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Abatmet-Some basic studies and developments for adaptive procedures in large strain finite element
analysis are presented an evaluation of higher-order elements, two pointwise indiitors for errors in
stresses, a mesh generator for remeshing on the deformed contiffuration of the body, and a general
mapping scheme for transferring solution variables across models. The methods discus4 constitute the
ingredients of a proposed adaptive process that is demonstrated in solutions of two-dimensional stress
analyses of rubber-like materials including contact conditions.

1. INTRODUCTION

For increased reliability and robustness of finite
element solutions, adaptive methods should be
used [l-3]. Much research effort has already been
directed towards the development of adaptive finite
element procedures [4-241. However, almost all such
research has focused on linear analysis, and
formidable problems remain in nonlinear analysis
where, in particular, robust and general adaptive
methods are much needed.
For an adaptive finite element method to be useful
in engineering, the scheme should be quite general,
and the cost of analysis should also be reasonably
low. In order to pursue these requirements, the
h-version, in which the density of the Gnite elements
is increased using the same interpolation order in the
elements, can be used. Alternatively, the p-version
[4-g], which fixes the finite element mesh and increases the interpolation order of the elements, can
also be employed. A hybrid approach of these two,
the &-version, has also been used [9, lo]. The pversion as reported in [4-g] seems to be compu~tionally more efllcient than the h-version, but the comparison was made based on the number of degrees of
freedom needed to achieve a certain level of accuracy.
Since the two versions are inherently very different, a
more valid study would be to base the comparison on
the total solution cost.
A number of adaptive schemes have been proposed
in linear analysis to achieve better accuracy as well as
efficiency [1l-221. These procedures assumed a constant stress-strain law and small displacement and
small strain conditions. Error indicators used in these
adaptive schemes can be class&l as either of the
energy-type or the stress-jump type. Among the
energy-type error indicators, those proposed by
Babushkaand Bheinboldt and Zienkiewicx and Zhu
are well known, and have been successfully used.
However, with these indicators, refinements are fo-

cused on reducing the error of some integrated
quantities (integrated over each element and summed
up over the whole domain); the aczuracy of pointwise
results (such as stresses at each Gauss point) is not
directly pursued. The stress-jump type error indicators, on the other hand, provide some indication of
error in stresses along inter-element boundaries, Errors in the interior of the element, however, are not
measured and are assumed to be proportional to the
amount of stress ~~ntin~ti~
on the element
boundaries (which is only a good assumption for
lower-order elements).
More recently, studies of finite element schemes
for adaptive analysis of metal forming processes
have also been carried out (25-281. These studies
suggested that when the finite elements in a specific
region of the model are unacceptably distorted, the
remedy is to remesh or rezone that region in an
appropriate manner. These techniques considered
both geometric and materially nonlinear aspects, but
in these analyses, accurate stress predictions were not
pursued.
For the analysis of in~mp~ible
media, it is
effective to use a mixed formuIation; notably, the
displacement/pressure (or u/p) formulation [29-311.
With this formulation, lower-order elements (up to
second order) are usually employed although higherorder elemeuts may also show promise.
The objective of this work is to develop an adaptive
procedure for nonlinear finite element analysis with
emphasis on the reliable and efficient prediction of
stresses. The procedure shall be applicable to the
analysis of highly deformable media such as rubberlike materials. To achieve this goai, we first address
the question of which element type to use in the
adaptive process. We then present two error indicators in terms of local stresses and a general Anite
element remodelling procedure. The use of the adap
tive procedure is finally demonstrated in the solution
of some example problems.
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Fig. 1. Floyd pressure vessel problem.

2. CHOICE

OF ELEMENTS

The objectives of the study reported upon in this
section were:
l

l

l

to study the convergence behavior of various finite
elements for the strain energy and local stresses in
a practical engineering analysis;
to identify the advantages of higher-order p-type
elements, if there are any, over conventional ninenode elements; and
to assess how higher-order elements might be used
in an adaptive process.

A linear analysis problem with a stress concentration was analyzed using the nine-node elements in
the ADINA program, the p-type elements defined in
[5,6] and higher-order Lagrangian-type
elements
(also implemented for this study in ADINA). Of
course, since we considered only a simple analysis
problem, our conclusions cannot be all encompassing. In addition, we note that we did not consider the
solution of special two-dimensional (2-D) problems
(such as problems of fracture mechanics), 3-D problems, iterative solution techniques (such as conjugate gradient methods), parallel processing methods,
special integration techniques, and other procedures
that may give advantage to either the h- or the
p-version solution techniques.
Figure 1 shows a schematic description of the
problem considered. Poisson’s ratio, unless otherwise
specified, is set to 0.40. This is a typical engineering
problem with a region of high stress concentration.
Two types of higher-order elements, namely the
p-type and the Lagrangian-type elements, are studied. For the p-type elements, the interpolation order
was varied from 3 to 10 and the performance of the
elements was examined. For the Lagrangian-type
elements, the third- and fourth-order elements (the
ldnode and the 2%node elements, respectively) were

considered. Our objective is to predict accurately the
stresses along the line A-A’ in Fig. 1.
Since we know of no analytical (exact) solution to
the mathematical problem posed, we generate a reference solution by solving several models of the vessel
using the nine-node element as shown in Fig. 2. The
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Fig. 2.

Mesh

models for the conventional (nine-node)
element.
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Fig. 3. Mesh models for higher-order elements.

