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Efficient Representation of Large-Alphabet
Probability Distributions

Aviv Adler, Member, IEEE, Jennifer Tang

Abstract—A number of engineering and scientific problems
require representing and manipulating probability distributions
over large alphabets, which we may think of as long vectors of
reals summing to 1. In some cases it is required to represent such
a vector with only b bits per entry. A natural choice is to parti-
tion the interval [0, 1] into 2% uniform bins and quantize entries
to each bin independently. We show that a minor modification
of this procedure — applying an entrywise non-linear function
(compander) f(x) prior to quantization — yields an extremely
effective quantization method. For example, for » = 8(16) and
105-sized alphabets, the quality of representation improves from
a loss (under KL divergence) of 0.5(0.1) bits/entry to 10=4(10~%)
bits/entry. Compared to floating point representations, our com-
pander method improves the loss from 101 (10_6) to 10_4(10_9)
bits/entry. These numbers hold for both real-world data (word
frequencies in books and DNA k-mer counts) and for synthetic
randomly generated distributions. Theoretically, we analyze a
minimax optimality criterion and show that the closed-form com-
pander f(x) o ArcSinh({/cg(KlogK)x) is (asymptotically as
b — oo) optimal for quantizing probability distributions over a
K-letter alphabet. Non-asymptotically, such a compander (sub-
stituting 1/2 for cg for simplicity) has KL-quantization loss
bounded by < 8 - 2-2% log2 K. Interestingly, a similar minimax
criterion for the quadratic loss on the hypercube shows opti-
mality of the standard uniform quantizer. This suggests that the
ArcSinh quantizer is as fundamental for KL-distortion as the
uniform quantizer for quadratic distortion.

Index Terms—Quantization (signal), data compression.

I. COMPANDER BASICS AND DEFINITIONS

ONSIDER the problem of quantizing the probability sim-
plex Ag_; = {x € RE : x > 0, )", x; = 1} of alphabet
size K,! ie., of finding a finite subset Z C Ag_1 to repre-
sent the entire simplex. Each x € Ag_; is associated with
some z = z(x) € Z, and the objective is to find a set Z
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I'While the alphabet has K letters, Ag_1 is (K — 1)-dimensional due to the
constraint that the entries sum to 1.
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and an assignment such that the difference between the val-
ues x € Ag_1 and their representations z € Z are minimized;
while this can be made arbitrarily small by making Z arbitrar-
ily large, the goal is to do this efficiently for any given fixed
size |Z| = M. Since x,z € Ag_1, they both represent prob-
ability distributions over a size-K alphabet. Hence, a natural
way to measure the quality of the quantization is to use the KL
(Kullback-Leibler) divergence Dy, (x||z), which corresponds to
the excess code length for lossless compression and is com-
monly used as a way to compare probability distributions.
(Note that we want to minimize the KL divergence.)

While one can consider how to best represent the vector x
as a whole, in this paper we consider only scalar quantization
methods in which each element x; of x is handled separately,
since we showed in [1] that for Dirichlet priors on the simplex,
methods using scalar quantization perform nearly as well as
optimal vector quantization. Scalar quantization is also typi-
cally simpler and faster to use, and can be parallelized easily.
Our scalar quantizer is based on companders (portmanteau of
‘compressor’ and ‘expander’), a simple, powerful and flexible
technique first explored by Bennett in 1948 [2] in which the
value x; is passed through a nonlinear function f* before being
uniformly quantized. We discuss the background in greater
depth in Section III.

In what follows, log is always base-e unless otherwise
specified. We denote [N] := {1, ..., N}.

A. Encoding

Companders require two things: a monotonically increas-
ing2 function f : [0, 1] — [0, 1] (we denote the set of such
functions as F) and an integer N representing the number of
quantization levels, or granularity. To simplify the problem
and algorithm, we use the same f for each element of the
vector x = (x1,...,xkx) € Ax_1 (see Remark 1). To quantize
x € [0, 1], the compander computes f(x) and applies a uni-
form quantizer with N levels, i.e., encoding x to ny(x) € [N]
if f(x) € %, w1; this is equivalent to ny(x) = [f(x)N].

This encoding partitions [0, 1] into bins I7:

xel® =f_1(<n;, 1, %]) < ny(x) =n

where f~! denotes the preimage under f.

2we require increasing functions as a convention, so larger x; map to larger
values in [N]. Note that f does not need to be strictly increasing; if f is flat
over interval I C [0, 1] then all x; € I will always be encoded by the same
value. This is useful if no x; in 7 ever occurs, i.e., I has zero probability mass
under the prior.
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As an example, consider the function f(x) = x°. Varying s
gives a natural class of functions from [0, 1] to [0, 1], which
we call the class of power companders. If we select s = 1/2
and N = 4, then the 4 bins created by this encoding are

1 = (0,1/16], 1% = (1/16, 1/4],
1% = (1/4,9/16], 1% = (9/16, 1].

B. Decoding

To decode n € [N], we pick some y(,) € I ™ to represent all
x € I™; for a given x (at granularity N), its representation is
denoted y(x) = yuy(x))- This is generally either the midpoint
of the bin or, if x is drawn randomly from a known prior?
p, the centroid (the mean within bin /7). The midpoint and
centroid of 1™ are defined, respectively, as

-1 4 fn—1 _1(n>
y(n)—2<f ( N )+f N
Ty = Exp [X IX € I(”)].

We will discuss this in greater detail in Section I-D.

Handling each element of x separately means the decoded
values may not sum to 1, so we normalize the vector after
decoding. Thus, if x is the input,

) = =2 (1)

Zj:l (%)

and the vector z = z(x) = (z1(x), ..., zx(x)) € Ag_q is the
output of the compander. This notation reflects the fact that
each entry of the normalized reconstruction depends on all
of x due to the normalization step. We refer to y = y(x) =
(y(x1), ...,y(xk)) as the raw reconstruction of x, and z as
the normalized reconstruction. If the raw reconstruction uses
centroid decoding, we likewise denote it using y = y(x) =
3(x1), ..., ¥(xk)). For brevity we may sometimes drop the x
input in the notation, e.g., z := z(x); if X is random we will
sometimes denote its quantization as Z := z(X).

Thus, any x € Ag_; requires K[log, N] bits to store; to
encode and decode, only f and N need to be stored (as well as
the prior if using centroid decoding). Another major advantage
is that a single f can work well over many or all choices of N,
making the design more flexible.

C. KL Divergence Loss

The loss incurred by representing x as z := z(x) is the KL
divergence

K
T
Dy (x]l2) = ) xilogz—f.
i=1 !

Although this loss function has some unusual properties (for
instance Dy (x||z) # Dxi(z]lx) and it does not obey the trian-
gle inequality) it measures the amount of ‘mis-representation’
created by representing the probability vector x by another
probability vector z, and is hence is a natural quantity to min-
imize. In particular, it represents the excess code length created
by trying to encode the output of x using a code built for z, as

3Priors on A K—1 induce priors over [0, 1] for each entry.

well as having connections to hypothesis testing (a natural set-
ting in which the ‘difference’ between probability distributions
is studied).

