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Abstract—A displacement-based versatile and effective finite element is presented for linear and geometric
and material nonlinear analysis of plates and shells. The element is formulated by interpolating the element
geometry using the mid-surface nodal point coordinates and mid-surface nodal point normals. A total and an
updated Lagrangian formulation are presented, that allow very large displacements and rotations. In linear
analysis of plates, the element reduces to well-established plate bending elements based on classical plate
theory, whereas in linear analysis of shells and geometrically nonlinear analysis of plates and shells by use of
the clement, in essence, a very general shell theory is employed. The element has been implemented as a
variable-number-nodes element and can also be employed as a fully compatible transition element to model
shell intersections and shell-solid regions. In the paper various sample solutions are presented that illustrate
the effectiveness of the element in practical analysis.

1. INTRODUCTION

The analysis of plate and shell structures is of
considerable interest in various areas of structural
mechanics. It is, therefore, natural that with the
development of the finite element method a large
number of different finite elements have been
formulated for the analysis of plate and shell problems.
In these developments, basically two approaches have
been followed: firstly, what may be calied a classical
procedure and, secondly, an approach in which
displacement/rotation isoparametric elements are
employed.

In the first approach a classical concept is employed,
in which a plate or shell theory is used as the starting
point of the finite element formulation. This plate or
shell theory has been developed from the three-
dimensional field equations by incorporating various
assumptions appropriate to the structural behavior.
Using variational formulations based on these theories
various finite element models have been developed;
1Eamely, displacement, hybrid, and mixed formulations

1-5).

In the second approach, isoparametric elements
with independent rotational and displacement degrees
of freedom are employed. This procedure was
originally introduced by Ahmad et al. [6] for the linear
analysis of moderately thick and thin shells, and has
recently been applied also to the nonlinear analysis of
shells by Ramm [7] and Krékeland [8].

The basic ideas for the development of the
displacement/rotation isoparametric elements evolved
from the difficulties that are encountered when using
the usual displacement isoparametric elements in the
analysis of plates and shells. Firstly, computational
difficulties can result when these isoparametric
clements are very thin, because the stiffness coefficients
corresponding to the transverse displacement degrees
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of freedom are considerably larger than those
corresponding to the longitudinal displacements.
Secondly, errors are introduced in the analysis because
erroneous strain energy corresponding to the normal
stresses in the thickness direction is included. These
two difficulties are overcome in the approach
introduced by Ahmad et al.,, because it is assumed that
the normal to the shell surface remains straight and
does not extend, and the normal stresses in the
direction of the shell thickness are ignored in the
element formulation.

The conceptual advantage of the displacement/rota-
tion isoparametric elements is their inherent gen-
erality, which is analogous to the generality of the
isoparametric elements in the analysis of two- and
three-dimensional continuum problems. In contrast to
the classical approach, no specific classical plate or
shell theory is employed; instead, the geometry and the
displacement field of the structure are directly
discretized and interpolated as in the analysis of
continuum problems. This approach is equivalent to
using a general shell theory and can be employed
efficiently for the analysis of general structural
configurations by using variable-number-nodes ele-
ments [9,10].

The objective in this paper is to present the
formulation, implementation and application of a
general variable-number-nodes rotation/displace-
ment isoparametric element for linear and geometric
and material nonlinear analysis of plates and shells.
This element has been developed to be employed in
much the same way as the variabie-number-nodes
isoparametric continuum elements and can directly be
connected to these elements. The underlying philo-
sophy of the development was that it is user-effective to
be able to analyze various types of structures with what
is basically a single element that is effective in linear
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analysis and geometric and material nonlinear
analysis [11,12].

The concepts of the formulation of the shell element
are those used earlier by Ahmad et al. for linear elastic
analysis, and Ramm and Krédkeland for nonlinear
analysis [6-8]. However, the actual effective usage of
those concepts depends on the details of the
formulation and implementation, and the element
presented in this paper is in a number of important
aspects, that are discussed in the paper, more general
and more effective than the shell elements published

earlier. These aspects include the choice of effective
rotational degrees of freedom ; the use of quadrilateral

or triangular, low or high-order elements for geometric
and/or materially nonlinear analysis; the use of a
special transition element to model structural inter-
sections, and the use of the element in the analysis of
stiffened plates and shells.

In the paper, we first present the large displacement
formulation of the variable-number-nodes element.
Starting from the basic continuum mechanics virtual
work theorem an updated Lagrangian (U.L.) and a
total Lagrangian (T.L.) formulation are presented,
that allow very large displacements and rotations, and
materially nonlinear conditions. Considering linear
analysis we point out that the simplest elements (the
three-node triangular and four node-quadrilateral
plate elements) of the variable-number-nodes element
are the elements considered by Hughes et al. using the
Mindlin plate theory [13].

