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SUMMARY
In general, shell structural problems can be identied to fall into one of the categories of membranedominated, bending-dominated and mixed shell problems. The asymptotic behaviour with a well-dened
load-scaling factor shows distinctly into which category a given shell problem falls. The objective of this
paper is to present a shell problem and its solution for which there is no convergence to a well-dened
load-scaling factor as the thickness of the shell decreases. Such shells are unduly sensitive in their
behaviour because the ratio of membrane to bending energy stored changes signicantly and indeed
can uctuate with changes in shell thickness. We briey review the dierent asymptotic behaviours that
shell problems can display, and then present the specic problem considered and its numerical solution
using nite element analysis. Copyright ? 2003 John Wiley & Sons, Ltd.
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1. INTRODUCTION
The classication of shell problems into membrane-dominated, bending-dominated and mixed
problems has been used for a long time, see for example References [1, 2]. However, only
relatively recently, this categorization has been made more precise by considering the asymptotic behaviours of shells. For a detailed discussion of the asymptotic behaviours of shell
structures and some solution results, we refer to References [3–10], but for completeness of
this presentation we give a short summary.
Let us consider a shell mathematical model governed by equations that in variational form
result in the problem statement
Find u ∈ V such that
3 Ab (u ; v) +  Am (u ; v) = F  (v);

∀v ∈ V

(1)
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where  is the shell thickness parameter t=L (t is the thickness and L is a global characteristic
dimension of the shell structure), the bilinear form Ab represents the scaled bending energy,
the bilinear form Am represents the scaled membrane energy and, if shear deformations are
included, also the scaled shear energy, u is the unknown solution (displacement eld), v is
the test function, V is the appropriate Sobolev space, and F  denotes the external loading. We
emphasize that the bilinear forms Ab and Am are independent of the thickness parameter .
Since the shear energy is zero or small, we refer to the term in Equation (1) corresponding
to Am , in brief, as the membrane energy term.
To study the behaviour of the shell as  approaches zero, we introduce the scaled loading
in the form
F  (v) =  G(v)

(2)

where G is an element of V  independent of , and  is a real number for which the scaled
external work G(u ) converges to a nite and non-zero limit as  tends to zero. It can be
proven that, when such a well-dened scaling exists, we have 1663, see for example,
Reference [8].
The following space plays a crucial role in determining what asymptotic behaviour will be
observed as  approaches zero [10]
V0 = {v ∈ V | Am (v; v) = 0}

(3)

This space is the subspace of ‘pure bending displacements’ and corresponds to all displacement
patterns in V with zero membrane and shear energies. When the content of this subspace is
only the zero displacement eld (V0 = {0}), we say that ‘pure bending is inhibited’ (or, in
short, we have an ‘inhibited shell’). On the other hand, when the shell admits non-zero purebending displacements, we say that ‘pure bending is non-inhibited’ (we have a ‘non-inhibited
shell’). The asymptotic behaviour of shells is highly dependent on whether or not pure bending
is inhibited.
The ‘pure bending is non-inhibited’ situation (that is, the case V0 = {0}) frequently results
in the bending-dominated state. Then the appropriate value to use for the load-scaling factor
 is 3, the membrane energy term of Equation (1) asymptotically vanishes and the general
form of the limit problem is
Find u0 ∈ V0 such that
Ab (u0 ; v) = G(v);

∀v ∈ V0

(4)

This limit problem holds only when the loading activates the pure-bending displacements. In
case the loading does not activate the pure-bending displacements, the theoretical asymptotic
behaviour is as for the pure-bending inhibited case, but very unstable [10]. Namely, a small
perturbation in the loading that activates the pure-bending displacements will change the
asymptotic behaviour to the bending-dominated state.
Considering the ‘pure bending is inhibited’ situation (that is, the case V0 = {0}), we use the
load-scaling factor  = 1 and, provided the problem is well posed, obtain the limit problem
of the membrane-dominated case in the space Vm consisting of all displacements of bounded
membrane and shear energies only. Therefore, this space is larger than V . The general form
Copyright ? 2003 John Wiley & Sons, Ltd.
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Table I. The classication of shell asymptotic behaviours.
Case
Non-inhibited shell
V0 = {0}
Inhibited shell
V0 = {0}

Loading

Category

Loading activates pure-bending displacements
∃v ∈ V0 such that G(v) = 0
Loading does not activate pure-bending
displacements G(v) = 0, ∀v ∈ V0
Admissible membrane loading
G ∈ Vm
Non-admissible membrane loading
G ∈= Vm

