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ABSTRACT

We describe a visual method—stress band plots—for
displaying the stress solution within a two-dimensional
finite element mesh. The stress band plots differ from
conventional stress contour plots because stress band
plots display unaveraged stresses (the stresses are
computed directly from the solution variables) and stress
discontinuities in the finite element solution are directly
displayed. Stress band plots are useful in judging the
accuracy of a finite element solution, in the comparison of
different finite element solutions and during mesh
refinement. These uses are demonstrated in an
axisymmetric pressure vessel analysis.

INTRODUCTION

The finite element method has been used for many years

in the solution of solid mechanics problems. The
advantages of the finite element method are its general
applicability to problems involving complex geometries,
non-homogeneous materials, arbitrary loadings and non-
linear phenomena. However, the finite element method
gives only an approximation to the actual solution
sought. This requires that, if the analyst is to be confident
that the results predicted are acceptable (for the idealized
problem), either the analyst knows the correct solution in
advance for comparison purposes or the analyst identifies
a ‘measure of error’.

What are the sources of error in a finite element
analysis? Considering linear static analysis, using
compatible meshes and a displacement-based formula-
tion (with ‘full’ numerical integration), the only source of
error results from the fact that the equilibrium equations
are not locally satisfied everywhere!*%. In other words, if
the predicted finite element stresses on the surface of an
arbitrary free-body are used to evaluate corresponding
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fractions acting on the free-body, these forces will not
in general balance the actually applied loads acting on
the free-body. (Equilibrium is, however, satisfied in an
averaged sense in that the nodal point forces, equivalent
in the virtual work sense to the internal stresses, always
balance the externally applied nodal point forces.)

The error in the finite element analysis affects the
predicted stresses. Many linear analyses require that the

stresses be accurately calculated (in particular when -

considering brittle, e.g. ceramic materials). Accurate
stress calculation is also important in materially non-
linear analysis (e.g. elastoplasticity). However, if the finite
element mesh is too coarse, the errors in the stresses can
be considerable.

Therefore, in these types of analyses, the results
obtained from a finite element solution should always be
carefully interpreted to establish confidence that the
computed stresses are accurate. One approach for this
task is to graph the stresses along selected lines in the
mesh. We discussed this approach in detail in a previous
paper>. To summarize, the fact that equilibrium is not
satisfied locally means that the stresses are discontinuous
across interelement boundaries and that the stress
boundary conditions are not satisfied. These effects can be
observed directly by plotting, along an interelement
boundary, the stresses computed from the elements
adjacent to the boundary. In a coarse mesh, the observed

discontinuities can be severe; however, in a refined mesh, -

the observed discontinuities will be negligible.

This approach is difficult to use in practice because, in
general, the stress discontinuities must be studied
everywhere in the mesh in order that the analyst be
confident that the solution is accurate. Since also each of
the stress components must be considered, this procedure
may produce graphs which are cumbersome to work
with. In addition, a comparison of two different meshes is
almost impossible if the interelement boundaries of the
second mesh do not coincide with the interelement
boundaries of the first mesh.

The objective in this paper is to propose an alternative
procedure. Briefly, we draw bands of stress on a picture of
the mesh. The stress measures actually plotted are either
the pressure or the von Mises effective stress. A stress
band plot superficially resembles a conventional stress
contour plot, but with an important difference. Namely,
the stresses displayed on a stress band plot are
unaveraged and are computed directly from the solution
variables (displacements when a displacement-based
formulation is employed). Because the stress band plots

use unaveraged stresses, the bands need not be.

continuous between adjacent elements. If the mesh is
coarse, the bands may not even be distinguishable.
However, if the mesh is fine enough, the bands will be
clearly distinguishable, almost continuous between
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elements, and then the stress band plot can be used as a
conventional stress contour plot.
There are several uses for the stress band plots:

(1) The stress bands can be employed to determine the
regions of high stress in the mesh (in the same
manner as a conventional stress contour plot).

(2) The stress bands can be used to judge whether a
finite element mesh is sufficiently refined for stress
calculations. Here, we select a spacing between
bands based on the amount of stress discontinuity
that can be tolerated in the analysis. If all of the
stress bands are clearly distinguishable, then the
mesh is sufficiently refined.

