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In this paper we present a model and a fully implicit algorithm for large strain anisotropic elasto-plastic-
ity with mixed hardening in which the elastic anisotropy is taken into account. The formulation is devel-
oped using hyperelasticity in terms of logarithmic strains, the multiplicative decomposition of the
deformation gradient into an elastic and a plastic part, and the exponential mapping. The novelty in
the computational procedure is that it retains the conceptual simplicity of the large strain isotropic elas-
to-plastic algorithms based on the same ingredients. The plastic correction is performed using a standard
small strain procedure in which the stresses are interpreted as generalized Kirchhoff stresses and the
strains as logarithmic strains, and the large strain kinematics is reduced to a geometric pre- and post-pro-
cessor. The procedure is independent of the specified yield function and type of hardening used, and for
isotropic elasticity, the algorithm of Eterović and Bathe is automatically recovered as a special case. The
results of some illustrative finite element solutions are given in order to demonstrate the capabilities of
the algorithm.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Many industrial products, like cars and planes, are made of lam-
inated sheet metals that display anisotropic behavior. Since the
trends are to improve product quality, more accurate simulations
of the manufacturing processes and of the products in service are
needed. In these numerical solutions, anisotropy of the metals
plays an important role [1–9].

Finite element simulations of isotropic elasto-plastic behavior
have achieved an acceptable accuracy and algorithms are currently
efficient [1,2]. Although it is only first order accurate, the back-
ward-Euler algorithm of Krieg and Key [10], motivated by the ear-
lier work of Wilkins [11] for perfect plasticity, is probably the most
used procedure for the small strain stress-point integration be-
cause its long term asymptotic behavior (when Dt ?1) coincides
with the exact solution and a return to the yield surface is always
guaranteed [12]. When large strains and displacements must be ta-
ken into account, ad hoc extensions based on hypoelastic and addi-
tive decompositions of quadratic strains into elastic and plastic
parts [13–16] gave way to hyperelastic models [17,18] based on
physically motivated multiplicative decompositions of the defor-
mation gradient into an elastic and a plastic part [2,19–21]. These
ll rights reserved.
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formulations avoid unphysical energy dissipations during elastic
steps [22,23] and allow for automatic incremental objectivity
[2,21].

One of the first large strain elasto-plastic algorithms based on
hyperelastic stored energy functions and multiplicative decompo-
sitions is the work of Simó [24], improved in [25]. These formula-
tions used spatial neo-hookean hyperelastic relations based on
quadratic measures and a traditional backward-Euler plastic cor-
rection on the trial deviatoric Finger tensor. As noted in the modi-
fied version [25], the volume-preserving condition must be
explicitly computed and taken into account in the update of the
intermediate configuration.

Presented for von Mises plasticity with isotropic hardening, it
seems not easy to extend these procedures to more general yield
functions or models. In contrast, the work of Weber and Anand
[26] and Eterović and Bathe [27] is based on hyperelastic relations
in terms of logarithmic strains with constant coefficients, which
gives a simple and accurate description of the elastic behavior of
metals for moderate elastic strains [28,29]. The algorithms are also
based on the Lee multiplicative decomposition and use an expo-
nential mapping for the integration of the plastic strains. This
exponential mapping is the solution of the differential equation
of the continuum problem and if only the linear term of the Taylor
expansion series is taken into account, the plastic correction takes
place in an incremental additive fashion.

http://dx.doi.org/10.1016/j.compstruc.2011.02.011
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Although similar procedures followed [30–32], the procedure of
Eterović and Bathe has several advantages, specially for the case of
anisotropic elasto-plasticity considered herein. One feature is that
the algorithm is formulated in a rotated configuration and in the
full stress space (in contrast to using the principal directions of
the stress tensor, as for example in [30]). The procedure is natural
for anisotropic elasto-plasticity, like for the case of mixed harden-
ing (which is a simple case of anisotropy) [33]. Furthermore, the
algorithm is remarkably simple and the plastic correction can be
performed using a small strain subroutine in which Cauchy stres-
ses are interpreted as Kirchhoff stresses and engineering strains
as logarithmic strains. The large strain kinematics reduces to a
pre- and post-processor that maps quadratic to logarithmic strain
measures, as well as Kirchhoff stresses to Cauchy or second Pio-
la–Kirchhoff stresses.

The case of elastic isotropy, even when used with plastic anisot-
ropy (for example with Hill’s yield functions) simplifies the kine-
matics considerably. In such case, stresses and strains have the
same eigenvectors and, as a consequence, they commute. The sim-
plicity of the resulting algorithm for the case of large strain plastic-
ity with isotropic elasticity is comparable with that of the fully
isotropic case, in contrast with other formulations found in the lit-
erature, see for example [6].

However, in plastic anisotropy, elastic anisotropy can also be
important [8]. Considering elastic anisotropy introduces difficulties
because the stress and strain tensors no longer commute. This fact
has two consequences. The first and most important one from a
physical standpoint is that an extra term exists in the dissipation
inequality due to the plastic spin. This term has implications in
the update of the principal anisotropy directions due to plastic spin
effects and texture evolution. A study of these effects may be found
in Refs. [34,35]. The second consequence is that in this case the
usual Kirchhoff stress tensor is no longer work-conjugate with
the logarithmic strain tensor and the usual plastic dissipation term
is given by the Mandel stress tensor times the plastic deformation
rate tensor [34]. The hyperelastic relations must take this fact into
account and the kinematics of deformation for this fully aniso-
tropic case is hence more complex.

With the beginning of the new century, algorithms for impli-
cit large strain anisotropic elasto-plasticity based on hyperelastic
relations began to appear, see for example [4,6,7,36]. However,
due to the inherent difficulties in representing anisotropic elas-
to-plasticity, those formulations do not fully retain the same suc-
cessful ingredients of isotropic elasto-plasticity: Multiplicative
decomposition, anisotropic hyperelasticity based on logarithmic
strains, exponential mapping and the incrementally additive back-
ward Euler plastic correction (which are not based on total plas-
tic strain measures or metric tensors). For example, in Ref. [6]
the authors assume isotropic elastic behaviour and in Refs.
[4,36] the authors use additive (Green) decompositions of the to-
tal strain measures into elastic and plastic parts [7]. These com-
putational algorithms are significantly more complex than in the
isotropic case.

In Ref. [34] we presented a computational framework for large
strain elasto-plasticity including anisotropy in the elastic consti-
tutive relations. The focus of that contribution was on studying
the plastic spin effect and its relation to the change in the anisot-
ropy directions, further studied in [35]. Hence, the ultimate goal
of our research is to have a physically motivated robust finite ele-
ment method for elastic and elasto-plastic anisotropy that takes
into account the change in directions of anisotropy, that is texture
evolution, from a continuum standpoint. However, as a first step,
we neglect in the present paper the plastic spin effects and focus
on a novel robust algorithmic procedure for large strain implicit
finite element analysis without these effects. Actually, as we shall
mention, plastic spin could be considered in our algorithm with a
proper constitutive equation for the change in anisotropy
directions.

In the following sections we present the details of a fully impli-
cit algorithm for the finite element analysis of anisotropic elasto-
plastic solids with anisotropic elasticity and mixed hardening.
The formulation is simple and the novelty is that the algorithm
uses the same ingredients as for isotropic elasto-plasticity; namely,
the multiplicative decomposition, hyperelasticity in terms of loga-
rithmic strains, a generalized Kirchhoff stress tensor and an expo-
nential mapping which results in an incrementally additive plastic
correction. The result is that the large strain kinematics is reduced
to a geometric pre- and post-processor, and the plastic correction
is performed using a small strain anisotropic elasto-plastic proce-
dure. The steps in the algorithm are almost identical to those used
in the large strain isotropic plasticity counterpart. The procedure is
general and independent of the particular yield criterion used. For
the example solutions, we used Hill’s yield criterion and a small
strain procedure similar to that found in [2]. As should therefore
be expected, for isotropic elasticity the algorithm is in effect the
well known algorithm of Eterović and Bathe [27].

