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We discuss the use of hierarchical mathematical models in finite element analysis. The use of such 
models is demonstrated in the analysis of a simply-supported plate and the analysis of a folded 
plate/shell structure. As the mathematical models are refined, new phenomena are predicted (such as 
boundary layers) that need careful interpretation. We conclude that the use of hierarchical models can 
be an important ingredient of a reliable engineering analysis. 

1. Introduction 

Finite element methods are already used very widely in engineering analysis and we can 
expect that this use will still increase significantly over the years to come. The issues that arise 
in the proper and reliable modeling by finite elements are therefore of much concern. 

Figure 1 summarizes the process of finite element analysis [1]. The physical problem would 
typically be an actual structure or structural component subjected to certain loads. The 
idealization of the physical problem to a mathematical (or mechanical) model involves certain 
assumptions that together lead to differential equations governing the mathematical model. 
The finite element analysis solves this model. Since the finite element solution technique is a 
numerical procedure, it is necessary to assess the solution accuracy. If the accuracy criteria are 
not met, the numerical (i.e. finite element) solution has to be repeated with refined solution 
parameters (such as finer meshes or higher-order elements) until a sufficient accuracy is 
reached. 

It is clear that the finite element solution will only solve the mathematical model, and the 
assumptions in this model will be reflected in the predicted response. We cannot expect any 
more information in the prediction of the physical phenomena than the information contained 
in the mathematical model. Hence,  the choice of an appropriate mathematical model is crucial 
and completely decides the insight into the actual physical problem that we can obtain by the 
analysis. 

Let us note here also that, by our analysis, we can of course only obtain insight into the 
physical problem considered: we cannot predict the response of the physical problem exactly, 
because it is impossible to reproduce even in the most refined mathematical model all the 
information that is contained in the physical problem. 

Once a mathematical model has been solved accurately and the results have been inter- 
preted we may well decide to consider next a refined mathematical model in order to increase 
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Fig. 1. The process of finite element analysis. 

our insight into the response of the physical problem. Furthermore, a change in the physical 
problem may be necessary and this in turn will also lead to additional mathematical models 
and finite element solutions, see Fig. 1. 

The key step in engineering analysis is therefore the choice of the appropriate mathematical 
models. These will clearly be selected depending on what phenomena are to be predicted, and 
it is most important to select mathematical models that are reliable and effective in predicting 
the quantities sought. To define reliability and effectiveness of a chosen model we think of a 
very-comprehensive mathematical model of the physical problem and measure the response of 
our chosen model against the response of that comprehensive model. In general, the 
very-comprehensive mathematical model will be a fully 3-D description that also includes 
nonlinear effects. The most effective mathematical model for the analysis is then surely that 
one which yields the required response to a sufficient accuracy and at least cost. The chosen 
mathematical model is reliable if the required response is known to be predicted within a 
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selected level of accuracy measured on the response of the very-comprehensive mathematical 
model. Hence to assess the results obtained by the solution of a chosen mathematical model, it 
may be necessary to also solve higher-order mathematical models. 

The above considerations lead us to the notion and use of hierarchical models: a sequence 
of mathematical models that include increasingly more complex effects. For example, a beam 
structure (using engineering terminology) may first be analyzed using Bernoulli beam theory, 
then Timoshenko beam theory, then 2-D plane stress theory and finally using a fully 3-D 
continuum model and in each case nonlinear effects may be included. Clearly, with this set of 
hierarchical models the analysis will include ever more complex response effects, but also lead 
I~o increasingly more costly solutions. As is well-known, a fully 3-D analysis is about an order 
of magnitude more expensive (in computer and man-time costs) than a 2-D solution. 

In this paper we focus our attention onto some of the new phenomena that may be 
represented by increasing the complexity of the mathematical model. As we shall demon- 
strate, the results obtained with each model must be carefully interpreted and can yield some 
surprises. 

Our objective in this paper is to demonstrate the use of hierarchical models in two 
examples: the analysis of a simply supported plate and the analysis of a folded plate/shell 
structure. Both analysis problems appear to be rather simple problems; however, as we shall 
show, there are some most interesting phenomena that appear as the mathematical models are 
refined. 

In Section 2 we consider the analysis of the plate using the Kirchhoff and Reissner/Mindlin 
plate theories and in Section 3 we present the analysis of the folded plate/shell structure using 
beam, shell and fully 3-D continuum mechanics theories. In each case we focus our attention 
onto the mathematical models and the response predicted with each model. 