(3) The stress band plots can be used to compare the
solutions obtained from completely different finite
element meshes. Here, the mesh that produces the
smoothest stress bands is the superior mesh. This
comparison can be made between any finite element
meshes, regardless of the mesh layouts.

(4) The stress band plots can be used to compare the
solutions obtained using different solution
procedures. For example, the effects of employing
reduced integration can be directly observed.
Again, the procedure that produces smoother stress
bands is the superior procedure.

In the following sections we present the theory underlying
the stress band plots and use the plots in an axisymmetric
pressure vessel example analysis®>. To demonstrate the
rich applicability of the stress band plots, we solve the
pressure vessel problem using various element meshes,
element types, the usual displacement-based formulation
and, for an almost incompressible analysis, a mixed-
interpolation formulation. We conclude with some
thoughts regarding the use of the stress band plots in non-
linear analysis, three-dimensional solutions and the
analysis of plate and shell structures.

THEORY AND GENERAL CONSIDERATIONS

Our aim is to plot a measure of the stress state obtained
from a finite element analysis on a picture of the finite
element mesh. We select measures of the stresses that are
scalars and hence are invariant under coordinate
transformations. The simplest of these stress measures is
the hydrostatic pressure, defined as:

_ - (Txx +T'.yy +T;:z)
3

The pressure is related to the first invariant of the stress
tensor. We also consider a stress measure that includes
‘the shearing stresses, namely the effective (von Mises)
stress, defined as: '

0'e=\/%[(0'1—0'2)2+(0'2_0'3)2+(0'3—01)2] 2)

where ¢, 0,, 05 are the principal stresses. This measure is
related to the second invariant of the stress tensor and
does not involve the effects of hydrostatic pressure. Both p
and ¢, produce useful stress band plots.

Having chosen a stress measure, we construct a stress
band plot by dividing the entire range over which the
stress measure can vary into equally spaced stress
intervals. Each interval is split into a ‘dark’ region and a
light’ region. A point in the mesh is darkened only if the
value of the stress measure at that point lies in a dark

(1)
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region of the stress intervals. Typically, the dark region is
chosen to be the lower half of each stress interval. This
causes the stress band plot to be an alternating sequence
of light bands and dark bands, each band having the same
width (in stress).

For example, if we choose the pressure as a stress
measure, we can divide up the pressures into intervals
10 psi (Ib/in?) wide, choosing 0 psi as a starting point for
an interval. Therefore, 10 to 20 psi is an interval, asis — 20
to — 10 psi. If we choose the lower half of each interval to
be a dark region, then —20to — 15 psi is darkened, — 10
to — 5 psiis darkened, Oto 5 psiis darkened, 10to 15 psiis
darkened, and so on. The width of each band is here S psi.

We have written a computer program to automatically
produce stress band plots for a mesh of two-dimensional
solid elements. Plots are made on either the entire finite
element mesh or on an enlarged portion of the mesh. The
program accepts the finite element input data and
solution variables of ADINA®. The primary task in the
construction of a stress band plot is to compute the stress
measure at many points within the mesh. Enough points
should be chosen so that the stress state is adequately
sampled.

The procedure used for selecting points in the
isoparametric elements is to choose appropriate
increments for the isoparametric coordinates r and s.
Then, for a fixed value of r, the program computes the
stress measures for different values of s using the s-
increment selected for the element. The value of r is then
updated using the r-increment and the above process is
repeated until all of the (r, s) points have been tested.

At each point, we compute the stresses directly from the
solution variables. Specifically, in a displacement-based
finite element analysis, the interpolation functions are
used to obtain the strains from the nodal point
displacements and then the material law is applied to
obtain the stresses. Because a large number of points are
tested, the resulting stress band plot can be quite
expensive if these calculations are performed inefficiently.
We note that the strain calculations can be performed
effectively by writing the derivatives of the displacements
with respect to the isoparametric coordinates as
polynomials in r and s and evaluating the polynomials
using Horner’s method’.

We may also note that our program chooses the r- and
s-increments so as to make the distance between two
adjacent sampled points (as measured on the plot)
approximately equal to a user-specified constant. This
procedure implies that the actual number of points
sampled in each element depends on the plotted size of the
element. For this reason, the cost of a stress band plot is
not closely related to the cost of the associated finite
element analysis. We discuss some cost experiences
obtained in a typical analysis below.

