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Abstract

This paper addresses the problem of testing whether a Bootdaed functiory is a halfspace, i.e. a
function of the formf (z) = sgn(w-x — 6). We consider halfspaces over the continuous doRdirien-
dowed with the standard multivariate Gaussian distrim)tas well as halfspaces over the Boolean cube
{-1,1}" (endowed with the uniform distribution). In both cases weegin algorithm that distinguishes
halfspaces from functions that ardar from any halfspace using onj}oly(é) queries, independent of
the dimensiom.

Two simple structural results about halfspaces are at the b&our approach for the Gaussian dis-
tribution: the first gives an exact relationship betweenekgected value of a halfspageand the sum
of the squares of's degree-1 Hermite coefficients, and the second showstlydtiaction that approxi-
mately satisfies this relationship is close to a halfspa@pkve analogous results for the Boolean cube
{—1, 1} (with Fourier coefficients in place of Hermite coefficierfs) balanced halfspaces in which all
degree-1 Fourier coefficients are small. Dealing with galtelfspaces ove—1, 1}™ poses significant
additional complications and requires other ingrediefitsese include “cross-consistency” versions of
the results mentioned above for pairs of halfspaces witlséinge weights but different thresholds; new
structural results relating the largest degree-1 Foupefficient and the largest weight in unbalanced
halfspaces; and algorithmic techniques from recent wortesting juntas [EKR 0Z].
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1 Introduction

A halfspaceis a function of the formf(z) = sgn(wiz1 + --- + w,x,, — 6). Halfspaces are also known
asthreshold function®r linear threshold functionsfor brevity we shall often refer to them in this paper as
LTFs. LTFs are a simple yet powerful class of functions, WwHar decades have played an important role
in fields such as complexity theory, optimization, and maeHhearning (see e.d. [HMP3,[Yao90 | Blo6R,
Nov62,[MP68[ STCU0]).

In this work, we focus on th&alfspace testingroblem: given query access to a function, we would
like to distinguish whether it is an LTF or whether itadar from any LTF. This is in contrast to the proper
halfspace learningrroblem: given examples labeled according to an unknown(EftRer random examples
or queries to the function), find an LTF that iti€lose to. Though any proper learning algorithm can be used
as a testing algorithm (see, e.g., the observations_of |@PR&sting potentially requires fewer queries.
Indeed, in situations where query access is available, iyepificient testing algorithm can be used to check
whether a function is close to a halfspace, before bothéamgn a more intensive algorithm to learn which
halfspace it is close to.

Our main result is to show that the halfspace testing proldambe solved with a number of queries
that isindependenbf n. In doing so, we establish new structural results about LiWkRiEh essentially
characterize LTFs in terms of their degree-0 and degreeutiéracoefficients.

We note that any learning algorithm — even one with black-hogry access tg — must make at
least2(2) queries to learn an unknown LTF to accuraaynder the uniform distribution ofi—1, 1}" (this
follows easily from, e.qg., the results 6f [KMTB3]). Thus tb@emplexity of learning is linear in, as opposed
to our testing bounds which are independent of

We start by describing our testing results in more detalil.

Our Results. We consider the standard property testing model, in whiehtélsting algorithm is allowed
black-box query access to an unknown functfoand must minimize the number of times it querfesThe
algorithm must with high probability pass all functionstthave the property and with high probability fail
all functions that have distance at leastom any function with the property. Our main algorithmicués
are the following:

1. We first consider functions that m&* — {—1, 1}, where we measure the distance between func-
tions with respect to the standarddimensional Gaussian distribution. In this setting weegiv
poly(%) query algorithm for testing LTFs with two-sided error.

2. [Main Result.] We next consider functions that miapl, 1} — {—1,1}, where (as is standard in
property testing) we measure the distance between fursctigth respect to the uniform distribution
over{—1,1}". In this setting we also givelaoly(%) guery algorithm for testing LTFs with two-sided
error.

Resultdll anfl2 show that in two natural settings we can teghéylgeometric property — whether or
not the—1 and-+1 values defined by are linearly separable — with a number of queries that isgeddent
of the dimension of the space. Moreover, the dependenc%eisnnly polynomial, rather than exponential
or tower-type as in some other property testing algorithms.

While it is slightly unusual to consider property testingden the standard multivariate Gaussian dis-
tribution, we remark that our results are much simpler taldigh in this setting because the rotational
invariance essentially means that we can deal with a 1-dsroeral problem. We moreover observe that
it seems essentiallgecessaryto solve the LTF testing problem in the Gaussian domain irotd solve
the problem in the standafd-1, 1}" uniform distribution framework; to see this, observe thatiaknown



function f : {—1,1}" — {—1, 1} to be tested could in fact have the structure

~<$1+"'+96m x(d—l)m+1+"'+$dm>

f(acl,...,xdm):f \/ﬁ go ey \/ﬁ

in which case the arguments fdehave very much like independent standard Gaussian random variables.
We note that the assumption that our testing algorithm hasycaccess tg (as opposed to, say, access

only to random labeled examples) is necessary to achievenplerity independent ofi. Any LTF testing

algorithm with access only to uniform random examglesf(x)) for f : {—1,1}" — {—1,1} must use

at least2(log n) examples (an easy argument shows that with fewer exampleslistribution on exam-

ples labeled according to a truly random function is stadlyy indistinguishable from the distribution on

examples labeled according to a randomly chosen variate ft:1, . .., ., }).

Characterizations and TechniguesWe establish new structural results about LTFs which egdbnthar-
acterize LTFs in terms of their degree-0 and degree-1 Focoefficients. For functions mappidg-1, 1}"
to{—1, 1} it has long been knowin [Chob1] that any linear thresholdtioncf is completely specifieby the
n-+1 parameters consisting of its degree-0 and degree-1 Faaedficients (also referred to as &how pa-
rameter$. While this specification has been usedgarn LTFs in various contexts [BDBE [Gal06[ Ser07],

it is not clear how it can be used to construct efficiesters(for one thing this specification involves+ 1
parameters, and in testing we want a query complexity inugget ofn). Intuitively, we get around this
difficulty by giving new characterizations of LTFs as thosadtions that satisfy a particular relationship
between justwo parameters, namely the degree-0 Fourier coefficient anduimeof the squared degree-1
Fourier coefficients. Moreover, our characterizationsrabeist in that if a function approximately satisfies
the relationship, then it must be close to an LTF. This is whakes the characterizations useful for testing.

We first consider functions mappifg™ to {—1, 1} where we viewR™ as endowed with the standard
n-dimensional Gaussian distribution. Our characteriraisoparticularly clean in this setting and illustrates
the essential approach that also underlies the much maskv@a/Boolean case. On one hand, it is not hard
to show that for every LTH, the sum of the squares of the degieklermite coefficient$ of f is equal
to a particular function of the mean ¢f— regardless ofvhich LTF f is. We call this functioniV; it is
essentially the square of the “Gaussian isoperimetricttion.

Conversely, Theoren R0 shows thatfif: R" — {—1,1} is any function for which the sum of the
squares of the degreeHermite coefficients is withinte? of W (E[f]), then f must beO(e)-close to an
LTF — in fact to an LTF whose: weights are the: degree-1 Hermite coefficients ¢f The valueE|[f] can
clearly be estimated by sampling, and moreover it can be shbat a simple approach of samplirigon
pairs of correlated inputs can be used to obtain an accustteate of the sum of the squares of the degree-
Hermite coefficients. We thus obtain a simple and efficiesttf@r LTFs under the Gaussian distribution and
thereby establish Resilllt 1. This is done in Sedfion 4.

In Section[d we take a step toward handling general LTFs ¢var, 1} by developing an analogous
characterization and testing algorithm for the classadénced regulat.TFs over{—1,1}"; these are LTFs
with E[f] = 0 for which all degree-1 Fourier coefficients are small. Tharhef this characterization is a
pair of results, TheorenisP4 and 25, which give Boolean-eutadogues of our characterization of Gaussian
LTFs. Theoreni 24 states that the sum of the squares of theatedtourier coefficients of any balanced
regular LTF is approximatelyV (0) = % TheorenZb states that any functigrwhose degree-1 Fourier
coefficients are all small and whose squares sum to rou%hiyin fact close to an LTF — in fact, to one
whose weights are the degree-1 Fourier coefficients. &imilar to the Gaussian setting, we can estimate
E[f] by uniform sampling and can estimate the sum of squares oédelgFourier coefficients by sampling
f on pairs of correlated inputs. An additional algorithmiepsts also required here, namely checking that

1These are analogues of the Fourier coefficientdfofunctions ovelR™ with respect to the Gaussian measure; see Sddtion 2.



all the degree-1 Fourier coefficients ffare indeed small; it turns out that this can be done by estignat
the sum offourth powers of the degree-1 Fourier coefficients, which can agaiobtained by sampling
on (4-tuples of) correlated inputs.

The general case of testing arbitrary LTFs o{reri, 1}" is substantially more complex and is dealt with
in Sectior6. Very roughly speaking, the algorithm has thmaén conceptual steps:

e First the algorithm implicitly identifies a set 6f(1) many variables that have “large” degree-1 Fourier
coefficients. Even a single such variable cannot be expliclentified usingo(logn) queries; we
perform the implicit identification using (1) queries by adapting an algorithmic technique from
[EKRF02].

e Second, the algorithm analyzes the regular subfuncticatsale obtained by restricting these implic-
itly identified variables; in particular, it checks that teés a single set of weights for the unrestricted
variables such that the different restrictions can all hgreéssed as LTFs with these weights (but dif-
ferent thresholds) over the unrestricted variables. Rlyugieaking, this is done using a generalized
version of the regular LTF test that tests whethgaa of functions are close to LTFs over the same
linear form but with different thresholds. The key techhiogredients enabling this are Theorelm$ 37
and[38, which generalize Theoremd 24 25 in two ways (I3 phifunctions, and to functions
which may have nonzero expectation).

¢ Finally, the algorithm checks that there exists a singleoeteights for the restricted variables that
is compatible with the different biases of the differenttrieted functions. If this is the case then
the overall function is close to the LTF obtained by comlgnthese two sets of weights for the
unrestricted and restricted variables. (Intuitively,ceirthere are only)(1) restricted variables there
are onlyO(1) possible sets of weights to check here.)

Related Work. Various classes of Boolean functions have recently beatiestdrom a testing perspective.
[PRS02] shows how to test dictator functions, monomiald,@( )-term monotone DNFs with query com-
plexity O(%). [EKRT0Z] gave algorithms for testing-juntas with query complexities that are low-order
polynomials ink and1/e. On the other hand| [FLNO2] showed that any algorithm for testing mono-
tonicity must have a query complexity which increases wittfee also [AKK 03,[BLR93, GGLT0d] and
references therein for other work on testing various cas$®oolean functions.

In [DLM T07] a general method is given for testing functions that ltawveise representations in various
formats; among other things this work shows that the claskeoision listga subclass of LTFs) is testable
using poly(%) gueries. The method of [DLMO7] does not apply to LTFs in general since it requires that
the functions in question be “well approximated” by juntabjch clearly does not hold for general LTFs.

Outline of the Paper. In Sectio 2 we give some notation and preliminary facts tisemlighout the paper.
In Sectior B we describe a subroutine for estimating sumowkps of Fourier and Hermite coefficients,
based on the notion of Noise Stability. Sectldn 4 containsabgorithm for testing general LTFs over
Gaussian Space. Sectibh 5 contains an algorithm for tebtt@nced, regularL.TFs over{—1,1}", a
“warm-up” to our main result. Finally, Sectidh 6 containg ouain result, a general algorithm for testing
LTFs over{—1,1}"

2 Notation and Preliminaries.

Except in Sectiofil4, throughout this pagewill denote a function from{ —1,1}" to {—1, 1} (in Sectior #
f will denote a function fromR™ to {—1,1}). We say that a Boolean-valued functignis e-far from
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fif Pr[f(z) # g(x)] > ¢ for f defined over the domaifi-1, 1} this probability is with respect to the
uniform distribution, and foy defined oveR™ the probability is with respect to the standardlimensional
Gaussian distribution.

We make extensive use of Fourier analysis of functipns{—1,1}" — {—1, 1} and Hermite analysis
of functionsf : R™ — {—1,1}. In this section we summarize some facts we will need reggrBurier
analysis of functionsf : {—1,1}" — {—1,1} and Hermite analysis of functions : R" — {-1,1}.
For more information on Fourier analysis see, elste00]; for more information on Hermite analysis see,
e.g., [LT91].

Fourier analysis. Here we consider functiong : {—1,1}" — R, and we think of the inputs to f as
being distributed according to the uniform probabilitytdisution. The set of such functions formsa-
dimensional inner product space with inner product giver{ fiy) = E.[f(z)g(x)]. The set of functions
(xs)scn defined byxs(z) = [[;cqz: forms a complete orthonormal basis for this space. We wsth al
often write simplyzs for [[,.¢ =;. Given a functionf : {—1,1}" — R we define itsrourier coefficients
by f(S) = E.[f(x)zs], and we have thaf (z) = s f(S)zs. We will be particularly interested irfi's
degreet coefficients, i.e.f(S) for |S| = 1; we will write these ag (i) rather thanf({i}). Finally, we have
Plancherel’s identity(f,g) = > ¢ £(8)§(S), which has as a special caBarseval's identityE,[f(x)?] =
S g £(S)2. From this it follows that for every : {—1,1}" — {—1,1} we have}_ ¢ f(5)? = 1.

Hermite analysis. Here we consider functiong : R — R, and we think of the inputs to f as being
distributed according to the standasedimensional Gaussian probability distribution. We triet set of
square-integrable functions as an inner product spaceimvithr product(f, g) = E.[f(z)g(z)] as before.
In the casen = 1, there is a sequence éfermite polynomialshy = 1,h1(z) = z,ha(z) = (2% —
1)/v/2, ... that form a complete orthonormal basis for the space; theypealefined viaxp(\z — \?/2) =
S % o(A/Vd)ha(z). In the case of general, given S € N, we have that the collection of-variate
polynomialsHg(z) := [[;_, hs,(z;) forms a complete orthonormal basis for the space. Given arsqu
integrable functionf : R™ — R we define itsHermite coefficientby f(S) = (f,Hg) for S € N™ and we
have thatf(z) = > ¢ f(S)Hs(z) (the equality holding ir’.2). Again, we will be particularly interested in
f's “degreei” coefficients, i.e.f(ez-), wheree; is the vector which ig in theith coordinate and elsewhere.
Recall that this is simpl¥, [f (x)z;]. Plancherel and Parseval’s identities also hold in thignggt

We will also use the following definitions:

Definition 1. A “linear threshold function,” or LTF, is a Boolean-valuediriction of the formf(z) =
sgn(wixy + ... + wpzy, — 0) Wherew, ..., w,, 0 € R. Thew;’s are called “weights,” andd is called the
“threshold.” Thesgn function is1 on arguments> 0, and —1 otherwise.

Definition 2. We say thayf : {—1,1}" — {—1,1} is “7-regular” if | f(i)| < 7 for all i € [n].
Definition 3. A functionf : {—1,1}" — {—1,1} is said to be a “junta onJ C [n]”if f only depends on
the coordinates iJ. Typically we think of/ as a “small” set in this case.
Definition 4. For a,b € R we writea 2 b to indicate thata — b| < O(n).
and the following simple facts:
Fact 5. Supposed and B are nonnegative angd — B| < . Then|v/A — vB| < n/VB.