For the low-order mathematical models very accurate finite element solutions can be 
obtained without much difficulty (which we accept as the exact solutions of the mathematical 
models), but as fully 3-D mathematical models are cons idered-  and hence very detailed. 
effects are sought in the analysis - the solution of the mathematical model would in practice 
only be obtained to a certain level of accuracy. This practical limitation necessitates an 
additional consideration; namely that the predicted response be interpreted using also the 
level of accuracy attained in the solution of the mathematical model. However, in particular, 
this practical limitation also points out that care must be exercised in the choice of the 
mathematical models not to introduce idealizations which result into solution difficulties for 
phenomena that are not present in the very-comprehensive mathematical model (which is our 
most accurate model of the physical problem); see Section 3 for an example. 

We conclude our paper in Section 4, where we summarize that the use of hierarchical 
(mathematical) models can be an important ingredient of a reliable engineering analysis. 

2. Analysis of a simply-supported plate using the Kirchhoff and Reissner/Mindlin plate 
theories 

We consider the analysis of a simply-supported square plate subjected to a distributed 
transverse load p per unit area. The plate has thickness h and side-length L, and is shown in 
Fig. 2. 
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Fig. 2. Simply-supported square plate, thickness h; shear force results are measured at sections .4-.4 and B-B.  

In Kirchhoff plate theory the following equations govern the response of the mathematical 
model of the plate [2], 

V 4 w = P  i n , t ,  (1) 

where w is the transverse displacement of the plate, and D is the flexural rigidity 

D = Eh3 (2) 
12(1-  2 )  

with E and ~, the Young's modulus and Poisson ratio, respectively. 
The boundary conditions for the plate are 

w = 0 ,  M . = 0  o n F ,  (3) 

where M. is the moment normal to the edge of the plate (corresponding to a vector along the 
edge of the plate). In the above equations, M is the mid-surface domain of the plate and F 
denotes the edges of the plate. 

The detailed solution of this mathematical model of the plate is given in many textbooks 
(e.g. [2]). The solution directly results into the evaluation of the transverse displacement w, 
plate moments and shear forces in the domain M. However, considering the force and moment 
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conditions at the plate edges, i.e., at the boundary F, the twisting moment needs to be 
converted to contribute to the edge transverse shear force. This 'post-processing' procedure 
yields a distributed shear force along the edges of the plate plus concentrated forces at the 
comers. 

The above briefly described Kirchhoff plate model is used very widely in engineering 
analysis. The model is simple to use in some respects, because w is the only kinematic 
variable, and difficult to use in other respects. Namely, modeling difficulties arise when the 
constraints of the model are too severe for the physical situation considered. Specifically, these 
constraints do not allow for shear deformations and cause comer singularities that can have a 
severe and paradoxical effect on the predicted response of the plate [3] (we refer here also to 
the Babu~ka paradox in the analysis of a circular plate [4]). 

However, considering finite element analysis the major difficulties in the use of the 
Kirchhoff plate model pertain to the continuity requirements on w and its derivatives over the 
element boundaries [1]. 

For the above reasons, the use of the Reissner/Mindlin plate theory [5, 6] for the analysis of 
arbitrary plates has been given much attention during the recent years. This mathematical 
model, when compared to the Kirchhoff plate model, is hierarchically a higher-order model 
and in the following we want to compare some results obtained with the Reissner/l~lindlin 
model to those of the Kirchhoff model. 

Considering the equations governing the response of the simply-supported plate the 
Reissner/Mindlin mathematical model can be written as [3] 

V4w- P h 2 

D 6 (1- 

h z 
12k v212 - 12 = 0,  

D , 
(4) 

(5) 

where 12 is the in-plane twist 

1 ( 0 8 y  00,,'} 
12 = 2 ',-~x O y / " (6) 

In (4)-(6), w is the transverse displacement of the mid-surface of the plate, h is the plate 
thickness, k is the shear correction factor and 0 x and 0y are the plate section rotations about 
the y- and minus x-axes, respectively. 