USES OF STRESS BAND PLOTS

In this section, we discuss two major uses of stress band
plots. Note that stress band plots may also be employed
in the same manner as conventional stress contour plots
(to locate the regions of high stress, for example).

Displaying the finite element solution errors

The stress band plots can display the equilibrium error
in a finite element solution because stress bands visually
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Figure 1 Estimating discontinuities
using pressure bands, width of bands=5 MPa.
(a) Negligible discontinuities, Ap <5 MPa; (b)
visible discontinuities, bands still distinguish-
able, Ap=2.5 MPa; (c) visible discontinuities,
bands not distinguishab’e, Ap=5 MPa

stress

display stress discontinuities. Namely, in a homogeneous
region of material (which we are approximating using
finite elements) the exact stresses are continuous (except
possibly at stress singularities such as crack tips). Hence
the stress measures discussed above are also continuous.
A stress band plot of the exact solution therefore displays
smooth bands, with clearly defined maxima, minima and
saddle points. In regions of high stress gradients, the
bands are thin and closely spaced; in regions of almost
constant stress, the bands are thick and widely spaced.
Superficially, the plot resembles an isochromatic pattern
from a photoelastic stress specimen.

However, the finite element stress solution does not, in
general, locally satisfy equilibrium!™3. As a consequence,
the stresses from a finite element solution are not in
general continuous across interelement boundaries. If the
mesh is too coarse for the problem considered, the stress
jumps will be large. As the mesh is refined, the stress
jumps become smaller. If enough elements are used, all of
the stress jumps will be smaller than some meaningful
measure of the predicted stress state*. For example, if
there are no stress singularities, then such a measure
might be a small fraction of the maximum predicted
stress.

In a stress band plot, a stress jump is displayed by a
“break’ in the stress band when it crosses an interelement
boundary. The stress discontinuity across an interelement
boundary can often be estimated directly from the stress
band plot using the spacing (in stress) between adjacent
bands. For example, suppose that pressure is employed as

* Our experience is that internal equilibrium is also closely satisfied
when the stress jumps are small.
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a stress measure and that the darkened intervals are . . . |
—10to —5MPa, 0to 5MPa, 10to 15 MPa, etc. Then
Figure | shows schematically stress discontinuities of 0,
2.5 and 5 MPa in a stress band plot. We notice that when
the stress discontinuity is less than 5 MPa, the bands are
still distinguishable, i.e. we can still visually trace the band
across the interelement boundary.

We use the concept of ‘distinguishability’ in an intuitive
way to judge a finite element mesh. Suppose that we
consider our mesh to be sufficiently refined if all of the
stress discontinuities are less than some fraction of the
maximum stress (5% perhaps). Then we produce stress
band plots using a band spacing equal to this selected
fraction of the maximum stress. Our criterion is that the
mesh is sufficiently refined only if all of the stress bands
are clearly distinguishable. In other words, we must be
able to visually connect all of the bands displayed within
an element with the bands displayed in the adjacent
elements.

Notice that a stress band plot with clearly
distinguishable bands need not have stress bands that are
totally smooth and continuous. In fact, when the band
spacing is selected as described above, if all of the stress
bands are continuous between elements, then the mesh is
probably overrefined.

The strength of the above approach is that the analyst
can identify, at a glance, where the mesh needs to be
refined. If the bands are smooth in a region of the mesh,
fewer elements can probably be used. Conversely, if the
bands are indistinguishable then more elements should be
used in that region.

Comparing finite element solutions

Stress band plots can be used to directly compare two
different finite element solutions. The solutions may have
been obtained with different mesh layouts, different
elements and so on. The comparison is based on the
smoothness and the distinguishability of the stress bands;

the more accurate solution will have smoother stress .

bands.

Conventional stress contour plots also provide direct
visual images of the stress solution for all regions of the
mesh. However, these contour plots rely on averaged
stresses so that continuous contours are produced.
Examining a stress contour plot, the analyst cannot
determine whether the obtained solution is an accurate
prediction of the exact solution.

