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Akrtraet-Finite
element formations
for gnid-structure interaction, assuming an inviscid &id, can be
class&xi into two major categories: displacement-based formulations and potential-based formulations.
Although displacement-based formulations have been used widely, the methods suffer from the presence
of spurious circulation modes and locking behavior. Potential-based formulations are inherently irrotational and do not have the difficulties of the displacement-based formulations. Nevertheless most of the
applications of these methods are still limited to cases with relatively small motions. We introduce in this
paper an arbitrary Lagrangisn-Eulerian formulation using the velocity potential and the density as fluid
variables. The fo~ulation can be applied to problems in which the fluid undergoes very large boundary
motions and can be used equally well for both compressible and incompressible fluids.

I. WTRODUCTION

The inter~tion
between fluids and structures can, in
many practical engineering
problems,
significantly
affect the response. of the structure
and hence
needs to be properly
taken into account in the
analysis.
An inviscid-compressible
fluid model
(acoustic fluid model) often sugices for the application and is typically used in the analysis and design
of nuclear reactor components, liquid-tilled tanks,
ships, and marine structures. As a result, a number
of finite element formulations have been proposed
to model the acoustic fluid for the analysis of
fluid-structure
interaction problems. These formulations may be classified into two major categories,
namely, the displa~ment-bag
formulations and
the potential-based formulations.
In the first category, the displacement-based formulations, the fluid motion is described by finite
element nodal displacements. The fluid and the structure are coupled by equating the normal displacement
component along the boundary common to the fluid
and the structure. The equilibrium on the interface is
then automatically enforced through the element
assemblage process. This type of formulation is similar in structure to the displacement formulation generally used to mode1 solids and, in its original form,
can be thought of as the displa~ment fo~ulation
for an elastic solid with a negligible shear modulus
[l]. Although the method has been used with success in a great deal of applications it was noted by
many researchers that the pure displacement formulation for an inviscid fluid exhibits spurious circulation modes. Various approaches were introduced
to obtain improved formulations [2-4], however, the
formulations still fall short of being efficient and
reliable.
In the second category, the fluid motion is rep
resented by some form of scalar potential function.

The use of potential functions instead of displacements makes the formuiations
in this category
inherently free from spurious circulation modes.
Both the compatibility
condition and the equilibrium condition on the interface must be explicitly
enforced. The formulations belonging to this category are the pressure formulation, the displacement potential formulation, the velocity potential
fo~~tion,
the velocity potential and density formulation, and the displacement potential and pressure formulation. The majority of the work in this
category of formulations is only applicable to linear
problems.
The pressure formulation [S] and the displacement potential formation
are both nons~met~c
formations
and thus undesirable from a computational point of view. The displacement potential-pressure formulation, introduced by Morand
and Ohayon [6,7J, employs both the displacement
potential and the pressure as fluid unknown variables. Although the formulation leads to symmetric
matrices, twice the number of degrees of freedom
compared with the pure pressure formulation are
required.
The use of the velocity potential formulation
for fluid-structure problems was first suggested by
Everstine[g]. Olson and Bathe191 extended the formulation by inclu~ng a uniform hydros~ti~ pressure in the formulation in order to eliminate the rigid
body mode and enable the solution of static problems. The formulation yields a symmetric banded
system of equations with only one variable per nodal
point and therefore represents a very appealing
approach. The coupling between the fluid and the
solid is provided through the coupling matrix
involving time derivatives of the fluid velocity
potential and the solid displacements. As a result,
some special considerations are required in solving
the corresponding quadratic eigenproblem.
871

C. NI~IKITPAIFXI~N
and K. J. BA%

812

More recently, a Eulerian form of the nonlinear
velocity potential-density
formulation was introduced by Kock and Olson [lo]. Although the method
is useful in a variety of problems, its application is
still limited to cases with relatively small boundary
displacements. One simple approach to address this
limitation is to use a mesh reconstruction scheme
separately to allow larger boundary movements.
Alternatively, and more rigorously, we can employ
an arbitrary Lagrangian-Eulerian
(ALE) description, which accurately takes into account the nonEulerian nature of the finite element mesh with the
moving boundary and in which both the Lagrangian
and the Eulerian formulations are embedded. Mesh
updating is an integral part of the formulation when
using the ALE description.
We present in this paper a fully nonlinear velocity potential-density
formulation based on the
ALE approach for fluid-structure interaction. In the
following sections, first the linear form of the velocity
potential-density
formulation is given. Then we discuss and summarize the theory of the arbitrary
Lagrangian-Eulerian
description. Next the ALE
form of the proposed formulation is presented in
detail. Finally, numerical examples are provided to
demonstrate the capability of the formulation.