very fine 536element model gives very smooth stress
predictions throughout the structure and, in particular, along the line of interest A-A’, and is deemed to
have converged to sufficient accuracy. The 160element model is recognized as the most efficient
one [24,29]; it gives reasonably accurate and smooth
stress results. On the other hand, the lOPelement
model is a typical coarse mesh; it gives inaccurate
stresses as well as significant discontinuities of stresses
across the element boundaries.
2.1. Performance of p-type elements
Figure 3 shows the meshes used with p-type elements. Mesh G is used as a limiting case for the
p-type solutions. We do not claim that the selected
meshes are in any sense optimal meshes. Indeed, we
have largely chosen these meshes to test the robustness of the p-type solution. However, since our
objective is to obtain accurate results on the line A-A
we expected Mesh B, and certainly Mesh C, to give
a computationally efficient solution.
Convergence of strain energy. Figure 4 and Table
1 show the convergence of the strain energy. The
relative error in the energy norm is defined as

where 17, UPand U, are, respectively, the exact strain
energy of the mathematical model (assumed to be
equal to V,), the strain energy calculated using the
interpolation order p and the strain energy of the
limiting case (calculated using Mesh G, p = 10).
It is observed that:
the strain energy converges monotonically;
the results of these mesh models are characterized
by a ‘number of layers law’-compare the results of
Meshes A and D (one layer), B and E (two layers),
C and F (three layers), respectively; and
a 6ne mesh converges fast. Proper mesh grading is
very important.
Convergence of stresses. We introduce the following measures for relative error in stresses
CT, -

relative error of stress = +

a:

r,
normalized

(SJL

stress jump = r,‘,

(2)
(3)

where u, is a calculated principal stress and e: and T:
are the corresponding reference values of the limiting
case (Mesh G, p = 10; see Fig. 5). Using these
measures, the 160 nine-node (conventional) element
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results we can identify for each mesh the relative error
in the energy norm reached when the required accuracy of the stresses (the 7.0% relative stress error) has
been obtained. This study, for the case v = 0.40, leads
to the results given in Table 3. It is observed that:
l
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Fig. 4. Convergence

of strain energy-p-type
relative error.

elements,

relative error of 6.6% in the
stresses and the stress jumps along the line A-A.
Figure 5 shows the performance of the p-type
elements based on the above error measures. It is
observed that:

model gives a maximum

l

l

l

l

the stress values generally oscillate in the convergence behavior; the amount of oscillation depends
on the mesh used and the stress component;
a fine enough mesh gives stress values that converge nearly monotonically;
the results are not significantly improved by the
increase in the number of radial element layers
from two to three; see the results of Meshes B and
C, Meshes E and F; and
if the mesh is poorly graded, convergence is slow.

Let us consider a criterion of ‘error allowance’ in
stresses equal to 7.0% (in the relative measure). This
criterion shall mean that if the error of any stress
component is found to exceed this error allowance,
we proceed with increasing the polynomial order p to
improve the results. Then for our analysis of the
stresses along the line A-A’, we may summarize for
each mesh model the lowest polynomial order for
which the error in every stress component is below
this ‘error allowance’. This summary is given in Table
2. With Mesh A, we did not reach the required
accuracy using p = 10.
Correlation between stress and energy convergence. How the stress converges as the energy converges is an important issue. Using the above analysis

as expected, the stresses converge as the energy
converges;
due to the irregularity in the stress convergence and
the mesh dependency, it is difficult to identify a
relative error in the energy norm as a representative
measure to obtain the required accuracy in stress.

Study of cost. To study the cost of solution we use
the expended CPU times as the measure. Of course,
disk accessing is also an important factor of the
solution cost. We may, however, assume that this cost
is roughly proportional to the CPU time used (which
is quite reasonable for our implementation).
Table 4 shows the minimum CPU time needed to
obtain the required accuracy of the stresses (7.0%
relative error at most on the line A-A’). We note that
the CPU times needed to assemble the stiffness
matrices becomes dominant as p increases. This is
mainly due to the increase in the required integration
order (we use full integration; i.e., (p + 1) x (p -t 1)
Gauss-Legendre
integration), and agrees with the
observation in [32]. The table shows that only a fine
mesh with a relatively low interpolation order p is
cost-competitive compared with the 160 nine-node
(conventional) element mesh model. The table also
shows the high dependency of the cost on the grading
used for the mesh (compare results of meshes BX
and B).
2.2. Analysis of nearly incompressible medium using
p-type elements
Here we simply use a Poisson’s ratio of 0.4999 and
examine how the stress distribution along the line
Table 1. Convergence behavior of strain energy, v = 0.40
The p-type element (Mesh B)
P

Ref.

Strain energy (lb in.)

Relative error in
energy norm (%)

0.296510 x IO-*
0.297962
0.298241
0.298324
0.298347
0.298356
0.29835866
0.29835962

7.87
3.65
2.00
1.10
0.66
0.37
0.22
0.12

109
160
536
Ref.

-

0.29836004

The nine-node element
No. of
elements
Strain energy (lb in.)

Relative error in
energy norm (%)

0.297841 x IO-2
0.298232
0.298356
0.29836004

Ref.: the p-type element, Mesh G, p = 10.

4.17
2.07
0.37
-
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Fig. 5. Stress convergence of p-type elements: (a) relative error of principal stress 2 at inner surface.
(b) relative error of maximum stress-jump (SJ) in principal stress 2 along A-A’. [Relative error in stress
was obtained by using eqns (2) and (3)).

A-A’ and the pressure band plot behave. Figures 6
and 7 show some generic results.
Figure 6 shows the convergence of the strain energy
for Mesh B as p increases. The convergence limit is
very close to the strain energy of the 536 9/3 element
mesh model (using the u/p formulation).
Figure 7 shows, for Mesh B, how the stresses on the
line A-A’ converge as p increases. We purposely do
not use any (post-)extraction technique for the calculation of the stresses[33] (because such techniques
would add significant complications in general nonlinear analyses) but directly evaluate the stresses at
the desired locations from the material law and the
strains due to the calculated displacements. These

results should be compared with the results in Fig. 8.
Based on our study, we conclude that increasing
the order of the interpolation polynomials to as far
as 10, was not sufhcient to obtain accurate results in
the analysis of the nearly incompressible medium
considered here. For example, the stresses oscillate
strongly using Mesh B even in the case of p = 10.
Although there is a steady improvement in the stress
distributions as p increases, the discussion in Sec. 2.1
implies that a solution to obtain an accurate response
prediction would be impractical. All these considerations suggest that a more robust formulation, such
as the mixed interpolation method [29-311, should be
used.

Table 2. Lowest bison
order for the
error allowance of 7.0%

Table 3. Relative error in energy norm
corresponding to 7.0% relative error in
stresses evaluated along the line A-A

Mesh
A
BX
BY
B
C
D
E
F

Polynomial order

9
6
6
7*
10
4
4

* Note that the polynomial order 6 was not
sutlkient (max. error in stresses = 7.4%).
CM

47/4/s-v

Mesh
A
BX
BY
:
D
;

Relative error in
energy norm (%)
0.61
1.53
1.10
0.49
1.07
3.44
2.29
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Table 4. Minimum CPU time for the error allowance of 7.0%
Total system data
Polynomial
order

CPU times normalized to
values of Ref.