D. Distributions From a Prior

Much of our work concerns the case where x € Ag_;
is drawn from some prior P, (to be commonly denoted as
simply P). Using a single f for each entry means we can
WLOG assume that P is symmetric over the alphabet, i.e., for
any permutation o, if X ~ P then o(X) ~ P as well. This is
because for any prior P over Ag_1, there is a symmetric prior
P’ such that

Ex~p[Di (X|l2X)] = Exp [Di (X 12(X'))]

for all f, where z(X) is the result of quantizing (to any number of
levels) with f as the compander. To get X’ ~ P’, generate X ~ P
and a uniformly random permutation o, and let X’ = o (X).

We denote the set of symmetric priors as 73’,? . Note that a
key property of symmetric priors is that their marginal dis-
tributions are the same across all entries, and hence we can
speak of P € 73,? having a single marginal p.

Remark 1: In principle, given a nonsymmetric prior Py over
Ag—1 with marginals pq, ..., pg, we could quantize each let-
ter’s value with a different compander f1, . .., fx, giving more
accuracy than using a single f (at the cost of higher com-
plexity). However, the symmetrization of Py over the letters
(by permuting the indices randomly after generating X ~ Py)
yields a prior in PI? on which any single f will have the same
(overall) performance and cannot be improved on by using
varying f;. Thus, considering symmetric Py suffices to derive
our minimax compander.

While the random probability vector comes from a prior
P e 7),? , our analysis will rely on decomposing the loss so
we can deal with one letter at a time. Hence, we work with
the marginals p of P (which are identical since P is symmet-
ric), which we refer to as single-letter distributions and are
probability distributions over [0, 1].

We let P denote the class of probability distributions
over [0, 1] that are absolutely continuous with respect to the
Lebesgue measure. We denote elements of P by their prob-
ability density functions (PDF), e.g., p € P; the cumulative
distribution function (CDF) associated with p is denoted F),
and satisfies F;,(x) =px) and F,(x) = fg p(t) dt (since F), is
monotonic, its derivative exists almost everywhere). Note that
while p € P does not have to be continuous, its CDF F), must
be absolutely continuous. Following common terminology [3],
we refer to such probability distributions as continuous.

Let Pk = {p € P : Ex-,[X] = 1/K}. Note that P € Py
implies its marginals p are in Py k.

E. Expected Loss and Preliminary Results
For P € 771?, f € F and granularity N, we define the
expected loss:

Lk (P, f,N) = Ex~p[Dx(X2(X))]. )

This is the value we want to minimize over f.
Remark 2: While X and z(X) are random, they are also
probability vectors. The KL divergence Dy (X||z(X)) is the
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divergence between X and z(X) themselves, not the prior
distributions over Ag_; they are drawn from.

Note that Lx(P,f, N) can almost be decomposed into a
sum of K separate expected values, except the normalization
step (1) depends on the random vector X as a whole. Hence,
we define the raw loss:

K
Lx(P.f.N) = Ex-p| ) XilogXifCt) . @)

i=1
We also define for p € P, the single-letter loss as
L(p.f. N) = Ex~p[X1og(X/5(X))]- @)

The raw loss is useful because it bounds the (normalized)
expected loss and is decomposable into single-letter losses.
Note that both raw and single-letter loss are defined with
centroid decoding.

Proposition 1: For P € 77[? with marginals p,

Lg(P.f,N) < Lg(P.f,N) = KL(p,f, N).
Proof: Separating out the normalization term gives

L(P,f,N) = Ex~p[Dx (X[z(X))]

K
= Lx(P,f,N) +Ex-p |:log (Zy(xi)>i|~

i=1

Since E[y(X;)] = E[X;] for all i, Zlel EyX)] =
ZlelE[X,-] = 1. Because log is concave, by Jensen’s
Inequality
K K
EXNP[log ( Zi(xo)] < log (E| Y_5x0])
i=1 i=1
=log(l) =0
and we are done.* |

To derive our results about worst-case priors (for instance,
Theorem 1), we will also be interested in Z(p, f, N) even when
p is not known to be a marginal of some P € Pp..

Remark 3: Though one can define raw and single-letter
loss without centroid decoding (replacing y in (3) or (4)
with another decoding method y), this removes much of their
usefulness. This is because the resulting expected loss can
be dominated by the difference between E[X] and E[y(X)],
potentially even making it negative; specifically, the Taylor
expansion of X1log(X/y(X)) has X — y(X) in its first term,
which can have negative expectation.

While this can make the expected ‘raw loss’ negative under
general decoding, it cannot be exploited to make the (nor-
malized) expected loss negative because the normalization
step z(X) = Y(X)/ ijz\(Xj) cancels out the problematic
term. Centroid decoding avoids this problem by ensuring
E[X] = E[y(X)], removing the issue.

As we will show, when N is large these values are roughly
proportional to N~2 (for well-chosen f) and so we define the
asymptotic single-letter loss:

Lp.f)y= lim N°L(p.f, N). )

4An upper bound similar to Proposition 1 can be found in [4, Lemma 1].

We similarly define ENK(P, f) and Lg(P,f). While the limit
in (5) does not necessarily exist for every p, f, we will show
that one can ensure it exists by choosing an appropriate f
(which works against any p € P), and cannot gain much by
not doing so.

II. RESULTS

We demonstrate, theoretically and experimentally, the effi-
cacy of companding for quantizing probability distributions
with KL divergence loss.

A. Theoretical Results

While we will occasionally give intuition for how the results
here are derived, our primary concern in this section is to fully
state the results and to build a clear framework for discussing
them.

Our main results concern the formulation and evaluation of
a minimax compander fi for alphabet size K, which satisfies

f¢ =argmin sup L(p, /). ©)

feF pePyxk

We require p € Py k because if P € 7?,? and is symmetric, its
marginals are in Py/k.

The natural counterpart of the minimax compander f§ is the
maximin density py € Pk, satisfying

px = argmax inf Lp.f). )

pePyxl €
We call (6) and (7), respectively, the minimax condition and
the maximin condition.

In the same way that the minimax compander gives the best
performance guarantee against an unknown single-letter prior
p € P1/k (asymptotic as N — 00), the maximin density is the
most difficult prior to quantize effectively as N — oo. Since
they are highly related, we will define them together:

Proposition 2: For alphabet size K > 4, there is a unique
ckx €[4, 3] such that if ax = (4/(ckKlogK + 1))!/3 and
bg = 4/a%< — ag, then the following density is in Py /k:

—3/2

Pr) = (aKx1/3 + be4/3) ®)

Furthermore, limg_,~, cx = 1/2.

Note that this is both a result and a definition: we show
that ag, bg, cx exist which make the definition of p’;{ possible.
With the constant cg, we define the minimax compander:

Definition 1: Given the constant cx as shown to exist
in Proposition 2, the minimax compander is the function
f¢ : 10,11 — [0, 1] where

ArcSinh(w/cK(K log K) x)
ArcSinh(«/cKK log K) ’

The approximate minimax compander fg* is
ArcSinh ( /(1/2)(Klog K) x)
ArcSinh(,/(l/Z)KlogK) '

Remark 4: While f¢ and f¢* might seem complex,

ArcSinh(y/w) = log(s/w + +~/w+ 1) so they are relatively
simple functions to work with.

fi) =

k() =

©)
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We will show that f¢, py as defined above satisfy their
respective conditions (6) and (7).