part of the fluid boundary, a*
is the part of the
boundary corresponding to a free surface or a
fluid-structure interface, rim is the positive inward
normal velocity of the boundary a#,
and p is the
pressure prescribed on a*.
We note that qns (1)
and (2) are the linear form of the Bernoulli equation
and the continuity equation, respectively, and qn (3)
is the global mass conservation equation.
The weak forms corresponding to qns (l)-(6)
are[ll]
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formulation

Considering an irrotational and isentropic inviscid
fluid in small displacements without gravity effects as
in [9], the governing equations can be written as
4
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where 4 is the velocity potential, p. is the initial
density, p, is the change in the density, 1 is the
unsteady Bernoulli constant, co is the initial sound
wave soeed.
$P_,is the fluid domain. ati is the fixed
.
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and the vectors p, @, and U8 contain the nodal
variables. The scalar value of 1 pertains to the
complete fluid domain. In this formulation
the
Bernoulli equation and the continuity equation are
separately enforced. As a result the corresponding
matrix equations do not involve the second-order
time derivative or the ‘mass’ matrix but extra degrees

A veiocity potential formation for ~~~t~

of freedom are required for p. Associated with the
kinetic energy and the internal energy of the fluid are
submatrices KM and I(,,, respectively. The matrix C
and the remaining parts of K join the two parts of the
fluid’s energy and couple the flexible (stN~ture) interface to the fluid. We can represent an in~mp~ssibIe
fluid by using only the velocity potential and the
normal boundary displacement as variables and we
can analyze static problems by discarding all terms
involving the velocity potential from the above
equations.
Letting 6p be equal to & and substituting for
R = P,,/p,, we can eliminate p, from the above set of
equations to obtain the same set of governing
equations as employed by Olson and Bathe [9] for the
velocity potential formulation. After discretixation,
the equivalence of the two formulations, the velocity
potential (U-#-P@) fo~ulation and the velocity
potentialdensity (V-#-p-n) formulation, will still
hold provided that we choose the space for p and Sp
to be the same as that for 4 and 64, that is, provided
we choose the same shape functions for p and 4. Of
course, in analyzing linear problems, the U-#-p-J
formation is, with twice the number of degrees of
freedom per fluid node, not as efficient as the U-#--P,,
formulation and therefore is of limited practical use.
The benefits of introducing the density arise when
considering nonlinear behavior.
Before we proceed to give the details of the
new ALE velocity ~tential~ensity
fo~ulation
we first summarize the theoretical concept of the
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description in the

2.1. Preliminaries
In analyzing continuum mechanics problems, two
types of descriptions are used, namely, the Lagrangian description and the Eulerian description. In the
Lagrangian description, commonly used in solid
mechanics, we refer to a quantity of interest by
associating its value with a material particle identified via the particle’s location in the initial configuration. On the other hand, in the Eulerian description
we associate the quantity of interest with a point in
the domain without regard to any specific material
particle. This description is widely used in fluid
mechanics.
In finite element analysis we describe any state
variable through the mesh, A Lagrangian finite
element mesh therefore represents the &formation
of the material body, i.e., the motion of the mesh
coincides with the particle motion. In contrast, a
Eulerian ikite element mesh is fixed in space. The
arbitrary Lagrangian-Eulerian (ALE) formulation is
a more general formulation that embeds the two
descriptions mentioned above. in this formulation,
the mesh is allowed to move but the motion of a mesh
point does not necessarily coincide with the motion
of a particle.

x = xi ei

Y = Yi ‘1
z = ziei

Solid urrows represent material motion
Dashed arrows represent mesh motion
Fig. 1. Motions in arbitraryLagrangian-Eulerianformulation.
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Since their early applications in hydrodynamics
codes [ 121, arbitrary Lagrangian-Eulerian
formulations have been used in various problem areas. Let
us summarize the key equations below.
Let W, denote the initial configuration of the
particles considered and 5 denote the current
configuration. The coordinates of a material particle
in these configurations are x and y, respectively;
hence we have x E @, and y E 5$, and

a given mesh point)-the
derivative-is defined by

mesh-referential

a-

time

(20)

f*=-f(z~tLLEd.
at

The spatial time derivative and the material time
derivative are related by

_-a7b 0 + a_%
-- t) ay,

f_

y = Hz, 1).

