for any
x €|z, T]

Suppose that for all z €V, I(z;C) < u(x;C). We take any z; € [2,Z] — V. Let [z;,Z1] be the smallest
interval contains x; such that z,,Z; € V. As it is the smallest interval, it does not contain any other z-
vertices, which implies that for any z € [z,,#:], both I(z;C) and u(z;C) are linear. As I(z,;C) < u(z,;C)
and 1(Z1; C) < u(z1; C), we have I(z1;C) < u(z1;C) due to linearity and continuity of I(z;C) and u(z;C).

Part 2: Optimality of C. We first prove the ‘if’ statement. That is, if there exists T € [z, Z] and C € [p, 1],
such that I(Z; C') = u(Z; C), then we have C' = C*(R) is optimal. We prove by contradiction. Contrary to our
claim, suppose that there exists a feasible C > C under which for any x € [z, ], we have ZN(ac, 6‘) < u(z; 6’)

By the sixth property of Lemma |§| and Lemma [16] we have I(Z; 6’) >1(#,C) = u(Z; C) = u(z; 6’)

First, consider the case where 7 € [z, z,, ], where we recall that z, = sup{z <z <z, : CP,(m; (z,h(x))) = C};
that is, we have u(Z;C) =m if and only if = € [z,z,]. We then have

~

1(#:C)=1(70) =u®C)=m>u@;C),

which implies that [(Z;C) = I(;C) = m. However, by definition, we have CP,(I(z;C)
CP,(I(%;0); (&,h(%))) = C, and to be in the under-protecting case, given that I(z;C) = [(;C) =
must have h(Z) > m. By putting p =m and y = m into Equation (7)), we have CP,(I(Z; CA’),(:?,E(Q))) =
CP,(I(z;C); (%,h(2))) = 1, which implies that C = C = 1, which contradicts to C' >
widehatC.

Now consider the case where 7 € [z,,2]. We have u(#;C) <m and 1(2;C) = 1(2;C) = u(z;C) > u(;C),
where the last strict inequality is by Lemma which states that u(Z; 6’) = u(Z; C) only happens when both

of them equals m. This forms a contradiction because the chain of inequalities implies ZN(E, 6’) > u(Z; 6‘)
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~

Next, we prove the ‘only if’ statement. That is, if [(x; C') < u(z; C) for all x € [z, Z], then C is not optimal.
That is, there exists C' > C such that [(z; C) < u(z;C) for all z € [z, Z]

In this case, by the sixth property of Lemma |§| and Lemma for any z € [z, Z], lN(x, () is continuously
increasing in C' and u(z; C) is continuously decreasing in C. Therefore, by continuity of C, there exists § > 0
such that with C' = C + 6, we have I(z;C) < u(z;C) for all z € [z,z]. By Lemma we have C' is feasible and
C' is not optimal.

Part 3: 2€V. . As we defined, V is the set containing the 2 value of all vertices of R (i.e., h(-) and h(-))
and the set Ro, where Ry = {(z,h(z) : z € [z,Z]} n {(z,y) : * + y = m}. In Lemma we show that all of
z-vertices of u(-;C) and I(-;C) are a subset of V and the elements of Ry might be 2-vertices of u(-;C). By
Lemma [27 we have there exists Z € V such that u(Z;C*(R)) = I(zc* (R)), which completes the proof.

o

E.3. Proof of Theorem

Given a polyhedron R, let C*(R) be the optimal consistent ratio among all PLAs. First, it is easy to see that
the computational complexity is O(|V|?) because we enumerate at most |V|(|V| — 1)/2 pairs of z-vertices,
and recall that

C*(R) =max{C eS8 :l(x;C) <u(x;C) for any zeV},
for each pair of vertices, if lN(m, C) <u(x;C), for any x €V, we will add C into the set S. By doing this, for
each pair of vertices, we compare the value of {(z;C) and u(z;C) for z €V with at most |V| complexity. To
summarize, the total complexity is bounded by |V|(]V| —1)/2-|V|, which is O(|V|?).

Second, Algorithm [5| cannot return an output C > C*(R). This is because it will return

~

C*(R) =max{CeS:l(z;C) <u(x;C) for any z€V}.

and by Theorem |5, any C such that (z;C) < u(z;C) for any z €V implies C < C*(R).

Finally, we show that by enumerating vertices as in Algorithm |5, we can find C*(R). To show this, we
need to split the proof into three cases according to the location of Z, where Z is the intersection point of
u(-;C*(R)) and I(-;C*(R)). By Theorem |5, such Z always exists. If there are multiple intersection points,
we take the one with the smallest = value. Before we divide into three cases, we highlight that enumerating
vertices is only for reducing computational complexity, and all the following statements not related to V are
correct for any general convex set R.

e (ase 1: Z<xy In this case, we first show that Z =z, and Z, < xy. Second, as H is a vertex, we have

xy €V, and by Lemma we have Z, € V. We show that by balancing H and (Z,,h(Z,)), we obtain a
C7 in Algorithm [5| according to Equation .
For any C; < C*(R), by the definition of I(-;Cy), we have I(2;Cy) = [(xy;Cy) for z € [z, 25]. As

~

1)7
w(z;C1) = 1(#Cy) = l(zy;Cy) and u(z; Cy) = 1(x;C,) for any x € [z,Z], we have
Teargmin, ., 7u(r;Ch).

By Lemma we have T € [Z,,xx]. As we have defined that if there are multiple intersection points,

we take Z as the one with the smallest x value. That is, Z = Z,. Moreover, we must have Z, < zy in
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this case because otherwise, if Z, > xy, we have u(z;Cy1) =m for any x € [z,2x], and as I(z;C1) <m,

we have there does not exist T such that u(z;Cy) = 1(Z;C;), which is a contradiction.

Next, we show that by balancing H and (Z,, h(Z,)) according to Equation (28), we can get C;. Recall
that in Equation (28), given two points z; and z, (here zy and Z,), we find p (here {(z;C1)) such
CP.(p; (z1,h(x1))) = CP,(p; (x2, h(22)). This is because, by definition, we have CP, (I(z;Cy); H) = C4,

~

and CP,({(Z,;C1); (Zy,h(Z,))) = Cy, which implies that

CPu(l(zm; C1); H) = CPo(I(Z; C1); (Tu, (T4))) = Ch.

~ ~ ~

Finally, as I(Z;Cy) = l(zy; Cy), we have I(Z;Cy) = u(Z; C1), and by Theorem [5| we know C} is optimal.

Case 2: xy < T <x_; In this case, by Theorem [5] we have Z € V. We first show that by balancing
(Z,h(2)) and (Z,h(Z)), we obtain a C; in Algorithm |5 according to Equation (28)). Moreover, by

definition, we have u(Z; Cy) =1(Z; C), which shows the optimality of C; and the algorithm can return

such a C;. That is, let

p={p:CP.(p:(2,h(2))) = CP,(p; (Z,h(T)))} and Cy=CPy (5 (2,h(2))).

~

We will show that p={(Z;C}).
As x5 <Z <x_,, by definition, we have CP, (I(Z;C,); (£

,h(%))) = Cy. In addition, by Lemma we
have Z € [z,,.,], and by definition, CP,(u(Z; C}); (Z,h(Z)))

= (', which implies that

~

CP,(I(;C1); (2, h(2))) = CP, (u(T; C1); (2, 1(T))) = C1.

