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Simulation of friction in carbon nanotube (CNT) bearing systems has been a popular
topic, yet many questions remain open. For example, quantitative estimates of friction
reported to date range by as much as eight orders of magnitude, and simulation
techniques employ a variety of disparate simulation paradigms and parameters. This
paper presents a new suite of consistently implemented but complementary and
independent molecular simulations of rotary CNT bearing systems, which span the
approaches reported to date, yet agree quantitatively within the error margin, or about
one order of magnitude. A comparison between these new results, existing simulation
results, and one experimental friction datum is presented. Furthermore, quantitative
relationships between friction and the system operating parameters are determined.
Friction is found to vary linearly with rotating speed and system temperature, while
system length and mean diameter do not have a strong effect. Finally, based on phonon
energy spectrum computations, we show that friction is a broadband phenomenon,
which does not depend strongly on a speciﬁc vibrational mode, but rather appears to
occur from the aggregate interactions of many modes at different frequencies. This
work reports an in-depth analysis of the mechanics of CNT friction and shows that it can
be simulated using complementary approaches, while still obtaining the same result.
The analysis reveals the underlying mechanism causing friction and how the governing
parameters affect its behavior.
& 2012 Elsevier Ltd. All rights reserved.
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1. Introduction
Friction in carbon nanotubes (CNTs) has been examined using molecular dynamics simulations (Akita and Nakayama,
2003; 2005; Guo and Gao, 2005; Guo et al., 2003; Guo et al., 2005; Liu and Zhang, 2011; Omata et al., 2005; Rivera et al.,
2003; Rivera et al., 2005; Servantie and Gaspard, 2006; Zhang et al., 2004; Zhang et al., 2007; Zhu and et al., 2008) and in
some experimental studies (Akita and Nakayama, 2003; 2005; Bourlon et al., 2004; Cumings and Zettl, 2000; Fennimore
et al., 2003; Kis et al., 2006; Yu et al., 2000; Zettl et al., 2004). However, the values for friction reported in the literature do
not agree and show scatter over many orders of magnitude, which makes it difﬁcult to use the data with conﬁdence.
Furthermore, the need for a description of the mechanisms causing the friction, as well as knowledge of the dependence of
friction on the conﬁguration and operating conditions of an individual CNT-based system (such as a rotating CNT bearing),
remains outstanding. The work reported in this paper attempts to address these questions, by performing a broad suite of
n
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molecular dynamics simulations of diverse conﬁgurations and parameter sets, in a consistent and controlled manner. The
goals are to establish the relative importance of and quantitative dependence on the system parameters, to identify the
causes of the discrepancies in the literature, and to identify the underlying mechanisms causing the friction from a
fundamental perspective. This work presents for the ﬁrst time a comparison of the existing CNT bearing simulation
literature, a consistently implemented array of simulations spanning the parameter space of that literature, and analysis of
how the phonons contribute to the interaction of multi-wall CNTs (MWNTs), providing new insight about the mechanisms
driving friction. We also report a comparison with the one existing experimental datum on rotating CNT friction (Bourlon
et al., 2004).
The unique structure of CNTs has made them interesting as a candidate bearing system, proposed already a short time
after their discovery (Charlier and Michenaud, 1993). MWNTs have remarkable strength, owing to the strong covalent
bonds joining carbon atoms within each individual tube wall. At the same time, the interactions between adjacent walls
are very weak in comparison, due only to van der Waals interactions. Because of this weak interaction, it is universally
agreed that CNTs should exhibit ‘‘low’’ resistance to relative motion between these walls; however, quantifying the friction
has been difﬁcult. Many research groups have endeavored to determine what the resistance force, or friction, is, and on
what parameters it depends. This research also invoked fundamental discussions about the molecular nature of friction
and how such atomistic mechanisms relate to the macroscopic concepts known for centuries. Many of these earlier studies
have used atomistic simulations to address the problem (Akita and Nakayama, 2003; 2005; Guo and Gao, 2005; Guo et al.,
2003; Guo et al., 2005; Omata et al., 2005; Rivera et al., 2003; Rivera et al., 2005; Servantie and Gaspard, 2006; Zhang et al.,
2004; Zhang et al., 2007; Zhu and et al., 2008), while a few experimental investigations have also been performed (Akita
and Nakayama, 2003; 2005; Bourlon et al., 2004; Cumings and Zettl, 2000; Kis et al., 2006; Yu et al., 2000).
However, the exact magnitude of this friction remains a point of contention. In fact, the values of friction reported in the
literature vary by almost eight orders of magnitude, as illustrated in Fig. 1. These data points have been converted from the
literature. One issue that arises when trying to compile all the friction data scattered throughout the literature is the use of
different units and conventions among the different reports. Conversion of units is typically not a challenge, but in some
cases, the units used are not directly compatible, and some ambiguity exists with regard to what exactly is being reported.
For example, the friction is commonly quoted in two different ways. Some authors report friction as a shear force, that is,
in units of force per area. Other authors report it as a force per atom. In order to convert between the two, it is necessary to
know the number of atoms in a unit area, and furthermore whether ‘‘per atom’’ means per atom in a single tube
participating in the tube–tube interface, or per the total atoms in the system. The latter has been assumed in converting
the data, since it is more consistent with friction being an interfacial property. The number of atoms per area of interface
(which should remain within a narrow range independently of tube diameter, even though some variation may occur as
bonds stretch and bend) has been taken to be 0.8009 atoms per Å2, based on the geometry simulated here. The other data
from the literature used when assembling this comparison (namely sliding speed and temperature) were also inferred or
calculated from the papers where not explicitly speciﬁed.
Some of the variation in the reported values can be attributed to the different deﬁnitions of friction, and to the different
approaches used to measure it. In some atomistic simulation studies, molecular statics have been used to study the friction
(Akita and Nakayama, 2003; 2005; Guo and Gao, 2005; Guo et al., 2003; Guo et al., 2005; Rivera et al., 2003; Zhang et al.,
2004). In these approaches, individual walls of MWNTs are displaced relative to each other either along the tube axis

Fig. 1. Friction in the CNT system as reported in the literature, as a function of sliding speed at the interface. The reported results vary by as much as
eight orders of magnitude.
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(translational motion) or around the tube circumference (rotation). For each displacement step, the energy of the system is
measured, in some studies after relaxation of the system. The result of this calculation is a potential energy map,
describing the energy as a function of the translational and rotational degrees of freedom (Salehinia and Medyanik, 2011).
Then, using this energy versus displacement data, the force or torque is computed as the numerical derivative of the
energy with respect to displacement. We have computed these types of potential energy maps, and an example is included
in the supplementary material published online with this paper.
There are two limitations with this approach. First, the calculations are time independent, and do not capture any
dynamic effects. Since a substantial portion of the interaction between walls of a MWNT may be due to phonons in one
tube exciting phonons in the other, the treatment of this interaction as a static phenomenon may not be warranted.
Second, because the energy in the system is computed based on a potential, and the force is the derivative of this potential,
the force must be conservative, by construction. For example, integrating this torque about a complete revolution in a
rotating system yields identically zero:
Z