DEMONSTRATIVE EXAMPLE: A PRESSURE
VESSEL ANALYSIS

The Floyd axisymmetric pressure vessel has been
analysed by several researchers®™. Floyd* considered the
pressure vessel as part of a comparative study of finite
element, boundary element and experimental results. We
analysed? this problem to demonstrate that, contrary to
Floyd’s conclusion, finite elements could effectively be
used in the analysis of this pressure vessel. Brebbia et al.’
also analysed this problem in a comparison of finite
element and boundary element solution techniques.
The Floyd pressure vessel is shown in Figure 2. The
goal of the analysis is to accurately determine the stresses,
particularly near the stress concentration on the inside of
the pressure vessel. For this purpose, Floyd considered
the stresses on the horizontal line shown in Figure 2.
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Figure 2a Schematic drawing of pres-
sure vessel geometry
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Figure 2b Dimensions of pressure vessel

The pressure vessel is made of epoxy resin, which is an
almost incompressible material. Floyd used v= 0.4 for the
finite element solution and v=0.49 for the boundary
element solution. We also use these values in our
analyses.

Construction of an effective mesh

For all analyses, we employ the finite element program
ADINAS. All meshes considered in this section are
constructed using the eight-node isoparametric and
occasionally the six-node isoparametric finite elements.
In all cases, the mid-side nodes are positioned halfway
between the corner nodes and 3 x 3 Gauss integration is
employed in the numerical evaluation of the stiffness
matrices and load vectors. In this section, we consider
only the case v=0.4.

In the mesh evaluation, we use a stress band spacing of
2.5 psi. This value is comparable to the applied load level
(2.61 psi) and is about 2.5%; of the maximum stress in the
mesh. We want to obtain a stress solution for which all of
these stress bands (both pressure and effective stress) are
distinguishable and reasonably continuous. This is quite
a stringent criterion on the solution accuracy.

240 element mesh. We first consider the 240 element
mesh used in our previous paper® (Figure 3). In that
earlier study, the mesh was constructed using just the
stresses along the line of interest as a guide for mesh
refinement. The stresses considered were the maximum
and minimum in-plane principal stresses and the hoop
stress: the stress line graphs are shown in Figure 4. These
stresses are continuous and smooth and compare well
with the results of Floyd* and Brebbia et al.>. However,
some reasonable questions are: are the stresses elsewhere
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in the mesh as smooth as those on the line of interest and
are all of the stress jumps equally small?

Figures 5 and 6 show effective stress and pressure band
plots for the 240 element mesh. (Note that the plots of the
entire mesh (Figures 5a and 6a) do not show any bands in
the stress concentration region because the bands are too
closely spaced in this region.) It is seen that the effective
stress bands are quite smooth; all of the bands are
distinguishable. However, considering the pressure band
plots, we observe some discontinuities in the element
transition region below the stress concentration (Figure
6b). Also we observe that a pressure band ‘stops’ and that
the bands are ‘wavy’ just above the stress concentration
(Figure 6d). This region evidently needs to be refined
further. On the other hand, the pressure bands and
effective stress bands are very smooth directly below the
stress concentration (Figures 5¢ and 6¢) from which we
conclude that the mesh is overrefined in this region.

We observed above that the effective stress bands are
smoother than the pressure bands. This is generally the
case in the analysis of this pressure vessel problem, and in
the discussion below we therefore sometimes focus more
attention upon the pressure bands.

128 element mesh. To obtain a more effective mesh,
we chose to remesh the problem, using the stress bands as
a guide for mesh refinement. One of the meshes

CrRIGINAL o . 2.2713 z
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Figure 3a 240 element mesh: complete mesh

Figure 3b 240 element mesh: detail of mesh
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Figure 5a Effective stress band plot for 240 element mesh:
40+ complete mesh
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Figure 4a Stress line graph for 240 element mesh: maximum
in-plane principal stress
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A-Elements above line Figure 5b Effective stress band plot for 240 element mesh:
0 -Elements below line enlargement near stress concentration
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Figure 4b Stress line graph for 240 element mesh: minimum

in-plane principal stress .
P P P Figure 5¢  Effective stress band plot for 240 element mesh: detail at

stress concentration
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Figure 5d Effective stress band plot for 240 element mesh: detail
Figure 4c  Stress line graph for 240 element mesh: hoop stress above stress concentration
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; Figure 6b Pressure band plot for 240 element
mesh: enlargement near stress concentration

Figure 6c Pressure band plot for 240
element mesh: detail at stress concentration

Figure 6d Pressure band plot for
240 element mesh: detail above
stress concentration
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Figure 7a 128 element mesh: complete mesh
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Figure 7b 128 element mesh: detail of mesh

constructed was the 128 element mesh shown in Figure 7.
Notice that, compared to the 240 element mesh, the 128
element mesh is less refined near the stress concentration.
Also, the mesh layout employed is less complicated and
the grading of the elements in the transition region is
more gradual.