No. of
DOF

Mean half
bandwidth

9
6
7
7
10
4

1360
640
972
1216
1482
728

2

1380

~
Assembly

Solver

Total

85
49
67
74
78
39

534
80
177
220
679
35

115
19
44
77
113
14

841
142
290
393
946
79

45

31

34

100

(b) Lugrangian-type element (the 25-node element)
BL
4
670
42

36

14

72

31

34

100

Mesh
(a) p--p?

BX
B
BL
C
D
F
Ref.

Ref.

element

-

2

1380

45

Ref.: the 160 nine-node element model.
2.3. Performance of Lagrangian - type elements

The meshes used in the study of Lagrangian
elements are those given in Fig. 3. We analyze the
problem of Fig. 1 using Poisson’s ratio 0.40. Table 5
shows the strain energy calculated in the same
manner as before. Referring also to Table 1, we note
that the results of the Lagrangian-type
element

PoLYNatrAt.

Fig. 6. Convergence of strain energy-the

mesh converge faster than the results of the p-type
element mesh using the same mesh model (B) and
Polynomial order. This better convergence is clearly
due to the fact that the Lagrangian element includes
more internal terms of the Pascal triangle than the
p-type element. The 25-node element has almost
the predictive capability of the p-type element of
order 6.

OmER

p-type element: Mesh B, v = 0.4999
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p = 10

6

Fig. 7. Principal stress 2 along A-A‘-the
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p-type element: p = 6, 8 and 10, Mesh B, v = 0.4999.

Table 4(b) shows the minimum CPU times required to obtain the specified accuracy. The lbnode

element does not give accurate results with the meshes
used. The table indicates that the 25node Lagrangian
element is very efficient when compared with the
p-type elements, and in this solution also slightly
more efficient than the nine-node element, The underlying reason of this advantage is that the same
integration order as for the corresponding p-type
element can be used when constructing the stiffness
matrix (and thus including the internal terms of the
Pascal triangle).
2.4. Summary of observations
A detailed study of the performance of higherorder elements was conducted in the solution of a
typical engineering problem: a linear stress analysis
with a stress concentration. Two types of higherorder elements, the p-type and the Lagrangian-type
elements, were compared with the conventional ninenode (quadratic) element both in accuracy and
efficiency.

Fig. 8. Stress result obtained by the 160 9/3 (u/p) element
model, v =0.4999, principal stress 2 along A-A’.

p-type
elements.
The convergence of each stress
component
generally shows oscillatory behavior
although the strain energy converges monotonically.
Due to this phenomenon which is also highly meshdependent, there is no unified and direct correlation
in the convergence behavior between the strain energy and a stress component. However, this oscillation seems to disappear when using relatively fine
mesh models (when v is not close to 0.5). With a fine
mesh, the stresses tend to converge nearly monoton-
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Table

Mesh

5. Convergence
behavior of strain
Lagrangian elements, v = 0.40
Strain energy (lb in.)

Relative error in
energy norm (%)

The 16-node element
B
0.297815 x 1O-2
F
0.298063
Ref.

eneqy-

4.27
3.16

0.29836404

The 25-node element
B
0.298295 x 1O-2
BX
0.298 106
BY
0.298158
Ref.
0.29836004

1.48
2.92
2.60
-

Ref.: the p-type element, Mesh G, p = 10.
I

ically, and furthermore, the cost-effectiveness of the
analysis when compared to analyses using the conventional nine-node element is acceptable.
The study on the solution cost shows that the order
of the polynomials employed needs to be less than six
for the solution to be efficient.
Increasing the order of the interpolation functions
is, in general, insufficient to obtain an accurate solution of nearly incompressible media, unless a postprocessing technique is used to improve the stresses
by extracting a better pressure prediction. It was
observed that the stresses show a large oscillation for
reasonable meshes even if the polynomial order 10 is
employed. Since our final objective is to perform
efficiently nonlinear analysis, it is most appropriate to
use mixed interpolation for analysis of almost incompressible media [29].
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Fig. 9. Outline of adaptive procedures.
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Fig. 10. An example of a mesh constructed using macroelements.
Lagrangian-type elements. The nine-node element
is efficient although of course much finer meshes than
with higher-order elements need to be used. The
25-node element (the fourth-order element) shows
excellent performance in the problem solved. The
performance is comparable to that of the p-type
element of order 6 but the Lagrangian element is
more cost-effective. Therefore, Lagrangian elements
can be used efficiently in h-refinement processes.
The major reason for the good performance of the
Lagrangian elements is the use of the internal nodes
(and corresponding interpolation functions) which
significantly increase the predictive capability of the
elements, in particular when the elements are geometrically distorted. (See also [34].) Also, the Lagrangian
elements can be directly used with mixed interpolation for incompressible analyses without loss of
predictive capability due to the incompressibility
constraint.
General remarks. Any comparison of the type attempted in this study is most difficult and can hardly
be all encompassing and totally conclusive because of
the many variables involved. However, our conclusion with the methods employed herein is that the
p-version solution is not as robust and efficient as we
expected it to be, and indeed that when measuring the
accuracy of the solution as a function of the total
solution cost (and not the accuracy of the solution as
a function of the number of degrees of freedom), the
use of Lagrangian elements of order 2,3 or 4 is more
effective. Of course, error indicators and self-adaptive
and extension procedures can be designed for either
elements. However, for nonlinear
analysis the
Lagrangian elements with mixed interpolation are
also more attractive because the elements are less
distortion sensitive [34], and the incompressibility
constraint does not reduce the predictive capability of
the elements.
We may also note a publication on the efficiency of
the p-version solution (which came to our attention
towards the end of our study) in which the authors
concluded by an operation count that the p-version

Adaptive finite element analysis of large strain elastic response

831

element E
(in old mcrh)

undafonnad

body

deformed body at tlme = t

at time = 0

Fig. 11. The current geometry displacement mapping.
is frequently less efficient than the h-version finite
element solution [35]. A most important observation
is that any comparison of elements should not be
based only on measuring the solution error as a
function of the number of degrees of freedom, but on
measuring the solution error as a function of the total
solution cost (or a measure thereof). In this work we
assumed that the total solution cost is proportional to
the CPU time used in the solution (an assumption
that is reasonable for the implementation considered
herein).
In general, there is, of course, also the primary cost
of establishing the finite element models. Using the
044

I

p-type elements, relatively large regions are generally
modelled using a single element. Such regions
would be assigned to be macro-elements when using
Lagrangian-type
elements of lower order. Hence,
with efficient pre-processing techniques, the same
kind of input and element descriptions can be employed in the use of either analysis approach.
3. ERROR INDICATORS

In the displacement-based finite element method,
equilibrium requirements are only satisfied in an
integral sense: within the element, pointwise equilibrium is not satisfied and along element boundaries,
B

i

unit: mm

Fig. 12. Confined compression problem.