y0 þ 2p
y0

dE
 0:
dy

ð1Þ

This tautology indicates that there can be no energy dissipation when considering only these potential resistance forces
in a static manner. Friction is not conservative, but rather dissipative. Thus, this resistance force cannot be equated to the
friction. The distinction between these gradient-based forces, which are also sometimes called corrugations, and friction in
a system experiencing fully dynamic motion, immediately explains some of the discrepancies among the reported
literature. These two types of forces are different quantities, and should not be expected to correlate directly.
Recognizing the limitations of the static analyses, some of the aforementioned studies (Guo et al., 2003; Rivera et al.,
2003; Zhang et al., 2004), as well as others (Guo and Gao, 2005; Guo et al., 2005; Omata et al., 2005; Rivera et al., 2005;
Servantie and Gaspard, 2006; Zhang et al., 2007; Zhu and et al., 2008), have used molecular dynamics to simulate such
systems. In these simulations, the equations of motion based on the empirical potential are integrated in time, resulting in
a trajectory for each atom. For some works (Zhang et al., 2004; Zhang et al., 2007; Zhu and et al., 2008), a steady-state
approach has been used, wherein a constant relative velocity (Zhang et al., 2004; Zhu and et al., 2008) or force (Zhang et al.,
2007) is applied to the tube walls. Other works (Guo and Gao, 2005; Guo et al., 2003; Guo et al., 2005; Omata et al., 2005;
Rivera et al., 2003; Rivera et al., 2005; Servantie and Gaspard, 2006) have elected to study unsteady situations, with no
constraints on the relative motion of the tube. In these cases, the speed or amplitude of the motion decays with time as
friction transfers energy from the orderly overall motion into random thermal motions.
While both translational and rotational motions have been addressed in the existing literature, for this work it was
decided to concentrate on rotational motion in carbon nanotubes. Translational motions must contend with a restoring
force due to van der Waals interactions: the van der Waals energy in the system decreases as the contact area between
adjacent walls of the MWNT increases. Thus, when walls are displaced axially, there is a force that tends to increase the
contact area by aligning the walls in the axial direction. Rotational motions do not exhibit this force, because the contact
area does not change as one tube rotates within another. Rotational motion was therefore selected in order to eliminate
this force, which could be difﬁcult to distinguish from a true friction force. Furthermore, rotational motions do not
experience strong effects due to edge–edge interactions, as translating systems can (Guo et al., 2011). Additionally, by
constraining the motion of the tube to rotation only, the complicating effects of any coupling between rotation and
translation can be eliminated. Considering only the literature which addresses rotation in a dynamic way (Omata et al.,
2005; Servantie and Gaspard, 2006; Zhang et al., 2004; Zhu and et al., 2008), the range of predicted friction forces is
dramatically decreased, from eight orders to only three (as can be seen in Fig. 7, compared with the results of this study);
however, the reason for the remaining discrepancy has not yet been explained. It is the goal of the present work to
illustrate that this discrepancy can be avoided, even when comparing results from different and independent simulation
techniques. It will be shown that by emphasizing consistency of implementation across the different simulation types, the
agreement can be better than one order of magnitude.

1.1. Outline
Having introduced the problem and discussed the related literature, we will ﬁrst lay out the methods used to perform
the new simulations for this work. The tool implementation and common simulation parameters (such as geometry and
time step) are described ﬁrst, followed by a description of the speciﬁc boundary and initial conditions that deﬁne the four
complementary simulation types used (quasi-steady adiabatic, steady isothermal, spin-up, and coast-down). Then we will
describe the tools used to extract and process the phonon spectra. The Results and Discussion section will present the
ﬁndings of the simulations. First, the new results will be compared with the existing literature, to establish the level of
agreement between the different simulations done here and previously. Next, we will describe a series of parametric
studies, in which the simulation parameters are swept through a range, to determine the relationship between each
parameter and the friction in the system. Finally, the results of the phonon spectra calculations will be presented, and the
implications for the mechanism causing friction will be discussed.

Author's personal copy
E.H. Cook et al. / J. Mech. Phys. Solids 61 (2013) 652–673

655

2. Materials and methods
2.1. Simulation tools
For the present work, simulations were carried out using the Large-scale Atomic/Molecular Massively Parallel Simulator
(LAMMPS) code (2010; Plimpton, 1995). For a force ﬁeld, the Adaptive Intermolecular Reactive Empirical Bond Order
(AIREBO) potential (Stuart et al., 2000) was used. This potential, which was designed for molecules comprised of carbon
and hydrogen, is based on an earlier empirical potential by Brenner (1990), which describes the interactions between
covalently bonded carbon and hydrogen atoms. It also includes four-body terms, which account for energy changes due to
torsion of the bonds between atoms, about their equilibrium positions. In addition, the LAMMPS implementation of this
potential includes a Lennard-Jones (1931) style potential term, used to model the long range van der Waals type
interactions between atoms not within the same molecule.
Except where otherwise noted, an integration time step of 1 fs has been used; this time step is about one order of
magnitude smaller than the timescale of the fastest phonons (Tersoff, 1988), and so should adequately capture all the relevant
dynamics. The baseline starting point geometry (about which other variations in geometry were later explored) is shown in
Fig. 2 and consisted of a (9,9) CNT inside a (14,14) CNT, with lengths of 60 nm and 50 nm and radii of 0.619 nm and 0.963 nm,
respectively; these comprise 886 and 1120 atoms, respectively. The spacing between walls is 0.3438 nm, which agrees well
with the known equilibrium distance between CNT walls, an important consideration to ensure that the simulation accurately
approximates nature. This geometry was selected because it is representative of the geometries used in the literature.
At the beginning of each simulation, following an energy minimization, the tubes were allowed to equilibrate under a
Langevin-style thermostat to 300 K before any rotation was introduced. Rotation was simulated at rates between 25 and
250 GHz. On the low speed end, the limitations are computational cost (the length of real time required to run the
simulation is proportional to the simulated time), as well as noise; at low speeds, the energy in thermal motion is of the
same order as for the faster speeds, but the energy in rotation and the energy transfer rate due to friction are lower, and it
is thus more difﬁcult to distinguish the friction signal from the noise. The problem can be addressed by increasing the
simulation length (to increase the total friction work done) or simulating multiple systems and averaging to reduce noise,
both of which also compound the computational cost. On the fast end, the limitation is the structural integrity of the tube;
as the rotation becomes faster, centrifugal forces as well as torque applied by the boundary conditions to enforce rotation
become strong enough to break bonds within the tube. The threshold for this type of failure has been reported to be
around 500–750 GHz (Zhang et al., 2004).
2.2. Simulation types
One main goal of the simulations is to demonstrate that friction estimates that agree quantitatively can be obtained
even from different simulation techniques. Four different techniques have been employed here, which span the possible
techniques reported in the selected literature (Omata et al., 2005; Servantie and Gaspard, 2006; Zhang et al., 2004; Zhu and
et al., 2008) as well as one new technique (spin-up). Table 1 summarizes the key differences between these simulation
types, including the boundary and initial conditions (shown geometrically in Fig. 2) and the parameters and equations
used to compute the friction.
2.3. Steady isothermal
One method of determining the friction in a CNT system is to set it rotating into steady rotation, and to extract the
friction at this steady state condition. For this method, the inner tube rotated at a constant angular velocity, while the

Fig. 2. Boundary condition regions in the baseline geometry (a 60 nm (9,9) CNT centered in a 50 nm (14,14) CNT).
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Table 1
Comparison of simulation typesa.
Simulation type

Steady state

Quasi-steady
adiabatic
Steady state

Steady isothermal

Coast-down

Spin-up

Transient

Transient

Boundary conditions

1
2
3
4

Fixed
Thermostated
Spinning
Free

Fixed
Free
Spinning
Free

Free
Free
Free
Free

Free
Free
Spinning
free

Initial conditions

1
2
3
4

Motionless
Temperature
Spinning
Temperature

Motionless
Temperature
Spinning
Temperature

Temperature
Temperature
Spinning
Spinning

Temperature
Temperature
Spinning
Spinning

Energy exchange at
thermostat

Energy
accumulation

Angular momentum
change

Angular momentum change
OR Energy accumulation

Friction extracted from

Friction
measurement
equation

E_ ¼ F f r I O

dL
dt

¼ 7 F f rI

‘‘Temperature’’ initial condition indicates that the atoms have random thermal motion, but no orderly bulk motion (i.e. rotation).
a
Numbers listed next to boundary and initial conditions correspond to regions of the CNT identiﬁed in Fig. 2.