(13)

Let z denote the coordinates of the points defined
by the fmite element mesh. Although not necessary,
we assume that at time 0, the original body configuration df, is identical with the original mesh
configuration. Then we have with z E W,
y = Y(z, t).

(14)

Figure 1 illustrates these concepts schematically,
where we also assume that throughout the motion
the boundary of the mesh is identical to the
boundary of the body.
Consider a physical quantity f (e.g., density, particle velocity). To ezIxess this quantity in the Eulerian
description we write

aty-nxa
a%I) @(Y,0 ay
=at+-*-ay at
at

8.h

(21)

y-nx.I)

or dropping (-) and (“) and denoting
velocity ag/at by v, we have
f=f’+gradf

the particle

*v.

(22)

The convective term gradf. v arises from the fact
that a fixed point in space y does not always represent
the same material particle.
Using the mesh-referential time derivative and the
spatial time derivative we obtain
f * _ aT(Y, 1) I a?cY, 0. aY

f =T(y, t)
while in the Lagrangian
f =7B(x,

(15)

(16)

We then introduce the arbitrary LagrangianEulerian description or the mesh-referential description, in which we associate the value off with z via
the mesh motion 9, i.e.
f =f(9@, t), t) =/&

t).

(17)

In other words, we attach the variable f to mesh
points.
In the Eulerian description, the time rate of change
is the rate observed at a fixed point in space--the
spatial time derivativedefined
by

f’ = $(Y,

t)l,sxed

aY

=f’+gradf

description we write
t), t) =.7(x, t).

at

(18)

whereas the time rate of change off with respect
to a flzed material particle-the
material time
derivative-is defined by
r)lxfued

(23)

where v” = Q/at is the velocity of a mesh point. This
equation is of key importance in the subsequent
derivations.
From the above relation we see that if the mesh
motion coincides with the material particle motion,
i.e., v’”= v, the mesh-referential time derivative is
identical to the material time derivative. On the other
hand, if the mesh is fized in space, i.e., vm= 0, then
the mesh-referential time derivative and the spatial
time derivative are identical.
In the ALE fmite element formulation, the mesh
motion 9 is specified by some updating rule and is
generally distinct from either zero or the particle
motion. The time rate of change to be used is
accordingly the mesh referential time derivative.
2.2. ALE governing equations and weak forms
We summarize below the Eulerian form of the
equations governing an irrotational and isentropic
flow of an inviscid fluid subject to conservative body
forces
inky

(19)
p’+div@

and finally
respect to

y-9w

*v’“,

h+4’+f(grad&)*-G=1
f= -$x,

at

the time rate of change of f with
a given reference point zo gZ (or

grad4)=0

P =P(P)

in gy

in Sy

(24)
(25)
(26)
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pdV,=M
*Y

2=0

(27)

onagl”

an

‘38)

Y

(2%

R

=

on

-p’

aq-f,

(30)

t$ =

velocity potential
p = mass density
A = unsteady Bemoulli’s (spatial) constant,
#I = n(r)
u, = normal boundary displacement
p = pressure
G = body force potential = -gy,

i.e.,

dp
p

h = specific enthalpy =

for tluid-strwturc interaction
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kinematic boundary condition at a free surface or
a fluid-structure interface. The variable IT can be
shown, at equilibrium conditions, to be equal to the
negative of the pressure, thus eqn (30) is the dynamic
boundary condition which specifies the pressure on
a moving material surface. We retain the form of
eqn (30), instead of using p(p) =p, since this form
follows directly from the stationarity of lI.
The time derivatives that appear in the above
equations are Eulerian time derivatives. To permit
moving the finite element mesh, we transform these
rates into rn~h-refe~ntial
time derivatives using eqn
(23). Also, our assumption is that the boundaries of
the fluid domain and the mesh coincide, so that the
normal velocity of the mesh is equal to the normal
velocity of the boundary or ic, = ti;. To underscore
this fact we shall later write ti:: instead of ir,.
In the following fo~ulation the state equation (26)
is enforced by direct substitution, i.e., it is treated as
a constitutive equation. With the above substitutions
the weak forms of eqns (24) and (25) and (27)-(30)
to be satisfied at any time t in the configuration @&
are

