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1 Matrix form of GSTCs
The Generalized Sheet Transition Conditions (GSTCs) on the electromagnetic fields
due to an infinitesimally thin conducting sheet placed in the z = 0 plane as given in [1]
are equivalent to:

ẑ × [[H‖]] =
σe

2
{{E‖}} (1)

−ẑ × [[E‖]] =
σm

2
{{H‖}} (2)

where for any vector tangential to the sheet, v‖ = (vx, vy)
T , we define

[[v‖]] = lim
z→0+

v‖(z)− lim
z→0−

v‖(z) (3)

{{v‖}} = lim
z→0+

v‖(z) + lim
z→0−

v‖(z). (4)

In addition, we defineE‖ as the tangential electric field,H‖ as the tangential auxiliary
field, σe the electric sheet conductivity, and σm the magnetic sheet conductivity.

For convenience, we may also label each face of the sheet by a port. Let’s also enu-
merate the ports so that they increment along the +z axis, so let v1‖ = limz→0− v‖(z)

and v2‖ = limz→0+ v‖(z).
Also observe that the curl operator ẑ× can be written as the π/2 rotation matrix

R =

(
0 −1
1 0

)
, which hasR−1 = −R. Thus we can also write the GSTCs as

R(H2
‖ −H

1
‖ ) =

σe

2
(E1
‖ +E

2
‖) (5)

R−1(E2
‖ −E

1
‖) =

σm

2
(H1
‖ +H

2
‖ ) (6)

2 Planewave decomposition in periodic sheet
Assuming that the sheet is periodic along both orthogonal, tangential axes, Bloch’s the-
orem implies that the solution of the fields along those axes can be decomposed along a
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Figure 1: Geometry of the unit cell of a stack of conducting sheets

discrete spectrum, λnm, of planewaves of the form ψnm(z) exp
(
i(k‖,nm · r‖ − ωt)

)
.

In particular, in DeltaRCWA.jl we assume that the medium through which the fields
propagates is a uniform medium (i.e. vacuum) whose eigenmodes are planewaves, so
the solutions are of the form exp(i(knm · r − ωt)) where due to the dispersion of elec-
tromagnetic waves in a uniform medium, k · k = ω2εµ, we determine k±z = ±kz =

±
√
ω2εµ− k2x,n − k2y,m.

We may rewrite the GSTCs in the planewave/Fourier basis by Fourier transforming
the position-basis equations in each component of the fields with the operator

F‖ =
(
F 0
0 F

)
(7)

where F is the (Discrete) Fourier transform and F∗ its adjoint/inverse:

F‖RF∗‖(H̃2
‖ − H̃

1
‖ ) = R(H̃2

‖ − H̃
1
‖ ) =

σ̃e

2
(Ẽ1
‖ + Ẽ

2
‖) (8)

F‖R−1F∗‖(Ẽ2
‖ − Ẽ

1
‖) = R

−1(Ẽ2
‖ − Ẽ

1
‖) =

σ̃m

2
(H̃1
‖ + H̃

2
‖ ) (9)

Here a quantity with a tilde is in the Fourier basis, i.e. H̃ = F‖H for vectors and
σ̃ = F‖σF∗‖ for matrices.

3 Planewave solutions to Maxwell’s equations
Maxwell’s curl equations

−µ∂tH = ∇×E (10)
ε∂tE = ∇×H, (11)

take the following form for planewave solutions:

µωH̃ = knm × Ẽ (12)

−εωẼ = knm × H̃. (13)
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For brevity I will drop the nm subscript for the modes, which is implied by the tilde
signifying the planewave basis. In particular, the equations for the ẑ components imply

ωµH̃z = kxẼy − kyẼx (14)

−ωεẼz = kxH̃y − kyH̃x, (15)

which substituted into rescaled equations for the x̂, ŷ components give

−ω2εµH̃x = −ωε(kyẼz − kzẼy) = ky(kxH̃y − kyH̃x) + ωεkzẼy (16)

−ω2εµH̃y = −ωε(kzẼx − kxẼz) = −ωεkzẼx − kx(kxH̃y − kyH̃x) (17)

−ω2εµẼx = ωµ(kyH̃z − kzH̃y) = ky(kxẼy − kyẼx)− ωµkzH̃y (18)

−ω2εµẼy = ωµ(kzH̃x − kxH̃z) = ωµkzH̃x − kx(kxẼy − kyẼx) (19)

which can be rewritten in matrix form as

(RKR−1 − ω2εµI)H̃‖ = ωεR−1kzẼ‖ (20)

(RKR−1 − ω2εµI)Ẽ‖ = ωµRkzH̃‖ (21)

where

K =

(
kxkx kxky
kykx kyky

)
. (22)