Theorem I: The minimax compander f¢ and maximin
single-letter density py satisfy

sup L(p.fi) = inf sup L(p,f) (10)
pepl/[( fe PEPI/K
= sup inf L(p,f) = inf L(p%.f)  (11)
pePy € feF ( )
which is equal to Z(pf( f&) and satisfies
~ 1
Lok f3) = 5+ o(1)K~'log? K. (12)

Since any symmetric P € 79[? has marginals p € Pk, this
(with Proposition 1) implies an important corollary for the
normalized KL-divergence loss incurred by using the minimax
compander:

Corollary 1: For any prior P € 77,? ,

~ 1
Lk (P.ff) < Lk(P.f§) = 771+ o) log’ K.

However, the set of symmetric P € 73,? does not correspond
exactly with p € Py/k: while any symmetric P € P,? has
marginals p € Pk, it is not true that any given p € P,k has
a corresponding symmetric prior P € 73[?. Thus, it is natural to
ask: can the minimax compander’s performance be improved
by somehow taking these ‘shape’ constraints into account? The
answer is ‘not by more than a factor of ~ 2’:

Proposition 3: There is a prior P* € 731? such that for any
Pe P,?

2K

While the minimax compander satisfies the minimax con-
dition (6), it requires working with the constant cg, which,
while bounded, is tricky to compute or use exactly. Hence,
in practice we advocate using the approximate minimax com-
pander (9), which yields very similar asymptotic performance
without needing to know ck:

Proposition 4: Suppose that K is sufficiently large so that
CcK € [ﬁ, 1%]. Then for any p € P,

L(p.f&) < A+ o)L(p,f¥).

Before we show how we get Theorem 1, we make the
following points:

Remark 5: If we use the uniform quantizer instead of
minimax there exists a P € PI? where

inf Lx(P*,f) > 1ZK(P,f;;).

feF

Ex-#[Dea (X12)] = ©(K*N 2 log ).

This is done by using marginal density p uniform on [0, 2/K].
To get a prior P € 73,? with these marginals, if K is even,
we can pair up indices so that xp; 1 = 2/K — xp; for all j =
1,...,K/2 (for odd K, set xx = 1/K) and then symmetrize by
permuting the indices. See Appendix F in the supplementary
material for more details.

The dependence on N is worse than N2 resulting in
Z(p, f) = oo. This shows theoretical suboptimality of the uni-
form quantizer. Note also that the quadratic dependence on K

is significantly worse than the log? K dependence achieved by
the minimax compander.

Incidentally, other  single-letter priors such as
px) =1 —a)x™® where ¢ = % can achieve worse

dependence on N (specifically, N~~® for this prior).
However, the example above achieves a bad dependence on
both N and K simultaneously, showing that in all regimes of
K, N the uniform quantizer is vulnerable to bad priors.

Remark 6: Instead of the KL divergence loss on the sim-
plex, we can do a similar analysis to find the minimax
compander for L% loss on the unit hypercube. The solution
is given by the identity function f(x) = x corresponding
to the standard (non-companded) uniform quantization. (See
Section VI.)

To show Theorem 1 we formulate and show a number
of intermediate results which are also of significant interest
for a theoretical understanding of companding under KL
divergence, in particular studying the asymptotic behavior of
Z(p,f, N) as N — 00. We define:

Definition 2: For p € P and f € F, let

. 1 !
L) = o /O pOf (025 d

1 / —2y—1
= IEXNp[24f X)2X ] (13)

For full rigor, we also need to define a set of ‘well-behaved’
companders:

Definition 3: Let F' C F be the set of f such that for
each f there exist constants ¢ > 0 and « € (0, 1/2] for which
f(x) — cx® is still monotonically increasing.

Then the following describes the asymptotic single-letter
loss of compander f on prior p (with centroid decoding):

Theorem 2: For any p € P and f € F,

liminf N°L(p.f. N) = L' (.. (14)
—>00
Furthermore, if f € F' then an exact result holds:

Lp.f) =L (p,f) < oo. (15)

The intuition behind the formula for LT(p,f) is that as
N — 00, the density p becomes roughly uniform within each
bin /™. Additionally, the bin containing a given x € [0, 1]
will have width () ~ N™!f’(x)~!. Then, letting unif,w be
the uniform distribution over /™ and Yy A x be the mid-
point of I (which is also the centroid under the uniform
distribution), we apply the approximation

- |
IE:X~unif1(,l) [X 1Og(X/y(n))] ~ ﬂr(n)y(n)
~ |- /o —2,.—1
~ 24N )" x .
Averaging over X ~ p and multiplying by N2 then
gives (13). One wrinkle is that we need to use the Dominated
Convergence Theorem to get the exact result (15), but we can-
not necessarily apply it for all f € F; instead, we can apply
it for all f € F', and outside of F' we get (14) using Fatou’s
Lemma.
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While limiting ourselves to f € F' might seem like a seri-
ous restriction, it does not lose anything essential because F'
is ‘dense’ within F in the following way:

Proposition 5: For any f € F and § € (0, 1],

@) = (1= 8)f(x) +8x'/?
satisfies f; € F' and

g%Z(p,fw = ;gg)L*@,J%> =L'(p.f).

(16)

Remark 7: It is important to note that strictly speaking the
limit represented by Z(p, f) may not always exist if f ¢ F'.
However: (i) one can always guarantee that it exists by select-
ing f € FT; (ii) by (14), it is impossible to use f outside F' to
get asymptotic performance better than LT(p, f); and (iii) by
Proposition 5, given f outside F, one can get a compander in
F' with arbitrarily close (or better) performance to f by using
f5(x) = (1 —8)f(x) +8x1/2 for & close to 0. This suggests that
considering only f € F' is sufficient since there is no real
way to benefit by using f ¢ F'.

Additionally, both f; and fi* are in F'. Thus, in Theorem 1,
although the limit might not exist for certain f € F, p € Pk,
the minimax compander still performs better since it has less
loss than even the liminf of the loss of other companders.

Given Theorem 2, it’s natural to ask: for a given p € P, what
compander f minimizes L' (p, f)? This yields the following by
calculus of variations:

Theorem 3: The best loss against source p € P is

inf T. , = min L' ,
it . bt ./

1 1 V33
= ﬁ(/o (p(x)x ) dx) (17)
where the optimal compander against p is
x 13
f() (P([)[ ) dt (18)

— ing T —
frx) = a{%gf;lnL ».f) = fol (p(z)fl)mdt

(satisfying flg(x) x (p(x)x~H1/3).

Note that f, may not be in F T (for instance, if p assigns
zero probability mass to an interval / C [0, 1], then f), will be
constant over /). However, this can be corrected by taking a
convex combination with x!'/2 as described in Proposition 5.

