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Abstract
We present some developments for the extension of goal-oriented error estimation procedures to the analysis of Navier–Stokes incompressible ﬂuid ﬂows with structural interactions. Particular focus is given on error assessment of speciﬁc quantities of interest deﬁned on
the structural part. The goal is to establish relatively coarse meshes to model the ﬂuid ﬂow but achieve acceptable accuracy in the quantities of interest. A nonlinear goal-oriented error estimation procedure is presented which is applicable to general nonlinear analyses.
Some illustrative solutions using ADINA are given.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Since the pioneering developments of Argyris [1,2],1 and other researchers, the ﬁnite element method has been established as the primary analysis technique for structures, and has also been used to solve various multi-physics problems
[3,4]. In particular, the analysis of ﬂuid ﬂows with structural interactions has been given increasing attention during the
recent years. With the availability of numerical solution schemes for ﬂuid ﬂow response and structural response, a natural
step is to pursue a fully coupled analysis. Such analyses are now performed in industry and academia to solve already quite
complex problems.
However, as in all numerical solutions, the computational cost of solution and the accuracy reached for a given cost are
important issues. These are particularly important considerations in the solution of Navier–Stokes ﬂuid ﬂows fully coupled
to nonlinear structural response, like encountered, for example, in the analysis of motor car damping devices [5], in pumps
and bearings [6], or ﬂuid ﬂows in biological systems [7], see also [3,4]. The cost of solution is, roughly, given by the number
of nodes or grid points used for the ﬂuid and structural discretizations. If a fully three-dimensional analysis is pursued, the
number of grid points can be very large to represent the ﬂuid ﬂow and millions of equations are solved. Fully coupled ﬂuid
ﬂow structural interaction analyses can then be computationally very expensive. However, in many such analyses, the
objective is to predict only the structural response accurately, whereas the ﬂuid ﬂow is not needed with great accuracy.
The large number of equations in ﬂuid ﬂow structural interaction analyses are usually due to the representation of the
ﬂuid. Indeed, in order for interaction eﬀects to be signiﬁcant, the structure is frequently thin and can be represented as a
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shell, hence a two-dimensional domain, not requiring, by far, as many grid points as the three-dimensional ﬂuid domain. In
essence then, it must be the aim to reduce the number of ﬂuid elements or grid points in the discretization in order to reduce
the solution cost. For this purpose, we have concentrated our research on the development of the ﬂow-condition-based
interpolation (FCBI) ﬁnite element solution approach for Navier–Stokes ﬂuids [8–10]. The aim in this solution approach
is to develop schemes for Navier–Stokes ﬂuids at low and high Reynolds numbers that are stable and accurate, and reasonably accurate even when using rather coarse meshes. The accuracy should then increase optimally as the ﬂuid mesh is
reﬁned.
The use of coarse meshes in the solution of ﬂuid ﬂows should be possible when only global quantities need be predicted accurately, like the overturning moment due to tractions/pressure on a structure. Of course, the level of accuracy
must be suﬃciently high to obtain the structural response to the desired accuracy, and to ensure that this is the case, the
solution error needs to be measured and controlled. In principle, a number of error measures but in particular goaloriented error measures have the potential to be very useful [11–21]. Indeed, the basic aim with goal-oriented error measures, to assess the error in certain solution quantities, is directly applicable. The goal-oriented error measures might be
applied to establish the error in the tractions on a structure, or more directly, to assess the error in the quantities of interest in the structure. Hence, our objective in ﬂuid ﬂow structural interaction analyses is to use the FCBI solution schemes
in rather coarse meshes together with goal-oriented error measures to control the error of solution in the structural
response.
Of course, to establish an eﬀective coarse mesh of FCBI elements will in general require some iterations on the mesh.
However, the expense of the iterations—if necessary—might be much less than simply running a very ﬁne ﬂuid mesh, in
particular when the ﬂuid mesh needs to be only established once for a structural optimization. The structural mesh could
of course also be iterated upon, but in practice, the cost arising by use of a very ﬁne (and therefore ﬁxed) structural mesh is
frequently relatively small.
The objective of this paper is to present some basic approaches to use goal-oriented error assessments in steady-state
ﬂuid ﬂow structural interaction analyses in order to obtain acceptable accuracy in the structural response of interest with
the use of coarse meshes to represent the ﬂuid ﬂow. While goal-oriented error estimation techniques have been presented
for a large class of linear and nonlinear problems, see [13,14,19,20,22] and the references therein, the actual application in
practical analyses still needs to be explored [20], and the extension to ﬂuid ﬂow structural interaction problems, like considered in this paper, is still an open research task.
In the next sections of the paper, we ﬁrst present the governing equations solved in the fully coupled Navier–Stokes ﬂuid
ﬂow with the structure. We then focus on the nonlinear goal-oriented error estimation techniques developed to assess and
control the error in the structural response of interest. Next we illustrate the use of the proposed procedures in some example solutions using ADINA [23,24] with the proposed error measure procedures implemented externally to this program.
Finally, in the concluding remarks, we point out that the development given herein is surely only a start for much more
research to be performed in this area, but the approach followed in this paper seems very promising.
2. Governing equations of fully coupled ﬂuid ﬂow structure interaction
In this section, we present the mathematical model and the ﬁnite element equations of the ﬂuid ﬂow structure interaction
problem that we consider, see also Ref. [24].
2.1. Fluid equations
We consider an open bounded ﬂuid domain X 2 R3 with boundary C = CD [ CN, where CD and CN are the Dirichlet
and Neumann boundaries, respectively, and Ci  CD is the ﬂuid–structure interface boundary. The incompressible
Navier–Stokes equations of a steady-state ﬂuid ﬂow problem can be written in non-conservative form as
 r  s þ qðv  rÞv ¼ f