Fig. 13. Mesh 1 for the confined compression problem.

838
MESH 1

TIME = 1
PERCENTAGE
ERROR

-

0.00

REGION A
Fig. 14.Maximum percentage error in effectivestress and pressure at time-step 1using Mesh 1. Percentage
error scale used in Figs 15-22.

tractions are not equilibrated. Based on these facts,
various error estimates have been proposed. These
include:
integrated by-fore-residue
indicators,
stress smoothing type of indicators, and
o traction jump indicators.
l

l

The first type of error indicator gives an estimated
error in strain energy; the second type can be made

to indicate either error in strain energy or error in
stresses; while the third type indicates error in stresses
(at least for relatively low-order elements). In this
paper, we investigate the practicality of using two
specific error indicators that are closely related to
those mentioned above:
l a pointwise
error in stresses (EIS) indicator, and
o a pointwise body force residual (BFR) indicator.

MESH 2

Fig. 1.5. Maximum percentage error in effective stress and pressure at time-step 1 using Mesh 2.
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ME.% 2

Fig. 16. Percentage error in effective stress at time-step 71 using Mesh 2.

The EIS indicator is a pointwise version of the
stress smoothing type of indicators while the BFR
indicator is a pointwise version of the integrated
body-force residual indicators.
3.1. EIS indicator
The Sus~a~~~e
stress band plot p4] is a display of unaveraged stresses. (The unaveraged stresses
are the stresses computed directly by the finite element method.) Stress jumps across element boundaries can therefore be clearly seen as discontinuities of
the stress bands. In general, only the pressure and the
effective stress (which are related to the first and
second stress invariant) need to be plotted for a

complete evaluation of the accuracy of the finite
element solution,
The EIS indicator is a variation of the stress band
indicator. Instead of indicating stress jumps at element boundaries, the EIS indicator directly gives an
estimated error in stresses by displaying the differences between the unaveraged stress (7;) and a
smoothed stress (~8); i.e.
e,, = I?; - ?$*

(4)

Zienkiewicz and Zhu [14] introduced a dass of
error indicators based on this idea. The smoothed
stress T: can be derived from T”,in a variety of ways;

MESH 3

Fig. 17. Percentage error in effective stress at time-step 71 using Mesh 3.
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MESH 3

Fig. 18. Percentage error in effective stress at time-step 75 using Mesh 3.
for example using global or local least-squares
smoothing [36], local nodal-point averaging [ 141, or
superconvergent patch recovery [ 171.
We derive our smoothed stresses by projecting the
Gauss point stress components bi-linearly to the
nodal points and then taking the nodal-point averages of these projected values. The smoothed nodal
point pressure @t) and the smoothed nodal point
effective stress (8:) may then be calculated from the
smoothed stress components at node k.
The smoothed pressure @*) and the smoothed
effective stress (a*) within an element are then obtained from ~!k+and 6: by interpolation

and

where the interpolation functions hk(r, s) are those
for the displacements, k is now the local node number
and N is the total number of nodes of the element.
The errors in pressure and effective stress are then
computed using eqn (4).
The specific forms of the EIS indicators used in this
paper are

N

p* =

c h,(r, s1fi.t
k=l

(6)

k-l

(5)

lP*--P*l
%

=

x

(P!hx-Pi%,)

MESH 4

Fig. 19. Percentage error in effective stress at time-step 75 using Mesh 4.

I()()%

(7)
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MESH 4

Fig. 20. Percentage error in effective stress at time-step 80 using Mesh 4.
and

e, =

la* - e*l X 100% 9
(t&X - cLJ

(8)

where pk and p*& are, respectively, the maximum
and minimum values of ph, and oh_ and &,, are,
respectively, the maximum and minimum values of
uh, over the domain where the error is to be evaluated
(excluding, for example, regions of singularity where
Ip”I and uh can he infinitely large).
The values of eP and e,, thus indicate the pointwise
estimated percentage error in pressure and effective
stress, respectively.
Once the errors in pressure and effective stress at
a particular point have been estimated, we may want

to reduce the error at this point by a certain factor,
f; e.g., from 20% to 5% would be a factor of four.
Considering points not near singularities, the rate of
convergence of the error in stresses is related to the
element size, h, by
e, = O(P),

(9)

where p is the order of the interpolation function
used. Therefore, to reduce the error by a factor off,
we need to use a new element size
h* = h/jW.

(10)

Once h* is known over the domain of interest, an
optimal mesh can be created with the help of an
efficient mesh generator.

MESH 5

E

Fig. 21. Percentage error in effective stress at time-step 80 using Mesh 5.
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MESH 5

Fig. 22. Percentage error in effective stress at time-step 86 using Mesh 5.

3.2. BFR indicufor
The BFR indicator, at any time step of the analysis,
is given by
ri

=

7;~

+

ff,

body force vector (all quantities being evaluated
corresponding to the current configuration).
If r,, is the exact Cauchy stress, we note that

(11)

where r, is the ith component of the body force
residual (BFR), 7f, are the components of the Cauchy
stress tensor calculated in the finite element solution,
andfl is the ith component of the externally applied

ri = zyj + ff

=0

(12)

and the error in stresses is given by
eii =

7!, -

h
70.

DEFLECTION (MM)
Fig. 23. Force vs deflection curve for the con&d

compression problem.

