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Our objective in this paper is to investigate the use of the splitting ratio, 7, in the p_-Bathe method to
reach a higher-order accuracy in the finite element solutions of structural dynamics and heat transfer
problems. We study the order of accuracy of the method for both types of analyses, and identify a
real-valued 7, resulting into third-order accuracy with p = (1,1 - V3] and a complex-valued y; with
P, € [0,1] providing at least third-order accuracy but y; with p_ = 1 gives fourth-order accuracy. In both
types of analyses, structural and heat transfer solutions, the y values result into the same orders of con-
vergence. To illustrate our theoretical findings, we give the results of some example solutions of struc-
tural dynamics and heat flow problems. These solutions show that more accurate response predictions
can be obtained when using the more effective y values.
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1. Introduction

The finite element method is widely used to solve various prac-
tical engineering problems. For transient analysis, the method of
mode superposition can be most effective in some cases. However,
direct time integration is commonly used when the response shall
be calculated for a relatively short time span, and when a nonlinear
response is to be evaluated [1-3]. For direct time integrations,
explicit schemes are usually employed when the problem of inter-
est requires a very small time step size for an accurate solution. On
the other hand, the use of an unconditionally implicit scheme can
be effective.

Various procedures are employed for the solution of the finite
element structural dynamic equations [4-10]. In the last decade,
following the publication of the standard Bathe method [11,12], a
number of research efforts have focused on further investigating
existing methods or developing new methods based on the com-
posite strategy with sub-steps, see e.g. [13-23].

Recently, the p_-Bathe implicit solution scheme was proposed
as a generalization of the standard Bathe method to change its
spectral properties to reach a more effective scheme [24]. The
method was initially introduced as a second-order method, then
in later work first- and third-order accurate forms were identified
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[25,26]. The effective use of the method for wave propagation anal-
ysis was also studied [27].

While the time step is divided into two sub-steps in a Bathe
method, the scheme is used as a single-step scheme with “internal
procedures”. All the solution valuables at the intermediate time
point, t + YyAt, are only used to calculate the solutions at the full
step [28,29,26]. Therefore, we can consider schemes, to be selected,
in which the internal procedures simply calculate certain variables
at the intermediate time point, with the only objective to provide
good physical and enhanced solutions at the full step.

Recently, in that spirit, we investigated the possibility to select
optimal loads at the intermediate time point [26]. In some cases,
much enhanced solutions at the full step were obtained by “an
optimal modeling” of the external load.

In this paper, we further focus on the use of the time step split-
ting ratio of the p_-Bathe method but now focus on the truncation
errors achieved when using various splitting values.

While the Bathe methods were proposed for structural dynam-
ics, they may also directly be applied to solve the finite element
heat transfer equations. It is therefore of value to consider in this
paper the use of the time step splitting ratio in the p_-Bathe
method when employed in the solutions of the equations in struc-
tural dynamics and heat transfer.

In Section 2, we first review the second-order accurate p_ -
Bathe method for structural dynamics, and then discuss its use
for the heat transfer equations. In Section 3, we study truncation
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errors for the p_-Bathe method to obtain two useful time step
splitting ratios providing higher-order accuracy, a real-valued 7,
and a complex-valued ;. The value y; may, at present, not be of
much practical value but is still of general interest. Section 4 pro-
vides some illustrative numerical results obtained with various
time step splitting ratios in the solutions of linear and nonlinear
problems of structural dynamics and heat transfer.

2. Second-order p_-Bathe method

This section briefly reviews the second-order p_ -Bathe method
for structural dynamics and then introduces its use in the solution
of the finite element heat transfer equations.

2.1. Structural dynamics

Considering linear analysis, the governing finite element equa-
tions in structural dynamics to be solved are

MU + CU + KU =R (1)

where M, C, K are the mass, damping and stiffness matrices, and the
vectors U and R list, respectively, the nodal displacements, includ-
ing rotations, and externally applied nodal forces, including

moments. U and U are respectively the first and second derivatives
of U with respect to time.

In the p_-Bathe method, we calculate the unknown displace-
ments, velocities, and accelerations by considering the time step
At to consist of two sub-steps. The sub-step sizes are yAt and
(1 — y)At for the first and second sub-steps, respectively, where 7y
is the time step splitting ratio.

In the first sub-step, we use the trapezoidal rule for the equilib-
rium at time ¢ + yAt,

M 59 4 ¢ A 4 K A = MR (2)
t‘+}'A[U =ty +%( tU + t+yAt U) (3)
t+7AtU: IU+VTM( tl"]+ t+>’AtU) (4)

and in the second sub-step, we use the following relations with the
parameters So, S1, S2, o, 41, G, for the equilibrium at time t + At,

M t+AtU+ C t+AtU+I( t+AtU _ t+AtR (5)
UMY = U + At(qo 'U +q," "0 + ¢, MU) (6)
AL — [U+At(SO[U+Sl r+}'ArU+SZ t+AtU) (7)

The Egs. (2) to (4) and (5) to (7) are in each case three linearly
independent equations with three unknowns and can be solved in
a variety of ways. We use this procedure:

In the first sub-step, we solve for 72U from Eq. (2) by substi-
tuting the expressions of =720 and U from Egs. (3) and (4)
into Eq. (2), and then calculate 720 and 70, Likewise, in
the second sub-step, we obtain ‘U by substituting U and

t+AtJ into Eq. (5) and then calculate “2U and U by using
Egs. (6) and (7), respectively.