Next we describe some important aspects pertaining
to the formulation, implementation and usage of the
element. In the practical analysis of shell structures it is
important that a shell element can be employed to
model arbitrary and complex geometries with variable
shell thickness, cut-outs, discrete reinforcing and
eccentric stiffeners and branches and intersections. In
the paper we show how the element can be employed
to model such analysis complexities using special
transition elements and compatible three-dimensional
bending elements. Also, it is pointed out that using
higher-order shell elements no reduced integration
need be employed.

Finally, we present in the paper the results of a
number of sample analyses that demonstrate the
versatility and effectiveness of the element. First,
solutions are presented to’ some simple problems
merely to demonstrate some important features of the
element : its high accuracy without reduced integration
and its use in the analysis of stiffened shells and shell
intersections are illustrated, and the results of a
convergence study using various nodal point config-
urations are given. In this convergence study the shell
element was used as a parabolic and cubic,
quadrilateral and triangular element. Next, the
solution results of some highly nonlinear problems are
given and discussed, and based on the experiences with
the element it is concluded that the shell element
presented in this paper is highly effective and versatile
for the practical analysis of general shell structures.

2. FORMULATIONS OF THE SHELL ELEMENT
Consider the large displacement motion of a general

body as a function of time and assume that the
solutions for the static and kinematic variabies are

known for the discrete time points,0,At, 2 Az, ..., t. The
basic aim of the analysis is to establish an equation of
virtual work from which the unknown static and
kinematic variables in the configuration at time ¢ + At
can be solved. Since the displacement-based finite
element procedure shall be employed for numerical
solution, we use the principle of virtual displacements
to express the equilibrium of the body.

In order to solve for the static and kinematic
variables of the body at time ¢ + At, in essence, two
different formulations can be employed [14]. In the
total Lagrangian (T.L.) formulation all static and
kinematic variables are referred to the Iinitial
configuration at time 0. The updated Lagrangian
(U.L.) formulation is based on the same procedures
that are used in the T.L. formulation, but in the
solution all static and kinematic variables are referred
to the last calculated configuration at time ¢. Various
applications of both formulations in the analysis of
continuum problems are presented in [14,15], where it
was shown, in particular, that both the T.L. and U. L.
formulations include all nonlinear effects due to large
displacements, large strains and material non-
linearities. The only advantage of using one formula-
tion rather than the other is that it may yield a more
effective numerical solution.

In the following sections, we develop the governing
equations for the geometric and material nonlinear
analysis of shell structures. In the discussion, we
develop first the matrix expressions that describe the
nonlinear kinematic behavior of the shell element, and
we discuss afterwards briefly the use of appropriate
constitutive relations.

2.1 Updated Lagrangian formulation

In the U.L. formulation the virtual work principle
expressing the equilibrium and compatibility require-
ments of the body at time ¢ + At is [14]

ft+A:Sij o’H-A:eij ‘dv=”°‘$ (1)
v

where the ‘ * 215, and the ' * %}¢,; are the components of
the 2nd Piola-Kirchhoff stress tensor and Green—
Lagrange strain tensor (both referred to the configura-
tion at time t), respectively; ‘*4'® is the external
virtual work due to surface tractions and body forces,
and & means “variation in”.

Equation (1) represents a nonlinear equation in the
unknown static and kinematic variables of the body at
time t + At. Using our usual notation, Table 1
summarizes the linearization and solution of egn (1)
by the modified Newton—-Raphson iteration.

Geometry and displacement interpolations

The updated Lagrangian formulation in Table 1 was
used in [14,15] to obtain finite element solution
schemes for solid continua using isoparametric
elements with displacement degrees of freedom only.
In our derivation of an effective shell element we follow
the work presented earlier, but use displacement and
rotational degrees of freedom. Referring to Figs 1 and
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Table 1. Updated Lagrangian formulation

1. Equation of Motion
[reus, e o= 22
v

where
1

t+ALQ P r t+ AL 1
1Sy = '—_',+A,pl¢mxi.: Torr+ar%jr

A = g + g s, )

2. Incremental decompositions
a. stresses

PTAISy ="ty + Sy
b. strains

1+ At

i) = (Ei3 &ij =€y + Mij

€y = $Gu; ; + 5,0); My = dou iy 5

3. Egquation of motion with incremental decompositions
Noting that ,S;; = ,Cjjse€,s the equation of motion is
j.,C,.,-" By 0,85 'd0 + f‘r‘j 8, 'dv = trarg J."ru d,e,'dv
ly 'V ty

4. Linearization of equation of motion

Using the approximations ,S;; =..C,,,,,e,,, . Oy = O8y;
we obtain as approximate equation of motion

fxci;n s 0,e'do + J“Tu Synyy‘do ="+ ~ J’"‘u d,e,'dv
v L% v

S. Equilibrium iteration (modified Newton—Raphson iteration)

J"IrijaA'”‘j'dv Sr#ug — f

iy t+ A= 1)

