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Abstract

We consider the systematic calculation of higher-order-accuracy points in finite element analysis. The cases of
varying material properties and distortion of elements are included. The results obtained are used to establish an error
estimator that is element-based and applicable to varying material properties. Some example problems are solved and
show the applicability of the error estimator. While one-dimensional problems are studied in detail, the extension to

two- and three-dimensional analysis is indicated. © 2001 Elsevier Science Ltd. All rights reserved.

1. Introduction

Accurate assessment of the error is a crucial issue in
finite element analysis. In particular, error estimates are
an indispensable part of any mesh refinement process.
Numerous contributions have been made to the devel-
opment of error estimates; see the developments of im-
plicit and explicit estimators, the truth mesh approach
and recovery-based procedures (see Refs. [1,2]).

Much attention has been given to the Zienkiewicz—
Zhu algorithm (see Refs. [3,4]), a recovery-based pro-
cedure which employs a least squares fit technique to
extrapolate the finite element values of stresses at ap-
propriately chosen sampling points to nodes. However,
the Zienkiewicz—Zhu algorithm is not ideal with respect
to some issues. Recovery-based techniques, because they
are patch-based, smoothen out the effects of material
discontinuities on the solution unless special procedures
are used. Also, the program data structures required by
patch-based algorithms when employed in engineering
practice are complicated. These two disadvantages
would not be present if an element-based error estimator
were available. Further, recovery-based algorithms re-
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quire the calculation of stresses at certain sampling
points that are not the points used for the evaluation of
the stiffness matrix (assuming that “full” numerical in-
tegration is employed [5]). This is a significant short-
coming in general non-linear analysis.

The choice of appropriate sampling points is a major
issue in the development of a recovery-based error esti-
mator. For the smoothing algorithm to yield a recovered
stress field that is significantly closer to the exact solu-
tion than the finite element stress field, sampling points
need be chosen that provide higher-order convergence
[6]. Frequently, the algorithm developed by Barlow [7] is
used to select these points, but these points have been
the subject of a debate (see Refs. [8-10]) mainly due to
the fact that Barlow’s algorithm may only yield ap-
proximate locations for the points where higher-order
convergence is observed. MacKinnon and Carey have
proposed an expression for the location of the higher-
order-accuracy points when solving the Laplace equa-
tion (see Ref. [11]). However, the results given are rather
restrictive, since even for the one-dimensional scalar
problem of a bar in tension with varying material
properties and/or cross-sectional area, an expression for
the location of the higher-order-accuracy points was not
given.

With the present paper, we want to confirm some of
the known results, clear up some of the controversies
on earlier results published by other authors, and give
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insight and applications that should be useful in the
further development of error measures.

The first objective of this paper is to show how the
existence and the exact location of higher-order-accu-
racy points can be systematically established. We also
identify under what conditions the higher-order-accu-
racy points coincide with the lower-order Gauss points
(MacKinnon and Carey proved this result for the La-
place equation) and thereby clear up the controversy on
these points. The second objective is to show how these
results on higher-order-accuracy points can be used to
develop an error estimator that is element-based (that is,
not patch-based), that does not require the evaluation of
the finite element stresses at sampling points, and that is
applicable to varying material properties. This error
estimator extends the work of Babuska and Szabd using
hierarchical shape functions (i.e. the p method, see e.g.
[12]). We give detailed results for a one-dimensional
scalar problem solved with isoparametric elements and
indicate how these results can be extended to more
challenging problems, such as the Poisson equation
solved over two- or three-dimensional domains.

2. Higher-order-accuracy points

The objective in this section is to derive the higher-
order-accuracy points. We consider one-dimensional
problems.

2.1. Earlier work

The notion that the finite element method yields
strains that are more accurate at certain points than at
others is the foundation of recovery-based error esti-
mators (see Ref. [1]).

We shall from here on use the following definition:

In an N-node element, the higher-order-accuracy
points are defined as those points, constant in the natural
coordinate variable, at which the finite element strains are
equal to the exact strains whenever the exact displace-
ments are any polynomial of order N or lower in the local
coordinate.