For the second-order accurate p_-Bathe method, we use [24]
I e R ®
Qo =S = () = 1)gy+3; and g, = S = —9q; + 3

With a proper set of values of the parameters, the p_-Bathe
method reduces, as special cases, to the standard scheme, the
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B1/B.-Bathe scheme and the Newmark method at its best use, with
o =0.25(5+0.5)% [14].

Also, the scheme provides the same effective stiffness matrix for
each sub-step, with a local maximum of amplitude decay and the
global minimum of period elongation [24,25], and the minimum
local errors for both the homogeneous and forced responses [26]
when using the following value for y:

2272,

Y= T, =05 i p =1 9)

With the above relations, the spectral properties of the
second-order accurate p_-Bathe method can be changed
effectively with one parameter, see Ref. [24] where also the
step-by-step procedure is summarized. For the selection of
the time step sizes At in the analysis of structural dynamics
and wave propagation problems and the optimal “modeling”
of the external load at the sub-step, "R see Refs.
[28,29,24,25,27,23,26].

2.2. Heat transfer equations

With the procedures used to analyze structural dynamics prob-
lems, we may also calculate the unknown temperature and its time
derivative using the second-order p_-Bathe method in heat trans-
fer analyses. In the first sub-step, we use the trapezoidal rule for
the equilibrium at time ¢ + At

Ct+*,vArT + KT — r+yAtQ (-10)
tHyAt _ t ﬁ ty t+)AtF

T= T+2 (‘T + T) (11)
and in the second sub-step, we consider at time t + At,
Ct+AtT +K HAtT _ t+AtQ (12)
CNT = T+ At(qoT, + 9, T + 9,7 ) (13)

where C and K are the heat capacity and thermal diffusivity matri-
ces, respectively, Q is the vector of applied nodal heat loads, and T is
the vector of nodal temperatures. We use the parameters q,, q;, ¢,
as determined in Section 2.1, Eq. (8).

With the relations and the equilibrium equations in Egs. (10)-
(13), we can construct the time-stepping equations to solve the
heat transfer equations as

K,""™T =Q, (14)
K,"NT = Q, (15)
where
K, =%C+K (16)
K, :ﬁux (17)
Q _ t+7ArQ C itT tT 18
1= + VAL + (18)
QZ _ t+*,7A[Q +C 1 tT +l (q [T +q [+~,rAtT) (19)
g At q> 0 !

The step-by-step procedure using the p_-Bathe method for the
finite element solution of heat transfer equations is summarized in
Table 1 (see Table 2).
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Table 1
Step-by-step solution using the p_-Bathe method for heat equations with general
loading.

A. Initial calculation
1. Form matrix K and C
2. Initialize °T and °T
3. Select time step At, y, p., and calculate integration constants:
a1 :mﬁjil})“;i Go=0-D&h+5 =74 +3
a = a7 =0 a3 =3,
4. Form effective stiffness matrix K; and K,:
f(l =K+ a,C; kz =K + a3C;
5. Triangularize K and K»: K; = LiU}; K, = LU},
B. For each time step:
<First sub-step>
1. Calculate effective loads at time t + pAt:
LH)AtR _ tH)AtR + C(‘T + altT)
2. Solve for temperatures at time t + pAt:
L, Ull'r+7ArT — tHyALR
3. Calculate for time t + yAt:
tu,vAtT = o (r+~,-AtT _ [T) _ tT
<Second sub-step>
1. Calculate effective loads at time t + At:
LHALR _ tHALR C(as'T + a7t1" + a8t+~,-At-"~)
2. Solve for temperatures at time t + At:
L, U';HArT — tHALR
3. Calculate for time t + At:
AT 7a3t1~ + a3t+A[T _ a7[T _ agm‘AfT

2 . 1 .
203 =L
yAe Y3 T Atg,

3. Higher-order p_-Bathe method

In this section, we revisit the p_-Bathe method to identify time
step splitting ratios providing higher-order accuracy. With the gen-

Aexact =

; . 2,2
L e-t0A(_ £y sin (wgAt) + g €OS ((gAL)) -2

wy wy

1 p—CwAL ¢
2 € " sin (mqAt)

eral form of the p_-Bathe method, Eqgs. (1)-(7), and the relations
between the parameters in Egs. (8) and (9), we revisit the use of
7y and the corresponding p_ . We first consider the case of structural
dynamics and then the case of heat transfer.