[ Conrenste,'do +
v
6. Finite element discretization (for a single element)

{f:BLC By 'dv + f:BZL‘r :BNL'du}An“) ="*4R f
'V 'y

THAIG) ot A - 1) L A

Notation

PHay I, 41y

(7'x,-

a! + Alx‘

)

U ;=
™i,j a,xj

t
t+aXia =

t+Argli=1 i-1) t+ Al -1
T8, el D oGy

t+ AU~ )T 1+ At T (= N+ Mg~ 1)
H-ArBL dv(

t+ 8- 1)

2, the geometry of the variable-number-nodes shell
element at time “¢” is interpolated using

N N
= Y hixkts T ahVh @)
k=1 k=1
where

'x; = Cartesian coordinate of any point in the
element at time ¢;
hy(r, s) = isoparametric interpolation functions;

'x¥ = Cartesian coordinate of nodal point  at
tlme“t': = thickness of plate (in t direction) at nodal
point k;

'V, = component i of unit normal vector, 'VX, to
the surface of the plate at nodal point k and time ¢.

Also, in eqn (2), the isoparametric element
coordinates are r, sand ¢t and N is the number of nodes
of the element.

To obtain an expression for u;, we use

I+Alx 1

U = P X 3)
and substitute from eqn (2)
N t N
w= 3 hut+s X ah Vi @)
k=1 2k =1

where

Vi =rrayhi iy, )

For the finite element solution we express the
components V¥, in terms of rotations. To do so we use
the vector V¥ corresponding to the configuration at
time ¢ which is known. The vector *V¥ does not pertain
to an element but to the nodal point k, and °V* is input
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Fig. 1. Variable-number-nodes shell element.

MID-SURFACE

Fig. 2. Quadrilateral shell element in configuration at time .
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prior to the incremental analysis. Thus, all shell
elements meeting at the nodal point k of a shell surface
have the same vector as mid-surface normal as
illustrated in Fig. 3.

When defining the normal at a nodal point it may be
that the assumption of a single normal is inappropriate
at the intersection of shell surfaces. These intersections
can be modeled using a different nodal point (with the
same coordinates) corresponding to each shell surface
and constraint equations to couple the nodal degrees
of freedom [11], or, more effectively, using transition
clements (see Section 3.4).

To express the components V%, in terms of rotation
angles, we first define two unit vectors ‘V% and *V4 that
are orthogonal to 'V (see Fig. 4),

Vi = (x; x V)/(xI'VE) (6)
where we set 'V equal to x, if ‘V¥ is parallel to x,, and
VA = 1VE x VK, )

Let a* and B* be the rotatiohs of the normal vector
about the vectors 'V% and ‘V% from the configuration
at time t'to the configuration at time t + Az, then we
have approximately (for small incremental angles o*
and §*)

V= —Wh ok 4 VA pE, (8)

Substituting from eqn (8) into eqn (4) we thus obtain
the incremental internal element displacements in
terms of the nodal point incremental displacements
and rotations

N N
t
u= Y huf+= Y aphy [= Vit +V 8. 9)
k=1 2:4
NODAL POINT &k
i
o]
X3 'xy
X3
2 0x LY %% "xp

C.AS 11-1/2—¢

CONFIGURATION AT TIME O

The finite element solution will yield the nodal point
variables uf, * and f*, which can then be employed to
evaluate accurately ' *+4:V%

cavi=Vie [ v+ Viag (10)
lk. ﬂk
If o* and B* are small, the integration in eqn (10) can
be carried out to sufficient accuracy using the Euler
method {91,
CEVISIVISVRR VIR )
which corresponds to the assumption employed in eqn

(8).

Calculation of element matrices

Considering a single shell element, as summarized in
Table 1, the linear strain-displacement transfor-
mation matrix,{ ,,the nonlinear strain-displacement
matrix, |By; , the stress matrix, 't, and the stress vector,
!¢, are required.

To evaluate the strain-displacement matrices we
obtain from eqgn (9)

U, N ht,r f1 t" 1i t'g‘ii} “f
Y1 = z hy,[1 t'gﬁi t?‘ii] ot (12)
k=t
Uig B [0 ek 'g'ii] .Bk
where we use the notation
‘e = —‘}aklviéi
'8'51 = %ak'V'ii- 13)

CONFIGURATION
AT TIME ¢

SHELL
MID-SURFACE

Fig. 3. Normal to shell mid-surface.
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¥2. %2

Fig. 4. Definition of vectors at nodal point k.

