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a b s t r a c t
We present in this paper a novel approach to stress calculations in ﬁnite element analysis. Rather than
using the stress assumption employed in establishing the stiffness matrix, the element nodal point forces
are used, in a simple way, to enhance the ﬁnite element stress predictions at a low computational cost.
While this paper focuses on the improvement of the stress accuracy, the proposed procedure can also be
used as a basis for error estimation. Moreover, the procedure is quite general, and has the potential for
many applications in ﬁnite element analysis.
Ó 2010 Elsevier Ltd. All rights reserved.

1. Introduction
In ﬁnite element analysis, a continuum is idealised as an assemblage of discrete elements. The analysis is then performed using
displacement-based and mixed methods, see Refs. [1,2]. In each
case, nodal displacements are solved for and the element stress
is determined from the assumptions used in establishing the element stiffness matrices. In the displacement-based method, the
derivatives of the displacements are used to establish the strains
and hence the stresses, while in mixed methods additional strain
or stress assumptions are employed (with additional equations)
to establish the stresses. We refer to these calculated stresses as
the ‘‘directly-calculated ﬁnite element stresses’’.
In this paper we focus on the displacement-based ﬁnite element
method in linear static analysis, but our results are fundamental
and might be used for mixed ﬁnite element methods, dynamics,
and nonlinear solutions.
It is well known that the accuracy of the directly-calculated ﬁnite element stresses can be unsatisfactory when compared to the
accuracy of the calculated displacements, and the reasons are well
understood. The directly-calculated stresses are obtained from the
derivatives of the displacements; hence, they involve a lower degree of interpolation, and converge at a lower rate. Furthermore,
differential equilibrium is, in general, not satisﬁed at every point
in the ﬁnite element model, which results in stress discontinuities
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at the element boundaries and non-equilibrium with the externally applied surface tractions.
Over the last decades, much research has been focused on
improving the ﬁnite element stress accuracy and on establishing
solution error estimates; see, for example, Refs. [3–6], and the references therein. The main focus has been on least squares smoothing,
local projection of optimal sampling points, and the super-convergent patch recovery method [7–17], but relatively little attention
has been given to the use of the element nodal point forces, see Refs.
[18–21], and the references therein. In their work, Stein and Ahmad
used the element nodal point forces and the principle of virtual work
to establish improved element tractions and obtained some impressive results [19,20]. Then, in later work, Stein et al. used the nodal
point forces to establish solution error estimates, but postulated,
amongst other assumptions, that the improved inter-element tractions are approximately equal (by a difference minimization) to
the inter-element tractions obtained from the original solution
[21]. We use in our work also some well-known basic equations
(see Section 2); however, we then develop a general and different
scheme to enhance the ﬁnite element stress predictions in a simple
way and without the assumptions used earlier.
When considering the ﬁnite element solution, two important
facts hold regarding equilibrium, namely, (1) at each node, the
sum of the element nodal point forces balances the externally applied nodal point loads, and (2) for each element, force and moment equilibrium is satisﬁed considering the element nodal point
forces – and, most importantly, these two properties hold for any
coarseness of mesh – just as in the analysis of truss and beam
structures, see Refs. [1,22]. Since the element nodal point forces
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represent integrated quantities of the directly-calculated ﬁnite
element stresses, we use these forces in our developments to improve the accuracy of the ﬁnite element stresses.
Our objective in this paper is to present a novel approach to calculate the element stresses using the element nodal point forces.
That is, the solution for the element nodal point displacements is
performed as usual, the element nodal point forces are calculated
as usual, and then a simple procedure is employed to calculate the
element stresses from the nodal point forces using the principle of
virtual work. Accordingly, we call this procedure the ‘‘nodal point
force based stress calculation method’’. To demonstrate its effectiveness, we apply the procedure to the 3- and 4-node two-dimensional
continuum solid elements, and solve a number of problems. As expected, we see a signiﬁcant improvement in the accuracy of the
stresses for all problems considered. Finally, we conclude the paper
with some remarks regarding further applications of the method,
and important theoretical work that ideally would be pursued.
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Fig. 1. The principle of virtual work holds when applied to (a) the entire threedimensional body, and when applied to (b) any arbitrary segment of the body, here
the domain represented by ﬁnite element m.