3.1. Structural dynamics

To assess the order of accuracy of the p_-Bathe method, we use
the exact amplification matrix Aexae considering the analytical

Aexact(l 5 1 ) - Anumerical(l 3 1 )

(28 - 1)B(p, + P -2(p, +2)y +2) o
B 6+3(p,—1)y

2
+@ _x .
d e EmAt sin
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Table 2

The values of y and the corresponding p_ in the p_-Bathe time integration scheme
for structural dynamics and heat flow problems; PE: period elongations, AD:
amplitude decays, E.: error constant.

1.7, in Eq. (9) and p € [0,1]
(1) Second-order accuracy, Real-valued, Full range of |p_|
(2) As |p..| decreases, PE, AD and E. increase
(3) p, =0 is recommended when a general structure is considered in
both structural dynamics and heat flow problems

2.7, in Eq. (28) with the negative sign and p, € (-1,1— V3]
(1) Third-order accuracy, Real-valued, Limited range of |p_|
(2) As |p..| decreases, PE, AD (at At << T) and E. decrease
(3) p.. =13 is always recommended

3. y; in Eq. (29) with the negative sign and p_ € [0,1]

(1) Third- or fourth-order accuracy (p_ #1 or p_ = 1, respectively), com-
plex-valued, full range of |p_|

(2) As |p..| decreases, PE, AD and E, increase

(3) p, =0 is recommended when a general structure is considered in
both structural dynamics and heat flow problems

(4) Use of y; may be considered when a small time step size is needed,
e.g., when the highest significant frequency contained in the external
loads is large

solution of a typical modal equation, %% +2éw %+ w? tx=0.
The exact solution of the modal equation without load can be writ-
ten as

I+Atx [)'(
|:t+AtX:| = Aexact |:tX :| (20)
where
(wqAL) (21)

g ot (cos (wqAt) + ﬁ sin (wdAt)>

and o is the natural frequency and wq = w+/1 — & is the damped
natural frequency, and Q = wAt, respectively.

With Egs. (2)-(7), we form the corresponding numerical ampli-
fication matriX Apumerical as (see Appendix)

an a12:| (22)

1
Anumerical =7
B1lan ax

Using Egs. (21) and (22) for each of the elements in the matri-
ces, we obtain local errors in the p_-Bathe method

_ ((452 26— 1)(AE +26 - DB(PL 11 — (P (P —8) ~ 17)* — 4(p, + 51+ 8)>Q4 o) 23)

242 +7(p — 1))*
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Aexact(172) _Anumerical(]vz) = CO( 24 + ‘12(p0c _ 1)'))

(26 -+ DB + 172 —2p.y — 4y + 2))93

o (s(zsz DGR~ (pulp = 8) - 177 4o, 45+ 8)) o'+ o) o
62+ (0. —1)7)

1/2e-1DRE+1)Bp, + 1)y =2p v —4y+2
A1) = Anameca(2.1) = 5 (B DO DT 207 =514 2]y 0
+
w

Aexact(zaz) _Anumerical(zvz) = _< 12 + 6(p _ 1))/'

1 <c<252 “ DB~ 1~ (0P ~8) = 1717 ~ 4o + 57 + 8)>Q4 o) 25)
62+ (p. — 1)’

EB(p + 177 = 2(p +2)7+ 2))93

N ((25 = DQE+ DBEA = D1 = (Pulpe =8) 177" ~A(po +5)7 + 8)) a* 4 (@) 26)
242 +7(p ~ 1)

Egs. (23)-(26) show that the p_-Bathe method is at least 0(Q%)
in the local truncation error for any y and p_; therefore, the
scheme gives (globally) second-order accuracy in the numerical
solution.

Using the condition for the leading 0(Q%) terms in Egs. (23)-
(26) to be zero, we obtain a globally third-order accurate method

p 342
< (2 =3y)

With Eq. (27), we find that y is a real number, y,,,, for p_ €

(27)

(-1,1 — /3], and a complex number, y;, ,, for p_ € (1 —+/3,1]

P t24VP5 =20, =2

Tpi2 = 3.+ 1) P €(-1,1-V3] (28)
P t2EV/pL —2p, -2
Tia = 3.+ 1) P P (1-V31] (29)

where the subscripts 1 and 2 correspond to the positive and nega-
tive signs, respectively. Note that p_ = —1 provides y =1 in Eq.
(27), and a zero denominator in the parameters defined in Eq. (8);
hence we do not use p_ = —1.

We also note that with y;, , in Eq. (29) and p_ = 1.0, the terms
corresponding to 0(Q*) in Eqgs. (23)-(26) are all eliminated: hence,
the p_-Bathe method with y;;, and p_ = 1.0 has a global fourth-
order accuracy with and without physical damping.