We shall observe that such points do not always exist.

Since the finite element strain energy converges to the
exact strain energy with order 2(N — 1), the finite ele-
ment strains converge to the exact strains with order
(N — 1) on average; hence it is said that a higher order of
convergence is observed at the higher-order-accuracy
points.

The expression “Barlow points™ (as well as “super-
convergent points’’) has been used since Barlow’s first
paper on the subject in 1976 [7] to denote two different
items. On the one hand, the term has been used to de-

note the locations of points of higher-order accuracy in
general, and on the other hand the term has been used to
denote the locations of the points predicted by a method
proposed by Barlow in his original paper.

In this work, we call “Barlow points” the points
determined by the method proposed by Barlow, whereas
we call “higher-order-accuracy points” the higher-order-
accuracy points defined above.

This distinction is necessary because the method
proposed by Barlow is in general only approximate in
giving the higher-order-accuracy points because of a key
assumption. This assumption is that the exact solution
corresponding to a displacement pattern one order
higher than what the finite element can represent and the
finite element solution have the same nodal displace-
ments (see Ref. [7]). A notable fact is that the local co-
ordinates of the Barlow points are independent of the
material properties and element distortions.

MacKinnon and Carey showed that in an undis-
torted element the higher-order-accuracy points for the
Laplace equation are located at the lower-order Gauss
points [11]. They also showed that this is true for the
Poisson equation in two and three dimensions. How-
ever, the Barlow points are located at the lower order
Gauss points only when certain elements are used. For
instance, for the Laplace equation in one dimension, the
Barlow points are not located at the Gauss points for
elements with more than four nodes.

Using numerical studies, some authors [4] have con-
centrated on lower order elements and confirmed that
higher-order-accuracy is obtained at the lower order
Gauss points. But because the term “Barlow points™
was used to denote both the higher-order-accuracy
points and the points calculated by Barlow’s method,
there has been some confusion as to where the higher-
order-accuracy points are located in the general case
(varying material properties, etc). Even in the case when
constant material properties are used, it is still a debated
question [8-10] whether the higher-order-accuracy
points coincide for elements of any order with the lower-
order Gauss points despite the proof by MacKinnon
and Carey [11] of this result for this specific simple case.
In the more complex case of non-constant material
properties and cross-sectional area, even less is known,
and some authors [10] have questioned the very exis-
tence of predictable higher-order-accuracy points in this
case.

We present in this section a proof of the existence of
higher-order-accuracy points in the general case of
varying material property and varying cross-sectional
area and distortion of elements for a bar subjected to a
distributed load. This proof is based on element or-
thogonal displacement patterns. In the past, element
orthogonal displacement patterns were used by various
researchers in the development of finite elements (see
Refs. [5,12,13]).
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2.2. Bar with distributed load

Let us consider a one-dimensional problem involving
a bar of varying Young’s modulus E(x) and cross-sec-
tional area A(x) subjected to a loading force per unit
length f(x), and modeled using P (possibly distorted)
N-node elements (N > 1). The exact solution to the
problem u satisfies the equation

%@mmﬁ9:4m (n)

in the domain Q =|L, R|, plus boundary conditions at the
two ends of the domain. Possible boundary conditions
are:

1. Essential boundary condition: the boundary displace-
ment is known, the boundary force is unknown.

2. Natural boundary condition: the boundary displace-
ment is unknown, the boundary force is known.

For well-posedness, at least one of the two boundary
conditions has to be essential. We will always assume
here that the boundary condition at x = L is essential.
The other boundary condition (at x = R) can be either
natural or essential.