x 2 X;

ð1Þ

r  v ¼ 0 x 2 X;

ð2Þ

subject to (suﬃciently smooth) boundary conditions
v¼0
v ¼ vD

x 2 Ci ;

ð3Þ

x 2 CD n Ci ;

ð4Þ

s  n ¼ t x 2 CN ;

ð5Þ

where
T

s ¼ sðv; pÞ ¼ pI þ l½rv þ ðrvÞ 

ð6Þ
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is the stress tensor, l is the viscosity, v are the velocities, p is the pressure, f are body forces per unit volume, vD are the
prescribed velocities on CD, t are the prescribed tractions on CN, n is the unit outward normal vector to the boundary surface of the ﬂuid, and q is the density. The variational formulation of the Navier–Stokes equations reads [25]:
Find (v, p) 2 V · P such that
aððv; pÞ; ðw; qÞÞ ¼ lðwÞ 8ðw; qÞ 2 V 0  P ;

ð7Þ

where

Z
Z
Z
aððv; pÞ; ðw; qÞÞ ¼
s  rw dX þ qðv  rÞv  w dX þ qr  v dX;
X
X
X
Z
Z
lðwÞ ¼
f  w dX þ
t  w ds
X

ð8Þ
ð9Þ

CN

and the Hilbert spaces are deﬁned by
3

V 0 ¼ fw 2 ½H 1 ðXÞ : w ¼ 0 on CD g;

ð10Þ

2

P ¼ fq 2 L ðXÞg.

ð11Þ

The trial space V diﬀers from the test space V0 in that functions of V satisfy the inhomogeneous boundary data on CD.2
Of course, the coupling between the ﬂuid and the structure must satisfy the conditions of compatibility and traction
equilibrium at the ﬂuid–structure interface. In this work, the displacements of the structure are mapped onto the ﬂuid
domain, i.e.,
u ¼ us

x 2 Ci

ð12Þ

and hence the ﬂuid domain X = X(us) is a function of the structural displacements us.
2.2. Solid equations
We consider an open bounded domain Xs 2 R3 of a structure or solid with boundary Cs ¼ CsD [ CsN where CsD and CsN
are the Dirichlet and Neumann boundaries, respectively, and Ci  CsN is the ﬂuid–structure interface boundary. The structural (or solid) response is described using a Lagrangian formulation where the structure can comprise any structural elements such as beams, plates, or shells. The structural deformations can be complex and include large deformations and
rotations. Considering a general 3D-nonlinear response, the governing equilibrium equations are
r  ss þ f s ¼ 0

x 2 Xs

ð13Þ

associated with the boundary conditions
x 2 CsD ;

ð14Þ

ss  ns ¼ ts x 2 CsN n Ci ;
ss  ns ¼ s  n x 2 Ci ;

ð15Þ
ð16Þ

us ¼ 0

where ss is the structural stress tensor, fs are body forces per unit volume, ts are tractions applied on CsN , and ns is the unit
outward normal vector to the boundary surface of the structure. The stresses are of course evaluated using the relevant
constitutive relation (we considered in this research an elastic behavior). We note that in Eq. (16) the traction equilibrium
between the ﬂuid and the structure is satisﬁed on Ci, that is, the tractions of the ﬂuid are mapped onto the structure.
The variational formulation of this problem can be written as [25]:
Find us 2 Vs such that
as ðus ; vs Þ ¼ ls ðvs Þ

8vs 2 V s ;

ð17Þ

where

Z
as ðus ; vs Þ ¼
ss  s dX;
Xs
Z
Z
ls ðvs Þ ¼
f s  vs dX þ
Xs

ð18Þ
ts  vs ds 
CsN nCi

Z

ðs  nÞ  vs ds;

ð19Þ

Ci

with strain tensor s and the Hilbert space is deﬁned by
V s ¼ fvs 2 ½H 1 ðXs Þ3 : vs ¼ 0 on CsD g.
2

Actually, to be precise, V is not a linear space, but an aﬃne manifold that can be thought of as obtained by translating the linear space V0.