(i) Bending dominated
(ii) Membrane dominated or mixed
but unstable
(iii) Membrane dominated
(iv) Mixed

of the membrane-dominated limit problem is
Find um ∈ Vm such that
Am (um ; v) = G(v);

∀v ∈ Vm

(5)

and this problem is well posed provided the loading G is in the dual space of Vm . The
condition G ∈ Vm is directly equivalent to
|G(v)|6C



Am (v; v);

∀v ∈ V

(6)

with C a constant. Equation (6) ensures that the applied loading can be resisted by membrane stresses only, and hence the condition G ∈ Vm is said to correspond to an ‘admissible
membrane loading’. If the loading is a non-admissible membrane loading (G ∈= Vm ), we have
an ill-posed membrane problem. The asymptotic state then does not correspond to membrane
energy only, and the shell problem is classied as a mixed problem. Note that when Vm is
large, its dual space is correspondingly small and the applied loading is more likely to lead
to a mixed problem.
Table I summarizes the asymptotic categories of shell behaviours. The important point is
that for the shell problems referred to in Table I, for cases (i) and (iii) we have the welldened values of  = 3 and 1, respectively, and considering the mixed case, generally, we also
have a well-dened load-scaling factor. In each of these cases, the value of  then clearly
displays the category to which this shell problem belongs, the percentage of bending and
membrane energies stored asymptotically in the shell, and hence physically the load carrying
capacity of the shell.
Various numerical schemes to calculate the load-scaling factor have been presented by Lee
and Bathe [9]. One simple way to proceed is to solve the shell problem with a constant load
application and then evaluate for decreasing values of ,
 = −
Copyright ? 2003 John Wiley & Sons, Ltd.
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where E(1 ) and E(2 ) are, respectively, the total strain energies corresponding to 1 and 2
when a constant loading is applied. Then we have
 = lim 

(8)

1 ; 2 →0

Lee and Bathe [9] solved, using nite element analysis, for the asymptotic behaviour of
three shell problems, one from each category (i), (iii) and (iv). The problems solved were a
hyperbolic paraboloid shell problem, the original Scordelis–Lo roof problem and a modied
Scordelis–Lo roof problem. These problems showed clear asymptotic states in the numerical studies corresponding to bending-dominated ( = 3), mixed ( ≈ 1:73)§ and membranedominated ( = 1) behaviours, respectively.
Based on the experiences published regarding shell analyses, it may appear that all shell
problems, in the three categories discussed above, have well-dened values of load-scaling
factors. But there is of course no mathematical proof available on which to base this expectation. Indeed, our objective with this paper is to present a problem, and its solution, which
does not have a well-dened load-scaling factor for the thickness values considered. These
values range from  = 0:01 to 10−6 , with the very small values included in order to identify
numerically the asymptotic behaviour (although such small values may, at present, be considered not practical). We selected this problem inspired by the analytical studies on simplied
cases presented by Pitkaranta and Sanchez-Palencia [11]. Physically, the shell considered is an
unduly sensitive structure in the sense that the spatial distribution of displacement and stress
response changes signicantly with changes in the shell thickness. And associated with this
phenomenon, the ratio of bending energy to total strain energy stored in the shell changes
and does not converge to a specic value as the shell thickness decreases.

2. THE SHELL PROBLEM AND ITS SOLUTION
Figure 1 shows the problem considered. The shell geometry corresponds to a half-sphere
with the top sliced o. The shell is clamped around its entire lower boundary. The loading
corresponds to a smoothly distributed pressure load over a small part of the interior of the
shell. We perform a linear elastic analysis, assuming innitesimally small displacements and
elastic isotropic material conditions.
For the nite element solutions, we use the MITC 4-node shell element in ADINA [12].
The element implementation is based on the ‘basic shell model’ discussed by Chapelle and
Bathe [13]. The ‘basic shell model’ equations have the same asymptotic behaviour as the
models considered in Equation (1) when the thickness of the shell decreases, and hence the
discussion in Section 1 regarding the asymptotic behaviours applies.
Figure 2 shows the nite element mesh used, which consists of 32 (axial) by 128 (circumferential) shell elements. This is a suciently ne mesh to identify and reasonably resolve
boundary layers. (For this mesh, the total solution time on a Pentium III PC has only been
about 10 sec.) The loading was applied by rst calculating the load intensities given by the
§ An

analytical value of  can actually be obtained for the original Scordelis–Lo roof shell problem and this value
is  = 1:75 [8].
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Figure 1. The shell problem, L = R.