Some pressure band plots are shown in Figure §.
Within most of the mesh, the bands are quite continuous;
however, these plots show several areas in which the
bands are not distinguishable. For example, the region at
the outer boundary below the line of interest is clearly not
well modelled and so is the area above the stress
concentration. We conclude that the 128 element mesh is
not fine enough for the stress analysis.

181 element mesh. We next consider the 181 element
mesh shown in Figure 9. The same general mesh layout as
for the 128 element mesh is used, but more elements are
employed near the stress concentration and near the
outer boundary below the line of interest.

Effective stress band and pressure band plots are shown
in Figures 10 and 1/. These plots show that the 181
element mesh is acceptable for stress prediction. Stress
line graphs of the maximum and minimum in-plane
principal stresses and the hoop stress are given in Figure
12. These may be compared with the stress line graphs
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Figure 8a Pressure band plot for 128 element mesh: enlargement
near stress concentration

Figure 8b Pressure band plot for 128
element mesh: detail above stress
concentration

from the 240 element mesh (Figure 4). In general, the
stress discontinuities in the 181 element mesh along the
line of interest are larger than those in the 240 element
mesh; however, these stress discontinuities are smaller
than 2.5 psi and are therefore (based on our accuracy
criterion) acceptable.

We conclude that the 181 element mesh is more
effective than the 240 element mesh presented in our
previous paper. Fewer elements are used, the mesh layout
is less complex and good accuracy is obtained. Hence we
can say that we have successfully solved the problem (as
originally stated) in an efficient manner.

At this point, it is appropriate to briefly discuss costs of
stress band plots as compared with costs of finite element
analyses. As an example, we consider the 181 element
mesh and the pressure band plot shown in Figure /la.
60% of the CPU time required for the actual finite
element analysis was needed to produce this plot. In
large part, this is because the plot size is 8in long (as
produced from our plotter) and enough points are used so
that the distance between adjacent points is
approximately equal to the plotter pen thickness. The
plot is quite suitable for inclusion within a report or

paper.
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Figure 9a 181 element mesh: complete mesh
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Figure 9b 181 element mesh: detail of mesh

Figure 10a Effective stress band plot for 181 element mesh:
complete mesh

Figure 10b Effective stress band plot for 181 element
mesh: enlargement near stress concentration
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Figure 12a Stress line graph for 181 element mesh: maximum
in-plane principal stress

Figure 11b Pressure band plot for 181 element
mesh: enlargement near stress concentration A-Elements above line

o -Elements below line
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%
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. Figure 12b Stress line graph for 181 element mesh: minimum
Figure 17c Pressure band plot for 181 in-plane principal stress
element mesh: detail at stress concentration
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Figure 11d Pressure band plot
for 181 element mesh: detail -20*-
above stress concentration Figure 12c¢ Stress line graph for 181 element mesh: hoop stress

Eng. Comput., 1986, Vol. 3, September 185



Stress band plots: T. Sussman and K. J. Bathe

Figure 13 Pressure band plotfor 181 element mesh, produced with
doubled spacing between points
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Figure 14 Pressure band plot for 724 four-node
element mesh, enlargement near stress
concentration

We can reduce the cost of the plot by using fewer
points. In Figure /3, we doubled the distance between
adjacent points. As a result, only 209 of the CPU time
required for the finite element analysis was used to
produce this plot. This plot is suitable for mesh
evaluations and comparisons, but may not be of sufficient
quality to be directly included within a report or paper.

Comparison of four-node, eight-node and nine-node
elements

A legitimate question about the preceding analysis is:
would the use of another type of eclement be more
effective? In other words, could we obtain the same
solution accuracy with less computational effort by
employing another type of element? Perhaps the use of
four-node or nine-node isoparametric elements would be
more effective. To address this question, we performed
analyses using the four-node and nine-node iso-
parametric elements, with mesh layouts based on the 181
element mesh discussed above. Again, we consider only
the case v=0.4 in these analyses.