The expression (17) represents in a sense how hard p € P is
to quantize with a compander, and the maximin density p¥ is
the density in P1,x which maximizes it; in turn, the minimax
compander f¢ is the optimal compander against py, i.e.,

Ix =t-

So far we considered quantization of a random probability
vector with a known prior. We next consider the case where
the quantization guarantee is given pointwise, i.e., we cover
Ag—1 with a finite number of KL divergence balls of fixed
radius. Note that since the prior is unknown, only the midpoint
decoder can be used.

5The maximizing density over all p € P happens to be p(x) = %x_]/z;
however, Ex~p[X] = 1/3 so it cannot be the marginal of any symmetric

PGP[? when K > 3.

Theorem 4 (Divergence Covering): On alphabet size K >
4 and N > 8log(2/KlogK + 1) intervals, the minimax and
approximate minimax companders with midpoint decoding
achieve worst-case loss over Ag_1 of

max Dy (x]lz) < (1 + err(K))N "2 log® K
xXeAg_q
where err(K) is an error term satisfying

err(K) < 18 <7 when K > 4.

loglogK
log

Note that the non-asymptotic worst-case bound matches (up
to a constant factor) the known-prior asymptotic result (12).
We remark that condition on N is mild: for example, if N =
256 (i.e., we are representing the probability vector with 8
bits per entry), then N > 8log(2/KlogK + 1) for all K <
2.6 x 105,

Remark 8: When b is the number of bits used to quantize
each value in the probability vector, using the approximate
minimax compander yields a worst-case loss on the order
of 2722 1og? K. In [5] we prove bounds on the optimal loss
under arbitrary (vector) quantization of probability vectors
and show that this loss is sandwiched between 272 <
([5, Proposition 2]) and 2417% log K ([5, Th. 2]). Thus, the
entrywise companders in this work are quite competitive.

We also consider the natural family of power companders
f(x) = X, both in terms of average asymptotic raw loss
and worst-case non-asymptotic normalized loss. By definition,
f(x) € F' and hence Z(p, f) is well-defined and Theorem 2
applies.

Theorem 5: The power compander f(x) = x* with exponent
s € (0, 1/2] has asymptotic loss

sup L(p,f) = —s 2K>"\.

1
(19)
PePi/k 24

For K > 7, (19) is minimized by setting s = @( (when
K<7 - > 1/2) and f(x) = x* achieves

> logK

~ e 1 5

sup L(p,f) = ——=1log"K

PPk 24 K
~ ez

and sup L(P,f) = ﬁlog2 K.
PEP,?
Additionally, when s = ﬁ, it achieves the following

worst-case bound with midpoint decoding for K > 7 and
N > SlogKk:

2
max Dy (x||z) < (1 + err(K, N))e—N_2 logzK
XeEAKk—1 2

where err(K, N) = %%.

Note in particular tflat when N > elogK, we have
err(K,N) < 1, giving a bound of maxyea, , Dxi(x]z) <
e?N~210g’ K.

We can think of s = @ as a ‘minimax’ among the
class of power companders. This result shows f(x) = x@

has performance within a constant factor of the minimax
compander, and hence might be a good alternative.
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B. Experimental Results

We compare the performance of five quantizers, with gran-
ularities N = 28 and N = 2!6, on three types of datasets of
various alphabet sizes:

« Random synthetic distributions drawn from the uniform
prior over the simplex: We draw and take the average
over 1000 random samples for our results.

« Frequency of words in books: These frequencies are com-
puted from text available on the Natural Language Toolkit
(NLTK) libraries for Python. For each text, we get tokens
(single words or punctuation) from each text and simply
count the occurrence of each token

o Frequency of k-mers in DNA: For a given sequence of
DNA, the set of k-mers are the set of length k sub-
strings which appear in the sequence. We use the human
genome as the source for our DNA sequences. Parts of
the sequence marked as repeats are removed.

Our quantizers are:

o Approximate Minimax Compander: As given by equa-
tion (9). Using the approximate minimax compander is
much simpler than the minimax compander since the
constant cx does not need to be computed.

o Truncation: Uniform quantization (equivalent to
f(x) = x), which truncates the least significant bits. This
is the natural way of quantizing values in [0, 1].

e Float and bfloatl6: For 8-bit encodings (N = 28), we
use a floating point implementation which allocates 4 bits
to the exponent and 4 bits to the mantissa. For 16-bit
encodings (N = 216y " we use bfloatl6, a standard which
is commonly used in machine learning [6].

o Exponential Density Interval (EDI): This is the quantiza-
tion method we used in an achievability proof in [1]. It
is designed for the uniform prior over the simplex.

o Power Compander: Recall that the compander is
f(x) = x%. We optimize s and find that s = @ asymp-
totically minimizes KL divergence, and also gives close
to the best performance among power companders empir-
ically. To see the effects of different powers s on the
performance of the power compander, see Figure 1.

Because a well-defined prior does not always exist for these
datasets (and for simplicity) we use midpoint decoding for
all the companders. When a probability value of exactly 0
appears, we do not use companding and instead quantize the
value to O, i.e., the value O has its own bin.

Our main experimental results are given in Figure 2, showing
the KL divergence between the empirical distribution x and its
quantized version z versus alphabet size K. The approximate
minimax compander performs well against all sources. For
truncation, the KL divergence increases with K and is generally
fairly large. The EDI quantizer works well for the synthetic
uniform prior (as it should), but for real-world datasets like
word frequency in books, it performs badly (sometimes even
worse than truncation). The loss of the power compander is
similar to the minimax compander (only worse by a constant
factor), as predicted by Theorem 5.

The experiments show that the approximate minimax com-
pander achieves low loss on the entire ensemble of data
(even for relatively small granularity, such as N = 256) and

KL Divergence of Word Frequencies in Books

—e— austen-emma 7806 words
bible-kjv 13769 words
carroll-alice 3015 words
melville-moby_dick 19311 words
milton-paradise 10750 words
whitman-leaves 14329 words
austen-emma theor. opt.
bible-kjv theor. opt.
carroll-alice theor. opt.
melville-moby_dick theor. opt.
milton-paradise theor. opt.
whitman-leaves theor. opt.

>>>>>b |||}

KL Divergence

0.2 0.4 0.6 0.8 1.0
Compander Power

Fig. 1. Power compander f(x) = x° performance with different powers s used
to quantize frequency of words in books. The number K of distinct words in
each book is shown in the legend. The theoretical optimal power s = @
is plotted.

KL Divergence with Granularity N = 256

x x X X —— Rand Unif truncate
100 X s --- Rand Unif EDI
+ gl Rand Unif power
~=- Rand Unif minimax
101 - Rand Unif float
X Book truncate
] +  Book EDI
§, 10-2 ¥ Book power
o *  Book minimax
H < Book float
2 103 W DNA truncate
'} DNA EDI
DNA power
" DNA minimax
10 DNA float
10-%
10? 10° 10 10°
Number of Symbols (K)
KL Divergence with Granularity N = 65536
o + + - —— Rand Unif truncate

=== Rand Unif EDI
Rand Unif power
Rand Unif minimax
Rand Unif bfloat16
Book truncate
Book EDI

Book power

Book minimax
Book bfloatl6
DNA truncate

DNA EDI

1077 DNA power

DNA minimax

DNA bfloat16

101 +

X

103

X
+
v
<
[]

KL Divergence
=
<
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Number of Symbols (K)

Fig. 2. Plot comparing the performance of the truncation compander, the
EDI compander, floating points, the power compander, and the approximate
minimax compander (9) on probability distributions of various sizes.

outperforms both truncation and floating-point implementa-
tions on the same number of bits. Additionally, its closed-form
expression (and entrywise application) makes it simple to
implement and computationally inexpensive, so it can be eas-
ily added to existing systems to lower storage requirements at
little or no cost to fidelity.