For any element M, we can define the element energy
scalar product for the derivatives of the displacement
field [5]:

du d
MY :/m
dr’'dr M
where isoparametric elements are used, with r being the

natural coordinate, and the global scalar product for the
problem:

du dv du dv
— )= | pu—=
“(mﬁw) ,L & ax 3)
We assume that in every element the usual polyno-
mial shape functions (denoted by 4 to Ay) for isopara-

metric displacement-based finite elements are employed
so that

Span(h (r), ..., hy(r)) = Span(1,r,..., 7" ") (4)

du dv dr

Let us define 73/(r) = 1 and 7}Y(r) = r. Then the fol-
lowing result can be shown to hold:

For any element M, there exists a unique set 7™ of
polynomials 7Y (TM = air* + - + allr + alf) of order
k, k = 2, in the local coordinates, such that these poly-
nomials satisfy:

1. The leading coefficient a}f of T is 1.
2. The trailing coefficient a of T} is 0.

M M
3. aM(dgAr» 7d§;):0 for j=0,....k—1 (%)

These polynomials can readily be calculated using the
Gram-Schmidt procedure.

We can now determine the location of higher-order-
accuracy points in a specific element M for this problem.

2.2.1. Undistorted elements, constant Young’s modulus
and constant cross-sectional area

In this section we consider the case E4 (dr/dx) con-
stant over every element M in the mesh. This is clearly
the case when we consider undistorted elements and
constant Young’s modulus and cross-sectional area.In
this case, the polynomials 7} (where k > 2) in the set 7
take on a particular form:

k26D ((k — 1)1)?
2k —1)!

where P; is the kth Legendre polynomial.

1) = JRRIELE (6

Proof. This result is obtained from the following two
standard properties of the Legendre polynomials [14]:

e ™)
_ @)t r 4 ci(r
2 R() = 4t el 8)

where 0;; denotes the Kronecker delta and c¢;(r) is a
polynomial of order lower than i. Uniqueness of the set
T allows us to conclude that T} is given by Eq. (6).
In this case the polynomials in the set 7™ are inde-
pendent of the element M. We have, consideringk = 1to 7:

I (r) =1

nV(r)=r

() =

e =r —r

Tiu(r) =/ —grz 9)
™(r) =r 7 r3+%r

M (r) =r(’f3r4+§r2

T7M(r)—r7—6 rs-i-35rz r

For j =2, TY(r) is orthogonal to r in the element scalar
product defined above, which immediately implies that
TM(—1) = TY(1). Let us define the set S* of polyno-
mials S/M defined over the whole computational domain
Q with S (r) =T (r) = T (1) = T} (r) = T}'(=1), j =
2, over element M and S;* equal zero everywhere else.
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We note that in this case (with EA(dr/dx) constant over
element M) the SM ’s (j = 2) are the hierarchical func-
tions used as shdpe functions in the design of finite ele-
ments (see Ref. [12]).

Also, we define S =r+1 over element M and
S¥ =0 elsewhere. We also define S =+ 1 over ele-
ment M, constant elsewhere and continuous. Finally,
We define S}’ to be equal to 1 over element M and 0
elsewhere.

It is immediately seen that if 1 < j < N (where N still
denotes the number of nodes per element), SM is an el-
ement of the finite element space, whereas if j > N, S¥
orthogonal to the finite element space in the global
scalar product a(-,-) (see Eq. (3)).

Let us consider that the boundary condition at x = R
is natural, then S is also in the finite element space.

Let us assume that the exact solution (i.e. the exact
solution to Eq. (1) over element M is analytic in the local
coordinate (i.e. it can be developed in the form of a
Taylor expansion of » over element M). Then, because
the set ¥ is a basis of the space of polynomials over
element M, there is a unique set a" of coeflicients a}f
(k = 0) such that, over element M,

1) =3 s () (10)

Let us develop the finite element solution obtained
from the solution of this problem with N-noded ele-
ments on the same basis over element M:

(1) =3 2 () (11)
i=0

and define b¥ = a! — o for any 1 <M < P (where P is
the number of elements) and for any i > 0.

We have that, for any virtual displacement v in the
finite element space,

(8)[refb2) o

With v equal to, in turn Sy, S¥,...,S¥ |, we obtain
oM =a¥ i=2,...,N — 1. If one of the boundary con-
ditions is natural then S is in the finite element space
and we also obtain that a}f = o}’

Hence

w(r) = o + 3 a¥s(r) (13)

i=1

Finally, continuity of the error in the displacements
immediately implies that for any 1 <M <P we have
o = alf. We conclude that in any element M the error
can be decomposed into the form

e(r) = S HYS() (14)

i=N

Over element M, the error in the derivative de;/dr then
satisfies

d
eh ZMdr ZM

and the accuracy of the derivative of the finite element
solution is one order higher at the zeros of dT} /dr.

