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A four-node quadrilateral element is presented which shows promise for general com-
pressible and incompressible two-dimensional analysis of solids and fluids. The element
is based on a mixed interpolation of displacements (velocities), pressure and strains (ve-
locity strains). We show that the element satisfies a numerical inf-sup test, and give
results of some analysis problems that demonstrate the capabilities of the element.

1. Introduction

Much research effort has been spent to obtain an effective four-node quadrilateral
finite element for the analysis of two-dimensional structural problems and fluid
flows.

Considering structural analysis, the element should have high predictive capa-
bilities in bending action, and should not lose its predictive capabilities when almost
incompressible conditions are encountered.! Quite efficient four-node structural el-
ements for plane stress analysis have been published® but these elements are not
sufficiently effective in almost incompressible conditions.

Considering fluid flow solutions, the element should be applicable to incom-
pressible fluids flows. If we have an element that is effective in the analysis of
incompressible solids, we can employ the same element formulation also for fluids
at low Reynolds numbers by simply using in the formulation velocities instead of
displacements. We shall therefore develop our element here for structural analysis,
but for fluid flow solutions see Secs. 4.2 and 4.3.

The mathematical condition that we would like our element to satisfy is the
inf-sup condition for incompressible analysis.!? To investigate whether the element
satisfies the inf-sup condition we have implemented a numerical inf-sup test.® The
proposed element passes this test but of course a rigorous analytical proof would
be very desirable.
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In what follows we present in detail the quadrilateral element for two-dimensional
plane stress and plane strain analyses, and also mention briefly the corresponding
axisymmetric element and three-dimensional eight-node brick element. In Sec. 3
we discuss the implementation of the inf-sup test and give results obtained when
applied to our element. In Sec. 4 we present the results of some standard analysis
problems to show the capabilities of the element.

2. Theoretical Foundation and Interpolations

In this section we first present the variational principle that forms the basis of the
element formulation and then give the interpolations used.

As mentioned earlier, we consider the structural analysis problem but the
development is also directly applicable to fluid flow solutions.

2.1. Variational formulation

Let B be a general body in space with prescribed displacements over the boundary
Su, applied tractions over Sy and S, NSy = @. The material response is assumed to
be represented by a polyconvex stored energy function W (x,¢), where x indicates
material points and ¢ denotes the strain tensor. Although, in the following, we will
refer to linear isotropic elasticity, the generality of the variational principle renders
our results applicable to any solid provided the corresponding expression of the
stored energy function is used.
Let us consider the following variational indicator?:

II*(u, p) =-/v B e’~C’-s’+-;—PS—p(—E+E,,)] dV — R{u), (1)

where u denotes the displacement field, €' and ¢, are, respectively, the deviatoric
and volumetric part of the strain tensor €, p is the pressure, C’ is the stress-strain
matrix for the deviatoric components of stress and strain and  is the bulk modulus.

The term R(u) accounts for the externally applied body forces 2 and surface
tractions £57,

R(u) = / u- £84y +/ u’t . 5148, (2)
v Sy
Inspired by the developments given in Refs. 6 and 7, we write the strain field as,
€=0u+¢, (3)

where d.u is the strain corresponding to the displacement field u and € represents
an enhancement in the strain field. The deviatoric and the volumetric strains are

g =0u+é, (4)
€y = O, 0+ &, . (8)

o e o
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Substituting Eqs. (4) and (5) into Eq. (1), we obtain

fi(u, & p) = /V B—(@E/u +&) . C - (Bout &)~ %% — p(Be,u+ 5”)] v - R{u).
(6)
Note that we obtain the stress tensor 7 as
r=17~p6, (7)
where the deviatoric part is
' = C/(deu + &) (8)

and & is the unit second-order tensor.
Invoking stationarity of IT we obtain the following governing variational equa-
tions:

/ (60 C' - (B + &) — (s, 6u) p] dV — 6R(u) =0,
\4
/[55’.0’.(55,11_*_5’)__73551}] dv =0, (9)
v

~6p(E + (Beu+8,))] vV =0.
v K

The first entry of Eqs. (9) gives the well-known equilibrium equation and the
last one gives the relation between pressure and volumetric strains. Since we know
that the stress field cannot be zero under the action of externally applied loads, the
second equation imposes conditions to the enhanced strain field, which means that
it cannot be arbitrarily selected. In fact, for the constant stress field case (patch
test) the second entry of Eqs. (9) becomes,

r-/&édV:O (10)
1%

which means that the integral of the enhanced strain field must vanish. We will
choose our finite element interpolations of the enhanced strain field such that
condition (10) is satisfied and will refer to this point in more detail in the following
section.