We note that the above governing equations allow for transverse shear deformations, and 
that as k---~oo (with h fixed) the Kirchhoff plate model equations are recovered, i.e., (4) 
becomes (1) and from (5) we obtain 12 = 0. However, when using the Reissner/Mindlin plate 
model in engineering practice, h is usually small (i.e., 1/1000 ~< h/L ~< 1/10) and k is of order 
1 (typically, k = 6 ~ ). The solution of (4) and (5) then corresponds to an interior solution plus 
possible boundary layer corrections. The strengths of the boundary layers depend on the 
boundary conditions, i.e., whether simply-supported, clamped, and so on, conditions are 
modeled [3, 7]. 

The boundary conditions on w and 12 are given in general by the conditions on the 
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kinematic variables w, 0 x and Oy, and on the static variables, i.e., the moment and shear 
forces. 

For our case of the simply-supported plate we can choose between two sets of boundary 
conditions which are called 'soft' and 'hard' conditions. The choice of which of these 
conditions to use is of course decided by the actual physical situation to be modeled. 

The soft boundary conditions are 

w = 0 ,  M.n=0,  M.~=0 on F (7) 

and the hard boundary conditions are 

w = 0 ,  M . . = 0 ,  0~=0 on F ,  (8) 

where the normal bending moment on the edge is 

( _ _  OEw~ h2 p hE 02 ( h E ) Mnn = - D  OEw + u - -  - -  DVEw + P 
O n  2 OS 2']  6k ( 1 -  v) + 6k OS 2 6k ( 1 - v )  

h 2 02~ 
6k D ( 1 -  v) 0s an (9) 

and the twisting moment is 

Mn~ = - D ( 1 -  v) 02w hE 02 ( 
On Os 6k On Os D V 2 w  

h e 02[2 
6k D ( 1 -  v) ~ s  2 + D ( 1 -  v)12. 

h 2 P ) )  
+ 6k ( 1 -  u 

(10) 

Here (n, s) denotes the pair of directions normal and tangential to the edge considered. A 
detailed analysis of the response of the plate when assuming the soft and hard boundary 
conditions is given in [3], see also [7]. In the present paper we merely want to show some 
results obtained for our simply-supported plate and compare these with the solution obtained 
using Kirchhoff plate theory. 

The most interesting results are those calculated for the transverse shear forces, and we 
concentrate on these results in this paper. Figure 3 shows the predicted plate shear forces 
along the edge of the plate and Fig. 4 shows the shear forces along a line near the centre of the 
plate. In Fig. 4 we only give the results for the plate with the h/L ratio equal to 1/10 and 
1/100, because the results for h/L = 1/1000 show on the scale used only a difference right at 
the edge. In each case we give the solutions corresponding to the 'soft' and the 'hard' 
boundary conditions. These results show for the solutions of the Reissner/Mindlin models: 
- The solutions obtained with the soft boundary conditions show boundary layers, and the 

strengths of these boundary layers increase as h/L decreases. 
- The solutions obtained with the hard boundary conditions do not show boundary layers and 

correspond to the Kirchhoff model solutions except that the increase in the edge shear force 
and the concentrated forces at the corners- that are due to the allocation of the twisting 
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F i g .  3 a .  Shear force T. along section B-B, h/L = 1 / 1 0 ,  T .  = 1OPT*. 

moment effect in Kirchhoff theory- are not directly predicted. (However, these forces 
could be obtained by a 'post-processing' of the results for the twisting moment along the 
plate edges.) 
Along the plate edges, the solutions for the shear force T. obtained with the soft boundary 
conditions with the Reissner/Mindlin model, converge to the 'corrected' Kirchhoff model 
solutions (corrected by allocating the twisting moment effect into the transverse shear 
force). 
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Based on the above results we can already conclude that the Reissner/Mindlin model is 
significantly more powerful in predicting the response of the plate. However, we also observe 
that the 'correct' boundary conditions (corresponding to the actual physical situation to be 
modeled) must be chosen. Frequently it is appropriate to use the s o f t  boundary conditions 
because the twisting moment Mn, is zero rather than the kinematic variable O,. 