Proof. |[vA — vB| = \/‘%J—r% < %' -

Fact 6. If X is a random variable taking values in the rangel, 1], its expectation can be estimated to
within an additivete, with confidencd — §, usingO(log(1/8)/€?) queries.

Proof. This follows from a standard additive Chernoff bound. O



3 Tools for Estimating Sums of Powers of Fourier and Hermite @efficients

In this section we show how to estimate the shff_, f()? for functions over a boolean domain, and
the sum>_" , f(ez-)Q for functions over gaussian space. This subroutine lieb@ateart of our testing
algorithms. We actually prove a more general theorem, sipwow to estimaté ", f (7)P for any integer

p > 2. Estimating the special case »f , f(z')4 allows us to distinguish whether a function has a single

large| ()|, or whether all f(i)| are small. The main results in this section are Corol&tyal8ng with its
analogue for Gaussian space, Lenimla 16), and Lelmina 15.

3.1 Noise Stability.

Definition 7. (Noise stability for Boolean functions.) Létg : {—1,1}" — {—1,1}, letn € [0,1], and
let (x, y) be a pair ofn-correlated random inputs — i.ex,is a uniformly random string angl is formed by
settingy; = x; with probabilityn and lettingy; be uniform otherwise, independently for edchVe define

Sy(f,9) = E[f(z)g(y)].
Fact 8. In the above settings, (f, 9) = 3" gcp £(8)4(S)n'Sh.

Definition 9. (Noise stability for Gaussian functions.) Lgtg : R® — R be in L?(R") with respect to

the Gaussian measure, lgtc [0,1], and let(z,y) be a pair ofn-correlated n-dimensional Gaussians.
l.e., each pair of coordinategr;, y;) is chosen independently as follows; is a standardl-dimensional

Gaussian, and; = nz; + /1 — n? - z;, wherez; is an independent standard Gaussian. We define

Sy(f,9) = Elf (2)g(y)].
Fact 10. In the above settings, (f,9) = > genn £(S)3(S)n°!, where| S| denotess 7, S;.

3.2 Estimating sums of powers of Fourier coefficients.

Forz = (z1,...,x,) andS C [n] we writexg for the monomial [, ; z;. The following lemma generalizes
Fact8:

Lemma 11. Fix p > 2. Let fy,..., f, bep functionsf; : {—1,1}" — {—1,1}. Fix any setl’ C [n]. Let
z',...,2P~1 be independent uniform random strings{in1,1}" and lety be a random string whose bits
are independently chosen wikh(y; = 1] = 1 for i ¢ T andPr[y; = 1] = 1 + Ly fori € T. Let® denote
coordinate-wise multiplication. Then

E[fi(z") f2(a®) - foma (@ N (@' 02 0 0P oy)] = S;Tﬁwfl(s)ﬁ(s) - fo(S).

Proof. We have

E[fi(z") fa(a?) - fpa(@® D fp(z! 02 ©--- 0P O y)]
= E[ X AW fo1(Spm1) fp(Sp) - (@), - (P s, (@t 0 a? @ 0 2P T O y)s,)

S1,...,Spg[n]
= S filS) e foe1(Sp-1) fp(Sp) - El(z)s, a5, - (2P s, a8,V
Sl,...,Spg[n]
Now recalling thatz!, ..., 2P~ andy are all independent and the definitionpfwe have that the only
nonzero terms in the above sum occur witgn= --- = S, = S, C T, in this case the expectation is
nl%»!. This proves the lemma. O



Lemma 12. Letp > 2. Suppose we have black-box accesgito. ., f, : {—1,1}" — {—1,1}. Then for
anyT C [n], we can estimate the sum of products of degree-1 Fourier cigeffs

> fi(0) - fuli)
€T
to within an additivey, with confidence — 4, usingO(p - log(1/6)/n*) queries.

Proof. Let z!, ..., zP be independent uniform random strings{in1,1}" and lety be as in the previous
lemma. Empirically estimate

E[fi(z") f2(2®) - f(aP)] and E[fi(a")f2(a®) - fpma(zP ) ozt @ 2* @ 0P oy (1)

to within an additivetn?, usingO(1/n*) samples. By the previous lemma these two quantities arelgxac
equal to

fi0)--- fp(0)  and S;Tn‘s'fl(S)fz(S) c fp(S)
respectively. Subtracting the former estimate from Irteliaiields
> nl(S) - f(S)

|5|>0,5CT

to within an additiveO(n?), and this itself is withim? of
> nfi(S) - ful)

|S|=1,SCT
because the difference is
> Al A8 < P X AS) - f(9)
|S|>1,SCT |S|>1,5CT
< 9 > A(9)? S (f2(S) - ful9))2 2)
|S|>1,8CT |S|>1,8CT
< 91 > A9 <y ©)
|S|>1,SCT

where [) is Cauchy-Schwarz aridl (3) uses the fact 'Ehat tha){;lﬂm squares of the Fourier coefficients of
a Boolean function is at most 1. Thus we hane_, - f1(4) - - - f»(¢) to within an additiveO(n?); dividing
by 1 gives us the required estimate within(). O

Taking all f;'s to be the same functiofi, we have
Corollary 13. Fix p > 2 and fix anyI' C [n]. Given black-box access fo: {—1,1}" — {-1,1}, we can
estimate)_,_, f(¢)? to an additive+n, with confidencd — 4, usingO(p - log(1/8)/n*) queries.
Proposition 14. If everyi € T has|f(i)] < o, thenY_,cp f(1)* < a® X icp £(i)? < o2,

Lemma 15. Fix any T C [n]. There is anO(log(1/6)/71¢)-query tesNon-Regular(r, §, T') which, given
query access tg : {—1,1}" — {—1, 1}, behaves as follows: with probability— ¢,

e If |f(i)| > 7 for somei € T then the test accepts;

e Ifeveryi € T has|f(i)| < 72/4 then the test rejects.

Proof. The test is to estimat®_, ., f(i)* to within an additive+7*/4 and then accept if and only if the
estimate is at most*/2. If |f(i)| > 7 for somei then clearly> " | f(i)* > 7* so the test will accept
since the estimate will be at least?/4. On the other hand, if each € T has|f(i)] < 72/4, then

Ser f(i)* < 7*/16 by Propositio T4 and so the test will reject since the esénell be less than
571/16. [



3.3 Estimating sums of powers of Hermite coefficients.

Here we Ietf(ei) denote the-th degree-1 Hermite coefficient ¢gf: R — R as described in Sectidh 4.
For the Gaussian distribution we require only the followiamgnma, which can be proved in a straight-
forward way following the arguments in Sectionl3.2 and ustag10.

Lemma 16. Given black-box access t6 : R” — {—1,1}, we can estimaté ;" , f(e;)? to within an
additiven, with confidence — 6, usingO(log(1/6)/n*) queries.

4 A Tester for General LTFs overR"

In this section we consider functiorfsthat mapR™ to {—1, 1}, where we viewR" as endowed with the
standardn-dimensional Gaussian distribution. Recall that a draw: dfom this distribution oveR"™ is
obtained by drawing each coordinatgindependently from the standard one-dimensional Gaustsri-
bution with mean zero and varianteln this section we will use Hermite analysis on functions.

Gaussian LTF facts.Let f : R™ — {—1,1} be an LTFf(x) = sgn(w-z—#0), and assume by normalization
that||w|| = 1. Now then-dimensional Gaussian distribution is spherically syntiogas is the class of LTFs.
Thus there is a sense in which all LTFs with a given thresHade “the same” in the Gaussian setting. (This
is very much untrue in the discrete setting{ef1, 1}™.) We can thus derive Hermite-analytic facts about
all LTFs by studying one particular LTF; saf(x) = sgn(ey - = — 6). In this case, the picture is essentially
1-dimensional; i.e., we can think of simply: R — {—1,1} defined byh(z) = sgn(x — ), wherex is a
single standard Gaussian. The only parameter n@waR.. Let us give some simple definitions and facts
concerning this function:

Definition 17. Lethy : R — {—1, 1} be the function of one Gaussian random variablgiven byhy(x) =

sgn(z — 6). We write¢ for the p.d.f. of a standard Gaussian; i.e(t) = \/%?6—9/2_

1. We define the function : R U {#o0} — [=1,1] by u(0) = hg(0) = E[he]. Explicitly, u(6) =
—142 fe‘x’ ¢. Note thatu is a monotone strictly decreasing function, and it follohaty. is invertible.

2. We have thaﬁ;(l) = E[ho(z)x] = 2¢(0) (by an easy explicit calculation). We define the function
Wi [-1,1] — [0,2/7] by W (v) = (2¢(p~1(v)))2. Equivalently,W is defined so thatV (E[hy]) =

ﬁ;(l)z; i.e., W tells us what the squared degréddermite coefficient should be, given the mean. We

remark thatlV” is a function symmetric aboot with a peak atv (0) = 2.

Proposition 18. 1. Ifz denotes a standard Gaussian random variable, Bén —0|] = 2¢(6) —0u(0).
2. || < +/2/m everywhere, antiV’| < 1 everywhere.
3. If[v] =1 —nthenW (v) = ©(n? log(1/7)).

Proof. The first statement is because both edtidly (x)(z—6)]. The bound om’s derivative holds because

i = —2¢. The bound on/’s derivative is becaus®’(v) = 4¢(0)0, whered = p~'(v), and this
expression is maximized ét= +1, where itis.96788 - - - < 1. Finally, the last statement follows ultimately
from the fact thatt — p(6) ~ 2¢(0)/|6] for |8] > 1. O

Having understood the degréeand degred- Hermite coefficients for thel*dimensional” LTFf :
R"™ — {—1,1} given by f(z) = sgn(z; — ), we can immediately derive analogues for general LTFs:



Proposition 19. Let f : R" — {—1,1} be the LTFf(z) = sgn(w - = — #), wherew € R". By scaling,
assume thafw|| = 1. Then:

L f(0) =E[f]=u@®). 2. fle)) = VWE[Nwi. 3. Y fle)* = W(E[f).
i=1

Proof. The third statement follows from the second, which we wiby®. The first statement is left to the
reader. We havg(e;) = E;[sgn(w - x — 6)z;]. Now w - z is distributed as a standatddimensional
Gaussian. Furthery - = andz; are jointly Gaussian with covariand®{(w - z)x;] = w;. Hence(w - x, x;)

has the same distribution &g, w;y + 1/1 — w7 - z) wherey andz are independent standaredimensional
Gaussians. Thus

Ex)[sgn(w-w—H) z1] = E[sgn(y — 0)(wiy + /1 —w
— wil(1) + Blsen(y — 6)y/1 — w2 - 2] = wi/W(Bl]) + 0 = /W E[w:

as desired. O
The second item in the above proposition leads us to an stiegeobservation: iff (z ) gn(wizy +
-+ wypxy, — 0) is any LTF, then its vector of degrdeHermite coefficients( f(e1),. .., f(e )) is parallel

to its vector of weights(wy, ..., wy).

The tester. We now give a simple algorithm and prove that it accepts any With probability at least
2/3 and rejects any function that @3(¢)-far from all LTFs with probability at least/3. The algorithm is
nonadaptive and has two-sided error; the analysis of thestded confidence error is standard and will be
omitted.

Given an input parameter> 0, the algorithm works as follows:

1. Letjz denote an estimate &]f] that is accurate to within additive accuragy?.
2. Lets? denote an estimate OF"_, f(e;)? that is accurate to within additive accuragy?.

3. If |52 — W(j)| < 2¢3 then output “yes,” otherwise output “no

The first step can be performed simply by makil /%) independent draws from the Gaussian dis-
tribution, queryingf on each draw, and letting be the corresponding empirical estimatdf|; the result
will be +e3-accurate with high probability. The second step of estimga} ", f(e,-)2 was described in
sectiorB.

We now analyze the correctness of the test. The “yes” caséts easy: Sinc@ is within ¢ of E[f],
and sincgW’| < 1 for all = (by PropositiorI8 item 2), we conclude tH&t(j) is within +¢* of the true
value (E[f]). Butsincef is an LTF, this value is precisely.”"_, f(e;)?, by Propositioi.9 item 3. Now
&2 is within 4¢3 of S, f(e;)?, and so the test indeed outputs “yes”.

As for the “no” case, the following theorem implies that aopdtion f which passes the test with high
probability isO(e)-close to an LTF (either a constant functieni or a specific LTF defined bl[f] and f’s
degree-1 Hermite coefficients):

Theorem 20. Assume thatE[f]| <1 —e. If | 321, f(e;)?> — W(E[f])| < 46, thenf is O(¢)-close to an
LTF (in fact to an LTF whose coefficients are the Hermite aiefits f (e:))-



Proof. Leto = /3, f(e:)2, lett = u~'(E[f]), and leth(z) = 1 3" f(e;)x; — t. We will show thatf and

T o

the LTFsgn(h) areO(e)-close, by showing that both functions are correlated sirlyilwith 2. We have
1 .
E[fh] = = f(e:)* —tE[f] = o — tE[f],

where the first equality uses Plancherel. On the other hanrdpositiorIB (item 1), we have

E[h]] = 26(t) — tu(t) = 26~ (BIf))) — tE[f] = /W(BLF]) - ¢tE[f], and thus

63
Elh(sen(h) — £)] = Ellh| — fh] = VWBL]) - 0 <~ < Cé2,

whereC' > 0 is some universal constant. Here the first inequality follaasily fromWW (E[f]) being
4e3-close too? (see Faclls) and the second follows from the assumption| #pt]| < 1 — ¢, which by
PropositiorIB (item 3) implies thay W (E[f]) > Q(e).

Now given thatE[h(sgn(h) — f)] < Ce?, the value ofPr[f(z) # sgn(h(z))] is greatest if the points
of disagreement are those on whighs smallest. Letp denotePr[f # sgn(h)]. Sinceh is a normal
random variable with variance 1, it is easy to see thath| < p/2] < \/%?p < p/2. It follows that f and
sgn(h) disagree on a set of measure at lgg®t, over which|h| is at leasip/2. Thus,E[h(sgn(h) — f)] >
2-(p/2) - (p/2) = p*/2. Combining this with the above, it follows that< 1/2C - ¢, and we are done. []

5 A Tester for Balanced Regular LTFs over{—1,1}"

It is natural to hope that an algorithm similar to the one weleyed in the Gaussian case — estimating
the sum of squares of the degre&ourier coefficients of the function, and checking that itchas up with
W of the function’s mean — can be used for LTFs oyerl, 1}" as well. It turns out that LTFs which are
what we call “regular” — i.e., they have all their degreé-ourier coefficients small in magnitude — are
amenable to the basic approach from Sedflon 4, but LTFs wigieh large degreg+ourier coefficients pose
significant additional complications. For intuition, cader Maj(x) = sgn(z; + - -+ + x,) as an example
of a highly regular halfspace angn(z;) as an example of a halfspace which is highly non-regularhén t
first case, the argument + - - - + x,, behaves very much like a Gaussian random variable so it ifonot
surprising that the Gaussian approach can be made to wdrk) the second case, thel-valued random
variablex, is very unlike a Gaussian.

We defer the general case to Secfibn 6, and here presentaftedtalanced, regulatTFs.

Definition 21. We say that any functiofi: {—1,1}" — {—1,1} is “7-regular”if |f(i)| < 7 forall i € [n].

Definition 22. We say thatan LTF : {—1,1}" — {—1,1} is “balanced” if it has threshold zero and mean
zero. We defin€TF,, ;- to be the class of all balanced;regular LTFs.