ð20Þ
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2.3. Coupling between ﬂuid and structure
The coupling between the ﬂuid and the structure is based on an arbitrary-Lagrangian–Eulerian formulation for the ﬂuid
that is coupled to the Lagrangian formulation of the structure [24].
Using the variational formulations for the ﬂuid ﬂow problem and the structural part problem, the nonlinear coupled
problem can be written in compact form as:
Find fv; p; us g 2 V ¼ V  P  V s such that
aððv; pÞ; ðw; qÞÞ þ as ðus ; vs Þ ¼ lðwÞ þ ls ðvs Þ

8fw; q; vs g 2 V0 ;

ð21Þ

where V0 ¼ V 0  P  V s . This nonlinear variational problem (21) describes a fully coupled ﬂuid ﬂow interaction problem.
The ﬂuid domain, on which a((.,.), (.,.)) is deﬁned, depends on the structural displacements us, while the tractions of the
ﬂuid are mapped onto the structure.
3. Nonlinear goal-oriented error estimation
In this section, we propose a framework for general nonlinear goal-oriented error estimation which can be used with
existing ﬁnite element programs and which is applicable to a wide range of applications including ﬂuid ﬂows interacting
with general nonlinear structural behavior.
3.1. General framework
We develop our approach for general nonlinear goal-oriented error estimation. For simplicity we consider ﬁrst the case
of homogeneous boundary conditions on the Dirichlet boundary and address the case of non-homogeneous boundary data
in Section 3.3. We begin with the abstract nonlinear variational problem [25]:
Find U 2 V0 such that
ð22Þ

AðU; VÞ ¼ LðVÞ 8V 2 V0 ;

where U is the exact (weak) solution, A(.; .) is a semi-linear form that is linear only in the second argument, L(.) is a linear
functional, and V0 is the appropriate Hilbert space. For instance, in case of ﬂuid ﬂow structure interaction, these forms are
given by
AðU; VÞ ¼ aððv; pÞ; ðw; qÞÞ þ as ðus ; vs Þ;
LðVÞ ¼ lðwÞ þ ls ðvs Þ.

ð23Þ
ð24Þ

The corresponding ﬁnite element approximation is based on ﬁnite dimensional subspaces V0;h  V0 to determine
Uh 2 V0;h such that
AðUh ; Vh Þ ¼ LðVh Þ 8Vh 2 V0;h .

ð25Þ

To solve the equations we can employ the ‘‘directly fully coupled solution’’ or the ‘‘iterative solution by partitioning’’, and
the same solution is obtained in either case [24,25].
A measure of the solution error Eh = U  Uh is given by the residual [20]
RðUh ; VÞ ¼ LðVÞ  AðUh ; VÞ

8V 2 V0 ;

ð26Þ

with the Galerkin orthogonality
RðUh ; Vh Þ ¼ LðVh Þ  AðUh ; Vh Þ ¼ 0 8Vh 2 V0;h .

ð27Þ

Our goal is to calculate a speciﬁc quantity of the solution space, denoted by Q(U), which is a linear or nonlinear functional deﬁned in the dual space V00 . This so-called quantity of interest can be almost any linear or nonlinear local or global
quantity of the solution, such as the square of the L2-norm of the solution
Z
U  U dX
ð28Þ
QðUÞ ¼
Xc

(with Xc denoting the domain of the coupled problem) or, in the case of ﬂuid ﬂow structure interaction, the tractions corresponding to the ﬂuid ﬂow acting on the ﬂuid–structure interface
Z
QðUÞ ¼
sðv; pÞn ds.
ð29Þ
Ci
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For the purpose of goal-oriented error estimation we (frequently) assume that the following Gateaux-derivatives of the
semi-linear form and the quantity of interest exist


d
0
AðU þ eu; VÞ
A ðU; u; VÞ ¼
;
ð30Þ
de
e¼0


d
QðU þ eVÞ
Q0 ðU; VÞ ¼
.
ð31Þ
de
e¼0
Clearly, A 0 (.; ., .) is the tangent form used in the nonlinear iteration to solve (22) which is a bilinear form in the last two
arguments, but not necessarily symmetric in u and V. The key for estimating the error in a quantity of interest is for us
to consider for a speciﬁed U a (linear) auxiliary problem:
Find Z 2 V0 such that
A0 ðU; Z; VÞ ¼ Q0 ðU; VÞ

8V 2 V0 ;

ð32Þ

in which Z denotes the inﬂuence function corresponding to the choice of the quantity of interest obtained at the ‘‘linearization point’’ of U. However, since the exact solution U is generally unknown, the auxiliary problem is linearized around
the ﬁnite element solution Uh, which leads to the variational problem:
Find Z 2 V0 such that3
A0 ðUh ; Z; VÞ ¼ Q0 ðUh ; VÞ

8V 2 V0 .