Hierarchically, the Reissner/Mindlin plate model includes the Kirchhoff model and can be 
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Fig. 3c. Shear force T, along section B-B, h/L = 1/1000, T n = lOpT*. 

a more reliable model to use, in particular, when shear stresses along the plate edges are to be 
predicted, or when plates of arbitrary geometry are analyzed [3]. We finally should mention 
that, of course, plate models of higher-order could also be used in the analysis of our plate or 
a fully 3-D solution could be sought [1, 4, 8]. When using such higher-order models, additional 
variables are introduced that can represent additional phenomena and hence can lead to 
further insight into the behavior of the actual physical plate considered. 
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3. Analysis of a folded plate/shell structure 

We next consider the structure shown in Fig. 5. This structure can be analyzed using 
Bernoulli beam theory, Timoshenko beam theory, 2-D plane stress theory, shell theory and a 
fully 3-D continuum theory. It is clear that as we consider a more complex model the 
assumptions on the kinematic and static behavior of the mathematical model are different than 
for the lower-order models and the appropriate boundary conditions must be identified. As in 
the analysis of the plate (see Section 2), the choice of boundary conditions may affect the 
solution results significantly. 

Our objective below is to simply state the mathematical models we have used for the 
analysis of the structure and give some solution results. The response predictions demonstrate 
that, as expected, certain solution parameters can only be predicted with a sufficiently 
high-order model. However, the results and discussion will also show that as the order of the 
mathematical model is increased, the solution effort (by finite element analysis) can become 
very large. In such case, it is only practical to solve for the response of the mathematical 
model to a certain level of accuracy and include the accuracy considerations in the interpreta- 
tion of the results. 

Hence in this section we shall also describe briefly the finite element discretizations used to 
solve the mathematical models. 

3.1. Timoshenko beam model 

The simplest mathematical model to represent the folded plate/shell structure is a beam 
model based on Bernoulli or Timoshenko beam theory. We considered a Timoshenko beam 
model and solved for the exact response of the mathematical model by using one cubic 
isoparametric beam element [1] each, for the vertical plate and for the horizontal plate (with 
symmetry conditions at the mid-section of the structure). 

Z 

10/>-... / / ' , . .  
-,< 

p --- 1.0 per  unit  length 

Fig. 5. Folded plate/shell structure considered. (In the analysis, symmetry conditions were used.) 
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3.2. Shell model 

The second mathematical model considered for the analysis of the folded plate/shell 
structure was based on the Reissner/Mindlin plate theory to model the plate bending actions, 
as briefly summarized in Section 2, and the usual 2-D plane stress theory to model the 
membrane in-plane actions. The solution to this mathematical model was obtained using the 
16-node displacement-based shell element described in detail in [1, 9]. 

Figures 6-8 show the mathematical model and the finite element mesh used with the 
16-node shell elements. The finite element mesh was deemed fine enough because the stress 
jumps at the nodal points were negligibly small and smooth stress variations were predicted 
(of course, an accurate error indicator would be based on the residual of the differential 
equations of equilibrium [10]). Figure 6 also shows the modeling used at the junction of the 
horizontal and vertical plates. As described in Section 2, the mathematical model can here be 
subjected to hard boundary c o n d i t i o n s  (Or = 0 z ~-- 0) or soft boundary conditions (0y free and 0 z 
free). We obtained our analysis results, given in Section 3.4, using soft boundary conditions. 

3.3. 3-D model 

The third mathematical model was constructed to capture the three-dimensional effects at 
the junction of the plates. Hence we used 3-D continuum mechanics theory at the junction of 
the plates and the assumptions of the shell model discussed in the previous section at a 
distance from that junction, see Fig. 9. Of course, a coupling of the 3-D continuum mechanics 
assumptions and shell theory assumptions was necessary at two sections of the plates as shown 
in Fig. 9. We refer in this paper to this model as the '3-D model'. 

For the solution of the mathematical model, 960 three-dimensional 20-node elements were 
used to represent the 3-D part of the mathematical model, and 300 sixteen-node shell 
elements were used to represent the part mathematically modeled by shell theory. Figure 10 
shows a section of the finite element discretization and indicates the element grading used. 

" ~ ' ~ 0 ,  0 

t 'w 

0~0~ ~ (,, =0, O, =o ) 

j , , v  0x -- ~ v  
X, U 

Fig. 6. Shell model used in the analysis of the folded plate/shell structure. 
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L 
x 

Fig. 7. Mesh of 16-node shell elements used in the solution of the shell model. 

L 

Fig. 8. Finite element discretization of the shell model at the junction (only two element layers are shown). 

Two considerations may be mentioned.  Firstly, of course, a 3-D mathematical  model  could 
have been used for the complete structure. This would have required much more solution 
effort, and since we are only interested in studying the behavior at the junction of the plates, a 
fully 3-D model  was not necessary. 