The balanced regular LTF subcase gives an important cangejpigredient in the testing algorithm
for general LTFs and admits a relatively self-containedsengation. As we discuss in Sectign 6, though,
significant additional work is required to get rid of eitheet'balanced” or “regular” restriction.

The following theorem shows that we can test the clasE,, , with a constant number of queries:

Theorem 23. Fix any T > 0. There is anD(1/7%)-query algorithmA that satisfies the following property:
Lete be any value > C7'/6, whereC is an absolute constant. Thendfis run with inpute and black-box
accesstoany : {—1,1}" — {—1,1},

e if f € LTF, ; thenA outputs “yes” with probability at leas2/3;
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e if fise-far from every function iiLTF,, - then A outputs “no” with probability at leasg/3.

The algorithmA in Theoren 2B has two steps. The purpose of Step 1 is to chatk ik roughly 7-
regular; if it is not, then the test rejects sintes certainly not ar-regular halfspace. In Step 4,checks that
S f(z')2 ~W(0) = % This check is based on the idea (see Seéfidn 5.1) thanfpregular functionf,
the degree-1 Fourier weight is close%cif and only if f is close to being an LTF. (Note the correspondence
between this statement and the results of Seflion 4 in theeRjg$ = 0.)

We now describe algorithr, which takes as input a parameter C'r/6:

1. FirstA estimatesy ", f(i)* to within an additive+72. If the estimate is greater than? then A
halts and outputs “no,” otherwise it continues.

2. NextA estimatesy.”" ; f(i)? to within an additive+C;7'/3 (whereC; > 0 is an absolute constant
specified below). If this estimate is within an additi¥€C; /3 of % then A outputs “yes”, otherwise
it outputs “no.”

A description of how the sums of powers of degree-1 Fourieffaments can be estimated is given in
Sectior B, see CorollafyIL3 in particular.

In Sectiorf &L, we prove two theorems showing that balanegalar LTFs are essentially characterized
by the property> " , f(i)? ~ % In Sectior 5.R we prove correctness of the test.

5.1 Two theorems aboutLTF,, ..

The first theorem of this section tells us that afye LTF,, , has sum of squares of degree-1 Fourier
coefficients very close té. The next theorem is a sort of dual; it states that any Bodigaction f whose
degree-1 Fourier coefficients are all small and have sumuEreg~ % is close to being a balanced regular
LTF (in fact, to the LTF whose weights equik degree-1 Fourier coefficients). Note the similarity ifrisp
between these results and the characterization of LTFsne#hect to the Gaussian distribution that was
provided by Proposition19 item 3 and Theorgnh 20.

Theorem 24. Let f € LTF,, .. Then|>_", f(i)? — 2| < O(r%/3).
Proof. Let p > 0 be small (chosen later). Using Proposition 7.1 and Theoref{lEKMOOQ7|, we have
A 2
S p¥f(9)? = - arcsin p £ O(7).
S
On the LHS side we have that(S) = 0 for all even|S| since f is an odd function, and therefore,

|25 P91 (9)2 = 035120 F(9)2] < 9P 31555 f(S)? < pP. On the RHS, by a Taylor expansion we
have% arcsin p = %p + O(p?). We thus conclude

p if(i)z = %pi O(p” + 7).

Dividing by p and optimizing withp = ©(7'/3) completes the proof. O

Theorem 25. Letf : {~1,1}" — {—1,1} be any function such th&f (i)| < 7 forall iand| 31", f(i)* -
2| <. Write(z) := 37, f(i)x;. Thenf andsgn(£(z)) are O(y/y + 7)-close.
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Proof. First note that ify > 1/3 then the claimed bound is vacuous, so we may assume that /3. Let
L:=/>", f(z‘)Q; note that by our assumption enwe havel > % We have:

(2/m) -7 < éf@f — E[f(] < E[|(] @)
< \2jn-L+0() (5)
< VB2 E A+ 0(7) < (2/7) + O(y) + O(7).

The equality in[(#) is Plancherel’s identity, and the latterquality is becausé¢ is a &1-valued function.
The inequality [b) holds for the following reasof(z) is a linear form over randort1’s in which all the
coefficients are at most in absolute value. Hence we expect it to act like a Gaussipriq@ () error)
with standard deviatioti, which would have expected absolute valye /= - L. See Propositior[S58 ahdl 59
in Appendix[A for the precise justification. Comparing theemll left- and right-hand sides, we conclude
thatE[|¢]] - E[f] < O(7) + O(7).

Let e denote the fraction of points i1, 1} on which f andsgn(¢) disagree. Given that there isa
fraction of disagreement, the vall&d|¢|] — E[f/] is smallest if the disagreement points are precisely those
points on which/(z)| takes the smallest value. Now again we use the fact/thhould act like a Gaussian
with standard deviatiord, up to some erroO(7/L) < O(27); we can assume this error is at megt,
since ife < O(r) then the theorem already holds. Hence we have (see Théolém @®cise justification)

Pr{|¢| < e/8] =Pr[|¢/L| < €¢/8L] < Pr[|[N(0,1)] <¢/8L] +¢/4 <¢/8L+¢/4<¢/2,

sinceL > 1/2. It follows that at least ar/2 fraction of inputsz have bothf(z) # sgn(¢(x)) and
|¢(x)| > ¢/8. This implies thatE[|¢|] — E[f{] > 2 (¢/2) - (¢/8) = €2 /8. Combining this with the previous
boundE[|¢|] — E[f] < O(y) + O(7), we gete?/8 < O(«y) + O(7) which gives the desired result. [

5.2 Proving correctness of the test.

First observe that for any Boolean functign {—1,1}" — {—1,1},if | f(i)| < 7 forallithen}",_, f(i)* <
723 .er f(i)? < 72, using Parseval. On the other hand|fifi)| > 27'/2 for somei, then>"" | f(i)* is
certainly at least672.

Suppose first that the functighbeing tested belongs IdI'F,, . As explained above, in this cagewill
with high probability pass Step 1 and continue to Step 2. Bgofan 24 the true value of ;" f(i)%is
within an additiveO(7%/3) of 2; sinceO(7%/3) < C;7'/3 the algorithm outputs “yes” with high probability.
So the algorithm behaves correctly on function&/irt’, -.

Now supposef : {—1,1}" — {—1,1} is such that the algorithm outputs “yes” with high probabjli
we show thatf must bee-close to some function ibTF,, -. Since there is a low probability that outputs
“no” in Step 1 onf, it must be the case that eapf(z')\ is at most271/2. Since f outputs “yes” with high
probability in Step 2, it must be the case thaf", f(i)? is within an additiveO(r'/?) of 2. Plugging in
2712 for “7” and O(71/?) for “+” in TheoremZ5, we have thatis C7'/%-close tosgn(¢(z)) whereC is
some absolute constant. This proves the correctneds of

To analyze the query complexity, note that Corollary 13stek that Step 1 require3(1/7%) many
queries, and Step 2 onty(l/r4/3), so the total query complexity i9(1/7%). This completes the proof of
Theoren2B. O

6 A Tester for General LTFs over{—1,1}"

In this section we give our main result, a constant-quertetesr general halfspaces over1,1}". We
start with a very high-level overview of our approach.
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As we saw in Sectiofll 5, it is possible to test a functjofor being close to a balancedregular LTF.
The key observation was that such functions have , f(z')2 approximately equal té} if and only if they
are close to LTFs. Furthermore, in this case, the functiomsetually close to being the sign of their degree-
1 Fourier part. It remains to extend the test described tludnandle general LTFs which may be unbalanced
and/or non-regular.

A clear approach suggests itself for handling unbalancgdlae LTFs using thé?(-) function as in
Sectior#. This is to try to show that fgran arbitraryr-regular function, the following holdsy ", f(i)2
is approximately equal t8/ (E[f]) if and only if f is close to an LTF — in particular, close to an LTF whose
linear form is the degreg&+ourier part off. The “only if” direction here is not too much more difficulteh
TheorenZb (see Theordml 38 in Secfiod 6.2), although thé desyrades as the function’s mean gets close
to 1 or —1. However the “if” direction turns out to present a significganobabilistic difficulty.

In the proof of Theorerfi 24, the special case of mean-zeroppeaded to two results frorh [KKMOD7].
The first shows that a balanceeregular LTF can be represented with “small weights” (smathpared to
their sum-of-squares); the second shows E]:%tpls‘f(S)Q is close to% arcsin p for balanced LTFs with
small weights. It is not too hard to appropriately genegmatize second of these to unbalanced LTFs with
small weights (see Theordml37 in Secfiod 6.2). However gédinierg the first result to unbalanced LTFs is
quite complicated, and requires the following theorem,clilwe prove in Sectiof8f.:

Theorem 26. Let f(z) = sgn(wi 21+ - -+wpx, —0) be an LTF such thay, w? = 1ands§ := |wy| > |w]
for all i € [n]. Let0 < e < 1 be such thatE[f]| < 1 —e. Then|f(1)| > Q(5¢® log(1/e)).

We now discuss removing the regularity condition; this rezgiadditional analytic work and moreover
requires that several new algorithmic ingredients be addé#uk test. Given any Boolean functignParse-
val's inequality implies that/ := {i : | f(i)| > 72} has cardinality at mosit/7*. Let us pretend for now that
the testing algorithm could somehow know the $e{If we allowed the algorithn®(log n) many queries,
it couldin fact exactly identify some set liké. However with constantly many queries this is not possible.
We ignore this problem for the time being, and will discusw ho get around it at the end of this section.)

Our algorithm first checks whether it is the case that for alldne fraction of restrictions to J, the
restricted functiory,, is e-close to a constant function. If this is the case, tiiesman LTF if and only iff is
close to an LTF which depends only on the variableg.ii5o in this case the tester simply enumerates over
“all” LTFs over J and checks whethef seems close to any of them. (Note that sidce of constant size
there are at most constantly many LTFs to check here.)

It remains to deal with the case that for at least fnaction of restrictions td/, the restricted function is
e-far from a constant function. In this case, it can be shovimguEheoreni 26 that if is an LTF then in fact
everyrestriction of the variables id yields a regular subfunction. So it can use the testing phaeefor
(general mean) regular LTFs already described to checKkdhatost restrictionsr, the restricted function
f=is close to an LTF — indeed, close to an LTF whose linear foritsiswn degreed- Fourier part.

This is a good start, but it is not enough. At this point thégles confident that most restricted functions
f» are close to LTFs whose linear forms are their own dedr&eurier parts — but in a true LTF, all of
these restricted functions are expressible usiogramorlinear form. Thus the tester needs to teairwise
consistencyamong the linear parts of the differefit’s.

To do this, recall that when the algorithm tests thatgmstehii functionf;; is close to an LTF, the actual
test is that there is near-equality in the inequaﬁ){s‘:1 fx(8)? < W(E[f,]). If this holds for bothf,
and f;, the algorithm can further check that the degtegarts of f and f;. are essentially parallel (i.e.,
equivalent) by testing that near-equality holds in the Ggu8chwarz inequalit;Em:1 f=(S)far(S) <

VW (E[f])v/W (E[f~]). Thus to become convinced that most restricfes are close to LTFs over the

2Readers familiar with the notion of influence (Definit[ad 6@)l recall that for any LTFf we havelnf;(f) = |f(i)| for eachi.
Thus Theorerfid6 may roughly be viewed as saying that “everyambiased LTF with a large weight has an influential Valea'
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samelinear form, the tester can pick a particulér and check tha} - ¢, Fre(8)f(S) ~ /W (E[fr])-

VW (E[f=]) for mostz’s. (At this point there is one caveat. As mentioned eartle,general-mean LTF
tests degrade when the function being tested has mean oldsert—1. For the above-described test to
work, f.+ needs to have mean somewhat bounded away framd—1, so it is important that the algorithm
uses a restriction™* that hag E[f]| bounded away from 1. Fortunately, finding such a restricisonot a
problem since we are in the case in which at least faaction of restrictions have this property.)

Now the algorithm has tested that there is a single linean fofwith small weights) such that for most
restrictionsr to J, f is close to being expressible as an LTF with linear fatnit only remains for the
tester to check that the thresholds — or essentially eqeitdgl for small-weight linear forms, the means
— of these restricted functions are consistent with somirarp weight linear form on the variables ih
It can be shown that there are at ma&t¥(//) essentially different such linear forms. = — 6, and thus the
tester can just enumerate all of them and check whether fet#mit holds thatE| f] is close to the mean
of the threshold functiongn(¢ — (6 — w - 7)). This will happen for one such linear form if and onlyfifis
close to being expressible as the AT, z) = sgn(w - m + £ — 6).

This completes the sketch of the testing algorithm, modaéoexplanation of how the tester can get
around “knowing” what the sef is. Looking carefully at what the tester needs to do witht turns out
that it suffices for it to be able to queifyon random strings and correlated tuples of strings, sulpagiven
restrictionsr to J. This can be done essentially by borrowing a technique fiuenpaper|[FKR02] (see
the discussion after Theordml 42 in Secfion .4.2).

In the remainder of this section we make all these ideas ggeand prove the following, which is our
main result:

Theorem 27. There is an algorithnTest-LTF for testing whether an arbitrary black-bok: {—1,1}" —
{—1,1} is an LTF versus-far from any LTF. The algorithm has two-sided error and nsale most
poly(1/€) queries tof.

Remark 28. The algorithm described above is adaptive. We note thatasine [FKR™02], the algorithm
can be made nonadaptive with a polynomial factor increasthéquery complexity (see Rem&rR 44 in

Sectior 6.412).

Section[&.1L gives the proof of Theorém 26. Seclioh 6.2 gwestheorems essentially characterizing
LTFs; these theorems are the main tools in proving the coress of our test. Secti@n 6.3 gives an overview
of the algorithm, which is presented in Sectiénd 6.4[and $estior 6.6 proves correctness of the test.

6.1 On the structure of LTFs: relating weights, influences ad biases

In this section we prove a structural theorem about LTFs. thBerem says that an LTF’s most influential
variable has influence at least polynomial in the size of fRE'd largest weight and the size of the LTF's
bias.

Theorem[28. Let f(z) = sgn(>_, a;z; — 0) be an LTF such tha}_, a? = 1 and§ def lay| > |a;| for all

P =

i € [n]. Let0 < e < 1 be such thatE[f]| = 1 — e. ThenInf; (f) = Q(6¢® log(1/¢)).

Even thed = 0 case of the theorem, corresponding:te: 1, is somewhat tricky to prove. It appeared
first as Proposition 10.2 of [KKMOO07]. A substantially morgricate proof is required for the general
statement; indeed, the arguments[of [KKM®O07] occur in sohawnodified form as Cases 1.a and 1.b of
our proof below.

We note that it is easy to give aipperbound oninf; (f) in terms of eithe® or e: it is immediate that
Inf;(f) < O(e), and from PropositioR 64 we have tHat (/) < O(d). We suspect thad(de) may be the
optimal bound for Theorein26.
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6.1.1 Useful tools for proving Theoren{Zb.

We first observe that
Infy(f) = Pr[|agzs + -+ + anz, — 0] < 6). (6)

We shall prove Theorem 26 by lower bounding the right hand efd@).
At many points in the proof of Theoreml26 we will use the follog/fact, which is a simple consequence
of “Poincaré’s inequality” — i.e., the fact that the sum diaction’s influences is at least its variance:

Fact 29. Letg : {~1,1}Y — {—1,1} be a linear threshold functiog(z) = sgn(>"_, a;z; — ) with
la1| > |a;| foralli =1,...,£. Thenlnf;(g) > Var[g|/¢.