Fig. 3. Example data collected from an isothermal constant velocity simulation at 200 GHz, showing angular velocity (a), temperature (c), and kinetic
energy (b) of each tube, along with other energies (b) and the running total of energy extracted via the thermostat (d). The dashed vertical lines represent
the end of the startup transient and the beginning of the region used for ﬁtting.

outer tube was held ﬁxed. These constraints were accomplished by enforcing zero velocity or the prescribed angular
velocity on a few rings of atoms at one end of each tube. A Nosé–Hoover-style thermostat (Hoover, 1985; Nosé, 1984), was
applied to the outer tube, to simulate contact with a large heat reservoir, also at 300 K. The simulation can therefore be
referred to as isothermal. After an initial transient, during which the stationary atoms in the center tube accelerate to catch
up with the constrained atoms at the tube end, the system reaches steady state. The atoms in the inner tube rotate with
approximately uniform speed. Fig. 3(a) clearly shows the transient in the angular velocity, and the eventual steady rotation
which results, for an example simulation at 200 GHz. This transient consists mostly of the torsional mode in the rotating
CNT, excited by suddenly applying a torque to the end atoms to enforce the rotation rate.
The friction forces tend to slow down the rotating tube by transferring that orderly kinetic energy into random thermal
motion. However, the enforced velocity constraint causes the kinetic energy of the inner tube to be maintained, resulting
in an accumulation of thermal energy. The thermostat on the outer tube continually extracts heat to maintain the
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temperature (Fig. 3(c)). Temperature is computed during the simulation using kinetic theory:
T¼

mv2T
3kB

ð2Þ

where vT is the average thermal velocity of each atom, and m is the atom’s mass. The term ‘‘thermal velocity’’
is used to
,
,
indicate that these velocities are corrected for the bulk motion of the tube, that is, the angular velocity O  r is subtracted
from each atom’s velocity before calculating the average. Atoms that are constrained by boundary conditions are also
neglected in the temperature calculation.
At steady state, the total energy is not changing with time (see Fig. 3(b)), so the rate of kinetic energy addition equals
the rate of heat extraction, which is also equal to the rate at which the frictional work converts the kinetic energy into
thermal energy. Thus, by measuring the rate of heat extraction at the thermostat (example shown in Fig. 3(d)), the friction
power and hence the friction is known. This is the same approach used by Zhang et al. (2004).
To compute the friction from the thermostat heat extraction data, it is necessary to compute the rate Q̇ at which heat is
extracted via the thermostat. For the steady state simulation, this rate is constant, so the total energy extracted,
Z t
DEthermostat ¼
Q_ dt
ð3Þ
0

is a linear function of the simulation time. The rate was taken to be the slope of a least squares ﬁt to the portion of the
energy extracted data after the transient has damped out. The vertical dotted lines in Fig. 3 mark the time at which the
transient was deemed extinguished, and the dashed, sloped line in Fig. 3(d) is the linear ﬁt. The friction power is then
equated to the heat extraction rate
Q_ ¼ tf O ¼ F f r I O

ð4Þ

allowing the friction toque tf and the friction force F f to be extracted (rI is the interface radius, or average of the two tube
radii, and was measured during each simulation).
2.4. Quasi-steady adiabatic
A variant of the constant velocity method is to eliminate the thermostat on the outer tube, resulting in an adiabatic
simulation. The result is that as kinetic energy is continually added, and converted into thermal energy by the friction, the
total energy of the system builds up over time (shown in an example simulation in Fig. 4d). The friction power is then
equal to the energy accumulation rate. Because energy is accumulating, the system is not strictly in a steady state, as the
temperature is increasing with time (Fig. 4c). However, if the change in temperature is small compared to the absolute
temperature, and this effect is neglected, the resulting friction is close to the isothermal result. This is the approach used
by Zhu and et al. (2008).
Like the isothermal case, the rate of energy change Ė (here built up in the system instead of extracted via thermostat) is
constant in the steady state, leading to a linear evolution of the system total energy E, and again the friction is found from
E_ ¼ tf O ¼ F f r I O

ð5Þ

Neglecting the temperature change, allowing the simulation to be treated as quasi-steady, is reasonable for low speeds.
For example, the 100 GHz case, shown in Fig. 4, experiences a temperature rise of 55 K, or 18% of the original temperature
over the course of the simulation. For higher speeds, with higher energy conversion rates, the change is much more. For
example, at 250 GHz, the temperature rise is 280 K; the temperature nearly doubles. Therefore, the adiabatic simulation
does not effectively isolate the effect of temperature on the friction, particularly at high speeds.
2.5. Coast-down
An alternative method to determine the friction is to allow a rotating CNT to move freely, and observing how the
friction affects the evolution of this motion. This method has the advantage that motion need not be imposed on any atoms
in the simulation in order to maintain a consistent speed in the presence of friction. Therefore, all the atoms in the
simulation are free, and thus experience the proper physics (and not an artiﬁcial boundary condition.) However, the
drawback is that as a result of the frictional torque, the CNT accelerates or decelerates, and the conditions under which
friction is being measured change throughout the simulation. These unsteady simulations have been used as a
complement to the steady simulations, with the goal of demonstrating that the same friction value can be computed
independent of simulation method.
For the unsteady coast-down simulations, there are no constraints on the walls of the MWNT. Instead, the inner tube is
given an initial angular velocity, and the two tubes are allowed to move freely. The friction causes the rotating tube to
transfer its angular momentum to the stationary tube, so that the rotating tube slows down and the stationary tube
gradually accelerates. The friction is the only torque on either tube, so the friction torque can be found directly as the time
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Fig. 4. Example data collected from an adiabatic constant velocity simulation at 100 GHz, showing angular velocity (a), temperature (c), and kinetic
energy (b) of each tube, along with other energies (b) and the total energy in the system (d). The dashed vertical lines represent the end of the startup
transient and the beginning of the region used for ﬁtting.

rate of change of the angular momentum of either tube:

tf ¼ 7

dL
dt

ð6Þ

where the friction torque tf is taken to be positive, and the sign in the equation is therefore positive for the outer tube
(initially at rest) and negative for the inner tube (initially rotating). An example angular momentum trace is shown in
Fig. 4(d). This is the approach used by Omata et al. (2005) and Servantie and Gaspard (2006).
Because the tubes are accelerating, the angular velocity is not constant in time. There are two possible ways to deal
with this issue. If the total change in velocity over the course of the simulation is small with respect to the absolute
velocity at the beginning of the simulation, it can be assumed that the friction does not change as a result of velocity
changes. Therefore, the friction is constant over the simulation, and the angular momenta of the tubes should vary linearly,
with slope equal to that friction:
L1 ¼ L0 tf t

ð7aÞ

L2 ¼ tf t

ð7bÞ

where L1 and L2 are the angular momenta of the inner and outer tubes, respectively; L0 ¼ O0 I1 is the initial angular
momentum of the inner tube (the outer tube starts at rest and does not contribute to the initial angular momentum). This
linear relationship between angular momentum and time (or angular velocity and time, since O ¼ L=I) is indeed
approximately true for short simulation periods and low friction used. (Equivalently, the approximation is good for small
values of the non-dimensional parameter tf T=IO, which ranged from 0.5 to 10 for these simulations; values of 1 or less
worked the best.) The torque is extracted by ﬁtting a least-squares line to the angular momentum data for each tube,
starting just after the rotation; these ﬁts are the dashed lines in Fig. 5(b&d). Throughout the text, we will refer to this as a
‘‘linear unsteady ﬁt.’’ The sign of the error introduced by the constant friction assumption is known: this method will
under-predict the friction, because the average speed during the simulation is in fact lower than the nominal speed, and
hence the friction reported actually corresponds to a slightly lower speed.
However, the assumption breaks down for longer simulations or for lower relative speeds between the tubes. To treat
the situation more accurately, we can assume that the friction varies proportionally with the relative angular velocity
between the two tubes (as is done by Servantie and Gaspard (2006)), i.e.
7

dL
I1 I2
¼ tf ¼
l ðO1 O2 Þ
dt
I1 þ I2

ð8Þ
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Fig. 5. Angular velocity evolution (a) during an example coast down simulation at 250 GHz. The small initial transient motion is due to the release of the
constraints on the end atoms used during thermal equilibration. The rate of change of the angular momentum (d) can be approximated as linear for this
short time simulation, or it can be ﬁt with an exponential for longer times; these are shown as dashed and dotted lines, respectively. Temperature (c) and
energy (b) are also recorded during the simulation.