Let us now consider the case when both boundary
conditions are essential. In this case, S¥ is not an ele-
ment of the finite element space, so that we cannot use it
as our test function in equation (12). However, we still
have, over element M

(15)

en = by S) + BYISY ) " blSY (16)

i=N

For 1 <M < P (where P is the number of elements), we
can construct a test function vy, that has a slope of +1 in
the local coordinate over element M, a slope of —1 in the
local coordinate over element M + 1, is continuous, and
satisfies the boundary conditions (see Fig. 1).

Using the orthogonality equation (12) with vy, as our
test function and continuity, we obtain (with some al-
gebra) as in the earlier case

¥ =0 fori=0,1and M=1,...,P (17)

Conclusions: For an undistorted N-node element M
used to model a bar of constant Young’s modulus and
constant cross-sectional area, higher-order-accuracy
points are located at the zeros of d7j//dr, ie. at the
lower-order Gauss points of the element, because of Eq.
(6). Since it was shown that 7} is unique up to a mul-
tiplicative and an additive constant, at no point other
than the zeros of d7J/dr is higher-order accuracy
achieved. As a side result, we note that the error in the
displacements is zero at the end points of all elements, a
classic result [5].

DM

N\

1 3 ‘ 1 5

element | element 2 element 3 element 4

Fig. 1. vy, function. Elements M and M + 1 are not distorted
(M =2).
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Physical interpretation: Of all functions that are
supported by element M, S¥ is the polynomial of the
lowest order that is orthogonal to the finite element
space. S¥ is therefore the first “hidden” displacement
pattern: it is the lowest order polynomial displacement
pattern that cannot be picked up by the N-node element.
However, at the points where dS¥/dr =0, this dis-
placement pattern does not create any strain, and
therefore we obtain the same accuracy in the strain at
these points whether we include this hidden displace-
ment pattern or not.

Hence, whereas implicit algorithms explore the
functional space orthogonal to the finite element space,
recovery-based algorithms are based on the use of the
zeros of the derivative of the lowest order polynomial in
this orthogonal space as sampling points.

2.2.2. Distorted elements, varying Young's modulus and
varying cross-sectional area

In the general case (i.e. when we no longer make the
assumption that the product of the Young’s modulus
times the cross-sectional area and the determinant of the
mapping function is a constant), we need to modify the
above proof. Note that in this case the functions 7%/
need to be calculated for each element M depending on
the conditions of the element.

In the case of a non-constant product £4 (dr/dx), the
element orthogonal polynomials T in the set T in
general no longer satisfy 7)(—1) = T}'(1) so that it is
not possible to construct a set S¥ of polynomials Sj."’ that
are globally orthogonal to the finite element space by the
above method. As a result, it is not immediately obvious
that the higher-order-accuracy points are located at the
zeros of the derivative of T/, like in the case of a con-
stant product E4 (dr/dx). Let us first consider the case of
one natural boundary condition.

Again, we assume that the exact solution (i.e. the
mathematical solution to Eq. (1)) over element M is
analytic in the local coordinates. Thus we can find a set
bM of coefficients b such that over element M

u(r) = un(r) + Z by T (r) (18)

In the case £4(dr/dx) being constant, we could argue
that for 0 <i < N we had b = 0 because of the global
orthogonality of the polynomials $¥. We can no longer
use this argument. However, we can still write for any
test function v

du do du IM*
M _— = ) —10U
(dr’dr) /Mﬁ/+ {EAdxb}M— (19)

where M+ and M— are the coordinates of the right and
left ends of element M.