1
M= total mass of the fluid body
n=pe +p4’+$(gradtj)2-pG
-pl
e = specific internal energy = -

+ gy, - II] dVy = 0

pd j
s
0

p = prescribed pressure
8% = fixed part of the boundary of So,
asef= part
of the boundary of &I$which is a moving
material surface
n = positive inward surface normal vector corresponding to ai3ry.

P#t-p*+v”.gradp)+p

xdV,+

61
The

above set of equations
taking the variation of [lo]

TU

#, I, %) =

can be obtained

, 5,

ndl/,+AM

iii

1
dt

by

(31)

given eqn (26) as a side constraint. Equation (24) is
the unsteady Bernoulli equation, which is a scalar
form of the momentum equations. Equation (25) is
the continuity equation. Equation (26) is the state
equation. Equation (27f is the global mass conservation equation, which is required in order to solve for
1. Equation (28) specifies zero flow across d#f;
Nonzero flow can be included by letting p 84 /an = m
on a$ and
M=M*+

s

adA,,

aaf

where i
is the

is the prescribed mass flow rate and MO
initial total mass. Equation (29) is the

f aq

I

h

grad#

*grad&J

&jpii,” dA, = 0
s a5iy

pdV,,=GrZM

Su:x dAy = -

s aq

(32)

6u;ji dA,.

(33)

(34

(35)

An updating rule for the interior values of u” and
the tangential component of the boundary motion are
required, either in a form of constraint equations or
an updating algorithm relating a”’ to u;.
2.3. Li~~a~iza~~o~
and finite element di~c~eiizati~~
The weak forms derived in the preceding section
can be written symbolically as
SW(@)= 6R,

(36)

where 8 = (p, #, R, urn,p *, Cp*, v”‘), 6 W is the sum of
the left-hand sides of the weak forms-the
‘internal
virtual work’, and 6R is the sum of the right-hand
sides of the weak forms-the ‘external virtual work’.

Applying finite element interpolations
discretixed equilibrium equations

on 6 yields the

F(6) = R,

(37)

where 8 is a vector containing nodal values of 8 and
F depends nonlinearly on 8.
Assume that the solution up to time t is known and
we want to Ford the solution for time t + At. We can
write the Taylor series expansion of eqn (37) in the
caption
at time t as

From eqn (33) we obtain

S W$At =

{Sd,{-Ap*+Av”*gradp
s =%

+ I”’ * [ - grad’(Au”‘)grad p
+

graW~I1~+ P BradW

. [-gradW’“k=d
+Ap

r+ArR = F(‘+“‘@)&:F(‘@)

+;

*A9
@

(38)

and the tangent stiffness and coupling matrices can be
determined from i?F/%9.
Since

4 + grad(d+H

grad4 -grad&

+p grad4

* [ - gradr(An’“)grad S#]
+div(A~[S~(-p*fv”.gradp)
+p grad4, *gradS#lIdk’,

(3%
and the variables in 8 are attached to mesh points
(nodal points) it follows that

2.

ae

AL\8 = F*&,

+ S$

~v(A~)~~

- S4p grad(Ad”)v”l- II dA, .

(45)

From eqn (34) we obtain

Thus

S Wt At = 61
F(‘@) I- F+],At I*+*R

[Ap + p div(AtP’)] d V,.

(46)

f sr,
(41)
Finally from eqn (35) we have

and similarly
~lW+~W*i,At~~i*~~.