An important ingredient is that for the equilibrium iterations,
the computational stress-point algorithm must be consistently lin-
earized in order to obtain the asymptotic quadratic convergence
rate of Newton–Raphson iterations. Although a numerically consis-
tent elasto-plastic tangent tensor may be obtained through finite
differences [22,37], better and more robust numerical efficiency
is obtained by use of an analytically derived tangent constitutive
matrix. Also, this derivation results into a deeper understanding
of the procedure. Since the stress integration employs a small
strain procedure, a similar algorithm can be used with different
hyperelastic relations [1,38] and also in creep solutions in conjunc-
tion with a small strain creep solution procedure, like given in Refs.
[2,22,39], and with other materials models.

2. Kinematics of deformation: multiplicative decomposition
and strain rate tensors

In order to introduce our notation, we briefly recall some basics
of large strain analysis. The notation used in this paper follows the
notation of Refs. [1,2]. For small strains, the total strain rate tensor
is decomposed in an additive manner into an elastic and a plastic
part. Although similar decompositions have been advocated for to-
tal large strains in order to simplify the kinematics of deformation
[4,7], the multiplicative Lee decomposition [19] is widely accepted
since it has both a continuum and a crystal plasticity motivation.
This decomposition establishes a local (incompatible) stress-free
configuration such that:

t
0 X ¼ t

sXes
0 Xp ¼ t

0 Xet
0 Xp; ð1Þ

where s is the intermediate or stress-free configuration [33,34,
40,41] and t

0 Xe and t
0 Xp are the elastic and plastic deformation gra-

dients, respectively. The second identity in Eq. (1) is a more com-
mon notation and will be used henceforth.

The spatial velocity gradient tl = @ tv/@tx is then obtained as:

tl ¼ t
0

_Xt
0 X�1: ð2Þ

Its symmetric part is the spatial deformation rate tensor td and its
skew part is the spatial spin tensor. Using Eqs. (1), (2) can be
decomposed into an elastic and a plastic part as:

tl ¼ tle þ tlp ¼ t
0

_Xe t
0 Xe� ��1 þ t

0 Xe t
0

_Xp t
0 Xp� ��1

h i
t
0 Xe� ��1

; ð3Þ

where we define the modified plastic velocity gradient tLp as:

tLp :¼ t
0

_Xp t
0 Xp� ��1

: ð4Þ
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The tensor tLp operates in the intermediate stress-free configura-
tion. The symmetric part of tLp is the (modified) plastic deformation
rate tensor tDp defined as:

tDp ¼ 1
2

t
0

_Xp t
0 Xp� ��1 þ t

0 Xp� ��T t
0

_XpT
h i

; ð5Þ

while the skew part of tLp is the (modified) plastic spin:

tWp ¼ 1
2

t
0

_Xp t
0 Xp� ��1 � t

0 Xp� ��T t
0

_XpT
h i

: ð6Þ

On the other hand, we can define the modified velocity gradient tL
as the pull-back of tl to the intermediate configuration:

tL ¼ t
0 XeT t

0
_Xe þ t

0 XeT t
0 Xe tLp ¼ tLe þ tCe tLp; ð7Þ

where tCe � t
0 XeT t

0 Xe is the right Cauchy-Green deformation tensor
in the intermediate configuration.

In the present large strain model, the contribution of the plastic
spin Wp to the plastic deformation rate tensor Lp is not taken into
account. The texture of the material is supposed to be permanent,
not evolving, so we will consider a vanishing plastic spin and per-
manent principal anisotropy directions. Of course, as noted in Ref.
[34], plastic spin effects and texture evolution can be important in
anisotropy. Our purpose here is to provide a solution procedure
considering only the symmetric flow. Therefore, Lp can be written
for the remaining of this paper as:
tLp ’ tDp: ð8Þ

From Eq. (8), the evolution of the plastic deformation gradient ten-
sor is given by

t
0

_Xp ¼ tDpt
0 Xp and tþDt

0Xp ¼ exp Dt tþDtDp� �
t
0 Xp; ð9Þ

yielding the following update formulas at step t + Dt, see Refs.
[33,34]:

tþDt
0 Xe ¼ Xe

� exp �Dt tþDtDp� �
; ð10Þ

tþDt
0 Xp� ��1 ¼ t

0 Xp� ��1 exp �Dt tþDtDp� �
; ð11Þ

where Xe
� is the trial elastic deformation gradient, see Refs. [2,27].

Using Eq. (10) and defining Ce
� :¼ XeT

� Xe
�, we obtain:

Ce
� ¼ exp Dt tþDtDp� �

tþDt
0 Ce exp Dt tþDtDp� �

: ð12Þ

On the other hand, using exponential integration, Taylor expansion
series and defining the logarithmic or Hencky strain tensor by

Ee
� ¼

1
2

ln Ce
�; ð13Þ

tþDt
0 Ee ¼ 1

2
ln tþDt

0 Ce; ð14Þ

Eq. (12) can be written as:

tþDt
0 Ee ’ Ee

� � Dt tþDtDp; ð15Þ

with the additional restriction that kEe
�k � 1, i.e., the elastic strains

and incremental steps are only moderately large, which is typically
fulfilled in metal plasticity. Eq. (15) is the large strain incremental
counterpart of the small strain additive decomposition of the strain
rates _ee ¼ _e� _ep. In this sense, Dt t + DtDp is seen as the plastic strain
increment. Also note that Eq. (1) is uniquely defined if the plastic
deformation gradient is known, obtained from Eq. (11), through
time step integration. In the equations to follow we frequently omit
the time-left indices when no confusion should arise.

3. Stored energy function: orthotropic hyperelastic stored
energy function based on logarithmic strain measures

In isotropic elasticity, the right Cauchy-Green deformation ten-
sor Ce and the second Piola–Kirchhoff stress tensor S have the same
eigenvectors and hence they commute. Therefore, the symmetric
part of the Mandel stress tensor Ns is

Ns ¼ N ¼ 1
2

CeSþ SCe� �
¼ UeSUe ¼ Reð ÞTsRe ¼ �s; ð16Þ

where �s is the Kirchhoff stress tensor rotated to the intermediate
configuration by (Re)T [1,2,27], Ue is the elastic right stretch tensor
and Re is the rotation tensor computed from the right polar decom-
position of the elastic deformation gradient Xe.

In our response description we use a hyperelastic function in
terms of the logarithmic strain measures [28,42] as:

W ¼ UðJÞ þ lEed : Eed ¼ UðJÞ þ lEe : P : Ee; ð17Þ

where J is the Jacobian determinant, Ee = ln (Ue) are the already de-
fined logarithmic elastic strains, Eed :¼ P : Ee are the deviatoric log-
arithmic elastic strains, P ¼ I� 1

3 I� I is the deviatoric projector
tensor and I and I are, respectively, the fourth and second order
identity tensors. The function U(J) represents the volumetric com-
ponent of the stored energy and l is a material constant playing
the role of the shear modulus. We note that since P is invariant,
Expression (17) is valid regardless of the configuration used for
the strain tensor Ee. The rotated stress tensor is then obtained as
[33]:

N � Ns � �s ¼ @W
@Ee ¼ JU0ðJÞ þ 2lP : Ee; ð18Þ

where the prime denotes differentiation with respect to J and the
skew-symmetric part Nw vanishes.

In anisotropic plasticity of metals, the elastic properties are fre-
quently considered as isotropic because some experiments suggest
smaller deviations from isotropy for the elastic than for the plastic
properties, see for example [43–46]. Consequently, elastic isotropic
expressions are often employed with anisotropic yield criteria.
However, the influence of elastic anisotropy in the modeling of
elasto-plastic behavior can be important, for example during elas-
tic recovery processes, and of course, the stored energy depends on
the elastic strains.

Also, for some metals, the variations of the elastic properties
with respect to the rolling direction may actually be of the same
percentage as the variation of the plastic properties, see for exam-
ples Refs. [47–51].

Motivated by Eq. (17) and the considerations given for small
strain elasticity, we propose a stored energy function of the form
(see Ref. [33]):

tW ¼ 1
2

tEe : tAe : tEe: ð19Þ

Using this stored energy function, the elastic constants retain basi-
cally the physical interpretation and values of the small strains for-
mulation. The tensor tAe�1 is defined in principal directions
Xpr = {1,2,3} as (see Refs. [2,52]):

Ae�1� �
Xpr
¼

1=E1 �m21=E2 �m31=E3 0 0 0
�m12=E1 1=E2 �m32=E3 0 0 0
�m13=E1 �m23=E2 1=E3 0 0 0

0 0 0 1=G12 0 0
0 0 0 0 1=G23 0
0 0 0 0 0 1=G31

2
666666664

3
777777775

Xpr

;

ð20Þ

where to ensure symmetry the following restrictions apply:

mij

Ei
¼ mji

Ej
; ð21Þ

with i, j = 1, 2, 3. In the previous expressions, E1, E2 and E3 are the
Young’s moduli in directions 1, 2, and 3, respectively; mij are the
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Poisson’s ratios and Gij are the shear moduli. These constants are
subjected to some restrictions, see for example Section 2.4 of Ref.
[52].