C. Paper Organization

We provide background and discuss previous work on com-
panders in Section III. We prove Theorem 2 in Section IV
(though proofs of some lemmas and propositions leading
up to it are given in Appendix A in the supplementary
material). Proposition 5 is proved in Appendix B in the sup-
plementary material. In Section V, we optimize over (13) to
get the maximin single-letter distribution (showing part of
Proposition 2 with other parts left to Appendix D-A in the
supplementary material) and the minimax compander, thus
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showing Theorem 1, 3, Corollary 1 and Proposition 3 (leaving
Theorem 4 for Appendix D-B in the supplementary material).
We prove Theorem 4 and the worst-case part of Theorem 5
in Appendix E in the supplementary material. Other parts of
Theorem 5 are discussed in Appendix C-B in the supplemen-
tary material. In Section VI we discuss companders for losses
other than KL divergence. Finally, in Section VII we discuss a
connection of our problem to the problem of information dis-
tillation with proofs given in Appendix G in the supplementary
material.

III. BACKGROUND

Companders (also spelled “compandors”) were introduced
by Bennett in 1948 [2] as a way to quantize speech signals,
where it is advantageous to give finer quantization levels to
weaker signals and coarser levels to larger signals. Bennett
gives a first order approximation that the mean-square error in
this system is given by

L R L))
dx
12772 / (@)

where N is the number quantization levels, a and b are the min-
imum and maximum values of the input signal, p is the
probability density of the input signal, and f’ is the slope
of the compressor function placed before the uniform quanti-
zation. This formula is similar to our (13) except that we have
an extra x| since we are working with KL divergence. Others
have expanded on this line of work. In [7], the authors stud-
ied the same problem and determined the optimal compressor
under mean-square error, a result which parallels our result (17).
However, results like those in [2], [7] are stated either as first
order approximations or make simplifying assumptions. For
example, in [7], the authors state that they assume the values
Y are close together enough that probability density within
any given bin can be treated as a constant. In contrast, we
rigorously show that this fundamental logic holds under very
general conditions (f € F7).

Generalizations of Bennett’s formula are also studied when
instead of mean-square error, the loss is the expected rth moment
loss E| - ||". This is computed for vectors of length K in [8]
and [9].

The typical examples of companders used in engineering and
signals processing are the p-law and A-law companders [10].
For the u-law compander, [7] and [11] argue that for mean-
squared error, for a large enough constant p the distortion
becomes independent of the signal.

Quantizing probability distributions is a well-studied topic,
though typically the loss function is a norm and not KL
divergence [12]. Quantizing for KL divergence is consid-
ered in our earlier work [1], focusing on average KL loss
for Dirichlet priors.

A similar problem to quantizing under KL divergence is
information k-means. This is the problem of clustering n points
a; to k centers g; to minimize the KL divergences between the
points and their associated centers. Theoretical aspects of this
are explored in [13] and [14]. Information k-means has been
implemented for several different applications [15], [16], [17].
There are also other works that study clustering with a slightly

(20)

different but related metric [18], [19], [20]; however, the focus
of these works is to analyze data rather than reduce storage.
Remark 9: A variant of the classic problem of prediction
with log-loss is an equivalent formulation to quantizing the
simplex with KL loss: letx € Ax_; and A ~ x (in the alphabet
[K]); we want to predict A by positing a distribution z € Ag_1,
and our loss is —log z4. In the standard version, the problem is
to pick the best z given limited information about x; however, if
we know x but are required to express z using only log, M bits, it
is equivalent to quantizing the simplex with KL divergence loss.

IV. ASYMPTOTIC SINGLE-LETTER LOSS

In this section we give the proof of Theorem 2 (though
the proofs of some lemmas must be sketched). We use the
following notation:

Given an interval / we define y; to be its midpoint and 7;
to be its width, so that by definition

I'=[y—r/2. 51+ r1/2].

Note that if 7 C [0, 1] then r; < 2y;.

Given probability distribution p and interval I, we denote
the following: p|; is p restricted to I; 7, = Px~p[X € 1] is
the probability mass of I; and the centroid of I under p is

Vp.1 = Ex~p [X] = Ex~p[X | X €1].

If they are undefined because Px~,[X € I]
convention p|; is uniform on 7 and Y, ; = y;.

When I = I™ is a bin of the compander, we can replace it
with (n) in the notation, i.e., ;) = yjw (so the midpoint of
the bin containing x at granularity N is denoted Y, (x) and
the width of the bin is 7(,,(x))). When I and/or p are fixed, we
sometimes drop them from the notation, i.e., y; or even just y
to denote the centroid of 7 under p.

= 0 then by

A. The Local Loss Function

One key to the proof is the following perspective: instead
of considering X ~ p directly, we (equivalently) first select
bin 7™ with probability 7, (,), and then select X ~ p|,. The
expected loss can then be considered within bin 7. This
makes it useful to define:

Definition 4: Given probability measure p and interval I,
the single-interval loss of I under p is

Cp.1 = Exp),[Xlog(X/5p.1) ]

As before, if p and/or I is fixed and clear, we can drop it
from the notation (and if I = I™ is a bin, we can denote
the local loss as £, (,)). This can be interpreted as follows:
if we quantize all x € [ to the centroid y;, then £p.1 is the
expected loss of X ~ p conditioned on X € I. Thus the values
of £, () can be used as an alternate means of computing the
single-letter loss:

L(p,f, N) = Ex,[X log(X/5(X))]

N
= 7. Expli [X 102 (X /Fp. )]

n=1

N
= Z”pin)@nxn) = / Ly, (v (x)) dp-
o (0.1
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Thus the normalized single-letter loss (whose limit is the
asymptotic single-letter loss (5)) is

N*L(p.f.N) = /[0 “Nz Ep.(ny(x)) Ap-

For single-letter density p and compander f, we define the local
loss function at granularity N:

V() = N> £y ay - 1)
We also define the asymprotic local loss function:
gu—ﬂmﬂ”.
Theorem 2 is therefore equivalent to:
ljivminf/gNdpz/‘gdepE”P,fe}' (22)
— 00
and_lim /gNdp = /gdp VpeP.feF. (23)
— 00

To prove (22) and (23), we show:
Proposition 6: For all p € P, f € F, if X ~ p then

lim gy(X) = g(X) almost surely.
N—o00

Proposition 7: Let f € F' be a compander and ¢ > 0 and
a € (0, 1] such that f(x) — cx* is monotonically increasing.
Letting gy be the local loss functions as in (21) and

h(x) = (22/a +a221/a72)(ca)72x172a 4o Vaplja=2

then gy (x) < h(x) for all x, N. Additionally, if o« < 1/2 then
f[o,l] hdp < co.