where l is the proportionality constant (which will turn out to be the exponential decay rate of the rotation), and the
moments of inertia I1 and I2 have been introduced to simplify the algebra later on. We can then use the knowledge that
there are no external torques, so angular momentum is conserved in the simulation, or the total angular momentum is
always equal to the initial angular momentum:
I1 O1 þI2 O2 ¼ L0

ð9Þ

to eliminate one of the angular velocities from the differential equation:

O2 ¼


L0 I1 O1
I2

ð10Þ

dL1
I1 I2
¼ tf ¼
l ðO1 O2 Þ
dt
I1 þ I2
i
B h
I1 I2 O1 þ I21 O1 I1 L0
¼
I1 þI2


I1 L0
¼ B I 1 O1 
ðI1 þ I2 Þ


I1 L0
¼ B L1 
ðI1 þ I2 Þ

ð11Þ

The solution is an exponential:
L1 ¼ A1 exp ðltÞ þ

L0 I1
I1 þ I2

ð12Þ

We note that at the end of the rotation, friction will have eliminated the relative angular velocity, and both tubes will have
the same velocity Of (marked with a red dashed line in Fig. 5(a)), which can again be found by conservation of angular
momentum:
ðI1 þI2 ÞOf ¼ L0 ¼ I1 O0

ð13Þ

L0
¼ Of
I1 þ I2

ð14Þ

Substituting this into the equation gives
L1 ¼ A1 exp ðltÞ þI1 Of

ð15Þ
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and it can be similarly shown that
L2 ¼ I2 Of A2 exp ðltÞ

ð16Þ

these exponential functions can also be ﬁt to the experimental data, allowing the extraction of the parameter l, which will
always be positive. The exponential ﬁts for angular momentum and angular velocity are the dotted lines in Fig. 5(a&d).
Once l has been determined, the friction at a given rotation rate is computed from


I L
tf ¼ l L1  1 0 ¼ lI1 ðO1 Of Þ ¼ lI2 ðOf O2 Þ
ð17Þ
ðI1 þ I2 Þ
this method will be referred to as an ‘‘exponential unsteady ﬁt.’’ Note that the exponential unsteady ﬁtting technique can
provide estimates for the friction at any speed from a single run; in later graphs, the speed chosen to demonstrate the
results will be the initial speed O0 of each simulation.
Another important note is that because the velocity constraint is released at the beginning of the simulation, and there
is no thermostat, the energy in the system is necessarily conserved during these simulations. This is illustrated in Fig. 5 . An
important consequence of this is that unlike the quasi-steady adiabatic simulations, where the temperature increases
dramatically during the simulation due to the kinetic energy added by the velocity constraint, for the coast down
simulation the temperature rise is much more modest. Even for the highest speed (250 GHz,) the temperature increases by
only about 43 K, or 14% of the initial temperature.
2.6. Spin-up
An additional type of unsteady simulation was performed wherein the inner, rotating tube is constrained to keep
rotating using the same enforced velocity at the tube end as in the constant velocity case. Fig. 6 shows the angular velocity
evolution for this case. The outer tube, however, remains free, and gradually accelerates due to the friction torque. The
ﬁnal, asymptotic angular velocity Of is thus equal to the initial angular velocity O0 . The friction torque can be measured in
the same manner as for the coast-down simulations, that is, by ﬁtting either a linear function
L2 ¼ tf t

ð18Þ

or exponential function
L2 ¼ I2 ½O0 A2 exp ðltÞ

ð19aÞ

tf ¼ lI2 ðOf O2 Þ

ð19bÞ

Fig. 6. Angular velocity (a), energy (b), temperature (c), and angular momentum (d) evolution during a spin-up simulation at 75 GHz. The inner tube’s
angular velocity and angular momentum are held constant, while the outer tube gradually catches up.
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to the angular momentum of the accelerating tube, and extracting the constant or velocity-proportional friction value from
the ﬁt coefﬁcients. Note that the spin-up simulations suffer from the same temperature increase as the quasi-steady
adiabatic simulations, since energy is constantly being added by the enforced velocity boundary condition.
3. Results and discussion
3.1. Comparison with existing literature
The ﬁrst results of the four simulations types described here, along with the literature selected as most relevant and one
experimental datum (Bourlon et al., 2004), are shown in Fig. 7 (and a magniﬁed version in Fig. 8). Error bars, representing
the minimum and maximum result over an ensemble of 5 runs with different thermal velocity random seeds, are included.
All four strategies agree with each other within less than an order of magnitude, and for most of the range even within the
ensemble error bars. This is much better than the three-order variation in the literature. This is an important result,
because it illustrates that the variations amongst the literature results are not due to inherent differences in the physics of

Fig. 7. Results from all the independent simulation strategies are superimposed on the results from the literature. In the legend, ‘‘Coast-Down,’’ ‘‘SpinUp,’’ ‘‘Quasi-Steady Adiabatic,’’ and ‘‘Steady Isothermal’’ refer to simulation type. The unsteady simulations included here employ the exponential ﬁtting
technique. Good agreement is demonstrated between the different simulation types.