Proof. Poincaré’s inequality says thgfff:1 Inf;(g) > Var|g] for any Boolean functiog. Since|a;| > |a;|
for all i (Propositior6lL), we havinf;(g) > Inf;(g), and the fact follows. O

The following easily verified fact is also useful:

Fact 30. Letg : {—1,1}Y — {—1,1} be a linear threshold functiog(z) = sgn(Zfz1 a;z; — 0) with
la1| > |6]. ThenVar[g] = Q(1).

Proof. Since|a;| > |0], one of the two restrictions obtained by fixing the first vialgaoutputsl at least
half the time, and the other outputsl at least half the time. This implies that4 < Pr[g(z) = 1] < 3/4,
which givesVar[g] = Q(1). O

We will also often use the Berry-Esseen theorem, ThedrdnmF55.definiteness, we will writ€' for
the implicit constant in the)(-) of the statement, and we note that for every interdalve in fact have
|Pr[é(z) /o € A] — Pr[X € A]| <2C7/o.

Finally, we will also use the Hoeffding bound:

Theorem 31. Fix any0 # w € R™ and write ||w|| for \/w? + - -- + w2. For anyy > 0, we have

P . > < —72/2 and P . < _ < _72/2.
xe{—1r,1}n[w z>7|wl] <e :ve{—il}"[w r< —yllwl]] <e

6.1.2 The idea behind Theoreni 26.

We give a high-level outline of the proof before delving i@ technical details. Here and throughout the
proof we suppose for convenience that |ai| > |as| > -+ > |a,| > 0.

We first consider the case (Case 1) that the biggest weéighsmall relative toe. We show that with
probability 2(e?), the “tail” agzg + - - - + anz,, of the linear form (for a suitably chose#) takes a value
in [ — 1,0 + 1]; this means that the effective threshold for the “heagli; + --- + ag_123_; is in the
range[—1, 1]. In this event, a modified version of the [KKMOO7] proof shovsat the probability that
asxs + - - +ag_123_1 lies within +£6 of the effective threshold i8(0); this gives us an overall probability
bound of2(5¢?) for @) in Case 1.

We next consider the case (Case 2) that the biggest weéightarge. We define the “critical index”

of the sequencey, ..., a, to be the first index € [n] at which the Berry-Esseen theorem applied to the
sequencey, . . . ,a, has a small error term; see Definitibd 35 below. (This quantas implicitly defined

and used in[|Ser07].) We proceed to consider different cdspending on the size of the critical index.
Case 2.a handles the case in which the critical iridisxlarge” (larger thar® (log(1/¢)/€*). Intuitively,
in this case the weights,, ..., a; decrease exponentially and the va@ng, a? is very small, where

k' = O(log(1/¢)/e*). The rough idea in this case is that the effective number @veelt variables is at
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mostk’, so we can use Facil29 to get a lower boundidi. (There are various subcases here for technical
reasons but this is the main idea behind all of them.)
Case 2.b handles the case in which the critical indéx“small” (smaller thar®(log(1/¢)/e*)). Intu-

itively, in this case the valuey, def A /Zpk a? is large, so the random variablgx;, + - - - + a,x, behaves

like a Gaussian random variaklé(0, o) (recall that sincek is the critical index, the Berry-Esseen error
is “small”). Now there are several different subcases déjpgnon the relative sizes af;, and#, and on
the relative sizes of andé. In some of these cases we argue that “many” restrictionseladil variables
Tk, ..., Ty Yield aresulting LTF which has “large” variance; in theseasmwe can use F4cfl29 to argue that
for any such restriction the influence ©f is large, so the overall influence of cannot be too small. In the
other cases we use the Berry-Esseen theorem to approxineatertdom variable,xy + - - - + a,x, by a
GaussianV (0, o), and use properties of the Gaussian to argue that the amalogxpressior16) (with a
Gaussian in place efyzy + - - - + anx,) IS NOt too small.

6.1.3 The detailed proof of Theoreni:26.

We suppose without loss of generality th&lf] = —1+¢, i.e. thatd > 0. We have the following two useful
facts:

Fact 32. We have) < 6 < /21n(2/e).

Proof. The lower bound is by assumption, and the upper bound folfoeva the Hoeffding bound and the
factthatE[f] = —1 + €. O

Fact 33. Let S be any subset of variables, ..., z,. For at least anc/4 fraction of restrictionsp that fix
the variables inS and leave other variables free, we haligf,] > —1 + ¢/4.

Proof. If this were not the case then we would haugf] < (e/4) -1+ (1 —€/4)(—1 4+ €/4) < —1 + ¢,
which contradicts the fact th&[f] = —1 + e. O

Now we consider the cases outlined in the previous subsed®ecall that” is the absolute constant in
the Berry-Esseen theorem; we shall suppose w.l.0.g.(fhHata positive integer. Lef’; > 0 be a suitably
large (relative ta”') absolute constant to be chosen later.

Case 1:0 < €2/C;. We will show that in Case 1 we actually halugf (f) = Q(5¢?).

Let us definel” &' {B,...,n} whereg € [n] is the last value such that_, a? > . Since eacHa;| is
atmoste?/Cy < 1/C; (because we are in Case 1), we certainly haveXhat, a? € [%, 3] by choosing”,
suitably large.

We first show that the tail suj, . a;2; lands in the intervald — 1, 6 + 1] with fairly high probability:

Lemma 34. We have

Pr [Zam S [9— 1,9+1] > 62/18.

€T

Proof. Letoy denote(>; . a?)l/2 . As noted above we hawg/4/3 < o' < v/2. We thus have

Pr [Zaimi €f—-1,0+1]

i€T

= Pr [a;l Zaiazi €orl0—1,0+1]
€T
—1 -1 _—1 —1 —1
> O(lop 0—o0p 00 0+057]) —2C60, (7

> (o510 — o7t 0710 + 051]) — 2v/206 (8)
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where [T) follows from the Berry-Esseen theorem using thetfat eacha;| < 0.

If 0 < @ < 1, then clearly the intervalb-'0 — o', 0510 + o'] contains the intervald, 1]. Since
®([0,1]) > 1, the bounds < €?/C; easily gives that[{8) is at least/18 as required, for a suitably large
choice ofC;.

If & > 1, then using our bounds ar}." we have that

(o710 —op 07 0+ 07t]) > (V20— VA/3,V2- 04 \/4/3)
> (V20— \/_\fe
> 4/3 d(V2
> /43 9(2 M) ©)
= a1 i>—2 (10)
3 Var 479

Here [@) follows from Fadiz32 and{jL0) follows from definitiof ¢(-). Sinces < ¢2/Cy, again with a
suitably large choice of’; we easily havey/2C§ < €2/18, and thusl(B) is at least /18 as required and
the lemma is proved. O

Now consider any fixed setting afg, ..., z, such that the taib . _, a;2; comes out in the interval
[0 —1,0+1),say) . ax; = 0 — 7 where|r| < 1. We show that the heagbzs + - - - + ag_125_1 liesin

[T — d,7 + 6] with probability Q(§); with Lemme[3#, this implies that the overall probabilily) (§2(5¢?).

Leta £ 02/8, let S € {a,...,3 — 1}, and letR & {2,...,a — 1}. Sinces < ¢2/C;, we have

that 2 ! "a? < 1/8, so consequently/8 < 3", ga? < 1/2. Lettlng og denote(3", ¢ a?)'/2, we have
V2 <ogt <2V2.

We now consider two cases depending on the magnitudg.dfet Cy = def Cy/4.

Case l.a:|as| < 0/C5. In this case we use the Berry-Esseen theorerfi tmobtain

Pr Zaixi €[r—0,7414]

1€S

= Pr [aglza,-w,- € 051[7—5,7—1—5]
1€S
> O(jog't —og'd,05'T +0g'0)) —2C(5/C)agt.  (11)

Using our bounds om andog', we have that thé(-) term of [11) is at leastv/26) - ¢(2v/2) > §/100.
Since the error ter@C(5/C5)o 5" is at mosts/200 for a suitably large choice af; relative toC' (recall
thatCy = C1/4), we have() > 6,/200. Now for any setting ofc,, ..., 2z3_1 such thaty, ¢ a;z; lies

in [T — 0,7 + 0], since each ofas|, ..., |as—1] IS at mostd there is (at least one) corresponding setting of
T2, ...,Ta—1 SUCH thatzie(Rus) a;z; also lies in[r — §, 7 + ¢]. (Intuitively, one can think of successively
setting each bit,—1,zq—2,...,2;,..., 22 in such away as to always ke@ﬁ Lam; in [T—9,744]). So

the overall probability thatozs + - - - + ag_125-1 liesin[r — 4§, 7 + 4] is at Ieasl(5/200) —at2 = Q(6),
and we are done with Case 1.a.

Case 1.b:a, > 0/C5. Similar to Case 2 of [KKMOUO7], we again use the Berry-Essé@otem onS, now
using the bound that:;| < ¢ for eachi € S and bounding the probability of a larger interyal— C26, 7 +
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02(5]3

Pr [Z a;x; € [T — Cod, 7 + C0]

€S

= Pr [agl Z a;T; € 051[7' — C90, 7 + Cy]

€S
> O(log't —o0g5'Cod, 05T + 05! Cad]) — 2C60g" (12)
> ([2V2 — V2056,2V2]) — 4V2C6 (13)

In (I2) we have used the Berry-Esseen theorem aridn (13) weeused our bounds oﬂgl andr. Now
recalling thats < €2/C; < 1/Cy andCs = O /4, we havey2C56 < 2+/2, and hence

@) > V2056 ¢(2V2) — 4206 > C§ (14)

where the second inequality follows by choosifig (and henceCs) to be a sufficiently large constant
multiple of C. Now for any setting of,,, ..., 251 suchthad , ¢ a;x; = tliesin[r —Cad, 7+ C20], since
0/Cy < lasl,...,|laa—1| < J, there is at least one setting of the hits . .., z,_1 for which¢ + Zf:‘; a;T;
liesin[r—d, 7+4]. (Since, as is easily verified from the definitionsxadndC>, we havg a—2)§/Cy > C49,
the magnitude ofio, . . . , a,—1 is large enough to get from— C54 to 7; and since eaclu;| is at most), once
the interval[r — ¢, 7 + d] is reached a suitable choice of signs will keep the sum inighe interval.) So in
Case 1.b. the overall probability thatzs+ - - +as_125_1 liesin[r—d, 7+4] is atleasC§-27*+2 = (),
and we are done with Case 1.b..

We turn to the remaining case in whiéhs “large:”

Case 2:0 > €2/C}. Let us introduce the following definition which is implicit {Ser07]:

Definition 35. Letay,...,a, be a sequence of values such that > --- > |a,| > 0. Thecritical indexof
the sequence is the smallest valué af [n] such that

Clag|

Z?:k a?

< C30¢€”. (15)

HereCs > 0is a (suitably small) absolute constant specified belowtéwmat the LHS valu€’|ay |/ Z;‘:k a?
is an upper bound on the Berry-Esseen error when the the@epglied toagzy + - - - + anxy,.)

Throughout the rest of the proof we writeto denote the critical index afy,...,a,. Observe that
k > 1 since we have ) )
0
%205>C_€2 Cde >C35€2
e 0} GG

where the final bound holds for a suitably small constantahof Cs.
We first consider the case that the critical indeis large. In the followingC, > 0 denotes a suitably
large absolute constant.

Case 2.a:k > Cyln(1/¢)/e* + 1. In this case we defing’ def [CyIn(1/€)/€*] + 1. Let us also define
def n 2 . . . .
ok = y/>_j— aj. The following claim shows that; is small:

. E3
Claim 36. We haver, < oor -
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Proof. Fori € [n] let us write 4; to denoteZ;’:i a?; note thatd; = 1 andA; = a? + A;,,. For ease of
notation let us writ& to denoteye>Cs/C.

Since we are in Case 2.3, for ahy< i < k' we havea? > (A; = (a? + (A;+1, or equivalently
(1 —¢)a? > CAiyq. Adding (1 — ¢) A1 to both sides givesl — ¢)(a? + A1) = (1 — () A; > Aiyq. SO
consequently we have

3 2
Ak’ < (1 o ()k -1 < (1 o C)C4ln(1/5)/54 < (1 . 6403/(001))04111(1/5)/54 < <15C1> ’

where in the third inequality we usetl > ¢2/C; (which holds since we are in Case 2) and the fourth
inequality holds for a suitable choice of the absolute camtst;. This proves the claim. O

At this point we knows is “large” (at least?/C1) andoy is “small” (at mosti). We consider two

: ) 10C;
cases depending on whetlteis large or small.

Case 2.a.i:0 < €2/(2C1). In this case we have < 6 < §/2. Sincedoyr < €2/(2C1) < §/2, the Hoeffding
bound gives that a random restriction that fixes variablgs. . ., z, gives|ap g + - - + apx,| > 4oy
with probability at most~® < 1/100. Consequently we have that for at le@$} 100 of all restrictionsp to
Tk, ..., Ty, the resulting functiorf, (on variablescy, . ..,z 1) is f,(x) = sgn(aiz1+- - +ag— 121 —
6,) where—§/2 < 6, < 4. Fact{2ZD anfZ30 now imply that each sytthaslnf; (f,) = Q(1)/k' = Q(1) -
¢*/1n(1/¢), so consequentlynf; (f) is alsof2(1) - €*/log(1/¢), which certainly suffices for Theorelnl26.
This concludes Case 2.a.i.

Case 2.a.ii:0 > €2/(2C1). We now apply the Hoeffding bound (Theor&€nd 31)ex; + - - - + a,, With
v = 24/In(8/e¢). This gives thaty zy + - -+ + anzy, < —24/In(8/€) - o4 with probability at most? /8.
Since2,/In(8/¢) - o < €2/(2C1) < 0, we have that for at leastla— ¢2/8 fraction of all restrictiong to
Tk, ..., Ty, the resulting functiorf, (on variablescy, . ..,z 1) is f,(x) = sgn(aiz1+- - +ag 121 —
0,) whered, > 0. i.e. E[f,] < 0. Together with Fadf33, this implies that for at leastedt — ¢2/8 > ¢/8
fraction of restrictiong, we have—1 + ¢/4 < E[f,] < 0. Each suchyf, hasVar[f,] = Q(¢), so by FacEZ0
hasInf;(f,) = Q(e)/k = Q(e°/log(1/¢)). Consequently we have thhif; (f) = Q(e%/log(1/¢)) which
is certainlyQ(5e%/ log(1/¢)). This concludes Case 2.a.ii.

Case 2.b:k < Cylog(1/e)/e* + 1. We now definer;, def \/ 2= a? and work with this quantity. First we

consider a subcase in whieh is “small” relative tod; this case can be handled using essentially the same
arguments as Case 2.a.ii.

Case 2.b.i:o, < 0/(2+/In(8/¢)). As above, the Hoeffding bound (now appliediay, + - - - + an ) gives
thatagxy, + - - - + anz, < —24/In(8/€) - oy With probability at most? /8, so for at least a — ¢2/8 fraction

of restrictionsp to zy, . . . , x, we haveE[f,] < 0. Using FacE3B, the argument from Case 2.a.ii again gives
thatInf; (f) = Q(¢%/log(1/¢)), and we are done with Case 2.b.i.