~

This shows that p=1(Z;C) = u(Z;C), as desired.

Case 3: T > x_, In this case, by Theorem [5| we have Z €V, and by Lemma we have x_1 € V. First,
we show that by balancing (Z,h(Z)) and (z_1,h(z_1)), we obtain a C; in Algorithm 5| according to
Equation . Finally, we show that under this Cy, u(Z;C4) = ZN(.%, (1), which shows the optimality of
C7 and the algorithm can return such a C7. Let

p={p:CPu(p; (w_1,h(2z_1))) = CPo(p— (T — _1); (Z,1(Z)))} and CP.(p;(z_1,h(z_1))) = C1.

~ ~

We will show that p=u(z;C1) +(Z—x_1) =1(Z;C1) + (T —x_1) =l(x_1;C1).
By Lemma[23] we have Z € [z,,,2,], and by definition, CP,(u(Z;C1); (Z,h(Z))) = Cy;. We futher observe
that, by Equation , we have ZN(:c_1; Cy) =1l(x_1;C1), and we have

CP,(l(z—1;C1); (w1, (1)) = CPL(l(z_1;C1); (1, Mz 1)) = C1,

which implies that

~ —

CP,(l(z_1;C1); (w1, h(z_1))) = CP,(u(Z; C1); (7, h(Z))) = Ch.

Finally, as [(2;C1)) = {(#_1;C1) — (2 — x_1) = u(3;Cy), we have p = u(Z;C1) + (B —x_1) = 1(3;C1) +

~

(Z—z_q)=1l(x_1;C).
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E.4. Proof of Theorem [4]

To show that the optimal consistent ratio among all PLAs is optimal among any deterministic and randomized
algorithm, we still split the proof into three cases which are the same three cases as in the Proof of Theorem
[l Before presenting the proof, we highlight that although we used many properties from Theorem [5 here
in the proof of Theorem [f] we do NOT assume R is a polyhedron.

Case 1: T < xy In this case, in case 1 of the Proof of Theorem [6] we have established that Z = Z,,, and
C*(R) = CP,(p; H) = CP,(p; (z,h(Z))), where p =l(zg;C*(R)) = u(Z,;C*(R)). Our goal here is to show
that there does not exist any deterministic or randomized algorithm with a consistent ratio greater than
C*(R). Let us define two (ordered) input sequences: In the first input sequence, I, Z, low-reward requests
arrive first, followed with h(z,) high-reward requests. In the second input sequence, I5, xy low-reward
requests arrive first, followed yy high-reward requests. We note that ¥ =z, < zy and h(Z) < yg because H
is the highest point of R.

Observe that before receiving Z low-reward requests, any algorithm cannot differentiate the two input
sequences. Hence, any algorithm should decide how many low-reward requests to accept in expectation among
the first T ones.

Next, we prove by contradiction. Suppose that there exists an algorithm A, which can be either determin-
istic or randomized, and has a consistent ratio larger than C*(R). Then, we have

E[lzivl((u;l;)fl)] .
where the expectation is taken on the randomization of the algorithm. Let the expected total amount of
high-reward, low-reward requests being accepted by A be h(A,I), ¢(A,I), respectively. Replace C by
C*(R) in Part 1 of Section where we show that any algorithm facing this instance should accept at least
m — u(Z,; C) low-reward requests, we have £(A, I;) > m —u(Z,;C*(R)).
Next, if A achieves a consistent ratio greater than C*(R), it should also satisfy that

E[P(i;V;((JZ)Iz)] - C*(R).
Let the expected total amount of high-reward, low-reward requests being accepted by A be h(A, 1), £( A, I,),
respectively. Then,

S bl s,

Recall that by the definition of I(-;C*(R)), we have CP,(I(xg;C*(R)); H) = C*(R) because xy € [T, 2 _1].

Then, by Equation @, we have

CP,(l(zy;C*(R)); H) = max{l(zp; C*(R)), min{yy, m —xp}}r, +min{xH,m—l(xH;C*(R))}re’

Yurn +min{z g, m—yg

and by Lemma we have min{zy,m — l(zg;C*(R)} = m — Il(zyx;C*(R)) and
max{l(xg;C*(R)),min{yg,m —xg} =l(zyg; C*(R)). Therefore, we have
Hzg; C*(R))rn + (m—=1l(zy;C*(R)))

yury, +min{zy, m—yylr,

" _ o (R).
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This implies that
h(A, L)r, + £(A, Iy)r, - Wzw; C*(R))ry + (m— Uz, C*(’R)))n.
Yurn +min{zy, m —yu jr, Yurn +min{zy, m —yu jr,
As h(A,Is) <m—L(A, L), we have ((A, I5) <m—I(zy;C*(R)). Recall that as mentioned at the beginning,
we have [(zy;C*(R)) = u(Z,; C*(R)). Therefore, we have

LA L) <m—U(zyg;C*(R)) =m—u(Z,;C*(R)) <l(A,I),

which is a contradiction, because before receiving Z low-reward requests, any algorithm cannot differentiate
the two input sequences, and this implies that £(A, I5) = £(A, I ).

Case 2: xy < I < x_;. We replace the instances in the proof of case 1 to get the proof for this case. We
replace the first instance by: T low-reward requests arrive first, followed with h(Z) high-reward requests. We
replace the second instance by: Z low-reward requests arrive first, followed with h(Z) high-reward requests.
Then, we use similar arguments in case 1 to show the result.

Case 8: T > x_;. In this case, as we showed in case 3 of the Proof of Theorem @ we have that

C*(R) = CPu(p; (z-1, M(x_1))) = CP,(p — (Z — 2_1); (%, (7)),

where p=1(x_1;C*(R)), and u(Z; C*(R)) =p— (£ —x_1). Let us define two (ordered) input sequences: In the
first input sequence, I, r_; low-reward requests arrive first, followed with h(x_;) high-reward requests. In
the second input sequence, I, T low-reward requests arrive first, followed h(Z) high-reward requests. In this
case, we have x_; < Z. Before receiving 2_; low-reward requests, any deterministic or randomized algorithm
cannot differentiate the two input sequences. Hence, any algorithm should decide how many low-reward
requests to accept among the first x_; ones in expectation.

Next, we prove by contradiction. Suppose that there exists an algorithm 4 which has a consistent ratio

larger than C*(R). As
E[Rew(A,I)]

oprT([;) > C(R),

~

we have A should accept less than m —l(z_1;C*(R)) low-reward requests in expectation. Let the expected
total amount of high-reward, low-reward requests being accepted by A be h(A,I), £(A,I;), respectively.
Replace C' by C*(R) in Part 2 of Section which shows that any algorithm facing this instance should
accept less than m —I(z_1; C') low-reward requests, we have ¢(A,I;) <m —Il(z_1;C*(R)).

Next, if A achieves a consistent ratio greater than C*(R), it should also satisfy that

E[Rew(A, I»)]

or1(Dy) >C*(R).