While the 7,,, provide identical spectral properties with and
without damping, their values are quite different for a given p_.
Fig. 1 shows the values of y,,, and y;,, in their corresponding
P, ranges. Since the y,, , are real numbers, there are no imaginary
parts. The values of y,, € (1,1 +§] are more favorable than those
of y,, €1 +%§,oc). Therefore, we only consider y,, as 7, for the
real-valued 7y resulting into a third-order accurate p_-Bathe
method. Note that 7,, is identical to the 7 value derived from the
period elongations and amplitude decays [25] and was shown to
minimize errors in forced and homogeneous responses in the
third-order p_-Bathe method [26].

As with the values y,, ,, the complex y values, y;, ,, provide iden-
tical spectral properties, i.e., identical numerical amplification
matrices Anymerical- Also, considering p_ € (1 — V3, 1], we have
Re(yy,) € (1+%,1), and Im(y;) € (0,%3] and Im(y,) € [-2.0).
We use y;, as y; for the complex y providing third-order accuracy
with p_ € (1 -+/3,1) and fourth-order accuracy with p_ = 1.

Note that with y;, we have complex solution variables at the
intermediate time point; however, we always have real solution
variables at the full step for all p_ € [0,1]. While theoretically
interesting, the practical value of using the complex-valued 7; is
probably limited in current computing environments but we give
some solutions in Section 4. These promising solutions suggest that
the most effective use of y; in practice should be studied with an
optimized solver and optimized memory employed.

Figs. 2 and 3 show the spectral radii of the p_-Bathe method for
various values of p, using y, and y, or y;, respectively. With the y,
and y; values, the amount of numerical dissipation can be controlled
continuously from the non-dissipative case to the asymptotically
annihilating case. On the other hand, the use of 7, results in a lim-
ited range of spectral radii at very large time step size, namely

[-1 +/3,1) due to its applicable range of p_, € (—1,1 - V/3].

As shown in the amplitude decay and period elongation curves
of y, and y, in Fig. 4 for all p_ € (1,1 - V3], 7, 8ives a more sig-
nificant increase in errors than using y,. However, the third-order
accuracy renders y, useful in some analyses as we shall see in
Section 4.

Fig. 5 shows the amplitude decays and the period elongations of
the p_ -Bathe method with y; and y,. The use of y; with positive p_
values gives less period elongations but larger amplitude decays
compared to the use of y, for the complete range of At/Ty. Also,
the use of y; with negative p_ € (1 — v/3,0) provides larger ampli-
tude decays and period elongations than y; with positive p_ values
of the same |p_|. Therefore, in structural analysis, we consider 7;
with p_ € [0, 1].

In Fig. 6, we consider a four times larger time step size for the
case of y; to compare the amplitude decay and period elongation
with using 7,. Considering the required computational cost and
the resulting order of accuracy of the method, the use of y; may
be attractive in some analyses.

3.2. Heat transfer equations

To investigate the numerical characteristics of the p_-Bathe
method in heat transfer solutions, we consider a typical modal
equation, 0 + k0 = 0, where 0 and 0 are the temperature and its
time derivative, and k is the thermal diffusivity. The exact solution
of this modal equation may be expressed in the form

tHAL( tp
|:t+At9:| Aexact|:[9:| (30)
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(c) 7y in the complex plane

Fig. 1. The real and imaginary parts of 7, ,, 7;; ,, respectively. The imaginary part of y,, , is always zero (Im(y,;,) = 0).

where K = ((kAt)y + 2)(((kAt) — p + 1)y — (kKAL) — 2) (34)
—kat
Acxact = [e 0 e(’)‘Af} (31) a1 = (kAY) (pmyz(kAt) + (=p (kA +2p_ )y — po. + 1) (35)
and the root of the characteristic polynomial of the matrix Aexace is 312 = (P = )Y (KAL) + (KAL) +2p, = 2)y +4 — (p., + 1) (KAL) k
36
;Lexact = e_kAr (32) ( )
With Egs. (10)-(13), we obtain the corresponding numerical a1 = — (P Y2 (KAL) + (—p. (kKAL) +2p_ )y — p. + 1)At (37)

amplification matriX Anumerical aS
A 1fan ay py T (P P8O+ (2(KA0) - 2p, +2)7 -4

numerical = % a5 (122:| ( ) —+ (p3c + 1)(kAt) (38)
where The root of the characteristic polynomial of Ayumerical 1S

: (poc(KAD) = p+ 1)72(KAD) + (p(KAD? — 2(kAT = 1)(p.. ~ 1))y — 2(kA) +4
Znumerical = (y(kAt) + 2)(((kAt) — p_ + 1)y — (kAt) - 2)

5
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Fig. 2. Spectral radii of approximation operator of the p_ -Bathe method for structural dynamics (¢ = 0) for various values of p with y, and y,.
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Fig. 3. Spectral radii of approximation operator of the p_-Bathe method for structural dynamics (¢ = 0) for various values of p_ with y, and ;.