For every polynomial T} (k > 1), we define as g}/ the
function of the local coordinate  that is linear and that
equals 7 at 1 and at —1I:

e RO BO-RED, g

Using 7} — g}’ (with j > 1) as our test function v in Eq.
(19), and replacmg u by expression (18), we obtain

= d(T™(r) — gM(r
aM(%(u,,&HZW(F)),w>

:AﬂW—ﬁ) (21)

because the boundary terms vanish due to our choice of
v. Using the bilinearity of the element scalar product, we
obtain

wi e (4TY AT (4T dg)f
Zb ( ( dr)ia (F dr >)
du, d(TY — g
:/Mf(T/M—g;”)—aM(ﬁ,%) (22)

Finally, exploiting the orthogonality properties of the
set TM we are left with

dTM dTM drM dg?
bj.uaM( ) by aM(—O ;:jw)

T dr dr ’ dr

dr, dg¥
M M J
h“(d dr)

= [ g - (G ST

If we choose 1 < j < N, the right-hand side of Eq. (23)
vanishes, hence

dr ’ dr dr ’ dr

dr dg
M M
+hia (d dr)

for1<j<N (24)

or, using the explicit form of the element scalar product
a¥(-,-) with 7},

bj.”aM(deM deM) :bﬁ”a’”(dT‘M %)

dr ’ dr dr ' dr
for 1 <j<N (25)

Now we make use of the orthogonality property of the
error (see Ref. [5]). With ¥, the finite element interpo-
lation space, we have

Yo eV, alu—u,v) =0 (26)
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with v chosen to be the S function. It should be noted
that this choice of v is a valid one for as long as one of
the boundary conditions is natural. This gives

n =0 (27)
From Eqgs. (27) and (25), we conclude that
if 1<j<N, b =0 (28)

We can therefore write

du  duy Ny

Conclusion: For a distorted N-node element used to
model a bar of varying Young’s modulus and varying
cross-sectional area, higher-order-accuracy points are
located at the zeros of d7j/dr if one of the boundary
conditions is natural.

We now consider the case when both boundary
conditions are essential: in this case, we show by a
counter-example that higher-order-accuracy points do
not exist.

Counterexample: We choose L =0, R=4, 4=1,
E =1+x, and two identical three-node non-distorted
elements, so that we have a three degree of freedom
problem, both ends being constrained. We solve this
finite element problem exactly using a symbolic mathe-
matics program.

First, we impose forces such that the exact solution is

, 12, 179

over the first element (» = x — 1 being the local coordi-
nate pertaining to that element) and

24 , 3 283

_ 3 _ =" _ = =0
n(r) =r =335 =57+ 430

(31)
over the second element (r =x — 3 being the local co-
ordinate pertaining to that element). The error corre-
sponding to this loading is, over the first element,

, 14, 341 74

ehl(r)zr‘—@r —%7+% (32)

and over the second element:

34, 349 38
— 3 2 _
n() = 5T T3 s 33)

Then, we impose forces such that the exact solution is

122 3299
O e I T s
uy(r) =2r 557 T3 (34)

over the first element (» = x — 1 being the local coordi-
nate pertaining to that element) and

24 3 283
uz(r):r3—ﬁr2—§r+m (35)

over the second element (r = x — 3 being the local co-
ordinate pertaining to that element). The error corre-
sponding to this loading is, over the first element,

47 226 51
en(r) = 23— —— 42

T TARTG (36)

and over the second element:

ehz(r):r3—%r2—%r+% (37)

In the second element, the error in the strain (de;, /dr)
corresponding to the first loading is zero at the points
with coordinates » = —0.548765...and r = 0.614466.. . .,
whereas the error in the strain (de;,/dr) corresponding
to the second loading is zero at the points with coordi-
nates r = —0.556286... and » = 0.620054 . .. Similarly,
the zeros of the error in the strain depend also in the first
element on the exact solution. This proves that in this
case higher-order-accuracy points do not exist.