Let the expected total amount of high-reward, low-reward requests being accepted by A be h(A, I,), ((A, I>),

respectively. Then,
E[RGW(.A, 12)] _ Ah(A, IQ)’{"h —EE(A, IQ)/’I:g < C*(R)
opT(I,) h(Z)ry, + min{Z,m — h(Z)}r,
As is mentioned at the beginning of this case, we have CP,(u(Z;C*(R)); (Z,h(Z))) = C*(R). By Equation

@ , we have

CP, (u(#; C*(R)); (3, h(3))) = LI +mind@, m = u(@; O (R))}re

- h(Z)r, + min{Z, m — h(Z)}r,
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Here, we must have min{Z,m — u(Z;C*(R))} = m — u(Z;C*(R)) because otherwise, if min{Z,m —
u(Z;C*(R))} =7, then due to u(Z;C*(R)) = h(Z), we have min{Z,m — h(Z)} =7, and
CP,(u(Z;C*(R)); (Z,h(Z))) =1 # C*(R). Therefore, by taking min{z, m—u(z; C*(R))} = m—u(z; C*(R)),

we obtain
AT, + (m—u(Z;C*(R)))r,
h(Z)ry, + min{Z, m — h(Z)}r,

— C*(R).

This implies that
h(A, I)r, + U(A, I)r, - h(Z)r, + (m—u(Z;C*(R)))r,
h(Z)r, + min{Z,m — h(Z)}r, = h(Z)r, + min{Z,m — h(Z)}r,

As h(A, I,) < h(Z), we have £(A,I,) >m —u(Z;C*(R)). However, in this case T > x_;, between z_; and Z,
there are at most T — z_; low-reward requests arriving, and this implies that ¢(A, I,) — (A, ) <T—x_4.

However, as is mentioned at the beginning, we have u(Z; C*(R)) =1(z_1;C*(R)) — (Z — x_1). This implies

that
U(A L) = (A 1) >m—u(@;C*(R)) — (m —l(z_1;C*(R))) (49)
=m—(l(z_1;C"(R)) = (T —2_1)) — (m—l(z_1;C"(R))) (50)
=T—x_q, (51)

which is a contradiction.

Appendix F: Appendix of Section
F.1. Proof of Proposition

To show Proposition [2) consider constraints listed in and . We can express the CP function in these

constraints as follows:

CP(p2(xz2), -, pu(an);X) = W’

where OPT(x) is the offline optimal value, which is a fixed quantity based on x and does not depend on
the protection level functions. Here, A;(x) represents the effective demand served to the i-th highest reward
request based on the protection level functions and available capacity. The value of A;(x) is computed

recursively:
Au(%) = min{a, (m — po_1(x))*),
where the term (m — p,_1(x))" ensures that the demand served to the n-th highest reward request (i.e.,

lowest reward request) is based on the available capacity after considering the commitments for higher reward

requests. For any i€ [n — 1], we have:

A;(x) =min{z;, (m —p;_1(x) — Zn: A;(x)*t} = min{xi,z:-(x)}.

j=i+l

Here, Z(x) =(m—pi1(x) = 2;_;,, 4;(x))*. We convert Problem ((C-Pareto-n-Types) into a mixed integer
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Box ML Advice with n=25, z=90% Box ML Advice with n=25, z=80%

Figure 6 Constructing the box advice with n = 25 samples with z =90% and z = 80% for the uniform demand

model in Equations , respectively.

program (MIP) by writing the constraints in a unified form:
iy Ai(x)rs

=>C, xeVuV,

OPT(x)

Ai(x) <y, A (x) < Ai(x), i€[n],
A>T+ (e - mp(0, i<l
Az, el

R0 zm-pat0= 3 A9, ieh
A, (x) =0, ie[n],“+

T <mi-m(x). i,

Ax)<m—pa(x)— Y Aj(x)+nmi(x),  ie[n].
j=i+l
Here, w;(x) € {0,1}, and w;(x) € {0,1}. When w;(x) =1, we have A;(x) = min{xi,:ﬁlvi(x)} = z;, indicating
that the full demand of type i-th request is served. When w;(x) = 0, we have A,(x) = A, (x). Similarly, when
Wi(x) =1, we have A,;(x) = (m —p;_1(x) = 3"_. . A;(x))* =0, and when @;(x) = 0, A;(x) =m —p;_1(x) —
2oiv1 Aj(x). A similar transformation applies to Z%%?S)” >R, xeV.
The formulation contains 2n|V U V’| continuous variables: A;(x), A;(x). It also contains 2n|V U V’| integer

n
j=it+1

variables: w;(x),w;(x). In addition, there are n|V U V'| continuous variables for the protection levels p;(x).
Finally, R is a single continuous variable. Therefore, the total number of continuous variables is 3n|V U V'|+1,

and the total number of binary integer variables is 2n|V u V'|.

F.2. Algorithm [6} Nested Interpolation for Adaptive PLAs

As stated earlier, after solving the MILP problem ((C-Pareto-n-Types), we obtain the optimal values of

p2(X2),...,pn(X,) only at the points x € V' U V. To extend the adaptive protection level functions p;(x;)
across the full space N*~**! for each i €2,3,...,n, we use the interpolation heuristic outlined in Algorithm

@ where N denotes the set of natural numbers.
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Algorithm 6 Nested Interpolation for Adaptive PLAs
Input: Sets of vertices V (ML polytope) and V' (vertices of [0,m]"), and the optimal values {p;(x;)}i_, available

only for xeVuV'.
Output: Extended protection level functions p; : N"~**! — [0,m] for every i€ {2,...,n}.
1. Initialize p,.

— For every integer x, € N, define the interpolation:

Prn(zn) = min {pn(vn) + [vn —xn]+}7 Un ={vn | v=(v1,...,00)eVU V']

vnelly,
(Here, [z]+ := max{0, z}.)
2. Iterate downward for i=n—1,...,2.
(a) Raw envelope. For each integer vector x; = (z4,...,Tn) € N1 get

Pt (x;) = minv{pi (vi) +

vieU;

Ingh

[Uj—xj]+}, Uy ={vi=(vi,...,0n) | v=(v1,02,...,00) VU V]

J=1

(b) Enforce nesting with the next-higher PLA.
ﬁ,(xl) = min{pfm’(xi), ﬁi+1($i+17 ceey xn)} VXZ' € Nn_H—l.

3. Return {p;}i -.

F.3. Multi-type ML Regions

In this section, we present examples of three-dimensional ML advice constructed from 25 random samples
drawn from the distribution in Equation . Figure |§| illustrates the box advice under different parameter
settings: the left plot captures 90% of the samples, while the right plot captures 80% of the samples. In
Figure we construct three-dimensional polyhedra based on the approach in|Bertsimas et al.[(2018), varying
the parameters ¢, 8, and ¢. We observe that as 6 and ¢ increase, the number of vertices increases. Additionally,
as e decreases, the ML region expands, becoming more conservative and encompassing more outliers.

Appendix G: Preliminary Lemmas

Here, we introduce several small lemmas which will be used in several proofs in this paper.

G.1. Lemma [§ and its Proof

LEMMA 8 (Not Enough Demand). For any A = (x,y) with z +y <m and p <y, we have CP,(p; A=
(z,y)) =1.

Proof of Lemma[§ By Equation , we have

max{p, min{y, m — x}}r, + min{z, m — p}r,

P.(p;A=
CP.(p; (z,9)) yry, + min{z, m —y}r,

_ max{p,y}r, + min{z,m —plr,  yr, +ar,
YTy + X7y Yry, +ary

=1,

where in the first equation, we used the assumption that = +y < m, and in the second equation, we used the

assumption that  +y <m and p <y. The last equation is the desired result.
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Figure 7 Constructing the box advice with n =25 samples for the uniform demand model in Equations (39),
respectively. Upper-left: ¢=0.9, 6 = ¢ = 6; Upper-right: ¢=0.1, 8 = ¢ = 6; Lower-left: ¢=0.9, 6 =¢ =4;
Lower-right: ¢=0.1, 0 =¢ =4.