First, we remeshed the 181 element mesh layout with
four-node elements (evaluated using 2x2 Gauss
integration) by dividing each eight-node element into 4
four-node elements. Note that the triangular elements are
also divided into 4 four-node elements, of which two are
collapsed into triangular elements. The resulting mesh
contains 724 elements. .

The pressure band plot shown in Figure [4 shows that
the four-node element mesh is less effective than the eight-
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node element mesh. In this Figure, we can see some bands
that correspond to (but are much less distinct than) those
in the 181 element mesh solution. In other regions of the
724 element mesh, the bands are indistinguishable,
Indeed the bands show that this mesh is unacceptable for
stress prediction. We can also conclude that an adequate
mesh of four-node elements would contain far more
degrees of freedom than the 181 element mesh considered
above.

Next we tested the nine-node isoparametric element by
adding a centre node to each of the elements in the 181
element mesh. The element matrices are evaluated using
3 x 3 Gauss integration. The results are presented in the
pressure band plot shown in Figure /5. The differences
between the eight-node element results and the nine-node
element results are negligible. Hence we conclude that the
eight-node element mesh is more effective than the nine-
node element mesh for this problem.

Pressure vessel analysis with Poisson’s ratio equal
to 0.49

We now wish to analyse the pressure vessel assuming
that the Poisson’s ratio is 0.49. As is well known, this type
of analysis can be quite difficult when displacement-based
finite elements are used. The basic difficulty lies in that
choosing Poisson’s ratio close to 0.5 implies that the bulk
modulus is much larger than the shear modulus. The bulk
modulus multiplies the volumetric strains in the
calculation of the hydrostatic pressure, hence a large bulk
modulus means that very small volumetric strains
produce reasonable pressures. The difficulty lies in that a
(linear or parabolic) displacement-based finite element
has only a very restricted number of modes for which
volumetric strains are small everywhere within the
element. Therefore, the element may ‘ock’ in an
assemblage; in such cases, many displacement-based
elements are required for accurate stress calculations.

181 element mesh. First, we employ the 181 eight-
node element mesh considered above to analyse the
pressure vessel with v=0.49. As in the previous analysis,
3 x 3 Gauss integration is used. Some effective stress band
and pressure band plots are shown in Figures /6 and /7.
Notice that the effective stress bands are still quite smooth
and distinguishable. However, the pressure bands are
highly degraded, indicating certainly that we cannot

Figure 15 Pressure band plot for 181 nine-node

element  mesh, enlargement near  stress

concentration




Figure 16 Effective stress band piot for 181
element mesh, v=0.49, enlargement near stress
concentration

Figure 17 Pressure band plot for 181 element

mesh, v=0.49, enlargement near stress

concentration

employ this fairly coarse mesh (using the displacement-
based formulation) for stress analysis.

One remedy often cited to improve the solution for
analyses of this type is to employ reduced integration. To
test this remedy, we performed the analysis using 2 x 2
Gauss integration. A pressure band plot is shown in
Figure 18, which shows that the solution has hardly
improved.

A mixed-interpolation formulation. To solve problems
of almost incompressible media, an effective approach is
to separately interpolate the hydrostatic pressures within
each element (as well as the usual displacements) and then
to impose additional constraint equations®'°. The
formulation we use may be written, at the element level*:

J‘ SijéeijdV_‘[ pée“dV=J/ (3)
v v

—f e,.,.apdV—J P spdv=0 @)
y y K

where the s;; are the deviatoric stress components, the e;
are the strain components, p is the (separately
interpolated) pressure, § means ‘variation in’, # is the
external virtual work and x is the physical bulk modulus.
The first equation is the usual principle of virtual work
equation! (note that the stress components are given
using 7;;=s;—p d;; where §;; is the Kronecker delta). The
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second equation relates the separately interpolated
pressures to the volumetric strains (computed from
displacements) in an average sense. This mixed-
interpolation formulation is applicable to analyses with v
arbitrarily close to 0.5.