2.3. Other one-dimensional scalar products: the beam in

fexure

The approach used in Section 2.2 can be more gen-
erally employed for other one-dimensional scalar prob-
lems that can be written in the form:

FindueV/ueV a(u,v)=(f,v) (38)

where a(-,-) is a scalar product, (f,-) is a linear form,
and ¥ includes the space of polynomials. In this more
general setting, we can still derive a unique set T of
polynomials T of order k orthogonal to each other for
the element scalar product ¢ (-, -). Again the set 7 can
be constructed by recurrence using the Gram-Schmidt
procedure. In general, only the polynomial T can be
chosen arbitrarily. In the previous section we could also
choose T} arbitrarily because the displacements only
appeared through their derivatives in the scalar product.
Generally, if the lowest order derivative of the dis-
placements that appears in the scalar product is the mth
derivative, we can choose the first (m + 1) functions
arbitrarily.

As an example, we consider the case of a beam in
flexure, for which the bilinear form is (see Ref. [5])

d*u d*v

For this problem, we can impose T/ (x) = 1, T} (x) = x,
TM(x) =x—1.

For j > 2, the polynomials T/.M are determined by the
Gram-Schmidt procedure up to a linear part which is
arbitrary (because this part does not enter the bilinear
form (39)). We can therefore choose this linear part such
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that the polynomials 7 are zero at 7 = 1 and r = —1. A
proof similar to the one used in the case of constant
EA(dr/dx) for the problem of the bar in tension still
applies here and we obtain that for the beam in flexure
problem

Clu—w) &, S &, 8T
dr? o Zbi dr? Zb’ dr? (40)

i=N i=N

Hence the points where curvature is assessed with
higher-order-accuracy in an N-degree of freedom finite
element are located at the zeros of the second derivative
of the polynomial 73/ (which are the two order lower
Gauss points in the case of a constant product
EI (dr/dx), because in this case the polynomials 7} are
obtained by integrating the Legendre polynomials twice
and then fixing their linear part as indicated above).

It should be realized that the set 7" is dependent on
the order of the problem (as can be noticed by com-
paring the definitions for the sets 7" for the bar in
tension problem and the beam problem) and also on the
constants involved in the problem, as shown by the
following example: consider the problem —(d*u/dx?)+
cu = f over (—1, 1). For this problem, we can show that,
for any non-distorted element M, the set 7" starts with
the following polynomials:

Iy (x) =1
TV () = x
1Y) =2 1
a1)
2+% (
TM(x) =x* — > x
6(c+21) , 3(35+¢)
M _ 4 2
L0 =2 =319 3510

We note that, for this new problem, only when j is
even (and therefore 7)' is even) do we have 7(1) =
T} (—1), unlike in the bar in tension problem. Clearly,
the polynomials in the set 7Y for this problem differ
from those we obtain for the bar in tension and depend
on the parameter c.

3. The Poisson problem

Let us now show how the same ideas can be extended
to two-dimensional problems, such as the Poisson
problem:

*u u
el 42
e % f(x,) (42)

The bilinear form for this problem is

6u@ Ou Ov

— — 4
o Ox 6x+©y oy (43)

For clarity, let us assume that this problem is solved
using non-distorted nine-node quadrilateral isopara-
metric elements, and that the usual polynomial shape
functions A, to hy are used so that

Span(hl(xvy)7 . ahg(xvy))
= Span(1,x,y,x°,xy, %, Xy, x)%, %) (44)

Since the order of convergence of the finite element
strain energy is dictated by the degree of completeness of
the polynomial approximation, we see that all that is
needed to increase the order of convergence of this ele-

ment is to include one polynomial with x* and one with

y

We can show that the polynomial which includes x*
and is orthogonal to the finite element space is x* — x
and the polynomial that includes y* and is orthogonal to
the finite element space is 3* — y. The points where the
derivatives of these two polynomials are zero are the
lower order Gauss points for the element of interest,
x==+1/v3and y = £1//3.

Obviously, the same approach is valid for elements
other than the nine-node element. For elements used to
solve the Poisson problem, the zeros of the derivatives of
the lowest order polynomials orthogonal to the finite
element space functions are always the lower order
Gauss points, as was shown by MacKinnon and Carey.

4. Application to error assessment

In this section we show how the results of Section 2
can be used to develop a class of error estimators.

4.1. Error estimator for the bar problem

Again, let us consider the deformation of the bar
subjected to the loading f. For the problem solution we
use three-noded isoparametric finite elements.