G.2. Lemma [9 and its Proof

LEMMA 9 (Monotonicity of the Compatible Ratio CP(p;(z,y)) w.r.t. p). For any 0 <y < p; <

p2, and any x =0, we have

CP,(p1;(z,y)) = CP,(pa; (z,y)).

Further, for any p1 < ps <y, and any x =0, we have

CP,(p2; (x,y)) = CP,(p1; (z,y)).

That is, the compatible ratio of a point (x,y) increases when the gap between the protection level p and y,
i.e., [p—yl|, gets smaller. In addition, if p>m —x, we have the strong monotonicity for both of CP,(p;(x,y))
and CP,(p; (z,y)).

Proof of Lemma[ By the definition of CP, in Equation @ and the assumption that y < p; < ps, we

have

min{y, m}r, + min{x,m —py }r min{y, m}r, + min{x,m — pa}r
CP, (pr: (2. ) = oy T T 0, 10 e, Wil s I DT o ().

B min{y, m}r, + min{z, (m —y)*}r, - min{y, m}r, + min{z, (m —y)*}r, N

The last inequality is the desired result. Moreover, if ps > p; > m — x, we have the strong monotonicity.
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By the definition of CP,, in Equation and the assumption that p; < ps <y, we have
max{pz, min{y, (m —z)*}}r, + min{z,m — pa}r,
min{y, m}r, + min{x, (m —y)*}r,
max{py, min{y, (m — z)* }}r, + min{x,m —p; }r,
{p,min{y, (m —2)" }} m =t _ oy 29),
min{y, m}r, + min{z, (m —y)*}r,
where the inequality holds because for ps > p;, max{p,, min{y,m — x}} > max{p;,min{y,m — x}} and

=

min{z, m — py} = min{z, m — p; }. Moreover, if p; > p; >m — x, we have the strong monotonicity.
G.3. Lemma [I0] and its Proof

LEMMA 10. For any y >m and p€ [0,m], we have

CPu(p; (:L'ay)) = Cpu(p; (x,m))

For any x> m and p € [0,m], we have

CPo(p; (x,y)) = Cpo(p; (m’y))v
and
CPu(p; (a:,y)) = CPu(p; (mvy))

Proof of Lemma[I] We first prove that CP,,(p; (z,y)) = CP,(p; (z,m)) for any y > m. By Equation (7),
we have
max{p, min{y, (m — x)* }}r, + min{x, m — p}r,
CP (ps () = 2Pty (0 = 2y minte, i —pjre
min{y, m}r, + min{x, (m —y)*}r,
_ max{p, min{m, (m —x)* }}r, + min{z,m — p}r,

= CP.(p; (z,m)).

mry
Next, we show that CP,(p; (x,y)) = CP,(p; (m,y)) for any = > m. By Equation @, we have
min{y, m}r, + min{x, m — p}r
CP. (pi (2.)) = —aedyo 7 2 minda, i pre
min{y, m}r, + min{z, (m —y)*}r,
min{y, m}r, + min{m,m —p}r,

= CP,(p; (m,y)).

- min{y, m}r, + min{m, (m —y)*}r,

By Equation , we have

CP.(p; (2,y)) = min{y, m}r, + min{z, (m — y)* }re

max{p, min{y, 0}}r;, + min{m, m —p}r,
- = CP. (p: .
min{y, m}ry, +min{m, (m —y)*}r, CP.(p; (m,y))

max{p, min{y, (m —x)*}}r, + min{x,m —p}r,

a

G.4. Lemma [11] and its Proof
LEMMA 11. Recall that h(z), defined in Equation (), is the lower envelop of R. Let H(z) = min{h(z), m}.

If there exists xo € [x,Z] such that h(xo) < m, then either H(x) = h(z) for all x € [x,T] or there exists
<1 <y <T such that H(x) =m for x €[z, x1] U [x2,T] and H(x) = h(x) for x € [x1,x2]. In other words,

H(x) =h(z) on a connected interval.

Proof of Lemma We will prove this statement by contradiction. Let us suppose that H(x) = h(x) on
[z3,24] U [x5,26]. Then, let us randomly pick 7 € (x4, x5). We recall that H(z) = min{h(z), m}.

Now, we observe that h(z4) <m, h(xs) <m, and h(x7) = m. However, this contradicts the fact that h(-)
is a convex function. Therefore, our initial assumption that H(z) = h(z) on [z3,24] U [z5,z6] is false

[m)
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G.5. Lemma [12] and its Proof
LEMMA 12. Recall that %, is defined in Equation (14)), and z, = sup{z <z <@, : CP,(m; (z,h(z))) = C}.
Then, for x € (z,,Z,), we have H(x) = h(x).

Proof of Lemma[I3 By Lemma we have either H(z) = h(z) for all x € [z, Z] or there exists z < x; <
2o < & such that H(x) =m for z € [z,21] U [22,Z] and H(z) = h(z) for = € [x1,22]. In the first case, the
statement is trivial.

In the second case, we prove by contradiction. Consider any z € (z,,Z,) and assume that z € [z,2,]. We

then have H(z) = m, which implies that h(z) > m. By Equation (6)), we have
CP, (m; (2, h(x)) = 1> C,

which implies that « < z,, which contradicts the fact that z € (z,,Z,).
Now, consider any z € (z,,%,) and assume that x € [z,,Z]. We then have H(z) = m, which implies that
h(z) = m. Recall that

u_{x,; ifop +yr=m; (52)

sup{z € [z, 7] : (1 -C) A (27) —C' <0}  Otherwise,
In this case, as h(x) <m for = € [x1,22], we have xzj, € [x1,z2]. Therefore, T, # x; because otherwise, we
have T, = x;, < 2, and there does not exist z € (z,,Z.,,) and x € [z5,Z]. Then, we have Z, = sup{z € [z, T] :
(1- C):—Zﬂ'(x‘) — C < 0}. As we assume that h(z) = m for = € [z2,Z], then we have H'(Z~) = 0 because

H(x) =m for z € [x5,Z]. Therefore, Z, = Z. In addition, as we have h(Z) > m, by Equation (6], we have
CP,(m; (z,h(Z)))=1=C,
which implies that z, = Z,. Therefore, there does not exist = € (z,,Z,), which is a contradiction. o

G.6. Lemma [13] and its Proof
LEMMA 13. Fiz any C € (0,1). Recall that z, = sup{z < x < &, : CP,(m;(z,h(z))) = C}, and 7, =
inf{xy <z <z:CP,(0;(x,h(x))) = C}. Then, for x€[Z,,], we have

CP,(0; (z,h(x))) = C.

Similarly, for any z <z <z, we have

u’

CP,(m; (z,h(x))) = C.

Proof of Lemma[13 Part 1: We first define the region R; such that for any (z,y) € Ry, CP,(p(z) =
0; (z,y)) = C. Obviously, {z + y < m} ¢ Ry because if z +y <m and p(z) =0, by Lemma |8, CP,(p(x) =
0; (z,y)) = 1. Next, we find (z,y) € {x + y > m}, which belongs to R;.

We solve the following equation: for x +y >m
CP,(0; (z,y))=C.