4 Obtaining the scattering matrix

4.1 Eliminating the electric field
Taking equations (8) and (21), and eliminating the electric field yields

R(H̃2
‖ − H̃

1
‖ ) =

σ̃e

2
(RKR−1 − ω2εµI)−1ωµRkz(H̃

1
‖ + H̃

2
‖ ). (23)

If we know ρe = (σe)−1 we can also rewrite this as

(RKR−1 − ω2εµI)ρ̃eR(H̃2
‖ − H̃

1
‖ ) =

1

2
ωµRkz(H̃

1
‖ + H̃

2
‖ ), (24)

which is easier to compute because there is no need for matrix inversions if the data
for the resistivity is specified. Also, resistivities allow for easy descriptions of ideal
conductors (ρe = 0), which is a sensible approximation for metallic materials, however
it is inconvenient to express a nonconducting vacuum with a infinite resistivity. If we
left multiply the preceding equation byR−1 it simplifies to

(K − ω2εµI)R−1ρ̃eR(H̃2
‖ − H̃

1
‖ ) =

1

2
ωµkz(H̃

1
‖ + H̃

2
‖ ). (25)

Taking equations (9) and (21), and eliminating the electric field yields

2ωµRkz(H̃
2
‖ − H̃

1
‖ ) = (RKR−1 − ω2εµI)Rσ̃m(H̃1

‖ + H̃
2
‖ ), (26)
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which can be simplified by multiplying through by R−1 to obtain

2ωµkz(H̃
2
‖ − H̃

1
‖ ) = (K − ω2εµI)σ̃m(H̃1

‖ + H̃
2
‖ ). (27)

On the other hand, equations (9) and (20), and eliminating the electric field yields

(RKR−1 − ω2εµI)(H̃2
‖ − H̃

1
‖ ) =

1

2
ωεkzσ̃

m(H̃1
‖ + H̃

2
‖ ). (28)

A problem arises from this equation: the scattering matrix created from it is singular.
We have obtained the easiest to solve forms of these equations for the H field. If

we had instead eliminated the H field, we would have obtained identical equations for
the E field except replacing ε↔ µ, ρe → ρm, and σm → σe, which makes less sense
since it is impossible to have ρm = 0 since there are no magnetic charges and thus no
magnetic conductors.

4.2 Incident and scattered components
Each mode can propagate in either the +ẑ or−ẑ direction, so their amplitudes combine

H̃i
‖ = H̃

(i,+)
‖ + H̃

(i,−)
‖ (29)

Note that in this notation for planewaves, ∂zH̃
(i,±)
‖ = ±ikzH̃(i,±)

‖ , however, the
instances of kz were assumed to have positive sign regardless so, we reinterpret the
previous instances as being k±z = ±kz , with sign matching that of H̃(i,±). After sub-
stituting the incident and scattered components, both equations (25) and (28) have the
form

A
(
H̃

(2,+)
‖ + H̃

(2,−)
‖ − H̃(1,+)

‖ − H̃(1,−)
‖

)
(30)

= B±
(
H̃

(2,+)
‖ + H̃

(2,−)
‖ + H̃

(1,+)
‖ + H̃

(1,−)
‖

)
(31)

= B
(
H̃

(2,+)
‖ − H̃(2,−)

‖ + H̃
(1,+)
‖ − H̃(1,−)

‖

)
(32)

which after moving the incident components, (1,+) and (2,−) to one side and the
scattered components, (1,−) and (2,+) to the other becomes

A
(
H̃

(2,+)
‖ − H̃(1,−)

‖

)
−B

(
H̃

(2,+)
‖ − H̃(1,−)

‖

)
(33)

= −A
(
H̃

(2,−)
‖ − H̃(1,+)

‖

)
+B

(
−H̃(2,−)

‖ + H̃
(1,+)
‖

)
(34)

and write it in matrix form

(
−A+B A−B

)(H̃(1,−)
‖

H̃
(2,+)
‖

)
=
(
A+B −A−B

)(H̃(1,+)
‖

H̃
(2,−)
‖

)
. (35)
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Similarly (27) has the form

C±
(
H̃

(2,+)
‖ + H̃

(2,−)
‖ − H̃(1,+)

‖ − H̃(1,−)
‖

)
(36)

= C
(
H̃

(2,+)
‖ − H̃(2,−)

‖ − H̃(1,+)
‖ + H̃

(1,−)
‖

)
(37)

= D
(
H̃

(2,+)
‖ + H̃

(2,−)
‖ + H̃

(1,+)
‖ + H̃

(1,−)
‖

)
(38)

which can be written in matrix form as

(
C −D C −D

)(H̃(1,−)
‖

H̃
(2,+)
‖

)
=
(
C +D C +D

)(H̃(1,+)
‖

H̃
(2,−)
‖

)
. (39)