We have shown in Section 2 that in any element,
distorted or not, it is possible to develop a set of poly-
nomials 7} (k > 0) that are energy orthogonal to each
other.

The error in element M can then be written as, using
Eq. (18),

e =u—u, =Zb?”7}M(r) (45)
i=0

For every polynomial T} (k > 2), we define as before

§m=«wm+wemﬂnwwm—Whm/
r.

Starting from the differential equation for the prob-
lem, applying the Galerkin procedure to the test func-
tion TM — g/ (1>1), and using the orthogonality
properties of the set TV, we obtain:
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dx dx

P = fo(I}M —g')dx — fMEAd(TI i dL»h(1x+17}1‘/[ fMEA
M=

Sy EAGE) dx

We have shown in Section 2.2 that under certain
circumstances the constant b}’ = 0, so that all the terms
on the right-hand side are known or can be evaluated,
and therefore for any /, b¥ can be calculated. In case
we do not have b} =0, we are still able to use Eq.
(46) to obtain an estimate for b} by neglecting the
oY aM((dT} /dr), (dg)'/dr)) term in the numerator.

In the general case, we use

ATM—gM) dy
= fo(TlM —g")dx - fMEA ( Idxg/ ) %dx

b : (47)
1 Sy EACSE)? dx
as an estimate for b)' and
i=N'
e(r) = "1 (r) (48)
i=N

as an estimate of the error. N is an integer which de-
termines the desired accuracy of our error estimator. We
indicate in Section 4.2 that N’ = N + 1 might be a good
choice.

In the particular case when the product £4 (dr/dx) is
constant, the second integral in the numerator of Eq.
(46) equals zero. Since the set 7 is known, the 5}"’s can
be calculated prior to the finite element solution. We
have in this case an a priori error estimator, in essence
by applying p-refinement. When the product £4 (dr/dx)
is not constant, the second integral in the numerator
must be evaluated and we have an a posteriori error
estimator.

4.2. Examples

In this section, we test the error estimator presented
above on some sample problems to assess its efficiency.
We choose to include only two terms in the error esti-
mate of Eq. (48), i.e. we take N' = N + 1. All problems
are solved on the non-uniform mesh consisting of three-
node undistorted elements given in Fig. 2. The Young’s
modulus varies as E(x) = 1 +x. In Examples 1 and 2,
one end (x = 0) is clamped and one end (x = 10) is free.
In Example 3, both ends are clamped to enforce zero
displacements.

Example 1. We impose a loading per unit length such
that the exact displacement is a polynomial of order 4:

u(x) = (x+ 1)*(x — 10)*> = 100 (49)

LT
& (46)
0 X
©
1 3 1 5
! I !
element 1 element 2 element 3 element 4

Fig. 2. Mesh: the four-element mesh employed to solve the
example problems 1 and 2 of Section 4.2. In problem 3, the
displacement at x = 10 is imposed to be zero.

Because N’ = N + 1 =4 and the exact solution is a
polynomial of order 4, we expect our error estimator to
give the exact error for this problem. The recovered
strain d(u;, + e*)/dx, the finite element strain du;,/dx and
the exact strain are plotted in Fig. 3. We see that the
recovered strain equals the exact strain, as expected.

Example 2. We next impose a loading per unit length
such that the exact displacement cannot be developed as
a finite Taylor series:

400

3001
exact strain = present work

200
finite element strain

100

strain

-100

-200

300 L L L L L L L L L )

X
Strains in the entire domain

Fig. 3. Strains for Example 1. (—) du/dx = d(u), +€;)/dx; (- - )
du;,/dx.
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strain

0.1 F

0.2 L L L L L L L L L )

Strains in the entire domain

Fig. 4. Strains for Example 2. (—) du/dx (---) du,/dx; (---)
d(uy + ¢})/dx.

u(x) = tan ()%5) _x;S

Figs. 4 and 5 show that the recovered strain obtained
with the algorithm introduced in this paper is much
closer to the exact strain than is the finite element strain.
The recovered strain is not equal to the exact strain
because only two terms have been included in Eq. (48).
Fig. 6 illustrates the performance of our algorithm
compared to the Zienkiewicz—Zhu algorithm.

tan(1) + 0.0001x° (50)

Example 3. In this problem, we apply forces corre-
sponding to the exact displacement:

015
0.1

0.05

strain

-0.1 [

Errors in the strains in the entire domain

Fig. 5. Errors in the strain for Example 2. (- - -) du;, /dx — du/dx;
(---) d(uy + e;)/dx — du/dx.