Notice that for x > xy, by the definition of H, we have y <m, so we can obtain
(m—x)r, +ar,

=C,
yra + (m—y)re
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which is equivalent as

(m—x)r, +ar,=C(yry, + (m—y)r,). (53)

We take derivative on both side of Equation , and we get
y'(x)=-1/C.

Let £(x) be the line with slope —1/C and across (%, h(Z,)). We have CP,,(0; (z,L(z))) = C. Recall that
T, =inf{wxy <z <z :CP,(0;(z,h(x))) = C}. Then, for any x < Z,, we have CP,,(0; (x, h())) < C. By Lemma
we have h(z) > £(z), and by Lemma we have for x > 7, h(x) < L(z). By Lemma [2] again, we have
CP,,(0; (x, h(z)) = C.

Part 2: We define the region Ry such that for any (z,y) € Ra, CP,(p(x) = m;(z,y)) = C. For (x,y) €
{z 4+ y =m}, we solve

CPo(m; ('L“’ y)) =C.

Notice that we must have y < m because otherwise, CP,(m; (x,y)) = 1 # C. Then, we can obtain

S L EE—5]
yri+ (m—y)re

Cry
rp—C(rp—re)

Next, we explore the part (x,y) € {z + y <m}, this time

and we can get y = m. Therefore, in the area {zx +y > m}, R, is a line with slope 0.

CPy(m; (z,y)) =C,

implies that

_Yyr
yry +xr, ’
which is equivalent as
y(1 = C)ry, = Cryz. (54)

Then, we take derivative on both side of Equation , and we get

o Cry
y'(x) = m,

e forx <m— O m

which means that, in the area { +y <m}, R» is a line with positive slope e Prre e LU

Cry Cry )

and across (m — m
( rh—C(rp—re) 7 T —C(rp—re)

Combined with the results above, we start to prove this lemma. Let £(x) be a piecewise linear line segment

such that (z,L(z)) € Ry for all 2 € [0,m]. That is, for x € [0,m — %m], L(x) has slope (1_cg§rh and

Cry Cry
¢ m ¢
rR—=C(rp—re) 7 rp—C(rp—re¢)

any z € [0,m], we have CP,(m; (x,L(z))) =C.

Recall that z, =sup{z <z <z, : CP,(m; (z,h(x))) = C}. We first show the case where z, <z. As Lis an

m). For z € (m — —S"%—m,m], L(x) = —"t——m,. Moreover, for

r _
across (m Th—C(rn—rg) Th—C(r,—r¢)

non-decreasing function, and for x <z, h(-) is a decreasing function. Therefore, as we have h(z,) = L(z,),

we have h(z) > L(z) for any z € [z,z,]. Therefore, by Lemma 2| we have for any z € [z,z,],

CP,(m; (z,h(x))) = C.
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Second, we show the case where x, > x. In this case, h(-) is decreasing for x <z, and increasing for
x> xy. If there exists x; € [z,z,] such that CP,(m; (z1,h(x1))) < C, then, by Lemma [2| this implies that
h(xz1) < L(x1). As the lowest point L is below the line £ and h(x) is convex, we have there are at most two
intersections of h(x) and L. One is in the left of L and the other is (z,,h(z,). As h(x) is convex increasing

for x € [z, Z,] and given that L(x) is concave increasing for z € [z, Z,], we have
W(zf) = h'(z;) = L(zF),
which implies that there exists € > 0, such that h(z, + €) > L(z, + €). By Lemma 2] we have
CP,(m; (z, + € h(z, +€))) = CP,(m; (z, + € ((z, +€)) =C,
which contradicts to the definition of z,,. Therefore, for any z € [z,z,],

CP,(m; (z,h(x))) = C.

]

G.7. Lemma [14] and its Proof

LEMMA 14. Fiz any C > 0. For any x € [z,,T.], CP,(p;(z,h(x))) =C has a solution p = min{h(z),m}.
For any x € [xy,%,], CP.(p;(z,h(x))) =C has a solution p < min{h(z),m}.

Proof of Lemma[Ij] Fix any C > 0. Take p = min{h(x),m}, by Equation (6, we have CP,(p; (z,h(z))) =
1. If h(z) = m, then we claim that z ¢ [z,,Z,]. This is because take p = m, by Lemma we have
CP,(m; (z,h(x))) = CP,(m; (z,m)) = 1, which contradicts the definition of z,.
have CP,(m; (z,h(x))) < C and CP,(h(x);(x,h(x))) = 1. Therefore, by mean value theorem, we have there
exists p; € [h(x), m] such that CP,(p;; (z,h(z))) =C.

Similarly, take p = min{h(x),m}, by Equation , we have CP,(p;(x,h(x))) = 1. Take p = 0, by the
definition of z, = sup{z <z <z : CP,(0; (x,h(x))) =C}, z,=inf{zy <z <z:CP,(0;(z,h(z))) = C}, we
have CP,(p; (z,h(z))) < C. From Equation (7), we can simply check that CP,(p;(z,h(z))) is continuous

Otherwise, if h(z) <m, we

in p for any x. Therefore, by mean value theorem, we have there exists p; € [0, min{h(x),m}] such that
CP.(p1; (z, h(x))) = C.
G.8. Lemma [15] and its Proof

LEMMA 15. Recall that

N .7 if xp 4y =m;
v sup{z € o, 2] (1-C)2H (27) —C <0} Otheruwise.

Then, for any x € [Z,,Z], we have CP,(u(z;C);(x,h(z))) =C.

Proof of Lemma[I5 Define (xz;C) as the original u(x;C') without forcing to be constant after z,. More
precisely, for any C'€ [0, 1], we define

Ly

i(x; C) = sup {pe [0,m] : CP,(p; (z,h(x))) = C’} x€lz,, 7] (56)
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while we set 4(z;C) = m for any x € [0,z,]. Note while u(x;C) # 4u(x;C) for any = € (Z,,Z], we have
u(x;C) = G(x; C) for any z € [0,Z,]. Then, we can check that for any z € [z,,Z], Equation is satisfied,

which means for any z € [z,,Z) and C €[0,1], when H'(z) exists, we have

ot (z; C) :{((1—6’)” +OYH (z) fz+H(z)=m

o (1-C) U (2)—C  ife+H(z)<m (57)

where H(z) =min{h(z),m}. By the definition of z,, as Z2&9| <0 and 2D + =0, we obtain

f C)= :C
inf_i(3C) = (@i C),

which is because the derivative of @(z;C) is linear, and %Lﬂ;i; < 0 and %L@t > 0 implies that
% >0 for all « > z,. Therefore, by any = > z,,, 4(x;C) = u(z;C) as we force u(z;C) to be a constant
value of u(Z,;C). The definition of 4(-;C)) implies that CP,(a(z; C); (z,h(z))) = C. By Lemmal[9] for z > z,,,

as U(z;C) = u(z; C), we have
CP,(u(z; C); (x, b(x))) = CP, ((z; C); (, h(x))) = C.

G.9. Lemma [16]l and its Proof

LEMMA 16. For any C € [0,1], I(z;C) is decreasing and is concave for x € [z, %], where &, = inf{z_; <

z<z:1(2;C) =0}. For any x € [z,Z], [(x;C) is continuously increasing in C.