Fig. 8. The same results are shown as Fig. 7, with a linear scale, and with some literature results removed, to better show the level of agreement between
simulation types. Note that while the spin-up and quasi-steady adiabatic results appear higher at higher speeds, this can be explained by the temperature
accumulation inherent in these simulations, as explained in the text. The coast-down simulation experiences less temperature rise (since energy is
conserved), and the isothermal simulation experiences no temperature rise (since a thermostat actively regulates temperature).
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the CNT system depending on the simulation mode (e.g. steady state vs. transient, isothermal vs. adiabatic) but instead are
artifacts introduced by inconsistencies in the implementations. If consistency of implementation is emphasized, even
independent and complementary simulation methods yield the same quantitative results.
The results of each simulation are in reasonable agreement with the results of Servantie and Gaspard (2006), which is
the lowest of the selected literature, and which also employs ensemble averaging. The baseline simulation also captures
the same trend of the friction, namely a linear dependence on speed. This is remarkable, in particular because the baseline
simulation is a steady state simulation, whereas the work by Servantie and Gaspard employs unsteady methods.
The other three studies show greater deviations from our results, and from the results of Servantie and Gaspard. Omata
et al. (2005) mentioned several possibilities that could contribute to increased friction in their adiabatic coast-down
simulation. The ﬁrst is related to their initial condition. They observed large oscillations in the rotational speed of the
coasting CNT, which they attribute to kinetic energy being converted into potential energy and back. Such potential energy
could be stored in torsion or other deformations of the CNT. In this work, similar transient oscillations were sometimes
seen when the end of a CNT was suddenly rotated, and the rest of the tube had to ‘‘catch up.’’ This effect could therefore be
reduced or eliminated by waiting for such transients to damp out. Omata et al. also suggest that a non-adiabatic boundary
condition could reduce the effect, since energy could leave the system rather than being stored in potential form. The
second potential cause that Omata et al. give for their high friction result is the small size of their tube, which is a (4,4) CNT
inside a (9,9) CNT, with an inner diameter of 0.542 nm. Such tight curvature may also increase the interaction
between CNTs.
Zhu and et al. (2008) also reported higher friction values for their suite of simulations on a number of geometric
conﬁgurations, including (9,9)/(14,14) and (15,0)/(23,0) systems. They emphasized the buildup of thermal energy during
the adiabatic simulations, using the energy accumulation rate as a measure of the rate of frictional work; this is equivalent
to the adiabatic quasi-steady simulations performed for this work. We have noted that the temperature rise due to this
extra accumulated energy can cause an increase in friction, since the increased motion of the atoms enables them to
interact more strongly. However, since Zhu et al. reported only slight temperature rises (less than 10% of the original
temperature) this effect is likely not strong enough to explain the full amount of the difference. Another potential cause for
the higher values is the method whereby the energy accumulation was tallied. Zhu et al. considered changes in the relative
kinetic energy, which is deﬁned as the total kinetic energy minus the kinetic energies due to orderly rotation and
translation, whereas in this work the total kinetic energy was tallied directly. For a steady state simulation, the kinetic
energy in orderly rotation and translation should not change throughout the simulation (since rotation is at a constant rate
and translation is prevented) and these deﬁnitions should be equivalent; however, if there were changes in these orderly
kinetic energy components (for example due to transients related to starting the rotation), those changes would affect the
friction calculation in the method used by Zhu et al.
Zhang et al. (2004) gave the highest estimates for friction out of the dynamic studies from the literature, for (9,9)/
(14,14) and (9,9)/(22,4) CNT systems of 6 nm length. Two implementation differences are likely responsible for the
differences of this estimate. First, Zhang et al. use a potential developed for graphite by Kolmogorov and Crespi (2000) to
describe the inter-tube interactions, rather than the Lennard-Jones potential. As pointed out by Zhang et al., this potential
may over-estimate the friction, because it is strictly applicable only to the ﬂat planes of graphite. An effort was made to
mitigate this effect by choosing a large CNT, but the effect may still contribute to the difference in result when compared to
the other literature. Additionally, Zhang et al. used a Langevin-style thermostat (Langevin, 1908) to regulate the
temperature of the CNT during their simulations. As we will show later in a comparison of different thermostat types,
this thermostat tends to artiﬁcially inﬂate the friction by including a ﬁctitious damping term to help regulate the thermal
energies of the atoms.
While the results of the four simulation types performed for this work agree well with each other, in comparison to the
results from the literature, the agreement is not perfect. The spin-up and steady adiabatic simulations result in distinctly
higher friction estimates, particularly at higher speeds. This effect is caused by the temperature increase which takes place
during these simulations. As discussed when describing the adiabatic simulations, the adiabatic boundary conditions
coupled with the enforced velocity constraint on some atoms results in kinetic energy accumulating in the system, and
manifesting as increased temperature. As will be shown in this section, increased temperature increases the friction.
Therefore, since these simulations are measuring friction at a higher average temperature than the nominal starting
temperature, the friction reported is higher. The same effect applies to the coast-down simulations, but to a lesser extent;
in the coast down simulation there is no velocity constraint, so kinetic energy is not being introduced to the system, and
the only temperature rise is due to the existing kinetic energy due to the initial rotation being dissipated into disorderly
thermal kinetic energy.
The agreement between different simulation types can be improved by taking these temperature effects into account.
One straightforward method of correcting for these effects is to non-dimensionalize the friction in such a way that it
scales with the temperature. This can be done on an energy basis. Begin with the rate ĖT at which energy is converted
from orderly kinetic energy to disorderly thermal kinetic energy. The energy so converted during a single revolution of
the CNT is

DErot ¼

E_ T
O=2p

ð20Þ
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Since the energy rate is equal to the friction power this can be written as

DErot ¼ 2p

E_ T

O

¼ 2p

F f rI O

O

¼ 2pF f r I

ð21Þ

This energy can then be normalized by the thermal kinetic energy in the system:
ET ¼ NkB T

ð22Þ

yielding
Fn9

DErot
ET

¼ Ff

2pr I
NkB T

ð23Þ

This non-dimensional force describes how strong the friction is relative to the thermal energy present in the system; in
other words, it is the fraction of the existing thermal energy that is produced by the work done by the friction force during
each cycle. For the adiabatic simulations, the temperature increases during the simulation. As a rough approximation, the
average temperature for the simulation has been used in the force non-dimensionalization.
The sliding speed can also be reported in non-dimensional terms. It is common in MD to use the Lennard-Jones unit
system, which is based on the Lennard-Jones (1931) potential force ﬁeld. Using parameters for carbon (Girifalco et al.,
2000) of e ¼ 2:39 meV, s ¼ 3:41 Å, and m ¼ 2  1023 g, the Lennard-Jones velocity is
rﬃﬃﬃﬃﬃﬃﬃ
e
¼ 139 m=s ¼ 1:39 Å=ps
ð24Þ
vLJ ¼
mC
which is comparable in magnitude to sliding motion in the CNT. We therefore deﬁne the non-dimensional velocity
v
ð25Þ
vn 9
vLJ
For reference, one could also calculate the Lennard-Jones force of
F LJ ¼

e
s

ð26Þ

which is 1.12 pN for carbon. Note that the friction forces are several orders lower than this force, which is a characteristic
strength of non-bonded van der Waals interactions, and is itself much weaker than bonding forces. The friction is therefore
very low compared to all other interactions in the system; this has been one of the main reasons that its measurement has
been so difﬁcult.
When applying the non-dimensionalization factors to the friction results, even better agreement is obtained, as shown
in Fig. 9, since the average temperature used to non-dimensionalize the adiabatic simulation results is the measured
average temperature, which is higher than the nominal or initial temperature. In this way, the non-dimensionalization
corrects for the temperature effects inherent in these simulations; this is particularly evident when comparing the two
(isothermal and adiabatic) steady simulations.
One of the primary goals of this paper is to establish the governing principles for friction in the CNT system. Part of that
is the ability to express analytical relationships between friction and the various parameters on which it depends. So far,
friction has been plotted as a function of speed; we begin therefore with the dependence of friction on the speed of the

Fig. 9. When non-dimensionalized by the thermal kinetic energy the dependence of friction on sliding speed is in excellent agreement across a range of
simulation styles, particularly for low speeds. The gray line is a least squares linear ﬁt of the isothermal steady simulations.
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contact. For the unsteady simulations, the dependence of friction on velocity needed to be implicitly speciﬁed a priori in
order to ﬁt the angular momentum evolution; friction independent of speed was assumed for a linear ﬁt, and friction
directly proportional to speed was assumed for the exponential ﬁt. However, we would like to determine the relationship
without making these assumptions a priori. To that end, we must use the steady-state simulations. These are the only
simulations in which the speed is held constant for the entire simulation, and hence for which the friction is truly
measured at a particular speed. Furthermore, we expect that friction will depend on temperature; since the steady state
isothermal simulations are the only ones that control temperature for the simulation duration, the ﬁt will be based on
these results.
Examination of the steady isothermal simulation curve in Fig. 7 suggests a linear dependence, consistent with the
assumptions made in the unsteady simulations reported here, as well as by Servantie and Gaspard (2006). A ﬁt of the
baseline simulations yields the relation.
F n ¼ Avn þ B

ð27Þ

with the dimensionless coefﬁcients being:
A ¼ 4:62  102 ,

B ¼ 1:08  102

ð28Þ

3.2. Parametric studies
The signiﬁcant differences in estimated friction values among the literature reports is partially due to differences in the
underlying parameters of the simulations, and in some cases a lack of control over or measurement of these parameters. In
order to be able to accurately predict the friction in the CNT bearing, it is necessary to control all the parameters that
inﬂuence that friction. To that end, the simulations reported here employ techniques to ensure that each parameter is
controlled as well as measured, so that the results are consistent and comparable.
It is important also to go further, to identify the dependency of the resulting friction measurement on the parameters of
interest. Some parameters may not have a strong inﬂuence, implying that tight control over them is not as critical; others
may be more important. Identifying the functional dependence is also useful where possible, in order to allow corrections
to be made, or for eventual applications, to tailor the properties of the CNT bearing to optimize the performance. Therefore,
a series of simulations (listed in Table 2) have been performed, testing the dependence of the friction on the parameters
that are expected to have an inﬂuence.
3.3. Thermostat effects
One possible mechanism whereby the results could be modiﬁed in a non-physical way is in the thermostating. While
the adiabatic simulations do not employ a thermostat, the other steady state simulations do, in order to maintain a
constant temperature and to allow energy to pass out of the system as heat. These thermostats achieve the required
temperature changes by directly altering the velocities of atoms within the simulation. This is not something that actually
happens in nature, but rather an artiﬁcial way if imposing a constant temperature boundary condition. Thermostats can
therefore introduce unwanted effects if not used properly. Three thermostating methods were evaluated:(Langevin (1908);
Schneider and Stoll, 1978), Berendsen et al. (1984), and Nosé–Hoover (Hoover, 1985; Nosé, 1984; Shinoda et al., 2004)
thermostats.
Fig. 10 gives a comparison of the three different thermostat styles with the adiabatic simulations. Recall that the
adiabatic simulations do not employ a thermostat. The data show that the Berendsen and Nosé–Hoover thermostats agree
to within the error bars over the entire range, and further agree within the error bars with the adiabatic simulations for the