A stress tensor T is then defined as:

T ¼ @W
@Ee ¼ Ae : Ee; ð22Þ

which we name the logarithmic stress tensor, or generalized Kirchhoff
stress tensor because of the similarity with �s and the coincidence in
the case of isotropic elasticity.

A special case of elastic anisotropy found in metals due to
microstructure is discussed in Ref. [34] and used in Ref. [3]. In this
elastic anisotropy case, the volumetric behavior decouples from
the deviatoric behavior. This means that the stored energy function
can be written as volumetric and deviatoric parts:

tW ¼ UðJÞ þ 1
2

tEe : tAed : tEe; ð23Þ

where Aed is an anisotropic deviatoric projector tensor. In practice,
this decoupling may be obtained from Eq. (22) with Ae subject to
some restrictions, in which the usual bulk modulus is also used
for large strains. For example, we define:

UðJÞ ¼ 1
2
jðln JÞ2: ð24Þ

This special type of anisotropy allows for the use of optimal mixed
(u/p) finite element formulations [1] without any change from the
case of isotropic elasto-plasticity. Note that, if the elastic constants
are taken such that tAe corresponds to isotropic behaviour, meaning
tAed is taken as the tensor 2lP as in Eq. (17), then the elastic isot-
ropy case is automatically recovered with:

N � Ns � �s ¼ T ¼ @W
@Ee ¼ k ln J þ 2lP : Ee: ð25Þ
4. Mapping quadratic to logarithmic strain tensors

In large strain plasticity of metals, logarithmic strain measures
frequently yield simpler and more natural descriptions of the
material behavior. We note here that since the intermediate and
spatial logarithmic strains are defined as:

Ee ¼ ln Ue and ee ¼ ln Ve; ð26Þ

they are related by

Ee ¼ ReT eeRe: ð27Þ

Hence, for logarithmic strain tensors, the push-forward and pull-
back operations are performed with the rotation part of the
deformation gradient alone and the metric remains constant, a con-
venient property in anisotropic plasticity. Obviously, since the log-
arithmic strain tensors and the Almansi and Green–Lagrange strain
tensors are all unique for a given deformation gradient, there are
one-to-one mappings. It is necessary to determine these mapping
relationships because logarithmic strains are not work-conjugate
to second Piola–Kirchhoff stresses. For example we define ME

A (see
Ref. [34]) as the fourth order tensor such that:

Ee ¼ME
A : Ae

; ð28Þ

where ke
i are the elastic stretches (eigenvalues) and the spectral

forms of the logarithmic and Green–Lagrange strain tensors are:

Ee ¼
X3

i¼1

ln ke
i Ni � Ni and Ae ¼

X3

i¼1

1
2

ke
i

� �2 � 1
h i

Ni � Ni; ð29Þ
where Ni are the eigenvectors. The tensor ME
A can be written as:

ME
A ¼

X3

i¼1

2 ln ke
i

ke
i

� �2 � 1
Ni � Ni � Ni � Ni; ð30Þ

as it is straightforward to verify. Conversely:

MA
E ¼

X3

i¼1

ke
i

� �2 � 1
2 ln ke

i

Ni � Ni � Ni � Ni; ð31Þ

is such that Ae ¼MA
E : Ee. In a similar way, there is a one-to-one

mapping between the deformation rate tensor and the time-deriv-
ative of the logarithmic strain tensor. From the time-derivative of
the polar decomposition of the elastic deformation gradient:

_Xe ¼ _ReUe þ Re _Ue; ð32Þ

and defining the symmetric part of the modified elastic strain rate
tensor as:

De :¼ 1
2

XeT _Xe þ _XeT Xe
� �

; ð33Þ

we can write:

De ¼ 1
2

Ue _Ue þ _UeUe
� �

; ð34Þ

where we used the identity ReT _Re ¼ � _ReT Re obtained from the
orthonormality of Re. The time-derivative of the right elastic stretch
tensor is

_Ue ¼
X3

i¼1

_ke
i Ni � Ni þ

X3

i¼1

X
j–i

ke
j � ke

i

� �
XijNi � Nj; ð35Þ

where X is the spin of the principal directions, hence _Ni ¼ XjiNj.
Then, the modified elastic strain rate tensor (also the derivative of
the elastic Green–Lagrange strain tensor in the intermediate config-
uration) is

_Ae ¼ De

¼
X3

i¼1

ke
i
_ke

i Ni � Ni þ
X3

i¼1

X
j–i

1
2

ke
j

� �2
� ke

i

� �2
� 	

XijNi � Nj: ð36Þ

Also from (29):

_Ee ¼
X3

i¼1

1
ke

i

_ke
i Ni � Ni þ

X3

i¼1

X
j–i

ln ke
j � ln ke

i

h i
XijNi � Nj: ð37Þ

Hence, we can write, preserving symmetries:

M
_E
D ¼

@Ee

@Ae

¼
X3

i¼1

1

ke
i

� �2 Mi �Mi þ
X3

i¼1

X
j–i

2
ln ke

j � ln ke
i

ke
j

� �2
� ke

i

� �2
Mi�

s
Mj; ð38Þ

and

MD
_E ¼

@Ae

@Ee

¼
X3

i¼1

ke
i

� �2Mi �Mi þ
X3

i¼1

X
j–i

1
2

ke
j

� �2
� ke

i

� �2

ln ke
j � ln ke

i

Mi�
s

Mj; ð39Þ

where

Mi ¼ Ni � Ni

Mi�
s

Mj ¼
1
4

Ni � Nj þ Nj � Ni
� �

� ðNi � Nj þ Nj � NiÞ �Mj�
s

Mi:

ð40Þ
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These tensors have major and minor symmetries and represent the
one-to-one mappings relating deformations rates as:
_Ee ¼M

_E
D : De and De ¼MD

_E : _Ee: ð41Þ
We shall also use that:

Ce ¼
X3

i¼1

ke2
i Ni � Ni; ð42Þ

where thus:

Ce �3 M
_E
D ¼

X3

i¼1

Mi �Mi þ
X3

i¼1

X
j–i

1
2

ln ke
j � ln ke

i

ke
j

� �2
� ke

i

� �2

	
�
ke2

i Ni � Nj � Ni � Nj þ ke2
i Nj � Ni � Ni � Nj

þke2
j Ni � Nj � Nj � Ni þ ke2

j Nj � Ni � Nj � Ni

�
; ð43Þ

and

Ce �4 M
_E
D ¼

X3

i¼1

Mi �Mi þ
X3

i¼1

X
j–i

1
2

ln ke
j � ln ke

i

ke
j

� �2
� ke

i

� �2

	 ke2
j Ni � Nj � Ni � Nj þ ke2

j Nj � Ni � Ni � Nj

�
þke2

i Ni � Nj � Nj � Ni þ ke2
i Nj � Ni � Nj � Ni

�
; ð44Þ

and by A �n A we imply contraction of index n of the fourth order ten-
sor A with the second index of the second order tensor A. The limit
value for ke

j ! ke
i (which needs to be considered as a special case in

the implementation) is

lim
ke

i!ke
j

2
ln ke

j � ln ke
i

ke
j

� �2
� ke

i

� �2
¼ 1

ke
i

� �2 : ð45Þ

Finally, we define the following tensor:

WM ¼ 1
2

Ce �3 M
_E
D � Ce �4 M

_E
D

� �
¼
X3

i¼1

X
j–i

ln ke
i � ln ke

j

� �

	 1
4

Ni � Nj þ Nj � Ni
� �

� Ni � Nj � Nj � Ni
� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
:¼Mi�

sw
Mj

; ð46Þ

which has minor symmetry in the first indices and minor skew-
symmetry in the second indices [35], that is, WM

ijkl ¼WM
jikl ¼

�WM
ijlk ¼ �WM

jilk. Given a symmetric second order tensor:

T ¼
X3

i¼1

X3

j¼1

TijNi � Nj; ð47Þ

we can define a skew tensor as:

Tw :¼ T : WM: ð48Þ

Of course, in the case ke
i ¼ ke

j for all i, j then WM ¼ O (the null fourth
order tensor). We can show that Eq. (48) is equivalent to (see proof
in Appendix A):

Tw ¼ T : WM ¼ EeT� TEe; ð49Þ

i.e. Tw is a measure of the lack of commutativity between Ee and T
(note that Tw is zero when the stresses and the elastic strains have
the same principal directions). We can also define:

S
M :¼ 1

2
Ce �3 M

_E
D þ Ce �4 M

_E
D

� �

¼
X3

i¼1

Mi �Mi þ
X3

i¼1

X
j–i

ke
i

� �2 þ ke
j

� �2

ke
i

� �2 � ke
j

� �2

	 ln ke
j � ln ke

i

� �
Mi�

s
Mj: ð50Þ
In the case ke
i ¼ ke

j we obtain the special case:

lim
ke

i!ke
j

ke
i

� �2 þ ke
j

� �2

ke
i

� �2 � ke
j

� �2 ln ke
j � ln ke

i

� �
¼ 1: ð51Þ

Then, it can be shown that if we define:

K :¼ S : MD
_E so that S ¼ K : M

_E
D; ð52Þ

where S is the Second Piola–Kirchhoff stress tensor, we obtain:

N :¼ CeS ¼ Ce K : M
_E
D

� �
¼ K : SM þWM

� �
; ð53Þ

and

Kw :¼ K : WM ¼ EeK� KEe ¼ Nw; ð54Þ
Ns ¼ K : SM; ð55Þ

The tensor K is actually the same tensor as the generalized Kirch-
hoff stress tensor T, see proof in Ref. [34], and hence the conversion
to the symmetric part of the Mandel stress tensor Ns is given by Eq.
(55). Eq. (54) shows that the tensor Tw has the same meaning as Nw,
i.e. the skew part of the Mandel stress tensor.

On the other hand, Eq. (55) can be read as:

Ns ¼ T : SM ’ T : I ¼ T; ð56Þ

and

N ¼ Ns þ Nw ’ Tþ Tw; ð57Þ

for moderate elastic strains and elastic anisotropy, a hypothesis al-
ready employed which typically holds in metal plasticity. This re-
sult is derived in Appendix A. This is an important simplification,
meaning that for the case of anisotropic elasto-plasticity with elas-
tic anisotropy, T plays the role of �s of isotropic plasticity and that
the special case of elastic isotropy is automatically recovered be-
cause Tw = 0 and N ¼ T ¼ �s (this occurs independently of any
approximation employed). If we do not wish to use this simplifica-
tion, we should compute S

M and _SM (in the numerical algorithm) as
shown in the Appendix B.

5. Associated flow and hardening rules

The stress power P � s : d in an isothermal process (per unit of
reference volume) may be expressed in the intermediate configu-
ration performing a pull-back operation as, see Refs. [33,34]:

P ¼ S : L ¼ S : Le þ CeLp� �
¼ S : De þWeð Þ þ S : Ce Dp þWpð Þ;

ð58Þ

where S is the pull-back of the Kirchhoff stress s to the stress-free
configuration. Since S is symmetric, the product S: We = 0, i.e., the
elastic spin produces no work. Therefore, the previous equation is
reduced to:

P ¼ S : L ¼ S : De þ S : Ce Dp þWpð Þ: ð59Þ

Using N :¼ CeS, the stress power can be written as:

S : L ¼ S : De þ Ns þ Nwð Þ : Dp þWpð Þ ¼ S : De þ Ns : Dp þ Nw : Wp:

ð60Þ

Thus, the symmetric part of the Mandel stress tensor Ns produces
power with the modified plastic strain rate, whereas the skew part
of the Mandel stress tensor Nw produces power with the modified
plastic spin. This last work is due to the elastic anisotropy and the
existence of nonproportional plastic strains. As we mentioned al-
ready, in this presentation we neglect the plastic spin effects and as-
sume Wp = 0. Neglecting also the effect of temperature, the
dissipation inequality from the second law of thermodynamics is
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_D ¼ P � _w P 0; ð61Þ

where _w is the free energy function. Thus, the reduced plastic dissi-
pation inequality is (see details in Ref. [34]):

_Dp ¼ b : _nþ j_fþ Ns : Dp P 0; ð62Þ

where _n is an internal strain-like rate tensor, work-conjugate of the
backstress tensor b and _f is an internal strain-like scalar work con-
jugate to the scalar overstress j. If the elastic domain is written in
terms of the stress variables f(Ns,b,j), we can write the constrained
dissipation function as the Lagrangian:

L Ns; b;jð Þ ¼ _Dp � _tf ; ð63Þ

where _t is the Lagrange multiplier, the consistency parameter. The
condition of extremum is given by

rL ¼ 0)

@L
@Ns
¼ 0) Dp ¼ _t

@f
@Ns

;

@L
@b
¼ 0) _n ¼ �_t

@f
@b

;

@L
@j
¼ 0) _f ¼ �_t

@f
@j

;

8>>>>>>><
>>>>>>>:

ð64Þ

and the complementary Kuhn–Tucker conditions and the consis-
tency condition are:

_t P 0; f 6 0; _tf ¼ 0 and _t _f ¼ 0: ð65Þ

Thus, as well known, it is seen that the flow and hardening rules gi-
ven by Eq. (64) are the rules that preserve the principle of maxi-
mum dissipation. They are usually named the associated (or
associative) plastic flow and the associated hardening rules for gen-
eral elasto-plasticity at finite strains.

6. Implicit stress integration algorithm

In this section, we present the fully implicit stress integration
procedure for simulations of large strain elasto-plastic anisotropy,
including anisotropic elasticity, but assuming that the directions of
anisotropy do not change. The algorithm is developed in the inter-
mediate configuration. The final quantities are then transformed to
the spatial or material configurations as needed.

6.1. Geometric preprocessor: trial state

The algorithm is based on the well known trial elastic state,
where plastic flow is considered frozen, and a plastic correction
during which plastic flow takes place. In general, trial values or
tensors evaluated with trial strains will be denoted by (�)⁄. Given
the plastic and total deformation gradients (t

0 Xp)�1 and tþDt
0X in

the TL (Total Lagrangian) formulation or the elastic and total defor-
mation gradients t

0 Xe and tþDt
tX in the UL (updated Lagrangian) for-

mulation we compute the trial elastic gradient tensor as:

Xe
� ¼ tþDt

0X t
0 Xp� ��1 ¼ tþDt

t X
t
0 Xe: ð66Þ

Once the trial elastic tensor is known, we define the trial elastic
Cauchy-Green deformation tensor as:

Ce
� ¼ XeT

� Xe
� ¼

X3

i¼1

ke
i�

� �2N�i � N�i ; ð67Þ

where we obtain the trial eigenvalues (stretches) k�i and trial eigen-
vectors N�i , from the polar decomposition of Xe

�:

Xe
� ¼ Re

�U
e
�; ð68Þ

with Re
� the trial rotation tensor and Ue

� the trial right stretch tensor.
The spectral decomposition of Ue

� yields:
Ue
� ¼

X3

i¼1

ke
i�N

�
i � N�i and Re

� ¼ Xe
� Ue

�
� ��1

: ð69Þ

We can compute the trial Hencky strain tensor Ee
� as:

Ee
� ¼

1
2

ln Ce
� ¼ ln Ue

� ¼
X3

i¼1

ln ke
i�N

�
i � N�i : ð70Þ

Once the trial logarithmic strain tensor Ee
� is obtained, we compute

the trial elastic generalized Kirchhoff stress tensor Te
�, defined from Eq.

(22) as:

Te
� ¼

@W
@Ee
�
¼ Ae : Ee

�; ð71Þ

where W is the hyperelastic stored energy function based on loga-
rithmic strain measures, defined by Eq. (22) and Ae is the elastic
anisotropy fourth-order tensor. The trial backstress tensor and the
scalar overstress are defined as the values at the previously con-
verged step:

b� ¼ tb and j� ¼ tj: ð72Þ
6.2. Plastic correction in small strains

Once the trial state has been defined, the plastic correction is
performed using a small strain algorithm, see e.g. [2,39]. As a result
of this correction, we obtain t + 4tT (stress), t + 4tb (backstress), 4t
t + 4tDp (plastic strain increment), t + Dtj (scalar overstress) and
tþ4tD (small strain constitutive tensor). In the examples below
we use a similar algorithm to that found in Ref. [2], but there is
no special restriction on the yield function and hardening rule.