Proof of Lemma[I6] By Equation (I7), as I(z;C) is decreasing for any C €[0,1], we have (x;C) is also

decreasing for any C € [0,1]. Next, by Lemma EI, we have [(z; C) is concave for x € [z, Z,]. Therefore, %J;;C)

is non-increasing. As I(z;C) = l(x;C) for x € [z,2_1], we have w is non-increasing for z € [z,2_1]. By
o ol(@—,;0) _ dl(=t ;0 - o . . .

the definition of z_;, we have - (ma‘zl ) > (xa‘zl ) _ —1, and for z_; <z < Z, we have [(z;C) is a line with

az<z ,C)

slope —1 and — —1, which is non-increasing. Therefore, [(x; C) is concave for z € [z, Z,].

Fix any z; € [g, z], by Lemma [6] we know that {(z1;C) is a continuous increasing function in C. If
x1€ [z, 2_1], as [(x1:C) = (x1; C), we have [(x1;C) is also continuously increasing in C. Otherwise, define
L(z;C) = (—x+x_, +1(z_1;C),0)*. Then, I(21;C) = max{L(x;C),l(x1;C)}. As both L(z1;C) and I(z1;C)

are increasing continuous in C, we have [(x1;C) is increasing and continuous in C.

G.10. Lemma[I7 and its Proof

LEMMA 17. Define py(x) as a function which balances the compatible ratio of two points (x,h(zx)) and

(x,h(x)) for any € [z, Z]; that is,

CP,(po(); (2, () = CPu(py(2); (w, h(x))).

Then, p,(x) exists for any x € [z,Z], and

CP,(py(@); (w,1(x))) = CP.(po(2); (x, h(x))) = C*(R),

where C*(R) is the mazimum consistent ratio among all PLAs given that the ML advice R.
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Proof of Lemma[17 Fix any x € [z,Z], define f(p) = CP,(p;(z,h(x))) — CP.(p;(z,h(x))). As
CP,(p; (z,h(x))) and CP,,(p; (z,h(x))) are both continuous in p, we have f(p) is continuous in p. Next, take
p =min{m, h(x)}, then CP,(p; (z,h(z))) = 1 and CP,,(p; (z,h(x))) < 1, and hence we have f(min{m, h(x)}) >
0. Take p = min{m,h(z)}, then CP,(p;(z,h(z))) =1 and CP,(p;(z,h(z))) < 1, and hence we have
f(min{m, h(x)}) < 0. Therefore, by mean value theorem, there must exist p € [min{m,h(x)}, min{m,h(z)}]
such that f(p) =0, i.e. CP,(py(2); (2, h(x))) = CP,(ps(); (, h(x))).

Next, we prove that CP,(p,(x); (x, h(z))) = CP,(py(2); (2, h(x))) = C*(R) for any z € [z,Z]. We prove by
contradiction. Suppose that there exists z; € [z, Z] such that CP,(p,(); (x,h(x))) = CP,(ps(2); (z,h(x))) <
C*(R), then, if we set any p < p,(z), by Lemmal[9] we have

CP.(p; (2, h(x))) < CP,(py(2); (x, h(2))) < C*(R).
Similarly, if we set any p > p,(z), by Lemma |§|, we have
CP,(p; (, h(x))) < CPo(py(2); (z, h(x))) < C*(R).
Therefore, there does not exist a PL function such that the consistent ratio is C*(R), which is a contradiction.

This is because here C*(R) in is defined as an upper bound on the consistent ratio of any PLA.

G.11. Lemma [I8 and its Proof
LEMMA 18. For any fized PL function p, we have CP,(p;(x,0)) is a decreasing function in x. That is, for

any x1 < x2, we have
CP,(p; (71,0)) = CPy(p; (22,0)).

Proof of Lemma[1§ 1If x1 < x5 <m, by Equation @, we have

0-7, + min{z,m —p}r, min{z,m—p}
CP,(p; A = (2,0)) = B '
o(Ds (2,0)) 0-r, +min{z,m —0}r, x

Take any x; < x, if min{zy,m — p} = xo, then min{x;, m —p} = z;, and we have

min{z;,m—p} min{xs,m—p} 1

Z1 )

If min{xs, m — p} =m —p and min{z,,m —p} =m — p, we have

min{zs, m — p} _m-—p < m—p _ min{z;,m — p}
T2 T2 L1 T
If min{xs, m — p} =m —p and min{x;, m — p} = 1, we have
min{xzs, m — p} _m=p_

x 1=
T2 T2 T T

ry  min{z;,m —p}

Therefore, we have for any x; < xo < m, we have
CP,(p; (21,0)) = CP, (p; (2,0)).
Next, for x; < m < x5, by Lemma |10}, we have
CP,(p; (1,0)) = CPo(p; (m, 0)) = CP, (p; (22,0)).
For m < 1 < 2, again, by Lemma [I0] we have

CPo(p7 (m70)) = CPo(p7 (xlvo)) = CPo(p7 (‘r270))
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G.12. Lemma [19 and its Proof
LEMMA 19. For any C€(0,1). Let z, be defined in Equation , we have

min{Z,,m — u(Z,;C)} =m —u(Z,; C).

Recall that H is the point in set R that has the highest low-reward demand, where R = {(z,y) e R :y =

SUP (s e Min{y’,m}} Further, we have
min{zy,m—Uxg;C*(R))} =m —l(zyg;C*(R)).
Let vy =sup{z € [zy,7]: 22 < —1}. We have

z_1zm—Il(z_1;0)

Proof of Lemma[T9 We prove by contradiction. If min{z,, m —u(Z,;C)} = Z,, then by Equation (), we

have
e B _ min{h(z,), m}r, + min{m — u(z,; C), T, }r,
CPO(U(IH,C), (.Tu,h(l’u))) - min{ﬁ(fu),m}rh + min{(m—ﬁ(sﬁu))+,§7u}7“¢ .

Given that min{Z,,,m —u(Z,;C)} = Z,, as u(Z,;C) = min{h(z,), m}, we have min{(m — h(Z,))",T.} = Z.,

and we have
_ min{h(z,), m}r, + .1

CP,(w(Zy; C); (&, h(Z4))) =1>C,

~ min{h(z,), m}ry, + T,
which contradicts to the definition of u(-; C).
Next, to show the second statement, We still prove by contradiction. If min{z g, m —l(zg;C*(R))} =z,

then by Equation , we have

L o max{l(zg; C*(R)), min{yy, (m —zx)* Hry + min{zy, m —l(za;C* (R)) }rd
CP,(l(xy;C*(R)); H) = Yurn +min{zy, m—ygr, .

Given that min{zy,m —l(xg;C*(R))} = xg, we have

min{yg, (m—xzy)"}r, +xgr,
CP,.(l(xg;C*(R)); H) = - =CP,(0;H),
(U(zm;C*(R)); H) Y ea——— (0; H)

which implies that x5 > T,, and this contradicts to the definition of Z, since ryg <x_; < Z,.
Finally, we show that x_; = m — l(z_;;C). We still prove by contradiction. Suppose that z_; < m —
I(z_1;C). By Equation (7)), we have

- ~ max{l(z_1;C),min{h(z_1),(m —z_1)* }}ry, + min{a_1,m —l(z_1;C)}r,

CP,(l(z_1;C); (x_1,h(z_1))) =

min{h(z_y),m}r, + min{z_,, (m —h(x_1))*+}r,
If we have z_y <m —Il(x_1;C), then we have

C =CP,(I(z_1:C); (x_1, h(z_1))) = min{h(z 1), (m =z )"} +@ e = CP,(0; (z_1,h(z_1))),

min{h(z_1),m}r, + min{z_;,(m—h(z_1))*}r,

which implies that z_; > Z,, which is a contradiction.
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G.13. Lemma and its Proof

LEMMA 20. Let C*(R) be the optimal consistent ratio of R. Take any C > C*(R), then u(#;C) =
u(z;C*(R)) only if both of them are equal to m.