To obtain the displacement derivatives corres-
ponding to the axes ‘x;, i = 1, 2, 3, we now employ the
Jacobian transformation [8,p. 134]

0 0

— == 14
x ar (14)
where the Jacobian matrix, 'J, contains the derivatives
of the current coordinates‘x;, i = 1,2,3 of eqn (2) with
respect to the isoparametric coordinates r,s and .
Substituting from eqn (12) into eqn (14) we obtain

[ ou, ]
&'x
s | [ BGY G
6—‘);L =Y | b 'ghiGh g Ghl|
2 k=1
Ju; .3 ‘gt .G tggnG’;‘; Jid
as
where
Moy = Ty, 0 e (16)

Gri=t (T b, + 5 ) + T e

and 'J ;! is the element (i, j) of the matrix 'J ™' in eqn
(14).

With the displacement derivatives defined in eqn
(15) we can now directly assemble the strain-
displacement matrices!B; and |By,. Table 2 gives these
matrices and defines also the corresponding stress
matrix ‘t and stress vector ‘€.

2.2 Total Lagrangian formulation
In the T. L. formulation, the same basic concepts as
in the U. L. formulation are employed, but the initial

configuration at time O is used as reference. Thus, the
governing virtual work principle is

J- ‘+Aolsij'5‘+A(;8.'j OdU =t+AIQ (17)
0

v

where the’ * 43S, and * * %¢;; are the components of the
2nd Piola-Kirchhoff stress tensor and Green—
Lagrange strain tensor, both referred to the initial
configuration at time 0.

Table 3 summarizes the linearization and solution of
eqn (17). The main difference to the U. L. formulation
(see Table 1) is that in the T. L. formulation an initial
displacement effect is present in the calculation of the
linear strain-displacement transformation matrix.
This initial displacement effect is taken into account
using eqn (2) at time r and time 0. Then, because ‘y;
=‘x; — %x;, we have

N ¢ N
;= Z hluf + Z ah (VE ="VE)  (18)
k=1 224

and using egns (14) and (16) corresponding to the

coordinates %x;,i = 1,2, 3, we obtain,
6’“[ ¢
aox =kz Ohkj U; +
; .
N a
z ‘2—" (tohk‘j + 01]31 hk) (tVf,,‘ - OV’:n‘) (19)
k=1

The strain-displacement transformation matrices
¢B. and {By, can now be obtained using eqn (15)
corresponding to the coordinates °x;, i = 1,2,3, and
eqn (19). Table 4 summarizes the evaluation of these
matrices and defines also the corresponding stress
matrix and stress vector.



A geometric and material nonlinear plate and shell element 29

Table 2. Matrices used in updated Lagrangian formulation

1. Linear strain-displacement transformation matrix

€ =:Bu
€ = [ie11 1€22 €33 2i€12 2e13 Ae23]
w o= [l ubud o Briud ud sl ol W 2N BY)

I k
r lltGl

‘g12/G4
‘g12.G}
(g11.G4 + 'g12,GY)
(g51:Gh +'24,GY)

'g51,G
‘332:65
'353165

i3

0 thes ez

(‘3‘51:65 + 'l‘iz:G'ﬂ :
(251,64 +'g33,G}) |
(’g:Ztcg + 13165) ('3'52165 + 'ggarciﬂ -t

} —
|
!
]
{

feee

for nodal point k

2. Nonlinear strain-displacement transformation matrix

[ a0 0 g6 g6l T
10 s 0 g6l g Gh |
100k ghG g Gt
‘B = ||rhk,z 0 0 ‘ek1.GY 'g,.Gh i
TETLT0 ks 0 gl Gh s G
to0 0 b, 'R G5 'S G
ihs 00 G O
o s 0 8,68 g, ‘ng'
L 1o 0 by ‘G B G A

for nodal point k

3. Stress matrix

L 8 Sym.
=152l "T20ls

‘13303 ‘123l ‘1asls
where

i 00
I3 =(0 1 0

0 01

4. Stress vector

taT 1, t L, 1, I, t,
1T = ['14; 722 733 "133 113 "123]

2.3 Constitutive relations

In the previous sections we assumed that appro-
priate constitutive relations are used (see Tables 1 and
3), as was already discussed for continuum elements in
[14,15]. Consider first a linear elastic material. In this
case the usual Young’s moduli and Poisson ratios are
employed to define the constitutive tensor, which in the
U. L. formulation relates Cauchy stresses and Almansi
strains, and in the T.L. formulation relates 2nd
Piola—Kirchhoff stresses to Green—Lagrange strains.
In analyses with large rotations but small strains (as in
most shell problems) negligible differences can then be
observed between the response predictions using the
U.L. and T. L. formulations.

Considering elastic-plastic analysis, as pointed out
earlier [14], it is effective to employ the T.L.
formulation for large rotation but small strain
analysis, because the convected Cauchy stresses and
small strain increments are numerically equal to the
2nd Piola-Kirchhoff stresses and Green-Lagrange
strain increments, respectively. Hence, the stresses and
strains in the T.L. formulation can directly be
employed as usual to establish the elastic-plastic
constitutive relations.