0.5
T
7 A}
b3
________ A\
(1] T PP --—-,-\_.,! - -_..‘ \\
N \
: \
: A\
2 i\
2-05 - e
Z R
A
0
-1 F “
22 algorithm B
i
unsmoothed error present work l
15
B e
0 1 2 3 4 5 6 7 8 9 10

X
Errors in the stresses in the entire domain

Fig. 6. Errors in the stress for Example 2. (- - -) E(x)du, /dx — o;
(---) E(x)d(u, +e;)/dx—0; (--) 6zz—0, where ¢ and
o, denote the exact stress and the stress recovered by the
Zienkiewicz—Zhu algorithm, respectively.

u(x) = tan ("gs) —xgstan(l) (51)

Both boundary conditions are essential, and £4 (dr/dx)
is not constant over the elements which implies that the
calculated coefficients given by Eq. (47) are not equal to
the exact coeflicients in Eq. (46). Besides, the exact dis-
placement can not be written in the form of a finite
Taylor series, but again we choose to include only two
terms in Eq. (48).

The strains presented in Fig. 7 show that despite
these two approximations, the recovered strain is much
closer to the exact strain than is the finite element strain
(see also Fig. 8). Comparing the results of Example 3 to
those of Example 2, we see that the accuracy of our error
estimator is hardly affected by the fact that the boundary
condition at x = 10 is now essential.

Fig. 9 illustrates the performance of our algorithm
compared to the Zienkiewicz—Zhu algorithm.

5. Concluding remarks

In this paper, we have shown how the existence of
higher-order-accuracy points can be related to hidden
displacement patterns. In fact, we have shown that
higher-order-accuracy points are the points where the
lowest order hidden displacement pattern results in no
strain. This interpretation enables us to calculate higher-
order-accuracy points in cases that were not considered
before. In particular, the case of distorted elements and
varying material properties can be treated. Also, this
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Strain

X
Strains in the entire domain

Fig. 7. Strains for Example 3. (—) du/dx; (---) du,/dx; (---)
d(uy + ¢})/dx.

015

0.05

Strain

-0.05 -

-0.15 -

02 L L L L L L I L L L )
0 1 2 3 4 5 6 7 8 9 10

X
Errors in the strains in the entire domain

Fig. 8. Errors in the strain for Example 3. (- - -) du;, /dx — du/dx;
(---) d(u + €})/dx — du/dx.

interpretation allows to find similarities between implicit
error-estimators and recovery-based error-estimators.
We have shown how these hidden displacement pat-
terns can be used to design an a posteriori error esti-
mator which is element-based and does not require the
calculation of the strains at lower order Gauss points.
Since the error estimator is element based, the estimator
performs efficiently even in the case of non-uniform
meshes. Also, since the hidden patterns are dependent
on the material properties, the estimator performs well

J.-F. Hiller, K.J. Bathe | Computers and Structures 79 (2001) 1275-1285

stress

-0.5

2 I L I I 1 I 1 I L )
0 1 2 3 4 5 6 7 8 9 10

X
Errors in the stresses in the entire domain

Fig. 9. Errors in the stress for example 3. (---) E(x)d(uy)/
dx — o5 (---) E(x)d(u; + ¢;)/dx — a; (---) 62z — o, where ¢ and
o, denote the exact stress and the stress recovered by the
Zienkiewicz—Zhu algorithm, respectively.

even when the material properties vary not only from
element to element but also inside an element. This last
property is essential for an error estimator used in the
solution of plasticity problems.

However, we considered in this paper primarily one-
dimensional problems. For two- and three-dimensional
problems, significant further work is necessary.
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