(13)
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unit: mm

Fig. 24. Rubber seal. Surface wrinkling problem.
Fig. 26. Mesh 2 for the surface wrinkling problem.

Equations

(11)-(13) thus yield
-r,.

egJ=

The BFR error indicator
process is given by

(14)
used in the adaptive

(1%
and its normalized

form is

G=-

fir.

(16)

f& is a reference body force of the following form

S,r=R,
Ll

(17)

step (time = t), G is compared with a pre-specified
tolerance, and if the tolerance is not met, the adaptive
procedures are activated to improve the quality of the
solution. The pre-specified tolerance should depend
on the nature of the problem, the normalizing parameters used in eqn (17), and of course the required
level of accuracy in the stress.
Note that in plane stress analyses, the effect of
varying thickness must be taken into account in the
above expressions when large strains are encountered.
A comparison of this error measure with the EIS
indicator, defined in the preceding section, immediately suggests that the BFR indicator is a more
sensitive measure because it is based on the derivatives of the stresses. We will observe this sensitivity in
the numerical solutions discussed in Sec. 5.

L2 L3

where R is the external force and L,, L,, L, are the
characteristic lengths of the structure. Note that eqns
(15) and (16) are evaluated pointwise. At each load

Fig. 25. Mesh I for the surface wrinkling problem.

Fig. 27. Mesh 3 for the surface wrinkling problem at
deflection of 31 mm.
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Fig. 29. Final shape of rubber seal obtained with Mesh 3.

If the allowable error has been exceeded, the
process of mesh enrichment described for the EIS
indicator can be employed, but recognizing that
convergence of the stress derivatives is O(hP- ‘) for an
element of order p.
4. REMRSHING
B’

Fig. 28. Mesh 3 at deflection of 36mm.

AND MAPPING

In general, an adaptive procedure for nonlinear
should be constructed such that a reliable

analysis

PRESSURE
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4.000

3.000

2.000
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-1.000

-

-2.000

Fig. 30. Pressure distribution in rubber seal in final position obtained with Mesh 3.
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Fig. 31. Secondary wrinkles predicted by Mesh 4 at deflection of 36mm.
stress prediction is obtained throughout the entire
analysis, and the procedure is reasonably efficient.
Figure 9 shows schematically the steps used in the
complete analysis process. In the figure, the ‘time’ (r)
simply represents the load or the deformation step in
static analysis.
The error estimate and the element distortion
check are performed at the end of each load step during the response (stress) calculation. The distortion of
the element is measured at each Gauss point using the
determinant of the Jacobian matrix. Depending on
the results, the program decides whether to invoke
the remodelling process. If the given thresholds are
not reached, the incremental analysis is continued,
whereas the current 6nite element model is considered
no longer adequate if the accuracy criteria are violated, the element distortion is not acceptable, or
additional contact surfaces are required.
4.1. Remeshing
It is important to note that the enrichment process
of the finite element model is performed on the

deformed configuration of the model. Of course, we
could modify the mesh in the original configuration
if the mesh is excessively distorted at a certain load
step. However, this may lead to large wasted efforts
as we cannot predict with certainty whether the
improved undeformed mesh will be effective when
deformed. A direct and effective way of avoiding
excessive element distortions is to mesh the region
totally new in the deformed configuration. (This is
one reason for ruling out the use of a purely p -version
enrichment in large displacement, large strain analysis.)
Suppose that at time t + At, the solution error at
some points in the model has exceeded an acceptable
level. Based on the distribution of errors and the
accuracy level to be achieved in the solution, an
effective element-size distribution is derived using the
rate of convergence rules. A new model is then
constructed for time t so that the required element
sixes are achieved everywhere. For the construction
of the optimal mesh, a fixed-form mesh generator,
which in addition to the usual element generation
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Fig. 32. Force vs deflection curves for the rubber seal.
Y

unit: inch

Rubber ring:

Mooney-Rivlin material model
Cl = 275 psi
Cz = 0 psi
bulk modulus n = 350,000 psi

Elastic wall:
E = 30 x 10’ psi
v = 0.3
Fig. 33. Axisymmetric rubber seal problem.

Adaptive finite element analysis of large strain elastic response

Q

Q

T

T

LI
w-

P

P

T

B

847

8
M&A
(d=O.O4329in.,A=O-o.156in)
R

p

(d=O-O.O482Bin.,A=Oin.)

8

R
M&B
(d=0.O432Bin.,A-O.~-O.l86in.)

Q

-T

Js

R

Y

MtMllC

Id&D
(d.=0.04329ia,A=0.!2S-0.265in.)

(d=0.04329in,A=O.lS5-0.23in)

Fig. 34. Meshes used in robber seal problem.

(a) d = O.O4!J2Bin..A = Oin.

(b) d = 0.04529 in., A = 0.005 in.
Fig. 35. Unequilibrated

BFR plots for original mesh.
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noting a nodal point of the new finite element model
where the unknown displacement ‘ur.,is sought, and
k(=l,.
. . , Lo) denoting the nodal points of element
E containing node n in the old finite element model.
The pressure mapping is considered by simply
replacing ‘II,, and ‘uN by ‘p. and ‘pi which are,
respectively, the collections of element pressure variables in the old and new finite element models.
Inverse
isoparametric
mapping
of displacements. The conventional approach to perform the

displacement mapping is to seek the isoparametric
coordinates (rm,s,) of node n in element E. Let hk(r, s)
be the interpolation function corresponding to node
k, then

(a) d = O.O4329in., A = 0 in.

(19)

(b) d = 0.04329 in., A = 0.006 in.
Fig. 36. Pressure

band plots for original mesh, band
width = 0.02 psi.

techniques
also uses a library of preconstructed
macro-elements to satisfy the size distribution requirement, is employed. An example of a mesh
constructed in this manner is shown in Fig. 10. In the
figure, A-B-C-D and E-F-G are two examples of
macro-elements.

4.2. Mapping
Once a new mesh has been created, the state
variables need to be mapped from the old finite
element model to the new model. The state variables
consist of the nodal displacements, the coefficients of
the element total pressure (for the u/p formulation),
and the variables of the contact algorithm.
Let ‘xo, ‘no be the current coordinates and the
displacement field given by the old finite element
model at time = t, and ‘x, , ‘uN be the current coordinates and the displacement field given by the new
finite element model at time = t. We use subscripts 0
and N to imply the old and the new finite element
models, respectively. Note that both finite element
models occupy the same domain ‘V at time = 1. We
can pose the displacement mapping problem as
‘uo(‘V)-&l~(IV).