The lower bound (22) then follows immediately from
Proposition 6 and Fatou’s Lemma; and when f € Ft, by
Proposition 7 there is some h which is integrable over p
and dominates all gy, thus showing (23) by the Dominated
Convergence Theorem.

To prove Proposition 6, we use the following:

o For any x at which f is differentiable, when N is large,

the width of the interval x falls in is

Fawen & N7 07

o For any x at which F, is differentiable, p|; will be
approximately uniform over any sufficiently small 7
containing x.

o For a sufficiently small interval I containing x and such
that p|; is approximately uniform,

1
EP’ I~ ﬁ 12)(_1.

Putting these together, we get that if F), and f are both

differentiable at x then when N is large,

gv(x) = N? Ly, (ny ()

1 _ 1 o
~ Nzﬂr%mv(x))x '~ ﬁf/(x) =g
as we wanted. We formally state each of these steps in
Appendix A-B in the supplementary material and combine them

to prove Proposition 6 in Appendix A-C in the supplementary
material.

The proof of Proposition 7 is given in Appendix A-D in the
supplementary material, along with its own set of definitions
and lemmas needed to show it.

V. MINIMAX COMPANDER
Theorem 2 showed that for f € F', the asymptotic single-

letter loss is equivalent to

~ 1!

Lp.f) = 57 / POOf' ) ~2x dx
24 Jo
Using this, we can analyze what is the ‘best’ compander f
we can choose and what is the ‘worst’ single-letter den-

sity p in order to show Theorem 1 and 3 and their related
results.

A. Optimizing the Compander

We show Theorem 3, which follows from Theorem 2 by
finding f € F which minimizes L'(p,f). This is achieved
by optimizing over f’; we will also use some concepts from
Proposition 5 to connect it back to inf;c 7 Z(p, f) when the
resulting f is not in Fr. Since f : [0, 1] — [0, 1] is monotonic,
we use constraints f'(x) > 0 and fol f'(x) dx = 1. We solve the
following:

minimize LT(p )= ! f p(x)f x)~ 2y

subject to / fde=1
0
and f(x) > 0 for all x € [0, 1].

The function L'(p,f) is convex in f’, and thus first order
conditions show optimality. Let A(x) satisfy fol Ax)dx =0. If
F ) o (pe)x~H13, we derive:

d1 [!
7 P(X)(f(X)+t)»(x)) I dx
=5 p(x)x (f’(x)+zx(x))‘2dx
1
-5 p(x)x‘l(f(x)+n\(x)) 2(x) dx
= 112 px I () a(x) dx (at t = 0)
1
—— | AMx)dx=0 24
X1 ), MO& (24)

Thus, such f satisfies the first-order optimality condition under
the constraint [ f'(x) dx = 1. This gives f(x) o (p(x)x~1)!/3
and f(0) =0 and f(1) = 1, from which (17) and (18) follow.
If f, € FT, then Jp = arg rnlnfL(p f), and for any other
ferF,

Lip.f) =L (p.fp) =L (0.1
< lim inf N*L(p, f, N).
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If f, ¢ F', for any § > 0 define f, 5 = (1 — 8)f, + 6x'/2
(as in (16)). Then f, 5 — 8x!/2 = (1 — §)f, is monotonically
increasing so f, 5 € F T, so Theorem 2 applies to Jp,s; addi-
tionally, fp s — (1 = 8)f, = 8x!/2 is monotonically increasing as
well so f; 5 > (1 — §)f,,. Hence, plugging into the L' formula
gives:

L(p. fp.s) = L' (p.fps) < L (p. fy) (1 = )72

Taking § — 0 (and since F T C F) shows that
Lt , = inf L ),
() = int, Lo )

finishing the proof of Theorem 3.

Remark 10: Since we know the corresponding single-letter
source p for a Dirichlet prior, using this p with Theorem 3 gives
us the optimal compander for Dirichlet priors on any alphabet
size. This gives us a better quantization method than EDI
which was discussed in Section II-B. This optimal compander
for Dirichlet priors is called the beta compander and its details
are given in Appendix C-A in the supplementary material.

B. The Minimax Companders and Approximations

To prove Theorem 1 and Corollary 1, we first consider what
density p maximizes equation (17):

[ o)

i.e., is most difficult to quantize with a compander. Using
calculus of variations to maximize

/01 (p()c)x_1>l/3 dx

(which of course maximizes (17)) subject to p(x) > 0 and
fol p(x)dx = 1, we find that maximizer is p(x) = %x‘l/ 2,
However, while interesting, this is only for a single letter;
and because E[X] = 1/3 under this distribution, it is clearly
impossible to construct a prior over Ag_1 (whose output vector
must sum to 1) with this marginal (unless K = 3).

Hence, we add an expected value constraint to the problem
of maximizing (25), giving:

(25)

1
maximize / (p(x)x_l)l/ 3 dx
0

1
subject to / px)dx =1, (26)
0

1 1
/0 p(X)xdx X

and p(x) > 0 for all x.

27)

We can solve this again using variational methods (we are
maximizing a concave function so we only need to satisfy first-
order optimality conditions). A function p(x) > 0 is optimal
if, for any A(x) where

1 1
/ A(x)dx =0 and [ Ax)xdx =0
0 0

the following holds:
d [ —1/3 1/3
— X (p(x) + tk(x)) dx = 0.
dt Jo

We have by the same logic as before:
d 1
— / ¥ 173 (p(x) + l‘)»(x))l/3 dx
dt Jo

1
- %/ VB (p) + 10.00) ) dx
0

1 1
=3 / x Bp) 7 3A(x) dx (at 1 = 0).
0
Thus, if we can arrange things so that there are constants ag, bx
such that

(28)

)5_1/3;7()5)_2/3 = ag + bgx

this ensures (28) equals zero. In that case,

130023

p(x) = ag + bgx
— p()c)fz/3 = agx'? + bgx*?

— pkx) = (ale/3 + be4/3)_3/2.

(29)
This is the maximin density pk from Proposition 2 (8), where
ag, bk are set to meet the constraints (26) and (27). Exact
formulas for ak, bg are difficult to find; we give more details
on after the next step.

We want to determine the optimal compander for the maximin
density (29). We know from (24) that we need to first compute

Ry 1/3 473\ 1/2
¢(x):/ wo /‘<aKw/ + bgw /‘) dw
0

. b
2ArcSmh(1 / f)
= . 30)
bk
The best compander f(x) is proportional to (30) and is exactly
given by f(x) = ¢(x)/¢(1). The resulting compander, which

we call the minimax compander, is

ArcSinh( /253 )
K

ArcSinh( /)
K

Given the form of f(x), it is natural to determine an expression
for the ratio bg/agx. We can parameterize both ax and bx by
bk /ag and then examine how bg/ax behaves as a function
of K. The constraints on ax and bx give that

fx) = 31)

ag = 483 (bg Jag +1)713
b[( = 4al_(2 — dag.