Hence the full scattering matrix, derived from (25) and (27), is(
−(K − ω2εµI)R−1ρ̃eR+ 1

2ωµkz (K − ω2εµI)R−1ρ̃eR− 1
2ωµkz

−(K − ω2εµI)σ̃m + 2ωµkz −(K − ω2εµI)σ̃m + 2ωµkz

)(
H̃

(1,−)
‖

H̃
(2,+)
‖

)

=

(
(K − ω2εµI)R−1ρ̃eR+ 1

2ωµkz −(K − ω2εµI)R−1ρ̃eR− 1
2ωµkz

(K − ω2εµI)σ̃m + 2ωµkz (K − ω2εµI)σ̃m + 2ωµkz

)(
H̃

(1,+)
‖

H̃
(2,−)
‖

)
(40)

This is a system of the form AHscattered = BHincident, so the scattering matrix is
simply S = A\B = A−1B.

5 Fourier basis
The system of equations for the scattering system, (40), is written so that tensorial
quantities with respect to the spatial components are in bold whereas scalars are not
bolded. However, these equations are meant to be solved on the spatial or reciprocal
lattice, and in this setting the scalar quantities take on the dimensionality of this lattice
and the Fourier operators transform this lattice. These dimensions can be viewed in ad-
dition to the spatial components. The scalars components of the fields in the equations
above become indexed by n and m, the mode numbers for the periodic x and y axes,
while the scalar components of the linear operators become linear transformations from
the indices nm to n′m′.

6 Decoupled case
For completeness, here are the results for when the TE and TM modes decouple.

When the GSTCs have diagonal conductivity matrices that are invariant with re-
spect to y (i.e. ky = 0), then the TE and TM modes decouple and we obtain an
equation for the jump condition/scattering matrix of the H field/TM mode:
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(
I +

σ̃e
xx

2
kz,n
εω −I − σ̃e

xx

2
kz,n
εω

kz,n
εω +

σ̃m
yy

2
kz,n
εω +

σ̃m
yy

2

)(
H̃

(1,−)
y

H̃
(2,+)
y

)

=

(
−I + σ̃e

xx

2
kz,n
εω I − σ̃e

xx

2
kz,n
εω

kz,n
εω −

σ̃m
yy

2
kz,n
εω −

σ̃m
yy

2

)(
H̃

(1,+)
y

H̃
(2,−)
y

)
(41)

An analogous equation exists for the E field/TE mode by substitutingH → E, σexx →
σmxx, σ

m
yy → σeyy . Unlike the fully coupled case, the difference between using ρ and σ

incurs no additional computational cost.
If the off-diagonal conductivity matrix elements are nonzero, then the TE and TM

modes again become coupled and we would find that we need to return to using the
fully coupled equations. In this special case we could also derive the following form
for the coupled TE and TM polarizations (only when ky = 0)


I +

σ̃e
xx

2
kz,n
εω − σ̃

e
xy

2 −I − σ̃e
xx

2
kz,n
εω − σ̃

e
xy

2
kz,n
εω +

σ̃m
yy

2

σ̃m
yx

2
kz
µω

kz,n
εω +

σ̃m
yy

2 − σ̃
m
yx

2
kz
µω

− σ̃
m
xy

2 I +
σ̃m
xx

2
kz,n
µω − σ̃

m
xy

2 −I − σ̃m
xx

2
kz,n
µω

σ̃e
yx

2
kz
εω

kz,n
µω +

σ̃e
yy

2 − σ̃
e
yx

2
kz
εω

kz,n
µω +

σ̃e
yy

2



H̃

(1,−)
y

Ẽ
(1,−)
y

H̃
(2,+)
y

Ẽ
(2,+)
y



=


−I + σ̃e

xx

2
kz,n
εω

σ̃e
xy

2 I − σ̃e
xx

2
kz,n
εω

σ̃e
xy

2
kz,n
εω −

σ̃m
yy

2

σ̃m
yx

2
kz
µω

kz,n
εω −

σ̃m
yy

2 − σ̃
m
yx

2
kz
µω

σ̃m
xy

2 −I + σ̃m
xx

2
kz,n
µω

σ̃m
xy

2 I − σ̃m
xx

2
kz,n
µω

σ̃e
yx

2
kz
εω

kz,n
µω −

σ̃e
yy

2 − σ̃
e
yx

2
kz
εω

kz,n
µω −

σ̃e
yy

2



H̃

(1,+)
y

Ẽ
(1,+)
y

H̃
(2,−)
y

Ẽ
(2,−)
y


(42)
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