We should note that in the formulations given all six
stress and strain components in the Cartesian
coordinate directions -are calculated, and the con-
stitutive tensor corresponding to these components is
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Table 3. Total Lagrangian formulation

1. Equation of motion

J‘I+Aésij6r+A(;6UOdv = t+A!g¢

oy
where
°p
4+ AL — 0 1+ At 0 .
oSy = va, t+arXis Tore+ ar Xj, '
t+ At —— T+ At 1+ At t+ AL t+ At
0o =3y 1T B+ G B )

2. Incremental decompositions
a. stresses
a
TSy =4Sy + oSy
b. strains

t+Ar -1 . =
o€ij =o&ij + o&ij; ofij = 0€;j + olij

P ! I3 .
o€i; = ot ; + oldj.i +ollk iollk,j + ok iglx, ;) 3 ollij = %o“x.m“k.i

3. Equation of motion with incremental decompositions

Noting that ' *‘5ei,~.= 8osi; and 45y = 9Cijrs0trs
the equation of motion is

Notation

+
t A:xi=0xl+xfmu‘_

on °x;
t+arkj,r = 3
oy
51+ At
t+A6 = ¢ Wi
;=
T A%

Jocuu 0Ers O08;; °db + fésu‘soﬂu dy ="M R J.(;Sijéoe,.j"dv

oy oy oy
4. Linearization of equation of motion

Using the approximations ¢S;; = oCij0€,s: 0oty = doe;;
we obtain as approximate equation of motion

joCij,, 0 Boe;; °d + J.(;Sijéon}j Odp =*+agp Jgs,.jaoe” Odp

oy Oy Oy

5. Equilibrium iteration (modified Newton—Raphson iteration)

IOC,j,, Age,, 8Age,; °dv + JéSU SAgn,; Odv =1+ 4 — J‘*%S}j' R G 1)

0y Oy Oy

6. Finite element discretization (for a single element)

{ J1ocim, 00

oy
mT o Q 0 () .. £+ a8 t+ ARG - DT+ &QGE - 1H 0
+ fOBNL oS oBwi dv}Au = R - f B¢ oS dv
Oy

vy
t+ At“(i) =1+ Au(i -1 + Au(()

used in Tables 1 and 3. To obtain this tensor with the
shell assumption that the stress normal to the shell is
zero, we use the usual three-dimensional constitutive
relations corresponding to the r, s and ¢ directions,
impose the condition that the normal stress is zero and
then transform the modified constitutive relations to
correspond to the Cartesian coordinate axes. Here, it
should be noted that if the element is employed to
model a plate which is flat initially, but not necessarily
aligned with the global coordinate system, in
geometrically linear analysis and when using the T.L.
formulation only one transformation matrix to
calculate the constitutive matrix need be established
for each element.

3. SOME IMPORTANT FEATURES OF THE ELEMENT

The variable-number-nodes shell element is a very
versatile element. In this section we summarize some of
its pertinent theoretical and practical features.

3.1 Interpolation functions

As shown in Fig. 1, the element can have a minimum
of three nodes and a maximum of sixteen nodes, in
which case the functions h(r,s) are the usual
Lagrangian cubic interpolation functions. The inter-
polation functions of an N-node element are basically
constructed using the procedure in [9,p.130], and
more specific details are given in [10].
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3.2 Comparison of element with elements
based on plate theory

In the previous section, we presented the formula-
tion of a general shell element for large displacement
and rotation analysis. Both, the U.L. and the T.L.
formulations reduce as usual to a linear analysis in the
first step of the incremental solution.

In the linear analysis of plates, the element is
identical to those discussed by Ahmad et al. [6],
Zienkiewicz [2], and Hughes e al. [13]. Ahmad, Irons
and Zienkiewicz used the formulation employed in this
paper, whereas Hughes et al. employed the Mindlin
plate theory that includes shear deformations to
obtain the stiffness matrix of the four-node
quadrilateral element and then studied element
improvements by selective integration.

The important point is that in linear analysis of
plates, therefore, the shell element is based on classical
plate theory including shear deformations and all
element matrices can also be derived using this theory.
Considering large displacement analysis, the basic
assumptions of the linear plate theory are still
employed, but the element matrices are calculated
using general nonlinear continuum mechanics equa-
tions with no assumptions on the magnitude of the
plate displacements and rotations. This approach is
equivalent to using a general nonlinear shell theory.