2.2. Element interpolations
The geometry and the displacement field are described using the standard four-node
isoparametric interpolations

4

x=» hi(x)xi, (11)

i=1

u= Z hi(r)u, . (12)
=1
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In these equations, h; are the usual interpolation functions, r indicates the
isoparametric coordinates, and x; and u; are the nodal point coordinates and nodal
point displacements, respectively. The deviatoric and volumetric strains corre-
sponding to u are

Beru = B(r) 4, (13)
O, u=1B,(r) 4, (14)

where B'(r) and B,(r) are, respectively, the corresponding strain interpolation
matrices and 4 contains the nodal point displacements.

The interpolations of the pressure field and the enhanced strain field play an
important role in the element formulation. As is well known, using the bilinear
displacement interpolation and no enhanced strain field (that is, using & = 0), the
“best” element is the displacement/constant pressure element (the 4/1 or Q1-P0O
element). Any higher order pressure interpolation will weaken the performance
of the element in almost incompressible analysis, and even the constant pressure
element is not reliable (unless used in certain macro-element patterns). The 4/1 ele-
ment does not satisfy the inf-sup condition. See Refs. 1 and 2 for further discussions
of this element.

We are using the enhancement in the strain field to increase the predictive
capability of the element in bending and enlarge at the same time the “divergence
space” of the element. Based on these thoughts, we propose to use the same inter-
polation for the pressure as for the displacements, that is

4
p=»_ hir) p; = H(r)p, (15)
i=1
where the p; are the nodal point pressure values.
Hence the element will yield a continuous pressure field across the element
boundaries.
With the above displacement and pressure interpolations it is now crucial to
select an appropriate strain field £.
Let us define the enhanced strain field interpolation as

E=G(r)a. (16)

The matrix G(r) (to be defined in detail) contains functions of r and the vector a
contains the internal element parameters.

Using Egs. (11) to (16) in Eqgs. (9) we obtain the following discrete finite element
equations,

KTL’U, K’U.CY K’U,p ﬁ R
KI, Koo Kap a|=]0], (17)
K;{p K:cl:p KPP ﬁ) 0

e e ol = e e 8 i
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where
Ky = /V BT (r)C'B/(x)dV, Kyp=— / Bl (r)H(r)dV,
'iL%HWﬂHMﬂA szw:LGﬂﬂH@ﬂV, (18)
KM=AGWMOGﬁMW KW=Aﬁ”mUG%MV

and R is the usual load vector.

The final stiffness matrix is obtained by statically condensing out the internal
parameters « at the element level.

The matrix G(r) must satisfy the requirement that the linear system of equations
(17) be solvable, that is, after elimination of the physical rigid body modes. We
also want the element to pass the patch test.

Of course, satisfying these requirements does not assure that we have a stable
finite element discretization. However, this solvability condition is necessary and
the passing of the patch test indicates whether the element will be useful. Ide-
ally, as mentioned above, we would be able to analytically show that the element
formulation satisfies the inf-sup condition for incompressible analysis.

The system of equations (17) will be solvable if the matrix Kqo is invertible
which is guaranteed if the columns of the matrix G(r) are linearly independent.
According to our variational principle, the integral of & over the volume of the
element must vanish. Hence, assuming a constant thickness we must have

+1 p41
/ G(x)J(x)dr =0, (19)
-1

-1

where J(r) is the Jacobian determinant for the transformation from the physical -

coordinates (z,y) to the isoparametric coordinates (r, s).
We will now establish the enhanced strain interpolation defined in Eq. (16). Let
us consider first a square element of size 2 x 2. In this case we use G(r)=G*(r),

r 000 rs O
G*(r)=70 s 00 0 rs]. (20)
00 s O O

Note that the first four columns of G*(r) define the strain interpolations that
actually correspond to the incompatible displacement interpolations used in the
element of Wilson.” The two columns that we add in G*(r) enable the element to
pass the numerical inf-sup test given in Sec. 3.

If the element is a general quadrilateral we need to transform the strains in the
isoparametric coordinate system to the physical coordinate system and we perform

e T e o

T e e
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this tensor transformation in matrix form,

Jo =
G(r) = (O)XOG*( r), (21)
where
. ‘X0211 Xg21 X011 X021
Xch = Xglg Xg XOIZ onz (22)
2X012 X011 2X021 X022 X011X022 +X012X021
and
Xo = a’;(”) and Jo = J)r = o. (23)
r r=20

Hence, we use in Eq. (21) the geometry gradient and determinant evaluated
at the center of the element. Since the condition (19) is satisfied for the square
element, the same condition is also satisfied for the element of general geometric
shape.