2. Using the principle of virtual work

(1)

(2)

The nodal point force based stress calculation method (referred to
later as the NPF-based method) uses, as its ingredients, what we
shall call the principles of virtual work in the form of boundary
tractions and in the form of internal stresses. We review these general and well-known principles in this section, and summarize and
focus on some of their powerful properties, see also Ref. [1]. In
Section 3 we then apply these principles – and their properties –
to establish a simple and effective algorithm for the improved
stress predictions.

Fig. 2. The stress calculation domain for the 4-node quadrilateral element, two 4node adjacent ﬁnite elements; element m would be one of the two elements.

2.1. The principle of virtual work in the form of boundary tractions
Consider the equilibrium of a general three-dimensional body
of volume V and surface area S such as that shown in Fig. 1a. The
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Fig. 3. Four plane stress test problems for the 4-node quadrilateral element (E = 72E9, m = 0.0, t = 1, p = 100, F = 1500): (a) the beam in pure bending problem, (b) the ﬁnite
plate with a central hole under tensile loading problem, (c) the square cantilevered plate under shear loading problem, and (d) the tool jig problem.
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^,
body is supported on the area Su with prescribed displacements u
and is subjected to surface tractions f S on the area Sf. In addition,
the body is subjected to externally applied body forces f B per unit
volume. We assume linear analysis conditions, and use the notation of Ref. [1].
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In the differential formulation of the problem we seek to calculate the response of the body from the governing differential equations of equilibrium and compatibility, with the constitutive
relationships, subject to the applied boundary conditions. That is,
we want to solve

Fig. 4. von Mises stress results for the beam problem. The solution error is given in parenthesis. The incompatible modes directly-calculated stress results are given
underneath the displacement-based directly-calculated stress.

Fig. 5. von Mises stress results for the ﬁnite plate with a central hole problem. These results are presented in the same form as those shown in Fig. 4.
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div ðsex Þ þ f B ¼ 0
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ð1Þ

Z

^ on Su
u¼u

ðmÞ
Sf

S

f ¼ sex n on Sf
where sex , e, and u are the exact stress, strain and displacement
ﬁelds, respectively, C is the stress–strain matrix, and n is the unit
outward normal vector to the surface of the body.
A second, but entirely equivalent approach to the solution of the
problem in Fig. 1a is given by the variational formulation, that is,
the principle of virtual work [1,2,22,25]. This formulation states
that for any continuous virtual displacement ﬁeld u, zero on Su , imposed onto the body in its state of equilibrium, the total internal
virtual work is equal to the total external virtual work; that is:
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sðmÞ nðmÞ dS ¼ F ðmÞ

ð7Þ

This equation states that for any virtual displacement ﬁeld contained in the element interpolation functions of HðmÞ , the virtual
work by the element boundary tractions is equal to the virtual
work by the element nodal point forces, and hence we call this
equation ‘‘the principle of virtual work in the form of boundary
tractions’’.
We use this relation to establish the ﬁnite element stresses
without differentiation of another ﬁeld, and use interpolation functions that correspond to a larger stress space than implicitly used
ðmÞ
for sh . As a result sðmÞ should be closer to the exact stresses than
ðmÞ
sh . Furthermore, if the ﬁnite element stresses are calculated using
the principle of virtual work in traction form, we have:

V

Of course, closed-form analytical solutions to these equations can
only be found when relatively simple problems are considered,
and so the objective of the ﬁnite element method is to establish
for complex problems a numerical solution which satisﬁes the
above governing equations as closely as possible. To this end, we assume in the displacement-based ﬁnite element method a displacement ﬁeld within each element m, that is, uðmÞ ¼ HðmÞ U where HðmÞ is
the displacement interpolation matrix, and U contains the nodal
point displacements of the assemblage. With this assumption (2)
becomes:

"
XZ

V

BðmÞT
ðmÞ

In the absence of body forces, Eq. (5) reduces to:

subject to

Z

Z

dV U ¼

XZ
ðmÞ

HðmÞT f S dS þ

Sf

m

XZ
m

Property 1: Every element in the assemblage is in force and
moment equilibrium under the action of its boundary tractions.
Property 2: An averaged equilibrium is satisﬁed over the ﬁnite
element domain.
Property 3: The patch test [1] is satisﬁed.