Figure 2. The nite element mesh used (the loaded area is also shown).

pressure distribution at the element nodes. Then the consistent nodal point forces corresponding to the pressure interpolated over the elements were evaluated.
Figure 3 shows the calculated displacements of the shell as we decrease the shell thickness.
For plotting, the displacements are normalized in the gure so that the maximum outward
total displacement value is equal to 3.0. We note that when the thickness is small (that
is, t=L¡1=100), the displacements are dominant in the immediate vicinity of the boundary,
namely within a boundary layer. This boundary layer has a width of the order L= log(1=), see
Figure 4. In addition, the displacements in the boundary layer oscillate in the circumferential
direction, with the number of oscillations given by log(1=); that is, the number of oscillations
Copyright ? 2003 John Wiley & Sons, Ltd.

Int. J. Numer. Meth. Engng 2003; 57:1039–1052

1044

K. J. BATHE, D. CHAPELLE AND P. S. LEE

Figure 3. The deformed shapes as the shell thickness decreases, max = the maximum outward total
displacement for the constant applied loading.

Copyright ? 2003 John Wiley & Sons, Ltd.
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Figure 4. Displacement n in cross-sections in which maximum displacement occurs. The displacement
is normalized to a unit value at the free edge.
Table II. Strain energy, load-scaling factor and proportion of bending energy as  decreases.
 = t=L

Strain energy

R()



R̃() = ( − 1)=2

1=100
1=1000
1=10 000
1=100 000
1=1 000 000

1.08237E−06
2.50620E−05
4.72692E−04
1.62492E−02
7.91755E−01

0.290161
0.129142
0.238421
0.363211
0.405001

1.58021
1.25834
1.47708
1.72666
1.81032

0.290107
0.129171
0.238542
0.363329
0.405158

increases as the shell thickness decreases. We would like to emphasize that this behaviour is
seen in the linear static analysis of the shell and is not a consequence of buckling or large
displacements. This behaviour is in accordance with the theoretical predictions published by
Pitkaranta and Sanchez-Palencia [11].
Table II and Figure 5 give the total energy for each thickness of the shell and the calculated
value of the scaling factor  using Equation (7) as the thickness decreases. In the calculation
of ,
 we used the specic thickness value considered and a change of 0.1% thereof. The table
also gives the ratio of bending energy to total strain energy denoted as R() and calculated
directly from the numerically obtained values of bending and total strain energies. In addition,
the proportion of bending energy to total strain energy, denoted as R̃() calculated from
the formula of Reference [6] using the load-scaling factor is given. We see that for this
shell problem we do not seem to have convergence of the load-scaling factor, and of course
neither for the value of R. This non-convergence of the load-scaling factor is associated with
the increasing number of displacement oscillations at the free edge as the shell thickness
decreases. We also note that the formula of Reference [6] gives for this problem surprisingly
accurate results.
Copyright ? 2003 John Wiley & Sons, Ltd.
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Figure 5. Load-scaling factor. The results when using the mesh of 32 × 128
elements and using the mesh of 64 × 256 elements.

Table III. Displacement components at the point right above the
centre of the loading on the free boundary, point A, as  decreases
(uX = 0 due to symmetry).
 = t=L
1=100
1=1000
1=10 000
1=100 000
1=1 000 000

uY

uZ

−1:27E−06
−1:37E−04
−1:87E−02
−2:96E+00
−5:11E+02

−1:65E−06
−2:66E−04
−4:16E−02
−7:13E+00
−1:29E+03

Finally, Figure 5 also shows the results obtained using a ner mesh of 64 × 256 elements,
which was employed to see whether the results change substantially if the mesh is rened.
A reasonable dierence in the results is seen, since the ner mesh now represents the geometry,
loading and the boundary layers more accurately. Table III gives the displacements at point
A on the free edge of the shell, see Figure 1.
Figure 5 shows that the load-scaling factor for this shell problem rst decreases and then
increases. In order to obtain a scaling factor that actually uctuates, we simply need to apply
additional loading, since this is a linear problem. Figure 6 shows the shell with the original
load plus an additional similarly applied distributed pressure load placed at the opposite side
of the shell. Figure 7 gives the load-scaling factor calculated using Equation (7) for this shell
problem. We note that the load-scaling factor and hence also the energies now oscillate, as
the thickness of the shell decreases. Additional oscillations might be obtained by applying
additional similar loadings oset at angles around the circumference.
Copyright ? 2003 John Wiley & Sons, Ltd.
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Figure 6. The shell problem with two load applications.
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Figure 7. Load-scaling factor. The results when using the mesh of 32 × 128 elements and
using the mesh of 64 × 256 elements.