Hence we obtain an expression of the local error of Ayumerical

Aexact — Anumerical

_ 2-29(p +2) 4392 (P 1) oy 3

N 24+12(p,— 1)y (kat)

(=302 +3)y* + (0% —8p, —17)y* +4(p +5)7 -8
242+47y(p,. — 1))’

+0((kAD)) (40)

+ (kAt)*

Eq. (40) shows that the local error of the solutions from the p_ -
Bathe method in heat transfer problems is O((kAt)*); therefore, the
method is at least second-order accurate in the solutions of the
heat transfer equations, as in structural dynamics.

Since the coefficient of the leading O((kAt)3) term in Eq. (40) is
identical to the coefficients of the leading terms of Egs. (23)-(26) in
the case of ¢ = 0, we use y, defined in Eq. (9) to minimize the error
of the second-order p_-Bathe method also for heat transfer solu-
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Fig. 4. Amplitude decay and period elongation using the p_ -Bathe method with y, and y, in structural dynamics.
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Fig. 5. Amplitude decay and period elongation using the p_ -Bathe method with 7y, and y; in structural dynamics.

tions. We also can use y, in p.€(-1,1-+3] and 7 in
p.. € (1-V3,1] to eliminate the O ((kAt)’) term for the heat

transfer equations.
With y; and p_ = 1.0, the error (Aexact — Anumerical) iS given by

, , 1
Fexact — Inumeriat = 755 (KAE)” + O((kA)°) (41)
Therefore, y; with p_ = 1.0 provides fourth-order accuracy also
in the solution of the heat transfer equations.
Figs. 7 and 8 show the spectral radii of the p_-Bathe method for
various values of p_ with y,, 7, and y;. The use of y,, y, and y; pro-

vides unconditional stability and controllable numerical dissipa-
tion. Fig. 9 shows the error constant, E.(y, (kAt)"), that is, the
coefficient of the leading term of the local error, O((kAt)"), obtained
with y and p_ € [-1,1].

In the error constant E. of the p_-Bathe method with y,, the
coefficient of the term of O((kAt)?) is

C2-29(p +2)+ 3% (P + 1)

- 24+ 12(p — 1)y (42)

Ec (7o, (kAL)®)

and the error constant E. of the p_ -Bathe method with 7, and y; of
O((kAt)*h is
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Fig. 6. Amplitude decay and period elongation using the p_-Bathe method with y, and y; in structural dynamics.
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Fig. 7. Spectral radii of approximation operator of the p_ -Bathe method in heat transfer for various values of p_ with 7, and y,.

(P = D((=p2 —6p2 +3p,. +4)A +pd +5p3 +30p% +29p_ +7)

(43)

Ec(7, (kAL*) = —

where

A=4/pi—2p, -2

36(p, + 1)((1- pOA+ P2 +7p, +4)°

(44)

For y,, 7, and 7;, the magnitude of the error constant decreases
as the value of p_ increases from —1 to 1. As the method has
fourth-order accuracy with y; and p_=10, we have
Ec(y,, (kA =0 at p = 1.
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Fig. 8. Spectral radii of approximation operator of the p_-Bathe method in heat transfer for various values of p_ with y, and 7;.
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Fig. 9. Error constant of the p_ -Bathe method with y, of O(kAt?) and with y, and 7,
of O(kAt*), respectively.

As in structural dynamics, the use of 7y, with negative

p.. € (1 —+/3,0) has less favorable characteristics than the use of
y; with positive p_ € [0, 1] since it provides a larger error constant.
Therefore, also in heat transfer analyses, we use y; only with
P € [0, 1], but again the use of complex arithmetic is for now
probably limited in practical analyses.

An important difference to the use of implicit time integra-
tion in structural dynamics is that in heat transfer analysis we
do not measure period elongations and amplitude decays, but
only the rate of convergence, see above. In structural dynamics
it can be of crucial importance to numerically damp out high
spurious frequencies merely introduced because the mesh only

represents frequencies accurately up to a certain frequency and
higher thus spurious frequencies may introduce large errors in
the solution. In heat transfer analysis using some schemes, also
unwanted oscillations are introduced for too large time steps
used but these are of much less detriment, because heat transfer
problems contain always actual physical damping (see
Section 4.4).

4. Illustrative numerical results

We solve several linear and nonlinear structural dynamics and
heat transfer model problems to illustrate the properties of the
p..-Bathe method with y,, 7, and 7;. In the numerical examples,
we use a four times larger time step size for y; since some higher
computational cost per step is present.

4.1. A linear damped single-degree-of-freedom system (SDOF)

We consider a damped SDOF system with mass m = 1, damp-
ing ¢ = 10, stiffness k = 100, external force f = sin (2t). To inves-
tigate the convergence behavior of the p_-Bathe method with y,,
7, and y; in the displacement, velocity, and acceleration, we use
the error norms

Error = XN: [x; — x(t)]?/ ZN:X(H)Z (45)
0 i=0

where x; is the exact solution, x(t;) is the numerical solution at the
time t;, and N is the number of total time steps.