HðmÞT f B dV

V ðmÞ

ð3Þ
ðmÞ
Sf

ðmÞ

where BðmÞ , V , and
are the strain-displacement matrix, the
volume, and the surface area with externally applied tractions of
element m, respectively, and we sum over all elements in the mesh,
see for example Ref. [1].
If the body is adequately constrained, the stiffness matrix established from Eq. (3) can be factorised to solve for U, from which the
ðmÞ
directly-calculated ﬁnite element stress sh is determined using
the derivatives of the displacement solution

sðmÞ
¼ C ðmÞ eðmÞ ¼ C ðmÞ BðmÞ U
h
An important fact is that – for the continuum considered in Eq. (2) –
the principle of virtual work holds, of course, for the entire body and
when applied to any arbitrary segment of the body. Therefore, let us
consider this segment to be a single ﬁnite element and deﬁne the
element nodal point forces, in fact already used in Eq. (3),

F ðmÞ ¼

Z


BðmÞT C ðmÞ BðmÞ dV U

ð4Þ

V ðmÞ

where U is the displacement vector calculated in Eq. (3). Now making the fundamental assumption that there exists and we can calculate an improved ﬁnite element stress sðmÞ that results into element
surface tractions equivalent in the virtual work sense to these nodal
point forces (including the effect of the body forces), we obtain from
Eq. (3)

Z
ðmÞ

Sf

HðmÞT





sðmÞ nðmÞ dS ¼ F ðmÞ 

Z
V ðmÞ

HðmÞT f B dV

ð5Þ

where nðmÞ is the unit normal to the element boundary, and, of
course, the element nodal point forces F ðmÞ correspond to the diðmÞ
rectly-calculated ﬁnite element stresses sh :

Fig. 6. In-plane shear stress results for the square cantilevered plate problem.
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Nodal Point Equilibrium: At any node the sum of the element
nodal point forces is in equilibrium with the externally applied
nodal loads.
Element Equilibrium: Each element m is in force and moment
equilibrium under the action of its nodal point forces, F ðmÞ .

Property 1 holds since the element nodal point forces satisfy this
property, see Ref. [1]. Note that therefore, no work is done under
any imposed rigid body motion. Therefore, also

Z


ðmÞ

Sf



sðmÞ nðmÞ dS þ

Z
V ðmÞ

f B dV ¼ 0

ð8Þ

Hence, we also require in our procedure that the improved ﬁnite
element stresses must correspond to the element nodal point
forces given in Eq. (6); that is, we require

and hence Property 2 follows

Z
V

ðmÞ

n
o
div ðsðmÞ Þ þ f B dV ¼ 0

ð9Þ

Therefore, rather than imposing equilibrium on the differential level, the principle of virtual work in traction form imposes an averaged equilibrium over the ﬁnite element domain.
Finally, if the ﬁnite element solution U is exact, the element nodal point forces correspond to the exact element boundary tractions and Property 3 follows.
2.2. The principle of virtual work in the form of internal stresses
Although the ﬁnite element solution obtained in Eq. (3) does
not satisfy differential equilibrium at every point in the continuum,
as already mentioned, two important properties always hold for
any coarseness of mesh [1,22].

Z
V

BðmÞT
ðmÞ





sðmÞ dV ¼ F ðmÞ

ð10Þ

(3)

(1)

(2)

Fig. 8. Stress calculation domain for the constant strain triangle; element m would
be the middle element or a side element.