We note that, of course, higher order terms can be included in the strain inter-
polation matrix G*(r) provided condition (19) is satisfied. However, we performed
some numerical experimentation which showed that no significant improvements
are obtained by including higher order terms.

2.3. The axisymmetric and three-dimensional cases

For axisymmetric analysis due to the hoop strain and the presence of the fac-
tor z.(r) (the radius expressed as a function of the natural coordinates) in the
integrations, some extensions of the above element formulation are needed.

To include an enhancement for the hoop strain we modify the enhanced strain
interpolation (20). Consider the 2 x 2 element and the interpolation matrix

r 000 rsQ
24y [0 8 00 0 7s
F®=lo00rs0 0 (24)
0000 rs rs

Using G*(r), condition (19) is violated due to the additional thickness factor z,(r)
in the integral and a normalization of the interpolation (24) is required.
Let

G*(r) = G*(r) + G, (25)

where C-u‘rZ‘ is a correction mafrix of constant elements which satisfy Eq. (19). Then
we cbtain

G*(r) = G*(r) — i dr// &* (v (r)dr (26)
1
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The matrix G(r) for a general quadrilateral element is then obtained by the
transformations defined in Eqs. (21)-(23).

Finally, we also mention a natural extension of our new element to three di-
mensions. The three-dimensional element has eight corner nodes, used for the
coordinate, displacement and pressure interpolations,

8
X = Z hai(r)x;,
=1
8
u = Z h’i(r)u’i ) (27)
i=1
8
p= Z hi(r)p; -

@
i
-

The interpolation matrix for the enhancement in strains, considering the 2x2x2
element is,

r 00 000O0CO0OO0UPTPSO0 O ¢t 0 0
0 s 00000000 s 0 0 st0
. lootooo00000 0 tro 0 t
Gt)=|000r 500000 0 0 0 0 O (28)
00000+t 000 00000
0000000st 00 0000

and the general interpolation matrix G(r) is given by Eq. (21) using the appropriate
transformation matrix Xg.

3. The Numerical Inf-Sup Test

In the numerical inf-sup test we choose an analysis problem and investigate whether

the inf-sup values in the finite element solutions of that problem with increasing

finer meshes are bounded. We use here the cantilever problem shown in Fig. 1.
We write the inf-sup condition as follows®:

di ) dV
inf sup fv an divivs)
a€PL(Dn) vie Vi gl Ivalls

>a>0, (29)

where « is a constant independent of the element size h and the bulk modulus «.
V}, is the space in which we seek our finite element solution,

v, .
V=< vy —2% €L? 4,7=1,2,3 (30)
, { Oz;
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Fig. 1. Inf-sup test. Problem considered.

and Dy, is defined as

Dy = {diV(Vh) VR & Vh} (31)
Pu(Dy) is the L?-projector onto the auxiliary space Q,, which we identify as our
pressure space, see Eq. (9). The symbol || - || stands for the L?-norm and
=/ 3 (au) av. (32)
4,J=1 '

In order to obtain the inf-sup value (i.e. the left-hand side in Eq. (29)) numer-
ically for a given mesh we write the relation (29) in terms of the unknown nodal
values instead of the fields®

inf sup Wi GV >a>0, (33)
Wi v, \/WTGhWh\/VTSth
where
VTSV, = / ”21 aa’;’: ‘?;;’: (34)
WEG,v), = /V div(w) Py (div vy,) dV (35)
and solve the eigenproblem?®
Gy Vi = AS, V. (36)

Let us call A, the first nonzero eigenvalue. Then the inf-sup value is simply /A,
and we require that for any sequence of meshes this value is bounded by a. Also,
the number of zero eigenvalues determines whether spurious pressure modes are
present.
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The key is the evaluation of the matrices G, and Sy. Consider the matrix
problem that corresponds to the variational formulation defined in Eqgs. (9),

(3’; -Eih) (EZ) = (%“) : (37)

From Eq. (17) we can identify

_ (Kuu)h. (Kuzx)h
An = ((Kw);f (Kaa)h) ! (38)
T _ (Kup)h
2= () e
T, = /V H (r)H(r)dV, (40)
¥, = (Z , (41
P, =p, (42)
fa= (F00), (43)
G, is now directly obtained from,3
G, = Bf T;! B,. (44)

Note that externally applied loads and material parameters do not affect the
expressions in Eqs. (34)~(36).