The ratio bg/ax grows approximately as K log K. Hence, we
choose to parameterize

bx/ax = ckKlogK.

To satisfy the constraints, we get 0.25 < cx < 0.75 so long as
K > 24 (see Appendix D-A in the supplementary material for
details), and Lemma 11 in Appendix D-A2 in the supplementary
material shows that cx — 1/2 as K — oco. Combining these
gives Proposition 2.
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We can then express ag, bk in terms of ck:

ag = 43 (ckKlogK + 1)~1/3
bg = 4611;2 —ag
=413 (ckKlogK + 1)*? — 413 (cxkKlogK + 1)~1/3

= 415 (ckK log K)* (1 + o(1)). (32)

When K is large, the second term in (32) is negligible compared
to the first. Thus, plugging into (31) we get the minimax
compander and approximate minimax compander, respectively:

ArcSinh(W)

Jx = ArcSinh(A/cKK log K)
ArcSinh ( /((1/2)K log K)x)

ArcSinh(,/(l /2K log K)

The minimax compander minimizes the maximum (raw) loss
against all densities in P;/k, while the approximate minimax
compander performs very similarly but is more applicable since
it can be used without computing cg.

To compute the loss of the minimax compander, we can
use (17) to get

L' (px.f3) =

1 (2ArcSinh(/ckKTogK) ’
24 Vbx ’

Substituting we get

LY (pk. %)
1 8(log(v/cxkKTogK + /ckKTogK + 1))3
24 2cxK log K(1 + o(1))
1 (log4(ckK log K))?
T 24 2cxKlogK
1 log’ K
T 24 K
In fact, not only is f§ optimal against the maximin density
Pk but (as alluded to in the name ‘minimax compander’) it
minimizes the maximum asymptotic loss over all p € Py/k.
More formally we show that (f¢, px) is a saddle point of LY.
The function L'(p, f) is concave (actually linear) in p and
convex in f’, and we can show that the pair (f¢, pf) form a
saddle point, thus proving (10)-(11) from Theorem 1.
We can compute that

(%) @ o (piccox) "

— 13 (ale/s +be4/3)_1/2
1

Vagx + bgx®

Assume we set ax and bg to the appropriate values for K. For
any p € Pk,

L'(p.f) = /O e () @) s

(I+o(1))

(1+o0(1)). (33)

1
= / po)x~! (aKx+be2)dx
0
+b !
= da —_
K+ bk

ie., LT(p,f;g) does not depend on p. Since f¥ is the optimal
compander against the maximin compander py we can therefore
conclude:

sup L' (p.f¥) = L' (pk. /%)
pePyk

= inf LT (pk.f) = sup inf LT (p,f).
LGS = s

Since it is always true that

i t ; T
sup inf L'(p,f) < inf sup L'(p,f),
pePyxfeF &F pePix

this shows that (f¢, p}})v is a saddle point.

Furthermore, f§ € F' (specifically it behaves as a multiple
of x!/2 near 0), so Z(p,f;(‘) = LT(p,flﬁ) for all p, thus showing
that f¢ performs well against any p € Pj/k. Using (13) with the
expressions for pk and f¢ and (33) gives (12). This completes
the proof of Theorem 1.

Remark 11: While the power compander f(x) = x!/102K jg
not minimax optimal, it has similar properties to the minimax
compander and differs in loss by at most a constant factor.
We analyze the power compander in Appendix C-B in the
supplementary material.

C. Existence of Priors With Given Marginals

While p¥ is the most difficult density in P,k to quantize,
it is unclear whether a prior P* on Ag_; exists with marginals
Pk — even though K copies of pj will correctly sum to 1
in expectation, it may not be possible to correlate them to
guarantee they sum to 1. However, it is possible to construct
a prior P* whose marginals are as hard to quantize, up to a
constant factor, as pk, by use of clever correlation between the
letters. We start with a lemma:

Lemma 1: Letp € Py k. Then there exists ajoint distribution
of (X1,...,Xk) such that (i) X; ~ p for all i € [K] and (ii)
Ziem X; <2, guaranteed.

Proof: Let F be the cumulative distribution function of p.
Define the quantile function F~! as

F~ ') = inf{x : F(x) > u}.

We break [0,1] into K uniform sub-intervals I; =
(@ — D/K,i/K] (let Iy = [0,1/K]). We then generate
X1, X2, ..., Xk jointly by the following procedure:

1) Choose apermutation o : [K] — [K]uniformly at random

(from K! possibilities).
2) Let Uk ~ unify,,, independently for all k.

3) Let Xx = F~ L (Uy).

Now we consider ), X;. Let b, = F~l(i/k) for i =
0,1,...,K. Note that if o (k) =i then Uy € ((i — 1)/K, i/K]
and hence Xy = F~'(Uy) € [bi_1, b;]. Therefore Xo-14) €
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KL Divergence with Granularity N = 65536

----- P*hard truncate
----- P*hard EDI

+++++ P*hard minimax
P*hard bfloat16
Book truncate
Book EDI

Book minimax
Book bfloat16
DNA truncate
DNA EDI

v DNA minimax
DNA bfloat16

o+ X

KL Divergence

102 10° 104 108
Number of Symbols (K)

Fig. 3. Each compander (or quantization method) is used on random
distributions drawn from the prior Pzard‘ Comparison is given to when each
compander is used on the books and DNA datasets.

[bi—1, b;] and thus for any permutation o,

K K K
Dbt = D Xy = Db
i=1 i=1 i=1
K
= (Zbi—l) + bk —bo

i=1

K
< (Zbi—l) +1<2
=1

as Zi bi_1 < ZiE[Xafl(i)] = KEXNP[X] = 1. |
Lemma 1 shows a joint distribution of Wy, ..., Wx_; such
that W; ~ p¥ for all i and ZZK:_II W; < 2 (guaranteed) exists.
Then, if X; = W;/2 for all i € [K — 1], we have > X' Xx; < 1.
Then setting Xg = 1 — Y &' X; > 0 ensures that (Xj, ..., Xk)
is a probability vector. Denoting this prior P}, ; and letting
Pr(x) =2p%(2x) (so W; ~ px = X; ~ pg’) we get that

int Lk (Piyarf) = (K — D inf Z(pi¢.f) (34)

sup Lk (P, fE). (35)

1 1
= (K = DL (P f) = 5
PePy

The last inequality holds because pj is the maximin density
(under expectation constraints). To make Py, ;, symmetric, we
permute the letter indices randomly without affecting the raw
loss; thus we get Corollary 1. To get (35) from (34), we
have

3
e T * 1 ! * —1 1/3 \
It L(pk2.1) = 55 ( /O (2 0x7") dx)

3
I /31
_ﬁ</(; <2pK(u)2u ) Edu)

1
= SLY (v £o)-

This shows Proposition 3. In Figure 3, we validate the dis-
tribution P, ; by showing the performance of each compander
when quantizing random distributions drawn from Py, . For
the minimax compander, the KL divergence loss on the worst-
case prior looks to be within a constant of that for the other
datasets.