Fig. 7. von Mises stress results for the tool jig problem. These results are presented in the same form as those shown in Fig. 4.
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Eq. (10) states that for any virtual displacement ﬁeld contained in
the element interpolation functions, the element internal virtual
work is equal to the virtual work of the element nodal point forces,
and hence we call this equation ‘‘the principle of virtual work in the
form of internal stresses’’.
Unlike for Eq. (5), not all the equations in Eq. (10) are linearly
independent of each other. Speciﬁcally, in two-dimensional analysis, the displacement interpolation functions contain the three rigid body modes, and hence only N  3 equations are linearly
independent when N is the number of nodal point element displacement degrees of freedom. Additionally, the two forms of the
principle of virtual work are not necessarily independent of each
other. Expressing Eq. (5) in index notation, we have

Z
ðmÞ

Sf

ðmÞ ðmÞ ðmÞ
kj nj dS

s

hi

kðmÞ

¼ Fi



Z

ðmÞ

V ðmÞ
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ð11Þ

and hence we obtain
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Z
n
o
HðmÞT div ðsðmÞ Þ þ f B dV ¼ F ðmÞ 
V

BðmÞT
ðmÞ





sðmÞ dV

of the speciﬁc application of stress calculation domain for the
element, and the maximum amount of element nodal point
force information is utilised.
An important decision is to choose appropriate functions for sðmÞ .
The functions must be symmetric for all stress components so as
to ensure invariance, and the dimension must be such that the
application of the principle of virtual work in both forms generates
either a determined or an over-determined system of equations.
There are many possibilities for choosing the stress space; however, evidently, the larger the size, the more accurate the solution,
and so the largest space which results in a well-posed problem for
all patch geometries, that is, stress calculation domains, might be
used.
The numerical effort to calculate the element stresses using the
above algorithm is small but, also, these stress calculations need of
course not be performed for each element in the entire ﬁnite element assemblage. Instead, the procedure could only be used for
certain regions of the analysis domain, namely those regions where
improved stresses are of interest.
In the following we consider two cases: the ﬁrst case leads to a
determined system of equations, and the second case leads to an

ð12Þ

As a consequence of Eq. (10), the right hand side of Eq. (12) is zero
and we have

Z
V ðmÞ

n
o
HðmÞT div ðsðmÞ Þ þ f B dV ¼ 0

ð13Þ

Therefore, the beneﬁt of imposing the principle in both forms is that
differential equilibrium over the element is satisﬁed more closely
than if the principle were only imposed in traction form.
Finally, from Eqs. (9) and (13) it is evident that the two principle
of virtual work statements are only independent of each other if
the assumed space for sðmÞ contains functions of high enough order.

3. The nodal point force based stress calculation method
The basis of the nodal point force based stress calculation method is the fact that the element nodal point forces are of higher quality than the directly-calculated ﬁnite element stresses, and so we
use the two principle of virtual work statements discussed above
to calculate the ﬁnite element stresses.
However, we need to recognize that for low interpolation orders
of element displacements, the element nodal point forces are not
unique to a particular stress state since they result from tractions
acting on either face that the node connects to. Consequently, we
use the nodal point forces acting on a predetermined patch of elements and call this patch of elements ‘‘the stress calculation domain’’. The basic steps employed in the procedure are:
1. Idealise the structure or continuum as an assemblage of discrete ﬁnite elements, and perform the usual ﬁnite element analysis to solve for the element nodal point displacements U, and
the element nodal point forces F ðmÞ .
2. Assume appropriate functions for sðmÞ for each displacementbased element contained within the stress calculation domain.
3. Use the two principle of virtual work statements – Eqs. (5) and
(10) – to solve for the unknown stress coefﬁcients in sðmÞ .
4. Finally, to establish the improved stresses for a general displacement-based element m, in two-dimensional analysis, the
stress coefﬁcients corresponding to all possible combinations
of stress calculation domains that contain element m are calculated using the above steps, and the results are averaged. By
averaging the stress coefﬁcients, the solution is independent

Fig. 9. In-plane shear stress results for the square cantilevered plate problem of
Fig. 3c. The directly-calculated stress is compared to the improved stress calculated
using the discontinuous and continuous stress assumptions.
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Fig. 10. Five plane stress test problems for the constant strain triangular element (E = 72E9, m = 0.0, t = 1, p = 100, F = 1500): (a) the beam in pure bending problem, (b) the
ﬁnite plate with a central hole under tensile loading problem, (c) the square cantilevered plate under shear loading problem, (d) the curved structure under pure bending
problem, and (e) the tool jig problem.