(18)

Namely, given ‘no and ‘x0, and ‘xN , tind ‘II,. Figure
11 illustrates the displacement mapping, with n de-

Several numerical methods have been proposed to
obtain the solution of (19) [37,38], however, none
of these methods is effective enough to deal with
elements up to order 4. We therefore use a direct
Newton-Raphson
iteration scheme to solve (19).
which can be employed for elements of any order. It
is also very accurate and converges at a quadratic
rate. (Note that accuracy of displacement mapping is
important when using the total Lagrangian formulation since the initial geometry has to be correctly
recovered from the deformed geometry using the
mapped displacements.)
Once r,, and s, are found, the displacement at node
n, ‘u$ is obtained from

(20)
Mapping of pressure variables. In the u/p formulation, the pressure ‘PO for the old finite element
model is interpolated elementwise and separately
from the displacement field [29]. Namely

Fo=

?
m-l

g,(r.

sYPG,

(21)

where the ‘pg are pressure coe@cients (element internal vari&Ies), the g,(r, s) are pressure interpolation functiona&
MO is the number of terms used
in the pressure interpolation; all quantities pertaining
to the old finite element model. Since the pressure
variables ‘p; do not pertain to the nodal points, we
proceed in a different way to map these variables.
Let ‘&(r, s) be the expression for the total pressure
within an element in the new finite element model

‘P&r, s) = mz, g,(r, s)%L

(22)

where the variables are defined similarly as for eqn
(21).

Adaptive iinite element am&is

At integration point k within the element, eqn (22)
gives
MN

of large strain elastic response

This results in MNsimuhaneous equations in terms of
lpi!j(m = 1,. . . , MN), and can be written in matrix
form as
DP=G

where (Q, st ) are the isoparametric coordinates of
that integration point.
Let FL, be the total pressure obtained by the inverse
isoparametric mapping technique at integration point
k (i.e., evaluated from the old finite element model
solution) and NN be the total number of integration
points in the element. The number of pressure coefficients is less than the total number of integration
points in each element. Hence, the least squares
method is used to solve for the unknown pressure
coefficients in each element of the new finite element
model. The least squares method consists of minimizing the error
R-4
g = c (‘& et 9St) - ‘$J”
(23)
t-1
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(25)

with

Ptlt=‘Pi

(26)

D,=~~,g,(~~,~t)~“(rr,~t)

(27)

G, = k?, g&t 3stYi%
P

(281

m= 1,..., M,andn=l,...,
MN.
We note that the coefficient matrix D is symmetric
with constant entries since the locations of the integration points in the rs plane are fixed and predetermined if throughout the new mesh the same order of
element and numerical integration are used.

with respect to each pressure coefficient. Namely

5. NUMBXICAL.
ExAMPLgS
In this section, we solve three typical nonlinear
problems with large displacement, large strain and

G

g

2 0.1

2 1.0

(al d = 0.0432S in., A = 0.006 in.

(b) d = O.O4829in., A -0.136 in.
Fig. 37. Unequilibratcd

BFR plots for Mesh

A.
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5.3, we solve another highly nonlinear problem adag
tively, using the 25-node u/p Lagrangian element and
the BFR indicator.
5.1. Confined compression of a rubber cylinder

W d

I

0.04S22
in., A

I

0.005in., band width = 0.02 pai.

(b) d I 0.04889 in., A = 0.136 in., band width - 4.0 pai .
Fig. 38. Pressure band plots for Mesh A.

contact conditions to demonstrate the capabilities of
the proposed adaptive procedure.
In Sec. 5.1, the 9/3 u/p Lagrangian elements are
used to solve a confined axial compression problem.
The EIS indicator, proposed in Sec. 3.1, is employed
for assessing the accuracy of the solution at every
time btep. When this error indicator exceeds an
acceptable level, the macro mesh generator, briefly
described in Sec. 4.1, is used to create a more suitable
mesh. The mapping schemes, proposed in Sec. 4.2,
are then employed to transfer the state variables from
the old mesh to the new mesh, and the analysis is
continued from the current time step until the error
again becomes unacceptably large.
In Sec. 5.2, the same procedure is used to solve the
problem of a rubber seal that wrinkles. Then, in Sec.
qg

2

0.1

Fig. 39. Unequilibratcd

The problem is shown in Fig. 12. A rubber cylinder
is to be compressed by a rigid piston until the rubber
material completely fills the enclosed space (if this is
possible). During the compression, trapped air can
escape, so that the loading on the rubber cylinder is
due only to the downward motion of the piston which
also causes the rubber cylinder to contact the base
and inner wall of the sleeve. Friction between the
piston and the rubber cylinder is negligible. However,
frictional effects between the rubber cylinder and the
other surfaces are significant and the Coulomb contact frictional coefficient for these interfaces is
taken to be 0.7. The rubber material is modelled
as a Mooney-Rivlin
material with material constants: C, = 0.293 MPa, C, = 0.177 MPa, and K =
1410 MPa.
Our objective is to solve this problem accurately
for the pressure and effective stress distributions in
the rubber material from the beginning to the end of
the compression and to determine how the rubber
material would finally fill the enclosed space.
The problem is axisymmetric. We use the 9/3 u/p
elements in this analysis and begin with a very simple
graded mesh as shown in Fig. 13. The loading is
applied by prescribing the displacement along line
B-B’. The following displacement steps are used:
0 0.00-3.00 mm in increments of 0.1 mm (30 timesteps),
0 3.00-3.5Omm in increments of 0.01 mm (50 timesteps), and
0 3.50 mm to completion in increments of 0.005 mm
(10 time-steps).
During the analysis, a singularity develops at corner A (Fig. 12) of the rubber cylinder; this singularity
is due to the mathematical model considered. We
therefore isolate a small region, called region A,
within a radius of 0.4mm (l/50 the radius of the
rubber cylinder) from comer A, and choose to ignore
the accuracy of the linite element solution within this
region.