3.3 Numerical integration

To evaluate the element matrices, it is necessary, in
general, to employ numerical integration. In this study,
we employed for the quadrilateral elements the usual
Gauss integration used in isoparametric finite element
analysis, and for the triangular elements the integra-
tion formulas proposed by Cowper [16], the order of
integration being dependent on the order of interpola-
tion employed [9,p.165] and whether elastic or
elastic-plastic material conditions are modeled. It
should be noted that with the higher-order elements no
reduced integration is necessary to obtain accurate
solutions (see Section 4.1). This obsérvation is
important; namely, in general shell analysis reduced
integration in the evaluation of an element stiffness
matrix must be employed with care and, in practice, is
still best - avoided. Using reduced or sclective
integration the difficulties are that, for all possible
geometric shapes, the finite element must not contain
small spurious eigenvalues (or develop such eigen-
values in the incremental solution), and the element
must satisfy all convergence requirements and
display good accuracy characteristics. The precise
effect of using reduced integration in general large
displacement analysis is very difficult to assess and has
not yet been established. Furthermore, considering
materially nonlinear analysis, a higher-order integra-
tion may be desirable anyway, in order to capture the
variation in the constitutive relations.

3.4 Use of top and bottom displacement nodes

In the analysis of an actual shell structure, it may be
necessary to model shell intersections and shell to solid
transitions. These geometric regions can be modeled
effectively without the use of constraint equations
using transition elements, which have mid-surface
nodes to couple into other shell elements and top and

bottom nodes to connect to each other or to the usual
three-dimensional isoparametric elements (see Fig. 5).
The interpolation functions corresponding to the top
and bottom nodes are the usual functions used in
three-dimensional analysis, and the interpolation
functions associated with the mid-surface nodes are
those of the shell element.

3.5 Element description
To describe an assemblage of variable-number-
nodes shell elements the following input is required:

(i) the shell nodal point coordinates;

(ii) the shell mid-surface normals, °V¥, at all mid-
surface nodes;

(ili) the shell thickness, a,, at all mid-surface nodes;
one thickness is defined at each mid-surface node;

(iv) the material properties of the elements.

3.6 Formulation of a compatible bending element
The procedure of the shell element formulation
presented in Section 2 can also be employed to
formulate a three-dimensional bending element.
Assuming a rectangular solid cross-section as shown in
Fig. 6, we use in the formulation instead of eqn (2)

N t N
o= Y h'xb+ 3 Y ahy'VE
k=1 k=1
s N
+ -~ Z bhhk'VL‘l' (20)
25
where all variables are defined as in eqn (2), but the

function A, is now an interpolation function in r only,
and

a;, = thickness of element in z-direction at nodal
point k,

b, = thickness of element in s-direction at nodal
point k,

TRANSITION

/ ELEMENT

a) MODELING OF INTERSECTION OF TWO
SHELL SURFACES

TRANSITION
ELEMENT

&=

SHELL ELEMENT

THREE-DIMENSIONAL
SOLID ELEMENT

b) MODELING OF SHELL-SOLID INTERSECTION

Fig. 5. Some applications of the transition element.
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Table 4. Matrices used in total Lagrangian formulation

1. Linear Strain-Displacement Transformation Matrix

ot =oB u;

oB. =Bio +¢Bu1

T .
08" = [0€110€22 0€33 20812 20€13 20€23 ]

= [u} ududa! Bt ud

r
oBro

t =
OBLl -

0 ohy. 2
0 0

: llthk.I

{Iuohk.z

} IlBOhk.B

where

6

“1

m=1

Sl ulu 2N g

0
0

ohe, 3

¢u = Z "Bl b

#4106t
'gt20G%

‘213064
(gl1 oGs + 8%, oGY)
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I
POSSIBLE NODAL POINTS

Fig. 6. Three-dimensional bending element.

V%= component i of unit normal vector, 'V¥, in t-
direction,

'yt = component i of unit normal vector, *V*, in s-
direction, and N is the number of nodes of the element,
N=230r4

Using eqn (20) in the same way as eqn (2) for the
shell element, the bending element matrices correspon-
ding to the six degrees of freedom per node shown in
Fig. 6 can directly be calculated. Since the same
interpolation functions are employed for this element
as in the formulation of the shell element, the bending
and shell elements are compatible and can be used
together effectively to model stiffened plates and shelis
as illustrated in Section 4.1.

4. SAMPLE SOLUTIONS
The variable-number-nodes e¢lement has been
implemented in the computer program ADINA, and
we present here the results of a selection of sample
analyses. In Section 4.1 we report on some very simple
analyses merely to illustrate the modeling capabilities
with the element.

4.1 Linear analyses of three cantilevers
Three simple cantilevers were analyzed using the
shell element. The results of the analysis of a uniform

cantilever subjected to a tip transverse load are listed in
Table 5. These results show that the cubic element can
be employed without selective or reduced integration
with very large aspect ratios, and the element does not
display the stiffening effect that is observed with the
low-order elements [2].