Fig. 11. Longitudinal stress results for the beam problem. The solution error is given in the parenthesis.
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over-determined system of equations for the improved element
stresses. In both cases, we ﬁnd that the stress prediction is greatly
improved.

sðmÞ
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3.1. The 4-node quadrilateral element: a case where the system of
equations is determined
ðmÞ

Consider an undistorted 4-node quadrilateral element. The displacement trial functions are C 0 continuous and take the form:

(
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Upon differentiating, the strains are found to be:
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=
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>
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;
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8
>
>
<
>
>
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9
>
>
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>
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ð14Þ

Eq. (14) shows that the stresses do not admit zero shear strain when
the element is subjected to bending. It follows that the element is
much too stiff in bending, and this phenomenon is known as shear
locking [1].
In order to improve the predictive capabilities, the element
stress space must be increased, and we use a stress calculation domain corresponding to two adjacent displacement-based elements,
see Fig. 2. The stresses within each displacement-based element m
are bilinearly interpolated, and hence each stress calculation domain requires twenty-four coefﬁcients

ðmÞ

ðmÞ

where the ai , bi , fi are the twenty-four stress coefﬁcients to be
found.
These unknown stress coefﬁcients are determined by imposing
Eq. (5) to all possible closed contour boundaries contained within
the domain and Eq. (10) to the complete domain.
Finally, the stresses for each displacement-based element m are
obtained by averaging the stress coefﬁcients corresponding to the
possible stress calculation domains that contain element m. Of
course, for this stress calculation domain there can be no more
than four domains that contain element m.
In this case, the stresses have been assumed to be discontinuous
and bilinear; however, it can be shown that the application of the
two principle of virtual work statements in essence reduces the
assumption on the stresses to be simply linear, and ensures that
the mutual forces of action and reaction are continuous across
the internal boundary.
The effectiveness of the stress calculation procedure for the 4node quadrilateral element is illustrated using the following four
plane stress test problems: a beam in pure bending, a ﬁnite plate
with a central hole under tensile loading, a square cantilevered
plate under shear loading, and a tool jig problem (like considered
in Ref. [22]). These test problems are deﬁned in Fig. 3, and the
results (rounded to full digits) are given in Figs. 4–7, respectively,

Fig. 12. von Mises stress results for the ﬁnite plate with a central hole problem. These results are presented in the same format as those shown in Fig. 11.
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where the NPF-based stress refers to the stresses calculated using
the proposed nodal point force based stress calculation method.
Considering the results, the values given in the contour plots are
un-averaged, while the actual stress values are the averaged nodal
point values with the solution error sometimes shown in parenthesis. This error is measured with respect to the solution obtained
with a very ﬁne mesh of 9-node elements. Also, for reference, the
directly-calculated stresses using incompatible modes are reported, since these values can be more accurate than the stresses
obtained without the use of incompatible modes [1].
As expected, we see a signiﬁcant improvement in the accuracy
of the predicted stresses for all problems considered. The beam
problems are statically determinate problems and hence a large
improvement in the stress accuracy should be expected, but, also,
in the analysis of the plate with a hole and the tool jig problem a
good improvement in accuracy is seen.
3.2. The 3-node constant strain triangle: a case where the system of
equations is over-determined
The displacement functions for the 3-node triangular element
are linear; therefore, the strains (and hence the stresses) are
constant over the element in plane stress analysis. The element

Fig. 13. In-plane shear stress results for the square cantilevered plate problem.