Case 2.b.ii: o, > 0/(24/In(8/¢)). In this case we shall show thaf(0, 0), the zero-mean Gaussian
distribution with variancer;,, assigns at leafiC30¢> probability weight to the intervdh) — 6/2,60 + §/2].
In other words, writingd,,, to denote the c.d.f. aV (0, o}, ), we shall show

Oy, ([0 — 6/2,0 + 6/2)) > 3C56¢. (16)

Given [18), by the Berry-Esseen theorem and the definitidhetritical index we obtain

Pr|> ap€[0—0/2,0+06/2]| > 3C306> — 2C36¢” = Csbe’. (17)
i=k
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For any restrictionp that givesayxy + - + anx, € [0 — 0/2,0 + 6/2], Fact[3D givesVar|f,] =
Q(1) and hence Fa€tP9 givasf,(f,) = Q(1)/k = Q(e*/log(1/e)). By (@) we thus havénf,(f) =
Q(C36¢%log(1/¢)), which is the desired result.

We turn to proving[[T6). Leb,, denote the c.d.f. aN(0,04), i.€. ¢y, () &' (1/0%/2m)e~"/2% . We
first observe that sincg, > 0/(2/In8/¢), we have

b0, (0) > Q(1/0p) - € > 60362, (18)

where the second bound holds for a suitably small choicesoiisolute constaidf; and uses;, < 1.
We consider two different cases depending on the relataesfs andé.

Case 2.b.ii.A:0/2 > 6. In this case we have tht, §/2] C [6 — /2,6 + ¢/2] and it suffices to show that
By, (0,6/2]) > 366 Cs.
If & > o, then we have

B, ([0,6/2]) > By ([0,04/2]) > 3C5 > 3C35¢?
by a suitable choice of the absolute consi@gnt On the other hand, # < o4 then we have
©,(10,8/2]) > (8/2)60,,(8/2) = (6/2)d0, (01:/2) > 3C30 > 3C3¢?
for a suitable choice of the absolute constapt This gives Case 2.b.ii.A.
Case 2.b.ii.B:6/2 < 6. In this case we have
D, ([0 —6/2,0 +6/2]) > @, ([0 — 6/2,0]) > (5/2) - b0, (0) > 3C36¢2

where the final inequality is obtained usirigl(18). This cadek Case 2.b.ii.B, and with it the proof of
TheorenZb. O

6.2 Two theorems about LTFs

In this section we prove two theorems that essentially atarae LTFs. These theorems are the analogues
of Theorem§ 24 arfldP5 in Sectibnls.1.

The following is the main theorem used in proving the congaiess of our test. Roughly speaking, it
says that iff; = sgn(w - x — 61), fo = sgn(w - x — #3) are two regular LTFs with the same weights (but
possibly different thresholds), then the the inner proddi¢heir degree-1 Fourier coefficients is essentially
determined by their means.

Theorem 37. Let f; be ar-regular LTF. Then

< 7l/8, (19)

S 7i0)? - W(ELA)
=1

Further, supposds : {—1,1}" — {—1,1} is anotherr-regular LTFs that can be expressed using the same
linear form asfi; i.e., fx(z) = sgn(w - x — 6 for somew, 61, 05. Then

n 2
(Z ﬁ(z‘)ﬁ(z‘)) — W(E[ADW (B[f])] < /0. (20)
i=1

(We assume in this theorem thais less than a sufficiently small constant.)
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Proof. We first dispense with the case thHa[f,]| > 1 — 71/10_In this case, Proposition 2.2 of Tala-
grand [Tal96] implies thab ", f1(i)2 < O(r%/1%log(1/7)), and Propositioli 18 (item 3) implies that
W (E[f1]) < O(r?/*log(1/7)). Thus

— W(E[f1])| < O 1og(1/7)) < /9,

so [19) indeed holds. Further, in this case we have
) ) Cauchy -Schwar

(Z F1(0) fa i) Zﬁ ) (Z fa(i 2) < O(r'/Plog(1/7)) - 1
i=1
and alsoV (E[f1))W (E[f2]) < O(/®log(1/7)) - 2. Thus [2D) holds as well.

We may now assume thaE([f1]| < 1 — 7!/19, Without loss of generality, assume that the linear form
w defining f1 (and f2) has||w|| = 1 and|w;| > |w;]| for all i. Then from Theorer 26 it follows that

7> Inf1(f1) = Qw79 log(1/7))

which implies thatw,| < O(7%/®). Note that by Propositioiib7, this implies that

Elfi] = u(0), k=12 (21)

Let (z,y) denote a pair ofi-correlated random binary strings, where- r1/5. By definition ofS,,, we

have
Sy(fi, f2) =2Pr[(w-oz,w-y) € AUB] -1,
whereA = [0;,00) X [f2,00) and B = (—o0,01] x (—o0, f5]. Using the same multidimensional Berry-
Esseen-based reasoning as in the proof of Proposition TQKIK&007], the fact that|w;| < O(7%/°)
holds for all; implies
72/5
Pri(w-z,w-y) € AUB] =~ Pr[(X,Y) € AU B],

where(X,Y) is a pair ofp-correlated standard Gaussians. (Note that the error ialibee approximation
also depends multiplicatively on constant powers gf n and of1 — n, but these are just constants, since
|n| is bounded away from.) It follows that

Sy(f1, f2) "~ Sy(ha, ha), 22)

whereh;, : R — {—1, 1} is the function of one Gaussian varialdlg(X) = sgn(X — 6y).
Using the Fourier and Hermite expansions, we can write Eougf2) as follows:

AO50) +0- (; ﬁmﬁ(z‘)) Y SRS R(S)

1S|>2
72/5 ~ —~
"~ hi(0)ha(0) + - h(Dhe(1) + > 1 ha(j)ha(j (23)

j>2

Now by Cauchy-Schwarz (and using the fact that 0) we have

> A > SIS \/Z NS f5(8)? < 772\/2 ﬁ(S)z\/Z F2(8)? =,

1S|>2 1S|>2 1S|>2
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The analogous result holds fag andhs. If we substitute these into Equatidn23) and also use

— 72/5 R
hi(0) = E[hg] = p(0r) ~ E[fi] = fx(0)
which follows from Equation[{21), we get:

72/5 12

0. (; ﬁ@fz(i)) S (1) = - 20(61) - 20(02).

where the equality is by the comment in Definitian 17 (itemD@ixiding by n and using-%/° /n+n = 271/°
in the error estimate, we get

Y

3= R = 2001)-26(6:) = VWGV 0 o0

Since we can apply this witfiy and f> equal, we may also conclude

R 1/5

R(0)2 T~ W (u(6r)) (25)

foreachk =1, 2.
Using the Mean Value Theorem, the fact tHat’| < 1 on|[—1, 1], and Equation[{d1), we conclude

for eachk = 1, 2, establishing[{19). Similar reasoning applied to the sgadiEquation[[2K) yields
n _. o~ 2 T1/5
(£A0R0) = WEAWELD,
implying (Z0). The proof is complete. O

The next theorem is a sort of dual of the previous theorem aficbwthe main theorem we use in
proving the soundness of our test. Very roughly speakinggyt that for any Boolean functignand any
T-regular Boolean functiorf that satisfies certain conditions, if the inner product &f tlegree-1 Fourier
coefficients off andg is close to the “right” value (see Theordm 37), theis close to a particular linear
threshold function whose weights are the degree-1 Fouoigfficients off.

Theorem 38. Letf,g: {—1,1}" — {—1,1}, and suppose that:
1. fisT-regular and| E[f]| <1 — 7%/9;
2. |, f(0)? = WE) < 7
3. (20, f(0)9(0)* — W(E[/)W (Blg))| < 7, and3>7, f(0)g(i) = —.

Write £(z) for the linear form>." | (f(i)/o)x;, whereo = (/S| f(i)2. Then there exist8 € R such

that g(z) is O(71/?)-close to the functiongn(/(z) — ). Moreover, we have that each coeffici¢fiti)/o)
of £(x) is at mosiO(77/?).
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Proof. We may assuméE[g]| < 1 — 71/9, since otherwisg is 7!/?-close to a constant function, which
may of course be expressed in the desired form. Using thisrgstion, the fact thatE[f]] < 1 — 7%/, and
the final item in Propositioh~18, it follows that

W(E[g]) > Q(*°) and W(E[f]) > Q(=*"). (26)
The latter above, combined with assumpfidn 2 of the theoedsn, yields
o> Q7). (27)

Note that the second assertion of the theorem follows imatelgi from ther-regularity of f and [ZT).
Letd = u~'(E[g]). We will show thatg is O(7'/)-close tosgn(h), whereh(z) = £(z) — 6, and thus
prove the first assertion of the theorem.
Let us consideE[gh|. By Plancherel and the fact thats affine, we have

(i) £ (i)

o

Elghl = 3 9(S)h(S) = ; — 0E[g]. (28)

|S|<1
On the other hand,

Elgh] < E[[h]] & E[|X — 0] = 26(6) — 0u(6) = /W (E[g]) — 0Eg (29)

where the inequality is becaugeis *1-valued, the following approximation is by Propositibnl 58e
following equality is by Proposition 9, and the last eqyal by definition ofd. Combining Equatior{28)
and Equation[{29) we get

E[|A]] - <¢ -3t ) )> o). (30)

We now wish to show the parenthesized expressiofi_ih (30) a@lsriusing Fac{b and the first part of
assumptioi]3 of the theorem, we have

— VW (E[f])VW (E[g])

< O(7%9), (31)

' = B V(B

where we used(26) for the final inequality. We can removetiheri absolute value on the left f{31) by
using the second part of assumptidn 3 and observing2th& negligible compared Witkﬂ(rﬁ/g), i.e. we
obtain

W ])\/W(E[g])‘ < 0(=%9), (32)

We can also use FaEt 5 and the first part of assumiifion 2 of #wdm to gefo — /W (E[f])| <
7//W(E[f]) < O(r7/?). Since|W (E[g])| = O(1), we thus have

o/ W (EG]) — WELVWEL])| < 0¢""). (33)

Combining [3B) and{(32), we have

S fati) — o W(E[g])‘ < 0(=%9).
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Dividing through byos and using[(2]7), this gives that

éﬁ@ﬂﬁ— WERD| < 09).

(o
Substituting this into[{30) yields
E[|h]] - E[gh] < O(r*7). (34)

Let e denote the fraction of points if—1,1}"™ on whichg andsgn(h) disagree. Suppose first that that
¢ < 127/0. Sinces > Q(7%7) by @32), in this case we have that< O(77/9). Thus we may assume that
e > 127 /0. We may apply Theoreln 56 as follows sinee/12 > 7 > max; | f(i)[:

Pr|h(x)| < eo/12] <

beo/12 €
o 2

It follows that at least am/2 fraction of inputsz have bothy(x) # sgn(h(z)) and|h(z)| > eo/12. This

implies thatE[|h|] — E[gh] > 2 (¢/2) - (ec/12) = €%0/12. Combining this with the previous bounid{34),

and recalling that > Q(7%/?), we get thai? < O(7%/?) and thuse < O(7'/9). This proves thay is

O('/9)-close tosgn(h), as desired. O

6.3 Overview of the testing algorithm

We are givere > 0 and black-box access to an unknoyn {—1,1}" — {—1,1}, and our goal is to test
whetherf is an LTF versug-far from every LTF.

Our testing algorithmTest-LTF operates in three phases. The first two phases make queriks to
black-box functionf; the third phase is a deterministic test making no queries.

In the first phase the algorithm “isolates” a dethat consists of “influential” coordinates. Essentially,
this setJ consists of those coordinatésuch that f(i)| is large. We call this phadsolate-Variables in
Sectio 6.4 we present theolate-Variables algorithm and prove a theorem describing its behavior.

We note that one can show that it is possibladentify a setJ as described above usirt®(log n)
gueries using an approach based on binary search. Howéawves, we want to use a number of queries
that is independent of, we cannot actually afford to explicitly identify the sét(note that indeed this set
J is not part of the output thdsolate-Variables produces). The approach we use to “isolafeivithout
identifying it is based in part on ideas from [FKRZ].

In the second phase, the algorithm generates ar'set ., 7 of i.i.d. uniform random strings in
{-1,1}*; these strings will play the role of restrictions foThe algorithm then uses the outputisblate-
Variables to estimate various parameters of the restricted functjgns. . ., f. .. More specifically, for
each restrictionr?, the algorithm estimates the meRif,.:], the sum of squares of degree-1 Fourier co-
efficients ", f.:(k)?, and the sum of fourth powers of degree-1 Fourier coeffisignf, /. (k)*; and for
each pair of /rgstrictionﬁi, 7/, the algorithm estimates the inner product of degree-1iEouapefficients
> kg fxi () fri(k). We call this phaséstimate-Parameters-Of-Restrictions see Sectiofi 6.4.2 where
we present this algorithm and prove a theorem describirtgeitavior.

After these two query phases have been performed, in the ghizise the algorithm does some compu-
tation on the parameters that it has obtained for the réstiicr!, . .., 7, and either accepts or rejects. In
Sectior 6.6 we give a description of the entire algoriffest-LTF and prove Theorefnl 7.
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6.4 The querying portions of the algorithm

6.4.1 Isolating variables.

Isolate-Variableqinputs arer, 4 > 0, and black-box access jo: {—1,1}" — {—1,1})

1. Let/ = [1/(7195)]. Randomly partition the sét] into ¢ “bins” (subsetsBy, . . ., By) by assign-
ing eachi € [n] to a uniformly selected;.

2. RunNon-Regular(72,§/¢, B;) on each seB; and let] be the set of those binB; such that
Non-Regular accepts. Let = |I].

3. Output(By, ..., By, I).

We require the following:

Definition 39. Let By, ..., By be a partition ofn] andI be a subset ofB;, ..., By}. We say that By, ..., By, I)
is isolationistif the following conditions hold:

1. Ifmax;ep, |f(i)| > 72 thenB; € I;
2. If B; € I thenmaxep, | f(3)| > 72/4;
3. If Bj e I then the second-largest value|¢{i)| for i € B; is less thanr*/32.

Given(By,..., By, I) we define the sef to be

J = {argmax |f(k)][}. (35)
Bjel ’

The following lemma is useful:

Lemma 40. Let f : {—1,1}" — {1, 1} be any function. With probability — O(6), the setsB, ..., B,
have the following property: for alj, the setB; contains at most one elemerguch that f (i)| > 7*/32.

Proof. Parseval's identity gives us that there are at m@st4/73 many variables: such that|f(i)| >
74/32. For each such variable, the probability that any other saetable is assigned to its bin is at most
(1024/78)/¢ < 1024785. A union bound over all (at most)24/78 many) such variables gives that with
probability at least — O(5), each variable:; with |f(i)| > 71/32 is the only variable that occurs in its bin.
This gives the lemma. O

Theorem 41. Let f : {—1,1}" — {—1,1}, and letr,§ > 0 be given. Defing,., = 16/7* and /¢ =
[1/(7155)]. Then with probabilityl — O(4),

1. Algorithmlsolate-Variablesoutputs a list( B, ..., By, I) that is isolationist;

2. The corresponding set has|J| = |I| < smax, andJ contains all coordinates € [n] such that

F(0)] = 2.