Secondly, the finite e lement  solution of the mathematical  model  was only sought to a 
certain level of accuracy. Our  objective was to solve the mathematical  model  so as to identify 
stress variations that occur over at least a distance of 1/10th the thickness of the plates. 
Hence,  our finite e lement  discretization was not intended to solve for stress variations that are 
described in the mathematical  model  but that only occur over extremely small distances. 

Figure 11 shows a pressure band plot calculated with our finite e lement  discretization. The 
bands are quite smooth which indicates that our finite e lement  mesh is adequate (for the 
objective stated above) [11]. 
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\ 

z 

Fig. 9. The 3-D model of the folded plate/shell structure (not to scale). Constraint equations are used to enforce compatibility. 

L 
Y 

Fig. 10. Finite element discretization of the 3-D model at the junction (only elements close to the front comer are shown). 

3.4. Solution results 

Our aim in this section is to show some results obtained with the three different models for 
the folded plate/shell structure. We want to compare these results and briefly discuss them 
with some emphasis on the hierarchical nature of the models. 

flae transverse displacement at the section of the load application is quite accurately 
predicted using either of the three models, see Fig. 12. Of course, the beam model gives a 
constant z-displacement as a function of x, whereas the shell and 3-D models predict a larger 
transverse displacement at the plate edges than in the centre. Notice that, as expected, the 
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3-D model gives the smallest transverse displacement and the beam model gives the largest 
displacement. 

Hence, considering our discussion in Section 1, the beam model displacement results are 
reliable if the 3-D model is considered the very-comprehensive model and the selected level of 
accuracy for the displacement under the load is ten percent on the response of that model. 
F i g u r e s  13 and .14 show the predicted longitudinal stresses using the three models. As 

probably expected, except for the region near the junction of the plates, all three models 
predict closely the same stress distributions. However, at the junction of the plates we observe 
the following: 
(a) On the top surface and along the centre line (i.e., along the line OPQ in Fig. 5), the beam 

and shell model predictions are close and only the 3-D model can of course represent the 
zero stress conditions on the free surfaces, see Fig. 13a. 
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Fig. 12. Comparison of Z-displacements under line load. 

(b) On the top surface and along the free edge (i.e., along line ABC), the shell model 
predicts at the free surface a longitudinal stress in-between the results of the 3-D model 
and the beam model, see Fig. 13b. 

(c) On the bottom surface and along the centre line, only the 3-D model shows a sudden 
stress rise (due to the stress singularity), see Fig. 14a. 

(d) On the bottom surface and along the free edge, the shell and 3-D models predict a stress 
drop, see Fig. 14b. 

The results quoted in (a) and (c) are quite expected, whereas the shell model results 
referred to in (b) may be unexpected, and the shell and 3-D model results quoted in (d) may 
well be a surprise. Namely, we would expect that the sharp comer causes a sudden stress rise 
instead of the decrease in the stress. However, these results are explained in that the finite 
element solution of the mathematical model is simply not accurate enough to show the still 
possible sudden stress rise (see Section 3.3). Indeed, Babu~ka reports that such stress rise still 
occurs at about a distance of 1 / 1000 times the thickness of the plate from the comer [4]. While 
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Fig. 14a. Comparison of longitudinal stresses on bottom surfaces and along 
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the results of Babu~ka are most valuable and point out some very interesting aspects of this 
particular mathematical model, a more comprehensive model of the actual physical problem 
(including the actual geometry at the corner and nonlinear effects) would of course not show 
such a stress distribution. 

4. Concluding remarks 

Our objective in this paper was to discuss certain key aspects of the finite element analysis 
process: 
- The crucial step of a finite element analysis is always the selection of an appropriate 

mathematical model of the physical problem. 
- The choice of the mathematical model depends on the effects and quantities to be 

predicted. 
The mathematical model is to be effective and reliable for the prediction (with 'effective' 
and 'reliable' defined in the paper). 

- The finite element solution of the chosen mathematical model should be obtained to a level 
of accuracy measured against the response to be expected from a 'very-comprehensive' 
mathematical model. 

Good engineering analysis is of course an art and is usually based on a great deal of 
experience. However,  the considerations given in this paper point out that whichever 
approach of analysis is followed, the use of hierarchical mathematical models can be of 
significant value: with the use of hierarchical mathematical models the analysis process has 
structure and leads to results that can be accepted with confidence. Although not considered 
in this paper, the use of hierarchical models is most important when there is need for a 
nonlinear response prediction [1]. 
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