Fig. 10 shows the error norms of displacement, velocity, and
acceleration of the p_ -Bathe method with y,, y, and y; at similar
computational costs. As we expected in Section 3.1, y, and y, pro-
vide second- and third-order accuracy, respectively, and y; pro-
vides third- and fourth-order accuracy for p_#1 and =1,
respectively.



B. Choi, KJ. Bathe and G. Noh

Computers and Structures 270 (2022) 106814

Po= 1.00, Vo> At

Po= 0.50, Vo At

B 0.00, Yo At — =P = -0.99, Vp At — =P = -0.73, Vs At
—p = 1.00, 7, 4At —p =0.50, 7, 4At —p = 0.00, v,, 4At

Poe=-0.90, 7, At

E 100 ¢ 3

107

107

Error in 4

10

10

100 £ 3 100 ¢
102 1072
3 -3
s o
e -4 o -4
= 10 = 10
Q o
— —
— —
= =
10 108
108 108
107 102 10™" 102
At

(a) Error in displacement

102
At

(b) Error in velocity

107"

10+
At

107" 1073

(¢) Error in acceleration

Fig. 10. Damped SDOF system solved using the p_-Bathe scheme with various values of p_ and 7.

In this problem we note that using y; with p_ = 1.0 provides
best performance due to the fourth-order accuracy whereas when

using y, with p =1- V3 shows best performance and using

p., = —0.99 (here we use p_ = (—1,1 — v/3]) shows worst perfor-
mance (see also Fig. 4).

As expected, with a sufficiently small time step size, the use of
7, and y; gives smaller errors than the use of y, due to the increased
order of accuracy.

4.2. A linear three-degree-of-freedom model problem

We revisit here the three-degree-of-freedom model problem
which we used to illustrate the performance of time integration
schemes when a general structure with stiff and flexible parts is
solved (Fig. 11) [28]. Our objective is now to evaluate the effective-
ness of using various y values. We use the lowest possible |p_ | val-
ues for each y to effectively filter out the high-frequency response;

p.. =0 for y, and y;, and p, =1 — /3 for y,.

ke ks

my m, mgs

Ry

U; = sinwpt Uy Us

Fig. 11. A stiff-soft spring problem; k; = 107, k, =1,m; =0, m, =m; = 1, wp, =12
with zero initial conditions; %uy = %u; =%, = i3 =i, = i3 = 0.

10

Using the standard Bathe method, there is an overshoot in the
acceleration at node 2 and in the reaction, but only initially. This
overshoot can be eliminated by using a specific set of Newmark
parameters, o and 6, only for the first full step [29]. An analytical
study shows that using the p_-Bathe method provides similar
behaviors in that the use of (a,8) =((1+v2)/4,(1+v2)/2),
(3-2v3)/4,2—-+3)/2) and ((5+iv2)/12,(5+iv2)/6) mini-
mizes the overshoots and oscillations during the first few steps,
for (p.,7) = (0,70), (1-+3, 7,) and (0, y;), respectively. We
use those parameter sets for the corresponding p_ and y values
only for the first step.

Figs. 12 and 13 show the results using the p_-Bathe method
with 7y, 7, and y; and At =0.14. We also include the results
obtained using y; with 4At.

The use of y; with At gives the most accurate solution for all
solution variables for a long simulation time. Using y,, 7, and
with 4At, we still obtain satisfactory results for all solution vari-
ables during the early response. However, using y; with 4At, there
is a small phase lag in the predicted acceleration of node 2, but in
particular the results are worse at a later time than when using y,,.
Therefore, y; would be useful in cases when the time step size must
be small, for example, when the largest frequency contained in the
external loads is large.

The use of y, with p_ =1- V3 provides the least dispersion
error so the most accurate results for the long simulation time.
On the other hand, the solution does not contain sufficient numer-
ical dissipation to filter out the high frequency (considered in
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Fig. 12. Predictions of displacement, velocity and acceleration at node 2; “p_ =0, y,, At(x)" uses o= (1+v2)/4 and 6 =(1+v2)/2, “p, =-073, 7,
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1.5 T .

1
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25 1 I 1 1
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time

510

At(x)" uses

o= (3-2V3)/4andd= (2 -3)/2,"p. =0, y;, At(x)"and“p,_ =0, y; 4At(x)"useo = (5+iv2)/12 and s = (5 +iv2)/6 only for the first step, and & = 0.25 and § = 0.5

otherwise.

practice as spurious [28]) resulting into some oscillations in the
first few time steps; therefore, the use of y, is preferred when
the solutions for a long simulation time are of major interest.