LOG (1/N)
—0.2
o A q__‘-r—rﬂ——.—f“,LL....~o.O
-0.8 «0.6 -0.4 -0.2 0jo
~0.2 @&
N=2,4,8 I o
(o]
]
IS=y A .
? I~0.4
0.6
ot

Fig. 2. Results of the inf-sup test, N is the number of elements on each side of the plate in Fig. 1.
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The evaluation of Sy, must include the fact that we are interpolating not only the
displacements but also strains. Making use of Korn's inequality? we therefore use
instead of the one-norm defined in Eq. (32) and evaluated in Eq. (34), an equivalent
norm defined in terms of the components of the strain tensor,

M= (35 geatt) )

1=
Figure 2 shows the result of the test applied to the problem shown in Fig. 1. The
evaluation of the inf-sup value was performed for three uniform meshes in which
N = 2, 4, 8 where N is equal to the number of elements on each side. IS = \/E,
where A, is the smallest nonzero eigenvalue. The figure shows that the test is passed.
Also, the counts of the number of zero eigenvalues showed that spurious modes are
not present.

4, Numerical Tests

We present the results of four numerical tests to demonstrate the capabilities of the
element.

4.1. Beam bending

A beam clamped at one end and subjected to an applied moment at the other end is
modeled using two finite elements. The mesh is distorted by rotating the common
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Fig. 3. Bending test, Poisson’s ratio = 0.
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edge of the elements. This is a classical test to evaluate the capabilities of elements
when subjected to distortions. Figure 3 shows the calculated results in comparison
with the analytical solution as a function of the degree of skew.
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—\\\-\ L
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\\ ﬁ
\ N~ 0.
\ 50| /
Q ] A 1 il 1
[ 5 10 15 20

Fig. 4. No-flow test.

4.2. No-flow test

An almost incompressible solid /fluid rests in a nonsquare cavity subjected to gravity
loading, see Fig. 4. The displacements velocities normal to the walls are prescribed
to be zero and the pressure at the free surface is p = 0. The solution must give
zero displacements /velocities and a linear distribution in pressure. Our numerical
results give negligible displacements/velocities (because we are using an almost
incompressible material) and an almost linear distribution in pressure as shown in
the figure. The deviation from linearity is larger when distorted elements are used.
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Detail of boundary condition
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Fig. 5. Driven cavity, boundary condition at corner element.

4.3. Driven cavily

A square cavity with boundary velocities constrained to zero along three edges and
a uniformly prescribed velocity applied along the top edge is considered, see Fig. 5.
The pressure distribution compared with the 9/4-c (or Q2-Q1) element (that is, the
biquadratic velocity and bilinear continuous pressure element) as well as pressure
band plots are shown in Fig. 6 for 10 x 10 and 20 x 20 meshes, respectively.

4.4, Axisymmetric cylinder under internal pressure

To test the axisymmetric element we consider a thick cylinder of infinite length so
that it cannot expand in the z direction. The internal radius is R; = 1 and outer
radius is R, = 2. The internal pressure is p = 6 and the material parameters are
Young’s modulus E = 1000 and Poisson’s ratio v = 0.4999. The analytical solution
for this problem is

2
U= ——él(;:lpgé) [RTg -+ (1 - 21/) T} ) (46)
_EPR? (1+v) (47)

T3 RI-RZ
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PRESSURE DISTRIBUTION AT y=0.20 - 10x10 MESH
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(a) Driven cavity. Incompressible flow.
PRESSURE

PRESSURE BANDS - 10x10 MESH
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Fig. 6.
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PRESSURE BANDS - 20x20 MESH
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Fig. 6. (Continued)
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Fig. 7. Cylinder under internal pressure. Convergence rates.

We studied the rates of convergence for this rather simple case and show in Fig. 7
the Lo norms of the analytical displacement minus the finite element displacement
and the analytical pressure minus the finite element pressure as a function of the
mesh size h.

We note that in this analysis, the proposed element converges with order 2
in the displacement norm and an order larger than 1 in the pressure norm. It
is also interesting to compare the performance with the convergence of the 9/4-c
clement (the Q2-Q1 element) and the displacement-based element. The order of
displacement convergence of both nine-node elements is 3, but the error using the
displacement-based element is much larger. Considering that |ju - upllo = ¢ A3,
this error is due to a large constant ¢, typical of the locking behavior.
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5. Concluding Remarks

We have presented a four-node quadrilateral element with good predictive capabil-
ities in structural bending problems and in the analysis of almost incompressible
media (solids and fluids). The results presented for various example problems show
the behavior of the element.

A numerical inf-sup test of the element in incompressible analysis was also per-

formed and the element passes this test. While the numerical results given in the
paper indicate that the element has good predictive capability, a full mathematical
analysis of the convergence behavior of the element would be valuable.
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