Table 2
Parameters investigated for their effects on CNT friction.
Parameter

Range investigated

Effect on friction

Speed
Temperature
Tube interface radius
Inter-tube spacing
Chirality
Simulation technique
(boundary/initial
conditions)
Thermostating
implementation

25–250 GHz (vn between 1 and 9)
150–450 K
0.439–0.772 nm
0.319–0.337
(4,4)/(9,9), (15,0)/(23,0) (9,9)/(14,14), (9,9)/(22,4)
Steady isothermal Quasi-steady adiabatic Coastdown (adiabatic) Spin-up (adiabatic)

Friction varies proportionally with speed
Friction varies proportionally with temperature
None in that range
Friction increases with decreased spacing
None observed
None at speeds below 100 GHz; above 100 GHz friction increased for
adiabatic simulations due to temperature increase

None (adiabatic) Nosé–Hoover (Hoover, 1985;
Nosé, 1984); Berendsen et al. (1984); Langevin
(1908)

None for Nosé–Hoover or Berendsen, artiﬁcially inﬂated friction for
Langevin, temperature effects increase friction for adiabatic case above
100 GHz
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Fig. 10. Comparison of various thermostating techniques with the baseline (unthermostated, adiabatic) simulations. The adiabatic simulation appears to
have higher friction at higher speeds, but this is explained by the accumulation of energy in that simulation type, as described in the text. Good
agreement is demonstrated between the Berendsen and Nosé–Hoover thermostats, while the Langevin thermostat overestimates friction due to the
ﬁctitious damping term.

lower speed range. This indicates that these two thermostats have a negligible inﬂuence on the dynamics of the system (at
least compared to the measurement precision), and the measured friction can be independently conﬁrmed. The deviation
between the adiabatic simulations and the thermostated simulations at high speeds can be attributed to temperature
effects. At higher speeds, the amount of thermal energy that builds up during the simulation is substantial due to the high
friction, and the temperature actually increases signiﬁcantly during the simulation, causing the friction to increase. In
these cases, the thermostated simulations should be considered more accurate, as they control the temperature at a
constant value.
It is however troubling that the Langevin thermostat does not give similar results to the other two thermostats. When
used, the Langevin thermostat causes the friction to be consistently high by an order of magnitude. The apparent increase
in friction is likely a result of the ﬁctitious damping term introduced by the Langevin thermostat; this term causes
additional energy to be removed from the simulation at each time step, beyond that dissipated by the friction. The other
thermostat results should therefore be considered more accurate; that is the reason the Nosé–Hoover thermostat was used
for the baseline and all other simulations.

3.4. Temperature effects
Fig. 11 illustrates the effect of temperature on the friction. Three cases, thermostated at 150 K, 300 K, and 450 K are
shown; these use the Nosé–Hoover thermostat to regulate the temperature. Temperature does signiﬁcantly inﬂuence the
magnitude of the friction. The effect is intuitive; for higher temperatures, the atoms are vibrating randomly with higher
amplitudes, making it easier for atoms to collide during rotation, transferring their orderly kinetic energy into increased
temperature. Based on the plot, the dependence of friction on temperature appears approximately linear. This linear
dependence of friction on the temperature is the reason that friction has been non-dimensionalized by a factor that varies
linearly with temperature (speciﬁcally the thermal energy); doing so allows results from different temperatures to
collapse onto a single trend.

3.5. Chirality effects
Chirality is a unique property of CNTs, which describes the helical angle at which a graphene sheet must be rolled in
order to produce a given CNT. The chirality can be completely described by two numbers, called the chiral indices, denoted
by (m,n). Detailed descriptions of how the chiral indices determine the CNT geometry are readily available (Dresselhaus
and Avouris, 2001). It has been hypothesized that the chirality may affect CNT friction (Guo and Gao, 2005; Servantie and
Gaspard, 2006; Zhang et al., 2004), because the ridges in the energy landscape may interlock more easily when the threads
of the two tubes align. Additionally, the chirality of tubes tested has varied amongst the friction reports in the literature,
and may contribute to the variation in reported friction values. For that reason, the friction in CNT systems of different
chiralities was simulated. Four different chiralities were chosen, based on the four chiralities used in the literature studies
(Omata et al., 2005; Servantie and Gaspard, 2006; Zhang et al., 2004; Zhu and et al., 2008) selected as most relevant (as
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Fig. 11. Dependence of friction on simulation temperature. These steady isothermal simulations use a Nosé–Hoover thermostat to regulate the
temperature. Friction varies linearly with temperature.
Table 3
Comparison of CNT geometries used in the literaturen.
Inner tube

Outer tube

Inner tube
radius (nm)

Outer tube
radius (nm)

Interface
radius (nm)

Spacing (nm)

Investigated by

(4,4)

(9,9)

0.2733

0.6055

0.4394

0.3322

(15,0)
(9,9)
(9,9)

(23,0)
(14,14)
(22,4)

0.5795
0.6034
0.6035

0.8984
0.9398
0.9404

0.7390
0.7716
0.7719

0.3189
0.3363
0.3370

(Omata et al., 2005;
Servantie and Gaspard, 2006)
(Zhu and et al., 2008)
(Zhang et al., 2004)
(Zhang et al., 2004)

n

Radii were measured from the simulations, not estimated from chiral indices, or taken from literature.

Fig. 12. Effect of different CNT chiralities is investigated, using quasi-steady adiabatic simulations. Each chirality has an associated interface radius
(characteristic of the overall tube size) and spacing (between the two tubes) which are listed in Table 3. Chirality does not have a strong effect at lower
speeds, and the data agree well for different CNTs. However, at higher speeds, the tube with tighter spacing ((15,0) and (23,0)) tends to experience
increased friction, likely due to the increased strength of the interaction between tubes when the spacing is reduced.