The algorithm make®(1/(57%%)) queries tof.
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Proof. Part (1) of the theorem follows from Lemriial40 and Lenimia 15.eNbat Lemm&40 contributes
O(9) to the failure probability, and since the algorithm ridmn-Regular ¢ times with confidence parameter
set tod /¢, LemmeIb contributes anothéX(d) to the failure probability.
We now show that if part (1) holds then so does part (2). Olestivat sincg B, ..., By, I) is isola-
tionist, for eachB; < I there is precisely one element that achieves the maximuure\afl| f (k)|; thus
|J N B;| =1forall B; € I and|J| = |I]. Itis easy to see thay/| < 16/7%; this follows immediately from
Parseval’s identity and part 2 of Definitignl 39.
For the query complexity, observe thsblate-VariablesmakesO(1/(7196)) calls toNon-Regular(t2, /¢, B;),
each of which require®(1/732) queries tof, for an overall query complexity of

~ 1
(%)
queries. O

6.4.2 Estimating Parameters of Restrictions.

Estimate-Parameters-Of-Restrictions (inputs arer,n,6 > 0, M € Z%, an isolationist list
(B1,...,By, I)where|I| = s, and black-box access fo: {—1,1}" — {—1,1})
2 2
0. Letd’ := O(§h - log(3)).
1. Fori=1,..., M letr’ be an i.i.d. uniform string from—1, 1}*.

2. Fori=1,..., M do the following:

(@) MakeN,, := O(log(1/§")/n?) calls toRandom-String(x, I, &', f) to obtainN,, stringsw.
Let /i* be the average value ¢fw) over theN,, strings.

(b) Make N, := O(log(1/4")/n?) calls to Correlated-4Tuple(n?, 7%, I,4', f,n) to obtain
N, pairs of 4-tuples(w!, z', 4!, 2'), (w?, 22,92, 2?). Run algorithmEstimate-Sum-Of-
Fourths on the output of these calls and Ftbe the value it returns. B < 0 or ! > 1
then sef’ to 0 or 1 respectively.

3. Fori,j = 1,...,M do the following: MakeN, := O(log(1/8")/n?) calls to Correlated-
Pair(n’, 77, 1,¥, f,n) to obtain N, pairs of pairs(w', z!), (w?, z%). Run algorithmEstimate-
Inner-Product on the output of these calls and J&t be the value it returns. Ifp"7| > 1 then
setphd to sgn(pt).

4. Fori=1,..., M, set(c%)? to (p"*)2.

Theorem 42. Letf : {-1,1}" — {-1,1},7,7,6 > 0, M € Z*, and let(By,. .., By, I) be an isolationist
list where|I| = s < simax = 16/7%. Then with probability at least — §, algorithm Estimate-Parameters-

Of-Restrictions outputs a list of tuplegr!, !, 51, &1), ..., (7™M, g™ oM £M) and a matrix(p™7)1<; j<m
with the following properties:

1. Eachr' is an element of —1, 1}*; further, the stringg7*);>, are i.i.d. uniform elements df-1,1}*.

2. The quantitieg’, 5™ are real numbers in the rande-1, 1], and the quantitieg®, =*, are real numbers
in the rangel0, 1].
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3. For the setJ corresponding tq By, ..., By, I) as in [3%), the following properties hold. (In (a)-(d)
below, f,.. denotes the restricted function obtained by substitutitig bits for the coordinates of as
follows: for eacht = 1,.. ., s, the restriction assigns the valug to the (unique) variable i/ N By..)

(@) Foreachi=1,..., M, ‘
1 = E[fxi]] <n.

(b) Foreachi =1,..., M, ' -
&= 3 Fri(8)Y <.
|S|=1
(c) Forall1 <i,j <M, - P
=1

(d) Foreachi=1,..., M,

The algorithm make® (77]2”%) queries tof.

The proof of Theoreri’42 uses the ideas from Sedflon 3 as wekm@ain ideas from [FKR02]. It
appears in Sectidn 6.4.3.

6.4.3 Proof of Theoren4ZP.

The proof of Theorerir42 follows as a sequence of lemmas. &irgtrd of terminology: for: € {—1,1}",
andr a restriction of the variables iff, we say that: is compatible withr if for every j € J the value of
x; is the value assigned to variabldy .

The goal of Step 2(a) is to obtain estimafésf the meands|f,:] of the restricted functiong,... Thus
to execute Step 2(a) @stimate-Parameters-Of-Restrictionswe would like to be able to draw uniform
stringsz € {—1,1}" conditioned on their being compatible with particular resions 7 of the variables
in J. Similarly, to estimate sums of squares, fourth powers,aftdegree-1 Fourier coefficients of restricted
functions, recalling Sectiof 3 we would like to be able tovdizairs, 4-tuples, etc. of bitwise correlated
strings subject to their being compatible with the redtrict

The subroutineCorrelated-4Tuple, described below, lets us achieve this. (The subroutResdom-
Pair and Correlated-Pair will be obtained as special cases@brrelated-4Tuple.) The basic approach,
which is taken from|[EKR02Z], is to work with each blockB; separately: for each block we repeatedly
draw correlated assignments until we find ones that agrde tht restriction on the variable of in that
block. Once assignments have been independently obtaimedl blocks they are combined to obtain the
final desired 4-tuple of strings. (For technical reasors algorithm actually generates a pair of 4-tuples as
seen below.)
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Correlated-4Tuple (Inputs arer!, 72 € {—1,1}%, a setl of s bins, & > 0, black-box access to
f:{-1,1}» — {—1,1}, andn > 0. Outputs are two 4-tupleguv’, z!,y', ') and (w?, 22,32, 22),
eachin({-1,1}")%)

1. For eachB; € I, do the followingO(log(s/d")) times:

(a) Draw six independent uniform assignments (call theth 27, 47 andw?/, 2%, /) to the
variables inB;. Let 2!/ be an assignment to the same variables obtained by indeggnde
assigning each variable iB; the same value it has in'/ © 2% © y' with probability
% + %77 and the opposite value with probabilig/— %?7- Let 2% be obtained independently
exactly likez'/ (in particular we usev™” © 2% © ¢, notw? © =% © y%, to obtainz?/).

P={i€By: ("), = @%) = ("), = (+7%); = ¥ for k = 1,2},
i.e. P is the set of those € B; such that fork = 1,2, assignments’*, 27%, 4% andz7 all
set biti the same way that restrictiort’ setsr?.

(b) RunNon-Regular(72 /4,8 /(slog(s/d")), P, f).
2. If any call of Non-Regular above returned “accept,” l€tv'/, 27yl 219) (w? 2% y2) 227)

denote the pair of assignments corresponding to the catttapted. If no call returned “accep
stop everything and FAIL.

3. Fork = 1,2 let (w*, z*, 4", 2*) be obtained as follows:

e Foreachi ¢ Up,erB;, set(w”);, (z*);, (y*); independently tat-1. Similar to 1(a) above
set both(z!); and(z?); independently tav} ® 2} ® y! with probability 1 + 2.
e For each binB; € I, set the corresponding bits of according tow’; the corresponding
bits of 2 according tar’; the corresponding bits afaccording tay’/; and the corresponding
bits of z according to’.

Return the 4-tuplegw!, z!, y', z!) and(w?, 22, ¢, 2?).

Lemma 43. Each timeCorrelated-4Tuple(w!, 72, I, ', f) is invoked byEstimate-Parameters-Of-Restrictions
with probability 1 —O(¢’) it outputs two 4-tuplegw!, z!, y', 21), (w?, 22,y?, 2%), eachin({—1,1}")* such
that:

e For k = 1,2 we have thaw*, z*, y* and z* are all compatible witht* on .J;

e For k = 1,2, for eachi ¢ J, the bits(w*);, (z*);, (v*); are each independent uniforeal values
independent of everything else;

e Fork = 1,2, for eachi ¢ J, the bit(z*); is independently randomly equal to'); © (z'); ® (y');
with probability 1 + 17,

Proof. Fix any B; € I, and consider a particular execution of Step 1(a). /:e&tenote the unique element
of J N B;. By Definition[39 we have thaf(¢,)| > 72/4 and|f (k)| < 7*/32 for all k € B; such that
k # ¢;. Now consider the corresponding execution of Step 1(b).ufkasg thatNon-Regular does not
make an error, i; € P thenNon-Regular will accept by Lemm&5, and #; ¢ P then by Lemm&1l5
we have thatNon-Regular will reject. It is not hard to see (using the fact that> 0) that the element;
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belongs toP with probability ©(1), so the probability tha© (log(s/d")) repetitions of 1(a) and 1(b) will
pass for a giverB; without any “accept” occurring is at mos? (1°¢(+/9)) ' wherec is an absolute constant
less than 1. Thus the total failure probability resultingnfrstep 2 (“stop everything and fail”) is at most
52-0Uos(s/9")) < §'. Since each invocation don-Regular errs with probability at mos#’/(slog(s/d"))
and there ar®(slog(s/d)) invocations, the total failure probability from the inveicaas of Non-Regular
is at mostO(d').

Once Step 3 is reached, we have that for each

e Each ofw’*, z7% y/* is a uniform independent assignment to the variablesjrconditioned on
(W), (27%),,, (y7*),, each being set according to the restrictigh

e Each bitzgf is compatible Withré‘?. For each variable # ¢; in Bj, the bitzgk is independently set to
w!' © 2" @ y' with probability 2 + 17,

By independence of the successive iterations of Step 1 fiereint 5;'s, it follows that the final output
strings(w?, 2!, y%, 21) and(w?, 22, 32, 22) are distributed as claimed in the lemma. O

Remark 44. The overall algorithmTest-LTF is nonadaptive because the calls Nmn-Regular (which
involve queries tgf) in Correlated-4Tuple are only performed for thos8; which belong ta/, and the set

I was determined by the outcomes of earlier calliNti-Regular (and hence earlier queries tf). The
algorithm could be made nonadaptive by modify®grrelated-4Tuple to always perform Step 1 on 4l
blocks By, ..., By. Once all these queries were completed for all call€torelated-4Tuple (and thus all
queries tof for the entire algorithm were done), the algorithm could giynignore the results of Step 1
for those setd3; that do not belong td. Thus, as claimed earlier, there is an nonadaptive versiothe
algorithm with somewhat — but only polynomially — higher iqueomplexity (because of the extra calls to
Non-Regularfor setsB; ¢ I).

The subroutineRandom-String(r, I, &', f) can be implemented simply by invoking the subroutine
Correlated-4Tuple(r?, 7, 1,6, f,0) to obtain a paiw!,z!, y', z'), (w?, 22,42, %) and then discarding
all components buty!'. This stringw! is uniform conditioned on being consistent with the reisic «*.
We then easily obtain:

Lemmads. If (By,..., By, I) isisolationist, then with probability at least-9] (whered] := O(MN,,¢")),
each of theM/ valuesyi', ..., i obtained in Step 2(a) dEstimate-Parameters-Of-Restrictionsatisfies

A" = E[fu]] < n.

Proof. Step 2(a) makes a total @f/ N, many calls toCorrelated-4Tuple, each of which incurs failure
probability O(¢"). Assuming the calls t&€orrelated-4Tuple all succeed, by the choice &, each of the

M applications of the Chernoff bound contributes anotfi¢o the failure probability, for an overall failure
probability as claimed. O

Now we turn to part 3(b) of TheoremM}2, corresponding to Stdy) af Estimate-Parameters-Of-
Restrictions. We have:

Lemma 46. There is an algorithmEstimate-Sum-Of-Fourths with the following property: Suppose the
algorithm is given as input valueg 6 > 0, black-box access t¢, and the output ofV, many calls to
Correlated-4Tuple(r, 7, I, 0, f,n). Then with probabilityl — ¢ the algorithm outputs a value such that

- Y fa(k) <.

ke[n],k¢J
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Proof. The algorithm is essentially that of Lemiid 12. Consider tleofoof LemmdIPR in the case where
there is only one functiory, andp = 4. For the LHS of [[1), we would like to empirically estimate
E[f:(a!) fr(a®) fr(a®) fr(a?)] whereal, ... o* are independent uniform strings conditioned on being
compatible withr. Such strings can be obtained by taking eath= w', o? = w?,a? = z! anda* = 22
where(w!, 2!, yt, 21), (w?, 22, 52, 2?) is the output of a call t€orrelated-4Tuple(r, 7, 1,4, f, 7).

For the RHS of[{lL), we would like to empirically estimd®f, (a') fr(a?) fr(a?) fr(a*)] where each
of a',a?,a? is independent and uniform conditioned on being compatidta 7, anda? is compatible
with 7 and has each bjtx?); for i ¢ J independently set equal fo! ® a? ® o®); with probability  + 7.
By Lemmal4B, such strings can be obtained by taking= w', a? = 2!, o® = ¢!, anda* = z'. The
corollary now follows from LemmB12. O

Observing that the two restrictions that are argumentSdoelated-4Tuple in Step 2(b) are both?,
Lemmd48 directly gives us part 3(b) of TheorEnh 42:

Lemma47.If (By,..., By, I)isisolationist, then with probability at least- &, (whered, :== O(M NJ')),
each of theM valuesk' obtained in Step 2(b) dEstimate-Parameters-Of-Restrictionssatisfies|x’ —

>21s)=1 Fri(S)Y <.

Now we turn to parts 3(c)-(d) of Theordml42, correspondingteps 3 and 4 of the algorithm. The sub-
routineCorrelated-Pair (7%, 77, I, &', f, n) works simply by invokingCorrelated-4Tuple(r®, 77, I, &', f,n)
to obtain a paifw', =, y', 2, (w?, 22,92, 2?) and outputtingu', z), (u?, 2%) where each/* = (w* ®
z¥ © y*). The following corollary of Lemmd_12 describes the behavibrmlgorithm Estimate-Inner-
Product:

Lemma 48. There is an algorithnEstimate-Inner-Product with the following property: Suppose the al-
gorithm is given as input valueg 6 > 0, black-box access t$, and the output ofV, many successful calls
to Correlated-Pair (7!, 72, 1,4, f,n). Then with probabilityl — ¢ the algorithm outputs a valuesuch that

o= Y Fa(k)fe(k) <.

ke[n],k¢J

Proof. Again the algorithm is essentially that of Lemind 12. Consttie proof of Lemm&Zl2 in the case
where there arg = 2 functions f,» and f,2. For the LHS of [l1), we would like to empirically esti-
mateE[f,, (a!) fr2(a?)] wherea!, o? are independent uniform strings conditioned on being cdiipa
with restrictionsm! and7? respectively. Such strings can be obtained by taking edcto be «* where
(ul, zY), (u?, 2?) is the output of a call t€orrelated-Pair (7!, 72, 1,5, fn).

For the RHS of[{lL), we would like to empirically estimalf,, (a')f.2(a?)] wherea! is uniform
conditioned on being compatible with' anda? is compatible withr? and has each bita?); for i ¢ J
independently set equal fe!); with probability 3 + 37. By LemmaZB and the definition @orrelated-
Pair, such strings can be obtained by taking = «! anda?® = 22. The corollary now follows from
LemmdIPR. O

Lemmd48 gives us parts 3(c)-(d) of Theorem 42:

Lemma49.If (Bi,..., By, I) isisolationist, then with probability at least-d4 (whered} := O(M?N,¢"))
both of the following events occur: each of th€ values(5*/)? obtained in Step 3 d&stimate-Parameters-
Of-Restrictions satisfies|p"/ — 35—, fx(S)fxi (S)| < n, and each of the\/ values(c*)* obtained in

Step 4 satisfie§5’)* — 3,51 Fri(9)2] <.
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This essentially concludes the proof of parts 1-3 of Thedf®m The overall failure probability is
O(04 + 0% + 0%); by our initial choice oy’ this isO(4).