(421

far the linearization was performed on an
equilibrium configuration at time t but the results
above are equally applicable to a ‘non-equilibrium
configuration’ as encountered in the Newton iteration
method in which the tangent matrix is recalculated in
every iteration.
Considering the parts of SW corresponding to 6p,
we obtain from eqn (32)
Thus

6 W;At =

(SpjAh

+A$*-Av”*grad&

s 8”

+ (grad d, - v”) * [ -gradr(Au”)grad
+ grad(ACb)I + gh

4

- 81)

+ 6p div(Au”)a ) d V,,

*grad+ i-&ad4
. [ -gradr(Au”‘)grad

-v”‘)
# + grad(Ag)]

+ gl?ly3 - AA) + ~rdiv(A~)l
- grad(Au”)] 6 urn) * n dA, .

(47)

Although it is possible to simplify the above
expressions using the equilibrium conditions at
time t, we retain the above forms so that the
corresponding tangent matrices be applicable as
well in a non-equilibrium confIguration.
Applying a standard disc&ix&ion procedure [1 1]
with

(43)
P =H,p

(48)

d, =H,QI

(49)

u=Hu,

(50)

where
a=h+f$’

-v”‘*grad4

+f(grad$)*+gys-1.
(44)
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where p, +, and U contain the nodal values of p, Cp, where the superscripts f and s denote the fluid and
solid, respectively. On a totally submerged interface
and u’“, respectively, we directly obtain the following
with no separation the two conditions can be met by
matrix equations
simply attaching the ALE fluid nodes to the Lagrangian structural nodes. Using the same nodes and
(51)
shape functions along the boundary ensures the
compatibility
condition while the finite element
where
equations enforce the force equilibrium condition.
The advantage of using the ALE formulation is
evident in this case.
If the interface is partially submerged, the fluid
(52) node common to the free surface and the fluidstructure interface cannot be attached to the Lagrangian structural node without violating the kinematic
and dynamic boundary conditions on the free surface. In addition, other nodes along the interface
should be allowed to move from the solid nodes to
preserve mesh regularity. Therefore, when the solid is
modelled by a Lagrangian formulation a contact
I=
(53) algorithm must be introduced to enforce the above
two conditions.
On a free surface the boundary conditions involve
only the fluid, and both the dynamic and the kinematic boundary conditions are embedded in the
given formulation. However, the dynamic boundary
0
0
condition only provides an equation for the motion
normal to the free surface. An additional rule must
0
0
C&S C&l
be used to define the mesh motion in the tangential
‘Cc
0
0
0
0
0
direction, and for many problems a natural choice is
to set this motion equal to zero.
0
0
C#Q 0
For interior nodes, the mesh motion should be
0
0
0
0
0
chosen so as to prevent excessive mesh distortion,
For a wide range of applications, this can be achieved
In the above equations IT,, and KM are symmetric,
by simply constraining the interior nodes to move
and subscripts ZP and u’ in proportion to the boundary nodes, and we have
K,,-K,:,
C,,= -Cs,
refer to the II”’ degrees of freedom ~~~n~ng
used this approach in the problem solutions given
to boundary points and interior points, respectively.
next.
The matrices are obtained from eqns (43x47) in the
standard manner.
We note that if ‘linear conditions’ are assumed, the
3. NUMERICAL EXAMPLES
stiffness and coupling matrices can be reduced to
The proposed formulation
has been implemented
those previously given in eqn (11).
ex~~men~lly
in ADINA. The following five cases
Now that the linearized ~~lib~urn
lotion
are
are chosen to demonstrate the capability of the
established in eqn (51) we can choose a suitable time
formulation,
Full Newton iterations have been
integration scheme to analyze a given problem.
employed in all cases, and the trapezoidal rule has
been used for the transient time integrations.
2.4. Bounabry conditionsand mesh updating

cp,

c,,, c,,

%

c*,,

To solve for the response of the fluid using the
above equations, the mesh motion f must be de&d.
Considering the definition of the mesh motion,
two conditions must be met on the fluid-structure
interface; the force equilibrium condition

and the compatibility condition, in case no separation
is allowed

3.1. Steady ~~pre~~~e
section channei

flow througft a varying

We consider the subsonic steady isentropic flow of
a perfect gas through a channel of variable cross-section. As shown in Fig. 2, the charmel under consideration is 1 m wide at the inlet and 0.5 m wide at the
outlet. The initial density, initial sound wave speed,
and the perfect gas constant are 1.21 kg/m’, 343 m/set
and 1.4, respectively. Figure 3 shows the mesh of 10
nine-node elements used in this case. All nodes are
fixed in space and thus the formulation reduces to a
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Fig. 2. Steady compressible flow through a varying cross-section channel problem.