explained in the Introduction.) These four chiralities are listed in Table 3, and the results of the corresponding friction
simulations are illustrated in Fig. 12.
When considering chirality, however, there are two complicating factors that must be considered. Because the chirality
completely speciﬁes the CNT geometry, the radius of a given CNT is also known based on the chirality, and can be
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estimated directly from the chiral indices. For a DWNT, that means that both the interface radius rI and the inter-tube
spacing are determined by the chirality. Care must therefore be taken to isolate the effect of chirality alone from the effects
of CNT interface radius and spacing. The interface radius and spacing for the chiralities used are recorded in Table 3, based
on measurements from the simulations.
The interface radius, which is half of the average diameter between the two CNTs, might be expected to have an effect
on the friction in the CNT system. Large diameter CNTs have a lower curvature than smaller diameter, which means that
less bending energy is required per atom in the tube to maintain that curve. Additionally, the greater number of atoms
around the circumference means that larger deﬂections are possible. These two factors contribute to a softer CNT, and it
might be expected that this reduced stiffness could cause an increase in friction, by encouraging the transfer of kinetic
energy into thermal vibrations of the atoms.
The spacing also might be expected to inﬂuence the friction; for tighter spacings, the energy minimum at the
equilibrium spacing is shallower, and the energy gradient is steeper (and hence the forces are stronger.) This stronger
interaction would be expected to increase friction for tighter spacings.
In fact, however, the data (Fig. 12) show that these two effects, along with any effect that might be present due to
chirality alone, are only present at higher rotational speeds. For sliding speeds lower than vn ¼3 (about 5 Å/ps), the friction
for CNTs of all four chiralities agree quite well, whereas the friction diverges for higher speeds. The deviations at higher
speeds are might be explained by the spacing variations; the conﬁguration showing the highest friction (the (15,0)/(23,0)
system), has 4% less spacing than the next tightest system, and likewise the other three tubes (with very similar spacings,
within 1%) do not show as much variation. The interface radius, on the other hand, does not appear to correlate with the
friction results. It is also interesting to note that the interface radius dependence is consistent with simulations of friction
in graphene (which is the equivalent of an inﬁnite interface radius), as discussed in the next section. Furthermore, there is
strong evidence that the chirality may not be important to the friction: for the (9,9)/(14,14) and (9,9)/(22,4) geometries,
which are nearly identical in interface radius and spacing (less than 0.2% difference), there is no marked difference outside
of the error bars for the entire speed range.
These results are important in establishing the basic relationships between the geometry (as described by the chiral
indices) and the friction. Still, as mentioned previously, the interactions between chirality, interface radius, and spacing
effects are complex, and an exhaustive probing of this parameter space was outside the scope of the paper. Further work is
necessary to fully characterize the individual inﬂuences of each of these effects, as well as how they interact with
each other.
3.6. Phonon computations
In addition to simulating the motion of CNTs, with the intent of measuring the friction and its dependence on various
simulation parameters, it is desirable to gain some deeper understanding of the mechanism whereby friction occurs in
these systems. One way to better understand the underlying phenomena is to compute and observe the phonons in the
system. In particular, the power spectrum, showing to what extent phonons at each frequency contribute to the total
energy in the system, can illustrate which modes contribute most strongly to the friction.
A method exists to compute the phonons, taking into account the actual motion of the system (Kong, 2011; Kong et al.,
2009; FixPhonon webpage, http://code.google.com/p/ﬁx-phonon). This code has been made available as an add-in to
LAMMPS (2011). This method makes use of the equipartition theorem, which states that at equilibrium, energy is equally
stored in thermal, kinetic, and potential forms. The spring constants that make up the dynamical matrix can therefore be
derived by comparing the computed thermal energy with the potential energy due to displacements of the atoms from
their equilibrium positions in the crystal (the spring forces of the atomic interactions). The density of states (which in fact
reﬂects the changes in occupation of these states due to the actual motion of the tube, since the matrix was inferred from
the actual moving tube) is computed by integrating the phonon dispersion relation across the wave number vectors
making up the spatial decomposition. The method has also been well validated against known analytical solutions, other
codes, and experimental data (Kong, 2011). Other phonon-based methods also exist for analysis of these systems
(Raghunathan et al., 2011; Xu et al., 2008), and may be of interest for future work on CNT friction.
We hypothesize that the spectral density calculations will reveal which frequencies are most active in an individual
tube, appearing as peaks in the power spectrum. Furthermore, we expect that these peaks might change as different effects
are applied to the tube. For example, when two tubes are in contact, their interactions may damp some modes while
reinforcing others. Once the tubes are rotating, the power spectrum may change again, exhibiting peak shifts due to the
interactions that make up the friction between tubes. We further expect that these shifts might depend on operating
conditions, such as the rotational speed or temperature, since the friction force depends on these parameters.
3.7. Phonon speed dependence
To establish an operating procedure for the phonon computation method, the power spectrum was computed for the
baseline geometry, without rotation, at 300 K. The power spectrum was also computed for each tube individually, in
isolation, to determine how the interaction between the two tubes affects the phonon population. These spectra are shown
in Fig. 13. For reference, we have included the in-phase and out-of-phase radial breathing mode frequencies (3.7 THz and
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Fig. 13. Example phonon power spectra for a (9,9) CNT within a (14,14) CNT. The top row shows the power spectrum for each tube including the
interactions with the other tube, while the bottom row shows the spectrum for that tube in isolation. Each spectrum was measured 6 times, and the
results are overlaid in different colors. These spectra show that the distribution of energy amongst the modes is not altered by the presence of an adjacent
CNT. For reference, the in-phase and out-of-phase radial breathing mode frequencies (RBM1 and RBM2, respectively) are also marked.

Fig. 14. Difference spectra, showing the subtraction of the isolated tube spectra from their respective interacting spectra. Each colored line corresponds
to a different integration window in the simulation, all of length 1 ns. These spectra differences illustrate that adding another CNT adjacent to the original
CNT does not redistribute the thermal energy across the frequency range. For refererence, the in-phase and out-of-phase radial breathing mode
frequencies (RBM1 and RBM2, respectively) are also marked.
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7.1 THz, respectively, for our (9,9)/(14,14) system), as calculated based on simple empirical relations from Dobardžić et al.
(2003). At ﬁrst glance, it appears that there is no signiﬁcant difference between the tube spectra, when comparing the
isolated tube to the tube with interactions. However, the changes in the spectrum might be highlighted by taking the
difference of the two spectra. This difference is shown in Fig. 14. There are a few peaks that could potentially be identiﬁed,
but still, in general, the differences are broadly spread across the spectrum. This would indicate that there are no particular
phonon modes (at either the low-frequency end, such as the radial breathing modes, or for any particular higher order
modes) that are excited or damped more than others are, due to this simple tube-tube interaction.
Phonons have also been computed for spinning tubes in the adiabatic constant velocity experiment.
Fig. 15 shows these spectra with the component from a still tube subtracted off. In order to conﬁrm that the integration
length for these spectra (chosen to be 1 ns, as is used prior literature (Thomas et al., 2010)) is sufﬁciently long that it
captures a representative sample, two techniques were employed. First, the spectra were computed many times in a
simulation, with integration windows at different points (but always of length 1 ns); after the initial transient the spectra
agreed to within the level of the noise in the spectra, as can be seen in Fig. 15. Additionally, a shorter integration window
(0.1 ns) was attempted; results were again identical.
The spectra differences give insight into which modes are most excited during rotation. Most of the action occurs in the
neighborhood of 10–25 THz for both the inner and the outer tube, with especially strong differences between 18 and
25 THz. While these ‘‘mesas,’’ comprising frequency ranges, do not identify individual modes, they are helpful in showing
what frequency ranges are most affected by rotation. Additionally, with increasing rotation speed, some of the energy
within the 17–25 THz range shifts to slightly higher frequencies, while energy in the 10–13 THz range shifts to lower
frequencies. We can also detect a broadening of the distribution of affected frequencies as rotation speed increases.