It remains only to analyze the query complexity. It is notchiar see that the query complexity is domi-
nated by Step 3. This step make&' N, = O(M?/n?) invocations tcCorrelated-4Tuple(r®, n/, I, &, f,n);
at each of these invocatio@orrelated-4Tuple makes at most

O (Smax 108 (8max /0") = O(1/74)
many invocations tdlon-Regular(72 /4,4, P, f), each of which requires
O(10g(smax 108 (Smax /') /8") ) 732)) = O(1/732)

gueries by LemmBgZ5. Thus the overall number of queries isoat m

~ [ M?
O( 2 36> :
n°T
This concludes the proof of Theordml 42. O

6.5 The full algorithm

We are given black-box access fo. {—1,1}" — {—1,1}, and also a “closeness parameter® 0. Our
goal is to distinguish betweefi being an LTF andf beinge-far from every LTF, usingoly(1/¢) many
queries. For simplicity of exposition, we will end up digiirishing from being)(¢)-far from every LTF.
The algorithm for the test is given below, followed by a higliel conceptual explanation of the various
steps it performs.
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Test-LTF (inputs arec > 0 and black-box access to: {—1,1}" — {—1,1})

0. Letr = X, a “regularity parameter”, wher® is a large universal constant to be specified Biter.
Let  be a sufficiently small absolute constant.

We will also taken = 7 (the error parameter f@stimate-Parameters-Of-Restriction$, sp.x =
16/74, andM = poly(syax) log(1/8)/€>.

1. Runlsolate-Variables(r, ) to obtain output(By, ..., By, I). This implicitly defines some set
J C [n] and explicitly defines its cardinality (the same as the ety of ), somes with
$ < Smax-

2. RunEstimate-Parameters-Of-Restriction$r, n, J, M, (B, ..., By, I), f). This produces a list

of restrictionsr? € {—1,1}* and real valueg’, (¢), 7, p"/ wherel <i,j < M,

3. At this point there are two cases depending on whethertahedraction ofi’s for which |z?| >
1 —eis atleastl — e:

(@) (The case that for at least a- ¢ fraction ofi’s, || > 1 —€.)
In this case, enumerate all possible lengtinteger vectorsy with entries up ta@©(s1ogs)
in absolute value, and also all possible integer threshbldghe same range. For each pal
(w, #), check whetheggn(w - 7" — ) = sgn(p*) holds for at least & — 20¢ fraction of the
valuesl < i < M. If this ever holds, ACCEPT. If it fails for allw, §), REJECT.

(b) (The case that for at least afraction ofi’s, |i‘| < 1 — ¢.)
In this case, pick any* such thaizi’" | < 1 — . Then:

i. Check thatz’" < 27. If this fails, REJECT.
i. Check that|(%")? — W (i*")| < 27'/12. If this fails, REJECT.
iii. Check that both|(p"%)? — W ("YW (i")| < 2rY12 and 5" > —n hold for all
1 <¢ < M. If this fails, REJECT.

iv. Enumerate all possible lengthvectorsw whose entries are integer multiples\gf /s,
up to20(slegs) /In(1/7) in absolute value, and also all possible threshéldsth the
same properties. For each péir, 0), check thatu’ — (6 — w - 7*)| < 5./7 holds for
all 7¥’s. If this ever happens, ACCEPT. If it fails for glv, §), REJECT.

r

aWe will eventually takeX = 108.

Note that all parameters described in the test are fixed polels ine. Further, the query complexity
of both Isolate-Variables and Estimate-Parameters-Of-Restrictionsis polynomial in all parameters (see
Theoremd$—41[~42). Thus the overall query complexitpdady(1/¢). As given, the test is adaptive, since
Estimate-Parameters-Of-Restrictionsdepends on the output tsfolate-Variables. However, in remark44
we discuss how the test can easily be made nonadaptive witla @olynomial blowup in query complexity.

In Sectior 6.6 we will show that indeed this test correctlstidguishes (with probability at leagy'3)
LTFs from functions that ar€(¢)-far from being LTFs. Thus our main testing result, Theokéintdlds as
claimed.

6.5.1 Conceptual explanation of the test.

Here we provide a high-level description of the ideas unytlaglthe various stages of the test. The following
discussion should not be viewed in the light of mathemastalements but rather as narrative exposition
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to aid in understanding the test and its analysis. (It magy bés useful to refer back to the sketch at the
beginning of Sectiofl6.)

In Step 1, the idea is that s (roughly) the set of variablessuch that f(i)| > 2.

In Step 2, eachr’ is an i.i.d. uniform random restriction of the variables.in Each valugi’ is an
estimate ofE[f,], each(5%)? is an estimate 0§, f.:(k)?, eachs is an estimate of_, f.:(k)?, and each
7" is an estimate of, f,: (k) f.s (k).

The idea of Step 3(a) is that in this case, almost every céistnir of the variables inJ causesf,; to be
very close to a constant functianor —1. If this is the case, thelf is close to an LTF if and only if it is
close to an LTF which is a junta over the variableg/inStep 3(a) enumerates over every possible LTF over
the variables in/ and checks each one to see if it is closg to

If the algorithm reaches Step 3(b), then a non-negligitdetfon of restrictionsr have| E|[f,|| bounded
away from 1. We claim that whefiis an LTF, this implies that at least one of those restrigtishould be
T-regular, and moreover all restrictions should\pe-regular (these claims are argued using Propodifidn 62
and TheorerfL26, respectively). Step 3(b)(i) verifies that such restrictiom’” is indegdﬁ—regular.

Step 3(b)(ii) checks that the sum of squares of degree-ligfotwefficientsy ", f .- (k)? is close to
the “correct” valuel (E[f,.«]) that the sum should take jf .« were a,/7-regular LTF (see the first in-
equality in the conclusion of Theoreml37). If this check passStep 3(b)(iii) checks that every other
restriction f.; is such that the inner product of its degree-1 Fourier caeffts with those off ..+, namely
g i (k) v (K), is close to the “correct” valugV (E[f,.])W (E[/,:]) that it should take iff,. and
/..~ were LTFs with the same linear part (see Theofein 37 again).

At this point in Step 3(b), if all these checks have passed éwery restrictionf,; is close to a function
of the formsgn(¢(z) — 6,) with the same linear part (that is based on the degree-1 dtaeoefficients of
[+, see Theorerl38). Finally, Step 3(b)(iv) exhaustively &se@ll” possible weight vectorsy for the
variables inJ to see if there is any weight vector that is consistent withestrictionsf ... The idea is that
if f passes this final check as well, then combiningith ¢ we obtain an LTF thaf must be close to.

6.6 Proving correctness of the test

In this section we prove that the algorithifast-LTF is both complete and sound. At many points in these
arguments we will need that our large sample. .., 7 of i.i.d. uniform restrictions is representative of
the whole set of alb?® restrictions, in the sense that empirical estimates obuarprobabilities obtained
from the sample are close to the true probabilities overesfrictions. The following proposition collects
the various statements of this sort that we will need. Allgisaare straightforward Chernoff bounds.

Proposition 50. After running Steps 0,1 and 2 ®&st-LTF, with probability at leastl — O(¢) (with re-
spect to the choice of the i.i.at!, ..., 7’s in Estimate-Parameters-Of-Restriction$ the following all
simultaneously hold:

1. The true fraction of restrictions to J for which |E[f,]| > 1 — 2¢ is within an additivee/2 of the
fraction of ther®’s for which this holds. Further, the same is true about ocences off E[f,]| >
1—e¢/2.

2. Forevery pairfw*, 8*), wherew* is a lengths integer vector with entries at mao&? (5198 %) in absolute
value and¥* is an integer in the same range, the true fraction of restits 7 to J for which

|E[fz] —sgn(w® -7 —6%)] < 3/5
is within an additivee of the fraction ofr®’s for which this holds. Further, the same is true about

occurrences ofgn(E[f,]) = sgn(w* - m — 6%).
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3. For every fixed restrictiom™ to .J, the true fraction of restrictions to J for which we have

(3" Fae(8)f2(S))? = W(BLfr )W (E[f])| < 371/12

|S|=1
is within ane fraction of the true fraction of*’s for which this holds.

4. For every fixed paifw*, 8*), wherew* is a lengths vector with entries that are integer multiples of
/7 /s at most2@(slees) | /In(1/7) in absolute value ané* is an integer multiple of/7 /s in the same
range, the true fraction of restrictions to J for which

|E[fz] — (0" —w* - m)] <67
is within an additivee of the fraction ofr*’s for which this holds.

Proof. All of the claimed statements can be proved simply by usingr@bif bounds (using the fact that the
7¥s are i.i.d. andM is large enough) and union bounds. For example, regardingf@t, for any particular
(w*, 6*), a Chernoff bound implies that the true fraction and the eicgdifraction differ by more thar
with probability at mosexp(—Q(e2M)) < §/2P°¥(), using the fact thab/ > poly(s)log(1/5)/e. Thus
we may union bound over aP°¥(®) possible(w*, 6*) to get that the statement of itdfh 4 holds except with
probability at most. The other statement and the other items follow by similagasier considerations.[]

6.6.1 Completeness of the test.

Theorem 51. Let f : {—1,1}" — {—1,1} be any LTF. Therf passesTest-LTF with probability at least
2/3.

Proof. Steps 1 and 2 of the test, where querying toccurs, are the places where the test has randomness.
We have that Step 1 succeeds except with probability at mastsuming it succeeds, the sebecomes
implicitly defined according td{35). Step 2 also succeedsepiwith probability at mosi; assuming it
succeeds, we obtain restrictionsand estimateg’, ()2, &, p*/ that satisfy the conclusion of Theor€ni 42,
with n := 7. Finally, in Propositio 30 (which relates the empiricabjperties of the restrictions to the
true properties), all conclusions hold except with proligbat mostO(¢d). Thus all of these assumptions
together hold with probability at least— O(¢), which is at leas/3 when we takej to be a sufficiently
small constant. Note that we have not yet used the factftieman LTF.

We will now show that given that all of these assumptions htiid fact thatf is an LTF implies that
the deterministic part of the test, Step 3, returns ACCEPg cdhsider the two cases that can occur:

Case 3(a): for at least al —¢ fraction of i's, |i] > 1—e. Since Theorei 42 implies thgt' —E[f.]| < 7,
and sincen < e, in this case we have that for at least a ¢ fraction of thei’s it holds that| E[f ]| >
1—¢e—mn > 1-— 2e. Applying Propositior 50 iteriil1, we get thgE[f]| > 1 — 2¢ for at least al — 2e¢
fraction of all2* restrictionsr on J. It follows that f is 2¢ - % + (1 — 2¢) - € < 2¢-close to being a junta on
J. Thus by Propositioh ®3 we have théats 2¢-close to being an LTF od.

Write this LTF onJ asg(w) = sgn(w* - m — 6*), wherew* is an integer vector with entries at most
20(s1og) in absolute value and* is also an integer in this range. (Sing < s, any LTF onJ can be
expressed thus by the well-known result of Muragaal. [MTT61].) Since f is 2¢-close tog, we know
that for at least & — 10e fraction of the restrictionsr to J, f-(z) takes the valug(7) on at least at/5
fraction of inputsz. l.e.,| E[f;] — sgn(w* - m — 6*)| < 3/5 for at least a — 10¢ fraction of all7’s. Using
Propositior{ 5D iterfl2 we conclude tHaE[f,.i] — sgn(w* - 7 — 0*)| < 3/5 for at least al — 20¢ fraction
of the 7’s. But for theser’’s we additionally havep’ — sgn(w* - 7t — 6*)| < 3/5 4+ n < 1 and hence
sgn(fi’) = sgn(w* - 7 — 0*). Thus Step 3(a) returns ACCEPT once it tries’, 6*).
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Case 3(b): for at least ane fraction of i’s, '] < 1 —e. In this case we need to show that Steps i.—iv.
pass.

To begin, sincdii’ — E[f,i]| < n < ¢/2 for all i, we have that for at least anfraction of thei’s,
|E[fi]| <1—¢/2. Thus by Proposition %0 itefd 1, we know that among&ltestrictionsr to J, the true
fraction of restrictions for whichE[f.:]| <1 —¢/2 is at leask/2.

On the other hand, sincé contains all coordinategwith |f(5)| > 72, we know from Propositiofi. 62
that f is not7-regular for at most a fraction of the2® restrictionsr to J. Sincer < ¢/2, we conclude
that there must exist some restrictionto the coordinates i for which both| E[f]| < 1 —¢/2 and f,,
is 7-regular.

Expressf asf(w,x) = sgn(w' -7+ £-2—0"), wherer denotes the inputs ifi, = denotes the inputs not
in J, and/ is normalized so thd}/|| = 1. We've established that the LT, (z) = sgn(¢-z — (0’ —w’- 7))
has|E[f~,]| <1—¢€/2andisT-regular. Applying Theoref 26, we conclude that all coedfits in¢ are, in
absolute value, at mo8d(7/(e%log(1/¢))) < Q(/7); here use the fact thdt > 12.. In particular, we've
established:

Claim 52. There is a linear forn? with ||¢|| = 1 and all coefficients of magnitude at mdést,/7), such
that the following two statements hold: 1. For every resimit 7 to J, the LTF f,. is expressed ag, (z) =
sgn(¢-x — (0" —w' - m)). 2. For every restrictionr to J, f, is \/7-regular.

The second statement in the claim follows immediately frtw first statement and Propositibnl 64,
taking the constant in th@(-) to be sufficiently small.

We now show that Steps 3b(i)—(iv) all pass. Sirfeds /7-regular for allr, in particular f i is \/7-
regular. Hencezls‘:1 ﬁ;(S)4 < 7 (see Propositioi14) and $6° < 7+ n < 2r. Thus Step 3b(j)
passes.

Regarding Step 3b(ii), Claifib2 implies in particular thfat- is \/7-regular. Hence we may apply
the first part of Theorer B7 to conclude thaltg,_, f:;(SF is within 7/12 of W (E[f,~]). The former
quantity is withiny of (5°")?; the latter quantity is withim of W (") (using |W’| < 1). Thus indeed
(%)% is within 71/12 -5 + 5 < 27112 of W ("), and Step 3b(ii) passes.

The fact that the first condition in Step 3b(iii) passes f@Bovery similarly, using the second part of
Theoren3l7 (a small difference being that we can only sayWhdE[f,. )W (E[f.:]) is within, say,3n of
W (" )W (i1*)). As for the second condition in Step 3b(iii), sin¢ds an LTF, for any pair of restrictions
7, 7’ to J, the functionsf,; and f,- are LTFs expressible using the same linear form. This imphat f,,
and f, are both unate functions with the same orientation, a cimmdivhich easily yields thaﬁ(j) and
f,:/(j) never have opposite sign for afiyWe thus have thazwz1 f;(S)]“:;(S) > 0 and so indeed the
conditionp*"* > —n holds for alli. Thus Step 3b(iii) passes.

Finally we come to Step 3b(iv). Clailnb2 tells us that for gvegstriction !, we havef,:(z) =
sgn(f -z — (0" —w' - %)), where/ is a linear form with 2-norm 1 and all coefficients of magnéuat
mostQ(y/7). Applying Propositior57 we conclude thatE|[f,] — u(¢ — w' - ©*)| < /7 holds for alli
(again, ensuring the constant in t¢-) is small enough). Using the technical Lemin& 53 below, we infe
that there is a vectar* whose entries are integer multiples\g¥ /s at most2©(¢1°25), /In(1/7) in absolute
value, and an integer multiple# of \/7 /s, also at mos2®(*1°¢s), /In(1/7) in absolute value, such that
|E[fi] — p(0* — w* - 7%)| < 4,/7 holds for allz’. By increasing thet\/7 to 4/7 + n < 5,/7, we can
make the same statement wjihin place of E[f,:]. Thus Step 3(b)(iv) will return ACCEPT once it tries
(w*, 6%). O

Lemma 53. Suppose thatE|[f,] — u(6' — v’ - 7)| < /7 holds for some sdi of 7’s. Then there is a vector
w* whose entries are integer multiples\g¥ /s at mos©(s125) | /In(1/7) in absolute value, and an integer
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multipled* of \/7 /s, also at mose®(*1°e5), /In(1/n) in absolute value, such thaE|f,] — u(0* —w*-7)| <
4n'/6 also holds for allr € II.