Figure 7 shows also the results using the ner mesh of 64 × 256 elements. These results are
merely given to show that the renement of the mesh resulted again in reasonable dierences.
All further results given below correspond to the mesh of 32 × 128 elements.
Figures 8–10 show the calculated energy distributions as the shell thickness decreases.
The results correspond to the total strain energy, bending strain energy only and membrane
strain energy only, each time given as energies per unit surface area normalized by the total
strain energy stored in the shell structure. These gures also show that we do not have a
Copyright ? 2003 John Wiley & Sons, Ltd.
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Figure 8. Strain energy distribution: (a)  = 0:01; (b)  = 0:001; (c)  = 0:0001;
(d)  = 0:00001; and (e)  = 0:000001.

membrane- or bending-dominated shell problem, and they show that the dominant displacements are bending dominated and occur in the boundary layer as the thickness decreases.
The displacement and stress response is clearly complex and highly dependent on the shell
thickness. The results given underline the importance of using, for general shell analysis, only
Copyright ? 2003 John Wiley & Sons, Ltd.
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Figure 9. Bending energy distribution: (a)  = 0:01; (b)  = 0:001; (c)  = 0:0001;
(d)  = 0:00001; and (e)  = 0:000001.

nite element procedures that are able to solve accurately for membrane, bending and mixed
states of stresses and energies.
We referred earlier to the original and modied Scordelis–Lo roof shell problems. The
loading of the modied Scordelis–Lo roof problem is an element of Vm whereas the loading
Copyright ? 2003 John Wiley & Sons, Ltd.
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Figure 10. Membrane energy distribution: (a)  = 0:01; (b)  = 0:001; (c)  = 0:0001;
(d)  = 0:00001; and (e)  = 0:000001.

of the original Scordelis–Lo roof problem is not an element of Vm . Therefore, the load-scaling
factors are  = 1 and 1.75, respectively. Of course, the loading in the problem considered here
is also not an element in Vm , but the distinguishing feature is that in this problem Vm is not
even a space of distributions. Hence, while the loading applied is (innitely) smooth, it still
is not an element of Vm , and, physically, the possible displacements in Vm are very irregular
which results in the unduly sensitive behaviour of the shell as its thickness is decreased.
Copyright ? 2003 John Wiley & Sons, Ltd.
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Of course, as also further discussed in References [1, 2, 8–10, 14], this behaviour could
be changed by a change in geometry or boundary conditions, including adding a stiener at
the free edge of the shell (which depending on the purpose of the shell may be required in
practice).

3. CONCLUDING REMARKS
The common experience is that a shell problem can be identied to belong to one of the
distinct categories of shell behaviours; namely bending-dominated, membrane-dominated, and
mixed behaviours. Considering an asymptotic analysis for decreasing shell thickness, as pursued in recent years, the shell behaviour is usually associated with a well-dened load-scaling
factor. This factor distinctly displays to which category the shell behaviour belongs and gives
the ratios of energies (membrane and bending) asymptotically stored in the shell. The objective of this paper is to present a shell problem that does not have a well-dened load-scaling
factor and for which the displacement and stress distributions do not uniformly converge to
a limit state. Associated with this phenomenon, the ratios of membrane and bending energies
to total strain energy also do not converge as the thickness of the shell decreases.
The non-convergence of the load-scaling factor is occurring with displacement oscillations
in the boundary layer varying with the shell thickness. The fact that these changes in the
oscillations are possible, and do occur, shows the high sensitivity of the shell problem.
While the problem is a very interesting one to solve numerically, it is, however, not a
good test problem, on its own, for nite element methods. To test a nite element procedure,
more insight is gained by solving (reasonably complex) pure membrane problems—to identify
whether any consistency errors in the discretization scheme are under control—and to solve
(reasonably complex) bending-dominated problems—to identify whether ‘locking’ is present
[10, 15, 16]. Of course, once a nite element scheme has been shown to be eective for these
problems, the method can also be condently used for highly sensitive problems, such as the
one discussed in this paper, in which then mixed stress states need be accurately computed.
Indeed, then the shell problem discussed here is a valuable problem to solve in testing a nite
element scheme.
The change in displacement and energy distributions observed in the analysis of the shell
considered, as the thickness of the shell decreases, is a very interesting physical phenomenon
and might well be exploited in practical applications of the future. Of course, other shell
structural problems exhibit this kind of behaviour as well, and this whole class of shell
problems, touched upon in this paper, deserves much further investigation. It would also be
interesting to perform some physical (laboratory) experiments on the shell considered here
and include non-linear eects in the theoretical and practical studies.
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