The objective in reporting on the second cantilever
analysis is to demonstrate the use of the transition
element between solid and shell elements. Figure 7
shows the tapered cantilever analyzed, the model
employed and the analysis results. In this analysis, a
transition element was employed to model the
transition region between the relatively thick root and
thin tip of the structure. The transition element can be
very useful in the analysis of some practical shell
structures for which shell-solid regions must be
included in the analysis (e.g. analysis of arch dams and
foundations, turbine blades mounted on a shaft) and in
the modeling of shell intersections and branches.

The third cantilever az:tlf;sis illustrates the use of the
shell element in conjunction with the three-dimen-
sional bending element in the analysis of stiffened
plates and shells. Figure 8 shows the cantilever, the
plate model used and the response predicted. The
analysis results compare well with the solution
calculated using elementary beam theory.
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L =100 N
b=10 IN
h=10/(1 +9 =) IN

o
n

CALCULATED TiP DEFLECTION
STH=THEORETICAL TiP DEFLECTION
(NO SHEAR DEFORMATION INCLUDED)

M= CONCENTRATED END MOMENT
GAUSS INTEGRATION ORDER = 3x2x2

STRESSES (AT INTEGRATION POINTS)

Fig. 7. Linear analysis of a tapered cantilever.

LOCATION -7

Y Z Orn
3.3811 | 2.2133 0.0375
15.0 1.2284 -0.0044
26.6190 | 0.8501 0.0375 5o -

Th

33.3811 | 0.7 RTE _h .
45.0 o.5$?2 -g.ggon Sth 00022
56.6190 | 0.4736 0.0013
64.5081 | 0.4242 0.0006
80.0 0.3520 ~0.0001
95.4919 | 0.3009 0.0005

4.2 Linear analysis of a cylindrical shell

The thin cylindrical shell shown in Fig. 9 was
analyzed for its static response. The cylinder is freely
supported at its ends and is loaded by two centrally
located and diametrically opposed concentrated
forces. Using the double symmetry of the structure and
the loading, only one-eighth of the cylinder was
analyzed.

This structural problem was employed to study the
convergence of the shell element when using different
element nodal configurations and increasing the
number of elements.

Figures 10 and 11 show some displacements and
stresses predicted in the finite element analyses. For
comparison also the analytical solution is shown
(17]. Figure 10 gives the ratios of the calculated and the
theoretical displacements for w and up, see Fig. 9. It is
seen that, as expected, using the lower-order
integration in the finite element analyses, in general,
the displacements are predicted more accurately.
However, Fig. 10 aiso shows that using the cubic
element with high-order integration the displacements
converge rapidly as the number of elements used in the
idealization is increased. Figure 11 shows thatfor the 6

x 6 element idealizations, the stress distributions are
predicted accurately using the 8-node element with 2
x 2 x 2 Gauss integration and the 16-node element
with 4 x 4 x 2 Gauss integration.

4.3 Largedisplacement/rotation analysis of a cantilever

A cantilever subjected to a concentrated end
moment was idealized using one 8-node cubic element.
Figure 12 shows the load deflection curves for different
displacement/rotation variables. The predicted res-
ponse shows excellent agreement with the analytical
solution [7].

4.4 Elastic-plastic instability analysis of a column

The column shown in Fig. 13 was analyzed for its
large displacement elastic-plastic response. Two
different finite element idealizations were employed in
the study. Namely, one model using six quadratic shell
elements (using 2 x 2 x 2 Gauss integration) and
another model using twenty-five 6-node isopara-
metric two-dimensional elements (with 4 x 4 Gauss
integration).

Figure 13 shows the calculated response of the
column using the two finite element idealizations. It is
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Table 5. Effect of aspect ratio in linear analysis of a cantilever
subjected to a transverse tip load

L= Length of cantilever (along r-direction).

a = Thickness (along t-direction).
a = Width (along s-direction).
1 = Second moment of area

E = Young’s modulus

P = Applied tip load

& = Computed tip deflection  pj3
&1y = Theoretical tip deflection = 35

v=0

One 8-node cubic shell element to model the cantilever.
(Gauss integration orders 4 x 2 x 2 along r, s and -
directions)

Aspect ratio 0 — Org)/ora
Lja

10 0.00500
100 0.00005
1,000 0.00000
10,000 —0.00001

The errors in calculated stresses are less than 0.003 % in all
cases.

STIFFENED
PLATE

FINITE FIXED EDGE

ELEMENT
MODEL

4
E:3.0x107ps:
»:0.3

Az 52 IN?
Iygz152.40 1IN
3:TIP DEFLECTION

ANALYTICAL

SOLUTION sTierENEn

0, -83.413 {psi)
NORMAL STRESSES AT x:8.34"

pLaTE

seen that the predicted collapse load is slightly higher
using the two-dimensional element model.