is of particular interest because it is inexpensive to calculate, and
the use of incompatible modes (or enhanced strains) for this element is not effective.
In our procedure, we use a stress calculation domain of any
three adjacent constant strain triangles, such as shown in Fig. 8.
As for the quadrilateral element, the stresses are interpolated bilinearly but now stress inter-element continuity is assumed throughout the domain. Hence, each domain leads to

sðmÞ

8
9
>
< a1 þ a2 y þ a3 z þ a4 yz >
=
b
¼ sðmÞ
þ
b
y
þ
b
z
þ
b
yz
for
¼
1
2
3
4
zz
>
>
:
: ðmÞ >
;
; >
f1 þ f2 y þ f3 z þ f4 yz
syz
8 ðmÞ 9
>
< syy >
=

m ¼ 1; 2; 3

where the ai , bi , fi are the twelve stress coefﬁcients to be found.
These unknown stress coefﬁcients are determined by imposing
Eq. (5) to all possible closed contour boundaries contained within
the domain and Eq. (10) to the complete domain.
Finally, the stresses for each constant strain triangle m are calculated by averaging the stress coefﬁcients corresponding to all
possible stress calculation domains that contain element m, and
for the chosen geometry there can be no more than nine different
domains that contain element m, three and six for the element taking the position of the middle and side elements, respectively.
In this case, inter-element stress continuity has been assumed.
Hence, Eq. (5) can be imposed to every possible closed contour
boundary, simply by imposing the equation to the three

Fig. 14. Longitudinal normal stress results for the curved structure problem.
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Fig. 15. von Mises stress results for the tool jig problem. These results are presented in the same format as those shown in Fig. 11.

displacement-based element boundaries. Furthermore, since the
functional stress space corresponds to only twelve coefﬁcients,
the problem is over-determined, and so, in general, a solution
which exactly satisﬁes the two principle of virtual work statements
does not exist; hence we use the least squares method to evaluate
the stress coefﬁcients. Hence, the forces then calculated using Eq.
(10) only satisfy the equilibrium properties summarized in Section 2.2 in a least squares sense.
It is interesting to note that this continuous bilinear stress space
could also have been used to calculate the stresses for the 4-node
quadrilateral element. However, since this stress space is smaller
than the discontinuous ﬁeld assumed in Section 3.1, this assumption will produce less accurate stresses than those given earlier,
for a comparison see Fig. 9.
The effectiveness of the procedure for the constant strain element is illustrated using the following ﬁve plane stress test problems: a beam in pure bending, a ﬁnite plate with a central hole
under tensile loading, a square cantilevered plate in shear loading,
a curved structure in pure bending, and a tool jig problem. These
test problems are deﬁned in Fig. 10, and the results are given in
Figs. 11–15, respectively.
The results are presented in the same form as those given in
Section 3.1. We note that in this case, the improvement in the
accuracy of the predicted stresses is even more pronounced
than seen for the 4-node quadrilateral element, which of course
ðmÞ
is due to the fact that sh is constant in the 3-node ﬁnite
element.

4. Concluding remarks
In this paper we developed a simple procedure of using the element nodal point forces to obtain ﬁnite element stresses that we
can expect to be more accurate than the stresses given by the
stress assumption implicitly used in the stiffness calculation. We
expect more accurate stresses because the assumption for the
stresses is of higher order and the nodal point forces are used
which always satisfy important equilibrium requirements irrespective of how coarse a mesh is used.
We have applied the procedure to the 3- and 4-node displacement-based elements in two-dimensional linear static analyses,
and have indeed seen a signiﬁcant improvement in stress predictions for all problems considered. In Ref. [23] we are presenting
the NPF-based method for the calculation of improved stresses
for the 4-node three-dimensional tetrahedral element. All these results are quite encouraging, and we believe that the method deserves further attention to be applied to other elements and
problem conditions.
We only applied the procedure in some speciﬁc formulations.
However, the potential of the procedure to improve upon what
we have presented herein, and to apply the procedure in plate
and shell analyses, using mixed formulations, dynamics, nonlinear
simulations, with the calculation of improved strains, could be explored [1,2,24–26]. There is also valuable research in developing a
mathematical basis for the procedure to mathematically predict
the optimal stress space to use, to quantify the improvement in
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stress convergence that is obtained, and in developing error indicators and estimators using the procedure.
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