Proof. Let us express the given estimates as
{E[fw] - \/; < N(el —w' 77) < E[fﬂ] + \/;}ﬂen (36)

We would prefer all of the upper boun#i§ f.] + /7 and lower bound¥[f.| — /7 in these double inequal-
ities to have absolute value either equal t@r at mostl — /7. It is easy to see that one can get this after
introducing some quantities < K, K/ < 2 and writing instead

{E[fw] - Kw\/; < N(el —w' 77) < E[fﬂ] + K;r\/;}ﬂen : (37)
Using the fact that: is a monotone function, we can apply ' and further rewrite[{37) as

{cﬂgel—w'-ﬂgCﬂ} (38)

mell?

where eachc,|,|Cx| is eitheroo (meaning the associated inequality actually drops out)scatimost
p (=1 + /7)) < O(y/In(1/7)). Now (38) may actually be thought of as a “linear program” fie t
entries ofw’ and ind’ — one which we know is feasible.

By standard results in linear programming [Chiv83] we knoat thsuch a linear program is feasible, it
has a feasible solution in which the variables take valuasate not too large. In particular, we can take as
an upper bound for the variables

| max 4 det(A)]

| ming det(B)|’
where B ranges over all nonsingular square submatrices of the reamistnatrix andA ranges over all
square submatrices of the constraint matrix with a portibthe “right-side vector” substituted in as a
column. Note that the constraint matrix from¥38) containk/at1's and that the right-side vector contains
numbers at mosP(y/In(1/7)) in magnitude. Thus the minimum in the denominatoi of (39} Iea@st1 and
the maximum in the numerator ¢f{39) is at me¥t,/In(1/7)) - (s + 1)!; hencel < 20(1o8) /In(1/7).

Having made this conclusion, we may recast and slightly wedBT) by saying that there exist a pair
(w”,6"), with entries all at most in absolute value, such that

{E[fﬂ] - 2\/7_— < IU(H// —w" - 77) < E[fw] + 2\/7_-}7'(61_[
Finally, suppose we round the entriesudf to the nearest integer multiples ¢fr/s forming w*, and we
similarly roundé” to #*. Then|(0"” — w" - 7) — (0* — w* - )| < 24/7 for everyr. Since|y/| < /2/7 <1
we can thus conclude that the inequalities

{Blfs) = 4v7 < (0" —w" - 7) S Blfo] +4V7}

also hold, completing the proof. O

(39)

6.6.2 Soundness of the test.

Theorem 54. Let f : {—1,1}" — {—1, 1} be a function that passé&®st-LTF with probability more than
1/3. Thenf is O(e)-close to an LTF.

Proof. As mentioned at the beginning of the proof of Theoleth 51, for A, with probability at least

1 — O(6) Step 1 of the algorithm succeeds (implicitly produciiyy Step 2 of the algorithm succeeds
(producing ther’s, etc.), and all of the items in Propositi@nl50 hold. So if Apasses the test with
probability more thari /3 > O(4), it must be the case thgtpasses the deterministic portion of the test,
Step 3, despite the above three conditions holding. We Willsthat in this cas¢ must beO(e)-close to
an LTF. We now divide into two cases according to whethpasses the test in Step 3(a) or Step 3(b).
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Case 3(a). In this case we have that for at least & ¢ fraction of’’s, || > 1 — € and hencé E|[f,.:]| >
1 —¢e—mn>1— 2 By Propositior 5D iteril1we conclude:

For at least d — 2¢ fraction of all restrictionsr to J, | E[fz]| > 1 — 2e. (40)

Also, since the test passed, there is some (aiir 0*) such thatgn(w* - 7° — 0*) = sgn(ji*) for at least a
1 — 20€ fraction of ther’’s. Now except for at most anfraction of ther’'s we have| E[f,.;]| > 1 — 2e > 2
and|a' — E[f:]] <n < § whencesgn(zi') = sgn(E[f,:]). Hencesgn(w* - n — *) = sgn(E[f,]) for at
least al — 20e — € > 1 — 21e¢ fraction of ther”'s. By Propositior{ 50 iteril2 we conclude:

For at least d — 22¢ fraction of all restrictionsr to J, sgn(E[fz]) = sgn(w* - 7 — 6%). (41)

Combining [4D) and{41), we conclude that except fa2a+ 2¢ < 24e fraction of restrictionsr to J, f is
e-close, as a function of the bits outsideto the constantgn (w* -7 —60*). Thusf is 24e+ (1 —24¢)e < 25¢-
close to the/-junta LTF7 — sgn(w* - m — 6*). This completes the proof in Case 3(a).

Case 3(b). In this case, writer* for 7. Since|’ | < 1—e¢, we have thatE[f7r | <1—e+n<1-—¢/2.
Once we pass Step 3(b)(i) we hav&é < 27 which |mpI|esZ‘S| 1f7T (S)* < 271+ < 37. This
in turn implies thatf,- is (37)'/4 < 2rY/%-regular. Once we pass Step 3(b)(ii), we additionally have
|3 1s1=1 Fe(9)2 = W(E[fr])| < 2712 + 5+ < 371/12, where we've also used that (") is within
n of W(E[fr+]) (since|W’'| <1).

Summarizing:

S Fae(S)? = W(E[fr])| <3712 (42)

IS|=1

fre is 274 regular and satisfigd] f,]

*

Since Step 3(b)(iii) passes we have that U()fﬁ N2 W (YW (it)| < 2712 andpt* > —n hold for
all i's. These conditions impl(3" T () Fri (S)2 =W (B[ fre )W (B[fi])| < 27112 44p < 371/12

andzw‘:1 f7r (S )f7T (S) > —2n hold for alli. Applying Propositioi 50 iterfil 3 we conclude:

For at least d — ¢ fraction of the restrictions to J, both

<3r/12and 3 [ (S)fri(S) = 2. (43)
|S|=1

(z ﬁ«(S)ﬁ(S)) — W(E[fx])W (E[f4])

We can usel{42) an@{U3) in Theorém 38, wjth playing the role off, the goodf,’s from (@3) playing
the roles ofy and the %” parameter of TheorefiB8 set3o!/!2. (This requires us to ensufé > 54.) We
conclude:

There is a fixed vectof with [|¢]| = 1 and|¢;]| < O(77/1%) for eachj
such that for at least h— ¢ fraction of restrictionsr to J,

fx(2) is O(71/1%)-close to the LTRy,(z) = sgn(f - = — 0;). (44)
We now finally use the fact that Step 3(b)(iv) passes to geirdpa, 6*) such thati’ —p(0* —w*-7t)| <
5T = | E[fri] — p(0* — w* - 7)| < 64/7 holds for allr’’s. By Propositio 5D iterfll4 we may conclude
that:

For at least & — ¢/2 fraction of restrictionsr to J, | E[f] — n(0* — w* - )| < 6/7. (45)

36



Define the LTFh : {—1,1}" — {—1,1} by h(7m,z) = sgn(w* - 7+ £- = — 6*). We will complete the proof
by showing thatf is O(7/1%8)-close toh.

We have that the conclusions &144) aid](45) hold simultaskgofor at least al — 2¢ fraction of
restrictionsr; call these the “good” restrictions. For the remaining “begbtrictions’ we will make no
claim on how close to each othgr, andh,, may be. However, these bad restrictions contribute at most
2¢ to the distance betweefandh, which is negligible compared t©(71/19%). Thus it suffices for us to
show that for any good restrictian, we have thaff, andh, are oh-so-close, namel@('/1%%)-close. So
assumer is a good restriction. In that case we have thats O(71/1%8)-close tog;, so it suffices to show
that g, is O(7'/1%%)-close toh,. We haveh,(z) = sgn(f -z — (6* — w* - 7)), and sincg|¢|| = 1 and

+7/108 ] )
1¢;] < O(a™/'%%) for eachy, Propositior 57 implies thdE[h,] ~ u(0* —w* - 7). Sincer is a good

6+/T /108 .
restriction, using[{45) we have thBth | sz[fﬂ]. This certainly implieE[h,] ~ E[g,] sincef, and

g» areO(a/1%8)-close. But now it follows that indeegl, is O(«!/1%%)-close toh, because the functions
are both LTFs expressible with the same linear form and thiherey,, > h, pointwise orh, > g, point-
wise, either of which implies that the distance betweenweftinctions is proportional to the difference of
their means.

Finally, we've shown thaf is O('/19%)-close to an LTF. Takind< = 108 completes the proof. [
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A Basic Theorems about Gaussians and LTFs

A.1 Gaussian basics.

We will often require the Berry-Esseen theorem, a versioin®iCentral Limit Theorem with error bounds
(see, e.q.[IFel68]):
Theorem 55. Let/(x) = ci1x1 + -+ - + ¢z, be a linear form over the randont1 bits ;. Assume that

le;| < 7 for all i, and writec = /> ¢?. Write F' for the c.d.f. oft(z)/c; i.e., F(t) = Pr[{(z)/o < t].

Then for allt € R,
1

L+ [t
where® denotes the c.d.f. ok, a standard Gaussian random variable. In particularAf C R is any
interval thenPr[l(z) /o € A] Téo Pr[X € A].

[F(t) — @) < O(7/0) -

A special case of this theorem, with a sharper constanthietmes useful (the following can be found
in [Pet95]):

Theorem 56. In the setup of Theorem155, for any> 7 and anyd € R it holds thatPr[|¢(z) — 0] < \] <
6M/0.

We will use the following propaosition:

Proposition 57. Let f(x) = sgn(c -z — u) be an LTF such tha}, ¢? = 1 and|¢;| < 7 for all i. Then we
haveE[f] ~ u(u).

This is an almost immediate consequence of the Berry-Esbeenem. Next we prove the following
more difficult statement, which gives an approximation far ¢xpected magnitude of the linear fotrm —u
itself:

Proposition 58. Let ¢(x) = Y  ¢;x; be a linear form ove{—1,1}" and assumeéc;| < 7 for all 7. let
o =4/> c?and letu € R. Then

E[[{ —u|] = E[loX — ul],
where X is a standard Gaussian random variable.
Proof. The result is certainly true iF = 0, so we may assume > 0. Using the fact thalE[R] =
Jo° Pr[R > s] ds for any nonnegative random variabifor which E[R] < oo, we have that
Bt —u] = / Pr{|f — u| > s]ds
0
= / Pr[¢ > u+s|+ Pr[l <u—s]ds
0

= /000(1—F((u+s)/0)+F((U—S)/U)d8 (46)

where we have writtedr for the c.d.f. ot () /o. We shall apply Berry-Esseentor). Sinced -, E[|cz;|] =
Sl < 730 2 = 102, Berry-Esseen tells us that for all € R we have|F(z) — ®(z)| <
O(1/0)/(1 + |z|?). It follows that [4B)< (A) + (B), where

A) = [T 1= a9/ + el s)/o)ds

0
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and
(B) = O(T/U)'/o <1+’(u+s)/0!3+1+\(U_3)/U’3> -

It is easy to see that

o 1

(B):O(T/U)-/_ mdsz(T).

For (A), observe thatA) can be re-expressed as

(e}

/OO Pr[X > (u+s)/o] + Pr[X < (u—s)/o]ds :/ PrlloX — u| > s]ds.
0 0

Again using the fact thak[R] = [;Pr[R > s]ds for any nonnegative random variahie for which
E[R] < oo, this equal€E[|c X — u|]. This gives the desired bound. O

Proposition 59. Using the notation abové&[|c X — u|] = 0 - 2¢(u/0o) — up(u/o). (This remains sensible
even foro = 0.)

Proof.
E[lcX —u| = E[sgn(c X —u)(c X —u)] = 0g(1) — uE]g],

whereg : R — R is the functiong(X) = sgn(X — u/o). ButE[g] = u(u/o) andg(l) = 2¢(u/o) (see
Definition[17). O
A.2 LTF basics.

We collect here some easy propositions about LTFs. Firsheeel to recall the general notion of “influ-
ences” for Boolean functions:

Definition 60. Given f : {—-1,1}" — {—1,1} andi € [n], theinfluenceof variablei is defined as
Inf;(f) = Pr.[f(2'") # f(2'7)], wherez'~ and '™ denoter with thei'th bit set to—1 or 1 respectively.

It is well-known that if f is a unate function thehuf;(f) = |f(i)|. In particular, this holds for LTFs
(which are unate).

The next proposition, relating the rank of the weights to luek of the influences/degrdefourier
coefficients, is very elementary; an explicit proof appeaye.g., [EFP04].

Proposition 61. Let f = sgn(wyx1 + - -+ + wyx, — 0) be an LTF such thaw,| > |w;| for all i € [n].
Then|Inf; (f)| > |Inf;(f)| for all i € [n].

Next, we show that LTFs typically become regular when thestinfluential coordinates are restricted:

Proposition 62. Let f : {—1,1}" — {—1,1} bean LTFand let/ D {j : |f(i)| > 3}. Thenf, is not
(B/m)-regular for at most am fraction of all restrictionsr to .J.

Proof. Sincef is an LTF,|f(j)| = Inf;(f); thus every coordinate outsidehas influence at most on f.
Let k& be a coordinate outside dfof maximum influence. Note that singeis an LTF,k is a coordinate of
maximum influence foif,, under every restrictionr to .J; this follows from Propositiof 81. Buinf,(f) =

Avg, (Infy(fx)) = Ave,.([f~(K)|) and so
B > Infi(f) = Avg,(regularity of f).

The result now follows by Markov’s inequality. O
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Next, a proposition on LTFs that are close to juntas:

Proposition 63. Let f = sgn(wix1 + - - - + wpz, — 0) be an LTF which ig-close to being some junta on
the set/. Thenf is in facte-close to being the LTF ox given bysgn(> ", ; wiz; — 0).

Proof. Assume without loss of generality that= {1,...,r}. Given any values fat,, ..., z,, let f;, .,
denote the restricted version ¢f a function of the remaining variables 1, ..., z,. Now without even
using the fact thaf is an LTF, we know that the junta ovér-1, 1}" to which f is closest is given by mapping
x1,...,z, to the more common value ¢f,, ... Butthis more common value is certairdyn(wz; +
-+« + wpz, — 0), by the symmetry of the variables .1, . .., z,,. This completes the proof. O

Finally, we show a partial converse to our Theoféerh 26:

Proposition 64. Supposef (z) = sgn(ajzy + - + apx, — 0) is an LTF with} " ; a? = 1 and|a;| < §
for all i. Thenf is O(d)-regular; i.e.,Inf;(f) < O(6) for all i.

Proof. Without loss of generality we may assume that |a;| > |a;| for all . By Propositior 61 we need
to show thafinf; (f) < O(§). Now observe that

Infy(f) = Pr[\ang + - Fapry, — 0] < 5],

If & > 1/2 then clearlyInf;(f) < 2§ so we may assumé < 1/2. By the Berry-Esseen theorem, the
probability [6) above is within an additiv@(5/v/'1 — §2) = O(4) of the probability thatX — 0| < ¢, where
X is a mean-zero Gaussian with variarice §2. This latter probability is at mogd(§/v/1 — 62) = O(9),
so indeed we havif; (f) < O(9). O
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