ð33Þ

Then we may seek the error in the quantity of interest by choosing V = W  Uh which can give the starting point of a subsequent goal-oriented error estimate:
A0 ðUh ; Z; W  Uh Þ ¼ Q0 ðUh ; W  Uh Þ.

ð34Þ

0

The quantity Q (Uh; W  Uh) is a linear approximation of the true error in the quantity of interest evaluated at the linearization point, where W denotes a linear approximation of the exact solution U at this point.
Remark 1. In the case of a symmetric tangent form, the following dual problem can be considered:
Find Z 2 V0 such that
A0 ðU; V; ZÞ ¼ Q0 ðU; VÞ

8V 2 V0 .

ð35Þ

Of course, this problem is in this case identical to the auxiliary problem we consider in (32) and the same solutions are
obtained.
Remark 2. In case of a symmetric tangent form we also have the relation
Q0 ðUh ; Uh Þ ¼ A0 ðUh ; Zh ; Uh Þ ¼ A0 ðUh ; Uh ; Zh Þ ¼ LðZh Þ;

ð36Þ

0

where Q (Uh; Uh) is a Gateaux linearization of Q(Uh) at the linearization point and we use the corresponding inﬂuence function in the evaluation of L(Zh).
Remark 3. Since Q 0 (Uh; Uh) is actually used in the assessment of the error, see (34), it is interesting to evaluate the
difference
d ¼ jQðUh Þ  Q0 ðUh ; Uh Þj

ð37Þ

as a measure for degree of nonlinearity of the problem with respect to the quantity of interest. For instance, considering the
quantity of interest deﬁned in (28), we obtain
Z
QðUh Þ ¼
U2h dX;
ð38Þ
Xc
Z
Q0 ðUh ; Uh Þ ¼
2U2h dX;
ð39Þ
Xc

so that a subsequent error estimate based on Q 0 (Uh; W  Uh) neglects higher-order terms in the error Q(W)  Q(Uh), even
if W were equal to U. Of course, in case of a linear quantity of interest, such as the one in (29), we have d = 0.

3

Note that the solutions of (32) and (33) are of course diﬀerent, but it will be apparent in subsequent equations which Z is meant.

5678
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3.2. A strategy for computing the inﬂuence function
We are largely interested in a procedure that can be used externally-coupled to existing ﬁnite element programs, and
therefore suggest to replace the Gateaux-derivative of the semi-linear form given on the left-hand side in (33) by
Q0 ðUh ; VÞ ¼ A0 ðUh ; Z; VÞ



d
¼ AðUh þ eZ; VÞ
de

ð40Þ
ð41Þ
e¼0

ﬃ e1 ½AðUh þ eZ; VÞ  AðUh ; VÞ.

ð42Þ

In order to obtain a ﬁnite element solution of the inﬂuence function, we choose e to be a ‘‘scaling factor’’ of the linear
auxiliary problem and solve the variational problem:
Find Uh þ eZh 2 V0;h such that
AðUh þ eZh ; Vh Þ ¼ LðVh Þ þ eQ0 ðUh ; Vh Þ

8Vh 2 V0;h .

ð43Þ

After establishing the solution of (43) the inﬂuence function is calculated by
Zh ¼ e1 ½ðUh þ eZh Þ  Uh 

ð44Þ

and the so-constructed tangent form is denoted by
A0e ðUh ; Zh ; VÞ ¼ e1 ½AðUh þ eZh ; VÞ  AðUh ; VÞ.

ð45Þ

Remark 4. To solve (43) we ﬁrst apply the load L(Vh) of the primal problem in an appropriate number of steps. After
obtaining the solution Uh we apply the load term eQ 0 (Uh; Vh) in one additional step. The parameter e is a very small number
and can be adaptively chosen such that there is only a linear contribution of eZh to the solution. The computational cost of
the proposed technique is small since there is only one step needed for applying eQ 0 (Uh; Vh). Hence, for the evaluation of
the difference in (44) we simply take the solutions (Uh + eZh) and Uh obtained in the same ﬁnite element analysis of the
problem.
3.3. Error control for problems with symmetric tangent forms
Many nonlinear variational problems in solid mechanics and some problems in ﬂuid mechanics result in a symmetric
tangent form. In these cases, or for any other problems with an underlying symmetrical tangent form, we proceed for
the purpose of goal-oriented error estimation as follows:
Q0 ðUh ; W  Uh Þ ¼ Q0 ðUh ; WÞ  Q0 ðUh ; Uh Þ