VI. COMPANDING OTHER METRICS AND SPACES

While our primary focus has been KL divergence over the
simplex, for context we compare our results to what the same
compander analysis would give for other loss functions like
squared Euclidean distance (L%) and absolute distance (L; or
TV distance). For a vector x and its representation z let

L%(x, Z) = Z(xi —z)?
Lix.2) =Y |x—zl.

For squared Euclidean distance, asymptotic loss was already
given by (20) in [2], and scales as N~2. It turns out that the
maximin single-letter distribution over a bounded interval is
the uniform distribution. Thus, the minimax compander for L%
is simply the identity function, i.e., uniform quantization is
the minimax for quantizing a hypercube in high-dimensional
space under L% loss. (For unbounded spaces, L% loss does not
scale with N_Z.)

If we add the expected value constraint to the L% compander
optimization problem, we can derive the best square distance
compander for the probability simplex. For alphabet size K,
we get that the minimax compander for L% is given by

VIFKEK =2x—1
K—2

fL%,K(x) =

and the total L% loss for probability vector x and its quantization
Z has the relation

lim N*L3(x,z7) < !
N—>oo 2% -3

For Li, unlike KL divergence and L%, the loss scales as
1/N. Like L3, the minimax single-letter compander for L; loss
in the hypercube [0, 11¥ is the identity function, i.e., uniform
quantization. In general, the derivative of the optimal compander
for single-letter density p(x) has the form

fi k@ o Vp@).

On the probability simplex for alphabet size K, the worst
case prior p(x) has the form

p(x) = (agx + Br) >

where ak, Bk are constants scaling to allow f[(),l] dp =1 (e,
p is a valid probability density) and f[o’ yxdp = 1/K (.e.,
Ex~p[X] = 1/K so K copies of it are expected to sum to 1).

Thus, the minimax compander on the simplex for L; loss
(and letting yx = ag/Bk) satisfies

fia k@ o (akx + Br) ™
= fr.k&) o log((ak/Br)x+ 1)
log(ykx+ 1)
log(yk + 1)
since f, k(x) has to be scaled to go from 0 to 1.

The asymptotic L; loss for probability vector x and its
quantization z is bounded by

= fi. k) =

lim NLi(x,z) = O(logK).
N—o00
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Loss Space Optimal Compander Asymptotic Upper Bound
. " ArcSinh(4/cx (K log K) x) _
KL Simplex | fi(z) = ArcSin}}(/ e N72log* K
% Simplex | frz so(x) = YR N-?
L3 Hypercube | frz(2) = = (uniform quantizer) N7K
Ly (TV) | Simplex fh,(x):l§§§§§ N-'logK
Ly (TV) | Hypercube | fr,(x) = z (uniform quantizer) N7'K

Fig. 4.
compander to scale with N and K (constant terms are neglected).

VII. CONNECTION TO INFORMATION DISTILLATION

It turns out that the general problem of quantizing the sim-
plex under the average KL divergence loss, as defined in (2), is
equivalent to recently introduced problem of information dis-
tillation. Information distillation has a number of applications,
including in constructing polar codes [21], [22]. In this section
we establish this equivalence and also demonstrate how the
compander-based solutions to the KL.-quantization can lead to
rather simple and efficient information distillers.

A. Information Distillation

In the information distillation problem we have two random
variables A € A and B € 5, where | A| = K (and 5 can be finite
or infinite) under joint distribution P4 g with marginals P4, Pp.
The goal is, given some finite M < |B], to find an information
distiller (which we will also refer to as a distiller), which is
a (deterministic) function #:B8 — [M], which minimizes the
information loss

1(A; B) — I(A; h(B))

associated with quantizing B — h(B). The interpretation here
is that B is a (high-dimensional) noisy observation of some
important random variable A and we want to record observation
B, but only have log, M bits to do so. Optimal # minimizes
the additive loss entailed by this quantization of B.
To quantify the amount of loss incurred by this quantization,
we use the degrading cost [21], [22]
DC(K, M) = supinfI(A; B) — I(A; h(B)).
Pyp h
Note that in supremizing over P4 p there is no restriction on B,
only on | A| and the size of the range of A. It has been shown
in [22] that there is a P4 p such that

inf1(A; B) — I(A: h(B)) = Q<M—2/(K—1>)

giving a lower bound to DC(K, M) . For an upper bound, [23]
showed that if 2K < M < ||, then

o(m-2/w),

Specifically, DC(K, M) < v(K)M~2/&=D where v(K) ~
167 eK? for large K. While [21] focused on multiplicative loss,
their work also implied an improved bound on the additive
loss as well; namely, for all K > 2 and MYE=D > 4 we have

DC(K, M) < 1268(K — 1)M~>/K=D) (36)

DC(K, M) =

Summary of results for various losses and spaces. Asymptotic Upper Bound is an upper bound on how we expect the loss of the optimal

B. Info Distillation Upper Bounds Via Companders

Using our KL divergence quantization bounds, we will show
an upper bound to DC(K, M) which improves on (36) for K
which are not too small and for M which are not exceptionally
large. First, we establish the relation between the two problems:

Proposition 8: For every Pjp define a random variable
X € Ag_1 by setting X, = P[A = a|B]. Then, for every
information distiller & : B — [M] there is a vector quantizer
Z: Ag—1 — Ag—1 with range of cardinality M such that

1(A; B) — I(A; h(B)) = E[Dy.(X||2(X))]. (37)

Conversely, for any vector quantizer z there exists a distiller £
such that

1(A; B) — I(A; h(B)) < E[Dy (X]|z(X))].

The inequalities in Proposition 8 can be replaced by equal-
ities if the distiller 4 and the quantizer z avoid certain trivial
inefficiencies. If they do so, there is a clean ‘equivalent’ quan-
tizer z for any distiller 4, and vice versa, which preserves the
expected loss. This equivalence and Proposition 8 are shown
in Appendix G in the supplementary material.

Thus, we can use KL quantizers to bound the degrading
cost above (see Appendix G in the supplementary material for
details):

DC(K, M) = sup ir}}fI(A; B) — I(A; h(B))

Pa.B

= sup iIzlf Ex~p[Dx.(X|Z)]
P

=< ilzlfsllljp Ex~p[Dx (X[ Z)]. (38)

We then use the approximate minimax compander results to
give an upper bound to (38). This yields:

Proposition 9: For any K > 5 and MVEK >
[8log(2+/KlogK + 1) ]
1
DC(K, M) < (1 + 18%)114-1% log K.

Proof: Consider the right-hand side of (37). The compander-
based quantizer from Theorem 4 gives a guaranteed bound on
D(X||z(X)) (and M = NX substituted), which also holds in
expectation. [

Remark 12: Similarly, an upper bound on the divergence
covering problem [5, Th. 2] implies

DC(K, M) < 800(log K)M2/K=D
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(This appears to be the best known upper bound on DC.) The
lower bound on the divergence covering, though, does not
imply lower bounds on DC, since divergence covering seeks
one collection of M points that are good for quantizing any
P, whereas DC permits the collection to depend on P. For
distortion measures that satisfy the triangle inequality, though,
we have a provable relationship between the metric entropy and
rate-distortion for the least-favorable prior, see [24, Sec. 27.7].
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