4.3. A nonlinear spring pendulum

We next consider the nonlinear spring pendulum problem
shown in Fig. 14 to study the convergence behavior of the method
when using various 7 values in this problem with geometric non-
linearity. The governing equation and initial conditions are

m# +m(Lo + 1)0° — mg cos(0) + kr = 0

A, 2i0+gsin(0) _
AT
m=1, k=981,

0r =025, %7 =0,

(46)
LO = 05
°9=0

g£=9.281,
00:2?7[7

where r and 6 measure the displacements of the tip mass m in the
radial and circumferential directions, respectively, Lo is the length of

11

the undeformed spring, k is the spring constant, and g is the con-
stant of gravity. The reference solution is obtained using the p_-
Bathe method with p_ = 0.999, 7;, and At = 107".

Figs. 15 and 16 show the error norms of the displacement,
velocity, and acceleration in r and 6 for various ) values. We
observe that y, and 7, provide second- and third-order accu-
racy, respectively, and y; provides third- and fourth-order accu-
racy for p_#0.999 and = 0.999, respectively. Note that in the
problems having nonlinearity and no modes to filter out, we
frequently use p_ slightly less than 1.0 to avoid possible
numerical instability. The numerical results show that using 7;
with p_ values slightly less than 1.0 still provides fourth-
order accuracy.

In the use of y,, as in the linear SDOF example in Section 4.1, the

smallest value of |p_|, p,, =1 —V/3, provides the best solutions
due to minimized period elongations. Also, we observe that the
solutions using y, with p_ > 0.9 tend to diverge in this nonlinear
analysis.
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—Ref +poo: 03 ’70’ At(*) *Sﬁpw: '0-73, ’ypy At(*) +poo: 05 Vi’ 4At(*) +poo: 07 ’Yi’ At(*)
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4,
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Fig. 13. Predictions of displacement, velocity and acceleration at node 3 and reaction force; “p._ =0, 7,, At(x)” uses a=(1++2)/4 and &= (1+v2)/2,

“p.=-073, p,, At(x)" uses a=(3- 2v3)/4 and 6 = (2 - V3)/2, “p,. =0, 7;, At(x)" and “p_ =0, y;, 4At(x)” use o = (5+iv2)/12 and é = (5 +iv/2)/6 only for the
first step, and o = 0.25 and ¢ = 0.5 otherwise.

Fig. 17 shows the errors in r and 6 using various values of y 4.4. A single-degree-of-freedom parabolic system
with At = 107, This analysis illustrates that the use of 7, and y; ) ) ) )
is more effective than using 7, in the solution of some We first con51de1.' a typical linear single-degree-of-freedom
problems. parabolic system, T+ T =0, with the initial conditions of

12
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g

Fig. 14. A nonlinear spring pendulum.

9T =100 and °T = —100, respectively. To illustrate the order of
accuracy of the p_ -Bathe method with y,, y, and 7; for a parabolic
system, we use the error norms defined in Eq. (45) where the exact
temperature solution is T = 100e~".

Fig. 18 shows the error norms calculated using the solutions
from Os to 10s. As in structural dynamics, y, and y, provide
second- and third-order accuracy, respectively, and 7); provides
third- and fourth-order accuracy for p_##1 and = 1, respectively.

In heat transfer analysis we can encounter undesired oscilla-
tions in the predicted response when the exact response changes

Computers and Structures 270 (2022) 106814

rapidly compared to the considered time step size. To illustrate
the performance of the schemes in such situations, we consider
the same model solved above using very large time step sizes.
Figs. 19 and 20 show the results of T and T calculated using the
p..-Bathe method with various p_ and 7y values and the o-
method with oo = 0.5 [3]. For all considered time step sizes, the
o-method with o= 0.5 and the p_-Bathe method p=1-V3
with 7y, give large oscillations while using the p_-Bathe
method with p_ =0 and y, and y; provides satisfactory results.
Therefore, as in the solution of structural dynamics problems
(see Section 4.2), the use of p__ = 0 is valuable when a general finite
element system including parts with largely different heat
conductivities is solved.

4.5. A two- degree-of-freedom parabolic system with large difference
in conductivities

Next, we consider a linear two-degree-of-freedom parabolic
system with “stiff and soft parts” [30]. The governing equation
and initial conditions are

Pos™ 0.999, Yoo At

p_ = 0.50,v, At
00 0
—_— 0.999, Yy 4At —_— = 0.50, Yy 4At —_—p = 0.00, Yy 4At — =P = -0.73, Yy At

T, [ 998 1998 Hn}
7, | [-999 —1999] | 1,
(47)
0T1 = 1 0T2 = O
07, =998 °T, = —999
..... p= 0.00,7, At Poo= 0907, At

100 ¢

10'2;

Error in r
Error in 7

T —— i T

100 s

Error in 7

106 ¢

Eil

Eil g T

1

102 103
At

(a) Error in displacement

(b) Error in velocity

102
At

(c) Error in acceleration

Fig. 15. A nonlinear spring pendulum, r is measured.
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Fig. 16. A nonlinear spring pendulum, 0 is measured.
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Fig. 17. Errors in r and 0 obtained when using 7,, 7, and y;.
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Fig. 18. Errors in solution of a linear single-degree-of-freedom parabolic system, T denotes temperature.
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Fig. 19. Predicted temperature