ð46Þ

¼ A0 ðUh ; Z; WÞ  A0 ðUh ; Zh ; Uh Þ
 LðZÞ  A0e ðUh ; Zh ; Uh Þ;

ð47Þ
ð48Þ

where the approximate sign in (48) refers to replacing the Gateaux-derivative of the second form in (47) by the ﬁnite difference expression using (45). We note that since L(.) is per deﬁnition a linear functional, we use in the step from (47) to (48)
A0 ðUh ; Z; WÞ ¼ LðZÞ;

ð49Þ

0

with A (.; ., .) as deﬁned in (30).
To actually obtain a computable quantity of the error in the quantity of interest, one useful strategy (and commonly
accepted practice) is to replace the unknown solution Z by a solution obtained using a richer space than V0;h : For instance,
Grätsch and Bathe [20,21] used the same mesh of 4-node and 9-node elements in shell analyses. Hence, if in a 2D or shell
analysis Zh9-node denotes the 9-node element solution and Zh the 4-node element solution (h denotes the element size in each
case), we obtain from (48)
Q0 ðU ; W  U Þ  LðZ9-node Þ  A0 ðU ; Z ; U Þ.
ð50Þ
h

h

h

Zh9-node

e

h

h

h

Here the solutions Zh and
are computed using (43) and (44) with the mesh of 4-node and 9-node elements,
respectively.
For the purpose of driving mesh adaptivity, we then obtain local mesh reﬁnement indicators by considering
X

Q0 ðUh ; W  Uh Þ 
ð51Þ
LðZh9-node ÞK  A0e ðUh ; Zh ; Uh ÞK ;
K
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where K denotes the volume of an element in the ﬁnite element mesh domain. Note that the estimates in (50) and (51) are
very similar to those obtained in the standard duality approach [19,20], where the Gateaux-derivative A 0 (.; ., .) is employed
instead of A0e ð.;.,.Þ used here and further integration by parts is applied to recast the estimate in terms of element residuals
and jump terms across interelement boundaries.
For calculating the error for a given mesh only, we may use the simple relation
Q0 ðU ; W  U Þ  LðZ9-node Þ  LðZ Þ;
ð52Þ
h

h

h

h

which for a linear problem reads
QðU  Uh Þ  LðZh9-node Þ  LðZh Þ.

ð53Þ
Zh9-node ,

We once again emphasize that to obtain the higher-order approximation
the same mesh is used as in the calculation of Zh [20,21].
So far we (implicitly) assumed that there are no inhomogeneous data applied at the Dirichlet part of the boundary. In
case U 5 0 on CD we actually consider the variational problem:
Find U 2 V ¼ V  P  V s such that
ð54Þ

AðU; VÞ ¼ LðVÞ 8V 2 V0 ;

where the trial space V diﬀers from the test space V0 in that functions of V satisfy the inhomogeneous boundary data on
CD.
For obtaining an error estimate similar to (52) we split the solution U into two parts
~ þ UC ;
ð55Þ
U¼U
~ denotes the solution in V0 for homogeneous boundary data and UC is chosen such that UC = UD on CD with UD
where U
denoting the inhomogeneous boundary data on CD (a reasonable choice of UC ensures the eﬀectiveness of the solution) [25].
Employing (55) in (54) leads to
~ þ UC ; VÞ ¼ LðVÞ.
AðU

ð56Þ

~ then satisﬁes the variational problem:
The solution U
~
Find U 2 V0 ¼ V 0  P  V s such that
~ VÞ ¼ LH ðVÞ
AH ðU;

8V 2 V0 ;

ð57Þ

where the modiﬁed forms Aw(.; .) and Lw(.) account for the inhomogeneous data at the Dirichlet boundary. The error
estimation can now directly proceed as described above.
Remark 5. However, it is important that in the solution of the auxiliary problem deﬁned in (32), or its ﬁnite element
approximation, we now apply zero boundary conditions on that portion of the boundary CD on which inhomogeneous
boundary data are prescribed in the primal problem. For example, when applying an inlet velocity vD on a portion
Cin  CD of the Dirichlet boundary, for solving the auxiliary problem we have to apply the boundary condition v = 0 on
Cin, that is, the inlet has been closed (see also Section 4.1).
3.4. Error control for problems with non-symmetric tangent forms
In case of a non-symmetric tangent form A 0 (.; ., .) the step from (47) to (48) is not possible, hence the error representations (50)–(52) can not be used. One possible way to proceed is to start with the residual (26) and choosing V = Z  Zh
yields
RðUh ; Z  Zh Þ ¼ LðZ  Zh Þ  AðUh ; Z  Zh Þ.

ð58Þ

Then we can also deﬁne
 h ; Zh ; VÞ ¼ Q0 ðUh ; VÞ  A0 ðUh ; Zh ; VÞ
RðU

8V 2 V0 .