G

z 1.0

BFR plots for Meah B, d = 0.04329 in., A = 0.135 in.
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Fig. 40. Pressure band plot for Mesh B, d = 0.04329in.,
A = 0.135 in., band width = 4.0 psi.

At every time-step, we compute the pointwise
errors in pressure and effective stress as percentages
of their respective ranges over the part of the model
on the exterior of region A [according to eqns (7) and
@)I. We then select the maximum of these two errors
as the indicator for the accuracy of our solution at
each Gauss point. We set 10% as the upper limit,
beyond which we shall consider the analysis results as
unacceptable and seek for an improved model that
will reduce the error to 5%.
Our initial model (Mesh 1 shown in Fig. 13) did
not pass the above criterion even at time-step 1. As
shown in Fig. 14, just outside of region A, the
maximum error has exceeded 10%. Based on the
distribution of this error, a refined mesh is created.
This refined model (Mesh 2) is shown in Fig. 15 where
the maximum error is also plotted but is barely
noticeable. The magnitude of this error just outside
of region A is 2%. We therefore accept the results
obtained using Mesh 2 as good and continue the
analysis using Mesh 2.
From time-steps 1 to 65, both the error in effective
stress and error in pressure outside region A did not
exceed 5%. From time-steps 65 to 70, due to the
increase in the frictional contact forces, the error in
effective stress at point C (Fig. 16) begins to grow
from 5% to just below 10%. The error in pressure is
always less than 7% throughout the analysis and is
therefore omitted from the following discussion. At
time-step 71, the error in effective stress has just
exceeded 10% as shown in Fig. 16. A new mesh,
Mesh 3, is therefore created at time-step 70; the state
variables are transferred from Mesh 2 to 3 and the
analysis is restarted from time-step 70 using Mesh 3.
With Mesh 3, the maximum error in effective stress
at time-step 71 has been reduced to 6% (at point D,
see Fig. 17). This error (near point D) then gradually
increases as the analysis progresses until it again
exceeds 10% at time-step 75 as shown in Fig. 18.
Mesh 4 is then used to allow the analysis to proceed
from time-step 74, through time-step 75 (Fig. 19) to
time-step 80 (Fig. 20), when again the error exceeds
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10% at point E. We therefore remesh at time-step 79
to reduce the error at point E. In anticipation of the
movement of the rubber material into the bottom
outer comer, we also refine the mesh close to that
comer. This mesh (Mesh S), shown in Fig. 21, is then
used for the analysis from time-step 79 onward. The
final load step is reached at time-step 86. The final
deformed shape of the rubber cylinder is shown in
Fig. 22 together with the error in effective stress
which has remained below lo%, except for a small
region F in the figure. The force vs d&e&on curve
obtained adaptively (using Meshes 2-S) is shown in
Fig. 23. As expected, the rubber cylinder becomes
extremely stiE towards the end of the confined compression.
5.2. Surface wrinkling of rubber seal
Surface wrinkling of elastomeric materiaIs under
compressive loadings is often observed physically but
cannot be easily analyzed using the finite element
method [39-41]. The finite elements at the wrinkling
sites may distort excessively, overlap other elements
and render the resulting stiifuess matrix non-positive
definite. In this section, we consider the use of our
adaptive scheme to solve the problem of a rubber seal
that wrinkles. Figure 24 shows the rubber seal in its

(b) d = 0.04939 in., A - 0.185 in.
Pig. 41. Elament distortion of comer elements (around
comer P). Mash B.
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Fig. 42. Detail of Mesh C around corner P.

initial configuration,
mounted between an outer
stationary cylinder and an inner moving cylinder. The
objective is to obtain accurate force and stress predictions as the inner cylinder moves downward by
43 mm in 43 equal steps. The rubber material is
modelled as a Mooney-Rivlin material, with the same
material constants as those of Sec. 5.1.
With a coarse mesh, Mesh 1 (as shown in Fig. 25),
we succeed in pulling the inner cylinder downward
from start to finish without any difficulty because no
wrinkle occurs. The stresses predicted by this model,
however, are not accurate. Errors in pressure and
effective stress, as given by the EIS indicators, are
both greater than 10% right from the beginning.
For better stress predictions, we proceed to solve
this problem adaptively. Mesh 2 (shown in Fig. 26)
is an adaptively refined model that predicts the
pressure and effective stress to within an accuracy of
5% everywhere, except near the four sharp comers
(A-D in Fig. 26) where there are high stress concentrations. With Mesh 2, accurate stresses are obtained
until a deflection of 32 mm. Beyond this deflection,
the error in effective stress exceeds 5% next to point
A and continues to spread out and increase. At a
deflection of 35 mm, the error is above 10% at point
G and, also, the tangential principal stress at point G
becomes highly compressive, indicating that a wrinkle
may soon initiate near this location.

G

2

0.1

We therefore remesh the region A-B-E-F
at a
deflection of 3 1 mm, and remodel the contact surfaces
by introducing a target surface to the right of point
G in anticipation of the contact by the contactor
surface to the left of point G. This mesh, Mesh 3, is
shown in Fig. 27.
At a deflection of 36 mm, the rubber seal starts to
wrinkle about point G as shown in Fig. 28. With
Mesh 3, we succeed in pulling the rubber seal to the
final deflection of 43 mm. The final shape of the
rubber seal is shown in Fig. 29 and the pressure
distribution in the seal in this position near the
wrinkle is shown in Fig. 30.
Using Mesh 3, the errors in effective stress and
pressure were slightly above 10% after wrinkling
occurred. Therefore, we also attempted to use a
finer mesh starting from a deflection of 35 mm.
However, the refined model (Mesh 4, as shown in Fig.
31) predicted several secondary wrinkles at a deflection of 36mm and the errors in the effective stress
actually increased to 50%. Since the contact in such
secondary wrinkles would be very difficult to model,
we did not proceed further with the analysis using
Mesh 4.
The force vs deflection curve obtained adaptively
(using Meshes 2 and 3) is shown in Fig. 32. The curve
obtained with the coarse mesh (Mesh 1) compares
very well with that obtained with the adaptive
meshes, although of course the coarse mesh could not
predict the wrinkle nor the pressure distribution
around the wrinkle.
This analysis indicates that accurate stress prediction in large strain situations can be very difficult. A
coarse mesh may give a reasonable load-degection
prediction but may totally miss certain physical
phenomena (such as wrinkling).
5.3. Axisymmetric rubber seal problem
Figure 33 shows the problem considered. The
deformation of the rubber ring (shaded area in the
figure) is caused by the prescribed displacements on
the rigid contact surface A-A’ and B-B’ and the
deformation-dependent
external pressure p through