We use this mixed formulation in the analysis of the
pressure vessel. Here we employ conventional nine-node
isoparametric elements to interpolate the displacements.
Within each element, a linear pressure variation (in the
isoparametric coordinates) is employed, i.e.

pP=po+pr+p,s (5)

within each element. We note that this element has been
extensively cited in the literature!®!'2,

First, we consider the case with v=0.4, merely to
identify what accuracy is obtained with the mixed-
interpolation formulation in this case. When we employ
the 181 element mesh, we find that some of the pressure
jumps are almost 2.5 psi in the region close to the axis
of symmetry. Also the pressure bands are extremely
smooth and continuous near the stress concentration.
The 181 element mesh can probably be used for stress
calculations; however, we felt that a more effective mesh
could be constructed.

160 elemenr mesh. Therefore we constructed a 160
element mesh (Figure /9) which is more refined near the
centre of the pressure vessel and slightly less refined near
the stress concentration. Some effective stress band and
pressure band plots are shown in Figures 20 and 2/. A
comparison with the results of the displacement-based
formulation (using the 181 element mesh) shows that the
spacing and thicknesses of all of the bands agree. Near the
stress concentration, the pressure bands from the mixed-
interpolation formulation are smoother than the pressure
bands from the displacement-based formulation. The
effective stress bands are smooth in both formulations.
Graphs of the maximum and minimum in-plane principal
stresses and of the hoop stress (Figure 22) agree very well
with the corresponding graphs obtained with the
displacement-based formulation.

Next we analyse the pressure vessel assuming a
Poisson’s ratio of 0.49 with the 160 element mesh and the
mixed-interpolation formulation. The resulting effective
stress band and pressure band plots are shown in Figures
23 and 24. We notice that there is no degradation of the
pressure bands when the Poisson’s ratio is increased to
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Figure 18 Pressure band plot for 181 element
mesh, v=0.49, 2x 2 integration, enlargement near
stress concentration
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Figure 192 160 element mesh: complete mesh
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Figure 19b 160 element mesh: detail of mesh

Figure 20 Effective stress band plot for 160 element mesh, v=0.4,

enlargement near stress concentration
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Figure 21 Pressure band plot for 160 element mesh, v=04,

enlargement near stress concentration
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Figure 22a Stress line graph for 160 element mesh, v=04:
maximum in-plane principal stress
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Figure 22b Stress line graph for 160 element mesh, v=0.4:
minimum in-plane principal stress
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Figure 22¢ Stress line graph for 160 element mesh, v=0.4: hoop

stress
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Figure 23a Effective stress band plot for 160 element mesh,
v=0.49: complete mesh

Figure 23b Effective stress band plot for 160
element mesh, v=0.49: enlargement near stress
concentration

Figure 24a Pressure band plot for 160 element mesh, v=0.49:
complete mesh
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Figure 24b Pressure band plot for 160 element
mesh, v=0.49: enlargement near stress
concentration
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Figure 25a Stress line graph for 160 element mesh, v=0.49:
maximum in-plane principal stress
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Figure 25b Stress line graph for 160 element mesh, v=0.49:
minimum in-plane principal stress
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Figure 25¢ Stress line graph for 160 element mesh, v=0.49: hoop
stress
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Table 1 Comparison of stresses on line of interest from Floyd, Brebbia et a/., and present work (all stresses in psi)

Floyd Brebbia et al.

Floyd boundary 31 boundary 240 elements 181 elements 160 elements 160 elements

photoelastic element elements disp.-based disp.-based mixed mixed

model v=0.49 v=0.40 v=0.40 v=0.40 v=0.40 v=0.49
a1 on inner surface 75 90 95 96 96 96 93
64 on outer surface 0 0 0 -1 -1 0 0
g, on inner surface -3 -2 -25 -2 -25 -25 -25
a5 max. on line 9 12 12 12 12 12 12
g, on outer surface -15 -18 -23 —-22 —22 -1 -20
7, ON inner surface 27 38 31 31 31 31 39
74x ON outer surface -12 —-14 -14 —-14 -14 -13 —-14

0.49 and that the effective stress bands also remain
smooth. The stress line graphs along the line of interest
(Figure 25) show that the stress jumps between elements
are negligible and the solution is continuous.