ð59Þ

These relations are used in [19,22] to establish an error measure. However, we can also use the exact error representation
QðEh Þ ¼ QðUÞ  QðUh Þ

ð60Þ

and when a linear quantity of interest and local error indicators are sought
QðEh Þ ¼ AðZ; UÞ  AðZh ; Uh Þ;

ð61Þ
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where Z and Zh are solutions of nonlinear variational problems and are not inﬂuence functions of Q(U) and Q(Uh) in the
meaning of linear analysis.
Using this approach, a useful strategy is to replace the unknown solution Z by a higher-order approximation. For example, as considered already above, in two-dimensional analyses of ﬂuid ﬂow structure interactions, we may use for the
Navier–Stokes ﬂuid 4-node elements to calculate Zh and then use the same mesh of 9-node elements to calculate
Zh9-node , to obtain the approximate error representation
QðUÞ  QðU Þ  AðZ9-node ; U9-node Þ  AðZ ; U Þ.
ð62Þ
h

h

h

h

h

For the purpose of driving mesh adaptivity, we then obtain local mesh reﬁnement indicators by considering
X 


QðUÞ  QðUh Þ 
A Zh9-node ; Uh9-node K  AðZh ; Uh ÞK .

ð63Þ

K

The error representation (61) and its approximation (62) are quite general but an even more general approximate error
estimate, that includes the case above but in particular is directly applicable to nonlinear goal quantities, is given by
QðUÞ  QðU Þ  QðU9-node Þ  QðU Þ;
ð64Þ
h

h

h

where the quantity of interest is directly evaluated using Uh9-node and Uh.
Interpreting Uh9-node and Zh9-node in general as higher-order element solutions obtained with the same mesh as used to
calculate Uh and Zh, the error estimates in (62)–(64) are applicable to arbitrary nonlinear fully-coupled multi-physics
problems while considering almost any quantity of interest.
4. Numerical experiments
In our numerical experiments, we employ the goal-oriented error estimation procedures for linear Stokes ﬂow (Re = 0)
with a rigid structure, to illustrate the concept of using inﬂuence functions, and Navier–Stokes ﬂuid ﬂow (Re = 200) interacting with a general nonlinear elastic structure. In both illustrative examples we focus on the tractions acting on the structural part of the problem, and we only estimate the error for uniform meshes and do not employ adaptivity. The original
ﬂow problems are solved using the 4-node FCBI elements available in ADINA. The error estimate then uses the ﬂuid ﬂow
approximation obtained with a 9-node Galerkin ﬁnite element (using the 9 nodes for the velocities and the 4 corner nodes
for the pressure interpolations)4 and the same mesh (i.e., with the same number of elements) as used with the 4-node FCBI
elements.5 Hence, we simply change the element formulation in ADINA. For measuring the accuracy of our error estimate
we use the eﬀectivity index, which is the ratio between the estimated error and a reference error obtained using a very ﬁne
reference mesh.
4.1. Flow over backward facing step and impinging on a rigid cantilever
Our model problem is the ﬂuid ﬂow problem shown in Fig. 1(a) which has also been studied in [24]. We assume the
cantilever to be rigid and consider linear Stokes ﬂow. The quantities of interest are the horizontal tractions across the rigid
cantilever located at y = 16.0 and the resulting bending moment at the support

Z 2

Q1 ðUÞ ¼
ðsðv; pÞnÞy dz
;
ð65Þ
0

Q2 ðUÞ ¼

Z

0

y¼16

2



zðsðv; pÞnÞy dz

.

ð66Þ

y¼16

The ﬁnite element start-mesh consists of 488 two-dimensional 4-node FCBI elements (see Fig. 1(b)) and we choose
v0 = 1. For this mesh we want to study the inﬂuence function for the quantity of interest deﬁned in (65).
An important point is to choose proper boundary conditions for the inﬂuence function problem. In the case of prescribed tractions at the channel inlet in the primal problem, we have to use zero traction boundary conditions in the inﬂuence function problem. However, in the case of prescribed velocities at the channel inlet (as used in this example), we have
to apply zero-velocity boundary conditions at the inlet in the calculation of the inﬂuence function (see (57)).

4

Also referred to as the Taylor–Hood, Q9/Q4, or 9/4-c element [25].
Ideally, we would be able to use here a 9-node FCBI element with much better stability and (almost) the same accuracy properties as provided by the
Galerkin element, with the aim to also have the error control with coarse meshes for higher Re number ﬂows. We are working on such an element [26], see
also [27,28].
5
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Fig. 1. Fluid ﬂow structure interaction problem: (a) deﬁnition of the problem, cantilever is rigid in linear Stokes ﬂuid ﬂow and ﬂexible in Navier–Stokes
ﬂuid ﬂow, (b) start-mesh of four-node FCBI elements for the case of a rigid cantilever.