Proof of Lemma[20 If w(#;C*(R)) < m, then by definition of z,,
by Equation , we have u(Z;C*(R)) = sup {pe [0,m] : CP,(p; (&,h(Z))) = C*(R)}. For C > C*(R), if
u(z;C) =u(z;C*(R)), then we have

we have % € [z,,Z]. For & € [z,,Z,],

sup {p € [0,m] : CP(p; (&, (1)) = C} = u(@; C) = u(;C*(R))
=sup {pe [0,m] : CP,(p; (&,h(%))) = C*(R)},
which implies that CP,(u(Z; C); (x, h(Z))) = C and CP,(u(#; C); (z,h(Z))) = C*(R), which is a contradiction.
For & € [Z,,Z], we have u(i;C*(R)) = u(Z,;C*(R)) and u(Z; C) = u(Z,; C). By the similar statement above,
we have
sup {p e [0,m] : CP,(p; (&, (%)) = C} = u(Z.; C) = u(Z,; C*(R))
=sup {pe [0,m] : CP,(p; (&, h(2))) = C*(R) },

which implies that CP,(u(z,;C);(Z,h(2))) = C and CP,(u(z,;C);(Z,h(£))) = C*(R), which is a contradic-

tion.

G.14. Lemma [21] and its Proof
LEMMA 21. Recall that u(-;C) is defined in Equation , and Z, is defined in Equation . We have

u(z; C) gets its minimum value at x € [T, T].

Proof of Lemma[2]] By the first property of Lemma [} we have

ou(z;C) ((1—0):—’;+C’)ﬂ’(x) if o+ H(x)=m; 5
T \(1-OZH@)-C  ifo+H@) <m. (58)
Recall that
(@ ife, +y,=>m; 59
v ) sup{z €[z, Z]: (1-C) :—’Zﬂ/(x‘) —C <0} Otherwise. (59)

Therefore, if 2, + y;, = m, we have T, = z,. As L is the lowest point, which implies that h'(z;) <0 and

h'(x}) > 0. Recall that H(z) = min{h, m}, we have H'(z7) <0 and H'(z}) = 0. For = + H(z) = m, as we

ou(z;C) _

have o

(1-=C)=+ C)H'(z), we have % <0 for x <z, and % > 0 for & > x,, which implies
that Z, =z, is the point such that u(x;C') achieves its lowest value. As we force u(x; C') = u(z,;C), we have
u(z; C) gets its minimum value at z € [Z,,, T].

In other cases, by taking z, =sup{z € [z.,Z]: (1 — C)%ﬂ'(a:‘) — C < 0}, we have % <0 for z <,
and % > 0 for x > Z,, which implies that Z, is the point such that u(xz;C) achieves its lowest value. As

we force u(z; C) = u(Z,;C), we have u(x; C) gets its minimum value at z € [Z,,, Z].
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G.15. Lemma [22] and its Proof

LEMMA 22. Recall that T, is defined in Equation , and V is the x-vertices set of a polyhedron R plus
all elements of Ro, where Ry ={(z,h(x) :x €z, Z]} n{(z,y): x +y=m}, then T,€ V.

Proof of Lemma Recall that

if.’L’L+yL =m;

- _ )% 60
Tu = sup{z e[z, z]: (1— C):H/ (27)—C <0} Otherwise, (60)

That is, Z,, equals to either z; or sup{z € [z, 2]: (1 - C)2H (z7) — C' <0}. As L is a vertex of R, we have
Ty € V.

Then, we claim that z, =sup{z € [zy,z]: (1 - C)22H (x7) —C <0} € V. As R is a polyhedron, we have

e

h(-) is a piecewise linear function. As H(z) = min{h(x),m}, we have H(-) is also a piecewise linear function.
If z, is not a x-vertex, then there exists ¢ > 0 such that H'(z~) =H'((x +€)7), and we have

"h (e +€)7) — C <0,

Te

(1-0C)
which contradicts the definition of z,,.

G.16. Lemma [23] and its Proof

~

LeMMA 23. If I(#;C*(R)) = u(@;C*(R)) for xy < I <x_1, we have Z €[z, T,].

Proof of Lemma[23 As u(#;C*(R)) = (& C*(R)) < m, we have & > x,. Then, we show that & <z, by
contradiction. If & > Z,, as u(+; C*(R)) is constant between [, 2] and I(-; C*(R)) is a decreasing function for

~

x € [xy,T], we have there exists € > 0 such that {(Z — &, C*(R)) > u(& — €; C*(R)), which is a contradiction.

Therefore, we have I € [z,, T, ],

G.17. Lemma [24] and its Proof

LEMMA 24. Recall that x_1 =sup{z € [xy,T] : M < —1}. Given a polyhedron R, recall that V is

x

the x-vertices set of R plus all elements in Rq, then x_1 € V.

Proof of Lemma[2]] As R is a polyhedron, we have h(-) is a piecewise linear function. By the second

property of Lemma @ we have [(-;C) is also a piecewise linear function. Then, we prove by contradiction.

. ol(z_ ;0™ x €) ;O
Suppose that z_; ¢ V. Then, there exists ¢ > 0 such that ( - R) _ al@—1+0)~i0"(R))

ol((z_1+€)”
ox

. Then, we have

oz

iC"(R) < 1 which contradicts to the definition of z_;.

G.18. Lemma [25 and its Proof

LEMMA 25. Suppose that R is a polyhedron. Recall that u(-;C) and l~(~;C) are defined in FEquations
and respectively. Then, we have u(-;C) and ZN(-;C) are piecewise linear functions and all of their x-
vertices are a subset of V. In addition, the elements of Ro are z-vertices of u(-;C), where Ry = {(z,h(zx):

xelz,Z]} n{(z,y) :z+y=m}.

Proof of Lemma As R is a polyhedron, we have both h(-) and h(-) are piecewise linear. Since H(z) =
min{m, h(z)} and H(z) = min{m, h(z)}, we have both () and #(-) are piecewise linear and both 7 (-) and

H'(-) are piecewise constant.
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Recall that by Lemma [6] we have for any z € (zy,7;) and C €[0,1],

ol(x; C)

Era CH (z).

Therefore, % is piecewise constant and [(x;C) is piecewise linear. In addition, we can find that the

x-vertices of [(-;C) are also ones of h(-). By Equation and Lemma we have I(+;C) is also piecewise
linear with z-vertices belong to ones of h(-).
Recall that by Lemma [6| we have for any z € (z,,%,) and C €[0,1],

ou(x;C) _ { (I-C)+O)H (z) if v +H(z)=>m;

P 1-O)ZH (@) —C  ifa+H(x)<m. (61)

ou(z;C)

= is piecewise constant and u(x;C) is piecewise linear. In addition, the x-vertices

Therefore, we have
of u(z;C) for x + H(x) = m is a subset to x-vertices of H(z). The x-vertices of u(x;C) for z + H(x) <m is
also a subset to x-vertices of H(z). Moreover, any point x such that x + H(z) = m, which is we defined as

an element of Ry, is also a vertex, and by our definition, )V contains all elements of Rg.