6.3. Geometric post-processor: update variables

Once the plastic correction has been made, the Mandel stress
tensor is computed as:
tþMtN ¼ tþMtNs þ tþMtNw; ð73Þ

where the skew part of Mandel stress tensor is, see Eq. (49):

tþDtNw ¼ tþDt
0 Ee tþDtT� tþDtT tþDt

0 Ee; ð74Þ

with tþDt
0 Ee ¼ Ee

� � 4t tþ4tDp, and the symmetric part is approxi-
mated by the generalized Kirchhoff stress tensor t + DtT for moder-
ate elastic strains, see Eq. (56):

tþDtNs ¼ tþDtT: ð75Þ

Hence, Eq. (73) is written as:

tþMtN ¼ tþMtNs þ tþMtNw ¼ tþDtTþ tþDt
0 Ee tþDtT� tþDtT tþDt

0 Ee: ð76Þ

The second Piola–Kirchhoff stress tensor t + 4 tS is then obtained
from the definition of the Mandel stress tensor as:

tþ4tS ¼ tþDt
0Ce�1 tþ4tN; ð77Þ

where for brevity we use the notation tþDt
0Ce�1 = (tþDt

0Ce) �1. This
tensor, when obtained by this expression in actual computations,
could deviate slightly from symmetry because of the approxima-
tions employed (for example, in the calculation of the exponentials
of tensors and SM). To ensure the symmetry of the stress tensor and
of the computed consistent tangent moduli, in practice, we enforce
the symmetry of t + 4tS as:

tþ4tS sym tþ4tS
� �

¼ 1
2

tþDt
0Ce�1 tþ4tNþ tþ4tNT tþDt

0Ce�1
h i

: ð78Þ

Finally, once a converged solution has been obtained, we update:

tþDt
0 Xp�1 ¼ t

0 Xp�1 exp �Dt tþDtDp� �
; ð79Þ
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if the TL formulation is used or:

tþDt
0 Xe ¼ Xe

� exp �Dt tþDtDp� �
; ð80Þ

if the UL formulation is used.
A summary of the stress integration algorithm is given in

Table 1.

6.4. Algorithmic consistent tangent moduli

The objective of this section is to compute the analytical consis-
tent tangent moduli in the intermediate configuration tþ4tCep such
that:

tþ4tCep ¼ @
tþ4tS
@Ae
�
; ð81Þ

where S is the second Piola–Kirchhoff stress tensor and Ae
� is the

trial elastic Green–Lagrange strain tensor, see details in Ref. [34].
In this section all quantities refer to time step t + Dt and to iteration
(i). The tangent obtained below is to be used at iteration (i + 1). For
brevity we omit the iteration and time-step indices. Using:

S ¼ 1
2

Ce�1Nþ NT Ce�1
� �

; ð82Þ

the time derivative of the tensor is

_S ¼ 1
2

_Ce�1Nþ Ce�1 _Nþ _NT Ce�1 þ NT _Ce�1
� �

; ð83Þ

where we use the notation _Ce�1: ¼ d
dt ðC

e�1Þ to imply a variation.
Hence we obtain:

_S ¼ 1
2

@Ce�1

@Ae
�

: _Ae
�

 !
Nþ Ce�1 @N

@Ae
�

: _Ae
�

� �
þ @NT

@Ae
�

: _Ae
�

� �
Ce�1 þ NT @Ce�1

@Ae
�

: _Ae
�

 !" #
:

ð84Þ

Next, we define the auxiliary fourth-order tensors Z and X as:

Z :¼ @Ce�1

@Ae
�
; ð85Þ

X :¼ @N

@Ae
�
; ð86Þ

and obtain:

_S ¼ 1
2

Z �2 Nþ Ce�1 �XþX �1 Ce�1 þ NT � Z
h i

: _Ae
�; ð87Þ
Table 1
Stress integration algorithm for the total Lagrangian (TL) and updated Lagrang

Implicit stress integration algorithm
Given tb, tk and (t

0 Xp�1 and tþDt
0 X in TL) or (t

0 Xe and tþDt
t X in UL)

1. Compute trial elastic deformation gradient Xe
� ¼ tþDt

0 Xt
0 Xp�1 ¼ tþDt

t Xt
0 Xe

2. Compute trial elastic Cauchy-Green deformation tensor Ce
� and its spec

3. Compute trial logarithmic strain tensor Ee
� ¼ 1

2 ln Ce
� ¼

P3
i¼1 ln ke

i�N
�
i � N�i

4. Compute trial generalized Kirchhoff stress tensor T� ¼
@W
@Ee
�
¼ Ae : Ee

� an

5.
Perform small strain stress integration returning :
tþMtNs ’ tþMtT ðas stress tensorÞ; tþDtb ðbackstressÞ;
Dt tþDtDp ðplastic strain incrementÞ; tþDtk; tþDtDep ðSmall strain consis

8<
:

6. Update logarithmic strain tensor tþDt
0 Ee ¼ Ee

� � 4ttþ4tDp and compute t

7. Compute Mandel stress tensor t+MtN = t+MtNs + t+MtNw, where
tþMtNs ¼
tþMtNw ¼



8. Compute tþ4tS ¼ 1

2
tþDt

0 Ce�1 tþ4tNþ tþ4tNT tþDt
0 Ce�1

h i
9. During iterative phase compute the elasto-plastic tangent tþDtCepðiÞ, see

10. In convergence phase update one of the following tensors
tþDt

0 Xp�1

tþDt
0 Xe ¼

(

where by A �n A we imply contraction of index n of the fourth order
tensor A with the first index of the second order tensor A. In this
expression we have to determine the fourth-order tensors Z and X.

First we compute the derivative Z ¼ @Ce�1=@Ae
�:

Z ¼ @Ce�1

@Ae
�
¼ @Ce�1

@Ee :
@Ee

@Ee
�

:
@Ee
�

@Ae
�
; ð88Þ

where the derivative @Ee=@Ee
� is obtained from Eq. (71) as:

@Ee

@Ee
�
¼ Ae�1 : Dep; ð89Þ

because Dep ¼ @T=@Ee
�. Using the spectral decompositions of

Ce�1;Ee;Ee
� and Ae

�, the fourth order tensors @Ce�1/@Ee and @Ee
�=@Ae

�
are obtained in spectral form as:

@Ce�1

@Ee ¼
X3

i¼1

� 2

ðke
i Þ

2 Mi �Mi þ
X3

i¼1

X
j–i

2
ke

j

� ��2
� ke

i

� ��2

ln ke
j � ln ke

i

Mi �
s

Mj;

ð90Þ

and

Ee
� :¼ @Ee

�
@Ae
�

¼
X3

i¼1

1

ke
i�

� �2 M�
i �M�

i þ
X3

i¼1

X
j–i

2
ln ke

j� � ln ke
i�

ke
j�

� �2
� ke

i�
� �2

� 	M�
i �

s
M�

j ; ð91Þ

where the products Mi �Mi and Mi �
s

Mj are defined in Eq. (40).
Note that the trial and final eigenvectors for the elastic measures
do not coincide in general.

The fourth-order tensor X ¼ @N=@Ae
� is computed as:

X ¼ @Ns

@Ae
�
þ @Nw

@Ae
�
¼ @T
@Ae
�
þ @ EeT� TEeð Þ

@Ae
�

¼ @T
@Ae
�
þ @Ee

@Ae
�
�2 Tþ Ee � @T

@Ae
�
� T � @Ee

@Ae
�
� @T
@Ae
�
�2 Ee: ð92Þ

The derivative @Ee=@Ae
� is computed, using the chain rule and Eqs.