Fig. 2(a) and (b) show the velocities and the pressures of the inﬂuence function in case of inlet tractions in the primal
problem, and Fig. 2(c) and (d) show the velocities and the pressures of the inﬂuence function in case of inlet velocities in the
primal problem.
As expected, the numerical solution shows that employing the linear relationship
Z
~ h Þ ¼ AH ðZh ; U
~ h Þ ¼ A H ðU
~ h ; Zh Þ ¼ LH ðZh Þ ¼
QðU
shz n  v0 ds
ð67Þ
CD

yields the same quantity of interest as obtained by calculating the ﬁnite element solution of the primal problem as usual
and simply evaluating the quantity of interest on the solution space. In (67) Aw(., .) denotes the symmetric bilinear
form corresponding to the variational formulation of linear Stokes ﬂow, v0 is the inlet velocity of the primal problem,
and Lw(.) is the modiﬁed load term that accounts for the inhomogeneous data at the Dirichlet boundary (see Section
3.3).
We next want to estimate the error in the quantities of interest given in (65) and (66) employing the goal-oriented
error estimation technique (53). The reference solution for assessing the error was obtained using a uniform mesh of
31,232 9-node Galerkin ﬁnite elements with 280,334 degrees of freedom. Using the start-mesh shown in Fig. 1(b) and
employing the 4-node FCBI element in the analyses, the meshes are uniformly reﬁned. As seen in Fig. 3, for both quantities, the estimated relative percentage errors decrease reasonably and the corresponding eﬀectivity indices are close to
1.0.
It is remarkable that even for a very coarse mesh (obtained by uniformly coarsening the start-mesh) of only 122 4-node
FCBI elements (357 degrees of freedom) the solution is still useful yielding a relative error of 21.4% and 18.1% in the quantities of interest with corresponding eﬀectivity indices of 1.42 and 1.77 for Q1(U) and Q2(U), respectively.

(a)
NODAL_PRESSURE

(b)

26000
22000
18000
14000
10000
6000
2000

(c)
NODAL_PRESSURE

(d)

52000
44000
36000
28000
20000
12000
4000

Fig. 2. Inﬂuence functions for the quantity of interest deﬁned in (65) for the ﬂow over backward facing step problem assuming a rigid cantilever: Primal
problem consists of tractions at channel inlet, (a) velocities, (b) corresponding pressure ﬁeld; primal problem consists of velocities at channel inlet,
(c) velocities, (d) corresponding pressure ﬁeld.
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Fig. 3. Results of goal-oriented error estimation for the backward facing step problem (linear Stokes ﬂow and rigid cantilever) for the quantities of interest
deﬁned in (65) and (66) using the approximate error representation (53) and employing for each estimate the same ﬂuid mesh of 4-node FCBI elements and
9-node Galerkin elements: (a) estimated (absolute) relative errors in the quantities of interest, (b) corresponding eﬀectivity indices. The numbers of degrees
of freedom refer to the uniformly reﬁned 4-node FCBI element meshes with the ﬁrst mesh as shown in Fig. 1(b) and correspond to the velocity and
pressure degrees of freedom.

4.2. Flow over backward facing step and impinging on a ﬂexible cantilever
We again consider the model problem in Fig. 1 but now we assume the cantilever to be ﬂexible undergoing large deformations (plane strain state) and the ﬂuid to be governed by the incompressible Navier–Stokes equations. In our analysis we
use the following parameters:
Structure: Young’s modulus E = 1.0E7; Poisson’s ratio m = 0.3,
Fluid: Viscosity l = 1.0; Mass density q = 100.
Assuming the step height (l = 2.0) to be the characteristic length of the problem yields the Reynolds number Re = 200.
The quantities of interest are, as deﬁned in (65) and (66), the horizontal tractions across the cantilever located at
y = 16.0 and the resulting bending moment at its ﬁxed end.
For our goal-oriented error estimation we use the scheme proposed in (64). The start-mesh is now shown in Fig. 4, and
this mesh is, in succession, uniformly reﬁned. The reference solution was obtained using again the uniform mesh of 31,232
9-node Galerkin ﬁnite elements with 280,334 degrees of freedom for the ﬂuid and now a ﬁne mesh of 9-node elements for
the cantilever structure. The resulting tip displacement was 0.593 (see also Section 4.3).
In the analyses we employ for the ﬂuid ﬂow the 4-node FCBI element and the 9-node Galerkin element, always using the
same meshes. As shown in Fig. 5, the estimated relative percentage error decreases reasonably and the corresponding eﬀectivity indices tend to 1.0. In the ﬁgure the numbers of degrees of freedom refer to the coupled system.
4.3. Inﬂuence of the structural mesh size
While in Section 4.2 we considered a ﬁxed structural mesh, we also want to study the inﬂuence of the structural mesh on
the accuracy of the quantities of interest. For this purpose we use the ﬁxed ﬂuid mesh corresponding to the problem solution with 21,532 degrees of freedom referred to in Fig. 5, and vary only the structural mesh. The ﬁrst structural mesh consists of a discretization using 10 · 1 elements (one element in the thickness direction) and this mesh is reﬁned to obtain
meshes of 20 · 2, 30 · 3, . . . , 80 · 8 elements. The variation of the structural mesh will, of course, aﬀect the ﬂuid ﬂow
due to the coupling of the ﬂuid and the structure, and hence it will inﬂuence the values of the quantities of interest considered in this study.
Fig. 6 shows the results computed using the scheme proposed in (62). As shown in the Figure, and as expected, using
quite coarse 9-node element structural meshes gives already very good results, in particular compared to the 4-node element