G.19. Geometric Lemmas

LEMMA 26. Suppose that we have a line L(x) with any negative slope on an interval Z. f(x) is a concave
decreasing function which intersects L(x) at (xo, f(xo)). If there exists x1 < x¢ such that f(x1) > f(zo), then

for all x> xo, we have f(x) < L(x).

Proof of Lemma[26] Suppose that there exists xo > zo such that f(xs) = L(x2). As (@1, f(21), (@2, f(22))
are both above the line L, if we connect (z1, f(x1), (za, f(z2)) by a line £,(z), we have L,(z) > L(z) for
x € [x1,x2]. Therefore, L£1(zo) > L(xo) = f(x0) since xg € [x1, x2].

However, as f(x) is a concave function, if we take z; < x5 and connect (z1, f(21), (22, f(22)) by a line
L1 (x), we should always have f(x) > £1(x), which is a contradiction to £1(z¢) > L(x0) = f(z0)-

a

LEMMA 27. Let f(z) and g(x) be two piecewise linear functions defined on an interval I, with f(z) = g(x)

forany xel. If {z: f(x)
£(z) or g(x), such that f(zo) = g(xo).

g(x)} is not empty, we have there exists xo €V, which is an x-vertex of either

Proof of Lemma We prove by contradiction. Suppose that any z; € {z: f(z) = g(z)} is not an z-vertex
of either f(x) or g(z). Then, we have f'(x]) = f'(z7) and ¢'(z]) = ¢'(z7). As f(z) = g(x) everywhere and
F1) = glar), we have /(1) <4/ (x7).

If f'(x7) <g'(z7), we have f'(zf) < ¢ (z]) and by f(z1) = g(z1), we have there exists € > 0 such that
f(z1+€) < g(z1 +€), which is a contradiction to f(x) > g(z) everywhere.

If f'(z7) =g (z7), we define x5 as zy = inf{x: f(z) = g(z) for any z € [z,21]}. Then, we have f'(zd) =
g'(x3). By the definition of x5, we know that for any ¢; > 0, we have f(zy —¢€;) > g(w2 — €1), which implies
that f(z3) # g(z3). As f/(23) = ¢'(x3), we have either f(z3) # f'(z3) or g(z3) # ¢’ (x5 ), which implies that
To is an x-vertex for f or g, which is a contradiction.

[m)
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Appendix H: Supplementary Materials for Section [7]

H.1. Stochastic Arrivals

Tables [6] and [7] present the results under different forms of ML advice, using the demand models defined
in Equations and , as well as under the stochastic order assumption. Consistent with our earlier

findings, the average compatible ratio remains relatively stable as n increases, while the worst-case ratio

shows more noticeable improvement. Furthermore, we observe that the best performance—both in terms

of average and worst-case ratios—is achieved when using either the polyhedron advice with € = 0.3 or the

box/ellipsoid advice.

Table 6 Results under ML advice (using the demand model in Equation ) and stochastic order. The

standard error of all reported values is less than 0.003. In each column, the top two values of average CP are

highlighted in black, and the top two values of worst-case CP are highlighted in red. Additionally, the highest

average and worst-case CP across all settings for each value of n are shown in bold.

n=10 n =100
Algorithm Metric C*(R) 0.9-C*(R) 0.8-C*(R) C*(R) 0.9-C*(R) 0.8-C*(R)
Mg [] (Pobvhedron, e=0..0=10) R Tp (G ggs  oesr  osds e o060
Mg [] (Pobvhedron, e =0..0=30) W TCp (G ggss  oese  oew  oer oo
Mg [] (Pobvhedron, e =03.0=10) W "ep gy grs0  onar  oem 0730 orad
Mg [] poivbedron, e =08.0=30) W0 GGn  gme o ome  oras  oris
Mg []Box Advicez=00%) BT Gl orm ot oows o oras
Mg []Box Advices=s0%) BT GG o oz oo orm oo
Point ML Advie Womt CP 035 0ai  o6m  os 0s0 o
BQ Benchmark Wort P voni - C om i
PR Benclhmark (== 90%) Wort CP 0006 -  oes - :
PR Benchmark (:=$0%) W UCp g . e :

H.2. Additional Details on the Neural Network Method

This appendix presents the figures associated with the NN-based ML advice. Following the approach of

Pearce et al.| (2018), the NN is trained to produce a prediction interval for each customer type. Figure

displays results for four training-sample sizes: n = 10,100,1000, and 2000. Each plot reports the training

loss and shows a histogram of 500 test samples, together with dashed lines indicating the learned prediction

interval (PI) for the high-reward type.
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Table 7 Results under ML advice (using the demand model in Equation (31)) and stochastic order. The
standard error of all reported values is less than 0.005. In each column, the top two values of average CP are
highlighted in black, and the top two values of worst-case CP are highlighted in red. Additionally, the highest

average and worst-case CP across all settings for each value of n are shown in bold.

n =10 n =100
Algorithm Metric C*(R) 09-C*(R) 08-C*(R) C*(R) 09-C*(R) 0.8-C*(R)
Mg [] (Poshedron, €=01,0=10) W (S0 GG oo oow ool o6
Mg [] (poivhedron, e =00 =30) B Fp UL 0GR g oewm oo oo
Mg [] (Pobvhedron, ¢ =03.0=10) 2 Tp GGl ghs ey omss  oe oo
Mg [] (Polyhedron, ¢=03.0=30) W2 cp g6t gges  nees  oe  oen oo
Alg [] Blipsoid Advice, s=90%) W "cp Gero  ogos  oros 0603 oms o2
Al [ (Bllipsod Advice, s=80%) Wk 'p 066y ooms 0692 06 0696 0709
e il ow om wm e gm um
p— el m ww

The figure highlights a clear trend: when the training set is very small (n < 1000), the prediction intervals
fluctuate substantially, reflecting underfitting and sensitivity to sampling noise. As n increases, the intervals
become more stable; for n > 2000, we observe that the endpoints converge to a consistent range. These visual
patterns align with the quantitative results in Table[4 and help explain why larger sample sizes are important

for reliable NN-based ML advice.



86

Loss (every 50 steps) Test histogram + learned PI 2 Loss (every 50 steps) Test histogram + learned PI
0.10 ! H 0.12
60 :
: 22
0.08 ! 0.10
50
21 0.08
8 0.06 8
=40 = 0.06
20
0.04
30 0.04
19
0.02 0.02
20
0.00 18 0. - ot
0 20 40 60 80 0 5 0 15 20 25 30 0 20 40 60 80 0 0 15 20 25 30
log step idx demand log step idx demand
Loss (every 50 steps) Test histogram + learned PI Loss (every 50 steps) Test histogram + learned PI
0.12 |
17.00 18.0 010
16.75 0.10
0.08
16.50 75
0.08
5107 2170 0.06
s 0.06 8
16.00
0.04
15.75 0.04 16.5
15.50 0.02 0.02
16.0
1525
0.00 Lol 0.00 LI :
0 20 40 60 80 0 5 0 15 20 25 30 [ 20 40 60 80 0 5 10 15 20 25 30
log step idx demand log step idx demand

(¢) n=1000 (d) n = 2000

Figure 8 Training loss (left) and prediction intervals for the high-reward type (right), constructed using the
neural network approach of |Pearce et al.| (2018) with training sample sizes n € {10,100, 1000,2000}. The right-hand

curve in each subfigure shows the learned interval (dashed lines) together with the histogram of test samples.
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