(89) and (91), as:

Ee ¼ @Ee

@Ae
�
¼ @Ee

@Ee
�

: Ee
� ¼ Ae�1 : Dep : Ee

�: ð93Þ

The fourth-order tensor T :¼ @T
@Ae
�

is determined from the small

strain algorithmic tensor using the chain rule and Eq. (91):
ian (UL) formulations.

tral decomposition Ce
� ¼ XeT

� Xe
� ¼

P3
i¼1 ke

i�
� �2N�i �N�i

d b⁄ = tb; k⁄ = tk (note that Ns� ¼ T� : SM
� ’ T�)

tent tangentÞ
þDt

0 Ce�1

tþ4tT is the symmetric part of tþMtN
tþDt

0 Eetþ4tT� tþDtTtþDt
0 Ee is the skew part of tþMtN

Table 2

¼ t
0 Xp�1 expð�D t tþDtDpÞ in TL

Xe
� expð�Dt tþDtDpÞ in UL



Table 2
Computation of the algorithmic consistent elasto-plastic tangent.

Consistent elasto-plastic tangent matrix

Objective: Compute Cep ¼ @S=@Ae
�

Given ke
i� and N�i such that Ue

� ¼
P3

i¼1ke
i�N
�
i � N�i and ke

i and Ni such that Ue ¼
X3

i¼1
ke

i Ni �Ni

1. Compute
@Ee

@Ee
�
¼ Ae�1 : Dep , where Dep is the small strain constitutive tensor

2. Compute the tensor
@Ce�1

@Ee ¼
X3

i¼1
� 2

ðke
i Þ

2 Mi �Mi þ
X3

i¼1

X
j–i

2
ðke

j Þ
�2 � ke

i

� ��2

ln ke
j � ln ke

i
Mi �

s
Mj

3. Obtain Ee
� :¼ @Ee

�
@Ae
�
¼
X3

i¼1

1

ke
i�

� �2 M�i �M�i þ
X3

i¼1

X
j–i

ln ke
j� � ln ke

i�

1
2 ke

j�

� �2
� ke

i�
� �2

� 	M�i�sM�j

4. Compute Z ¼ @Ce�1

@Ae
�
¼ @Ce�1

@Ee :
@Ee

@Ee
�

: Ee
�

5. Compute the tensor T ¼ @T
@Ae
�
¼ Dep : Ee

�

6. Obtain the tensor X ¼ @N

@Ae
�
¼ Tþ Ee �2 Tþ Ee � T� T � Ee � T �2 Ee

7. Compute the large strain algorithmic elasto-plastic tangent matrix Cep ¼ 1
2

Z �2 Nþ Ce�1 �XþX �1 Ce�1 þ NT � Z
h i

Table 3
Numerical simulations and material behaviour.

Problem Material behavior

Elastic Plastic

Necking of a circular bar Isotropic Isotropic
Drawing of a thin circular flange Isotropic Anisotropic
Tension of a rectangular plate with a circular hole Anisotropic Anisotropic
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Table 4
Necking of a circular bar. Material parameters.

Young’s Modulus E = 206.9 GPa
Poisson’s ratio m = 0.29
Reference and initial yield stress K0 = 0.45 GPa
Limit stress parameter K1 = 0.715 GPa
Linear hardening modulus parameter H ¼ 0:12924 GPa
Saturation parameter d = 16.93
Mixed hardening parameter m = 1

Fig. 1. Necking of a circular bar. The length of the bar in its reference configuration
is l = 53.34 mm and the radius r = 6.4135 mm. Isotropic elastoplasticity conditions.
Deformed meshes and distribution of equivalent plastic strain for u = 14 mm: (a)
unloaded configuration, (b) final state using anisotropic elasto-plasticity model
based on the Mandel stress tensor, (c) final state using isotropic elasto-plasticity
model based on Kirchhoff stresses (model of Ref. [27]).
T ¼ @T
@Ae
�
¼ @T
@Ee
�

: Ee
� ¼ Dep : Ee

�: ð94Þ

The fourth-order tensors of the right-hand side of Eq. (94) are
known, since Dep coincides with the constitutive tensor returned
by the small strain plastic correction algorithm.

Finally, the analytical consistent elasto-plastic tangent matrix is
built from the previous equations as:

Cep ¼ 1
2

Z �2 Nþ Ce�1 �XþX �1 Ce�1 þ NT � Z
h i

: ð95Þ

Table 2 summarizes the computational procedure to obtain the con-
sistent elasto-plastic tangent matrix. This matrix must be trans-
formed to the spatial or material configuration, see Ref. [34].

6.5. Yield function

So far we did not make use of a specific yield function or type of
hardening. Indeed, the presented procedure may be used with any
yield function or hardening rule. However, for the examples given
below, we used Hill’s original criterion of 1948 [53], which in the
context of small strains is

2f yðrÞ � Fðry � rzÞ2 þ G rz � rxð Þ2 þ H rx � ry
� �2

þ 2Ls2
yz þ 2Ms2

zx þ 2Ns2
xy ¼ 1; ð96Þ
where F, G, H, L, M, N are anisotropic material parameters and rij are
the components of the stress tensor in the principal orthotropy
planes (symmetry planes). These parameters are directly related
to yield stresses in different directions, see Ref. [2]. We can formu-
late this criterion for computations as:

fy ¼
3

2k2 Z : N : Z� 1; ð97Þ

where Z is the overstress tensor and N is a deviatoric fourth order
tensor, see Ref. [2] for more details:

Z ¼ r� b: ð98Þ
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Fig. 2. Necking of a circular bar. Comparison of different simulation results and
experimental data. Load displacement curve: applied force F [kN] versus axial
displacement u [mm].

Table 5
Drawing of a flange. Material parameters.

Drawing of a thin circular flange

Material parameters
Young’s modulus E = 206.9 GPa
Poisson’s ratio m = 0.29
Reference yield stress K0 = 0.45 GPa
Limit stress parameter K1 = 0.45 GPa
Hardening modulus H ¼ 0:1 GPa
Mixed hardening parameter m = 1

Hill’s anisotropy parameters. Case A
f = h = g 1/3
l = m = n 8

Hill’s anisotropy parameters. Case B
f = h = g 1/3
l = m = n 1/4
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Obviously, for the present algorithm, the yield function is expressed
in terms of the symmetric part of the Mandel stress tensor Ns or the
generalized Kirchhoff stress tensor T. Hence, in Eq. (97) we use
Z = Ns � Bs where T ’ Ns and Bs is the corresponding backstress ten-
sor, see Refs. [2,34]. The small strain algorithm used in the examples
below is similar to the algorithm given in [2].
6.6. Special case of elastic isotropy

The algorithm of Eterović–Bathe [27] is automatically recovered
for the case of elastic isotropy as can be deduced from Table 1. This
fact is a consequence of Eqs. 19, 20, 22 and 56.

Of course, as noted in [33] the algorithm of Eterović–Bathe can
be used with an anisotropic small strain algorithm (using elastic
isotropy) and the consistent tangent matrix is given in [33] for
the case of vanishing plastic spin. Furthermore, since the tangent
matrix depends only on the final local solution, the more general
tangent matrix given in the present work may also be employed.
7. Numerical examples

We consider in this section some numerical examples to illus-
trate the capabilities of the algorithm presented above. The simu-
u

200 200400

10

x

y

Fig. 3. Geometry, boundary conditions and dis
lations pertain to considering isotropic and anisotropic elasticity
with isotropic and anisotropic plasticity. The numerical examples
are summarized in Table 3.

In all solutions, fully integrated finite elements were used. For
all plasticity solutions we used the 27-node mixed u/p element
(the 27/4 or Q2/P1 element), in order to prevent mesh locking
[1,54]. For the incremental analysis, Newton–Raphson iterations
were performed with quadratic convergence reached in each step,
as should be expected when the consistent tangent stiffness matrix
is used, see [1]

7.1. Isotropic elasticity

Here we consider two examples, see Table 3.

7.1.1. Isotropic elasto-plasticity: necking of a circular bar
The analysis of the necking of a circular bar is a standard bench-

mark for finite strain plasticity algorithms in isotropic elasto-plas-
ticity conditions. With this example we illustrate that, as expected,
the results obtained with the presented more general algorithm
are almost identical to those obtained using an isotropic elasto-
plasticity algorithm.

The bar is stretched homogeneously along its principal axis by
prescribing the displacements at the ends. For comparison pur-
poses with other references in the literature, we use a satura-
tion-type non-linear mixed hardening function, as in Voce [55]:

k ¼ K0 þmHeP þ K1 � K0ð Þ 1� e�deP
h i

; ð99Þ
cretization. Dimensions are given in mm.