There are observable differences between the stress
solutions for v=0.4 and v=0.49. These are displayed in
the stress band plots (compare Figures {0 and [/ with
Figures 23 and 24), but the numerical comparison is more
direct using the stress line graphs along the line of interest.
The largest difference is observed to be in the hoop stress;
increasing Poisson’s ratio increases the hoop stress near
the stress concentration. The maximum in-plane
principal stress at the inner surface decreases slightly
when Poisson’s ratio is increased.

Table [ contains a comparison of the stresses along the
line of interest predicted by Floyd, Brebbia, and
ourselves. Our finite element results compare very well
with the boundary element and experimental results
presented by Floyd and Brebbia.

CONCLUSIONS

We have presented a technique that can be used to
directly observe the stress state within a finite element
mesh. The basic idea is quite simple: at selected points in
the mesh, we compute a scalar measure of the stress state
(either the pressure or the von Mises effective stress). A
point is darkened only if the stress measure at the point
falls within a preselected interval. When enough points
are selected, the darkened points form ‘stress bands’. The
resulting stress band plot superficially resembles an
isochromatic pattern from a photoelastic stress specimen.

An important point is that the stress bands are
computed using unaveraged stresses. This permits us to
directly present the actual stress solution in pictorial
form. The resulting stress band plots can then be used to
indicate if a finite element stress solution is accurate, to
directly compare two finite element solutions when either
different mesh layouts or different solution procedures are
employed or as a guide for mesh refinement. The basic
concept used is that the error in the finite element solution
causes discontinuities in the stresses; these are visible in
the stress band plots.

The procedure we use in mesh refinement is to choose a
reasonable stress band spacing (related to the stress jumps
that can be tolerated) and then to refine the mesh until all
of the stress bands are ‘distinguishable’ (in other words,
each band can be traced across interelement boundaries).
We do not require that the bands be perfectly smooth as
small stress jumps can be tolerated in practical analysis.

The example presented in this paper—the analysis of
an axisymmetric pressure vessel—demonstrates the
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usefulness of the stress band plots. The predicted stress
solutions for different mesh layouts and different types of
elements can easily be compared over the complete
structure. Also, the plots show that the fairly coarse
meshes finally chosen give accurate stress solutions.
Considering a Poisson’s ratio of 0.4, a mesh of 181 eight-
node displacement-based elements and a mesh of 160
nine-node mixed-interpolated elements (with three
pressure variables per element) both give good results.
When the Poisson’s ratio is increased to 0.49, the mixed-
interpolation formulation is far more effective and the 160
element mesh again gives good results.

Because we compared a variety of solution procedures
in the paper, the total number of analyses presented for
this problem is much greater than the number usually
required in practice. Also, we solved the problem using
fairly coarse meshes; however, in a practical analysis, it is
sometimes more desirable to employ a finer mesh. First, it
is easier to construct an acceptable mesh if many elements
are used. Second, a coarse mesh is, in a sense, optimized
for the particular problem considered and may not give
good results if the problem is altered slightly. Third, a fine
mesh may be required for certain types of non-linear
analyses, in particular those involving material non-
linearities.

Considering the expense of drawing the stress bands,
our experience is that the cost is quite reasonable when
compared to the total solution expense, and we reported
upon some typical costs in the paper. Also, it may well be
possible to further increase the effectiveness of the
process.

The stress band method presented in this paper could
be enhanced in several ways; for example, colours could
be used to indicate the numerical magnitude of the stress
level associated with each band, or each band could be
displayed using two shades (black and grey) in such a way
as to indicate the direction in which the stress is
increasing.

In this paper, we considered only two-dimensional
linear static analyses of solid mechanics problems. The
concepts presented can also be extended to two-
dimensional non-linear analysis, provided that the stress
is computed at a sufficient number of points within each
element. Another extension is to employ the stress band
plots in eigenvalue analyses. Here the idea is that the
stress bands can be produced for each mode shape of
interest—a mode shape is accurately represented by the
mesh if all of the stress bands are distinguishable.

An important extension is the use of stress band plots in
plate and shell analysis. Here we would consider scalar
measures based on the section forces and moments. With
isoparametric shell elements, the concepts presented in




this paper could then be employed directly. Stress band
plots of truly three-dimensional problems would also be
most useful, but it may be quite difficult to manipulate the
plotted mesh so as to see the bands as clearly as possible.
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