T of a linear single-degree-of-freedom parabolic system with various time steps, At =3, 10, 20, 50s; The governing equation is T+ T = 0

with the initial conditions °T = 100 and °T = —100.
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Fig. 20. Predicted temperature change T of a linear sﬁngle—degree—of—freedom parabolic system with various time steps, At =3, 10, 20, 50s; The governing equation is
T + T = 0 with the initial conditions °T =100 and °T = —100.
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Fig. 21. Errors in solution of a linear two-degree-of-freedom parabolic system, T denotes temperature.
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for which the exact solution is T;=2e*—e 1% and
T, — et 4 1000,

Fig. 21 shows the error norms calculated using Eq. (45) for the
response from 0 to 5 s.

As in the solution of the SDOF system, we observe the expected
order of accuracy for each pair of y and p_ values in all solution

variables.
4.6. A two-dimensional heat conduction system
Lastly, we consider a two-dimensional heat conduction sys-

tem [36]. The governing equation, boundary and initial conditions
are

kA’T = 2L
T(0,y,t) =T(x,0,t) =T(Ly,y,t) =T(x,L,,t) =0 (48)
T(x,y,0) = 30
a-method(a=0.5), At Poo= 0-00, 7, At
\ﬂ
—_
=
Il
a
Il
<
w0
w
Il
4
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where k is the thermal diffusivity, L, and L, are the lengths of the
solution domain in the x and y directions, respectively. The analyt-
ical solution is given as [36]

- . NTMX . mmy
T(x,y,t) = A, sin sin——
x,y,1) ;M asin- L
272 272
X exp [ (kn Zn I<m27z )t} (49)
Ly L
where
120 " m
0= D) = 11" 1] (50)

The errors in the temperature at t = 15s are show in Fig. 22. As
in the results of the SDOF system in Section 4.4, using the p_-Bathe
method with p_ =0 and y, or y; provides satisfactory results, even
with the very large time step sizes.

B = -0.73, Ty At

P~ 0.00, Yp At

|T,77,zmm‘rical - Tanalyti(’al

Fig. 22. Errors in temperature with various time steps; The solution domain is [0, 3] x [0, 3]; The thermal diffusivity k = 1.25.
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5. Concluding remarks

We considered in this paper the splitting ratio of the p_-Bathe
method to increase the order of accuracy of the solutions obtained
in finite element analyses of structural dynamics and heat transfer.

For both types of analyses, we identified three useful y values
and their corresponding p, ranges: y, with p € [0,1] and y, with

p.. = (—1,1—+/3] which provide second- and third-order accu-
racy, respectively, and y; with p_ € [0,1] which provides third-
order accuracy except when p_ is very close to 1 where the use
results in fourth-order accuracy. The use of y, does not increase
the computational cost compared to the use of y, while the possi-
ble range of |p_ | is reduced to |p.| €[v3 —1,1). On the other
hand, y; can be used with p_, € [0, 1] but being a complex number,
the use of y; requires a larger computational effort than the use of
Y, Or 7, when employing the same time step size At, and also sig-
nificantly more memory.

We illustrated the findings of our theoretical study in example
solutions and observed the expected order of accuracy in all solu-
tion variables. The p_ -Bathe method with y, provided sufficiently
accurate solutions in all considered structural dynamics and heat
transfer analyses. The use of y, with p =1 — /3 provided notably
enhanced solutions for relatively long simulation times without
additional computational cost. On the other hand, due to the pos-
sible range |p.| € [V3 —1,1), we may have some oscillations in
the initial time steps when the problem includes spurious modes
to be filtered out. The use of y; can be useful in practice when there
is no spurious mode and the time step needs to be small.

In the use of y;, while we have real-valued solutions at the full
time steps, t + At, we have complex-valued solutions at the inter-
mediate time points, ¢+ y;At. These complex values can be
regarded as numerically useful to improve the physically meaning-
ful solutions at the required times but special solvers of the result-
ing equations should be developed to optimize the solution time
and memory used.

In this paper, we focused on the time splitting ratio to achieve
higher-order accuracy in the p_-Bathe method. Further studies
are needed to investigate the optimal use of the parameters of
the p_ -Bathe method with modern spatial discretizations, includ-
ing overlapping finite elements [31-33], in particular for the anal-
ysis of wave propagations [34,35]. Also, studies focusing on the
optimal load to be used at the intermediate time point for various
splitting values would be very valuable, and schemes for adaptive
time stepping using the Bathe methods may be effective.
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Anumerica =
! B {021 (4]
where
Br = (PQ +4peQ+ 4) (@ - 2L(p,. — 1)Q+ (p, - 1)*)7?
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