Fig. 4. Drawing of a thin circular flange for case A. Deformed meshes and distribution of equivalent plastic strain for different radial displacements: (a) u = 25 mm, (b)
u = 50 mm and (c) final state at u = 75 mm. Left: Anisotropic plasticity model based on the Kirchhoff stress tensor. Right: Anisotropic elastoplasticity model based on the
Mandel stress tensor in isotropic elasticity condition.
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where eP is the effective plastic strain, m is the mixed hardening
parameter, H is the linear hardening modulus, K0 is the reference
yield stress and K1 and d are saturation law material parameters.
The material data are shown in Table 4.

In Fig. 1 we show the deformed meshes and the distributions of
the equivalent plastic strain for a total displacement of u = 14 mm
using two finite strain plasticity conditions: case 1: anisotropic
elasto-plasticity based on the Mandel stress tensor (Fig. 1(b)), case
2: isotropic plasticity based on the Kirchhoff stress tensor, i.e. the
Eterović–Bathe algorithm –Fig. 1(c). The results show that the
two simulations are consistent, i.e., we obtain almost identical
predictions.

Fig. 2 depicts the load–deflection curve obtained for the finite
element discretization of the half-specimen, subjected to an
elongation of u = 7 mm. We compare the results for cases 1
and 2. We also compare these results with the computational
solutions of Refs. [6,56,57], and with experimental data reported
in Ref. [58]. We obtained in case 1 almost identical predic-
tions to those seen in case 2, hence, these cases are super-
imposed.
7.1.2. Isotropic elasticity and anisotropic plasticity: drawing of a thin
circular flange

A thin circular flange is deformed by drawing the material like
done in the forming of a cup showing the typical earing phenom-
enon. We compare the solutions obtained using the presented
anisotropic elasto-plasticity procedure based on the Mandel stress
tensor and the Eterović–Bathe algorithm linked to an anisotropic
small strain algorithm. Only a quarter of the specimen is modeled
due to symmetry conditions using one layer of elements and is
loaded by prescribed displacements. In order to simulate the draw-
ing process without using contact elements, the inner rim is pulled
radially inwards to a maximum displacement of 75 mm, while the
outer rim is free from restraints. Geometry and boundary condi-
tions of the problem are shown in Fig. 3.

Two cases are considered for the anisotropic plasticity: in case A
the plastic strain is expected to concentrate at 45� and 135� from
the x-axis, along the direction of the maximum shear stress. In case
B, the large plastic deformation is expected to occur along the x-
and y-axes. The material data corresponding to cases A and B are
given in Table 5.



Fig. 5. Drawing of a thin circular flange for case B. Deformed meshes and distribution of equivalent plastic strain for different radial displacements: (a) u = 25 mm, (b)
u = 50 mm and (c) final state at u = 75 mm. Left: Anisotropic plasticity model based on the Kirchhoff stress tensor. Right: Anisotropic elastoplasticity model based on the
Mandel stress tensor in isotropic elasticity condition.

Table 6
Tension of a rectangular plate with a hole. Material parameters.

Tension of a rectangular plate with a circular hole

Elastic material parameters
Young’s modulus in principal direction 1 E1 = 74 GPa
Young’s modulus in principal direction 2 E2 = 74 GPa
Young’s modulus in principal direction 3 E3 = 89.36 GPa
Poisson ratio in principal direction 12 m12 = 0.3745
Poisson ratio in principal direction 23 m23 = 0.2025
Poisson ratio in principal direction 13 m13 = 0.2025
Shear modulus in principal direction 12 G12 = 40.39 GPa
Shear modulus in principal direction 23 G23 = 40.39 GPa
Shear modulus in principal direction 13 G13 = 40.39 GPa
Yield stress ry = K0 = K1 = 0.45 GPa

Hill’s dimensionless anisotropy parameters
f ¼ g ¼ Fr2

y 0.00495

h ¼ Hr2
y 0.747

l ¼ m ¼ n ¼ Lr2
y 0.75
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Figs. 4 and 5 show the deformed meshes and the distributions
of the equivalent plastic strain for cases A and B. The results are al-
most identical which show the consistency between using the
Mandel and Kirchhoff stresses in the computations. The plastic
strains concentrate for material A at 45� from the x � axis in the
x–y plane and for material B along the x and y-axes. The numerical
results can be compared with those given in Ref. [4].

7.2. Anisotropic elasto-plasticity: tension of a rectangular plate with a
circular hole

In this problem we study the use of the presented anisotropic
elasto-plasticity model and algorithm based on the Mandel stress
tensor. A rectangular plate with a concentric circular hole is
stretched along its major axis up to length of 328 mm (2.5% of its
original length). The dimensions of the plate in the undeformed
configuration are: width w = 320 mm, height h = 160 mm, hole ra-



Fig. 6. Tension of a rectangular plate with a concentric hole: reference configuration and finite element mesh (27 noded Q2/P1 elements with 3 	 3 	 3 Gauss integration).

Fig. 7. Tension of a rectangular plate with a concentric hole under a plane strain condition: isotropic elasto-plasticity case. Left: Cauchy measure of von Mises equivalent
stress [Pa]. Right: Equivalent true plastic strain (unaveraged in both cases).

M.Á. Caminero et al. / Computers and Structures 89 (2011) 826–843 837
dius r = 40 mm and thickness t = 1 mm. The geometry and finite
element discretization of the plate are depicted in Fig. 6.

The plate is stretched by imposing prescribed displacements
assuming perfectly lubricated grips at both ends. The set of
material parameters is summarized in Table 6 and these parame-
ters are equivalent to those used in the given references, see
Appendix C.

In this case, the elastic–plastic response is assumed to exhibit
no hardening. For comparison purposes, we first show in Figs. 7
and 8 the results assuming an isotropic elastic and plastic re-
sponse. Fig. 7 depicts the distributions of the von Mises equivalent
stress and the equivalent plastic strain for E = 69.99 GPa, m = 0.3
and G = 26.92 GPa when we assume plane strain conditions.

Fig. 8 shows similar distributions when assuming quasi-plane
stress conditions (here the out-of-plane displacements of the 3D
model are free, see Ref. [59]). As it is well known, in both cases,
the plastic strain localizes in the classical symmetric shear-band-
type distribution.

The results of Figs. 7 and 8 can be compared to those obtained
when using the anisotropic elasto-plastic material conditions of
Table 6. The results for principal direction orientations of h = 0�,
10�, 30�, 60�, 80� and 90� are shown in Figs. 9 and 10 where the an-



Fig. 8. Tension of a rectangular plate with a concentric hole under a quasi plane stress condition: isotropic elasto-plasticity case. Left: Cauchy measure of von Mises
equivalent stress [Pa]. Right: Equivalent true plastic strain (unaveraged in both cases).

Fig. 9. Tension of a rectangular plate with a concentric circular hole. Anisotropic elasto-plasticity. Deformed meshes and distribution of equivalent plastic strain under plane
strain condition for: h = 0�, 10�, 30�, 60�, 80� and 90� (anti-clockwise from top-left). The structure is discretized using 27-node mixed u–p elements (Q2/P1). Unaveraged
results.
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Fig. 10. Tension of a rectangular plate with a concentric circular hole. Anisotropic elasto-plasticity. Deformed meshes and distribution of equivalent plastic strain under quasi
plane stress condition for: h = 0�, 10�, 30�, 60�, 80� and 90� (anti-clockwise from top-left). The structure is discretized using 27-node mixed u–p elements (Q2/P1). Unaveraged
results.

Table 7
Plate with a hole. Convergence rates for the large strain elastoplastic anisotropy
algorithm. Unbalanced energy and force in iterations for a typical step using a full
Newton–Raphson algorithm without line searches.

Plate with a hole (no line searches)

Step Iteration Force Energy

25 1 1.000E+00 1.000E+00
25 2 1.364E�01 2.025E�01
25 3 4.634E�02 3.193E�02
25 4 6.293E�04 4.927E�05
25 5 7.192E�08 5.293E�11
25 6 1.925E�12 1.253E�23

Table 8
Material parameters.