Fig. 4. Start-mesh of four-node FCBI elements used in the backward facing step problem when considering Navier–Stokes ﬂuid ﬂow fully coupled with
the ﬂexible cantilever undergoing large deformations, for the quantities of interest deﬁned in (65) and (66). The approximate error representation (64) is
used with, for each estimate, the same ﬂuid mesh of 4-node FCBI elements and 9-node Galerkin elements.
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Fig. 5. Results of goal-oriented error estimation for the backward facing step problem when considering Navier–Stokes ﬂuid ﬂow fully coupled with the
ﬂexible cantilever undergoing large deformations, for the quantities of interest deﬁned in (65) and (66). The approximate error representation (64) is used
with for each estimate the same ﬂuid mesh of 4-node FCBI elements and 9-node Galerkin elements: (a) estimated (absolute) relative errors in the quantities
of interest, (b) corresponding eﬀectivity indices. The numbers of degrees of freedom refer to the uniformly reﬁned 4-node FCBI element meshes with the
ﬁrst mesh as shown in Fig. 4 and correspond to the velocity, pressure and displacement degrees of freedom.
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Fig. 6. Results of goal-oriented error estimation for the backward facing step problem when considering Navier–Stokes ﬂuid ﬂow fully coupled with the
ﬂexible cantilever undergoing large deformations, for the quantities of interest deﬁned in (65) and (66), with the approximate error representation (64),
using for each estimate the same ﬂuid mesh of 4-node FCBI elements (corresponding to the third solution in Fig. 5) and varying the structural mesh: (a)
horizontal force, (b) bending moment at the support of the cantilever. The given number of elements for the structural mesh refers to the number of
elements used along the cantilever where 1/10 of that number is used for discretization in the thickness direction of the cantilever.

structural mesh solutions. We conclude that the accuracy of the quantity of interest, as considered in this study, mainly
depends on the ﬂuid mesh size, while the structural mesh can be quite coarse provided 9-node elements are used.
5. Conclusions
We presented some developments for the goal-oriented error estimation in ﬂuid ﬂow structure interaction analyses. In
many such interaction analyses the focus is on the structural response and the aim is only to solve accurately for the maximum forces and moments in the structure. The ﬂuid ﬂow needs to be predicted just suﬃciently well to reach an accurate
response prediction of the structure. Hence the ﬂuid mesh can probably in principle be rather coarse—provided the ﬂuid
ﬂow analysis procedures admit such meshes –when compared to a ﬁne ﬂuid mesh used to obtain a detailed and accurate
ﬂuid ﬂow response.
The use of goal-oriented error estimation is therefore quite appealing: the goal quantities are the bending moments and
shear forces at critical locations in the structure. We developed in this paper some governing equations for the error estimation when general structural models and Navier–Stokes ﬂuids are considered. We also presented a few illustrative solutions. The basic premise is to signiﬁcantly reduce the computational eﬀort in the ﬂuid ﬂow structure interaction solution,
while also have an error control on the quantities of interest. This reduction in solution eﬀort might be particularly important when an optimization of the structure is pursued, which might entail many repeated ﬂuid ﬂow structure interaction
solutions.
The ﬁeld of ﬂuid ﬂow structure interaction analysis is very large, and the developments reported in this paper are only
some basic steps considering formulations and implementations for goal-oriented solutions. Clearly, the procedures proposed and used in this paper need to be much more researched, in particular with respect to the eﬀectivity indices, tested,
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evaluated, and reﬁned, possibly using dual problems, considering general ﬂows and large deformation elastic and inelastic
response of structures. Also, automatic re-meshing is necessary for the full power of the goal-oriented approach to be harnessed, and the performance of the proposed local error indicators should be investigated. However, we can already conclude that there is considerable potential in the general approach we have considered in this research.
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