“;I;;

L

1.0

Fig. 43. Unequilibrated BFR plots for Mesh D, d = 0.04329 in., A = 0.255 in.
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Fig. 44. Pressure band plots for Mesh D, d = O.&l329in,
A =0.255, band width = 48psi. View around comers
P and T.
the opening shown in the figure. The sequence of
loading is as follows:
contact surface A-A’ moves into the x-direction by
0.04329 inches in five load steps. This movement is
denoted as d;
contact surface E&B’ moves into the negative y -direction by 0.255 inches in 51 load steps. This
movement is denoted as A; and
a deformation-dependent
external pressure p is
applied to the rubber ring through the opening.
Figure 34 shows the finite element models used in
this solution. In the analysis, the decisions on discarding a finite element model and remeshing were made
heuristically by interpreting the solution in each
solution step. Note that the five corners of the rubber
ring, denoted by P-T in Fig. 34, encountered very
high stress concentrations (singularities) during the
analysis. Therefore, we graded the mesh around these
corners and excluded the corner elements from the
BFR checks during the analysis.
For the normalization process of the pointwise
BFR [eqn (16)], the reaction forces exerted on the
contact surfaces and the volume of the rubber ring
were used as R and L, L, Ls, respectively, in eqn (17).
In Fig. 35 the equilibrium error is shown for the
original mesh. Two levels of threshold, 0.1 and 1.0,
are used. At d = 0.04329 inches and A = 0.005 inches,
a large unequilibrated area is observed in Fig. 35(b).
This area directly corresponds to the area of significant discontinuities
in the pressure bands, see
Fig. 36(b). Therefore, the original mesh should no
longer be used, and be replaced by a new mesh
(Mesh A) starting from A = 0.005 inches.
Figures 37 and 38 show respectively the equilibrium error over the domain and the pressure band
plots obtained with Mesh A. Comparisons of Fig.
37(a) with Fig. 35(b), and Fig. 38(a) with Fig. 36(b)
show significant improvements both in the BFR and
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the stress discontinuities. The unequilibrated area
around comer P was not completely eliminated because of the very high stress concentration in this
region. With further loading, the equilibrium error
increased around comer T due to the contact between
the rubber ring and the elastic wall. We observe that
at A = 0.135 inches, the equilibrium error has increased to an unacceptable level.
To improve the solution, we discarded Mesh A
and constructed Mesh B at d = 0.04329 inches and
A = 0.135 inches. The effect is shown in Fig. 39; a
smaller area of equilibrium error is obtained. Figure
40 shows the pressure band plots obtained by
Mesh B. We could have arranged more elements
along the contact surfaces to further improve the
solution.
With Mesh B we encountered the difficulty of
excessive element distortion at A = 0.190 inches; the
determinant of the deformation gradient became
negative at a Gaussian point in the comer element of
point P. In Fig. 41(b), the element shape around
comer P and the nodal points are shown for
A = 0.185 in, the deformation step at which the
last solution was obtained. By comparing Fig. 41(b)
with Fig. 41(a) it is seen that the element distortion
becomes unacceptable when two sides of the comer

Q p-O,d-0.O4329in.,A-O.%l5in.

(b) p=1OOpd,d*O.O4S5iBin.,A=0.!U%in.
Fig. 45. Deformations around comer P, Mesh D.
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elements are pressed against the convex contact surface B-B’ around point P. As a consequence, the
one-to-one relationship between the isoparametric
and global coordinates is no longer satisfied. Note
also that in Fig. 41(b) the nodal points are not located
in equidistant positions in the comer element.
To overcome this difficulty, we continued the
analysis with Mesh C, a close-up view of which is
shown in Fig. 42. The remeshing and mapping were
performed on the geometry of Mesh B at A = 0.135
in because this solution step gave the last obtained
reasonable element shapes. Triangular-shaped
elements were used in Mesh C around comer P to
avoid unacceptable element distortions; even when
the part of the boundary P-T was pressed against the
contact surface B-B’ beyond comer P, none of the
element comer angles exceeded 180 degrees.
As deformation proceeded, Mesh D was employed
to improve the prediction of stresses. The equilibrium
error obtained with this mesh at A = 0.255 in is
shown in Fig. 43, and a pressure band plot is shown
in Fig. 44. These figures indicate that accurate results
have been obtained.
When the deformation-dependent
pressure (p) was
applied to the rubber ring through the opening, we
encountered some difficulties as the pressure increased. In Fig. 45, the deformations around comer
P predicted at p = 0 and 100 psi are shown. The figure
seems to indicate an instability phenomenon. The
incompressible medium constrained by the rigid
(contact) surfaces when subjected to an externally
applied pressure took on ‘wavy surface displacements’ which developed inwards as the external pressure p increased.
6.

CONCLUSIONS

We have presented the basic ingredients of an
adaptive procedure for large strain tinite element
analysis involving contact. The key ingredients consist of:
l

l
l

l

Lagrangian-type u/p elements (second-, third-, and
fourth-order elements);
two pointwise indicators for errors in stresses;
a mesh generator for remeshing on the deformed
configuration of the body; and
a general mapping scheme for transferring state
variables across models.

Our study shows that the Lagrangian-type element
is more cost effective than the p-type element. A
purely p-version refinement also suffers the drawback
of using distorted and non-optimal meshes when
strains become large. The h-version refinement
(which may be coupled with a uniform p-enrichment)
using a completely new mesh generated in the deformed configuration is therefore more effective.
We presented and used two pointwise indicators
for errors in stresses. The EIS indicator directly
estimates the error in stresses while the BFR indicator

measures how much the local equilibrium condition
has been violated. Our experience shows that the
BFR indicator is too sensitive, and it is also rather
diicult to establish a tolerance level for this indicator
if our objective is expressed in terms of accuracy in
stresses.
The adaptive procedures were demonstrated and
assessed by solving accurately three difficult analysis
problems.
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