4.5 Large deflection analysis of a diamond structure

A diamond structure constructed of four equal
length bars and loaded as shown in Fig. 14 was
analyzed using 6-node quadratic shell elements. Using
the symmetry of the structure and its loading only one
quarter of the structure (one of the beams) was
modeled. The finite element model used and the
predicted load deflection response of the structure are
shown in Fig. 14. The predicted response shows
excellent agreement with the analytical solution [18].

Figure 15 shows various equilibrium positions of the
structure predicted at different load levels. The
deformed shapes of the structure compare very closely
to the shapes calculated in [18].

4.6 Large displacement analysis of an elastic simply-
supported plate

The simply supported square plate subjected to a
uniformly distributed pressure shown in Fig. 16 was
analyzed for its large deflection response. One single
16-node shell element was used to model one quarter
of the plate. The total Lagrangian formulation was
employed.

Figure 16 shows the displacement response predic-
ted in the finite element analysis. The computed
displacement response is very close to the solutions
given by Levy [19], where the effect of using different
assumptions-on the plate edge in-plane displacements
should be noted.

P/2

Constraint Equations

visu;+(3.5)6;

PL} 6. =8
™ 3EL, ‘e'ce’
2 . 00

LIS
TIP DEFLECTION

Fig. 8. Linear analysis of a stiffened plate.
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Fig.9. Pinched cylindrical shell, finite element models.
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Fig. 10, Pinched cylindrical shell, convergence study of
displacements.
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BENDING MOMENT ALONG BC
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Fig. 11. Pinched cylindrical shell, stress distribution (the

element stresses have been calculated in the finite element

solutions at the integration points that are closest to the
section considered).
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12 IN
/
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g
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Fig. 12. Large deflection response of a cantilever subjected to
an end moment.
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Fig. 13. Elastic-plastic instability analysis of a column.
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Fig. 14. Load—deflection curve for a diamond structure.
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Fig. 15. Deformed shapes of the diamond structure for dif-
ferent values of the loading parameter 2 = PI/EL
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Fig. 16. Large deflection analysis of a simply-supported
square plate subjected to pressure loading.

4.7 Elastic-plastic dynamic analysis of a simply
supported plate

A dynamic analysis of a simply supported square
plate subjected to lateral pressure loading was carried
out. The Newmark time integration method was used
with the time step increment At = T,/48, where T; is
the fundamental period of the linear elastic plate. Nine
8-node quadratic plate elements were used to model
one quarter of the plate. In a first analysis an elastic
and in a second analysis an elastic-perfectly-piastic
material was assumed.

Figure 17 shows the predicted response for both
material property assumptions, and compares the
calculated response with a solution given by Liu and
Lin [20].

48 Large displacement analysis of two shells

The large displacement response of two shells was
calculated. Using symmetry conditions, the shells
shown in Figs 18 and 19 were modeled with only one
16-node cubic element. The predicted transverse
displacements under the loads are compared in the
figures with the solutions of Leicester [21] and
Horrigmoe [221. It is seen that the one cubic element

idealizations used in this study vyield accurate
displacement predictions.

5. CONCLUSIONS

The efficient practical finite element nonlinear
analysis of shells requires the use of a shell finite
element that is accurate, reliable, and versatile. In this
paper a shell element has been presented that is very
effective in those respects. The shell element can have a
variable number of nodes, it can be employed as a
transition element to model shell intersections or shell
to continuum transition regions, and it can be used
with a compatible bending element to model stiffened
shells. The element can be employed in material and
geometric nonlinear analysis of plates and general
shells in which very large displacements and rotations
can be measured. The results of various sample
solutions have been given in the paper to indicate the
accuracy that is obtained using various element nodal
configurations and integration orders.

Considering further work on the element, it is
desirable that possibilities of improving the element
performance in the general analysis of shells using
special numerical integration schemes be investigated.
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Fig. 18. Central deflection of a hinged spherical shell.



A geometric and material nonlinear plate and shell ciement

47

R= 2540 mm

L=254 mm
h=z12.7 mm

8= 0.1 rad.

E= 3102.75 N/mm?
v=03

STRAIGHT EDGES ARE HINGED
AND IMMOVEABLE
CURVED EDGES ARE FREE

4
2.5+
-~ 2.0} o’/.
2 7
z -
o .//
o 15 7
-4 ./
S /;
3 o’ —— PRESENT STUDY
a 1.0 / ONE 16-NODE CUBIC ELEMENT
= /- INT. ORDER 4x4x2
u % Puax 224 KN
0.5 —e— HORRIGMOE
) PMAX‘s 2.22 KN
1 L 1 L I . d A A [ i L l Py
0 5.0 10.0 3.0

CENTRAL DEFLECTION, W, (mm}

Fig. 19. Central deflection of a hinged cylindrical shell.

The difficulties lie in that such schemes must be put on
a firm theoretical foundation and should be generally
applicable and reliable in linear, and geometric and
material nonlinear analysis.
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