Fig. 15. The spectra of the rotating CNTs, with the spectrum of a still tube subtracted off to highlight the differences. The labels correspond to the
rotational speed at which the spectra were measured, while the different colored lines each correspond to a different measurement interval, each of
length 1 ns. Two regions in which there is a lot of phonon activity (9–13 THz and 17–25 THz) are visible, especially in the inner tube. These spectra show
that although some frequency ranges have increased importance for the interaction between rotating tubes, the effect cannot be isolated to a particular
mode or type of motion. For refererence, the in-phase and out-of-phase radial breathing mode frequencies (RBM1 and RBM2, respectively) are also
marked.
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At 25 GHz, the right group of frequencies is almost square (most evident in the inner tube spectra) while it becomes much
smoother at higher speeds. This result would seem to indicate that the interaction between tubes is even less conﬁned to a
particular mode, and more broadly distributed for faster rotation. The change in shape of this group becomes more
pronounced at about 100 GHz; this corresponds to the point where temperature increase due to energy accumulation in
the adiabatic simulation becomes more apparent; the same effect is manifested as an increased slope in Fig. 7 at about
100 GHz. The inner tube also exhibits a clear decay in the upper frequency range, indicating that these high-frequency
phonons are suppressed by the rotation.
In summary, the phonon analysis shows that the interactions between two tubes are not dominated by a particular
mode or type of motion. Instead, the two tubes interact through a broadband mechanism, with energy being stored and
transferred by phonons at a wide range of frequencies. Furthermore, rotation does not introduce a new speciﬁc type of
motion that contributes strongly to the tube interactions. This indicates that the random thermal motions of the atoms are
the dominant mechanism whereby the tubes interact, and thus the dominant mechanism in friction in the dynamic case.
3.8. Comparison with graphene
Another interesting question pertaining to the friction in the CNT is how that friction compares to friction in graphene,
the planar analog of CNTS. Molecular dynamics simulations of friction involving graphene have been conducted (Bonelli
et al., 2009; Filleter et al., 2009; Sasaki et al., 2009; Zadeh et al., 2012), but these have typically addressed friction between
graphene and another object such as a C60 molecule or a nanoindenter probe tip. Here, friction between two adjacent
graphene sheets is simulated. In the limit of increasing tube diameter, the CNT bearing system becomes equivalent to a
graphene system, wherein two inﬁnite sheets of graphene are translating relative to each other. This situation was also
simulated, for comparison. The geometry (shown in Fig. 16) consisted of two graphene sheets, corresponding to
unwrapped (5,5) CNTs with a length of 10 hexagons, or a rectangle of dimensions 21.2 Å by 24.5 Å, with periodic
boundary conditions to simulate an inﬁnite sheet. A coast-down experiment was performed, where the top sheet was
given an initial translational velocity, and the bottom sheet is prevented from sliding by ﬁxing a single corner atom to have
no displacements in the plane of the graphene sheet. This boundary condition was meant to be analogous to the CNT case,
where a few atoms on the CNT end are constrained Again, the time rate of change of the momentum (translational
momentum, in this case) is equal to the friction force.
The resulting friction data, from the graphene simulation (shown in Fig. 17) illustrates that the friction in graphene is in
quantitative agreement with that measured for CNTs; although there is a very large variability in the measurements (likely
caused by the small simulation domain used to reduce computational cost), the results fall within the error bars of the CNT
friction for most cases, the general trend can be inferred to be the same. This observation reinforces the ﬁndings from the
simulations of CNTs of different diameters, that the friction does not depend strongly on the CNT diameter. Indeed,
graphene corresponds to a CNT of inﬁnite diameter, which is the limiting case.
While it has been expected that graphene friction should behave in the same way as CNT friction, this novel result
demonstrates that it does agree quantitatively. The implications of such a ﬁnding are important for several reasons. First,
the graphene simulations are much simpler to set up and implement, because they do not incorporate rotation but only
translation. It is therefore unnecessary to decompose individual atom velocities based on their position in order to derive
the tangential components, as is necessary in the CNT simulation to compute the temperature correctly and to measure
the angular momentum and kinetic energy. The graphene simulation also runs more quickly as a result of doing away with

Fig. 16. Geometry for the graphene simulations consisted of two rectangular graphene sheets with a periodic boundary condition in both in-plane
directions.
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Fig. 17. Friction in the graphene system, as a function of relative sliding speed. The baseline CNT simulations are also shown for comparison. The larger
error bars are likely due to the small size of the simulated graphene system, which does not provide for as many atoms across which to average the data.
Graphene appears to have friction quantitatively similar to CNTs as expected.

these extra per-atom computations. It would therefore be beneﬁcial to use graphene simulations to gather a large dataset
on friction instead of CNT simulations, to save computational cost.
More importantly, use of graphene may aid in developing a better understanding of the mechanisms driving the
friction. The mode shapes in graphene are simpler, corresponding to waves in two dimensions, instead of complex, fully
three-dimensional shapes. If the modes contributing to friction in graphene can be established, it would be straightforward
to visualize the same of these modes, which could show exactly what atomic motions cause the friction. For example, is
there a stick–slip interaction in which atoms transfer their in-plane kinetic energy, or does energy transfer occur by
coupling of out-of-plane vibrations? Removing the complicating factors due to the cylindrical nature of the CNT should
make it easier to see the mechanisms at work. Future research on friction in carbon systems, particularly research aimed at
developing a better understanding of the mechanisms, should take advantage of the simpler graphene system to gain
better insight.
4. Conclusions
This work has addressed the discrepancies among CNT friction estimates reported in the literature. By conducting many
different types of simulations with carefully controlled parameters, it has been shown that the independent simulations
types can produce results within each other’s error bars (and average values differing by a factor of two or three), and need
not differ by several orders of magnitude as had previously been reported. The work focused on rotating CNT bearing
systems, thereby speciﬁcally avoiding issues related to van der Waals restoring forces, edge effects, and coupling between
rotation and translation that would more strongly affect behavior in telescoping or translating CNT bearing friction
systems.
In addition, the effects of an array of parameters on the CNT friction have been investigated. While the friction does not
depend on the simulation approach (and should not, since friction is a property of the system and not of the particular
simulation designed to probe that system), friction has been found to depend on other parameters. Friction appears to vary
linearly with sliding speed (as in viscous damping), for the range of speeds considered. This was consistent across all types
of simulations considered, when accounting for the temperature increase inherent in adiabatic simulations. Friction also
depends linearly on temperature, as seen not only in steady state simulations with controlled temperature, but also in
adiabatic simulations where the temperature increases because kinetic energy is dissipated into thermal energy. Increased
temperature leads to increased friction because the amplitude of the thermal vibrations is higher, leading to more
collisions between atoms, and hence more transfer of energy from orderly kinetic energy into disorderly thermal motion.
Geometric considerations were found to have weaker effects; the tube interface radius and chirality did not cause
deviations in friction larger than the measurement error. Chirality has a strong effect in the quasi-static simulations
reported by the literature, because it directly alters the potential energy landscape, but both chirality and mean radius do
little to alter the interactions of thermal vibrations, which is the main friction mechanism in the dynamic case. Conversely,
friction was found to increase with decreasing inter-tube spacing, since the tighter spacing increases the stiffness of the
van der Waals interaction between the atoms of adjacent tubes. Because of the complex inter-relationship between
chirality, interface radius, and spacing, the exact nature of these dependencies could not be determined from the limited
data acquired here; further study on this point is required. The other geometric parameter, tube length, which is
independent of the other three, also did not appear to inﬂuence the value of friction per atom (total friction scales with the
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number of atoms), although longer tubes experienced higher variability from run to run (a tube four times longer shows
error bars two to three times larger), because of the increased tube softness, which makes excitation of bending modes
easier.
Graphene was also shown to exhibit qualitatively similar friction behavior to CNTs, as is expected, since graphene is a
planar analog of the CNT. Because of this similarity, graphene might prove to be a useful test system for further CNT
friction study, especially since the computational cost is reduced and geometry and simulation implementation are
simpliﬁed compared with the CNT. This could motivate future experimental and computational studies.
Finally, the mechanisms behind the friction have been investigated by studying the phonons that make up the motion
in the CNT bearing system. It has been found that stationary CNTs display little difference in phonon spectra (the
difference between spectra is everywhere less than half of the amplitude of the original spectra, and does not exhibit any
clear peaks, valleys, or plateaus) depending on whether an inner or outer tube is present and exerting van der Waals
interactions on it. When comparing the spectrum of a rotating tube to the still tube, the difference of the spectra exhibit
some plateaus of activity in the range of 10–14 THz and 20–25 THz, but no speciﬁc frequency peaks, indicating that the
mechanisms for dissipating orderly kinetic energy into disorderly thermal energy are broadband, and not linked to any one
particular mode strongly. It may therefore difﬁcult to ‘‘engineer’’ the friction by controlling the CNT geometry in order to
modify certain phonons. A new and important result is that friction in CNTs is dominated by the broadband interactions of
thermal vibrations, and not by a speciﬁc type of atomic motion.
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