Fig, 3. Flow through a varying cross-section channel; mesh ~n~gumtion.
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Fig. 5. Flow through a varying cross-se&on channel; relation between the flow rate and the downstream

velocity.

purely Eulerian formulation.
Since the gas is
compressible we assign both velocity potential and
density degrees of freedom to each node. The mass
flow rate at the inlet is prescribed by applying
a suitable ‘force’ on the inlet surface. The force
vector, R*, corresponding to a mass flow rate of ti
is given by

1

R,=

S@ dA,.
I JA?f

(57)

A uniform pressure condition is prescribed at the
outlet by fixing the velocity potential degrees of
freedom along the outlet surface.

Fig. 6. Circular tank draining problem.
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Fig. 7. Circular

tank draining; initial mesh configuration.

The problem was analyzed by Kock and Olson [lo]
and the results agree well with the analytical solution
(see, for example, 1131).Since our formulation reduces
to that introduced by Kock and Olson for a Eulerian
mesh, we expect similar results from our formulation. Figure 4 shows the pressure and the velocity
distributions corresponding to a mass flow rate of
120 kglsec. The relation between the mass flow rate
and the downstream velocity is given in Fig. 5. The

$_IJ

0.2

0.4
Y-COORDINATE

numerical solution is within 0.01% of the analytical
solution.
3.2. Circular tank draining of an incompressiblefiid
We now consider the draining of an incompressible
fluid from an open cylindrical tank through a circular
opening at the bottom of the tank. The tank radius
is 1 m, the depth of the fluid is 0.35 m and the
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Fig. 8. Circular tank draining; free surface shapes at various times.
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Fig. 14. Large amplitude sloshing problem.

specified flowrate out of the 0.2 m radius opening is
0.31 m’/sec (see Fig. 6).
The finite element model used to analyze this
problem is shown in Fig. 7. In this problem no density
degree of freedom is required because the density of
an incompressible fluid is constant. The whole mesh
region is modelled as an ALE mesh and all nodes
are horizontally fixed. Therefore, vertical displacement degrees of freedom are assigned to the nodes
in addition to the velocity potential degrees of freedom. The nodes not on the free surface are constrained to move vertically in proportion to the
vertical displacement of the free surface and the
distance from the bottom of the tank, i.e., for a
typical node j and the corresponding node i on the
free surface

For the time integration, the trapezoidal rule was
used with a time step of 0.006 sec.
The calculated shapes of the free surface at different times are plotted in Fig. 8. Figure 9 shows the
pressure and the velocity distributions
at time
0.042 sec.
The result at 0.078 set is compared in Fig. 10 with
the solution presented by Kock and Olson [lo]. We
observe that the formulation used in this reference
predicts a dip near the center of the tank deeper than
our formulation predicts. The discrepancies can be
explained by the observation that Kock and Olson
used a purely Eulerian formulation neglecting the
convective terms due to the motion of the particles on
the free surface.
3.3. Free surface wave propagation

v, =

hi

-0,.

h

In this problem chosen from [ 141we consider a bed
of an incompressible fluid as shown in Fig. 11 under

Fig. 15. Large amplitude sloshing; initial mesh configuration.
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the passing of a solitary wave. The wave is generated
by subjecting the left-hand boundary of the fluid to
a horizontal displacement of
ra=z[l+tanh($-4)],

(59)

where

mesh used in the analysis is shown in Fig. 12. The
typical element width, h, was 5.895 and the time step
employed was Ar = h/c = 1.7888.
Figure 13 shows the profile of the free surface at
different times. The results agree well with those
provided by Hughes et ai. 1141.
3.4. Large amplitudesloshing

For this specific case we take g = I, L = 949.095,
D = 10, H = 0.86, and p = 1. The finite element

The sloshing behavior of fluids is of key importance in studying the response of liquid-filled containers and nuclear reactor systems under seismic
loading. This example chosen from [151demonstrates
the capability of the proposed fo~ulation to analyze
large amplitude sloshing.
The 0.8 m wide rigid container shown in Fig. 14
is filled with water to a depth of 0.3 m and then

VELOCITY

E f5*7g
t 0.09179

Fig. 16. Large amp&u& sloshing;velocitydist~butionat t = 15.7866see.