Tension of a rectangular plate. Elastic material parameters (GPa)

j l1 l2 l3

58.33 35.90 26.92 40.39
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gle h is given in Fig. 6. Fig. 9 depicts the deformed shapes and dis-
tributions of equivalent plastic strains for the different orientations
for the case of plane strain and Fig. 10 for the case of quasi-plane
stress. We can see that the distribution of plastic deformations
deviates significantly from the symmetric form of Figs. 7 and 8.
Note also that the anisotropy makes the shear bands more diffuse,
an effect due to the change in direction of the plastic flow. In qual-
itative terms these results can be compared with those of Ref. [3].

Table 7 shows typical relative energy and force convergence
values for the elasto-plastic algorithm with anisotropy in elasticity
and plasticity in a typical time step. It is clearly seen that quadratic
convergence rates have been obtained.
l4 l5 b3 b4

40.39 40.39 0.0 0.0
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8. Conclusion

In this paper we presented a fully implicit computational model
and algorithm for solving problems of large strain anisotropic elas-
to-plasticity, including anisotropic elasticity. The formulation is
developed using hyperelasticity in terms of logarithmic strains,
the multiplicative decomposition of the deformation gradient into
an elastic and a plastic part and exponential mapping. The algo-
rithm retains the simplicity of the large strain isotropic elasto-plas-
tic algorithms based on the same ingredients: the plastic correction
is performed using a small strain procedure in which the stresses
are interpreted as generalized Kirchhoff stresses and the strains
as logarithmic strains. The large strain kinematics is reduced to a
geometric pre- and post-processor. The computational procedure
is essentially independent of the yield function and type of harden-
ing and hence it can be linked to any small strain model or algo-
rithm. The algorithm contains a consistent linearization and thus
shows the asymptotic quadratic convergence rate of Newton–
Raphson iteration. The results of some demonstrative examples
have been given in which different features of the model and algo-
rithm are illustrated and compared to results earlier published.

The algorithm may also be applied when considering plastic spin
effects. Since the flow for the skew part of the Mandel stress may be
algorithmically decoupled from that of the symmetric part, the only
necessary – but then crucial – additional ingredient is a proper con-
stitutive equation for the plastic spin. This constitutive relation
must of course be based on experimental results to properly update
the orthotropy directions during plastic flow. More general finite
element simulations than considered in this paper need to include
this evolution of the orthotropy directions and, hence, we are cur-
rently working towards modeling this effect as well.
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Appendix A. Proofs of some equations

A.1. Proof of Eq. (49)

The first identity of Eq. (49) is

Tw ¼ T : WM ¼
X3

k¼1

X3

l¼1

TklNk �Nl

 !

:
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X
j–i

ln ke
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which yields:
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Using the symmetry of T (Tij = Tji) and grouping terms we obtain:

Tw ¼ T : WM

¼
X3

i¼1

X
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ln ke
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X
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ln ke
j TijNi � Nj: ð100Þ

On the other hand, the second identity of Eq. (49) is

EeT� TEe ¼
X3
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ln ke
i Ni � Nið Þ

X3

k¼1

X3

j¼1

Tkj Nk � Nj
� �

�
X3

i¼1

	
X3

k¼1

Tik Ni � Nkð Þ
X3

j¼1

ln ke
j Nj � Nj
� �

¼
X3

i¼1

X3

k¼1

X3

j¼1

ln ke
i Tkjdik Ni � Nj

� �
�
X3

i¼1

X3

k¼1

X3

j¼1

	 ln ke
j Tikdkj Ni � Nj

� �
¼
X3

i¼1

X3

j¼1

ln ke
i Tij Ni � Nj
� �

�
X3

i¼1

X3

j¼1

ln ke
j Tij Ni � Nj
� �

:

Since for i = j both terms are cancelled out and the expression is
verified.

A.2. Proof of Eq. (56)

Given SM from Eq. (50), we can define:

gij ¼ gji :¼
ke2

j þ ke2
i

ke2
j � ke2

i

ln ke
j � ln ke

i

� �
; ð101Þ

where ke
i are the elastic stretches which can be written as:

ke
i ¼ 1þ ee

i ;

ke
j ¼ 1þ ee

j ;
ð102Þ

where ee
i are the engineering elastic strains in the principal direc-

tions, assumed to be moderate (this assumption only affects elastic
strains and, thus, it is typically fulfilled in metal plasticity). Using
the Taylor expansion of the logarithmic function in terms of elastic
stretches, we obtain:

ln ke
i ¼ ee

i �
1
2
ee2

i þO ee3
i

� �
: ð103Þ

Replacing (102) and (103) in (101), we have:
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¼ 1þ 1
3

ee
i � ee

j

� �2
þ h:o:t: ð105Þ

Hence, we have:

SM ’ I; ð106Þ

for moderate elastic strains and elastic anisotropy, which typically
holds in metal plasticity. Note that this assumption has already
been used in the Taylor series expansion of the exponential
mapping.

Appendix B. Computation of S
M ; _SM and the derivative of S

M

with respect to Ee

If the approximation in Eq. (106) is not considered adequate, we
can compute the derivative of the tensor SM , defined as _SM , and the
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derivative of S
M respect to Ee, which is necessary if the hypothesis

SM 
 I is not fulfilled. Recalling SM:
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Taking the derivatives:
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Also, recall that:
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is a tensor with major and minor symmetries, so:
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we can compute _SM as:
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where

Ni�
s

Nj :¼ 1
2
ðNi � Nj þ Nj � NiÞ; ð112Þ
and, hence, _SM is also a tensor with minor and major symmetries
On the other hand, from the spectral decomposition we have:
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and following the customary arguments, the sixth order tensor that
relates both tensor rates is
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as it can be easily checked if we use:

Ni �
s

Nj : Nk � Nk ¼ Nk � Nk : Ni�
s

Nj ¼ dikdjk ¼ 0; if i–j: ð116Þ

The tensor S has major and minor symmetries in the first group of
four indices and minor symmetries in the last two indices.

Appendix C. Determination of material parameters for the
example of the rectangular plate with a circular hole

In practice, the material parameters of our model are easily ob-
tained in a simple tensile test and are equivalent to those used in
the small strain context. However, this Appendix summarizes the
procedure to determine the equivalent mechanical properties re-
quired to perform the previous numerical simulation (elastic, plas-
tic and hardening parameters) taken from the literature. The
material parameters are based on Ref. [3]. Here, we describe the
equivalent properties for our simulations.

The elastic properties are listed in Table 8 where we have in-
cluded additional parameters because we consider a three-dimen-
sional analysis.

Following Ref. [3], we define the potential function W decom-
posed as:

W ¼ WðEðmÞ;UÞ þ UðJÞ; ð117Þ

where U(J) is the volumetric part of the potential and it is chosen to
be:

UðJÞ ¼ 1
2
jðln JÞ2; ð118Þ

and WðEðmÞ;UÞ is the deviatoric part of the potential function and it
is defined in Ref. [3] as:

W ¼ 1
2
ðEðmÞ � EpÞ : DðmÞ : ðEðmÞ � EpÞ; ð119Þ

where Dm is the symmetric anisotropic deviatoric elastic modulus,
EðmÞ is the generalized Lagrange strain tensor (if m = 0, we obtain
the Hencky strain tensor) and Ep is a plastic strain tensor.

After some algebra, the fourth-order tensor DðmÞ may be written
in matrix notation referred to the principal anisotropy directions
as:
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666666664

3
777777775

Xpr

: ð120Þ
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where li and bi are material parameters given in Ref [3]. In our
case:
b3 ¼ b4 ¼ 0: ð121Þ
Therefore, the full elastic material modulus is computed as:

Ce½ �Xpr
¼ jI� Iþ Dm

� �
Xpr
; ð122Þ

where j is a material constant. The tensor Ce is consistent with our
fourth-order elastic material tensor Ae and the equivalent material
parameters used in our simulation are easily deduced and given in
Table 8.

On the other hand, the yield parameters used in Ref. [3] adapted
to our 3D simulation are:

a1 ¼ 0:01; a2 ¼ a3 ¼ a4 ¼ a5 ¼ 1:0; c1 ¼ 0; ð123Þ
ry ¼ 0:42 GPa: ð124Þ

So the resulting equivalent dimensionless Hill’s parameters are:

h ¼ Hr2
y ¼ 0:747; ð125Þ

f ¼ Fr2
y ¼ 4:95	 10�3;

g ¼ Gr2
y ¼ 4:95	 10�3;

l ¼ m ¼ n ¼ 0:75:

In the example, the elastic–plastic response is assumed to exhibit
no hardening.
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