A velocity potential formulation for fluid-structure interaction
excited for 10 cycles
acceleration of

by

a horizontal

g, = Ag sin(wt),

ground

(60)

where A = 0.01, g = 9.8 m/d,
and w/2x = 0.89 I-Ix.
The chosen frequency is approximately the fundamental frequency of the system. The mesh of fournode elements is shown in Fig. 15. The time step used
was At = 0.05618 sec.
The velocity distributions at time 15.7866 set and
time 16.0675 set are shown in Figs 16 and 17,
respectively. The changing profiles of the free surface
during the last 10 time steps are plotted in Fig. 18
and the time history of the vertical displacement
experienced by the nodes at both ends of the free
surface is given in Fig. 19. Due to nonlinearity, the
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amplitudes of the upward displacement at both ends
of the free surface are of almost twice the magnitude
of those of the corresponding downward displacement. If a linear theory were employed, the same
magnitude would have been predicted for both the
upward and the downward motion. These observations agree well with those obtained experimentally
by Muto et al. [16] and numerically by Huerta and
Liu [15].
3.5. Gas bubble expanding in a water tank
To demonstrate the capability of the formulation
to analyze complex fluid-structure interactions, we
consider the problem of a gas bubble bursting in a
water tank, as shown in Fig. 20. The tank bottom
and the upper part of the tank wall are rigid. The
lower part of the tank wall (0.240 m high) is made of

Y

L

VELOCITY
EE
t

Y-O7

0.6580

Fig. 17. Large amplitude sloshing; velocity distribution at I = 16.0675 sec.
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Fig. 18. Large amplitude sloshing; free surface profiles during the last 10 time steps.

I

2.

I

4.

I

6.

I

t

8.
TIME

10.
(SEC)

I

12.

1

1

16.

18.

I

14.

Fig. 19. Large amplitude sloshing; time history of the free surface displaaxnents
886

at the tank walls.
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Fig. 20. The problem of a gas bubble expanding in a water tank.

a 1 mm thick steel plate. The gas contained in the
bubble has an initial density of 270 kg/m’ and an
initial pressure of 162.9 MPa. In this problem solution we have no comparison results and therefore
only want to demonstrate some modeling possibilities.
The initial contiguration of the coarse mesh used
in the analysis is shown in Fig. 21. Nodes along the
water-gas interface are constrained to move in directions radial to the center of the gas bubble in the
initial configuration. Interior nodes are constrained
to move in proportion to the boundary nodes.
The time step used for the time integration was
At = 1 x lo-‘sec. The mesh contigurations and the
water velocity distributions at the times 1 x lo-‘,
2 x lo-‘, and 3 x IO-‘set are shown in Figs 22-24,
respectively. Despite the relatively coarse mesh
employed, the formulation works well in this complex
situation involving large boundary motions.

work of Olson and Bathe [9]. The arbitrary Lagrangian-Eulerian approach adopted provides the formulation and the capability to solve problems in which
the fluid undergoes very large boundary motions. The
method has been shown to work equally well for
both compressible and incompressible fluids. A particularly interesting issue left for further research is
the modeling of partially submerged fluid-structure
interfaces.

4. CONCLUDINGREMARKS

We presented a nonlinear
U-&p-A
arbitrary
Lagrangian-Eulerian
formulation in which both the
velocity potential,
4, and the density, p, are
employed as variables at each fluid node. The linear
form of the U+-p-1
formulation is equivalent to
the velocity potential formulation
and thus the
method can be thought of as an extension of the

Fig. 21. Gas bubble expanding in a water tank; initial mesh
configuration, nine-node elements.
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Fig. 22. Gas bubble expanding in a water tank; mesh configuration and velocity distribution in the water
at time 1 x IO-‘sec.
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Fig. 23. Gas bubble expanding in a water tank; mesh ~n~umtion
at time 2 x 10-4sec.

and velocity dist~bution in the water
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Fig. 24. Gas bubble expanding in a water tank; mesh configuration and velocity distribution in the water
at time 3 x lo-‘sec.
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